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1. Foreword

The broad mission of this project was to explore new classes of numerical methods that
would provide new approaches for modeling complex problems in elastostatics,
elastodynamics, and wave and impact problems. We believe that two major results
were obtained in the course of this work: The development of new classes of so called
Discontinuous Galerkin Methods (DGMs), including the underlying mathematical
theory, and Generalized Finite Element Methods (GFEMS, also referred to as hp-clouds,
Partition-of-Unity Methods (PUMs)) for linear and non-linear boundary value problems.
These new approaches generalize and extend so-called mesh-free techniques and are
compatible with existing finite element software. At the same time, they demonstrate
significant improvements in performance over traditional finite element approaches.
Summaries of work done under each of these topics is given in the body of this final

report.

2, Table of Contents

1. Discontinuous Galerkin Methods
2. Progress on GFEMs

3. Appendix

A Posteriori Error Estimates for the Discontinuous Galerkin Method

4. Statement of the Problem Studied

The general class of problems studied in this effort were boundary-and initial-value
problems in elastodynamics, but applications to broader classes were also considered.
These included applications in convection-diffusion phenomena, gas dynamics, and
viscous incompressible flow as modeled by the Navier-Stokes equations. The major goal
of the work was to develop, analyze, and implement completely new types of methods
which could overcome numerous shortcomings of existing techniques for treating large
scale simulations in solid (and fluid) mechanics. Two avenues of research were
pursued, one involving an attempt to extend our earlier work on Discontinuous
Galerkin Methods for hyperbolic systems to problems with significant physical diffusion
terms, and the second to explore new methods that extend and make competitive ideas
underlying the so-called mesh-free methodologies. We believe that efforts in both of
these areas were extremely successful. Further details on results and accomplishments

are given in the following paragraphs.
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5. Summary of Most Important Results

The success of such methods as finite elements on a broad class of engineering and
scientific applications has, in many ways, made obscure several serious limitations of
these approaches in treating very complex problems of interest in applications involving
highly nonlinear phenomena and in problems which require high fidelity solutions. Of
these limitations, first and foremost, is the a long standing problem of developing
computational methods for transport phenomena: the development of cell-wise
conservative schemes that can deliver very high-order local accuracy. The search for
such methods has been “the holy grail” of computational fluid dynamics for over two
decades and has lead to the large volume of papers concerned with very specialized
techniques for hyperbolic systems that employ various non-local methods to get high-
order accuracy. Until recently, none of the existing techniques had sufficient robustness
or generality to be applicable to important classes of three-dimensional situations. The
new DGMs not only produce local cell-wise conservative approximative schemes but
they are also capable of delivering high-order polynomial accuracy. We have applied the
method successfully to broad classes of simulations including convection diffusion
problems, three dimensional Euler-equations for compressible flow, 2D incompressible
Navier-Stokes equations, and we are in the process of implementing the algorithm for
large scale problems in impact dynamics and penetration mechanics.

That the new family of Discontinuous Galerkin Methods is applicable to problems with
diffusion terms was announced in a paper by Oden, Bauman, and Babuska [1] published
in the Journal of Computational Physics. This particular method leads to an
unsymmetrical system of equations for the diffusion problem which, experimentally, has

roved to be robust and has the ability to support high-order local approximations.
Indeed, hp versions of this technique have been developed which, with adaptivity, can
yield exponential rates of convergence. The method was the basis of a dissertation of
Carlos Bauman and his version of the method has become known in the literature as the
Bauman-Oden Method (BOM). As noted above, the BOM has subsequently been
extended to a number of significant two and three-dimensional applications, not only in
computational fluid mechanics, but more recently in treating the hyperbolic coupled
systems encountered in the imicible displacement equations for porous medium.
Extensions of the BOM to these problems was the subject of the dissertation of Beatrice
Riviera [2] and a mathematical analysis of some of its properties have been treated in a
recent publication by Riviera, Gerault, and Wheeler [3]. In a recent paper, summarized
in the appendix, proofs of convergence and a priori estimates for the BOM and other
DGM s have been derived. We also review in the appendix to this report details of the
formulation and a comparison of this method with other interior penalty methods and
discontinuous methods that have been subsequently proposed. Special features of the
method are listed as follows:

1. Local element polynomial approximations of arbitrary order are constructed over
each cell providing a basis for local spectral type approximations.

2. Continuity conditions on the solution values and the fluxes at cell boundaries are
enforced in a weak form.

3. A posteriori error indicators have been derived and used in an adaptive procedure
that has allowed the implementation of the method on non-uniform hp meshes; a
number test problems have been treated which demonstrate exponential
convergence.

4. Most importantly, the scheme is cell-wise conservative, meaning that fluxes are
balanced on each element; as far as is known by the investigators, this represents the
first high-order (greater than first or second order) conservative FEM scheme.




5. A priori and a posteriori error estimates have been derived for linear applications
including second order elliptic problems, convection diffusion problems in two
dimensions, and first order hyperbolic problems in two dimensions. The estimated
convergence rates have been confirmed in several numerical experiments. Tests
indicate for p-versions of the method, sub-optimal rates are achieved. Since
publication of our work, a number of new variations of the method have been
proposed by other authors which include the use of penalized or stabilizing terms
which may lead to robustness of the scheme and improve rates of convergence, but
may also destroy the conservation properties of the method.

6. Three dimensional versions of the BOM have been developed for applications in
computational fluid dynamics, (as noted above, in particular, Euler-equations and, in
two dimensions, the incompressible Navier-Stokes equations). These have been
applied to a significant number of benchmark problems.

We believe these methods may have important implications for coupled problems in
nonlinear dynamics. Work remains to be done in deriving sharp a posteriori error
estimates of these nonlinear problems, including local estimates for quantities of interest.

Mesh-free, Partition of Unity, and Generalized Finite Element Methods

Another area explored during the course of this project was the development of new
families of schemes for treating both linear and nonlinear boundary value problems in
mechanics and physics. Our work began on this subject in the mid-1990’s with the
development of so-called hp Clouds. These were techniques based on the use of
Moving-Least-Squares, (MLS) techniques for deriving basis these functions for finite
dimensional spaces, functions are built on overlapping domains which supported
polynomials of arbitrary degree. In our earlier work, we were able to develop h, p, and
hp versions of these techniques and to develop adaptive versions of these schemes that

demonstrated exponential convergence.

Subsequent work showed that while these schemes could exhibit extraordinarily high
rates of convergence they were not competitive with existing finite element and finite
volume techniques because of the significant expense required in quadrature of the basis
functions defined on spherical domains. This proved to be expensive and cumbersome
and required a computational effort that dominated the entire cost of their
implementation. In general, we have concluded that the cost of generating a partition of
unity method on the irregular domains using the methods of least square, a common
step in most of the mesh-free methods now in use, is prohibitive.

In 1997 and 1998, we began exploring the use of conventional finite element methods as
a device to generate a partition of unity over a given computational domain. Such an
approach automatically overcame the quadrature problem, since quadrature points
were already embedded in the finite element master elements, but they (FEMs) provided
nodal basis functions on overlapping domains on which high-order polynomial
approximations and other types of Treffz approximations could be constructed. While
the resulting methods could not qualify as “mesh-free,” they possess a number of very
desirable properties which ultimately proved to be superior to conventional finite
element techniques. We have termed these methods GFEMs: Generalized Finite
Element Methods. They were first reported in papers by Oden, Duarte, and
Zienkiewicz, and in a one-dimensional case, by Babuska and Melenik [4]. With the
addition of special functions, these techniques can provide accelerated rates of




convergence in cases where traditional finite element methods diverge or converge very
slowly. These include problems in which one has very rough highly oscillatory
coefficients, boundary layers, interfaces, singularities, and other local features that

influence convergence.

One of the most important applications of the GFEM has been in the treatment of crack
problems and propagation of cracks through domains. We have developed techniques
for allowing cracks to occur in a given domain and to propagate through the domain
without altering the original mesh. Commercial engineering software companies have
expressed interest in our results and one (Altair Engineering) has used these
methodologies in applications involving two and three-dimensional crack propagation
problems. Apparently, our techniques have formed the basis of certain versions of
commercial products that are or soon will be on the market.

In many of the applications and experimental tests of these GFEMSs, performances have
been observed which are considerably faster and more efficient than traditional finite
element methods. As noted earlier, one can also cite problems in which these methods
exhibit extraordinarily high convergence rates while FEMs do not converge at all. The
subject of GFEM has been further explored in by dissertation by Kevin Copps [5]; it has
been the subject of a NSF workshop and is a popular topic in conferences on
computational science and engineering. The full exploitation of these methods in
treating significant non-linear problems remains to be explored. We feel that one of the
most important features of GFEMs over some of the recently reported mesh-free
methods is that they can be easily embedded into existing finite element codes. The
GFEM, in other words, can be used to add to existing finite element packages the ability
to treat a long list of special features, particularly the propagation of cracks across fixed
meshes and the treatment of singularities in boundary layer effects. We have derived a
priori and a posteriori error estimates for these methods and have developed adaptive

versions of them.

