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NATIONAL ADVISORY COMMITTEE FOE AERONAUTICS 

TECHNICAL NOTE NO. 1171 

ON SUBSONIC COMPRESSIBLE FLOWS BY A METHOD OF CORRESPONDENCE 

II - APPLICATION OF METHODS TO STUDIES OF FLOW WITH CIRCULATION 

ABOUT A CIRCULAR CYLINDER 

By Shepard Bartnoff and Ate Gelbart 

SUMMARY 

A general method for studying the flow of a compressible fluid 
around a closed body has "been discussed previously in part I of this 
report. In the present paper application is made to the specific case 
in which the linearized equation of state is used. For a given incom- 
pressible flow around a specific profile, a corresponding compressible 
flow is found. The flow at infinity remains unchanged. Detailed stud- 
ies are made of the flow with circulation around a unit circle,, and 
velocity distributions are found for a wide range of Mach number and 
angle of attack. Comparisons are made with other methods. 

INTRODUCTION 

• The present report is the continuation of a previous report by 
Gelbart (reference l) in which a general method for studying the flow 
of a compressible fluid around a closed body is discussed. The method 
is based on finding compressible flows that correspond to given incom- 
pressible flows. 

Since the compressible complex potential in the general case is 
not an analytic function, the ordinary theory of analytic functions of 
a complex variable is not applicable. However, in the hodograph plane 
(where the variables are the velocity magnitude and the direction of the 
flow) the complex potential is a function of the type studied by Bers •. -. 
and Gelbart (references 2 and 3) and termed by them "sigma-monogenic." 

In the present report, the condition under which the differential 
equations of a compressible flow in the hodograph plane become Cauchy— 
Riemann equations is used. This occurs when the linearized equation of 
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state is vised (7 = -l). The complex potential in the holograph variables 
is then an analytic function and the theory of functions of a complex 
•variable is applicable. The linearized equation of state is used 
throughout in this report. 

Emphasis is placed on the compressible flow vith circulation around 
a unit-circle. The correspondence function is chosen so as to yield 
this flow to a very close approximation even for fairly high free--stream 
Mach numbers. The distortion of the body is very slight,, but, as is to 
be expected, increases for very high free-stream Mach numbers. The re- 
sulting body shapes are studied for the entire range of possible free- 
stream Mach number, which for subsonic flows is from 0 to 1. Resulting 
body shapes are also studied for different angles of attack. Finally, 
velocity distributions are computed around the slightly distorted unit 
circle for different free-stream Mach numbers and for different angles 
of attack. 

Some comparisons are made with the results of Tsien and Bers. 
Bers' and Tsien*s formulas turn out to be special cases of the main for- 
mula derived in this report. One advantage of the present method is 
that it yields flows with circulation about nonsymmetric closed profiles. 

This work was sponsored by and conducted with the financial assist- 
ance of the National Advisory Committee for Aeronautics. This report 
was submitted in July 19^5. 

GENERAL FLOW THEORY 

Several of the more commonly used equations governing the behavior of 
fluids will be mentioned here without proof. These are relations involv- 
ing the quantities: velocity q, pressure p, density o, ratio of the 
specific heat at constant pressure to the specific heat at constant volume 
7, and the velocity of-sound a. Subscripts of zero (i.e., p , p , a ) 

refer- to values of the respective quantities at a stagnation point (q - 0.) 

The first fundamental relation is Bernoulli's equation, which may be 
written in differential form 

q dq + - dp = 0 (1) 
P 

Another fundamental relation is the isentropic relation (adlabatic 
equation of state) 
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The velocity of sound 1B given "by 

&• 
s = Q = 22. (3) 

dp   P 

Hence 

a0* - , £2 (i) 

The units of density and velocity will "be so chosen that 

Po = 1 

aQ = 1 

The quantities p and q vil3. biien "bs dinensionless. 

The following relations are easily derived. 

a 

(5) 

a2 = I-! (7-D q2 --(6) 

P - [l - | (7 - 1) </\ 7=Z (7) 

p=P0[l-|(7-D q
2]^ (8) 

The Mach number M is defined "by 

M = r (9) 

The symbols MB and q.^ refer to the values of these respective 
quantities in the free stream. 
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The velocity potential 0   and the stream function \j/ for an incom- 
pressible flew satisfy the differential equations, 

*" " *y   l (10) 

the subscripts x and y denoting partial differentiation with respect 
to these variables. These equations are the Cauchy—Riemaan equations, so 
that 

j 

n = 0 + i* (ii) 

is an analytic function of the complex variable z » x + iy. » 

If instead of using the independent variables x and • y in the 
physical plane, the independent variables q and 9    in the hodograph 
plane are used, where q is the magnitude of the velocity and 8    is 
its direction angle, the differential equations become 

4*q 

& --£*« 
(12) 

By making the change of variable 
q 

r 

the system (12) becomes 

i-./   i4 («7 
4 

0e «^a 

which are again the Cauchy—Riemann equations. Thus, in the hodograph 
plane the incompressible complex potentia^-ie an analytic function of 
the complex variable v = ß  + iq. 
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The physical and ho&ograph variables for an incompressible flow are 
connected by the relation, 

dz = e~lw df} (15) 

The analogous differential equations for a compressible flow in the 
physical plane are 

0x " i*: 

*T"?l5r   J 

(16) 

and in the hodograph plane are 

$*  - J"*a 
$a = 

1--M2 

pq. 
*. 

