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NATIONAL APViSORY COK-HTTEE FOE AERONAUTICS 

TECHNICAL NOTE Ho.  1373 

CHARTS FOR iHE DETERMINATION CF SUPERSONIC 

AIS FLOW AGAINST INCLINED PLANES ANS 

AXTALLY SB-METRIC CONES 

By W. E. ftoeckel and J. F. Connors 

SUMMARY 

A set of charts la presented for the convenient determination of 
flev conditions behind a shock vave and at the surface of Inclined 
I lane3 and axlally syianstrlc cones located In a uniform frlctlonloss 
supersonic air stream. , Shock a/iglo, static-pressure coefficient, 
static-pressure ratio, total-pressure ratio, Mach number ratio, and 
velocity ratio for two-dimensional and conical flow fields are 
plotted fur a ruige of iVoe-stream Mach numbers from 1.05 to Infinity T 
The charts for two-dimensional flow were calculated from theoretical 
relations for oblique shocks in frictlonless air streams. The charts 
for flow against cones wore obtained from solutions previously 
reported. A chart of the Prandtl-Meyer relations for tvo-dlmensional 
isentroplc flow around corners is al.3o presented. 

INTRODUCTION 

The deflection of a uniform supersonic air stream produced by 
any obstacle in the stream results in the formation of a shock wave. 
As the air flows through this shock wave, it is compressed (raised 
to a hlghor static pressure) and its velocity is reduced. Because the 
entropy of the air increases in passing through a shock, the total 

•rc-.is  re of the air stream is also reduced. If the shock is not 
.jur.iii! to the free-stream flow direction, the fTow direction Is 
changed in passing through the shock. The theory of compression 
shocks indicates that, if friction is neglected, the conditions 
lsmediutely behind the shock are completely determined by the con- 
ditions of the free stream and the angle between the shook wave and 
freo-stream flow direotlons. In order to predict the conditions at 
the surface of an obstacle in the stream or in the field between the 
shock and the surface, it is therefore necessary to know tho relation 
botveen the geometry of the obstacle and the angle of tho rosulting 
shoo'.:. This rolatlon has been determined for only a few simple, but 
very important, geometric elements, among which are the inclined 
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~?        angle betvuen shuck and flow direction ahead of shook 

7   ratio of speslflc heats 

\   angle between flow ahead ef and be'ilnd shoclc 

0.,   ccne ha] f -angle 

orglo betveea l:\cllned plane and frce-btroam direction 

density / 

angle through which flow Is expanded iPrandtl-Moyor theory) 

Si-bscripts: 

0 conditions In atrt-m before shock 

1 conditions behind shock (or before Prandtl-Meyer expansion) 

2 conditions after Irandtl-Meyer expansion 

c   conditions on cone svrfaoe 

w   conditions on surface of Inclined plane 

cr   critical values 

max  maximum values 

\ 

• 

IJESCRIPTIOH CF TWO-HMENSiOHAI ANT) C01JICAL FLOW 

A sketch of a wedge wit:, one surface parallel to the free-stream 
direction and the other surface inclined at an angle By,   is presorted 
in figure 1. The flow of a frlotlonless supersonic air stream 
against such a wedge nay be described as follows: As the air atroam 
pesBos through the shock attachod to the leading edge o" the wedge, 
it is deflected upward through an angle X. If dv    1 _• V'3B than a 
certain maximum value. Xpt|T dependent or. the free-streum Macli 
number Mo, the shock la attached to the leading edge (fig. l). Tho 
flow direction Is then constant, in the entire field between Bhcek and 
surface; the surface angle Is equal to the anglo cf deflection 
through the oblique shock (X> 6^). The cocpreselon of the flow, 
which must result from euch a deflection, takes p?ace abruptly "through 
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UM oblique shock wuve emuiaiJnj from tho loading edge. If the wedge 
1B assumed to extend oi; Infinite distance dovr.3tro»>m, the oVlique 
ahosk is atreifjbt and of constant intor-slty to infinity, vhlch neans 
that (a) the flew Is deflected an «qual amount wherever It passes 
through the shod: and (b) conditions behind (downs-roan of) the sliock 
are ovosywhere equal. The Intensity of the shock for a given value 
of MQ la a fvinction of the chock angle <P, which Is in turn 
dopondent only on X. For %, - X - 0, there is no flow defloctlon 
or compression arid the ehock wave bocrrmoe a Much '*ayo. The ehock 
angle V is then oqual to tho i*tch anglo ß • Bin'HAlo. Ao *v 
is increaaod, tho shoe« angle and, consequently, tho shock Intensity 
increase. Whon ew roachoe a certain critical value Xcr, which 
depends on MQ, the flow bohlnd the shock beconos sonic (Mi • 1.0). 
For values of 0« groater than Xor the flow behind the chock is 
everywhere subsonic (M^ < 1.0). 