One area relative to GFEMs that remains to be more thoroughly explored is the
development of preconditioners for the method for very large problems, including the
use of the techniques in a parallel computer environment. Since the GFEM technique
involves superimposing polynomial type approximations (or, in some cases, special
functions) on a model-based partition of unity generated by traditional FEMs, in most
cases rank deficient stiffness matrices are produced. Thus, special techniques must be
developed to solve the resulting linear systems. We have developed and implemented
one technique that seems to work satisfactorily, but a great deal of additional theoretical
work needs to be done to develop fully robust iterative techniques for handling the
linear systems generated by GFEMs. We believe this problem is solvable, and certainly

is an area worth further study.
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APPENDIX

1. Introduction

There has been renewed interest in Discontinuous Galerkin Methods (DGM) re-
cently, primarily due to the discovery that variants of these methods could be used
effectively to solve diffusion problems as well as problems of pure convection. One
such DGM was presented in the dissertation of Baumann [7] and reported in the
paper of Oden, Babuska, and Baumann [18]; summary of other versions of DGMs
and a lengthy historical review of this subject can be found in the record volume
edited by Cockburn, Karniadakis, and Shu [10]. The DGM possesses a number
of important properties that set them apart from traditional conforming Galerkin-
finite element methods: they are elementwise conservative, can support high order
local approximations that can vary nonuniformly over the mesh, are readily paral-
lelizable, and, for time-dependent problems, lead to block-diagonal mass matrices,
even for high-order polynomial approximations. These properties make DGMs
attractive candidates for a broad collection of applications.

Several papers have been published in the mathematical literature on a priori error
estimates for various DGMs for diffusion problems. In particular, an analysis of
one-dimensional versions of the Baumann-Oden method was reported by Babuska,
Oden, and Baumann [2]. Error estimates for several types of DGMs and for the
related Internal Penalty Galerkin Methods were presented in the dissertation of
Riviere [19] and in the paper of Riviére, Wheeler, and Girault [20]. Several other
studies on a priori error estimates for DGMs have appeared recently; see, for exam-
ple, the report of Chen [9] and the analysis of Siili, Schwab, and Houston [22,15].
Convergence analysis of other variants of DGM can be found in [10].

Here we present a detailed derivation of a priori error estimates for several hp-
versions of DG-finite element methods for linear diffusion problems (the Poisson
problem) on two-dimensional domains. In some cases, important steps in our anal-
ysis follows the approach of Riviere, Wheeler, and Girault [20], but other steps
differ in detail. We present a series of approaches in which different versions of
DGMs, including those with penalty terms, can be analyzed. Our final estimates
differ in predicted rates of convergence with respect to the polynomial degree p
obtained in [20,19] and reflect rates consistent with the computed results of Bau-

mann [7].




2. Notations and Preliminaries

We shall choose the domain Q as a bounded open set in RZ, with Lipschitz con-
tinuous boundary 9Q. We will denote I'p the part of the boundary 0Q on which
Dirichlet conditions are prescribed and I'y the part on which Neumann conditions
are prescribed. Formally, the boundary 9Q is decomposed into the parts I'p and
I'n such that IpUTy =0Q,and I pNI'y = 2.

2.1. Finite Element Partition

Let B, denote a partition of the domain Q, i.e. &, is a finite collection of N, open
subdomains (elements) K;, i = 1,2, ..., N,, such that:

Q= J K, and KNKj=9, i#].
K€,

The size and shape of an element K;, or simply K, of %, are measured in terms of
two quantities, hx and pg, defined as:

hx = diam(K),

px = sup {diam(B); Bis a ball contained in K}.
We also introduce the parameter h associated with the partition %;:
2.1)

h = maxhy.
Keg, ¥

Definition A family {8} of partitions B, is said to be shape regular as h tends to zero if
there exists a number ¢ > 0, independent of h and K such that:

h

K<p, VKe®,. (2.2)
PK :
In this appendix, all partitions B, are assumed to be shape-regular.

In addition, we shall associate with each element K the element boundary K. The
unit normal vector outward from K (resp. K;) is denoted by n (resp. n|;).

Given a partition %, we shall denote the collection of edges of B, (points in one
dimension, faces in three dimensions) by the set £, = {;}, I =1,... ,N,. Edges
represent here open subsets of either Q or 9Q. We thus introduce the set Iy of

interior edges as:

Ny
Lint = (U '71) \ oQ (2.3)

I=1
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so that:
Ny
Um=FpUln UL
I=1
In the same way, we shall decompose E,, into three subsets as:

En=EnpUENU Epins-

Then, v € Ey p if it lies on I'p, and v € Ey y if it lies on I'y. Moreover, as shown
in Fig. 1, 7v; € &y i denotes an edge (interface) between two adjacent elements K;
and K, where by convention i > j. For each edge v, we also associate a unit normal
vector n. In the case v is an edge associated with an element K; adjacent to 9Q, i.e.
v € Ep,p U Ey n , the unit normal vector is simply defined asn = n|;. For an interior
edge 7v; € Ej s, with the convention i > j, n is chosen as the unit normal vector
outward from K;, so thatn = n|; = —n| i (see Fig. 1). In subsequent analyses, C will
denote generic positive constants, not necessarily the same in different places.

Remark 1 Using simple geometrical properties, one can show that each edge vy in a shape-
regular partition satisfies:

1
"éhK < px < || £ b, (2.4)

where |7y| denotes the length of . In other words, hg and «y are equal within a constant.
Therefore, we will interchangeably use hg or «y (preferably hg).

2.2. Spaces

Let s be a positive integer. For any given open set S (S may define the whole
domain Q, an element K of B, or an edge 7y of F,), the spaces H*(S) will denote the
usual Sobolev spaces with norm ||-||; s. In the particular case in which S represents
Q, the norm will simply be denoted ||-||s. Moreover, Hj(S) is the set of functions in
H(S) which vanish on the boundary 9S of S, i.e.

H}(S) = {v € H'(S);v =0 on 0S5},
and H(div, S) denotes the space:
H(div, S) = {v € (LX(S))*; V - v € L*(S)}.

The so-called (mesh-dependent) broken space H*(B,) will be defined as:

HY(B) = {v € LA(Q); vl € H(K), VK € B,}.




I - *
F‘ -
L -® In
Ny; Ny
4—-—
n
———o
of

Figure 1. Element interface v; and unit nor-
mal vector n.

The norm associated with the space H*(%,) is given as:

1/2
olls, 8, = ( > !Ivlli,x)

Ke®B,

where ||v||s x is the Sobolev norm on K.

We will consider finite element spaces V*7 of polynomial functions, possibly dis-
continuous at the element interfaces, such as:

Y = {v € L¥(Q); v|x = 0o Fg',0 € Py(K), VK € B} (2.5)

where F is the affine mapping from the master element K to the element K in the
partition, and P,(K) is the space of polynomial functions of degree at most p on K.

In hp methods, the polynomial degree can actually vary from one element to the
other. Denoting px the polynomial degree associated with the element K, we define

the global value p for the partition %, as:
(2.6)

= min pg.
p KE,PHPK

One advantage of DGMs over conventional 4p finite element methods is that the
polynomial degrees px do not necessarily match at the interfaces of the elements.
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3. Formulations for the Poisson Model Problem

3.1. Model Problem ,
We shall consider here the following Poisson model problem: find the scalar func-
tion u which is the solution of

—Au+cu=f, inQ, 3.1)

and which satisfies the boundary conditions:

U = up, onIp, (3.2)

n-Vu=g, onTy.

Here f € L*(Q) represents the load scalar and c is a positive constant over the do-
main Q.

We now proceed with the derivation of weak formulations of the Poisson equation
on discontinuous spaces. Let u, for the moment, be a sufficiently smooth func-
tion. The regularity of u shall be discussed later in the appendix, namely in Sub-
section 3.3. Multiplying (3.1) by a function v in H?(B,) and integrating over the
domain Q, we obtain:

/Q(—V-Vu—i—cu)vdxz/gfvdx.

