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FATIONAL ADVISORY COMMITTEE FOR AFRONAUTICS

TECTIICAL roTE No. 1382

PISTRIBUTION o) WATE DRAG AND LIFT IN mTIE VICINITY
OF WING TIPS AT SUPERSONIC SPFFDS
By John C. Evvard

SUMMARY

Tko :\oint-sou"ce-di'atribution netkod o calculating the
cerndynaz’c coelfic vuie of thin vinrgs ag supsrsoalc spoods wag
clude the effont on betwoen the vwing
rou the ving leading odgo,
-91 on tho eurfars velocity potential has
which 1e ovaluated
over a portion of the ving surface., Ir thie manner, the eitest
f anglee of attnck aid yav ag well as the asymietry of top and
bottom wing suri'aceg m3y ba caleulatad., g exarples of tho muthod,
(the rroasure distrid: ving of rectangular plap

Tom as well aas ] Tficienta as a funetion
of Mach number, angle of attuck, and aspect ratio ara calculated,
The equationg for the surrace volocity potential of acveral other
Plan forms are 4’85 1acluded.

TNTROIUCTION

Tho theosretieal ape experimental inveetigationsg of uaireraft
Prorloraance gt auperaon’c speeds have teen areatly stimalatod by
modern devel opments in high-speecd flight. 17he thocretical geyv.
dynanic porformance of thin wings novertholeas has nst bdecn com~
nlotely aolved, evon throagh the aprroximatinong of tho linearized
Prandtl-Glaucat cquation,

Fuckoﬁt-(mx‘er"nce 1), by means of g point gsurse distribu-
tion, hes formulated a Lethod to derive the Progaure diatribution,
tho wavo 11ft, and the wave drag for thip wings at angle of
attack, provided that tho lon Ang edge or the vwing tip, as tk
caso mny be, i3 ewopt whoud of tha Mack lige, The method genop-
ally fails when the ewe pbacx 18 greater than the tinchk 1ine
vocauae tho flow over ane eurface of thLo wing can iafluenco tho

1w on the othor eurface,

Foa VE § e i
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Jonos (referonce 2) lLes beor able to calculate the pressure
distrihutiony on & sorios of su ersenlc winge by menas o line
suuvcos, Th? rosults ars the sure 88 would be obtninad by
Pucieti's thsory, however, erd the method is sutject to thc semo
limitations,

A'tor transforming tho Trandtl-Glaucrt equetion to curvi-
linear comdinates, Stewart (re.erence 3) pickod the special
8olutins correspondiag to sorical flows. In this manaer, the
Prandti-Glauert equation wig 1educed tu the two-aimensional
Laplaco eqravton tnat pormits the uss of conforual mapning. As
a gpecial case, Gtewar: obtu’ned the 1ift distritution on & thin
delta wing at small anglos ¢l attack. Erown (roference 4) hes
Indopendontly soived tae sam: protiom by use of a doudlet 1line
source distribution on the wiag surfaco.

The presont paver cxtends the polat-sourco-distribdution
method (aoplied by Puckott to the wing surface) to fncludo the
elfect of the region butween the wing boundary and the forumoat
Much wavo f'rom the leauing edge. By use of a source distribation
oxtornal to the wing, tho Int.vraction of the two wing surlecos
may to 1golatod. In this manuer the prossure distriduclon in tho
vicinity of tho wing tip, as well ag the efftoct of prorile shapo,

angles of attuck ani yaw, ard eapuet ratio, may Pe colculated for
a sorica of finito wings. Th’s work was verfurmed during February
1947 at the NACA Clevolend laberatory.

