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Concurrent Alzorithms as Space-vime Recursion Equzations*

Marina C. Chen ard Carver A. Mead®
Introduction

It is by now well recognized that VLSI technology has brought about a medium which
allows the realization of orders or magnitude more computing elements per unit cost.
The more significant contribution of VLSI to Computer Science will be in the utilization
of many hundreds or thousands of these elements concurrently to achieve a given com-
putation. It is clear from existence proofs of such innovative designs as systolic arrays
[KUNG & LEISERSONS0], tree machine algorithms [BROWNINGS80], computational ar-
rays [JOHNSSON ET AL.81], wavefront arrays [KUNG,S.Y.80], etc. that vast performance
improvements can be achieved if the design of so-called “high-level” algorithms is released
from the one dimensional world of a sequential process, and the cost of communications i
space as well as cost of computation in time is taken into consideration [SUTHERLAND &
MEAD77]. While this higher dimensional design space provides a great playground for in-
novative algorithm design, it also introduces pitfalls unapprehended by those accustomed
to the worid of a single sequential process. Verification of algorithms becomes much more
crucial in system designs because debugging concurrent programs can very easily become
an exponentially complicated task in this rich space. The real difficulty lies in the high
degree of complexity of concurrent systems. The well-known hierarchical approach can
be used to manage the design complexity for such systems. A system is broken down into
successive levels of sub-systems until each is of a manageable complexity. The effectiveness
of this approach relies on two basic tools: A design and verification methodology for each
level and an abstraction mechanism to go from one level to the next. The latter is crucially
important, for without it the consistency of the whole system is imperiled.

) this paper, we describe 2 methodology and a single notation for the specification

and verification of synchronous and self-timed concurrent systems ranging from the level
of transistors to communicating processes. The uniform treatment of these systems results

in a powerful abstraction mechanism which allows management of system complexity.

Traditionally, due to the assumption that the cost of accessing variables in memory is
the same regardless of their locations, sequential algorithms ignore the spatial relationships

*This work is sponsored by System Development Foundation and its initial phase by Defense Advanced
Research Projects Agency ARPA Order #3771 and monitored by Office of Naval Research Contract
#N00014-79-C-0597. One of us (M.C.) was supported by an IBM Doctoral Fellowship
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of variables. In addition, the steps of a computation have not been explicitiy expressaed
as a function of time, but are rather implied by programming constructs. Languages
that cannot express the spatial relationships of variables cannot take into account the
most important aspect in the design of a concurrent algorithm, i.e. ensuring locality of
communications, taking advantage of the interplay of variables in space (in practice up to
3 dimensions) to achieve higher performance. The implicit “time” causes programming
languages to suffer either from not being able to abstract the history of computation (e.g.
in applicative and data-flow languages [KAHNT4, BAKUST78]), or not being uble to abstract
computation in a clean {unctional form (e.g. in assignment-based languages). Here we
choose to make “time” an explicit parameter of computation. We call our representation
of computation a “Space-time Algorithm”.

In [CHENS?2], CRYSTAL (Concurrent Representation of Your Space Time ALgorithm),
a notation for concurrent programming is proposed. The fixed-point approach [SCOTT
& STRACHEYTI] is used for characterizing the semantics. Within this framework, a
program is expressed as a set of systems of recursion equations. Unknowns of the equa-
tions are data expressed as functions from the space-time domain to the value domain.
For a determiuistic concurrent system, such as a systolic array, a single system of equa-
tions results, and the semantics of such a system is defined as the least solution of the
equations. The semaniics of concurrent systems in general can be characterized as the
corresponding set of solutions of the set of systems of equations. In this paper, we con-
centrate on deterministic concurrent systems at the communicating sequential processes
level. We will first present briefly considerations that are generic to all systems, i.e., the
underlying model of computation, the representation, and the mathematical semantics of
the systems. Various inductive techniques (see for example [IMANNAT4]) used i verifying
recursive programs can be directly applied in verifying space-time algorithms and proving
their properties. We demonstrate this framework by presenting both the synchronous and
self-timed version of the matrix multiplication on systolic arrays [Kung & Leiserson80]
with its proof of correctness. The notion of wavefront is especially important in this class
of computations. We define the “phase” of a computation wave in = way that is analogous
to the wave in physical world. The set of all possible “phases” can be formalized as a
well-founded set, upon which the inductive proof is based.

Model of Computation

The model consists of an ensemble of sequential processes each of which has its own
local state and ports for communicating with other processes. Depending on the level of
system concerned, these processes can be as simple as a single transistor or as fancy as a
conventional von Neumann type machine. A sequentizl process consists of a function that
maps from inputs and current-states to outputs and next-states. Such 2 function uniquely
defines a sequential process. It is the generator of the output sequence and state with given
initial state and an input sequence. The state cantures the semartic abstraction of the
history. No zssertion aboub th2 process can denend unon history in a way nob cantured
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by the state. A single invocation of the function i) evaluates the function, iijupdates the
state and outputs, iii)increments the process’s “time”, all as an atomic event.