Unlike the classical continuous finite element approach, we shall first decompose
the integrals in the above equation into element contributions

Y —/(V-Vu)vdx+ Y /cuvdx: Y /fvdx,
Kem, ‘K Keg, /K Kem, /X

and then integrate by parts, so that:
v /(Vu-Vv+cuv)dx— 2/ (- Vuyods= Y /fvdx. 3.3)
Kem, /K Kem, /9K Ke®D,

We observe that the boundary integrals are defined on each element boundary;
those are now splitted according to the type of boundary such as:

)y /aK(n-Vu)vds= Y /(n-Vu)vds
o]

Ke®, ’)‘Ef},,g

+ > /(n-Vu)vds
’7€£th v

+ ) (n - Vu); v+ (n- Vu); v;ds.

Vi€ Enint * Vi




where v; and v; denote the restrictions of v on the elements K; and K; respectively.
In the same way, (n - Vu); and (n - V), represents the restrictions of the fluxn - Vu

on K; and K;.

In general, except occasionally to avoid confusion, we shall simplify the notation
of these boundary integrals, by rewriting them, for instance,

Y [ Vwods= [ @ -Viods,
v D

Y€EnD

) /(n-Vu)vcls=/F (n- Vi) vds.
Y N

7€5Eh,N

Moreover, the treatment of the interior boundary integrals is as follows. Given an
edge 7;j € Ey,in shared by two adjacent elements K; and Kj, i > j, we first note that:

(m-Vu);v;+(@-Vu);v;j=n- (Vu); v; —n - (Vu); v},

where n is now the unit normal vector with respect to the edge v;; as defined in the
previous section. By analogy with the formula below where 4,b, ¢ and d are real

numbers:
1
ac — bd = %(u Fh)e—d)+ 5@~ b)c + ), (34)
we can write the integrand as:
n - (Vu); v; —n-(Vu); v;
1 1
=5 (n -(Vu);+n- (Vu)]-) (v; — ;) + 5 (n (Vu); —n- (Vu)j) (vi +v))
= (n-Vu)[v] +[n- Vu](v).
Here [v] and {v) respectively denote the jump and average of v on an interior edge
7ij, 1 > j, of any function v € H3(K;) x H(K;), s > 1/2,ie.
[v] =v; — Ujs
1
(’U) = -2'(171‘ + ’0])

We conveniently extend the definition of [v] and (v), following Chen [9], to an edge
7 lying on I'p as:

[v] =1,

(v) =v.
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It allows us to combine the interior and Dirichlet boundary terms in only one inte-
gral as:

S [ (- Vu) v+ Vu)oids+ 3, /(n-Vu)vds
Y

Vi€ Enint ¥ Vi Y€Eup

- /F IR CIORI LR (v)ds.

Remark 2 Note that when u € HX(Q), the fluxes [n- Vu] are continuous almost every-
where in Q, which yields

/F [n-Vul(0)ds =0, Yo e HXB,). 3.5)

Consequently, (3.3) can now be reduced, when u € H?*(Q) and applying the Neu-
mann boundary condition, to:

Y /K(Vu-Vv—i-cuv)dx—/

Ke®,

1_D<I"Vu>[U]ClS= Y /Kfvdx+/rNgvds.

Ke®,

int

We introduce the following bilinear form B(-, -) defined on H?(®,) x H*(B,) and the
linear form L(-) defined on H*(B,) such as:

Bu,v)= Y, / (Vi - Vo + cuv)dx, 3.6)
Kep, 'K
F(v) = Kgé)h /Kfvdx—i-/I:Ngvds. (3.7)

We also consider the bilinear form J(:, -) on H*(B,) x H*(B,), which incorporates all
boundary integrals on I}, and I'p, as:

J(u,v) = / (n- Vi) [0]ds. 3.8)
FnUl'D
Then, a general discontinuous weak formulation of the Poisson equation reads:

B(u,’o) - ](u: Z)) = F(U), Vo € Hz(ﬂ) (39)

This above variational form constitutes the starting point to derive formulations of
various Discontinuous Galerkin Finite Element Methods (concisely, DGMs.)




3.2. Weak Formulations and Finite Element Discretizations

All the formulations presented below use the observatidn that, for u € H{(Q) N
H?(®B,), the jump [u] vanishes on each ~;:

/ o[ulds =0,  Voe LXyy. | (3.10)
Yij
It follows that:

/ (n-Vo)[ulds=0, Vo€ HXB). 3.11)

int
Moreover, the Dirichlet boundary condition can be applied in the following weak
manner:

(n-Vo)uds = / (n-Vo)uods, Vo€ HX(B). - 3.12)
I'p T'p
Therefore, introducing the linear form Jo(-) defined as:
Jo(v) = /r (n-Vo)upds, Vv HA(B), (3.13)
D

we observe that, for u € H'(Q) N H*(H,) and u = uy on I'p,
Jw,u) = Jov), Vo€ HA(B,). (3.14)

3.2.1. Global Element Method - GEM
Introducing the bilinear form B_(-,-), the subscript — referring to the fact that we
substract the term J(v, 1) to the left hand side of (3.9), and the linear form F(C)
g—(.uﬂ)):B(uav)—](uﬂj)—](vau), '
. (3.15)
F-(v) = F(v) = Jo(v),
the Global Element Method consists in finding u such that:
B.(u,0)= F(v), Vo€ H B). (3-16)

One advantage of this method is that it defines a symmetric problem. On the other
hand, a significant disadvantage is that the bilinear form is not guaranteed to be
semi-positive definite. When dealing with time-dependent problems, this could
imply that some eigenvalues have negative real parts, causing the formulation to

be unconditionally unstable.
The corresponding finite element discretization of the above problem consists in
finding u,, € V*? such that:

B_(u,v) = F(v), Voe V. (3.17)

This method was introduced by Delves et al. [11-14] with the particular objective
of accelerating convergence of iterative schemes.
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3.22. Symmetric Interior Penalty Galerkin Method - SIPG

To enforce stability of the discontinuous method, i.e. continuity of the solution at
the interface of the elements, penalty terms have been added to the formulation by
Armold [1] and Wheeler [23]. Let us introduce the following penalty terms:

Ju,v)= Y [yna[u][v]ds+ Y /auvds:/l_‘ . o [u][v] ds,

Vi€ En it 7€ p Y7

and

K@= 3 /auovds-——/ ougvds,
v I'p

Y€EuD

where ¢ represents the penalty parameter which depends on the length of the
edges 7; and <y and the polynomial degree used in the elements; namely o =
o(h, p). Then the SIPG method is similar to the GEM except for the penalty terms.
Indeed, introducing the forms:

@c_r(u,v) = B(u,v) - ](u’ '0) - I(U: u) +I0(u)v),

. (3.18)
F2 ()= F(v) - Jo(v) +J5 (),
the Symmetric Interior Penalty Galerkin problem is to find u such that:
B (u,v) = F°(v), Vv € H¥(B,). (3.19)

Note that when ¢ takés on the value zero, we naturally retrieve the GE method.

The finite efement analogue of problem (3.19) is to find u, € V*7 such that:

B (up,v) = Fo(v), Vv V. (3.20)

Remark 3 Following Baker and Karakashian [5,6,16], we consider a variant of the SIPG
method. Instead of using the formula (3.4), one may use:

ac—bd =ac—ad+ad —bd =a(c —d)+ (a—b)d (3.21)
so that, by analogy:

n-(Vu),v;—n- (Vu)j vi=mn-(Vu);[v] + [n- Vu]v;

and, since the fluxes, for u € H?(Q), are continuous across the interelement boundaries, we

have:
/

(n- Vu); v; +-'(n -Vu);jv;ds = / n-(Vu),;[v]ds.
ij Yij
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The new bilinear form for the boundary terms is now defined as:
umw=/ n- (V) [v]ds
I11'ntU1“D
s0 that the new formulation reads: Find u € HY(Q) N H*(®,) such that, forall v € H%(B,),

B(u,v) — I(u,v) — I(v,u) + " (,0) = F(v) = Jo@) + J§(®). (3-22)

We now see that we recover the SIPG method from the Baker-Karakashian formulation by
replacing the term n - (Vu); by (n- Vu). It follows that all the properties associated with
the SIPG method will also apply to the Baker-Karakashian formulation.

3.2.3. Discontinuous /p Galerkin FE Method - DGM

The discontinuous Galerkin method by Baumannet al. [7,18] differs from the Global
Element Method by just a sign. Indeed, by introducing the forms:

$+(u7 U) = B(ur U) - ](ua U) + I(U, u)’
A (3.23).
Fe(v) = F(v) + Jo(v),
the DG formulation reads: Find u such that
B, (u,0)= F(v), VveHY(B). (329)
It is straightforward to show that the bilinear form is positive semidefinite.