ANALYSIS OF METI'CGD

Thin wings will be 80 uscd in tle aneiysis that the poriurba-
tion voloclty components may be assumod to bo small compared to
the fres-stream volocity. Tho linearized pertial daifferential
ecquation for the veloci:y potential of a compresaidle fluid may
then be applied. Tho preblem i1s to find a pertuarbation veolocity
potential that will: (a) satisly the linecrized partial differ-

ntial cveuation of the f'low, (b) venish in the repion ahced of
th remost Mach wavo, (¢! givo struumlines that aro tengint td
the airioil surfaces, and {@) take into mecount “lLe In‘craction
boatwacn the top and bottom wing suriaces as rerrescnied by the
perturbed £icld btotween tho wing boundary und che forcmust Mach
wavu,
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The Preadti-Glauert iincarized equaticn for the velocity
notential of a nunvioccras irrciational cumpreasidble fluld may be
vritten oo

(1--42)3-233-2:;’-4“’-“;“0 (1)
ax oy 9

froc-street Moch number (undisturbed flow parallel
to x-azia)

rortwbasion velocity potontial
or ﬂ
or nj Cartesian coordinatos
or !}

Foer corvonlenco the symbols are deline’. in appondix A. A basle
solution for tho potentiel of n unit woint source diswurbance at
(¢, ny L) 18

-1

= —— (2)

rp e r—— - o
"Wz - 8% -3 (v - )¢ -2 (2 -0)°

A2 _ 4

3 N =

Moro general solntions may b obtalned by Integraticn to give

~ e

(F 1 ?
pe - | R e
JJ) S -8 -8 - mE - (2 - 1B
whore q' 18 the source sirungth pur unit voluwmo. For the thin
wing, tLo socuvcos and tin wing may lie in tho x, y planc and thus
q'd} may be reglaced by g, tho anurce mtringih per unit arca,
Equatfon (3) then bucomes
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o == e A (4)

Jix <2 2% (y - ) - a2

Puckett (refvrenco 1) has sho'n that the boundary conditions for
thin vings may be satisfied as z — O by sutting q = w/r, whero
¥ g tns portuwrbation velo:ity component norral to tho x, y plano.
The quantity w 1e preposticnal to the local siope (tho englo sub-
teadcd by tho wing surface fror the x, y plase in 10 = constant
vianca’ of the wing in the free~streau dirccticr at tho point (E,7).
I A reoresents thia elops,

[ P AR (5)
n x

where U 18 the freo-stream velocity. Zquation (4) then becomos

O = -~ l_:. ri‘— \gi dL (6)

b

S NIV P T I Ay

Tro form and tho dexrivatisn of equation (6) indicetcs that
altcration o the local sluzo Ny at point (4, '11) will not

chango the perturbation velocity cumponent w at scmo other

voint (;, n'. The vulocity potensial at aay point (x, y) on
the surfase of' the wiang may then bo calculatcd by Intugrating
cquation (6) ovor the reglon in thu x, y pianu duund:d by the
f'oryerd Mach concs, (!‘-eo, r'sr oxample, fig 1{L).} rucrett
reatricted his integration to the winz svrlace, wiere A s
assumed ¥nown. Tho solutivns ~btalrsl in tL's rieaner are valid

if the wing 1s sawopt loss thu~ the Macl arpgle o 1f the vop &nd
betiom surtazes of the wing for zay awoepbuck angle are ymmctrical
about the x, y plone.

I¢ a propor distribution of acurce strength AU/n 18 choscn
for the regiona betweon the orumost Macu wave and the leedirg
cdzo, oquation (6) will givo thu velocity potontial at any vcint
(x, ¥, 0) repardlesa of osweortack angle and asymmotry of top and
tott-m wing surieces.

The strength of the gource dlatributica betwoen the Mach
cono and the loading edge {or wing =1ip) must correspond to the
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Ince. pestucbacion velo:ity componeat w  of the reslon. Thie
vslceity 18 4n twmn inTivenced by tho slop? of both the top and
tie botton surracec of the wing.