(17) 

_i  * 

System (l6) is nonlinear, and no systematic mathematical treatment for 
such equations exists. However, methods for a systematic treatment of 
the solutions of equations (17) have been developed in reference 1. 

The equation analogous to equation (15) for a compressible flow is 

' ie 
dz =. fl^- (d0 + J- d\|/) (18) 

Equations (17) may be symmetrized by the change of variable 

4 

£1 M* 
%* 

1 
dq (19) 

Note that q = 0. 

Equations (17) then become 
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ä m£ZÄn 

•^i^*« 
(20) 

If />A rr M = constant, equations (20) reduce to the Cauchy-Riemann 

equations. When S^tf constant, the constant can he evaluated hy 

choosing q * 0. Here M0 = M(a) g=0 • 0 and 

1 -IT 

q=o Po 
- 1 (21) 

This implies that 7 = -1. For when M is replaced by q/a, it 
follows from equation (21) that 

a2 - q2 — a2p2 = 0 

Then, by differentiation, 

(22) 

da 2a Ä (1 - p-) - 2q - 2a« p ^ - 0 25 
2  dp 

iq 

From relation (6), 

2a 5? * -^ ~ ^ dq 

and from relations (7) and (6), 

_ -q (1 - y~z± q£) y-j" 

i_2Lr_ia
2 

2 

qp 
=2 

(23) 
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Substitution of these values into equation (23) gives 

[-(7 -1) -211(1- f?)q.  = 0 

[-1(7 - 1) - 2] -• 0 

v7 m _i (24) 

With this value of    y,    the equation of state  (2) "becomes 

p = Po P (25) 

and since the density is proportional to the inverse of the volume, the 
volume becomes a linear function of the pressure. This linearised equa- 
tion of state vill be used throughout the remainder of this paper. 

It should he emphasized that no actual gas satisfies the pressure- 
density relationship described by'equation (25). For actual gases, 7 
lies between 1 and 1.6, having a value of l.k for air. The simplifica- 
tion resulting when 7 = —1, and the fact that the theory of analytic 
functions of a complex variable then becomes applicable, led Chaplygin 
and later von Zarman, Tsien, and others to study the properties of such 
a fictitious gas (references h to 11). 

Von Karman (reference 7)* however, showed that using the 
value y*-l is equivalent to replacing the curve of pressure against 
reciprocal density in the adiabatic case by a tangent line to that curve. 
At and near the point of tangency, the fictitious gas approximates the 
behavior of the actual gas. The study of the behavior of the fictitious 
gas is Justified by the insight such a study gives into the solution of 
the actual problem for subsonic flows. 

When 7 » —1, equations (6) to (8) become 

a2 = 1 + q
2 (26) 

(27) A + ^z 

7l + q* - (28) p * P0V1 + q.' 
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and it follows directly that 

M 

yi-M2 (29) 

Equations (20) reduce to the Cauchy--Eiemann equations, 

Thus, Q= $ + i\|/ is an analytic function of v « 0 + iq. 

From equations. (19), (21), and (27) it follows that 

(30) 

where 

Vl - M* 
d<l A_ 

«Li/l + <la 

=..log(-4TZ) 
9» 

log 

K 
1 +yi + <&> 

öD 

(32) 

Hence, 

From this equation, 

*L 
1 +yr + q< 

1 c K _ e_2 

q  2e^ ZK 

(33) 

(3*) 

Also, from equations (33) and (27), 
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and by us© of equation (3*0 .> 

A + *a . i 

_   K 
" e* 

1 
1 

i , -5- + e| 
pq.      2e^      2K 

(35) 

upon substituting the values of i and -^- from equations (31*) and 

(35) into equation (l8), it follows that 

dz i.— 

2 [(*-$*•'(S^H 
e ie 

2 L©a 
-~ (d0 + Id*) - — (Ö.0 -  idl|/) 1 

= | e1(e + i5)(d^ + id\|/) - i e1(e - iqi) (d0 - id\|/) 

- e  df2~— e   dß 

and 

K /• iv .«  1 
2 / e  ^-2E e~iw dQ (36) 

Since Q = 0 + ity is an analytic function of the complex variable 
v = 0 + iq-, the mapping 

„ d 

w =.—i log 
u ftt) 

KKlG^) 
(37) 

defines a complex potential G(£) of a compressible flow in the £ — 
plane, where f(£) and G(£) are analytic functions of the complex 
variable  £. The region of regularity of f(£) and G-(£) will be 
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dealt with later. The function. f(£) will he called the correspondence 
function. 

From equation (37), with primes denoting differentiation with re- 
spect to £ p 

ei" = a um (38) 
Kfi«(j) 

and 

-iw  K G'(£) ,ao* 
6   S2f% (39) 

After substitution of equations(36} and (39) into equation (36), it 
follows that 

z = ||VVG«G) d£-|j./V
1W0»(£) d£ 

2J  K /*'     *•  2Kj 2  f-(g)   L 

so that 

If Q(0    represents the flow around a given closed body in the £— 
plane, equation (kO)  will map that flow into the z-plane. The corre- 
spondence function f (£) will he chosen in such a way that the flow in 
the z-plane will be essentially around the same profile as in the £— 
plane. 

The compressible—flow velocity in the z—plane may be determined 
from equation (33)• For, ~      - - 

G_iw m    -i(e+iq) BgG«(Q 
2 f'(S) 

e-ie oq = K qua m 
2-f*(t) 

By taking absolute values, 
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£  * 9H0 

and making use of equation (33),» 

1 +yr + q." 