The associated finite element version of the DG method consists then in finding
u, € V" such that E

B, (up,0) = F(v), Voe V. | (3.25)

3.2.4. Non-Symmetric Interior Penalty Galerkin Method - NIPG

This method was introduced by Riviére [19] and Siili, Schwab and Houston [22,15]
and is inspired from the DG method with the addition of penalty terms. The new
bilinear and linear forms read:

ﬂi(u,v):B(u,v)—](u,v)+](v,u)+]"(u,v), (3 26)

F£ (v) = F(v) + Jo(@) + J§ (), ‘
so that the problem to solve by the NIPG method becomes: Find u such that

B (u,0) = F(v), Vo€ HI(B) | ' (3.27)

Once again, we may consider DG as a special case of NIPG with ¢ =0.




A Priori Error Estimation for DGM 11

The finite element problem corresponding to the NIPG formulation (3.27) is to find
uy, € V" such that

B (uy,0) = F(v), VYo V. (3.28)

The four methods presented thus far are all very similar, except for a plus or mi-
nus sign in front of the term J(v,u) and the addition of a penalty term | 7(u,v) or
not. We shall now see how these changes modify the properties of the respective
formulations.

3.3. Equivalence of Strong and Weak Problems

We shall show the equivalence of the strong and weak formulations only with re-
spect to the Global Element method. The results are identical for the other formu-
lations, namely the SIPG, DG and NIPG methods. Existence of solutions of the
discontinuous formulations is then somewhat guaranteed. However, we empha-
size here that Theorem 3.1 does not infer anything about the uniqueness of the
solutions. This question still remains an open issue.

Theorem 3.1 (GE Method) Let u € C2(Q) be the solution of Problem (3.1)~(3.2). Then
u satisfies the weak formulation (3.16). Conversely, if u € H'(Q) N HX(®,) is a solu-
tion of (3.16) then u satisfies the partial differential equation (3.1) and boundary condi-
tions (3.2).

Proof: The first part of the theorem has been proved along with the derivation of
the Global Element formulation, since (3.9) is satisfied when u € C(Q).

The converse follows the proof given in Riviére [19]. Let D(K) C H?*(K) be the
space of infinitely differentiable functions with compact support on element K and
let v € D(K). Then (3.16) gives:

/ (Vu -Vo+cuvydx = / fodx

K K

which implies, after integration by parts and since v is arbitrary in 2(K), that
—Au+cu = f, a.e. in K. (3.29)

Next, we consider an interior edge +y; shared by the elements K; and K;. Let v be
a function in H3(K; U Kj) C H*(K;) x H*(K}), extended by zero outside. Then the
boundary terms J(u,v) and J(v, u) vanish, because [u] = [v] = 0 on y;;, and the weak
formulation (3.16) reduces to

/ (Vu-Vou+cuv)dx = / fodx (3.30)
K,‘UK}‘ j

1
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On the other hand, multiplying (3.29) by v, integrating on K; and K; and using
Green'’s formula, we have:

/K(Vu-VzH-cuv)dx— (n-Vu),-zzds:/Kfvdx,

Y

/(Vu-Vv+cuv)dx—/ (n-Vu)jvds=/ Fodx,
K: v, Ki

j i
so that
/ (Vu-Vu+cuv)dx — / [n-Vu]ods = / fodx. (3.31)
KiUK; 07 K:UK;

i iUK;

Comparing (3.30) and (3.31), one observes that:

[ In-Vulods=0, Vve HHKUK)).
Yij
Then, [n- Vu] = 0 for all element edges -y;, which implies Vu € H(div, Q). This
allows us to conclude that u satisfies Poisson Equation globally on Q, i.e.
—Au+cu=f, a.e. in Q. (3.32)

To recover the Dirichlet boundary conditions, we now consider a function v €
H}(Q) N HX(Q), so that integrating (3.32) provides:

/Q(Vu-Vv—i-cuv)dx:/vadx,

whereas (3.16) yields:
/(Vu-Vv+cuv)dx—/ (n-Vv)uds:/fvdx—/ (n- Vo) uods.
Q I'p Q I'p

Substracting both equations, we obtain:
/ (n-Vo)(u—1up)ds=0, ¥oe HYQ)NHA(Q),
Ip .

and conclude that u =y onI'p.
In the same way, choosing v € H%(Q) C H*(®,) such that v = 0 on I'p, we get:

/ (n-Vu-—-g)vds=0,
'y

sothatn-Vu=gonIy. O

Remark 4 When c is zero, C2(Q) can be replaced in Theorem 3.1 by HY(Q) N H?(B,) since
Vu € H(div, Q).
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3.4. Properties of the Bilinear Forms

3.4.1. Mesh-dependent norms

We now introduce norms associated with the bilinear forms:

1. Energy Norm:

lol2g, = Bw.o)= T olx= 3, (IVolx+cloliix) (3.39)
Ke®, Ke®,

2. Norm proposed by Siili ef al. in [22,15]:

ol = Bo,0)+ J°@,0) = lolZg,+ [ olofds (339
LmUl'p
‘3. Norm proposed by Baumann et al.in [7,17,18] and by Baker and Karakashian
in [6]: ,
2 _ o2 1 2
o, =10l + [ 2 vo)'ds (335)

We note that the energy norm becomes a seminorm when ¢ is zero.

3.4.2. Continuity of the bilinear forms

We shall show now that the bilinear forms B.(-,-) and Bi(-,-) are continuous on
H?*(®,) with respect to the norm ||-||5 defined in (3.35). Unfortunately, we are
unable to show continuity with respect to the other two norms (3.33) and (3.34).

Theorem 3.2 (GEM and DGM) Let By(-, ) be the bilinear form defined either in (3.15)
or in (3.23) . Then,
|Be(,0)] < g Nollg,,  Viu,¥o € HX(B). (3.36)

Proof:
First note that:
B, (4, 9)] = |Bu,0) — J(,0) £ (v, u)]
< [B(u,v)| + |J(u, v)| + |J(v, w)|

It is clear that

B, < Y, [ V- Vot cuoldx < ullg, ol
Ke®,
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The first boundary term gives:

T, 0)| < /I, ltn- V) [o]] ds

int?1 D

< \[/ o1 (n-Vu)zds \// o [v]*ds.
TUlp LD
Likewise,

Fowi< [ i Vo)plds

int\1 D

< \/7 o [ulds \// o-1 {n- Vo)?ds.
CuUlp L:Ulp

In consequence, we have, using the discrete Schwarz inequality (A.1):

|Be(u,0)] < llulleg vz,

+ \/ / o1 (n-Vu)2ds \/ / o [o]*ds
TnUlp TimUp
-+ \// o [u]zds,// o~1 (n-Vu)*ds.
LmUlp LUl
< 2 / 2 d / -1 . 2
< \ﬂu“e,rp,,"‘ 5 ory [4]°ds + o (n-Vu)“ds

X \/Ilvllf’fh +/I“i,,,urna [v]zds—i—/nmurD o1 (n-Vov)*ds

< g, liolla,

which completes the proof.

|

Theorem 3.3 (SIPG and NIPG Methods) Let BI(-,-) be the bilinear form defined ei-
ther in (3.18) or in (3.26). Then,

1BL(,v)| < Cllullg, llollg,,  Vu,Yo € HX (). (3.37)

where C is a constant, C < 2.

Proof:
As before we have:
|BE(u,0)| = |B(u,v) = J(u,0) = J(v,u) + ] (u, )|
< |Bu,0)| +J(u, 0)| + [J(v, )] + |J* (1, 0)|
< lullg, llollg, + 177 (4, )].
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And

Fwol< [ lolulllds < \/ [ olupds \/ [ olofds.
LUl TiUTp GutUl'D
Therefore, making use again of the discrete Schwarz inequality (A.1), we obtain:
2 2
B0 < Wil Bollg +/ [ otafds [ opoas

<\l + [ ol ds ol + [ otoPas
< /21l /2 10113,

< 2[jullg, llvllg,

and we see that C is at most equal to 2. O

3.4.3. Coercivity of the bilinear forms in the discrete spaces

Here we wish to show that the bilinear forms B.(-,-) and B{(-,-) are coercive in
H?(B,) with respect to the norm |- |l 3, in order to be able to apply classical theorems
for existence and uniqueness of solutions of the discontinuous methods. Unfortu-
nately, to date, we are able to prove coercivity only in the discrete discontinuous
spaces V"7, and then, only for the SIPG and NIPG formulations .

Theorem 3.4 (NIPG Method) Let o = kp?/h, k being a positive number. Then, for all
& > 0, there exists a positive constant, o > 0, such that:

Bl(z,2) > e|lzlly,  Vze V™. (3.38)

Here o is independent of h and p.