In a particular process, “time” is a measure of how many invocations have occurred, =
and “space” is where the process is located. “Time” is a property local to each process. .
Note that state is explicitly represented, a function is not defined from the history of inputs
to outputs as in the applicative and data fiow model of computation. Communications
among processes in space are specified by identifying inputs of one process with outputs of
other processes in the space-time domain. Also note that a transition from one invocation

e . . o il . '®
to the next within a sequential precess can be viewed 2s a communication in the vime ° y
domain (fixed in space).

N X The “slicing” of a sequential process into a sequence of functions is done at the 3
j'._:“_” communication with the external world. Inputs from several different processes which :are M
- aligned in time and used as argumenis to a single function are considered as one external EQ
. input event, i.e. one invocation. Within the same slice, no side-effects are ailowed, i.e. -
f\'.'? each slice is strictly functional. We enforce this discipline by using a purely applicative
3-':::: programming notation (like pure Lisp and Backus’s FP notation) to implement atomic .
g functions, which cannot be further sliced either in space or in time. Any higher level
;] system is constructed by composing atomic functions and other existing systems using L.
:Z:,':: recursion equations. The resulting system is always transformed into a function from -
:::: inputs and current-states to outputs and next-states, i.e. a sequential process. It is often o
L‘:::' the case that once the system is implemented, a sequence of inputs can be conveniently
! considered as a set of inputs at the next leve] up. Although internal state is used as part l.:
£ of the implementation, the outputs can be expressed as a function of such a sequence
of inputs without refering to the state. In such a case we abstract the process as :an &

«

applicative function and it cal, once again, be treated as if it were atomic. In real-time oy
systems, this kind of abstraction is not possible since the sequence of inputs cannot be -

B At
2 =0 = Y
P A,

‘2

ﬁ treated as a static input, making explicit state still necessary. _ E.j
) Thus space-time algorithms are either purely applicat’ve programs or recurs’on equa- o
oy tions. Note that in this way, states can be expressed without side-effects. The change ::::'\'
:_3‘, from viewing an applicative system as the univer:e to using it only for .n atom is the key
= . e 0 . 2
o to the applicability of our framework to real systems. The applicative model of comput- Y
. ing suffers one major drawback in not being able to retain the result of 3 computation 4
o so that it can be used in a different place or at a later time. The data flow model is a "y
"3 remedy for this problem only in space. The essential ability to use a result in several 1]
) places is captured by the data-flow equations devised by Kahn [KAHNT4]. Unfortunately, ”,
:'J this model still lacks the essential capability of capturing the state, the result in the L)
! time domain. This fact is manifested in the proliferation of assignment-based data-flow oy
*) languages [ACKKE.RMAN, W.B.]. The elegance of data-flow equations cannot help the im- :."--j:
O plementation of real world systems where state is necessary. The space-time recursion j
f:‘; equations using a purely applicative language can be applied to real world problems*. i
*The drawback of applicative languages is best captured in a quote by Perlis “Purely applicative languages - —
= are poorly applicable .” [PERLIS 82] 1
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This insight is the most important contribution of our work to computer programming.

We thus retain the elegance and formal cleanness of functional application together with
the essential ability to abstract history into a compact form.
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Representation
Let x = (z1,22,...,2,) denote the inputs and current-states of a process, where
zi € D;for ¢ = 1,2,...,m. Here D; is the domain* where the input or current-state ¢

assumes its value. We define a function f which maps the vector of inputs and current

. 2

,,& ;‘ states to the vector of outputs and next states:

s rom o,

i f= 0%, % fa,.. ., x.fn) (1)
_,_--}:f where n is the total number of outputs and states.

ﬁu

'& Each component, \x.f;, of such a functior is an element of [P™ — D]. These functions
2o must be monotonic (see for example [MANIIA 74]) over D™.

}\* In order to capture the notion of flow of the data and the structure of these data,
E\j we define data streams. Each “stream” of data is represented by a function from the
' space-time domain V to the value domain 2. We next define structured processes which
0 define the location of the processes making up the ensemble, as a function in the domajn

[V = [D™ — D]]. This function is defined by cases for different process types in the space.
Cases are specified in the notation of [DIJKSTRA 76]. The complexity of this definition
reflects the heterogeneity of the process types.
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The relationship among the structured input and output data streams and structured
processes and functions are defined in a point-wise manner. In the space-time domain, an

o
Epid s
F -

'.'::': output is the result of the application of the function at that point to input data streams
hj at that point. Through connections, the input (current-state) streams of one function are
o identified with output (next-state) streams of other functions, or with initial/boundary
E values. We therefore define structured connections also as a function in the domain [V —
e [D™ — D]]. The description of this function reflects the regularity of the connections. By

substituting the equations of structured connections into those of structured processes,

we obtain a system of recursion equations that define output streams in terms of output
streams and initial/boundary conditions.

3

»

An obvious restriction on these recursion relations is that the time components can

2 only increase by on:: unit at a time, l.e. an argument presented to the mnput of a function
" at its “time” ¢ will affect the value of that function which appears at its output at its
.y |

e “time” ¢ + 1.

