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IJATTONAt ADVISORY COMMITTEE POH AERONAUTICS 

AD'/Apes   RESTRICTED RFPORT 

AIRFOIL-CONTOUR HODIFICATIONS BASED ON «-CURVE 

'TETHOD OP CALCULATINS PRESSURE DISTRIBUTION 

By Theodora Theodorsen 

SUMMARY 

A method, based directly on the so-called  «-curve 
method published originally in 1931 in N'.CA Report 
NJ. ill, is ^i-pssnted for use in Halting mcilfij^.feiore 
to the shape  uv' treasure distribution of a £ivnn air- 
foil.       In o-ir ti'-ular,  it may be dcsir&ble to remove 
excessive irre v.u.•"•rltlu? or local vea'xp  in the ci.ta- 
trLfcutlor:.       .in -.-'s process it may b? reqa.ivfd that 
certain tjarnicctera of the  airfoil  oe kept unrhE-.i.-.ed; 
for Inathna-j.  th? Mglo of zero lift,   ehe if-cl lift 
ooeff ic.'en.1:,  OT> the «oTn&rt c.?offlc" oiit.       F.-om n.-i aca- 
demic  viewpoint,   an altored distribution esi:.:?ot bo 
"prescribed'' because corsliarce with  fio re-iuix-OBwnt of 
maintaining a tiaTiPciun fl?,w field *3 involved.       A 
prescribed distribution can ther•.•:"ore :v"t bo obtained 
by 1terr;tio.i.       The process, howov^r «usquste, is 
necessarily one of qualitative jr.'D:iificitioa3.       Several 
numerical a.rnrreles Illustrating the use of the method 
?re given in the appendix. 

TCTROtJirCTTOiV 

Tn 1931 tha author introduced the so-called e-eurvu 
method for calculating the pressure distribution on air- 
foils of arbitrary sh-ioe.       'Sea reference 1.)      The 
norit of thl:: neiVd depends essentially on    h« fact 
tliPt  the roaiilt'.r ; int^gr&l rulttion oun fcj solved by a 
rapidly convergent projera.      In the present pep or the 
prcbla."! of offs'3t'r.{; ehGnges in  ?. j.iv-jn rrjssi're dis- 
tribution Is ron-i.-der'sd.       The -r.. «-hod la bi>3ad directly 
on th<,-  in-portr.nt velocity forrula  (XXIJ  cf refe.rjnce 1 
rewritten au formula (301)   ir. reference Ü.,  a lat.-r 
report.      "efereflee to these papers is nade repeatedly 
herein with subsequent omission of the details con- 
cerning the use r.  the  «-curve method. 

\>     % 

I 

i 
.OA ? I 4V 

^v.<r: 
•-•s 

J 





u 

lfA0A A** *- 1^5 

eurve -»thod^^' the o^^Jooity foä^an«. 
1.       T*ö ,«>.,.,. '8^renoe  f.IflaA  «Pfoii*£*• are 
*• »en lc»o»J  ' of 3 chan <-°Jitou!. by 
f«a Kai« i°Jn an(1 n«erf      «e in tJ-* 

?h*nces ±* at tfc9  «;,*' Word«.   fh-     e  1^1.,';»   fche 
ideal  fin-f

e -0^opnSe:,Ueal  äKgi; n?
e 3^5sur,: 5?'^e of 

several   £;  "atu^ or Vf,9^1" *e£,tlon ?aJ' be  "*'  ««  used 
D

r^ui^^ts
S "f\^tr^?t°^'^t'U r

In the fe*?  that 

Ii7-uitaneou3 £"'«otion or 

The, ^ ^ "50W 

°°ntaIn8
aa f^ ^pro3,lo^%««jt n«, £°n« '«at in  "£T"bl« 

-rt «oarfioleg- 
1   / 
2   feT 

" bo?'01"*8 

L 
•'•..•ijfc-J1"' 

J 



* NACA ARR No.   Üf?05 

the Meal lift -jopfflo.'ent,  the 'deal anglo of attaeV, 
and the ancle of rero lift ore retained.      This change 
Is purely local and axtre;a^ly restricted in nature;  only 
minor changes will subnjt to this stringent type of 
restraint.       In ordor to rnnke a lr-r^or change,  the con- 
dition of constant   an,jle of zero lift may be ralaxed but 
the  requirement of a constant  ideal lift eoeffiii ent 
retained. 