Proof: Let a be an arbitrary real number and choose a z € V7. Then

BY(z,2) — o ||z|3,

=(1-a)B(z,2)+(1 - ) ]"(z,z)—a/ i—(n-Vz)zds

TiUl'p
Since (n-Vz) is the average of the flux at the interface of two elements K; and
K;, the corresponding integral can be split into two integrals with integrands (n -
Vz)i/o and (n- Vz); /o, each one associated with the elements K; or K; respectively.
Therefore, let v C I, U I'p and consider the integral associated with the element
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K. Using the trace inequality (A.3) and the inverse property (A.7), we have

1 2 1 2
Z(n- < -
[r ~(n- V2P ds < ~||Vall,

<
so that, selecting o to be equal to kp%/hx, we obtain:

1 C
—/;(n-VZ)2 ds > —;”VZH(Z),K-

Note that, when the mesh size f, and hg; and the polynomial degrees px; and p;
are different from each other in the two elements K; and K sharing the edge -y;;, we

actually choose o as

_ max(ri, Pi)
min(ig; ;)

so that:

2
[ Lo vaps < SEEIValh
Tij o hx; o

S =55 7 4 g
P max(P%i, p%g) hK,- ” IlO,Kz

C
< || Vz|]2 .-
s K,” Z||0,1<,-

It then follows that:
Bi(z,z) — |||z|||2?h > (1 —oa—aC/k)B(z,z)+ (1 —a) ]°(z,2).

Therefore, we certainly can pick a value of o such that

1
0 < —
<a_1+C/K:

for which the bilinear form B{ (-, -) is coercive in Vhr, forall k > 0.
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Theorem 3.5 (SIPG Method) Let ¢ = kp?/h, K being a positive number. Then, for
K > K, there exists a positive constant o independent of h and p, a > 0, such that:

B(z,2) > a2z, Vze VM. (3.39)

Proof: Let a be an arbitrary real number and choose z € V*7. Then
B(2,2) - a ||z||3, = (1 — &) B(z,2) + (1 — @) ]°(2,2)
1 2
—2/ -Vz)[z]ds — / —(n-Vz)“ds
LU <n )[ ] * LutUl'p 4 ( )

There exists a positive number ¢ such that for every edge v € I}, UT'p:

2[y(n-Vz)[z]ds_<_2\/[ro“1 (n-Vz)zds\/La[z]zds

ge/l(n-Vz)zds—%-l/a[z]zds
24 €Jy

which yields, using the result in the previous proof:

B(z,2) — o |||z|||§,h > (1 —-a—(a+ 8),%) B(z,z)+ (1 e %) J(z, 2).

In order to prove coercivity, we want to find o > 0 such that both factors in the
inequality are positive, in other words:

(1—a—(a+e)—g)>0 and (1—a—-%)>0.
The second inequality requires that:

O<a§1—1
€

which means that
e>1.
On the other hand the first inequality requires that:

1—5C/n<1—C/n<n~C
1+C/k —1+C/k — k+C

0<a<

This completes the proof by taking & sufficiently large, namely x > o (where for
instance kg > C.) (W]
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Remark 5 We note that BI(-,-) (for NIPG Method) is coercive in H 2(B,) with respect to
the norm |||z, Indeed, for all v € HX(B,),

B2 (0,0) = B(,v) — J(0,0) + J©,0) + ]’ (v,0) = ||0]|5,- (3.40)

1t is also straightforward to show that By.(-,-) (for DGM) is coercive in H 2(B,) with respect
to the energy norm ||-||e,z,:

B..(v,9) = B(v,0) - J(v,0) + ](v,0) = B0, v) = ||v|[; g,- (3.41)

These results will be crucial in deriving a priori error estimates in the next section.

4. A Priori Error Estimates

4.1. SIPG and NIPG Methods

Theorem 4.1 Let u € HY(Q) N H(B,), s > 2, be a solution of (3.18) (SIPG) or (3.26)
(NIPG) and uy, be the discrete discontinuous solution of

B (up,v) = F), Vve V. 4.1)

Then, choosing o = kp?/h, (k > 0 for NIPG and k > ko for SIPG), the numerical error
e = u — uy, satisfies:

-1

h
llelle,s, < C—p_;__:;/_i”ulls 4.2)

where p = min(p +1,5)and p > 1.

4.1.1. Proof of Theorem 4.1 for SIPG and NIPG

First, by definition of the norms, we note that |||, 5, < [le]|g - In other words, it
suffices here to estimate the error with respect to the norm ||-||. The proof is
inspired by [5,6,16] where the authors have derived the rate of convergence in h
only for the SIPG method of the (3.22) form. Here we extend their results to the
NIPG formulation as well and also show for both methods the rate of convergence
in p.

Proof: Let z, be an interpolant of u in V4P, We shall use the notation 7 = u — 2,
and £ = uy, — zp so that e = u — u; = n — . Applying the triangle inequality, we
have:

lellg, = llu = unllz, = lln —Ellg, < Inllg, + i€l -
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From the coercivity of the bilinear form B{(-, -), since { € ¥ kr, we have

el < CBLE, ),
and from the “orthogonality” property BZ(u — u;,v) = 0, Vo € VP, we get
BIE, &) =BL(,§), VoeV.
Using the continuity of B(,-), we know that
2 (1,8) < Clinllg, K€l g,
which implies
Il < Clinllg, -

Finally, we have

lellg, < limllz, +€llz, < Clinllg,

We recall here that C is a generic constant independent of # and p which takes
different values at different places.

‘We now choose the interpolant z, as defined in Lemma A.7. Then:

I, = 3, [ (aP+or)ass [ Ctnvafase [ atifds
mt
@.3)

The integrals in the leading term are estimated as, using (A.8):

pn—1

" |
/|vn|zdx<c(ps ) l2e,  s>1,
K

B
fertarsee () e 520
K Pk

so that
V2 +cn?)dx < CEflul2g, s>1.
[ (19n+en?) pKzuusK >

Let «; denote an interior edge shared by the elements K; and K;. Then, using the
inequality (a -+ b)? < 242 + 2b, we observe that

Lonovmtas<if Lo -owmpas+2 [ L(n-wn),)’
/7”0<n vn) dsSZ/%_jg(n V) ds+2/7ija(n (V);) ds

q
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In other words, in splitting the second integrals on the right hand side of (4.3) as
above, we actually associate with each v € Ej, j; U Ej, p an element K, such that

1 2 1 2
—(n- < =
[ 5@ vmtds< Zivalg,

Cc/r1
<& (H1wnltc+ 19nlbcI Vol
K

C/1
< & (sl + Il )
C h2[£—2 h;l,—l h/,b—z
<7 h S+ | ik
K Px PX " Px
-3 23
<< (hK” i )nun
- o 25—2 25—3
Px Pk
C 2u—3
0’ p[( _3 ” “s K
2u—2
K 2
< ;F“””s,m 5§22

Again, for an interior edge ; shared by K; and K;, using (2 — b2 < 242 + 202, we
have: 4
/ o[nlds = / a (m— Uj)zds < 2/ U(ﬂi)2d5+2/ o (n;)zds

This means that the edge integrals making the third term of (4.3) are bounded by: '

) h2/.L—1 hzu =2
o(m)?ds < Co5—lullzx < CoS—llullix
/ el < ol

In combining the above results, we thus obtain

hz,u -2 hzu-z hiﬂ_z 1/2
llelle, < Clinllg, < C Z s+ St 2 sk
Px Px Px
Bt
< CK%’ ps 3/2 lu”SK

h
pp—1

< Cm””]ls

which is the expected a priori error estimate.
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4.1.2. Alternative Proof of Theorem 4.1 for NIPG -

Alternatively, we present a second proof of Theorem 4.1 for the NIPG method only
as it is based on the nonsymmetry of the formulation. The proof is inspired by
the one found in [22]). However, our rate of convergence with respect to p was
improved from (s — 2) to (s — 3/2) using the interpolation estimates of Lemma A.7.
Later, the same authors proposed in [15] a comparable version of the proof with
(s — 3/2) as the rate of convergence.

Proof: Once again, z, is the interpolant of u in 9/ "? as defined in Lemma A.7. and
we denote 77 = u — z, and £ = uy, — z;, as before. Then,

lelle,z, < llellg, = llu — usllg, = lIn = Ellg, < lInllg, + ¢l

Moreover, from the definition of BJ(-,-) and the norm ||-||.,z, (see (3.40)) and the
“orthogonality” relation, we have:

I1€11%, = BIE,£) = BL(n,§).