£ *Technically, domains are not sets but complete lattices with approzimation ordering. Please refer to
3 [MANNAT4] and 'SCOTT & STRA EEYTI].
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Ir general, an input stream at a given point in the space-time domain can connect
to an output stream at any other point in space. In specific cases, such as when the
low-cost neighboring communications are used, inputs are connected to outputs of neigh-
boring processes. In the case of such neighboring connections, the relations are local in all
dimensions. it is then possible to use difference equations for our specification. Recursion
relations retain more information in the sense that the “phase” of a computation wave
is embedded in the description. For more complex situations, involving non-local connec-
tions, the greater generality of recursion relations is essential.

Semantics and Abstraction

By the well-known fixed-point theory[LASSEZ, NCUYEN &SONENBERG 82], the
unique minimum solution of any system of recursion equations exists. This rainimum
solution is taken to be the function that the system computes. The process of finding this
minimum solution can be described intuitively by the following successive approxiriation
procedure. We first approximate the solution by the set of n data streams that are totally
undefined in the space-time domain and substitute them into the right-hand side of the
recursion equations. This substitution results in the left-hand side which is a set of data
streams that are defined only on the point in space-time domain where initial values are
set. These data streams are the inputs to the algorithm and we refer to them as initial
streams. Now we substitute these initial streams again into the recnrsion equation and get
another set of data strears ihat have ever more points in the space-time domain defined.
We repcat this process until no more points in the space-time domain become defined.
This pro-ess corresponds exactly to the process of computation. The only restriction is
that our fuuctions must be monotonic, i.e. each data stream at any iteration is always
at least as well defined as it was on the previous one. We do not allow non-monotonic

functions that destroy results which have already become defined. Refer to [MANNATA4]
[STOYT7] for the formalism.

The resulting minimum solution consists of 7 data streams. Each data stream is a
function over [V — D]. In order to construct a higher level system using the system we
have just obtained, we need to encapsulate the system as a sequential process or a function.
The function defining a sequential process or the single applicative function is from value
domain to value domain. This encapsulation usually involves some transformation from
the original data structure to the space-time domain for the inputs and a corresponding
transformation for the outputs. Technically, the procedure is as follows:

(1) The input mapping function maps all initial/boundary values from an abstract

input data structure to the inputs unconnected to any output in the sprce-time
domain.

(2) Compute the least fixed point solution in the space-time domain as described
above.

i-":'m’n.
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(3) The resulting outputs occur at those points in the space-i.me domain designated
as outputs of the system. The output mapping function maps these outputs from
an element of [V -» D]™ to an element of the output value domain D™

The result of this procedure is the abstract definition in the value domain, of the

function (type [P™ — b"l]) implemented by the space-time algorithm.
Matrix Multiplication on a Systolic Array—Program and Semantics

In his paper, Kung described various matrix related operations performed on an array

of interconnected hexagonal elements. We present his algorithm for multiplying two full
matrices in CRYSTAL and prove the correctness of the algorithm.

As shown in figure 1, hexagonal elemonts are connected into = hexagonal array. Each
element has three inputs and three outputs as shown by the incoming and outgoing arrows,
respectively. Such a process performs an inner product operation in the north and south

direction , i.e. cous = ¢;p + ain X bin, and transmits the other two inputs as they were.,
i-e-; Qout == Gin, boys = bin.

The two matrices to be multiplied, A and B, and a matrix C are fed into the array
as shown in the figure. The resulting matrix C! will come out at the top of the array as
shown. Kung’s original algorithm assumes global clock thus every process performs an
operation synchronously. When data items are fed from the boundaries of the array, due
to the fact that every process is forced to perform an operation even before any meaningful
data reaches the process, proper initialization of the system by padding zeros in the input
streams and disposal of garbage data are necessary. The same algorithm with a different
timing scheme, e.g. self-timed [Seitz 80] scheme can simplify conceptually the interaction
of processes and the flow of data and renders a simpler initiation of the system. This
simplification results from the fact that the self-timed scheme assures that each process
does not perform any operation until all the meaningful data items have reached the
process. On the other hand, the self-timed scheme does not have any global control, the
ordering of the system events is an emergent property of the local synchronizations. Thus
the specification of the ordering relations among invocations of processes has to »2 verified
from initial data arragement since self-timed elements are triggered by the arrival! of data.

Both algorithms can be described by CRYSTAL programs. We will present both
versions as examples of our notation and verification methodology and discuss some of the
design issues of synchronous systems vs. self-timed systems.

In writing a CRYSTAL program, one need to choose an appropriate coordinate system
for the processes in space. The data Gow of the array has a symmetry which can be
described by the dihedral group of order 3 [LIN £MEAD 82]. As shown in Figure 1, the
3-dimensional Cartesian coorcinate system is chosen to reflect this symmetry. The center
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of this hexagon can be viewed as a corner of a cube. The hexagon is made of the three
faces that contain the corner.