roaches a certain maximum valuo Xfflax (slightly 
X ) tho shouk wave becomes curvad or.d stains upatroam 

Whon Sv, 
greater th-;n 
of the leading edge. The flow behind the shock Is no longer uniform; 
the deflection of the f: JW in passing through tho shock varies from 
point to point, depondlng on the angle of the shock at that point. 
The angle of deflection of tho flow X     is no longer to be iden- 
tified with the sun'acu Inclination fl„ and tho conditions on the 
surface are no longer the same as thooo immediately bohlnd the oho i.. 

A3 fly is further Increased beyond X^x, <p and pi continue 
to Increase, but X decroaseB. Whon fly reaches 90°,  thi »hock 
«KM is normal to tho freo-stream direction ovor the ontire croa 
ahead of the surface and tho flow deflection through tho shock is 
zero. 

II' tho shock Is attached to tho leading od^o of "he surface, 
tho flow past tho lower aurfaco of the wodge shown i.i figure s. 
remains unaffected bocause it is parallel to the froe-etream diroction. 
'When the shock becomes detached, howovor, the Mow from the upper 
region, which Is now iiibsonlo and at a hlghor pressure than tho froo 
atream, will expand abound tho loading edge Into the lower region. 
Thio expansion will result In a oompresslve defloctlon of tho freo 
stream In thut region iid a consequent extension of the shock wave 
into tho lowor region. When fly oxcoeds Xmmr, a complete bow wavo 
will therefore appear, which Is normal to the free otream Just uhoad 
of tho loading edge. Tho lowor half of the wave, however, will degen- 
erate into a Mach wave at some distance from tho Wbdgc because tho 

• 
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flow behind the shock Is expanding to froo-strona conditions. On 
the ot:ier hauid, If tho v^dge la of Infinite cxtcn.. as ae.vueod, the 
uppor half of the shock wave na'i.t.tlr.o a finite intensity. 

A description of supersonic flow past a symmotrical cono with 
tho axis parallel to the free-stream direction (flg. Z)  Is analogous 
In several respacts vith the description of flow ovt-r inclined 
surfaces given prov^ounly. The shock angle end the shock Intensity 
again vrry continuously vith cone half-angle 90   up to a maximum 
value 6, c.rax boyond viilch the shock becomos detached from tho 
sono tip and stands ::hvad of the cone i.a a. bow wave. Tho Important 
differonea lies in the fact that, even with the shock attached, 
tho conditions In the field between the shock and the cono arc not 
constant. After tho compression through tho shock wave, there la 
a furthor üomprooalon of the flow between tho ahock and tho cono 
eurface. ifco etreamllnoa behind the shock are therefore curved and 
tho cono half-anglo 60   cannot be Identified with tho angle of flow 
deflection through the shock A. Ike condition of tho flow imme- 
diately behind the shock, however, la determined from tho oblinuo- 
shoclc relations previously described If tho shock angle <P Is fcnovn. 
The relation bctwoeu this shock angle nnd tha cono angle and the 
renditions on tho cone surface must be detormlncd by Integrating the 
dlfforontlal oquatlon for axlally eymmetric conical flow. Thia 
equation has been derived, In different forma, by Jeylor and 
Maccoll (referencea 2 and S) and by Buaemann (ref.>ronco 6;. Tho 
authors of roferoncee Z and 3 carried out the intention of tholr 
equation for Mach numbers up to 6 and for shock anglos up to those 
obtained for 0C a&x.    The lntogration of Busoounn's equation wtfl 
carried out by Emtzche and Wondt (rcforenco 4) for Mach numbers to 
infinity and for all shock anglos. Wo attempt h--*s boon made In this 
paper to »calculate tho results. Tho over-all agreement bot ween 
the two independent calculations already made Is deemed sufficient 
to assure their accuracy. Tho data for the charts on conical flow 
wore iwroly rcplotted and cross-plor.tod In this report for tho cake 
of completeness and creator accessibility. These charts apply only 
to conos at an angle of attack of 0. Theoretical discussions of 
conical flow at angles of attack may be found in reforencos / and S. 