An .Important ease ef alt. 
which the moment coefficient 
shown in reference 2 that the 
lowest hamonljs in •'.hi fi'fr1) 
alteration £t(<s) containing 
second the nresaure dlctrlout 
affecting fcJ'e wn^nt noeffici 
restrictions jray or may not b 
the more restrictions isipoaed 
are required to adjust the    e 

eration Is the  caso in 
is !cept constant.      Jt la 

moment depends on the twn 
-sar've.      üy pi-escribing nn 
higher harmonics then the 

ian m&y us altered without 
ent.       '.'o-re, also, further 
o imposed.       In fc-aneral, 
,  tht. nwrc manipulations 
-3-rve. 

TENTATIVE PRBSS'TRE CHAFES 

»Tow a tentative pressure change 13 translated into 
a change in the    «-curve will no" be  indicated.      2he 
f(6)- and    e'fljj-'sv.rves ore assumed to be available from 
the method if reference 1. 

A presaurs  variation    A?    along the contour may be 
tentatively prescribe.}.      S^nce this e^eet orange Is not 
expected anyway,  ejea-jt relationships involving    ap    need 
not be used.       It is soen fron, the velocity formula that 

1 p 
TV*1 or its equivalent, the pressure nP measured from 

the stagnation pressure, is clven very nearly as 

A 1  + 2 

where A Is a function of position only. 
accuraoy, therefore, 

With similar 

Ps »& <A° 
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^nd, finally, 

Ac .1/ fi£ dip 
Ps 

where the Integral Is to be taken over the range In 
which the tentative pressure change is given.      Because 
this pressure change is improperly chosen,  the value of 

Ac 
r2n 

dq> 

for the whole range in *hich the change is given will 
not, in general, become zero nor will the area under the 
Ac-curve 

r A< d« 
become zero as required by the conditions on  c given 
Ip.  reference 1.  It Is of paramount Importance at this 
point to repeat that the originally prescribed pressure 
is necessarily unattainable, as is shown by the fnct that 
the two foregoing integrals are, in qsneral, different 
from 2ero.  It will be noticed, however, In the following 
&i scussion that the essential "she.pe" effect it>ay be re- 
tained.  The orocess is si-nply to rr.aUc the a«-curve 
conform to the r,Lven requirements by a suitable adjust- 
ment involving the loast possible change in the i/eneral 
form of the ae-ourvs.  This adjustment io tr.ado 'uy 
changing the location of tho maximum and miniimxn points 
on thö curve or bj extending the ;urv-j beyonü the 
original rar.re.  The area under the ic-ourve can al3o 
be made zerr, by chamtlng, the reference nr nt sn value. 
Two basic ".orditions must therefore oe imposed on the 
c-curve; namely, that the two foregoing integrals be 
^t:ro.  Several exanoles arc treated in tho appsndije. 

finally, a pressure change for constant tr.oment coef- 
ficient trust be considered.  It will be seen from ref- 
erence 2 that the moment depends or. the two lowest 
harmonics in the e(o)-curve and the value of c„ The 

A;, „:;.*>nr • 4, 
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process Is as fallows: Prescribe a tentative pressure 
change AP» firvi the corresponding A«, ai.lust to comply 
with the two basic conditions proviou3ly mentioned, and 
determine the following, four Integrals 

„2fr 
Ac sin <p dip 

r.2" 
Ar cos 9 d9 

1 /^ Ag = - /  Ac sin 2p d9 

»2rr 

Ac cos 29 d(p 

By removing 

Aj sin 9 + 3., C03 c? + Ag ein 29 + B? cos 29 

from the initial <i«-function« the resulting A« Is made 
free of the two lowest harmonica. 