Next, we choose a coordinate system in the time domain according to the system
timing scheme. If the system is synchronous, then ¢ denotes the number of system
clock cycles. For a self-timed system. each process has its own time frame. If it is a
deterministic system, there exists a unique partial ordering of all events of the system.
For a nondeterministic system, there exists more than one possible partial ordering of
system events. Thus the synchronous system is a special case of deterministic systems
where the unique partial ordering on events is controlled by the system clock.

Let z,y, z,t be non-negative integers. Define the following predicates which specify
the location of processes in the space-time domain as shown in Figure 2. For example ¢,
restricts the zy plane to an area within the specified bounds in the first quadrant.

Pay =(n> 2> 0)A(n>y>0)A(z=0)
by =(n >y >0)A(R> 2> 0)A(z=0)
SO:zE(n>z>0)/\(n>z>0)A(y=0)
Pz =(n >z > 0)A(y=0)A(2 =0)
Py =([n>y>0)A(z=0)A(z =0)
SOzE(n>z>0)/\(:z:=0)/\(y=0)

Payz =(2 =0)A(y = 0) A(z = 0) :

Ph=Pzy V PyzV 0z VO Vioyu V02 V 0sy:

e =(0< |z -y| < 3n)A(0 < min(2z — y,2y — z) < 3n) A (z = 0)
wp =(0<]z2—z|] <3n)A(0 < min(2z —z,2z — z) < 3n) A (y =0)
e =(0< Jy—2z| <3n)A(0< min(2y — 2,2z — y) < 3n) A (z = 0)
Ps = V05V .
Pa! =2y V @22 V o,

Py Spyz V o2y V oy
Pe! Z=Pzy V 022 V 2

pe=0<t<4(n—-1)+1

We use the notation 3 to indicate the negation of the predicate ¢. Define the space-time

domain of the array V = {(z,4,2,t) : s A p: }. From now on unless otherwise specified,
(z,y, 2, t) always refers to any (z,y,2,¢) €Y.

Let A;,, B;y,, and C;,, be the input data streams (a function over [V — D)) and A,.,,,

Bout and Coy; be the output data streams. Then the following process definition specify
how each output stream is related to the input streams. For example, each hexagonal
element within the hexagon (when ¢4 holds), has an inner product element for computing
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Cout 80d two delay elements for computing ¢,,, and bout. The definition below defines for
all the elements in the space-time domain in a structured way.

Process Definition

_ Pa V Par —*Ain(z;y: z.t— 1)

Ague = Mz,y, 2, t)'{else S (2a)
_ vy V Py _*Bin(zyy; 2t — 1)

Bout = \z,, , t).{else 2 (20)

(pc /\ ((pyz V (py \/ ‘Pz) =% Cin(z; y} Z) t - ]‘)
Cout == )\(2, Y, 2, t)' Pp — C:'n(zi y,2,t — 1) +Ain(zr Y, 2,t — 1) X Bin(zi ¥,z t— 1) (26)
else —» |

Next we define the connection plans for all the elements. It specifies which output
connects to which input in a structured way.

Connections

t=0—> Ain(z,y,21)

Ajn = £).4: Pa = Aour(s+ 1,y +1,2,¢) _
" (z, “ ) t>0- Pal — Aout(z; y,z—1, t) (33)
else — | .

t =0 — Biu(z,y,21t)

Boue(z +1,y,2+1,¢)
Bin=>\ ). Py = Doyt ' Y, ’ .
(z,y,z,) t>0- ‘Pb’_*Bout(z;y—lxzxt) (36)
else — | .

t = 0 - Ciﬂ(zi Y, z, t)
Cin=>\ t). Pl = OUt(Z;y+1,Z+1,t)
(Z; Y, 2z, ) t>0— {(pcl = Caut(z - ]_,y’z’ t) (30)
else — _L

By substituting (3a) into (2a), we obtain

t_l_){(pa —*féin(z;yrzzo)
(pal——)
wt == N[z , 2, E).
A =Mownty L ey @
t>1-—
Pal — Aout(zx Y,2,t — 1)

o
wind

L@
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Similarly, we can substitute (3b) into (2b) and (3a), (3b), (3c) into (2¢) to obtain a system
ol recursion equations in Aout, Boue and C,y; and the initial conditions.

These equations define the behavior of the hexagonal array itself independent of the
input to the array. Next, we specify the input and output transformation functions which
relate the structure of the hexagonal array with the abstract data structure of matrices.

Let A' = (A}, hy, ;) denote the initial streams and A% — (hg°, h§®, hS®) denote the
fina] streams which are the minimum solution of the above system of recursion equations
(4). A Matrix with elements from the domain D can be thought of as a function from the

demain N? of index pairs to 2. We denote the resulting matrix by 4’, B and ¢’ and
define the following domain,

domain of integers from 0 to n— 1: N

domain of matrices: M = [N2 — D],

domain of data streams: § = [V — D], (%)
domain of transformation functions: T = [V — ¥
T'=[N2-Y]

We define the input transformation function (9a, 98, yc) € T3:

Ja = (IG; JG)) g = (Ib; Jb); ge = (Ic; Jc)
where

I, = X\(z,y,2,t

— 2y—z
else —» |
(

)4
- - 2z—y
Jo = Nz, y, 2, t).{f;;;‘_y) j 0(zod3) —» =5 (6a)

