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KATIONAL ADVISORY COMMITTEE FOR AERONAUTICS

TECHWICAL NOTE No. 1373

CHARTS FOR THE DETERMINATION CF SUPERSONIC
AIR FLOA AGAINST INCLINED PLANES AND
AXTALLY SWMETRIC CONES

By W. E. Foeckel and J. F. Connors

SUMMARY

A set of cliarts is presented for the convenient determination of
Tlow conditions behind & shock wave and at the surface of inclined
rlanes and axially symmetric cones located in a uniform frictionloss
superscnic air stream. {Shock aiglo, static-pressure coefficient,
static-pressure mtio, total-pressure ratio, Mach number ratio, and
volocity ratio for two-dimensional and conical flow fields are
plotted fur a runge oi' free-stream Mach numbers from 1.05 to infinity .
The charts for two-dimensional flow were calculated from theoretical
relations for oblique shocks in frictionless air streams. The charts
for flow ageinst cones were obtained from solutions previously
reported. A chart of the Prandtl-Meyor relations for two-dimensional
isentropic flow arcund corners is also presented.

INTRCDUCTION

The deflecticn of a unifiorm supersonic air stream produced dy
any obstacle in the stream results in the formation of a shock wave,
As the eir flows through this shock wavo, it is compressed (raised
to a higher static prossure) and its velocity is reduced. Because the
entropy of the alr inzreases in passing through a shock, the total
Mensire of the air stream is alszo roduced. I the shock is not
uormal to the free-stream flow direction, the flow direction Is
changed in passing through the shock. The theory of compression
shocks indicates that, if friotion is neglected, the conditions
iiumediately behind the shock arv completely determined by the con-
ditions of the free stream and the angle betweon the shock wave and
freo-stream flow direciions. In order to prodict the conditions at
the surface of an obstacle in the stream or in the field votwesn the
shock and the surface, it is therefcre necessary to know the relation
between the geometry of tho obstaole and the angle of the resulting
shock. This relation has been detormined for only a few eimple, dbut
very important, geometric elements, among which are the inclined
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The f£ollowing gymbols exe W

cal sound velocity

a lo

Joal velocitys (32 omt

Ay crit
1 constant

graviuuona
volocity component psranol to

e
ghock

L

y to critical velocity, (‘10/%1')

static greesuve

velocity
gas constant
total gemporature

o temperatur®
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argle hetween shock and fiow direction aheed of shock

retlo of specific heats

angle betwoen fiow chend cf and behind shock

ccne half-angle

arglo betweea i:nclined plane and free-stroam direction
density /
argle through which flow is expunded (Prandt).-Moyor theory)

u.r...—luﬁ‘ﬂ' P

Su'bscr'ipts:

0 conditions in streom before shock

1 conditiona behind shock (or before Prandtl-Meyer expansion)
conditions after Frendtl-Meyer expansion
conditions on cone surface
conditions on surface of irclined plane

critical values

{
|
|

il

maximum values

DESCRIPTION OF TWO-DIMENSIONAI, AND COKICAL FLOW

A sketch of a wedge with one surface parallel to tho free-sircam
directicn and the other swface inclined et an angle 6, 1is presented
in figure 1. The flow of e frictionloss supersonic air streen
againat such & wedge may be described as follows: As the air stroam
ressos through the shock attached to the leading edgs of tho wedge,
it is deflected upward through an angle A, If 6y 1c 'e3s than a
certain maximm value. Ap,y dependent orn tho free-sireum Mach
mmber My, the shock is attached to the leading edge (fig. 1). The
flow direction is then constant in the entire field betweon shetk and
surface; the suxrface angle is equal to the angle of deflection
through the obliquo shock (A= 6,). The compression of the low,
which must result from cuch a deflection, takes place abruptly through
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’

the oblique shock wuve emurnating from the leading edge. If. the wedge
1s asoumed to extend au infinite distanco dowratiors, the otlique
shock i streight and of ccnstant intensity to infinity, which neans
that (a) the flow is deflocted o vqual awouat wherever it passes
thiough the shock and (b) conaitions behind (downsirean of) the sheck
ave everywhere egual. The intensity or the ehock rer a given value
of Mgy 3o a function of the shock angle @, which is in tuin
depondent only on A. For 6, = A = 0, there 1s no flow def'loction
or compression and the shock wave bocomes a Mech wa{o. The ehock
asgle © 1is then ogual to the Mach angle P = ein"*1AMg. As &

ie increased, the shock engle and, consequently, the shock intensity
increass. When 6y reaches a certain critical value Ay, which
dopends en Mg, the flow behind the chock becores sonic (4 = 1.0).
Tor values of 6, groater than M.y %the flow behind the shock 1s
everywhere subsenic (M; < 1.0).

