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YATIONAL ADVISORY COMMITTEE FOR AERONAUTICS

ADVANCE RESTRICTED REPORT

CHARTS FOR CALCULATION OF THE CRITICAL STRESS FOR

b
LOCAL INSTABILITY OF COLUMNS WITE I-., Z-,

CHANNEL, AND RECTANGULAR-TUBE SECTION

By W, D, Kroll, Gordon P, Fisher, and George J, Helmerl
SUMNARY

Charts are presented for the calculation of the crit-
ical stress for local instability of columns with I-, Z—,
channel, and rectangular—-tube section, These charts are
intended to replace the less complete charts published in
NACA Tcchnical Note No, 743, The values usod in extend—
ing tho charte aro computed by moment—distribution methods
that give sorewhat more accurate valuee than the energy
method prrevionucly used and also make it possible to deter—
mine theooreticelly which eloment of the crosc secilion is
primarily responsidle for instadbllity,

{ An exverimentel curve is included for use in taking
into account the effect of stresses above the elastic
rango on the modulus of elasticity of 248-T aluminum alloy,

A determination of the dimensicns of a thin-motal
coltmn for maximum critical strecs with cortain given con—
ditions is preeented, )

INTRODUCTION

Oue of tho important raquirements in th: dosign of
thin—retal enlumns £y adrecraft is the determiration of
tho cwritical comnreesive stress at which local instability
occurs, Local instabiiity of a column is defined as any
typo of insgtability in which the cross sections aro dis-—
torted in their own planes but aro not translated or ro-
tated,




The critical stress for local instadility can
usually de givsn in terms of the geometry of the sec—
tion, the properties of the material, and a coefficient,
Referenoce 1 presented charte for the determination of
such coefficients for columns of I-, 2Z-, channel, and
rectangular-tude ssotions, These charte, howevsr, con—
tained relatively few curves and in some caees required
interpolation over a wide rangs,

In order to make the charts of reference 1 more
nearly complete and to reduce the necessary range of
interpolation, cach chart hzs been extended to include
eight intermsdiate curves, The values used in extend-
ing the oharts are computed by moment—-distridution
methods that give somovhat more accurate valuse than the
energy method previously used and also make it poeaidle
to determine theoretically whioh element of the crose
section 1s primarily responsidle for instadility,

The present report includes the extended charts,
aléng with tables of the values used in preparing the
charte, and is intendod to supersode reference 1, An

oxperimental anrvc 13 lncluded for use in taking into
account the effact of streeses adove the elastic range

on the modulus of elaesticity of 245-T aluminum alloy,

A determination of the dimensions of a thin—-metal column
for maximum oritical stress with certain given conditions
is presented,

SYMBOLS

cross—-sectional area

width of end or narrower wall of rectangular tubde or
of plate element of I-, Z~, or channel section

effective flexural etiffness of plate per unit length
z 3
b
12(1-u®)

modulus of elasticity

width of eide or wider wall of rectangular tubde




nondimensional coefficient dependent upen relative
dimensions of cross eeotion

eection coefficient

thickness

gtiffnese in moment—distridution analysie for far
edge freo (no support and no reetraintagainst
rotation)

stiffneee in moment—distridution analyeie for far
edge supported and sudbjected te sinueoidally
distridbuted moment equal and opposito to moment
applied at near edge

reetraint coefficlent, a measure ef relative resis—
taxoe to rotatlion of restraining elerment at odge
of plato

half wave longth of duckle

Pelnaonta ratio

critical compreseive stress

nendimensiocnal coefficlent that takes into account
reduction of modulus of olaeticity for streeses
abeve the elastic range, Within the elastic
rango, n = 1,

Sudbecripts:

F

w
b
h

flange
wed
end er narrewer wall ef rectangular tubde

sldo or wider wall of rectangular tubo

FORXKULAS FOR CRITICAL STRESS

For an I-, Z-, or channel eoction, elther of two

formules given in roference 1 may be used fer calculating
the critical comprossive strees, The twe formulas are




kg "Bt ¥
= -————T—s

kpn®Etp®

3 12(1 -~ p2)bp® (2)