The goal is now to bound B (7, £) in terms of ||| g, . Recall that:

BL(n,€) = B(n, &)+ ]°m,€) — (0, &) + ], m)
< B, &) + 17, )| + 1], )| + ], m)

The first term on the right hand side of the equation above gives:

B0, &I < Y, [ 190 Ve +engldx <linlle, [€lles, < lnll, €]z
Kem, 'K

The term |]?(n, £)| is bounded by:

77, )] < /r _ lomellds

< \[/r ol ds\/ |, olélds

< linllz 1€l

whereas we have for the third term:

I oI < [ Kn-Vn)Lgllds

int1 D

< \/ f o~1(n- Vn)zds\[/ o [€)%ds
LwUl'p LUl

< ”f“a’h\//r ot o~1{n- Vn)ds.
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Likewise, J(£,n) is bounded by:

gl S lnlay/ [ o7 -V as

Using again the trace inequality (A.3) and the inverse property (A.7), it is shown
that: '

1 2 EKZK z
/»,E(n VE)Pds < ahK“v‘E”O,K

In other words, using ¢ = kp%/hx

1€ m)| < Clinllg ¢l

Combining the above results, we have:

1 2
lellg < (Ilnllﬂ, /ey 090 ) < Clily

so that:

llelle,z, < llellg, < linllg, + lI€llz, < linllg, +Cllnllg, < Clinllg, -

We conclude the proof by employing the estimate on |||l shown in the previous

proof. a

4.2. DG Method

We recall that the DG formulation proposed in [7,18] is deduced from the NIPG
method by simply setting the penalty parameter o to zero. However, unlike NIPG,
continuity and coercivity of the bilinear form B,.(:,-) cannot be proved simultane-
ously using the same norm. At best it is shown that:

B(U, U) = “v”i?h’ Vo € Hz(?h)a
and that:
By (w,0) < llullg, llollg,,  Vu,0 € HA(BY).

The main issue in finding a priori error estimates for the error ¢ = u — u;, in the nu-
merical approximation uy, of the DG problem consists in deriving an upper bound

on:

[ lerds
[imUl'p
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with respect to the norm ||€||,,5 when ¢ = 0. This integral does indeed appear when
bounding the term J(n,§), i.e.

jmols [l vniads< [ @ovnras/f s

We present below two approaches, by treating separately the case when ¢ is zero
and the case when ¢ is nonzero.

4.2.1. A priori error estimate when ¢ is nonzero

We find it instructive to analyze the special case in which ¢ is strictly greater than
zero. In this case, we still can use the methodology presented earlier for the NIPG
method. However, we shall see that the rate of convergence with respect to the
mesh size becomes suboptimal as stated in the following theorem.

Theorem 4.2 Let u € HY(Q) N H(B,), s > 2, be a solution of (3.23) with ¢ > 0 and uy, be
the discrete discontinuous solution of (3.24). Then, the numerical error e = u — uy, satisfies:

pn—2

h
llelle,z, < lelulls ’ (44)

where p =min(p +1,s)and p > 1.

Proof: Using the same procedure and notation as before, we have:

lelle., = llu — uplle,z, = IIn = Elleg, < linlle,m, + € ]lea,-

Moreover, from the definition of B.(-,-) (see (3.41)) and the “orthogonality” rela-
tion, we further show that:
IE11Z,5, = B+(&, €)
= Bi(n,£)
= B(1,8) — J(m,§) + ], m)
< [B(, )| + 1], )] + 11§, m|

We now consider each term one at a time. The first term B(n, ) is straightforwardly
bounded by:

. pi—1
1B, )| < l|nlle,z, 1€ lle,2, < CF”””S”fue,ﬂ, (4.5)
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We expect that the third term J(§,7) can be treated as before and should not pose
any problems. Indeed, applying the Cauchy-Schwartz inequality, we have:

1€l < \/ [ .o V&)zds\/ [, s

Wheny CT;;UTlpand § € V"?(K), we have already shown that:

2
[ @-vefas < CEEIVElR k.
g/ hx ’

Next, we obtain from the approximation property (A.9)

2p—1

‘ h
[ wPds =B, < CElulfix:
v Px

Therefore the term J(&,n) is bounded by:
h#-t
7, ml < C;};_—g/gllullsllﬁﬂe,ﬂ,-

Finally we need to consider the term J(n, ), which is held responsible for deterio-
rating the convergence rate of the solution. By the Cauchy-Schwarz inequality, we

have:

o<y [ m-vmtas [ s

Once again, the approximation property gives

th—?’
[ -V as < gl
7 Px

while from the trace inequality (A.3), we have:

613 < (B + el Velox)
1 1
< ¢ (T llfx + pelelfa + V)
< ¢ (lielfx + el Vel c) “9)
< ¢ (N6l -+ el )

C 2
< —_— .
— ChK IIS”G,K
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It is important to point out here that the norm ||{||o 4 is bounded as long as ¢ > 0.
Then we have:

=2
J(n,&)| < C;m”“lh”ﬁﬂe,?,,-

In conclusion,
h;l,-—l h/“‘_l hu—z hu—z
€lle,s, < C <ps-—l =T ps—3/2) flulls < Cps_—sﬁ”ulls
which completes the proof. O

Remark 6 Note that C is inversely proportional to c. Therefore the error is expected to
grow as c gets smaller.

4.2.2. Discussion of the case in which c is zero

The operator, when c is zero, reduces to the pure Laplacian. In this case, the energy
norm ||-||,.p, becomes the seminorm [|V-||o,5,. Following the same procedure as
before, we would have:

IVEIS 8, = Br(€,6) = Bi(n, ) 4.7)

where n = u — z, £ = uy — 2 and z, defines an arbitrary interpolant of 4 on Vhe.
However, from (4.6), we can see right now that the term B, (n, {) would then be
bounded by ||€|o,g,- In turn, it is impossible to bound ||£]|o,5, with respect to
IV&|lo,5,- Therefore, the previous methodology to obtain error estimates cannot
be applied in the present case.

Suppose that we introduce an elementwise constant function £ to be defined later.
Then, we can rewrite (4.7) as:

IVEIE 5, = Be(n,€) = Bi(n, & — €+ &) = Bi(n, € — &) + By (n, ). (4.8)
Suppose now we can construct a new interpolant such that:
By (n,€) = 0. 4.9)

Then we would have

IVEIR g = Be(n,€) = Bi(n, & — &)
=B(n,& -8 —Jm,E O +]E - & n) (4.10)
=B(n,&) — ], & =& +](&,n)
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We have seen that the terms B(7,£) and J(£,n) are easily bounded in terms of
V£ |lo,m, The other term reads:

Joe-8=[ (n-vn)le-Fas.

D
According to Lemma A.5, this integral can be bounded with respect to ||VE|lo,3,
under the condition that £ is chosen as the average of £ on each element.

This approach has been followed in principle by Riviere, Wheeler and Girault
in [20,19] where they construct special interpolants 7u which satisfied (4.9) and

I
“u - ﬂ'uIIO,K < Cps__z ”u”s,K’
K
e
V(s = mwllox < C==5 llulls x,
Px
pn=2

h
“Vz(u - Wu)“O,K <C IS<_2 ”u”S,Ka
Px
where p = min(px + 1,5), s > 2, px > 2. Using these interpolants, they were able

to derive an a priori error estimate of the form:

het
IVello,s, < C——-ps_4 llulls- 4.11)
Although the rate of convergence is optimal in k, we show next that the rate of
convergence in p is in reality better than (s — 4). We improve this result by con-
structing better approximation properties for the new interpolant and by refining

the analysis.

4.2.3. New Interpolants

Lemma 4.1 Let K be a triangular element of the partition B, and u a function in H*(K),
s > 2. There exists a positive constant C depending on s and o but independent of u, px,
and hy, and a polynomial mu € Py (K), px 2 2, such that .

/n-VW—dewzQ Vv C 8K, (4.12)
¥

and

hg
llu — mullox < Cﬁ[lulls,m
K
u—1
196 = mllok < Cokull  aB)
K= g s Ko -
Pk
hh?
V2 — mu)llox < Cpf_z s,
K
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1.0¢

0.01 '

Figure 2. Reference element K and mapping Fx from K to the ele-
ment K in the physical domain.

where p = min(px + 1, 5).

We present the proof of this theorem for triangular elements only. The proof is
similar for quadrilaterals.

Proof: Let the triangle K € Q be the image of the master element K by the affine
mapping Fx as shown in Figure 2. The mapping Fx is often rewritten as:
Fx()) =Bx+b (4.14)

where B represents a two-by-two matrix whose components are independent of %
and b is a two-dimensional vector. Here, v will refer to the edge between node
N, and N3, unless stated otherwise, and 4 on K will denote its image by F¢ 1 We
associate with 4 and -y the unit normal vector fi and n, respectively.