In general«  «T will be changed slightly by the 
removal of the two lowest narr.onics.  By addln3 a third 
harmonic 

A3 a In 39 + Bx  cos 39 

both the magnitude und the slope of t    at the trailing 
edge may be left uncharged.  This end Is attained by • 
choosing the proper values of A, and 3a. Thus, in the 
function ^ 

V = •Aj sin 9 Bj  cos IT A2 sin 29 

B„ cos 20? + A» sin 3<P + B_ 00a 3q) 

I 
«& 
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the constants    A,    and    B_    are determined'by making 
* 5 

&x€   =   0 

355 V = ° 

for 

where 

q> s rr + p 

P= «, 

To the second order In    ß,    there results for    A,    and 

A5 = i(Ax  -  2A2)  + |(8Bl  -  5B^ß + i(UAj_   - 5A2)ß2+... 

'   B3 = Bl  "  B2 "  (UB1  • |32)p2  +"- 

Thus, the  six constants are known and the desired change 
In the    A€-curve  is given. 

COMCVJDTNO REMARKS 

Tt has been pointed out that the so-called Inverse 
problem does not exist in a strict sense of the tsrm, 
because a possible pressure distribution cannot bo pre- 
scribed unless  the new airfoil  contour is  actually g.lvan. 
An airfoil  corresponding to  a given pressure  distribution, 
therefore,  cannot in general  be arrived at by an itera- 
tion nrocea:: or by  any other method.       Tt 13  shown that 
only certain iiualitative modifications nay  on effected. 
Such alterations fall logically  into several independent 
groups.       Attention is given  to localized variations,  In 
which not  only th&  thickness  factor but  also  the ideal 
angle of attack and the  angle of  aero lift  are kept con- 
stant.       Of interest,  also,  are the pressure changes 
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APPENDIX 

EXAMPLES 

Five cases are treated as examples of the   airf«il- 
contour-modifioation rcethod of calculating pressure dis- 
tribution; 

I.    R.A.P.  1> tdrfoil  (see table I);  local changes on 
lover surface;   an^le  of s-ero lift, Ideal angle 
of attach,   aid Ideal lift coefficient kept con- 
stant 

It.    R. k.V.  15 r.lrfoil;  local chenges on lower surface; 
monent aoaffoient and angle of zero lift Vcopt 
constant 

IIT.     Airfoil contour generated from   «   = 0.1 sin (o - 1+5 \ 
*0 - 0.1  (ses table IT):  ideal lift coefficient 
kept constant;   aii^le of zero lift and ideal angle 
of  attack changed 

IV.     Airfoil contour same as in case ill:   angle of zero 
lift k«3pt constant 

V.     Airfoil contour saT.e as in case ITT;  restrictions 
same as in case 1 as an example of too severe 
restrictions 

Cese I  is based pr. the ?.A.F.  15 alrfail,  for which 
figure 1 shews the shnpe and the pressure distribution. 
The purpose of the Intended oltertti-m is to remove the 
wavy lire in the bottop surface.      The first step as 
indicated is to draw & tentative prosauro distrio'.'.tlon. 
in the carve at the  top of flgur.;  Z the  tsorrosoondin^ 
tentative ch&ngu  in i>rfcsnar"j la plottod sgainst the 
angle   flP.      The next step is to draw the adjusted curve 
for which the area 

/ 
&2 d<p = 0 
Ps 

Thus a closed A*-c-irve is assured for case I; this curve 
is called the adjusted curve and is shown In the center 
of figure 2.  It is also necessary to make the area 
under the At-curve 
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/ 
ki  d<p = 0 

This oar. be dons readily without altering A«E or AeT, 
as shown by the line for oaao I, for which 

P 
I tt  dq> = 0 

The corresponding    &>jr-".urve  is shown at the botton of 
figure 2.       The moriJ.fi art airfcll shape  nnd ores sure 
distribution for isos t  are shown In flours 1.       Mote 
that the -ir^ssrire distribution actually obtained differs 
froir the  tc.tntlve or,S3r-iJr

i3 distribution and,  that no 
change has occurred! l/i the angle of zero lift or in the 
ideal  a'if.le of ttttao't. 