2z — 2= 0 (mnod 3) — 222

'{else - |

Iy =Nz, y,2,1)

( (
- 22—z =0 (mod 3) — 222
Jo =2 \(z,y, 2, 1) gz —2 1] (66)

—_ 2y—~z
Ie = X\(z,y, 2, t).{zy‘ 2 =0 (mod 3) — =4
else —» |
— 22—y =0 (mod 3) — 22=¥
J,=X(z,y,2,1). 3 6

X (50

We use the shorthand notation

ga»(zr Y, 2, t) = ([a(x; Y, 2, t;’; Ja(x) ¥, 2, t))
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for component-wisc application of the argument (z,9,2,t)

(O ).

r. - A
.......

then the inital streams are defined as

hi = Xz, ¥, 2, t).

(

¢

o —
t=0-—>

Pa! —

S

t>0- |

w{
t=0—
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to a vector of functions such as

(2y —z =0 (med 3)) A (22 — y = 0 (mod 3))

{ — Ag.(z,y, 2,1)

else = 0

else — |

(22— 2=0(mod 3)) A (
— Bge(z,y, 2, 1)

D)

dnd

z—z =0 (mod 3))

(2y — 2 =0 (mod 3)) A (22 — y = 0 (mod 3))

By = \(z,9,2,1) Ll
else — |
(
P — = Cy.(z,y,2,1t)
) - plt=0-— else = 0
h, = \z,y, 2,t) J B8 =5
else — |
>0 | -
where kL, Al Al € S, A, B,C € M,(*in)

Output Transformation Function (50, 05,00 € T3,

g:; = (X,,

where

Xa = (i, 7). max(y —1,0),

Yo = \(1,7). max(¢ — 7,0),
Zo=X\1,5)n—1

Xp = M+, 7). max(s — 5,0),

Yo =\t,5)n—1,

Zy = N1, 7). max(5 — 1, 0).

X, = \{,§)n— 1,

Y. = \(3, 7). max(z — 7,0),

Z. = X(i,7). max(j — 1, 0).

To=T=T. = \4,5)n+ min{t, ) + ¢+ 7.

Vs T

...............

............

g;; = (Xb) }’b; Zb) Tb))

..................

. =(X,,Y., 2, T.).
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As before, g, (7, 7) denotes the component-wise application of (%, 5) to the four components
of ¢t .

The resulting matrice, are defined as follows,
A= hZ gy, B' = hi®g}, C" = by,

where AZ°, h$°, A € S, the final streams

A, B, C'e M; g, g, € T'(*out)

We now verify that the above system of iecursion equations »nd the input output
transformation functions correctly implement the familiar matrix operations, i.e.

A'(5,7) =A(5,7) (9a)
B'(i,5) =B(, ) (90)
n—1

C'(i,5) = ) A(i, k) X B(k, 5) + C{, 5) (9¢)
k=0
where 0<i<n, 0<j5<n

We verify first the following lemmas which are the fina] streams (the solution of the
recursion equations) in the space-time domain.

Lemma A,B:
©a \Y Pat —>

Ay, g, 2,T) = { Ain(z + max(t—1—2,0),y + max(t — 1 — 2, 0), max(z — (t —1),0),0)

else - |

(10q)
©p V oy —

Boui(z,y,2,t) = { Bin(z + max(t — 1 —y,0), max(y — (t—1),0),z + max(t —1—1y),0)

else — |
(108)

Lemma C:

Let Uy st —14k—y, Uh=t—1+k—2 V, =(t-1-z—k)—(y+k), Vo=
(t-1-z—k)—(z+k), K, = 1—min(z,t~1) and K3 = min(n—1—y, n—1—2z, t—1—z).
Deiine

0
S = Z Ain(z + k + max(lU,0),y + max(Us, 0), max(~Us,, 0), 0)
k=K

X Bin(z + k + max(Uy, 0), max(—U, 0), z + max(Uy, 0), 0)

N

e .

P
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and

K

S2 = Y Ain(max(Ve,0),y + k + max(Ve, 0), max(—V3, 0), 0)
k=0
X Bin(wax(Vy,0), max(=V1,0), z + k + max(V71,0),0),
then
PeV Qe —
Cour(2,,2,8) = Cin(max(z — (t —1),0), y + max(t — 1 — £,0), z + max(t — 1 — z,0),0)

+X(z,y,2,t).81(z,y,2,t) + Nz, y, 2, t).5(z,y,2,t)

else — |
(10¢)

These relate outputs on any point in space-time domain to the initial input streams.
Since they are total functions in space-time domain, the solution of the equations is
automatically the minimum. Thus one way of verify them is simply substitute them into
the recursion equation and check if the equations hold. The simple substitution technique
will not work in general, since the final streams are not necessarily total in the space-time
domain. In this case, an inductive proof showing that the final streams are the minimum
solution is necessary.