Whon 6, roaches a certain maximum value Am., (8lightly
greater than )‘cr) the shocik wave becomes curved and starde upatroam

of the leading odge. The fliow dehind the shock is no longer uniform;
the deflection of the fI.w in passing through the sheck varies from
point te point, dependirg on tho angle of the sihock at that peint.
The engle of deflection of tiie flow A 1s no lenger to be iden-
%ified with the surtfacs inclinration 6, and the conditions on the

surface are no longer the samo as thooe immediately bohind the shoci.

Az 6; is further increaeed beyend Apny, @ and’ P1 continue
to increase, but A docroases. Whon 6, reachos 90°, the shock

vave is normal to tho frec-stream direction over the entire croa

ahoad of the surface and the flow deflection through the shock Is
20Y0.

If the shock is attachod to the leading edso of the surface,

tho flov past the lower swrface of the wedge shown i figure 4
remains unaffected because it 1s parallel to the free-ctream diroction.
When the shock becomes detached, however, the flow from the uppor
region, which is now .wbsonie and at a highor pressurc than the froe
atrecm, wili expand a.ound the leadirg edge inte the lowor rogien.

1s expansion will rosult in a oompressive deflecticn cf tho free
stream in that region .1d a consequent oxtensien ef the shock wave
inte tho lower reglen. When &, oXceeds My,y, & comploto bow wave
will therefore appocr, which is normal te the free stream just ahead
of the leading edgo. The lower half of the wave, however, will degen-
orate into a Mach wave at somc distance from the wedge becauso the
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flow behind the shock 1s oxpunding to frec-stroam conditlonz. On
the other hand, 1f tho woudge is of infinite cxteni as asamxsd, the
uppor half of the shock wave mairntains a finite intenaity.

A description of superscnic flow past a symmoiricel cone with
tho axis parailol to the Iree-stream direction (fig. 2) is analogouvs
in sovoral respacts with the descripticn of flow over inclined
surfaces given provisusly. Tho shock anglo cnd tho shock intensity
again very centinuovely with cons half-angle 6, up to a raxioum
valuc 6 max bovond which the shock becomos detached from the
cono tip und stands ahoad of the cone &s a bow wave. Tho mporta.nt
diffcroncs lies in the fact that, ovon with the shock atteched,
tho conditions in the field hetwoecn the shock and tho cono are not
constant. After tho compresaicn tirough the ehock wavo, thero is
a further compression of the flow betweon tho shock and tho cone
surface. Tho streamlinos behind the ehock are thecreforo curved and
tho cone half-angle 6, cemnot te 1ldentifiod with tho anglo of flow
dcfloction through tho shock A. Tho condition cf the flow irmmo-
diatoly behind the shock, howover, 1s determined from tho obliguo-
shock rolations previousiy described if tho shock anglc @ 1s known.
Tho relation betwoon this shock angle and the cone angle and tho
conditions on the cone surfaco must te dotermincd by integrating tho
difforontial oquation for axially symmotric conical flow, This
oquation has boen dorived, in different forms, by Teylcr and
Maccoll (references 2 and 3) and by Busemann (reforunco 6). The
authors of rorerorices 2 and 3 carried out tho integration of thoir
equation for Mach numbers up to 8 and for shock anglos up to thoso
obtained for 9, ,max* The intogration of Bueemunn's cquation wes

carriod out by Eintzche and Wondt (reforonco 4) for Mach mmbors to
infinity and for ell shock snglos. No attowpt has beon mado in this
paror to 1ocalculate tho results. Tho ovor-all agrocment botwoen
the two indepondent calculetions already made 1s decmed sufficient
to assure thoir accuracy. Tho data for the charts on conical flow
vore morely reoplotted and cross-plotted in this report for tho sake
of completoness and groater accessibility. Those charte apply only
to cones at an anglo of attack of 0. Theorotical discussions of
conical flow at angles of attack may be found in roforences 7 and S,

The precod’ny discuesion is oocucornsd only with deflections of
tho flow resulting in compression. Conditions resulting from an
expansion of tho flow around a portion of an obstacle inclined avay
from tho flow direction, such &s thke tralling portion of a wing, can
aleo be thcorotically dctormined. If tho flow is two dimcnsional,
tho Prandtl-Moyer theory for expension around corrors is used
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A chart 1a included in tlis paper giviny tho Irandtl
ileycr rolations up to a Mzch mmber of 4.

The uso ol tals clart is
oubsequsntly descrihed.