E 
2 

S'(t) 

it follows that 

4- 

O'tt) 

JLLÜl 
via 
f*(£) 

(j»a) 

Stagnation points occur when q = 0- Thus, the stagnation points 
are located where 

G*a) = 0 (^3) 

It is desirable that the correspondence should not alter the flow at 

infinity. At infinity, 0*0 and e*1 = 1. An examination of equation 
(hi)  shows that the condition for the flow to remain unchanged at infinity 
is 

lim  E Q'ft) _ , w 

Since G* (£) is regular and different from zero at infinity and if 

4   • f I >H is to exist and "be different from zero, the most general 

form that f*(£) can have is 

*'(£) V "bn .n> *>o 4 0 (*5) 

n=o 

where 

Then 

I - re 
iA. (W) 
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00    K 
f a) - *L.I + *o £ + ^i I«« s - y -^ ä        (^) *- & tn 

Also 

and from equation (kk) 

lim  f»(£) =, -b0 
£  > o-1 

*«-t^t-i°8(£) (W) 

Thus, the condition of the flow at infinit?- in general predetermines the 
value of bQ. 

It is desirable to obtain the intografci in the right-hand side of 

equation (kQ)  as a power series ir • ^, 

Set 
£ 

1 1 

n=o" 
c» 

V _  ^i (1,9) 
n=o       £ 

Then 
CO Ct> 

n=o        b        n=o        =• 
CO 00 

-I I 
CO 00 

An--r Br ~ 
n=o    r=o » 

Equating coefficients of like powers of ( =^ , l\n 

1 
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1 - *o B0 

0 = bx Bo + bo Bi 

0 = b2 B0 + bi Bj. + "b0 Ba 

0 ° *n Bo + V-i Bx + . . . + bi Bn_1 + b0 Bn 

J 

(50) 

These equations yield the iteration formulas 

B„ = 
°  tr 

3a - - 5T-0»n Bo + bn-i Bx + . . . + b2 B^ + bx B^) 

where n > 0, or 

(51) 

B. n n+i 

bi 

b£ 

b 

0 

bo 

bi 

b2 

0 

0 

bo 

bi 

0 

0 

0 

bo 

. . .  0  Q  0  0  1 

. . . 0 

... 0 

. . . 0 

0  0  0  0 

0  0  0  0 

bn—3 bn-4 bn_e ~bn~a 

bn-a bn-3 bn_4 bn_e 

... bj. b0 0  0  0 

« • .  b2 bj_ bQ 0  0 

Va  bn-* V-s V-* • • 

^n   ^h-i ^n-a *&- 

^ *£ b^  0 

(52) 

Then set 
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v *>; n>=o 
CO 

- Ci I + 0o log 1  + V cn JJJ        (53) 

Equation (40) then becomes 

CO   -w 

z  = b~x + b0 £ + t>! log £ - ( y -5±± pjj 
n= 

CO 

+ C-a £ +• Co log £ + y CaA (5*0 
• i>  

wi 

When £ is replaced, by re   and J by re  , equation (5*0 becomes 

2 > b—x + b0 re  + bj. log r + bx(iX) 

00 

- f Y bp+1 1 e"''inXV C~1 "   + C° los r 
n=i 

CO 

+ Co(-iX) + Y Cn Jx e
11^ (55) 

n^i 

If a olosed contour in the £-plane is to be mapped by equation (55) 
into a closed contour in the z-plane, 

bi - C0 - 0 (56) 

This predetermines the value of bi. 
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Set 

N = 13-! + bj. log r + C0 log r (57) 

Under the condition of equation (56) 

n=i 
00 

X °n £ einX (58) 

n=i 
00 

+ C_i re  + 

n=i 

THE FLOW AROUND A CIRCLE 

The example of a compressible flow that will he treated here in 
detail is the flov with circulation around a circle. This example has 
been chosen because of its fundamental importance. 

In determining the correspondence that will give the compressible 
flow around a unit circle, the complex potential function chosen is that 
of an incompressible flow with circulation around a circle of radius R 
in the £-plane, namely, 

°«>-<L(£+f)-§108H <59) 

where T   is the circulation. Stagnation points occur where Or* (£) = 0 
(equation (^3))• 

G.(t)-^-SLi-ia2£ (60) 

If i  = BeiX, 
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m „    if 1 a~i^   -.   —iSX G' « q — JJ- * e   — a    a 

iP 1        Pi - q  - cos X - •*— - sin X — q eos 2X + iq__ sin 
»     2xt E 2« E 

ex 

= q    (1 - cos 2X) - £- - sin X •»• i (a    sin 2X - •£- ^ cos X^) 
w                                2« E                       \T» 2it E           / 

= sin X feq.^ sin X - -£- =)   + i cos X/2OL   sin X - •£- -^ 
V   *                  2ir E/                       V^5 2« E/ 

= e1X feq    sin X - -£• i^ 
V   » 2« B/ 

Hence 

I0'| =^sinX-r.l 

Let there be stagnation points at X = a,    X = l80° - a. Then,, 

2q sin a —C — = o 00      2ir E 

„- = 2q E sin a (6l) 
2«    oo 

Thus, fixing tbe circulation fixes the stagnation points and hence 
the angle of attack. 