The jmuai'og discussion is ooLcornsd only with deflections of 
tho flow resulting in compression. Conditions resulting frcan an 
expansion of tho flow around a portion of an obstacle Inclined away 
f:«m tho flow direction, such as the trailing portion of a wing, can 
also bo theoretically detormined. If tho flow la two dimensional, 

.'•he ITandtl-Meyer theory for oxpension around corners is used 

\ 
\ 
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(rci'oronce 5).    A cha't le Included in ttf.ts paper giving the Brandt1- 
jtoycr relations up to a Mesh numbei' of 4.    The nao of this chart la 
subsequently described. 

DHECaipnC« OF CHARTS 

Total-pressure ratio a^-osc' shocks. - Because the oottpreeöion of 
•"•he f£5* through a äEö35~l8 .ict l-v.trcpic, the total pressure of the 
atronm behind the aheci: In leea than that of the free oti-eam.    The 
rr.fclo of the toial pressures behind and ahead at the ahock   Vyfitn 
depoiids cnl.r on the ahock angle   f  and on the Mach number before the 
shock   Kj.    (s.*e appendix, tqi'ation (16).)   Tl>le relation le plotted in 
figure 3 i"or values of   MQ   from l.Z to 15.0.   Because the additional 
compression between the shoe:: nr.d the oono surface Is assumed to be 
iaentro: 'c, this chart may bo uso<? to find the total pressure lr. a 
conic' fan veil as a two-dliwrsional field.    The Intercepts of theee 
curves ct   <P • 90°   correspond to a normal shock, whereas the other 
Units ot' the cur-eg at   P^/P^ «1.0    correspond to the Mach angles. 

Change in flow direction, static pressure, and Mach number 
across oblique SHOCKS    ------ 
flow deflection 
(Pl/P0)  " 1 

The oblique-shock relatione bosveen angle of 
"and shook angle   <p,    static -pressure coefficient 

^ 
static-pressure ratio V./VQ,    and Mach number ratio 

MlAfo **• plotted la figures 4, 5, 6, and 7, respecti\ ely, for 
several free-stream Mach nun!era Mo. The flow against inclined 
plane surfaces is directly determined from these charts. 

In these figures, two shock solutions are given for each 
A < \nax- When a Plane surface Is Inclined at an angle >\, < *r:aX, 
the solution Indicated by the solid lines is by far the more likely 
to occur in practice. There is experimental evldonce, however, that 
the dotted-] ine solutions occur under special conditions (reference 9). 
Except for auch special cases, the dotted upper portions of the curves 
are useful In practice for determining only the flow conditions 
imaodiately behind various portions of a detached shock wave if the 
angle of the wave la known at each point. If a detached shock Is .*. 
complete bow wavo, whose angle <P with 'he free-stream direction 
varies from 90° down tc the Mach angle, then oach point of the jurves 
for a given value or Mj is represented by a point on the buv wave 
occurring at that value of MQ. The form of such a bov wave has not 
yot been theoretically determined but must be dotormlncd by experiment. 

•Bgi 
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The theoretical determination 1B complicated because for such shocks, 
a mixture of subsonic and s-.iperaonicflov exists In the field behind 
the shock and because the field is not uniformly lsentroplc. 

As an example of the use of the charts in figures I to 7, con- 
sider a oysmetrical ved-je of half-angle % • 1C-" at an angle of 
attack of 0° In an air street of Mn:h number 1-1Q  • 2.0. In figui'e 4, 
the shock angle V   is 39.2°. The static-pressure coefficient from 
figure 5 is 0.129 and the static-pressure ratio .-,,Av Is 1.7 (i"g.6). 
The ratio or the Macn number in the field behind the shock Mi to the 
free-stream Mach number Mg from figure 7 Is 0.32; therefore, M]^ la 
1.64, From figure 3, the total-pressure ratio is found to bo 0.393. 