DECCRIPTICN OF CHARTS

Total-prasaure yatin azrosz shocks. - Becanse tho compression of
*he {'low through a shocx is uct izeutroplc, the total preasure of the
atroam bohiind the ahock ia lees than that of tho free strean. The
retio of the totel pressures behind and aliead of the shock Py /Py

dopords cnly on the shock engie @ and on tho Mach nurber before the
shock My.

(Sese appendix, equation (16).) This relation is plotted in
figure 3 for valves of My from 1.2 to 15.0.

Beceuso the edditional
compresaion between the shocik and tho conw suzface is asswumed to bo
isentropic, this chart may bo used to find tho total preessure in a
conicrl & well as a two-dimensional field.
curvee ot P = 90°

The intercopts of theae
corresyond to a normal shock, whereas tho other

limits of the curves at P,/Py = 1.0 ccrrospond to the Mach engles.

Chango in flow direction, static pressure, and Mach number

acroso oblique snocks, - The obliquo-shock Telations botween angle of £
flow def'lection A and shock angle @, static-pressure coefficient

(py/7g) - 1

————

'y statio-jn‘essum ratio Pl/PO: and Mach numbor ratio

My My ere plotted in figures 4, 5, 6, and 7, respectively, for
soveral free-stream Mach mumters My.

The flow against inclined
plane surfaces is directly detormined from these charts.

In these figures, two shock solutions are givon for oach
A~ Appyxe VWhen a plane surface is inclined at an angle &y < Ay,
tho solution indicated by the solid lines is by far the more likely
to occur in practice. There is experimental ovidonce, howevor, that
the dotted-line solutions occur under special conditions (reforenco 9).
Except for such speoial cases, the dotted upner portions of the curves
are useful in praoctice for determining only the flow conditions

imauodiately tehind varicus portions of a detached shock wavo if the
angle of the wavo is known at each point.

I7 a dotached shock is -
complete bow wavo, whose anglo ® with ‘tiue free-stream direction
varios from 90° down tc'the Mach angle, then oach point of the curves
for a given valus of iy

1
‘ 18 ropresented by a point on the buw weve {
oocurring at that valuo of My. The form of such a bow wave hLas not

yot beon theoretically determined but must be dotormincd by cxperiment.
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Tho thecretical determination is comnlicated because for such shocks,

e mixture of sutsonic and supersonic flow exisis in the field behind
the shock and because the field ie rot uniformly isentropic.

As an sxample of tho use of the charts in figures 3 to 7, con-
slder a oymmetrical wedgze or half-angle 4, = 10° at an angle of

atteck of 0° in an air stream of Mach number 1}y = 2.0. In figuve 4,
the shock angle 9P is 39.2°. The static-pressure coefficlent from
figure 5 18 0.128 and the static-pressure ratio p,/p, 18 1.7 (£ig.6).
The ratioc of the Mach mumber in the field behind the shock M; to the
free-stream Mach number My from figure 7 is C.82; therefore, M; 1is
1.64¢. From figure 3, the total-pressure ratio is found to be 0.993.

The values of A in figure 7 for which M; Yeaches 1.0 are
slightly leas than Np,y; that is, the flow behind the shock is
alieady slightly subacnic before shock detachment occurs.

Mo = 2.0, for example, MyMo = 0.5 vher. A= 22,79,
Mpax = 22.95°. p

For
whereas

Flow past axially gymmetric cones. - Graphical solutiuns of

the differential equation roxr the axially symmetric conical field
have been determined for all shock anglos and all free-stream Mach
mmbers in reference 4. The sliock angle and tke pressure coefficient
are plotted in reference 4 against cone half-angle for various values
of Mcp. Thess two charts are replotted in figures B8 and S for
various velues of Mg, which is a simple function of ‘Mgp. (See
apnendix, equation (7).) The integrations carried out in refer-
ences 2 and 3 wvere less comprehensive than those in roference 4

and covered only *he solid-line solutions {figs. & and 9) for Mach
numbore up o 6.0. Within this range, the two msthods wero ccmpared
at a nmber of points and were found to be in complete agrecment
witrin the error in reading the values from the respective charts.
Thie error in readability was .about £0.5° i'or the ancck angle and
about £0.01 for the pressure coofficient. Figures 8 and 9, although

. Plotted on a more rendable scale, are therefore limited to the

accuracy of the reference charts. The faliing of curves through the
points, however, should average out some of the reading errors.