A thin izpermosble diaphragn 13 eseumad to coincide with
a atruam shoet in tho X, 7 plene betwuen the wing suriece nud
the forem~nt Mach vavo, Tho presence of the diaphragm will not
alter tho flow ovor ihe 'ring surlace. The diaphrags ray then
to reopurded a3 &n exicusicn of the wing to eliminata the
cxtornal tiold Setweon the wing boundery and tho forcemoat Mach
wave,

Becavse the dlaphregm coincidos with a stream eheet, it may
sustain no nrosgure diffcrence at any voint botwoun ito top and
tortom swrfacee., Furiheimore, thure cea bo no diecontinuity in
the volozity components acroes tho diaphragm. This situation
requires that tho eurrccc volocity potential at eny point on tho
top and bottem surfaces o. tio diaphrugm are eguai. Inasmuch
a3 tho oxtented wing allows ro interaction Letwcen its iwo eur-
fucoa, the volocity voteatial at any point (x, y) may be
calculated from eithor tLe top er ths bottom swrface of tho
original wiang and diapkragm.

Tho local elomee of ths wing un ite top aid bottom sur-

faces at the point (¢, 1) may to ropreecnted by Op and Op,

and A may ropreaent the corresponding slopo on tho top eur-
face of tho diaphragm. (For convenienco, tho sign of ¢ 18
oppesitely dufiied on tho two surfacee. For cxamplo, On and
Cy aro both positive on a wudge profile at an anglo of attack
of 0.) Tho aroas of tho wing and tho diaphragm eurf:ucos
inelunded in tho forwerd Mech cono fram & pofnt on cithor tho
wing or the diapkragm ure ropr donted as S, arnd £p, rospec-
tivoly. lumbor subscripte 1, 2, * * * rupreeent soctions of
cach of thoso areas. T'.en by cquation (F), the volocity
nctontial at (xD,yn) ("1g. 1(a}) 1is
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The ccatritution to the velocity potentia) on the top eurface of
the wing attrituted to the diwupuragm (fig. 1(b)) ie given by
equatione (8) and {9) es

Gppm - 2 " _.._d“ [v' .Z‘..’\Ez_)__v dv (12)
’ Mn ) ‘/( )
0 .,(u‘, =L Jv {u) v -V

whero u,. and v,, are the cocrdinates of point (x, y) on the
ving wd the 1imit u' e obtained by eolving the equation

Vy = Vo (u'}

The integration limite with respect to v and the integrand cf
equation (12) are the same ae the left eide of oguation (11),
except that v, remleocee pi tut the value ol D along the
v=constent 1line prareing through the noint (u,, vy) 18 Ve
The second member of equaticn (11) waey therorcre bo substituted
into equation (12) t» give

i rvz(u) ©g - Op)
P oo \.AT..T_

r
Mr Jo /(“w : ;) Jvl(u) S - v

A 2
J'vz 2v(x-§‘ -b(y-n)

..v_J‘r A (°:z or) at dy

The_contribution of the diaphragm to the potential on_the

wing surface m may thus b ) _revlace J by an equivalent integration

ver a nartion of tho wing ¢ u-t‘ccr\ The notential on the wlm
sarface 1o then
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Gpedpl &t

- ——

2-/& - g)a - 8%y - n)2

I (Op + O7) du dv
2.,,/[: - ';—l(v + u)]2 -8 [y o) %d(" - ‘1)]2

{14a)

Th ¢ gration (13) includes the apsumpticnn of the
lipcarizod na3 zprion that the lendling vdze lo not
blunt (corsogpondls 3 ) W a thin diaphrega). Aslde from
theae restristicnr, *he agwslion jncluades the erfoct of ausy=uetry
botwocn the tor and the bottom wiie surtaces. It may thercforc te
annlicd to detcrmine wava 1if+, drag, and pressure distribution in

weloos
.