The corresponding formula for a rectangular-tubo section
ie givon in reforonce 1 ae

& a
ch kn Eth

“a " TET SRR (3)

In ueing formulae (1), (2), and (3) when the stroseee
are above the elastlc range, ogp/n 4is first evaluated,

and 0O,, 15 detormined from thle value by means of the
curve of figure 6, The relationship bdetween o., and
°cr/ﬂ will ve rurther dlscussed in another section of
this report,

DISCUSSIOQN OF CHARTS

4All of the quantities on the right-hand side of
equation (1), (2), or (3) are known except the value of
the cosfficlent ky, kp, or k, Thie value may be read
from the appropriate chart (figs., 1 to 5) after the nec~
eeeary dimension ratioe are computed and applles whenever
tho length of the column is greater then several (3 or 4)
tipoe the width of the wideet plate eloment,,

In general, when a column of I-, Z-, channel, or
roctangular—tulte asciicn falie by locai instadility, one
of the two elements (wed sna flonge or end wall and elde
wall) of the crous acctisn usy %o eaid to be primarily
reeponolble ror %re iuctuiility; that 1s, ao the load
approachee 1ts crliiical value, thie one elewent 1e no




longer capable in itself of supporting tho loads imposed
on it without buckling and requires a certain amount of
restraint from the other element of the cross section in
order to delay buckling until that load for which the
cross soction as 2 whole becomes unstable is reached,

The charts show which element of ths cross ssction is be-
ing restrained against buckling by the othsr sloment, 4
dashed line ie drawn on each of the charts (figs, 1 to 5)
connacting the points for which the two slenents are
equally responsible for the instability of the soction,
This line divides the chart into two regions: In ons
region the wsb (or side wall) is primarily rssponsibdls
for instability and in the othsr rsgion the flange (or
snd wall) is prirarily rssponsidle for instability, A
column with a givsn cross ssction will fall into ons of
thsse two regions, depsnding on the valuss of the various
dimension ratios,

RELATIONSHIP BETWEEN ocp AND oop/n

Filgure € shows ths relationship betwssn o,, and
gerfn as dcterminod from tests of 245-T aluminum—alloy

columns of Z2—, H-, and channel soction, sithsr formed I{rom
flat shest or oxtruded, This figure was prepared by plot-
ting the experimentally dstsrmined values of o.p as

ordinates ageinst ths values of °cr/“ as wnbscissas, Ths
valuss of “cr/“ wero computsd according to equation (1)

and the chart of figure 1 or- 3, The rssults of the tosts
nre discussed in more detnil in roforencs 2,

Similar oxperimentel data for matorials other than
245-T aluminum alloy ars not now available, end further
study of this subject soems dosirable,

METEOD OF PREPARING CHARTS

Values of ky, kp, and %k wuscd in prsparing ths
charts (figs, 1 to 5) wers computod by an application of
the principlos of momont dAistribution to thu stability of
thin plates, This mothod is presented in detail and one
exempls of its application is givsn in rofsrence 3,




An alternate procedure, which makes uee of the
charts rresented in references by and 5, was used in com-
outing some of the values for the charts of figures 1 to
S5e An example of the avplication of this mothod follows:

It is desired to determine the value of the cceffi-
olent leg for a column of ‘the cross-seotional dimensions
shown ir figure 7. It is necessary to vredict which ele-
meat of the cross seotion will Ye rrimarily responsitle
for the instabilitv. The oalculations will theén show
vhether this nredintion is correct, For a section with
a relatively wide flanpe, such as that shown in figure 7,
the flanze will »robably be »rirarily resconcible for
failures On thie assurption, the detailed nrocedure for
determining ky or kp is as follows:

1. Compute the ratios tz/ty aud b.'v/bp.

2¢ Asgsume a value of wa. where A 1e the half
wave length of the tuokle.

3. Comnute A/bp from the equation %--‘ 5)-:; :—;‘l.

Lo Lssume geveral values of ky. I order to avoid
the neoessity for intervolation in the tables of reference
6, the valuos of k stould be assumed for the rart that
is rot rrimarily resvcousitle for inetubility because these
valree are the ones that must he used to enter the tatles.
Tnless previous exnerience has revealed the aprroximate
range of sush values to be assumed, this range may te
estimated bty the use of tre relation *etween the values
of k for the two rarte of the cross eection given in sten 5
and by the faot that tke value of K for the part which is
rrirarily reevonsible for instability will be scmewhere
tetweon that for simnle sunport and that for fixed ed:ces.