An examination of figure 8 shows that the shock angle @
increases with half-angle of the cone 6, up to & maximum angle
6c,max, Which is consideradbly greater than Ap,y found for two-
dimensional flow (fig. 4). Again there are two solutions for the
shock argle at eachk 6, < ec,mu' In this case, however, nc exper-
imental cvidence 1s kmown for the occurrence of tke broren-lire
solutions. The flow conditicns immediately behind a corlcal shock
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are still determined from the two-dimensiomal chlique shook relations

»f figures 3 to 7 once the shock angle @ mmmrnu
prrticular cone angle.

The pressuve ocefficlent at the l\n-ra.oe of the cone

is plotted against cone half-angle 6, roranuluuof %
uwre 9. _qi

The ratic of static pressure on the cone surface D, io.'ﬂ.‘ 1
stroam static pressuwre p; 18 plotted for Mg = 1.05 .to 2,0 in
we 10(a), for Mg = 2.0 to 6.0 in figure 10(b), and for Mg = 8
to 15.0 in figure 10(c). The data werv calculated from figure 9. .
9, = 0, the static pressure at the cone surface p, 1s the ssme
the statio prossure behind the shock p;, both for the normal-
solution and for the Mach angle solution. (Compare figs. 9 axd .
with figs. 5 and ¢ ) .

The ratio of the Mach number at the cons suxface M,
mmm* is plotted against cone half-angle
' : to 2.0 and in figure 11(b) for
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deflsction. For such compressivs turning, conlitions after a deflsc-
tion of A degrees are found by reading the ordinates at ¥ =¥; - ),
vhere V) 1s the abscissa corresponding to the initial conditions.
The accuracy of the approximaticn may be checksd by obteining corre-
spon?Ing veluss from the shock charts (figs. 6 and.7). The use of the
cha~: 1s 1llustratsd in the following exampls: An airfoil with a -
symmetrical-diamond profile having edge angles of 20° is placed in &
uniform air stream of Mach mmber Mg = 2,0 at an angls of attack

. of 0. (See sketch, fig. 13.) The conditions in fisld (1) are dster-
’ mined from the shock charts. From figure 6(a), the static-pressure
ratio across the shock emanating from the leading edgs is found to be
1.70; the total-pressure ratio, from figures 4 and 3 is 0.985. The

of static pressure to total pressure behind the shook is there-

o

-

ratio
t fore

n /P = (1.70/0.983)(po/Po)

vhere po/Py 1is a simple function of Mach mmber and may be obtained

from figure 13, For Mg = 2.0, pg/Pg = 0.127; hence, p,/P; = 0.220.

For this ratio, it is found from the sams set of curves that My = 1.64.

These values are the initial conditions for the subsequent expanaion

] through 20° around the midpoint of the ile. The abacisea on fig-
ure 13 for these corditions (M; = 1.64) is V = 16.2°. The abscissa

ior the conditions after the expansion is V¥ = 16.2° + = 36.2°,

The conditions on the rear surfaces of the airfoil are now reed for

this abscissa: Mp = 2.33, ya/P; = 0.072.

The Mach angls B is useful if it is desived to plot the expan- |
sion region; the expansion takes place through a wedge-shaped regfon

~
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APPENDIX - EQUATICNS USED FOR COMPUTING CHARTS

A derivation of the equatione that hold acrcss an oblique shock
may be found in reference 1. .The relatione given in that reference

ables. The modifications made are. ae follove:

The relatione between the static-pressure ratio acroee a shock

p1/79, the angle of deflection through the shock A, and the shock
angle &,
notetions modified)

3 51
(7=1) +(y+1) ==|(r-1)
sin’ @ [ 5T %o (1)

| 7 o (:_2)7 -

P A _(7-1)+(7‘+1.)§§-
' ' bt 1 (7-+1)+(7-1)‘2 Po
PY o .

. Because the qumtity in the m of the dencminator of oquation (1)
=7 le equal to LrHo ’ % (1) may be algebraically converted

¢ % to

(2)

3

Po

M@= 121 -%) - (3)

2. 25l

An alternative form of equation (2), which gives A eas an explioit
function of @ or p;/py, may be derived. In the notation of fig-

ure 1, the conservation of mass flow, momentum, and energy equations
may be written

are modified somewhat and mitten in ‘terms of more convenient vari-

are as follows (reference 1, p. 238, equations 2.6 and 2.7,

>

- _....’sa.‘-"
:.__,1441_ .ﬂb
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Mass:
Polly = p1 Ny
Momentum:
To=L
Po + poly? 3 Pl + PN 2 = constant

8% g4t g2 g2 acy2

A . oo X

Fronm equation (s),

:-igf.kh?";Tk"’ )

From these equations, the. velocity. components in:the horizontal and
vertical directions are found to be (rig. 1):