Equation (k8)  is used to fix the velocity at infinity. Since 

lim  G«(£) - q (62) 

bn = _ Kq«, 

|lVl + q 2 += l) (63) 
C\ CO / 
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The equation of a unit circle is £ = ei?". If equation (58) is to 
approximate such a circle, the sum of the coefficients of the e3-^—terms 
should equal 1 and the coefficients of the other terms should approximate 
zero. The first step in achieving this end is to set the coefficients of 
all the e~^1^-terms/ n > 2,    equal to zero; that is, 

b^ = 0,  n > 2 (61*) 
•* 

The correspondence function f(£) then reduces to 

**(£) = b-i + *o  £ + hi log £ - b2 - (65) 

and 

fl(£) = b0 + bx J + b2 -% (66) 

Also, equation (58) beoomeB 

z = N + bQ Re
1X - *£ e"

1X 
0       R 

00 

+ C—1 Re-~Ln  + Ci s eJ''v + ."«• + Cx § •"• + 7 Cn 1 e11^  (67) 
n=2 

iA. The sum of the coefficients of the e —terms may be made equal to 1 
by fixing R so that 

bQ R + d 1 = 1 (68) 

Also the e  —term may be eliminated entirely by fixing b2 so that 

R 

Then equation (67) becomes 

2 + O-i R » 0 (69) 

z = N + eiX + V Cn •% einX- (70) 
t—   E 

n=2 



18 NACA TS  No. 1171 

In this equation N is a translation constant that does not affect 
the shape of the body. The Cn coefficients are shown to be small and 
theiofore the resulting body shape is essentially a circle. 

It will be shown later that all the odd Cn coefficients are real 
and the even CQ coefficients are pure imaginary. Therefore 

z = x +  iy 

C2        _     _.  Q4 
cos X sin 2X + CL cos 3X — sin h\  + CL cos 5X + . . 

i        3        i 5 

+ i< sin X + -£•  cos 2X +- Qj sin 3X + ^* cos k\  •*- C^ sin 5X 

+ . I + N Cfi) 

where the constant N is chosen tc make the absolute value of- z    when 
X = 90° equal to the absolute value of z when X = 270°, 

N - C2 - C4 + C6 - CF + . . . (72) 

and N is pure imaginary. The resulting body is symmetric with respect 
to the y-axis. 

After the circulation is fixed to give a desired angle of—attack by 
equation (6l), expression (59) for the complex potential . G(£) reduces to 

G(£)  = aM (t   - i 2B sin a log | + £-) (73) 

and 

l?hen 

where 

0»(£) = 1.(1-1 2 sin a-I 5!) (7*) 

[ a« (z)f - AX - iA£ | - A3   — + iA2 ^- + Aj. p. (75) 
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Ai = q. 2 

A2 » kq. 2 sin a M$\ 

K = 1 2  (^ si»3  a + 2) 
3 CO ' 

and 

C-! = - r AiBo   ' 

C0 = - I (Ajli - iAaioR) 

Ci = ^ (Aila - iAaBiR - AgBoR2) 

1»-.2R2 

C    = —i (Ail.  r- iAaB,R - A^BaR2 + iA^R3 + AxBoR4 ) (77) 
3       ll-.3R3 

C4   = jj-^5 (AXBB- iAeB^ - A^R3   + iAaBaR3  + A^R4) 

C2 = 7-rrx (AiB3 - iA2BeR - AgBiB2 + iAaBoR5 ) 

Cn " 7-^ CAiB^.3. ~ iA2BnR - AB^B8 + lA^^R3  + A1Bn_3R4 ) 

Also,  since    bn = 0,    n > 2,    the relations for   Bn   as given in 
equations  (51) to  (53) become 

B..f 
bo 

Do 

Ba.- -^ tb2B0 + T>iBi) 

B, - - ^- (baBx + bjB2) 
* Do 

(78) 

Bn • _ F~ ftAir-e + tofti-i),    n> 1 
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In determinant form, 

B. n n-t-i 

bo 0 0 

*x b 0 

b2 bi b0 

0 ba bx 

0 0 b2 

• • » 

0 0 0 

0 0 0 

0 0 0 

0 0 0 

0 0 0 0 0 

0 0 0 0 0 

0 0 0 0 0 

0 0 0 0 0 

0 0 0 0 0 

0 1 

0 0 

0 0 

0 0 

0 0 

0 b2 bi 

0 0  b2 bj. b0 0  0 

0 0  0  bo bi b0 0 

0 0 0  bj 

(79) 

Also Ba. is given by the summation 

II 
Bn -V 

/ ,\n+r /    \* v 1 (-1)   (n - r)'. bi 

—   r! (n - 2r) J 
rao     s 

Or-r+x 
(80) 

Thus, the first few B^"—terms are 

Br 

Bx = 
bi 
2 

Br 
b; 

b 3 

> 
(81) 

The first two Cn—terms as given by equations (76) and (77) are 



NACA OST Ho. 1171 21 

C_i - - # Aa 

^o2   ^ 

Equation (69) is now used to determine b2: 

- =£• + C-aR « 0 
E 

> 
(82) 

S  ^   b0 

b2 = - 
AxR

a 

(83) 

Equation (56} is used to determine bx: 

"bo. - C0 = 0 

bj. 

too2^! - Ajjba. = iAa^oE 

The quantity   "bi    must be pure imaginary.    Therefore, 

bi = -*i 

kly^x + Aiba. * iAs-boR 

AabQR 
C814-) 
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If in like manner equation (6Q)  is used to evaluate R, the result- 
ing complicated expression may be reduced to 