5« For each value of kp, ocomoute kF from the
equation




.

which wae obtained from equations (1) and (2) and the
assumption that stress is uniform across the section,

6. Ueing the assumed values of /by and ky,

evaluate the quantity sIvy/(S/b)w from the tables of
reference 6, where

« e 3 TR -

i nEtws
Dw = -——————_—T_
12(1 = p*)
a8 Vyby
7. Compute ¢ = — 3 {see reference 4), where
¥

nEt. >
Ty = =
12(1 - p°)

The formula is

sIv. (’D\ o £,8°2
¥ \b/¥ . _gix};j\

ty/

Iv
= 4 = £ W X
s 5 (Tg 'T(ﬁ oy
\Pw \b/F  \b/¥

8, With the valuce of € from step 7, determine
from the chart of figure 3, reference 4,

9., Plot ky from step 5 and Xy froz step 8 as
ordinate against either of the two values as abscissa,
The intersection of the two curvec gives the correct
value of kp for the particular value of A/bp,

10, Repeat steps 2 to 9, assuming different values
of X/bw.

11, Plot tho valuss of kp from step 9 egainst

x/br, The minimum of thie curve gives the required value
of kF'




If tho calculations indicate that slvw is nega-

tive, the prediction that the flange is the primery
causo of ingtability is wrong, In suck a case, the
: III

calculation nmuet be carried out with § g 1inetend of
Slvg in stop 6, 2nd with the clhart of figure 3, refer-
once 5, in step 8, In addition, nll the subscripts 7
will become W, and vice versa,

The rcsulte of the proceduro outlined horoin ne
applied to the problox of figure 7 are given in tabdle I,
Tho values of k in the leet column of tableo I wore
dotorminod accoriing to stop 2, If thoso valuos of Lk
aro plotted asgainst A/by, tho minimum valuo is found
to be about 0,73, The valuc of ky cnn be computed from
the formula given in etep 5.

Tables II to VI give the minimum values of ky, kp,

and k mueed in the preparation of figures 1 to 5, All

of the values of k and ky in those tahles except thoee
marked a were computed either by the method jJust out—
lined or by the roment—distribution method dieoussed in
reference 3, The values of ky were then computed by

the equation given in step 5, The values marked a are
those computed by the energy method and nsed 4n the prep—
aration of ths chzris of reteronce 1,

DIMENSIONS OF THIN-METAL COLUMNS FOR

MAXIMUM CRITICAL STRESS

Equation (1) gives the critical siress for an I-,
Z-, or channel column in terms of the width nnd the thick-
nees of the web, The effect of the presence of flanges iz
taken into account in the evaluation of the coerficient
ky, For 'the purpoese of studyins the dimensions that give
maximum critical stress, the form of equation (1) is pre-
served but the concept of certain terme ie gzeneralized,

The ratio b/t of a plate may be called the aspoct
ratio of the piate, A corresponding quantity that ex—
proeses the "section aspect ratio" for a thin-metal col—
umn ie the area of the section divided by tho square of
some thickncss, If, therefore, equation (1) is written




n*E ty?\2 (4)
= keec ~——-—_=_ —— 4
12(1 - p®) A

then tho value of the section coefficient k is a
measure of the effect of the shape of the section by/bw
on o,./n for a elven eection aspect ratio A/ty® ana

a given value of tw/tF, In order to show that ksec ie

dopendent on only bp/by and ty/ty, equation (1) 1s
set equal to equation (4), with the resgult t hat

JORIC:

From the geometry of the section (Z— or channel),
A = bwtw + sztr. If this value of A ig substituted
in equation (5) and the equation is golved for k

eecs
the rosult is:

bp/ by 2

7/ Oy

k =ky (1 + 2.2 ¥ (6)
see w( "117‘1')