The computation waves of such a system are very instructive in such proofs. We
observe that there are two triangular waves, one incident wave proceeding toward the
origin. Another is a reflected wave proceeding outward from the origin. We define the
phase of the reflected wave to be z + y + 2 —t and that of the incident wave to be
T+y+2z+2t. A wave front is defined in the traditional way as the locus of all points
of the wave having the same phase. With ¢ fixed, there are many of such wavefronts
spread out in space. In this particular system, we number these wavefront positions by
w = z+y + 2. Notice that the partial result of a particular element of a matrix is
carried on by a single wavefront with one value of phase. Intuitively, the induction for
the reflected wave is on the wavefront of phase ¢ and w = k to phase ¢ and w = k + 1.
For the incident wave, inductions proceeds from w = k to w = k — 2.

The pair (¢, w) can be formalized as a well-founded set (a set with no infinite decreas-
ing sequences, so that induction is valid on the set) with the binary relation < , which is

defined as the transitive closure of ~<*, the binary relation defined below only on neigh-
boring elements:

incident wave: (¢, w;) <*(¢s, wa) if ¢1 = ¢2 and w; = ws + 2.
reflected wave: (¢, w;) <*(po, w2) if ¢, = ¢o and w; = wo — 1.
The inductive proof is given in [CHEN 82].

By composing the input and output transformation functions with the initial and
final streams, we obtain (9a), (9b), and (9¢). The detailed proof is in [CHEN 82].

Self-timed Systems

(11)

A self-timed system differs from a synchronous system in the sequencing of system
events. in a synchronous system, all processes are activated simultaneously by the same
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‘ clock cycle, i.e. all processes have the same invocation number. The invocations of each e
" process are ordered by the linear sequence of the clock. Thus all the invocations (s,¢), N0
n where s is the space parameter and ¢ is the time parameter, have a unique partial ordering
“ < defined to be e
(81,81) < (s2,t2) if &; = s5 and ¢, < ts. e

In a self-timed system, the ordering of the system events is not self-evident as in the
synchronous system. Each process is invoked only when all of its inputs are ready. Thus s
the overall system timing is an emergent property of the ensemble attributed by the local e
synchronization of all the processes in the system. In such a system, the “time” component
of the space-time domain is a function of the space component, i.e., each process has its
own time-frame. The relation between time-coordinates of two communicati_g processes

D LA

needs to be asserted in the connection plans. This time-domain relationship among o
' processes must be verified since it depends on the initial data arrangement because self- =@
v timed elements are triggered by the input data.
The following is the space-time algorithm for the self-timed matrix uiultiplication on J
1 the systolic array. We define a few more predicates to specify where tre initial data will ;B
'5 be put. Notice that this set of predicates covers much less area than the set ©a, top and LG
»:. e, since the self-timed algorithm does not need padding zeros in the input data streams.
pa=(0 < Jz—y| < n) A (0 < min(z,y) < n) A (= = 0)
i 5 =(0 < |z~2| < n) A(0 < min(z,z) < n) A (y = 0) g
/ e =(0<ly—2 <) A0 < min(y,2) < ) A(z = 0) e
; We also redefine - jf-?-'l:.‘
.;. Ps =pa V 5 V
pi(z,y,2) =0<t <n-1- max(z,y, z) .
i Process Definition e
1 =e ©aV pa — Ain(xi ¥, %2, t(Z, Y, Z)) .:N:
; -Aout - X(Z,y, <, t)'{else —zn _L (120) S
5 - {OE Vv Ly — Bin(x) y,2, t(Z, Y, 2’))
I Bout = \(z,y, 2, t)'{else = 1 (120) )

wz A (‘Pyz \ vy V ‘Pz) - Cin(x) Y, 2, t(z) Y, 2'))
| Cout = Mz, ¥,2,8).{ oy, — Cin(z,y, 2, t(z,y,2)) + Ain(z, y, 2, t(z, 9, 2)) X Bin(z,y, 2,t(z,y, 2))

: else - | =
(12¢)
Connection Plans
!t =0 Ain(z,y,2,t(z,y,2))
o cpa—+Aout(x+1,y+l,z,t(:r,,y,z)— 1)
o =S e B O eete, g1 i (132)
else = | .
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t=0-— Bin(z; ¥, 2, t(Z, Y, Z))

o 05 = Bout(z + 1y, 2+ 1,t(z, y,2) — 1) 136
5 X(z;y: z, t)' b 0 @y — Bo.,t(z,y— 1z, t(z,y,Z)) ( )
else — | .

t =0— Cin(z,y,2,t(z,y, 2)

L P — out(z; y+1,2+ 1, t(zx ¥, Z) - 1) 13
Coo=MNzy, 218> 0 Por = Coue(z — 1,9, 2,t(z, y, 2)) siek)
\else — | .

Input transformation functions: The functions (9a, 95, 9c) € T2 map from the space-
time domain V to the matrix indices N2 as specified in (5)

ga— (X(z’ y) z’ t)'y) X(zﬁ y’ z’ t).Z)

9 = (2,9, 2,t).2,\(z,y, 2, 1).2)

9e = (Mz,y, 2,t).9,\(z, 9, 2, t).2)

The initial streams are defined by using the composition of the input transformation
functions and the matrix function.