The values of X   in figure 7 for which Mj reaches 1.0 ore 
slightly leas than "V,,^; that is, the .'low behind the shock ia 
aVraü.- slightly subsonic before shook detachment ocevrs  For 
MQ • 2.0, for exaaplo, Hi,%, • 0.1 when A - 22.7°, whereas 

\„ax - 22-95C- 

Flow past axlally aymaetrio cones. - Graphical solutions of 
the differential equation for the axially symmetric conical field 
have been determined for all shock angles and all free-stream Mach 
numbers in refinance 4. The shoe'.; angle and the pressure coefficient 
are plotted in reference 4 against cone half-angle for various values 
of Mor. Theso tvo charts are replottetf in figures Q and S for 
various values of MQ, which la a simple function of Mgr. (See 
appendix, equation (7j.) The lntegrationa carried out In refer- 
ences 2 and 3 were leas comprehensive than thjpo la reference 4 
and covered only the solid-line solutions (figs. S  and 9) for Mach 
numborc up to 8.0. Within this range, thd two methods were compared 
at a number of points and were found to be in complete agreement 
vitMn the error in reading the values from the respective charts. 
This error in readability was about ±0.5° for the sheck angle and 
about ±0.01 for the pressure ooefflcient. Figures 6 and 9, although 
plotted on a more readable scale, are therefore limited to the 
accuracy of the reference charts. The fairing of curves through the 
points, however, should average out some of the reading errors. 

An examination of figure 8 shows that the shock angle <P 
increases with half -angle of the cone 9..   up to a maximum angle 
ec mgx, which ia considerably greater Mian ^ found for two- 
dimensional flow (fig. 4). Again there are tvo solutions for the 
shock angle at each 0C < 80 .lu:c. In this case, hovevor, nc exper- 
imental evidence is known for the occurrence of the broKen-llne 
solutions. The flow conditions Immediately behind a conical shosk 

_  
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ire still determined from the two-dimensional oblique shook relations 
->f figures 3 to 7 once the shock angle «P has been determined for a 
•vrticular cone angle. 

(PO/PQ) - 1 
The pressure coefficient at the surface of the eons • ~ T« • 

Is plotted against cone half-angle 0C for all values of Mg In fig- 
ure 0. 

The ratio of static pressure on the oono surface pc to the free- 
atroom statlo pressure pv- Is plotted for MQ « 1.05 to 2.0 In fig- 
ure 10(a), for MQ - 2.0 to 6.0 In figure 10(h), and for MQ - 6.0 
to 15.0 in figure 10(o). The data veto calculated from figure 9. At 
9e • 0, the statlo pressure at the cone surface p0 is the same a« 
the static pressure "behind the shook p^, 
solution and for the Mach angle solution. 
with figs. 5 and 6 ) 

Both for the normal-abook 
(Compare figs. 9 and 10 

The ratio of the Mach number at the oone surface MQ to the free- 
stream Mach number Mo la plotted against oone half-angle la fig- 
ure U(a) for MQ - 1.05 to 2.0 and in figure 11(b) for MQ • 2.0 
to 15.0.. These curves «are calculated from the pressure ratios of 
figures 4J and 10, as explained In the appendix (equation (18)). The 
orltloal 90, for whioh the surfaoe Mach number M,. le 1.0, does 
not closely correspond with the -n1»*— angle for vhioh the shock 
rcnalna attached to the eons tip • «,T. Vor MQ • 2.0, for example, 
Mo -1.0 «hen •„ • 36.4°, vhereas' 9C mx - 41°. The difference 
between critical and —<H— oone angle is greater than the difference 
between orltloal and msTlmtsi plane-surface lnc1.lnat.ton (fig. 7) 
because there Is am additional «diabetic oompresslon between shock 
and oone surface. In fast, a small range of oone angles exists for 
each Mo for vhioh the flow behind the shook is partly supersonic 
and partly aubeomlo; the subsonlo flow Is nearest the oone surface. 