R „  ^2  (85) 
1 - M2 eins a 

It is interesting to note that all odd Bjj—terms and all even Ca— 
terms are pure imaginary, whereas all even Ba-'terma and all odd C^— 

terms are real; also, that when a = 0°, corresponding to a zero angle of 

attack, R » brt, b± =*  0, and V + -& » 1. 
' O'      x       * O     Tj£ 

Equation (k2)  is used to determine the velocity-on the hod/ corre- 
sponding to any value of \.    The velocity is limited by the restriction 

siui ß< k (86) 
f'{£> 

When equation (6l) is substituted into equation (60), 

» qfl - 21 sin a e~iX - e_2iX) 

= q     1 — 2 sin a sin \ — cos 2\ 

+ i(-2 sin a cos U sin 2X) (87) 

Equation (66)  can also be rewritten 

hi      b2 
s b- + — sin \ + — cos 2X 

0  1H       R2 

+ i. ($*• GOB \ - $* sin 2^ (88) 
\iR      R2     / 
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The maximum value of 2101 
f<£) 

occx*rs when X = 90 . For this value 

of \,    Q'(£) = 24 (1 - sin a) and f*(£) = b0 + — 1. Hence, by 
iS  K - 

restriction (86), 

2q.m (1 - sin a) < 2 

bo + °i      *>i 

IB      E 

By substituting, fron equations  (§3) and (84) 

4    (1 — sin a) < bG + 
A?b0 Ai 

^o* + Ai 4br 

(89) 

(90) 

By -substituting from equations   (63) and (76) 

!„ (1 ~ sin a) < I £'l + 4^ + l) 

2ca sin a-C/l + c2    + 1 ) 
+ —JE V 22 / +  _ 

h(yi~+ 4^ + :)" + 4«.       2^/1 + 4^ + l) 

(91) 

1 + 4 ~             Q.m 1 - sin a<  2^» +  *SL_ sin a 

and using e4uation (29), 

I«   1 + 4« 

14 < 1 + M (1 + M ) sin a 
00 ^        00 x       OS' (92) 

Hence, for a zero angle of attack, Mm  may vary between 0 and 1. 
For a given M^ however, equation (92) limits the permissible angle of 
attack. 
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COMPARISON WITH TSIEN M3TH0D 

The equation derived by Taien, reference 5, in the notation of the 
present paper, is 

z - I* % fit'(Of H (93) 

Thus it is seen that Teien's equation is a special case of that used in 
the present report vhere 

Tsien*s equation alters the velocity of the flow at infinity, or the free- 
stream velocity, but this is relatively unimportant since the amount of 
tho change is readily determined. However, since Tsien'e equation has no 
hi term, it cannot he used to study flows with circulation. In Tsien'e 
equation r is therefore zero and G- is 

R2 

Then, 

and 

• t-Rl-^^ 
2 *2   "2ooR* 

4 *co n    12V 

= Ro1X  - i q2 Re-iX- | q2 Ee1X + f q« Re** 
4  co       2 co       12  co 

In order to have Tsien's equation give as nearly circular a body as possi- 
ble, let 

B-iO-1 C95) 
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Then, 

z = e  — 7- a" Re   + — r Ee 
1).  co 12  CO 

= (l - £ q£ R^ cos \ + — as R cos 3?*. 
V  k ^° /      12 °° 

+ i (Yl + I q.sJR\ Bin \ + ^ q? R sin 3x1    (96) 

Syracuse University, 
Syracuse, New York, July 1, 19^5« 
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TABIZ I.- COHSTMnB OF THE TOABSFOIMATIOH FÜHCTION FOB VARIOUS MA0H HU1EEBS     [e - -20^ 

27 

X 0.1 0.2 " 0.3 0.4 0.5 

 .... 

0.6 

I- 0.100504 0.204l24 0.311&86 0.436436 0.577351 0.750000 

*o 1.002521 1.010309 1.024l44 1.0U55I16 1.077352 1.125000 

*1 -t(0.003>»50) -K0.0llUT3). -1(0.033399) -1(0.063618) -1(0.109575) -1(0.180760) 

*2 -0.002538 - .OIO623 .025864 .051706 .095270 .172U20 

E 1.003S95 I.OI5059 1.035041 1.065USS 1.109807 1.17W159 

°2 -i(0.0017) -1(0.0069) -1(0.0157) -1(0.0283) -1(0.01*58) -1(0.0722) 

°3 0.000s O.OO37 0.007s 0.0137 ' 0.0212 0.0308 

°U i(0.0OO3) 1(0.0002) 1(0.0005) -1(0.0031) -1(0.0067) 

°5 -0.0001 0.0007 0.0016 

°6 -1(0.0002) 1(0.0006) 

C7 — -0.0007 

H -1(0.0017) -1(0.0072) -1(0.0159) -1(0.0288) -i(0.0429) -1(0.0655) 

TABIE H.— COHSTAHTB OF THE 
FOE VARIOUS AH3-I2S OT ATTACK 

I :0H FOKTIOH 
«00- °-3l 

\crf 
0° -10° -20° 

<lo° 0.3l44S6 0.3l44s6 0.314486 

*0 1.024144 i.024i44 1.024144 

*1 0.0000 i(o,oi6s24) -1(0.033399) 