. . Pa — Aga(z; v,z t)
hy == Az, y,2,t) = 0Fat {else — |
t>0-— |

. vy — Bay(z,y, 2, 1)
h% = >\(Z, Y, 2, t) t 0 {6186 -~ _L

t>0-— |
—_ pz = Cye(z,y,2,1)
hi T >\(Z, Y,z t) t=0— {6186 — _]_ (14)

t>0— |

Output Transformation Functions: The functions (9%, 95, 9") € T'° define the space-
time coordinates associated with each element of the output matrix.

gi; = (Xa; Ya; Za-,' Ta); g{') = (Xb) Yb; Zb; Tb)) g’c = (XC) YC) Z67 TC)
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B where

r Xa = \¢,7).7 — min(s, 7),

Yo = M3, 7).4 — min(¢, 7),

I Zo = Mi,7) n — 1 — min(, 5),

‘:.":‘ Xy = Aty 5)4 ~ min(z, 7),

: Yy =\, 7).n — 1 — min(z, ),

] Zy = N1, 7)-5 — min(¢, 7).

. Xe=X,7)n — 1~ min(i, 7),

Ye = N\, 7).4 — min(i, ),

Ze = X{,7).7 — min(4, 7).

‘ T, =Ty =T, = \(5, 7). min(i, 7)-

¢ (15)
\ In the connection plan we have used the following assertions.

(tp&—-rt(z+1,y+1,z)+1
Par — t(z:y:z_ 1)
4tp5—+t(z+1,y,z+1)+1

-\
<
-1': Hzoy2) =
i

16

Py — t(x; ¥ =1, z) ( )
0: = t{z,y+1,2+1) + 1
P! — t(z -1y, Z)

N

S Proof :

A We prove these assertions by inductior on the well-founded set of wavefront

I' number k.

g zT+y+z ..

v K ={k= —%— +#z,y,2) : z,y,~ and ¢ are non-negative integers. }

"U

§ with the usual less-than (<) ordering on the rationals.

4 (i) base case: k == 0. Since Z,¥,%,t are all non-negative integers, we have z — =

3 z =1 = 0. By (14), Ain(0,0,0,0), Bin(0,0,0,0) and C;,(0,0,0, 0) are initial

A data, thus the process is initiated. Notice also that none of the other processes

! can proceed since there is at least one input undefined for each of them. The
) induction hypothesis is vacuously true in this case.

{ (ii) induction step. We assume that the hypothesis (16) is true for all £ < ky. We

then show that it must be true for £ = ko. The proof consists of three steps.

(1) For a given k, inputs to processes of invocation t(z,y, z) — 1 were generated

by processes with #(z, ¥,2) = 1 or ¢(z,y,2) — 2. We use this fact later to

i demonstrate that the processes’ invocations occur in lock step, i.e. no process

invoked more frequently than any other.
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(2) All outputs of the previous invocation have been btaken before another in-
vocation is initiated.
(3) All inputs to an invocation {(z,y, ) come from invocations of t(z,y, z) and
t(z,y,2) — 1, depending upon location.
We consider a process at (z, y, 2) with ky = I—-’-% +i(z,y,z). From Figure 1, it has
three inputs a.2n, b.in and c.7 from the following neighboring processes respectively.

g e (z+1Ly+1,2)
e (pal—>(:c,y,z-—1)

b _{goa—»(x-i-l,y,z-i-l)
in Loy — (z,y—1,2)

.{wa—*(z,y+1,2+1)
Cen -

17
lper = (z—1,y,2) (17)

Since ko —1 < ko, the hypothesis is true for this same process at t(z,y,2) — 1, the
previous invocation. By the induction hypothesis (16), this invocation takes its inputs

from the above processes at :heir time t(z,y,2) — 1 or t(z,y, z) — 2 depending on where
the process is located.

This process provides outputs to the following neighboring processes.

.{soa/\(z'> DAy >0 —(z—1,y~1,2)

Qout : (pa;V(px\/(py«-»(z,y,z-f-l)
b {£3A 5> 0 A (e > 0) = (2 — 1,521
out ‘Pb’V‘va‘Pz_*(z;y"'l;Z)

e APeA(z>0A(y > 0) > (z,y—1,2-1)
out - Pt VoV, —(z+1,y,2)

We assert that these outputs from the invocation number t(z,y,2) — 1 of process (z, y, z)
are taken by either invocation number (¢(z,y, z) = 1) or ¥(z,y,2) of these neighboring
process depending upon their locations. Since

z+y+z+1

z—=1+y—-1+=2
7 +(tz,5,2) — 1) = :

3

+ (Hz, y, 2) - 1)+1=fc-—§ <k

Thus the induction hypothesis can be applied. Process (z,y,2) is ready to start a new
invocation once all of its three inputs are ready. Since the processes that provide output
to it at their respective time frame t(z,y4,2)—1 or {(z,y, 2) satisfy the following inequality

z+l+y+1+2

T+y+z—1 1
3 +Hz,y,2)~ 1= 3 thmy=k-3 <4k
il e S oA N e e e e ot e e e,
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the induction hypothesis applies to them. Process (z,y,2) has three and only three inputs
ready al their respective locations after its invoeation number #(z,y,z) — 1. The align-
element insures that no invocation can oceur before all three inputs are ready, thus process
(z,y,2) has its invocation number t(z,y, z) occurring. This proves the above assertions.”]