The range of oone angles for vhioh a mixed subsonlo-supersonio 
field exists is ietermlned by finding the limiting 90 for Ms - 1.0 
and for M, - l.O, Using the curves for MQ - 2.0, it Is found from 

the angle of defleotion through the 
«else of. X, » from figure 4 is 61.3°. 

From figure B, the oone "half-angle the» produces this shock angle is 
determined to be 30.9°. Tfcie> angle is then the limiting 80 for 
vhioh the entire field 

r  Mi • 
figure 7(a) that  | fc * 1*0 vhem 
ahook   X  le 22.7°.   fj» this v»X 

re B, the oone-half-aogl 
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deflection. For auch coopreaslTe turning, condition« after • deflec- 
tion of X degrees are found by reading the ordlnatea at i|r • fc - \ 
where ifi   la the abaolaaa corresponding to the Initial conditions. 
Die accuracy of the approxlnatlon may be checked by obtaining corre- 
or)OR<*:ng values from the shock Charta (figa. 6 and 7). Ilia uae of the 
cha- la illustrated In the following example: An airfoil with, a 
syBmetrlcal-dlanond profile having edge angles of 20° la placed In a 
uniform air stream of Mach number Mo • 2.0 at an angle nf attack 
of 0. (See sketch, fig. 13.) übe conditions In field (l) are deter- 
mined from the ahook charts. Fron figure 6(a), the etatic-pressure 
ratio acmes the shock emanating from the leading edga la found to be 
1..70; the total-pressure ratio, from figures 4 and 3 la 0.993. The 
ratio of static preaaure to total pressure behind the ahook la there- 
fore 

P!/*! - (l.70/0.993)(po/P0) 

vhere VO/PQ   iB a BlB1Pl8 function of Mach number and may be obtained 
irom figure 13. For Mg - 2.0, PQAO " 0-127» hence, Pi/Pi « 0.220. 
For this ratio, It la found from the same aet of curves that Mx • 1.64. 
Theae values are the Initial conditions for the subsequent expansion 
through 20° around the midpoint of the profile. The abscissa on fig- 
ure 13 for theae conditions (Mi - 1.64) la * «. 16.2°. The abaolaaa 
lor the conditions after the expansion is * - 16.2° • 20° - 36.2°. 
T.ie conditions on the rear surfaces of the airfoil are now read for 
this abaolaaa: Mg • 2.39, Vzfei • 0.072. 

Tlie Mach angle ß la useful If It la desired to plot the expan- 
sion region; the expansion takea place through a wedge-shaped region 

—«• . 
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APFBHDIX - EQÜATICHS "JSED FOR COKPUTK« CHARTS 

A derivation of the equations that hold acrcas an oblique shock 
may be found In reference 1. The relations given In that reference 
are modified somewhat and rewritten In terms of more convenient vari- 
ables. The modifications made are as follows: 

The relations between the static-pressure ratio across a shock 
?l/?0' the angle of deflection through the shock \,    and the shock 
angle ty,    are as follows (reference 1, p. 238, equations 2.6 and 2.7, 
notations modified) 

sln2<p 
[(> - 1) 

47 

El 
(r- l) 

(i) 

tan 
tan 

ftpLa j 
(96-* 

(r-D • (r + 1) »* p. 
(2) 

Because the quantity In the bracket of the denominator of equation (1) 

la equal to Z_£— j^2, equation (l) may be algebraically converted 

to 

Pi 

^--- (.in^-l/k^Hl-k2) 
mi 2 

(3) 

where 

An alternative form of equation (2), which gives X as an explicit 
function of V  or PJ/PQ, may *• derived. In the notation of fig- 
ure 1, the conservation of mass flow, momentum, and energy equations 
may be written 

\ 

ff^Brj*j 
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Mass: 

Momentum: 
Pofy • Pi»! 

Energy: 
PO • P0»02 - Pi. + plNl

2 * constant 

From equation (6), 

"O2        %Z       a,2        q.2      _    2 
»—r • Tr • i  j      . *1       acr 

^     k2 . L- k2 

«o 
•- k6 + 

V 

13 

(*) 

(5a) 

(5b) 

(6) 

(7) 

(3) 

SMWSSStftS^^ - «• —al a. 
ul - Li cos <P + »! Blll 9 

- 00 cos8 <p + -^aor - k2^2 cos2 <p) ,in <p 
Qo ein <p 

-(1-^)00 00.2,,^^/^ 

Tl - li sin <P - »i oos q> 

where,    \***{**-*-*«*«-jQ » 
where ^ «» determined from the relation 

VL - aw2 - A» 
derived from equations 4 to 8. 