*2 -0.025322 0.025460 -0.025864 

E 1.024144 1.026931 i.03504i 

°2 0.0000 1(0.0080) -1(0.0157) 

°3 O.OO69 0.0078 0.0078 

°4 0.0000 1(0.0002) 1(0.0002) 

°5 0.0001 0.0001 

X 0.0000 1(0.0078) •1(0.0159) 



ISSm m.- C0BSW2TO3 OT THB mMEFCBHATIO» FtflUTlUl MB 
VABI0D3 Ajoras or ATTACK  [JJ^- 0.7] 

MHOS IT.- mpraraiojr ar IHDFIII FROM cmraa DTSTQKatar ar PROFIT* 
[Ma,- 0.1; a —20°J 

0° -5° -10° 

"U# 0.980196 0.9S0196 0,980196 

*o 1.20011*0 1.200ll<0 1.2001*0 

\ 0.0000 -1(0.0720*1) -Ko. 1*513«) 

\ -0.2SS269 -0.290*27 -0.2969a) 

S 1.2001*0 1.20*62* 1.218138 

'C2 0.0000   • -l(0.02*9) -1(0.0*96) 

°3 0.0556 0.05*6 0.0523 

V 0.0000 -l(O.OOUl) -1(0,0080) 

5 
n nnh£ 

% 0,0000 -1(0.0007) -1(0.0013) 

°7 0.0007 0.0006 0.000* 

°8 0.0000 -i(0.0001) -1(0.0002) 

C9 
0.0001 

• 0.0000 -1(0.021*) -1(0.00*27) 

Ji z y 
• • —- 

—«  — 

-90° 0.0000 -O.9992 0.9992 -90.0° 

-75° 0.257* -O.9656 0.9993 -75-1° 

-6oö 
0.*977 -0.8668 0.9995 -60.1° 

-*5° 0.70*8 -O.7080 O.999O -*5.1° 

-30° 0.86*5 -0.5017 0.9995 -30.1° 

-15° O.9656 -0.2610 1.0002 -15.I0 

0° isQ00S _n nrnk 1   /VU-kS 

15° 0.967* 0.2562 1.0007 1*.8° 

30° 0.8675 0.*982 1.000* 29-9° 

*5° 0.7082 O.706O 1.0000 *5.o° 

6o° 0.5007 0.8652 0.9996 59.9° 

75° 0.2591 O.965I 0.9993 75.0° 

90° 0.0000 0.9992 0.9992 ,    90.0° 
I 1 

T-0*     * 



[jl^ 0.2j tt--20°] " 
1   mm 

s 7 1 r»   r 
1 * 1 «g 3 

-90° 0,0000 -O.9963 0.9963 -90.00 

-75° O.25* -O.96H3 0.9968 -75.3° 

-60° O.4900 -0.8699 0.9984 -60.60 

J#> O.6976 -0.7172 1.0005 -45.60 

-30° 0.8603 -0.51Ü6 1.0024 -30.9° 

-i5o 0.9653 -O.27IA 1.0035 -15.9° 

0° 1.0037 -O.OI38 1.0038 - 0.8° 

150 0.97X7 0.2484 1.0029 14.3° 

0.6717 O.U928 1.0013 29.5° 

1*5° 0.7H4 0,7022 0.9996 44,6° 

60° 055026 0s«62l fl.CWTO 

75° 0.2600 O.9623 0.9968" 74.9° 

So0 
0.0000 0.9963 0.9963 90.0° 

TABOE Tl.- TED0CXE7 DIBTOIBOTIO!! OB VSXftTJX    [Ho, - 0.3i 0 - 0°] 

.A z y !>> are % n 
•a 

AA 
1 » \ 

-90» 0,0000 -0.9932 0.9932 -90.0° 0.6595 O.55O5 

-75° 0.2540 -O.9610 0.9940 -75.2° 0.6241 O.5494 

-6o° 0.4932 -O.8659 0.9965 -60.3° 0.5646 O.49I6 

-450 0.7021 -0.7119 0.9998 -45.40 0.4557 0.4146 

-30° 0,8659 -0.5070 1.0034 -30.3° 0.3183 0.3033 

-15° '0.9708 -0.2638 1.0060 -15.8° 0.1633 0.1612 

0° 

• 

I.OO70 ^0000 I.O07O 0.0° 0.0000 0.0000 

150 0.9708 0.2638 1.0060- 15.8* 0.1633 0.1612 

•r«A Ö.B059 0.5070 i.Ö034 300° 0.3183 0.3033 

450 0.7021 0.7119 0.9998 45.4° 0.4557 0.4l46 

60° aJvmp 
— •    mfr"- 

ftooft; fin *o rvliaiA 

75° 0.2540 0,9610 O.JW40 75*2° 0.6241 0,52S4 

90° 0.0000 0.9932 0.9932 90,0° 0.6595 0.5505 

B 

* 

3 

N> 



ÖBDt YIC.~ VIIDCIW BlSBOBUEilH. 05 MWfc'ILS    [Moo- 0.3j a • .-io°] 