£

o
D H

Py

»
a2

‘AR
r 22
P o~ sH

This algorithm is also deterministic for we can define a partial ordering < on the

invocations of processes. This binary relation is defined as the transitive closure of the
binary relatiza <* as follows.

(Z, Y1, 2, t(z; Y, Z)) < *'\20; Y0, 20, t(ZO; Yo, ZO))

If there exist (21, Y1,21,0Z1,Y1, 21 ));(ZQ) Y2, 22, t(ZQ, Y2, 22)); and (23, Y3, 23, t(Zg, Y3 123))

such that |
. {‘P& - ((zl = 20) A (yl == yO) A (21 =20 — 1) A (t(zllyll 21) e t(ZO;yO;ZO)))
:':. ? Pa' — ((21 = I+ 1) A (yl = Yo + 1) A (21 = ZO) A (t(zl;yl;zl) == t(ZOI yO;ZO) - 1))
o5 (18a)
.C:};. and

i

K}

e {‘Pi, = (22 = 20) A (g2 = yo — 1) A (22 = 20) A (t(z2, y2, 22) = t(zo, y0, 20)))

- o = (22 =20 + ) A (52 = yo) A (22 = 20 + 1) A (t(z2,y2, 22) = #(20, yo, 20) — 1))
¥y (185)
%e and
S
{tpa = (23 =20 = 1) A (y3 = 90) A (23 = 20) A (t{ra, ya, 23) = t(zo, Yo, 20))

ZZI:I et = (23 = 20) A (y3 = yo + DA (23 =29+ DA (Hza,ys,23) = t(zo, Y0, 20) — 1)

s (18¢)

' A This definition can be derived from (16) with the existance of the align-element forthe

ﬁ inputs of each process as an assumption.

:::Z: Now we proceed to verify the algorithm by proving two lemmas.

' Lemma a,b:

wa V Pal —

% Asur(z,y,2,t) = Ain(z+1t,y+1¢,0,0) (19a)

-~ else — |

N oV oy —

e Boui(z,y,2,t) = Bin(z+1,0,2 + ¢,0) (19%)

] else — |

E?jf Lenima C:

2 ¥e Voo = Cin(max(z —t,0),y + max(t — z, 0), z + max(t — z,0), 0)

:: Oou.t(z)y) 2, t) = +ZZ:t0 Ain(k'y+ t,0, 0) X Bin(k)0)2+t1 0)

"ﬁ else = |

(19¢)
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Similar to the synchronous case, we can either prove by direct substitution or by
induction on K, the set of wavefront number. By composing these lemmas with input and
output transformation functions, we can derive (9a), (9b) and (9c).

From both algorithms, we observe that the input and output transformation functions
and the semantics of the hexagonal array are much simpler for the self-timed version. This
result is not accidental, for the interaction among flows of data for this particular algorithm
only utilizes one third of th~ maximum space-time resources. In the self-timed version, only
one third of the processes (all processes with the same k — Eigif +t(z,y,2)) are active at
any instant. In the synchronous version. all processes are active at all times, thus padding
zeros are necessary. The simplicity of the self-timed version is a pay-off of the more
sophisticated synchronization method. It is Decessary to prove that local synchronization
gives rise to the global sequencing relations among all the processes. Describing these two
algorithms in CRYSTAL not only shows the capability of our framework but also provides
many insights into the the complexity of various aspects of these two different timing
schemes. We have achieved one of the important goals of this research — by providing a
formalism in which one can gain 2 much deeper understanding of the subject one describes
in the process of so doing.

Conclusion

We have presented a notation and formal semantics for general non-linear systems
with memory. An essential part of the semantics is a methodology for abstracting the
behavior of such systems so they can be used as components at a higher level. The
semantics of a particular system consists of

(i) An input mapping function from the value domain to the space-time structure
of the system.

(ii) A function in the space-time domain which completely defines the operaticn of
the system.

(iii) An output mapping function from the space-time structure to the value domain.

The abstract semantics of the system is obtained by eliminating space-time variables
to yield a function in the value domain alone. When it is pussible to eliminate all
intermediate variables, as it was with the Kung array, the abstract system is purely
functional. When some intermediate state variables remaln, as in the case where real-time
input is necessary, the system is defined by an abstract sequential process. Such a process
is defined by 2 system of recursion relations in time. From an engineering point of view,

the input and output mapping functions serve as precise interface specifications for the
system.

The methodology can be applied to any system: linear, non-linear, time-varying,
history-dependent. We believe it provides, for the first time, a unified approach spaning
the range from computer programs to linear transfer functions; from transistor circuits
to high level communicating sequential processes.
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