Given n € H?(K), namely n = u — z,, where z, is the interpolant of u as defined
in Lemma A.7, the objective here is to construct a polynomial function g in V"*7(K)
such that:

/n-vnds'=/n-qus. (4.15)
Y Y

Indeed we would have:
/n-V(n—q)ds=/n-V(u —z, ’—q)ds:/n-V(u—(zp—}—q))ds:O,
Y v v

and the new interpolant could be derived as 7u = z, +4.

Following [19], and assuming px > 2, we introduce the polynomial function 4,
associated with the edge 4 on K:

Gy =Cl—2-PE+F), Vi=@Pek. (4.16)
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Figure 3. Polynomial function 4, on the reference element R.

where C, is a constant to be defined. We observe in Fig. 3 that such a polynomial
function satisfies:

>

<
Il
o

Gy ds

n.

with 4;; defining an edge on K joining the nodes N; and Nj.

The constant C, is found so that (4.15) is satisfied in the physical space. Further-
more, we obtain an upper bound for C, (see Riviére [19]) as:

ICyl < CUBIPIBT NV llo.s

2, .2
hx h 1/2
<C|— — | h Vv
< (p) (PK) £ 1IVlloy
2\2
<Cod? ('5) h}</2||V7I“0,7

< ChY2 1V llos

1/2
< {IIValR x + il VnlloxIV2nllo §

where we make use of the Trace Inequality (A.3). We also observe that:

llg4llo,x < C|detB|Y2||dy 1l 2
< ChKIC*er
< Chy|Cy)-
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Likewise, we have:

HV%HO,K < C|C7|
V244 ll0.x < CHEYC,

So far, we have carried out the analysis for the edge v between node N; and Nj.
We point out that the same results are obtained for the other two edges. We then
associate with each edge 712, 723, 731, @ polynomial 412, 423, 431 respectively such
that

di2=Cn9(1-19)
G3 =C3(1 =2~ PE+ 1)

gs1 = C31 2(1 — %)

Adding these polynomial functions together, we construct on the element K a new
function g € P»(K)

g(x) = g12(x) + g23(x) +g31(x), Vx € K,
which satisfies

/H‘V‘idsz/ H'V(412+‘723+‘731)d5=/ n'V‘hzdS=/ n-Vnds,
T2 Y12 712 M2
/n-qus:/ n-V(q12+q73+q31)ds=/ n-Vq23d5=/ n-Vnds,
Y23 Y23 Y23 723

/n-qus:/ n-V(q12+q23+q31)ds:/ n-nglds:/ n-Vnds.
731 731 31 31

In other words, there exists a function 7u € Pp(K), mu = z), + q such that

/n-V(u—m)ds:o, Vy C OK.
Y
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Now, by the triangle inequality,

lu — wullo,x < llu— zpllo,x + 19llo,x
< linllo.x + l1g12llo,x + lg23llo,x + I1g31ll0,x

1/2
< lnllox + Chx { IVl & + Bl Fnllo P10, }

h/.L hZﬂ—Z k[.t—l k/.L—Z 1/2
<C —-K-+h1<( K — +hE--K fluells x
{Pi PR .

{hﬁ e
< C{ K K flulls
Px p;/

h
< Cm”u”s,x-
K
In the same manner, we find:
[V — muw)llox < IV —zp)llo,x + IV4llo,x
) ) 1/2
< IVnllo,x + € {1Vl & + Bl Vrllocll V2mllox }
hp.—l hﬂ—l
<C {p_I;((—"f + p—fgﬁ} Joells
K
pi1
< C;E—T/'z'”ulls’K’
and

V2 — mu)llo,x < V2 — zp)llo.x + 1V?qllo,x

_ 1/2
< IV2nllo, + Chig* {1Vl & + bl Vnllo.cl V2 mlo.x }

<cC PS_Z +hK ps_3/2 “u“S,K
K K
h#=2
< C'r;;__z”u”s,K-

We observe that the first two estimates are governed by the rate of convergence of

llgllo.x and ||Vgllo,x respectively, while the last estimate is governed by the rate of

convergence of || V270 k. |
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4.2.4. A priori error estimate when c is zero

Theorem 4.3 Let u € HY(Q) N H%(B,), s > 2 be a solution of (3.23) and uy, be the discrete
discontinuous solution of (3.24) with ¢ = 0 and p > 2. Then, the numerical error e =
u — uy, satisfies:

pot
IVello,g, < C;;:g/—znu”s (4.17)

where yp = min(p + 1, ).

Proof: Let mu be the interpolant of u in V"7, defined on each element K of B, as
in Lemma 4.1. We also introduce = u — mu and € = uy, — mu. Using the triangle
inequality, we have:

1Vello,g, = IV — Ollo,z, < IVllo,z, + [IVEllo,a,
and from (4.7) and (4.8), we recall that:
V€52, = B+ (1, ) = Be(n,€ — &) + Bi(n, &)-

Here ¢ is chosen as the average of £ over each K, i.e.

= 1
=1 &d Ke®,.
6 l KI /I; 5 Xy S
We note here that the authors in [20,19] chose £ as the average of £ over each edge
and their proof is thus slightly different from ours.

This particular choice of the interpolant mu and piecewise constant function £ does
indeed yield:

3+(77, E) = B(U,E) - I(nvé) + ](Zﬂ?) = _}(nag)
=~/ . mVn[Eas

:..[g]/r _(n-Vn)ds

intt D
=0

since the last integral is zero according to the property (4.12) of the interpolant 7u.
Therefore

IVES 2 = Be(n, € — &) (4.18)

We now show how By (1, £ — £) can be bounded with respect to ||V [lo,z,- We nat-
urally have from (4.10)

1B, (n, € — B)| < |B(, &) + [J(n, € = B + 1€, m)|




32

The first term gives, using the approximation properties of Lemma 4.1 and the
discrete Schwarz inequality:

B, o< ¥, [ 1Vn-Veldx < 3 [VnloxlVElox

Ke®, Ke®,
[
< z C—57 5— 3/2”””5 KHVSHOK
Ke?, pK

ot
< ol Ve,

The third term is treated as usual. We have

pemi< [ e Ve blds < Xl Vol allog
<C3 % ln-Velloslnlos

KeB, yedK\Ty

<c Y X IVeEloqlinloy

Ke®B, yedK\I'y

From the trace inequality (A.3) and the inverse property (A.7), we show that:
1 1/2
IVl < © I Velx + 1€l V¢ o |

1 PZ 1/2
<c {—“Vf”ax + ||V§”o,1<coh—§'||v§“o,1<}

Px
<Co5 Wi/ IVEllo,x

and, from the approximation properties of Lemma 4.1:

1 1/2
Il < € { il + ol Vo

1 W e R 2
3” ”gK.J’_ _3/2 S— 3/2” ”sK
Px P

< {agpote
<t

hZ,ul hm 1) /2
i 25—3} lfuells,

B
S C K 3/2 ||u“SK
Px
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In conclusion, we find that:

1/2

)
7€ m| <C Z ”V§||01< YT} 577 14lls.x
K

KG!P;, K

hit

<cy £ 5/2!|V£Hoz<||ullsz<
Ke®B, pK
-

<c Vel

In the same manner as before, we obtain for the term J(n, £ — £):

Jmé=8l<cy, 3 IVallosllé —Elloy

Ke®B, yeK\I'y

In this case, we have using also the approximation properties of the interpolant
g PP prop p
1 1/2
90l < € {1V + 1901Vl

1 hz;z—z h“_l hp,-z 1/2

{7’1— 25—3 ” “s k+t—=357 _.3/2 ps._z ” ”s K}

hz,L -3 hZu—2 1/2
{ 25—3 + Z; 7/2} “u”S,K

B
< C—SK——IIuIIs K
Px

However, for the other term, we have, using Lemma A.5

- 1 . . . 1/2
e = @l < € {lle - B+ €~ Bl V€ — Dl
_ _ 1/2
<cfiblle- &+ 1€ - ol Vel }

1/2
<c{ uvguox+hK||va|0Kuve|IOK}
< Chil?|[VElo.x
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It follows that:
Jme-8|<c y X _7/4 K ulls.x B VE ok
Ke®, K
3 el
<cC xllVElo,x
e, P; “s—7/411%lls,

h -
ps 7/4|Iu” ”V€||01’h

Combining the previous results, we finally get:

pr—1 pe-1 pr—1
IV€llo,z, < C (ps—l/Z + e + ps—5/2) llulls < €

and this completes the proof since ||V7|lo,z converges with a greater rate of con-

vergence than ||V¢|lo,z,-

4.2.5. Alternative estimate when c is nonzero

Fﬁllulls

O

We now use the previous results to review the error estimate when ¢ is nonzero.