Oase TT Is  B\ 
with the  ro'iuir-arnan' 
and the  c-ngle of  ao 
tive oreasure dl3tr 
aase  I. Tho 42 

Af-curve  ad^uste-i f 
with thor.e  of 0B3e 
comply with the req 
harmonics be remove 
added  to retain  the value of 
euselon,  the function 

o based on the T'.A.F.   lrj airfoil, 
it  Innosed that the none at ncef i'icioiit 
re i'it roit!«ln oonstartt       The tenta- 

•lbutinn  13 thq 3;ae uc that usod in 
urvj  adjanted for  zero area  and the 

or s«?ro area ar-j therefore Identical 
I.       T.r.  this  oaao  It is necessary  to 
!lre:::er.t  fchet  the  first  anC second 
'. arvl that  soiio  third harmonic be 

As  shown in the dis- 

A1«  = -Aj  sin OP -  3-j_  003 «p -  A^ sin 2<r -  B- 00s 2<p 

+ A» sin 3q> + B, cos 3«p 

is to be added, where 

•>f Ac   sin ff d$ 

,U 
• \   :V;;^" 
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-2TT 

Ae  cos 9 d<p 

A«  sin 2<p-dqp 

cos 2<p dip 

i 

L 

and 

A, - ^   - 2A<2) + 1^  - 5B2)P + i^*i  "  5A2)P2
+... 

°5 = 31   •  B2  "   C*»i   - J92)^
+-" 

By adding    A,e   to    A«    cf case  I,  the    Ac-curve called 
onoe  IT  end the corresponding    A\|r-curve  In figure 2  are 
obtained.       The  resulting modified airfoil  contour and 
pressure  distribution  are shown in figure  3-       This  case 
is best  sultfKl for iralrtaininf;  zoro moment coefficient 
In airfoil  sections uood in autogyros  and helicopters. 

The  following  th"ue  cos-is, cases ITT to V, are based on 
the  airfoil  section ?-->ncratad fron   «= 0.1  rln (C?-li5°), 
\Sf    = 0.1.       ThJ   original   and  tho   tentative  jress-jre 
distributions  are  shown in figuro L(a).       Tn figure !j.(b), 
<*p/?s    Is  3hown "lotted agiinst the  ancle     V.     "TIJO 
tontitive nr-3S3uri"-<  -jurvc   1-:  adjusted  for aero  araa as 
before.       The  cj:,v,öe'joni:in^    Ae-iurva  In marked "Case 
TTT"  In figure 5  "nd  ehe  3orro30indins    a<|r-curv9 is 
narked  "Ca.i« TTT"   in figure 6. 
have beer  tfu^tod: 

7'hus far three choices 

CD     The  sxnet  shape .if curve IIT  is  roteinod by 
ohant/inf  thu  zsr-j line,  or rtfaror.?« li^e,  iVr    <J«J 
nhlcn cran-ec  o-vch     e.,    end     *•      t).:t r^t.'il-.i-j ths dif- 
feronse  and thsrifere "the ideal  xiit ci.-'-..'!'.: lent.    Tha 
resulting airfoil contour and oressure distribution for 
case Til are  shown  in figure 7. 

••& .-^:.::-:" •V    V 
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(2)    tn oaaa TV th<» area under the    Ae-curve cor- 

responding to the tentntive fi£-curve has baen made zero 

by extending tho range «iff oiled buyond the nose.       Tn 
th!s case,  only the an*3e o" 2er^ lift ta 'rept constant. 
The result an compared with the original is shown in 
figure C. 

(j,)    Tn case V the restriction is puroosely mcde 
too severe by soe<5lfy!ng that no change shall occur 
either in the ideal  lift,  the an£Le of zero lift, or 
the au/'le  of idsal lift. 

Cnse  V in f*. j-rure  j> besones d'otorted in attempting 
to fulfill the  zorc-ares. ra-v-xirammt and the final results 
shown In figure 3 ere .-.orres .ond1.ri;-ly unsst I of actory. 
The eonolu^.'.~n fr-iiii tu's example is that,  although cer- 
tain rsquirorier.ta sr« dßdrable jr required, it is not 
always possible  t.i obta^K a rood  solution within  the 
limitations of sich raq'.ilrenwnts,      Tn such a case an- 
other basic  tjne nore suitable to ths purpose mu3t be 
selected. 
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