'
h
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the vicinity of wing tips of fairly general chordwise slope dis-
tridbutions. Because the only restricticn cn the functions vy (u)

and v, (u) was that Sp be influenced only by the wing sec-

tion 8y, the aerodynamic properties of fairly general plan forme
may be evaluated, (In cases of so-called subsonic trailing edges,
the solution for the velocity potential thut is obtained vio-
lates the Kutta-JouXowsli condition in the vicinity of the trail-
ing edge. The solutions may not correspond to actual flows under
these corditions.) The effect of yawing the wing may also be
deturnined simply by simultancously adjusting the functions vy (u),

vy (u), 0p, and oq by an amount corresponding to the angle of

yaw, The effectivencss of wing tips and hence the effect of aspect
ratio may likowise be deteimined,

EXAMPLES OF MEIHOD

Thin flat plate wing with rect ler plan form and no swee
tack, - FYor tho Tlat piate wing (f1g. g), Op = - Op = angle of

attack o and equation (14) bocomes

op = 2 at g (15)
Sv,1V(x - 1)2 - 32 (y - )2

Thus, the external field 3p cancels the effect of tho rogion S.,,z
as far as the potontial at point (x, y) 1s concerned,

The preasure coefficlent C, in the region of the wing tin
ray be computed from ths oquat.if:vn

2
- -5 8 ()
The value of C, obtalned from oquations (15) and (1€) 1s dorived
in aunendix B fnr the top surface of tho wing to give

!

Co,r = - ;‘; + 22 g1n7" (E%l . 1) (17)
q
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(Equation (17) is equation (B1) in appendix p.) Thoe coordinate ¥
is, of courso, negative. Ths prosaure is thoxofore conatunt aleng
radinl lincs ¥rom the origin, has the free-strean value aloag the
.ip, ond has the hckeret vaius (refereace 5) along the Mach lineo
1ying on the wing from the tip and leading edge {ntersoctien.

the .flnfluonce of the external field 5y Las been neglocted, the
preagure cooff iclient would Le ona-half tho Ackevet value along the
wing tin fnetend of the correct value of 0. Tae resuit presonted
in equntien (17) was Tizst derivea by Busemann {referenco 6) and
has beon cited in roterenco 7.

The presaures on the top and bottom surfaces of the reglen
influenced by the wing v1p aroe integrated in appendix B to give
the 1ift and drag coofficionts. The 1ift and drag ceolf icionts
are cue-half the volues obtained by the Ackrerct thoory (rofer-
once 5). The wave 1ift and drag coeff icients fer the whole wing
are given in terms of the opect ratlo A {(if AT g) as

/ 1\
CL = l\l - ﬁ-j -

bad yd -
4a” 1)
o= (o) |

which i dorived as equation (p4) in appendix B. This effect of
agncct ratie en the thin flat plate wing has been previously
revorted in refcrence 8.

Z_[_)_!scont}nuous)y swort wing o small __g‘ni_t_o_tﬁc‘mo_r_.e oxcoPt
‘:"_‘.L‘.‘.'.L“__ ~The leailng cige Eay Yiec on lince Vv = - klu, and

v = kou, whiere k, ard k, are pesitive conotunta, (Sec fig- 3.)
For this case, equation (14c) bocomes

]
<

-

o1 M » kou )

i KR ['—aekz("“ ) du‘ (cp +07). &Y
) s
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Similarly, the potential on the bottcm of the wing 1a

Cis. 4 2 du ==

e R e LT

(op + op) dv

rhz‘l

~
]

%( x+37) on dv

J/l:x - :’1 (v-m)]2 -nz[y - bll (v-m)]2
(19a)

ok

Equationa (12) and (19a) anyly for wings at aagloe of attack
even though the top anc bottam surfaces are asymmectrical, For
aynmetrical profiles at an englo cf attack of O, they reduce to
the exproasions obtained by Puckett'e theory.