The new estimate is given in the following theorem:

Theorem 4.4 Let u € HY(Q)NH*(B,), s > 2, be a solution of (3.23) with ¢ > 0 and uy, be
the discrete discontinuous solution of (3.24). Then, the numerical error e = u — uy, satisfies:

1
llelle,s, < C;)s—_ggﬂu”s

where p = min(p+1,s) and p > 2.

Proof: In this case, we have:

1€]12 5, = B (n,€)
= B(n,&) —Jm,&) +JE )
= B(n,&) — J,&€ =& — Jm,8) +J(&,m)
= B(n,&) — ], & — &)+ J(,n)
< B, &+ 1], € — O] + ], m)]

if the interpolant is chosen as in Lemma 4.1.

(4.19)



A Priori Error Estimation for DGM 35

Moreover, results from the previous theorem provide us with:

ho-1
B0 < 3, [ 10 Ve -+entldx < C o lullliélle,

Kes,
=1 ot
1€, m| < Cps—_s/gnu“s”Vf”o,g, < Cm““lls”f”e,ﬂ,

pp et
10,1 < C—=7 I1ullslVElo,, < C—=7lulls[€le.z,»
e 7] |

so that

1
€lle,, < Cm”u”s,

and this completes the proof. " O

This time, the rate of convergence is optimal with respect to & but the rate of con-
vergence in p is worse than in the previous estimate. This makes us believe that the
error estimates for the DG method can still be improved with respect to p. Maybe
better interpolants are yet to be found.

5. Concluding Remarks

5.1. Remarks on the Discontinuous Formulations

We have studied here four different formulations of the so-called Discontinuous
Galerkin Method (DGM). These formulations simply vary by one sign (plus or mi-
nus) and by the addition of a penalty term (or not). However, they greatly differ in
nature from a mathematical point of view. We now review each formulation one
by one and recount our findings in the case of linear diffusion problems.

Global Element Method. Little can be proved for this method. We were able to
derive the continuity of the associated bilinear form, but failed to even obtain 4
priori error estimates. This is because the bilinear form is not guaranteed to be
semi-positive definite.

Symmetric Interior Penalty Galerkin Method. The SIPG Method is similar to the
GEM except for the addition of the penalty term. However, it allows us to prove
non only continuity of the bilinear form, but also coercivity in the discrete discon-
tinuous space (for sufficiently large values of the penalty parameter), and thus a
priori error estimates optimal with respect to & (u — 1) and slighty suboptimal with
respect to p (s — 3/2). One major drawback of this method is that its behavior de-
pends on the selection of the penalty parameter. If not chosen carefully, the method
can fail.
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Non-Symmetric Interior Penalty Galerkin Method. The limitation of the SIPG
method is remedied by changing one minus sign by a plus sign. Indeed, although
the NIPG formulation results in a non-symmetric system of equations, all the prop-
erties and error estimates are shown to be independent of the choice of the penalty
parameter. We also find the same rates of convergence with respect to 1 and p as
SIPG.

Discontinuous Galerkin Method. DGM is deduced from the NIPG method by
setting the penalty parameter to zero. We then observe that the rate of convergence
with respect to h or p deteriorates. Also, in the case of the pure Laplacian operator,
when c¢ is set to zero in the Poisson problem, we obtain a priori error estimates only
by defining some new interpolants whose fluxes are weakly equal to the fluxes of
the exact solution over each edge of the elements. Although the rate of convergence
in h remains optimal, the one in p is then estimated to be s — 5/2. We believe that
it might be possible to improve this rate of convergence by considering other types
of interpolants. At this point, detailed numerical experiments would be helpful to
understand how the penalty term affects the quality of the approximations.

5.2. Fﬁture Challenges

The great challenges for DGMs are to 1) prove uniqueness of the solutions of the
continuous formulations, 2) perform more numerical experiments to understand
the role played by the penalty terms, 3) still improve the a priori error estimates for
the Discontinuous Galerkin Method of Baumann and Oden, 4) derive rigorous a
posteriori error estimates for the various formulations.

A. Lemmas

A.1. Discrete Schwarz Inequality
Lemma A.1 Let {a;} and {b;} define two sequences of N real numbers. Then

N 12 / 1/2
> a?) (Z b?) (A1)
i=1 ‘

i=1

N
Y aib; < (
i=1

Proof: We shall show the discrete Schwarz inequality for N = 2 first. We have:
(a1by + azbz)2 = a%b% + a%b% -+ 2a1b1asb,
= (af + a3)(b] + b3) — a3b3 — a3b] + 2a1b1a5b,
= (4] + a3)(b7 + b3) — (arbp — apbn)?
< (@} + a)(b} + b3)
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so that:

a1by + mpby < \/;§ + a34/b% + b2.
The result is easily extended to N > 2 by recursivity. O
A.2. Multiplicative Trace Inequalities
Lemma A.2 Let Q define a star-shaped domain with boundary 0Q as shown in Fig. 4.
Then, for all v € HY(Q)

2
1o113,00 < 77 1013, + sup [x[[[v]lo,ellVolloq | - (A2)
1 le XEQ

Blx] <x.n

Figure 4. Star-shaped domain.

Proof: Let O € Q be the origin and let n denote the unit normal outward vector on
9Q. From the definition of a star-shaped domain, there exists a positive constant B8

such that
Blx| < x-n.

Applying Green’s Theorem for the vector field #?x, we have:
/muzx-nds = /QV - (?x) dx.

By the property of star-shaped domains, the first integral is shown to be bounded
below:

2 . 2 : 2
u°x -nds > nfx/ u-ds > nf u .
L >p inf [ [ u*ds> B inf Ixllulf o
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On the other hand, the second integral is bounded above:
/V-(uzx)dxzf UV -x+x-Vildx
Q Q
:/ 2u2dx+/ 2ux - Vudx
Q Q
<2ulfpo+ [ ux- Vuldx
< 2fjul o +2suplx]| [ Jul|Vuldx
k xEQ Q

<2fullfa+ ZSug Ixlllullo,oll Villo,
XE

Using both bounds, we arrive at:

2
1l 0 < =77 | IullG.0 + sup Ixlllullo.alVulioq
inf lxl xX€Q
x€0Q
which completes the proof. O

Lemma A.3 Let K be a triangle or a quadrilateral such that hx < ppx (shape regular).
Then, for all v € H(K),

1
o1 ¢ < € (lolfs + ool Follo ) (*3)
where C is a positive constant.

Proof: Let the origin O be the center of the inscribed circle in K with radius pK /2.
We therefore have:

sup|x| <
xeK
xief}?&lxl > px > hx/e
so that from (A.2)
1B ok < 22 (1B x + ol Vil )

<20 (E“u”ax + Huuo,Kuwno,K)

The proof is complete when choosing C = 2. O
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A.3. Poincaré-Friedrich’s Inequalities

Lemma A.4 Let Q be an open, bounded, connected domain of R? with Lipschitz boundary
Q. Let v € H'Q such that

/ vdx=0. (A.49)
Q .
Then

vllo,2 < CliVYllo,0 (A.5)

where C = C(Q) is a positive constant.
Proof: See Schwab [21, p.350] and Brenner and Scott [8, p.102]. d

Lemma A.5 Let z € P, (K) and Z be the average of z on K, Z = ([ zdx)/|K|. Then
1z — Zllo,x < ChkllVzllo,x (A.6)

where C is a positive constant independent of K and z.

Proof: Letz € Py, (K)and v =z — z. Then

/vdx:/z—zdx:/zdx—~/de:|K}2—2|K|:0.
o Q Q o

By a scaling argument and Lemma A 4,
lollo,x < Chxlllo, < CRIAx|[VEllg & < Chrcl|Vollox

Substituting z — Z for v, it follows that ||z — Z|jo x < Chg||V(z — Z)|lo,x, in other
words, since Z is constant, ||z — Z||o, x < Chg|[Vz]o k. O

A.4. Inverse Property
Lemma A.6 Let z € P, (K). Then

2
|wmwsc%mmx (A7)

Proof: See Schwab [21, p.208]. a




A.5. Interpolation Error Estimates

Lemma A.7 Let K be a triangle or parallelogram element of the partition B, and u a
function in H(K). There exists a positive constant C depending on s and p but independent
of u, px, and hx, and a sequence z, € Py (K), px =1,2,...,such that foranyq,0 < g <s

hﬂ—q
llu = zpllgx < C==7 llulls, s>0 (A8)
Px
;12—1/2 1
14— zplloy < Cm“u”s,ro $>3 (A9)
K
where p = min(pg + 1,5), hx = diam (K) and v C 6K.
O

Proof: See Babuska and Suri [3,4].
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