1 •** X 7 1*1 «rg i .     1 r T   * 

-90° 0.000p -0.9923 0.9923 •^90.0° 0.5192 0.K60B 

-75° 0.2*67 -0.96llt 0.9925 -75.6° 0.1*972 0.**52 

-60° 0.*«56 -O.8696 O.9960 -60.8° 0>331 0.397* 

_ii5« O.6935 -0.72flS 0.9998 -1(6.1° 0.3326 O.3156 

-30° 0.8582 -O.5196 1.0037 -31.2° 0.2031 0.1990 

-15° O.9672 -O.2792 1.0067 -16.1° 0.0539 0.0538 

0° 1.0079 -O.OI60 1.0080 -0.9° 0.1091* O.WST 

15° 0.9756 0.2lt96 1.0070 1*.3° 0.2773 0.2672 

t/V) 1   rv-Jn 90 & n ULI? 
V. TV "W 

1*5° 0.7095 0.70*9 1.0001 **.se 
0.5913 O.5O9O 

6o° 0.U990 0.S&S2 0.9962 59.9° 0.7072 0.577* 

75° 0.2572 0-959* 0.9933 75.0« 0.7926 0.6212 

900 0.0000 0.9923 0.9923 90.0° o.saoh 0.631» 

T4KL4' VIU.- VM/UülW IHSBUBUTIOJI ÜB IHQJfiJB    [«„,- 0.3; a - ~G0°J 

^ I * 1 m. ft 
1 - f 1 

1 

-90« 0.0000 -0.9922 . 0.9922 -90.0* 0.3976 0.369* 

-75° 0.*52 -0.9626 0.9933 -75.7« O.3771 0.3529 

-604 tvlngU -0,571*1 ft  QQßl ft VITZ 

-1*5«- 0.6859 -0.7287 I.OOO7 -W.7« 0.2218 0.2165 

-30» 0.8526 -O.5317 1.00*8 -31.9° O.O966 0.0962 

-15" 0.9637 -0.2937 1.0075 -17.0» 0.0510 0.0509 

0» 1.007S -O.031»* 1.0083 -1.8« 0.2179 0.2129 

15» 0.9791 0.23*9 1.0069 13.5» 0.*0*5 0.3750 

30« O.S79* 0,1*839 1.0037 2*=S° Oi57?* 0:*9$3 

1*5» O.7173 O.6965 0.999« **.2« 0.7393 0.59*5 

•So« O.5060 0.S579 O.99S0 59.5° 0.8785 0.6600 

75» 0.261k* 0.9582 0.9932 7*.7» 0.9711* 0.6968 

90- 0.0000 0.9922 0.9922 90.0« I.00UI 0.7086 

i 
st 
9 
*- 



WBTX Et.- jnarsxtmiB OF ERQFIIE IBON CIBCEE 
[M^- O.k; a = -fiO°J 

A X y 1* 1 arg   K 

-90* O.O0ÖD -0.9862 0.9862 -90.0» 

-75° 0.23^ -0.9602 0,9881* -76.3° 

-60» 0.W13 -0.8810 O.99T5 -62.1*« 

-1*5« 0.6692 -o.f&z 1.OO23 -ltö.1« 

-30°. 0.8U20 -o»5569 I.O095 -33.5° 

-150 O.96IB -0.321H 1.01»*1 -18.5° 

00 I.OI36 -0.0566 1.0152 -3.2° 

15° 0.9891* 0.2151* 1.0126 12.3° 

30» 0.0902 0.1*703 1.0068 27.8° 

1*5» 0J258 0.6376 0.9998 ^3.5» 

DU" ö.5üi 0.3512 G.3925 55.05 

TCO A <£.tC n  000 n  Oflcfrt W.JVWW 7I1 cs 

go° 0-0000 otgs62 o.oa62 - -#r~       — <M.0« 

""     1 

WBDS I.- TOUJCOT MSTBIWJEIOH OH EB0FHB    [M^ » 0.5; a *» -eo°] 

A X 7 |Z| arg   s 4 
\ 

-90« 0,0000 -0.9795 0.9795 -90.0« O.7670 0.6086 

-75° 0.221*1 -0.9559 0.981B -76.80 O.6578 0.51*95 

-60° 0.1*368 -0.681*0 0.9861 -63.7° 0.5361 . 0.1*725 

-1*5« 0.61*59 -0.76U* 0.9981** -H9.7* 0.3771 0.3529 

-30« 0.8229 -0.5856 1.0100 -35> 0.1673 0,1650 

-15» 0.9553 -0.3587 1.0201* -20.6« O.0919 0.0915 

o« I.0219 -0.0920 1.0260 -5.1° 0.1*089 0.3785 

15° I.OO69 0.1903 1.021*7 10.7° 0.8025- 0.6259 

30» 0.9077 0.1*576 I.OI65 26.8° 1.2953 0.7916 

U50 0.7372 0.6619 1.00>*2 1*2.8° i.ssa** 0.8831 

60° O.5162 0.8H66 0.9917 58.6» 2.5278 0.9299 

75° ö.ä6«*9 0.91*63 O.9S27 —1. i._ 3.0256 0.91*95 

rM* 
3"" 

ft    /VUVl UiUUW WIT? 
ar\ no 7  scni n ORRK 

f3 



MBIB H.- MBTCBTKMT OP HJOTIDe JBOH CIBCnt 
[MOJ- 0.6; a- -fiO°J 

A1 , 7 H» 

,-. _-— 

axfi   1 

-90° 0.0000 -O.97I5 0.9715 -90.0« 

-f3" -0.3501 

-60» 0.4129 -0.6S8S 0^9801 -65.1» 