An interesting obeervation fe that only the second of the two
integxale in oquatinus (19) as® (19a) includoa the offect of angle
of attack; at an angle of attack a, op =o0g' + o, Cp=cp' -aq,
and COp + Op = Jy' +0p', whero Op' and op' are tne local
wing elopes oa tlio bottum and top surfaces 2t an angle of attack
o O. The firat integrala of equa%tione (12; and (19a) are lden-
tical. Therelsre, only the eacond intagral contribates to
3C
rL. Both ‘ntegonla muat be conididered whon preseure dietribution

ot drag coefflicients are desired,

A8 =n exampie of the use of equation (13), the velocity
potential for a wodew wing (£iz. 4) of constant wedge ergle 20
parallel to the free-etrean direction has been calculatcd in
anpendix C as equation (C2). This potential for the top surtace

Z the wing s
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L w] ez 0 -mley g [ﬁii@
T © @ Ja an”™ A T(x + By)

P -- e - E— e =

o nz-teend, Moz O + 1) 67 |

Jr2 ji;—zx- “ oY) + X 2 BY

[ oo e ey
) [erg e Jp 2 (kp + 1) £
7R '\‘\J
I\

i —

X2

BY o1, [ [ - 1) x - ez * 1) #y)
‘_(kl - kzs {x + [_!ys
o)
The volocity notential for tho bottom surrace may bo obtained by
renlacing a by . only tho gecond brace of equaticn (20) influ-
ences the 1ift of the wing., FPressuve coefficients may ve obtained
by substituting equation (20) into equation (18).

Wing influenced by two_inde;endent pertarbsd flow fielés
.(_fyg-.n‘_t_.;v'x.ﬁ_s._'_. acy. - 7n oxternal flow Tiold 16 conaidored
ty ve mda-u'r_f\fens IT 1t does 10t jnclude an exte: nal flow rield of
unknown strength in yts forward Mach cone. Seo fig. 5.) It

K (x, v, £ 0} 2

+1.0 yelnoity notential at ocint (x, y) wils bo

- .
Do T H\ gn¥al aq - lk A At dn
JJ5 J p,1

-
- AL FdE dn
J:‘Y’,Z
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By anlication o eqratinn (13)

o

Sl

"p =
| A K¢ dn = (iﬁ.;'r)_x at dn
Jonn &

+ [ 5 ~cn) K -:T) = at an
Sy 2

- ’

(og -op) K
AKaL A5 = 2ty

o KAk dn = okdt én +

)

~ vll

rs ~

+ { OqXai dy, + OpEdt &n  (24)
‘SV,!

JTv,4

Jubatitutlon of equations (2C), (23), and (24) into (21) ylelds
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(op +op) K
P = - 3 at an - opkal dn
JJSv1 Sv,2

(OB "’OT) K
—

atay - okt dn (21a) .
Sw,3 S‘,’4

Similar extensions may be made for other independently psrturbed
flow regions in the forwnrd Mach cone. (The boundary of ths
shaded reginon in figure 5 gives ths limit of validity of oqua-
tion (21a). The shaded region is influenced by external rislds
that are no longer indspendent.)

Becauso oquations (7) and (8) are linear with respect to the
local wing slove ¢, oquations (14), (19), and (21) may be
divided into two sets of intograls; the first set will dopend on
the anglo of attack a, but will be independent of the wing
slope ¢' at an angle of attack of 0; the other sot will be
indepondent of angle of attack but will depend on the slope o'.
For syzmetrical profiles about tho x, y plane (at an angle of
attack of 0), the second sot conasists of the velocity potential
for the given plan form at an angle of attack of O. Ths first
set rcurcswnts tho volocity potential of the thin flat plats wing,
For symmetrical profiles at angls of attack, the aerodynamic
cosf'icients for ths wing may therefore be obtained by super-
pasing the solution at an angls of attack of O (calculated by
the mcthods of Puckett (reference 1) or Jones (reference 2)) and
the oslutinn at angls of attack of a thin flat plate wing of ths
same plan form, From the form of equations (7) and (8), this
supernosition is apparently gensral. In this mannor, for exampls,
solutions for the symmetrical dolta wing and the related airfoils
of samewhat arbitrary chordwise thickness distribution may be
obtained from the rosults of Stswart (rofsrence 3) or Brown
(reforence 4).