•quatSn far^Srangij! K^J * ««lü equation (9) by 
equations (3) and (7):       ^     "* and a^bo1» *"* the help of 
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tan X • 
(10) 

,., and (10) vere — to plot ««urea 4 to 6. For * - -, 
Equations (3) and U"J «« 
equation (3) hecomee 

(U) ?i-l 
*0 . (1 - U2) «l»2 » 
7MQ

Z 

and equation (10) hecome. 

tan A • 
(12) 

*7 - (i - r) Bi^ <P 
^t^inad from the Identity 

^ ratio K^M, *»«- * "«~ ? ~ ^ 
i/o . _ _ . 

Mi  41 /P0 Pl\ 

MQ " Oo \pl °0/ 

>/2 

/„  »av be determined from equation (S): 
The ratio qi/Oo "» Be ao acr'< 

(13) 

I.   ,* 
>• Ü COB ä - rr 

oo *° 
which may he written M 

ilcoaX-ooa***^-*-2* 
40 tf 

\ «0 

1 - 
TMo2 

(14) 

*• 
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Tbo quantity   PI/PQ    1° obtained from equation (2) 

?1     S 

00 k2Il + l 

(IS) 

FiGuree 3 and 12, which apply for all flow across compression 
shocks, may bo determined from tbe above relations. For tho ratio 
of total pressure across the shock, the general compressible-flow 
relation may be ueed: 

7-1 

1 + 7-1 Ml 
Pi  Pi 

3?0  P0 I 1 • V !<02 
(16) 

Because P, /P- and M, are both functions only of \     and 

:i- (figs. 5 to 7) and, because X Is a function only of MQ and 

tp (fife- *)» *«e ratio Pi/PQ may be plotted as a function of cp 

for various MQ, as shown in figure 3. 

\ 

Equation (7) shows that the free-stream velocity depends only 
on the critical velocity and the free-stream Mach number. Because 
&OP Is constant across a shock, equation (7) holds for all velocities 
before and after the shock. The ratio of any velocity to the free- 
stream velocity may therefore be written in the following form: 

(L\ I ^ y*j 

U0' y*2^ +1 - *2y 
7-1 

M0" + 1 

crV   ) 

, iM \ .2  " 2 
(17) 

Mo 2 »H )        | 
Equation (IV) is plotted In figure 12 and may be used to determine 
the velocity immediately after a shock q^ if Mi has been determined 
or to determine the velocity at the cone surface qc if Mc has been 
found. 
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The Mach msjber at the cone surface la determined from laentropic 
'joH:-re.-"8i ,r. relations If the pressure and Mach number Immediately after 
the shccic and the pressure at -ha cone surface are tavvn. The relation 
Is 

• 

2   I 
«c2 - & 

7-1  2 1 + TTM1 
-1 (w)4 

kliere ;-, Mj,, and pc ma,v he determined from figures 6, 7, and 10, 
res.wc ivoiy. The ratio M-.^ij Is plotted against 0C In figure 11. 
"J '> angle of deflection through the shock \   from vhlch v±   and M^ 
are determined, is found from figure 4 when the shock angle <P  has 
been determined from figure 9. 

The derivation of the Frandtl-Meyer relations for flow around 
c.rners Is given In reference 5. In the notation of this paper and 
with the initial condition that ^ = 0 when M«=1.0, these relations 
(plottefl in fig. 13) are given by the following equations: 

* = £ tan"1 (lc/M2 - 1) + sin"1 i - 90° 

f 

i tan*1 (k cct ß) + % - 90° (19) 

b*¥*): 
7 

[(1 - k2) cos2 k (* - $  + 90°)] 
Ä 

(20) 
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rOk* 
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Vigor« 1.- Supersonic flow over Inclined plan« surface of 
Infinite span and chord. • 

Figure 2.- Supersonic flow over axlally symmetric cone, 
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