The value of ky depends on cnly bp/by and ty/te,
and the valus of keoc therefore algo depernds on only
those two ratiog,

In figure 8 the velues of keec ne determined by

nel— and Z-secticn col-
gure 2 similar valuece are pletted for I-
eection columne,

A method exactly analogous to the foregoing method
can bo applied to rectanguier tubes, In thie case, equa~—
tion (4) 1s written

Ter neE th¥\?
= kscc T__—ﬁ_ ——— (7)
n 31 - uw*)\ 4




10

and the formula for kgee bocomee

t 8
b “d
k 2 4k (1 + = — 8
sec ( h T (8)

In figure 10 are plotted the values of kgee foOr rec—
tangular tudes, asé determined by equation (8),

Ade a practical probdlem in the determination of the
dimensione of a thin-metal column for the dovelopment of
maximum critical etrese, consider a flat strip of metal
of conetant thickness which ie to be formod into a Z- or
channel eection, In the formed eeotion, ty/ty = 1, Tho
eection aepect ratio A./twa is equal to tho width of this
etrip, or the developed length of the final cross eocction,
divided by the thicknose, When bent to form a channel- or
Z-section column, thie etrip of metal of constant thick—
negse develops the highest o,p/n for local instadbility if
the bende are so located that the ratio of flange width to
wedb width bp/by is equal to about 0,41, which is the
maximum of the curve for tw/tF =1 1ir figure 8,

Regardlese of the thickness used in the definition
of the section aepect ratio, the maximum 'value of opp/n
for a given value of the section aspect ratio will ocecur
at the eame values of bp/dy for a particular value of
ty/ty. The maximum for oach ty/tp ratio therefore re-
veale the shape - that is, the value of bp/dby — that the
I-, Z-, or channel section should have if maximum ogcr/n
is desired, The same reascning holds for the rectangular
tube, (See fig. 10,)

Equations (1) to (3) and figures 1 to 5 are probatly
moro useful to practicel designers than the moro general
equations (4) and (7) and figuros 8 to 10, The curves of
figures 1, 3, and 5 have therefore been rodrawn in figures
11 to 13 with daehed lines esdded to show the percentage of
the meximum value of ©Og,/n that can be developed for given

values of ty/tp and Afty® when dp/by 1is varied, The

position of theso lines is independent of the thickness
usod 1in the definition of the section eepect ratio, It is
of interest to observe, by comparison of figures 2, 4, end
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rectangular—tupe section

Or , __km¥ 5, ?
n 12(1 - p3)ps

where

k nondimeneiona] coefficient reaq from appropriate
chart

h and ty, width ang thicknoea, regpectively, of side or
wider wall of rectangular tube

2, TYor stresece above the elastic ranze, the critical
comproseive etress ig determineg from e curve that siveg
the relationship between %cr and o,./n for 245~T alu-
minum alloy,

3. The chartg of valueg of k are divided into two
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TABLE III
CALCULATED MINIMUM VALUES OF kp FOR I-33CTICNS

.
N O O

3

—

iy
—~3\D

&

QOO
1 OV D

3k

R EEEEEEEE Y]
AN COMN I I OND O~

DY
W=

.
rOO
N O
~0o0O

ONILENI S NS NSNS 1 1t 1t b 1 ot

fcomputed by enerpy solutisn (reference 1).
TABLE 1LV

CALCULATEDL I'TNIMUM VALUES OF ky FOR CHANNEL aND Z-3ECTIOLS

[IE=p %21V, 1,18, )]
o e o o |

NI N, (L N

1.32
6 h.05
268

Accmutert by chergy sulutica {refarcice 1),




TABLE V
CALCULATED MINIMUM VALUES OF kp FOR CHANNEL AND 2-SECTIONS

SComputed by energy aolutinn (rafersmce 1}.
TABLE VI

CALCULATED MINIMUM VALUES OF k FOR RECTANGULAR TUBES

b/t

iv-0ly
3.69| =---
; gzﬁ 3.61

R
Computed by energy solution (reference 1).
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Fiqure .~ Values of kgee tor centrally loaded columns of
I-section.
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Figure10. - Values of ksec for centrally loaded symmetrical
rectangular

tubes.
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