DISCUSSIVN OF METHOD

The general squationa (7) and (8) will satisfy the boundary
conditions of thin wings at supersonic spseds. The lass gensral
eclution of equation (13) may be applied to calculate the
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contribution to the velocity potential on the wing of a single
reptirbad leld betwsen the wing boundary and the rcremost per-
turbed Mach cone; a3 1l'ustrated ty equation (21a), the metlod
may be extended to include the effects of a multiplicity of
indorcndently perturted extornal flow fields. The basic
squetlon (8) ficm which the succseding equations were derived
acludes the etfects of esymmetry about the x, y¥ plane between
the top and tottom surfaces, such as wonld occur at angles of

attack, The mothod may alas bte usead to ecalculate the effects
o) yawing the wing,

Flight Trorulsion Pogearch Taboratory,
Na“lonal Advisory Coma'‘ttece for Aeronautics,
Cleveland, Ohio, Mey 27, 1£47,
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APPENDIX A

SYMBOLS
The following symbols are used in this report:
sspect ratio
drag coeificient
1ift coefficient
pressure coefficient
conatants greater than zero
free-stream lach number
dinturdbance sourco atrength per unit area
disturbance source strength per uni.t volume
vlan form arca

froe-stream velocity

oblique coordinates whose axes lie parallel to
Mach lines

z comnonent of perturbation velocity
Cartosian coordinates
wing chord

angle of attack

cotengent of free-stream Mach angle, JF- -1

Cartesian coordinates




NACA TN No. 1382

A

o
@
Subscrints:
B
T
D

w

slope of stream sheet near {, n plane
measured in 1 = constant planes

slove of the ving surface with respect to the

¢, 1 plane meas'wed in 17 = constant

planea

slope of wing ourface at zero angle of attack

pertirbatlon velocity potential

bottom (wing or dlaphraim surface)

top {wing or diaphragm surfece)

diaphragm (with exception of Cp)

wing

refer either to numbored areas or curves

slope on toyp wing suri'ace

pntential on top surface of wing due to
diaphvagn .

wing area 3

curve v = v, (u)

slopo o diaphregm in pien area l

yressnre corefficient on top surface of wing
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APFPENDIX B

LIFT DISTRIBUTION NEAR TIP OF THIN WING
OF RECTANGUTAR FLAN FORM

The 1limita of integration of equation (15) are evident from
the fHllowing sketch.

The potential at point (x, y) is then
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The average 1lift coefficient for the wi
for the flat plate wing as
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Because cp is constant along radial 11
triangular infinitesimsl area is convent

NACA T4 Ho. 1382

ng tip may be ocomputel

nes from the origin, a
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the chord X, this area 1s
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APPFIDIX C

CAYCULATION OF VELOCITY PUTENTIAL OF A DISCONTINUOUSLY
SWEPT WEDGE WING

For the wing oo wedge angle 20 shown in figure 4, equa-
ticn (19) becomes

M M
- f;;_?g = ﬁ;‘(x‘ﬁ)') du [\ES(‘PBY) {c - a)av
i) = —
-Ebll:—z(xﬂ:'_v) J-klu ‘/[r-gx(ww.x)]2 -p‘{.y-é(v-u)]z
kzu

M :
EE'E(X-#?Y )

= (c1)

au 5 iy
0 -kyu ﬂx_-%(nu)]z -p® [y-l%l(v-u)]z

M
E_D'( x+py)

-klu

M
Hx-ay)
X+py + Y]
APSH. L du
XPy - &in

M
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n 1.~ Negions of integration for saleulating veloeit
sanual cl.l surface of variably swept wiang at supersonie
speeds.
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Pigure 2.= Integration regions for calculating velocity
potential on surface of thin flat plate wing at super~
sonic speeds,
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Pigure 3.~ Regions of integration ror. calculating velocit
potentisl on surface of finite thiciness, discontinuously
swept wing at supersonic speeds.
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Pigure 8.~ Regions of integration for caloulating velocity
potential on surfase of wing of finite thioknese influenosd
b‘yl’:u independent perturbed flow fielde external to wing
surface.
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