Jtyj» 0,6109 -0,7865 0,9959 -52.2« 

-30° 0.7997 -O.6302 1.0132 -3«. 2° 

-15° 0.9470 -0.4122 I.032S -23.5° 

0» 1.0317 -O.IU32 1.0U16 -7.9° 

15» I.O296 O.I506 1.0*106 8.3C 

30° 0.9335 O.U335 1.0294 2U.90 

45° O.7565 0,6701 
1 

1.0106 *U.5' 

6QO 0.5263 0.S392 O.9906 57.9° 

75° 0.2689 0.9385 0.9763 7>*.0° 

90- 0.0000 0.9715 0.9715 90.0« 

•öiBiÄ in.- VÄUXJiTX jutmtujUTjüoi üB jajunu;  [M,,,» 0.7; a. .OP] 

> X 7 1 «I arg   s q 
1 

-90» 0.0000 -0.949* O.9494 -90.0° 2.7456 0.9429 

-75° 0.2243 -0.9281 0,9584 -76.40 2.6081 0,9337 

-€o« O.U475 -O.3610 0.9711 -62.6» 2.2370 0,9121 

JlEe ViVWTT -r\ Than —v, f-n-v ft  QQ^A _1|Ä   OO —iw,b- 1   fjnf.7 A. vvwf 

-30» O.S606 -O.5579 1.0256 -33.0° I.O9I6 0.737* 

-150 1.0063 -O.3O43 1.0513 -l6.go O.5I27 0.4562 

0» 1.0620 0.0000 1.0620 0.0° 0.0000 0,0000 

15° 1.0063 0.3043 1.0513 16.8" 0.5127 0.4562 

30° O.S606 0.5579 1.0256 33.0» 1.0916 0.737* 

^5» 0.66¥f 0.7420 0.9960 4g.2o 1.6*67 0.8602 

6o° O.IA75 0.S618 0,5711 62.6«> 2,2270 0.9121 

75° 0.2243 0.9281 0.9584 76.4° 2.6081 0.9337 . 

90° 0.0000 O.9494 9,9494 90.0« 2.7456 0.9429 



i.K'-i 

*HBH EH.- KPWHHIOT OF PHOTO* JBOM ÖIHCIB 
[Mooa 0.7J a - -9°] 

* X 7 1*1 
—                 I 

arg   2 

-90«> 0.0000 -0.9499 0.91*99 -90.0° 

-75° 0.2151 -0.9306 0.9551 -77.0» 

-*o° 0.4501 --0.0695 Ö.5699 -o3.7c 

-450 o.6i(09 -O.7591 0.9935 -49.8« 

-30° 0,835s -0,5862 1,0220 -35.1« 

-150 0.9897 -0.34«2 I.0U9I -19> 

0« 1.0607 -O.O512 I.0619 - 2.8« 
1 

15« 1.0227 0.2532 1.0586 14.2° 

30° 0.8g60 0.5262 1.0300 30.7° 

1150 0.6S93 0.7*3 0.999s 45 > 

60» O.M663 0.85»© 0.9732 6l> 

75° 0.2341 0.9270 0.9561 75.8° 

90* 0.0000 0.9499 0.9499 90.0« 
- 

TABiB rrv.- .YKioonr DiaDRiBDsnMr or psoraa  [M « 0.7; a - -100] 

A X y 1 J= 1 arg  B q <v\ 
-goo 0.0000 -0.9519 0.9519 -90.0° 1.4897 0.8286 

-75° 0.2069 -0.933« 0.9565 -77.5° 1.4243 0.8184 

=60<> (\   «VJAO 
W.7IWE. 

1   met r\ 1111 
«•II U 

-U50 0,6188 -0.7754 0.9921 -51> 0.9444 0.6s66 

-30° 0.8119 -0.6165 1.0195 -37.2° 0.5784 0.5007 

-15. 0.9708 -0.3902 1.0463 -21.9° 0.155« 0.1539 

0° 1,0573 -0,1018 1.0622 -5.5° 0.3480 0.3287^ 

150 1.0373 0.2110 1.0585 11.5° 1.0393 0.7206 

30« 0.9115 0.4923 1.0360 23.4° 2.1140 0.904o 

150 0.715^ OJO56 .1.004S 44> 3.7732 0.9666 

6o° o.itsft Q.8>*72 0.9769 60.10 6.0137 0.9665 

75° 0.2447 0.9266 0.958* 75.2° B.2639 0.9928 

90« 0.0000 0.9519 O.95I9 90.0« 9.79a 0.9948 

B 
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TABLE XV.- DISTORTION OF PROFILE FEOM CIBCEE BT TSESI^S METHOD    [M^- 0.7] 

A X y /»/ arg s 

-90» 0.0000 -i.i54i 1.1541 -90.0« 

-75° 0.1445 -1.1347 1.1439 -82.7° 

-60° 0.3075 -1.0661 1.1097 -73.9° 

-U50 0.U892 -0.9250 i.o464 -62.10 

-30° 0.6659 -0.6926 0.960s -46.1° 

-15» 0.7971 -0.3731 O.SSOl -25.1° 

0» o.si*59 0.0000 0.SU59 0.0* 

150 0.7971 0.3731 0.3S01 25.1° 

30° 0.6659 0.6926 0.960g 46.1° 

1*50 0.4S92 0.9250 i.o464 62.1° 

6o° 0.3075 1.0661 1.1097 73.9° 

75° o.i445 1.1347 1.1439 82.7° 

90« 0.0000 1.151*! i.i54i 90.08 
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