" ¥l =L cos P+ Ny sin @

2 .32, 2 .2
= 9y cos? @ 4 (op kzogQ. :o; ®) sin 9

= (1 - %) q4 cos2op + 8%/

71-L1l1n¢-1'100l¢

= cot v{qo {1-0-x2) cos? 9 tcrz/q(} (o)
vhere N; was determined from the relation

NoMy = a2 - x212

derived from equations ¢ to 6,

The equation for ) 18 now founa vy 8ividing equation (9) vy
equation (8) ana rearranging terms and 8ymbols with the help of
equations (3) ana (7):




Tquations {3) and {10) were used to plot figures 4 to 6. For Mg =
equation (3) becomes

e = {1 - W8 sin® @ (11)

moz
10) beccmes
t;nk- l-kz)linz¢00tq" (12)
1 - (1-;5) linzCP

figure 7 vas obtained from the identity

~
and ;equation (

The ratio My/Mp Plotted in
M _a(rfl p (13)
My 9 \P1Po

etexmined from equation (8):

The zatio q1/ap may be 4

2
1 - X8 2 4 .
{ ) qq cos® @ + g~

q—l-mlkn‘-‘-l-=
)0 0

which may Ye written a8

e
.

-

e ST
hot2, AN X
W ".‘_;ﬁ:_ d EY

.I.» 3 Col -
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The quantity p;/pg 1s obtained from equation (2)

P
s +k2

f

fo ka?-#l

Figures 3 and 12, which apply for all flow across compression
shocks, may be determined from the above relations. For the ratio
of total pressure across the shock, the genoral compressible-flow
rolation may be ueed: 2.

7=l
r
i e M]_
P n 2

P o\ To T HE o)

Because Pl/Po and M1 are both functions only of A and
M, (figs. 5 to T) and, because A is a function only of M, and
o (£ig. 4), the ratio Py/P, may be plotted as a function of o
for various Iy, as shown in figure 3.

Equation (7) shows that the free-stream velocity depcnds only
on the critical velocity and the free-stream Mach number. Because
8 is constant across a shock, equation (7) holds for all velocities
beforo and after tho shock. The ratio of any velocity to the froe-
stream velocity may therefore be written in tho following form:

. Bop K22 + 1 - X2

Q)
22 2 2y 2
(qo. k°MN° +1 - k °ch0

-1 -1
2 _Moz+1 1+1._M0

Syl , (a7
M0) —— LTI (#) r7et W’

Equation (17) is plotted 1n figure 12 and may be used to dotermine

the velocity immediately after a shock q; if M) has been determined
or to detormine the velocity at the cone surface q, if Mg has been
found.
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The Mach number at the cone surface is determined from isentropic

comrression relations if the pressure and Mach rumber immediately after

the shock and the preasure at ths cone surface are known. The relation
is

1wt

- ()
.:'Pc) é t
\5y

and p, may be determined from figures 6, 7, and 10,

The ratio M,/My 1is plotted egainst 6, in figure 1l.
The angle cf deflection through the shock A, from which p; and My

are determined, is found from figure 4 when the shock angle P has
been dotermined from figure 8.

Mcz_;:.:__

vhere 1y, M,
respecuivoly.

The derivation of the Prandtl-Meyer relations for flow around
c:rners is given in reference 5. JIn the notation of this paper and
with the initiml condition that ¥ = O when M=1.0, these relations
(plotted in fig. 13) are given by the following equations:

Y= i—tan‘l (kq/g -1) + sin~1 l']i' - 90°

-%tan‘l (k cot B) + p - 90°

B- (o2t T

= [(1=1x2) cos k (Y =B + 900)375
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Pigure 1,- Supersonic flow over inclined plans surface of

infinite span and ehord.

Pigure 2.- Supersonic flow over axially symmetric cone,
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Figure 3.- Relation between total-pressure ratio acroses shock and shock angle for
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Y, 1.40.
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Angle of flow deflection, A, deg

deflection for various free-stream Mach numbers.

ee-siream

d Mach number

A b T Y A

©

4.
Pigure 6.~ Relation between static-pressure ratio across shock and angle of flow

(a) My, 1.05 to 2.0.
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Angle of flow deflection, A, deg

Relation between static-pressure ratio across shock and angle

Free-stre
Mach numbe
12
Figure 6.- Concluded.
of flow deflection for various free-stream Mach numbers.

(c) My, 6.0 to 15.0.
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various free-stream Mach numbers.
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Figure 10.- Relation between surface static-pressure ratio and cone half-angle for

(a) IO, 1.05 to 2.0.
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Figure 12.- Relation between velocity ratio and Mach number ratio for several free-
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