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ABSTRACT

This report presents an experimental and theoretical
analysis of the transmission of underwater sound in shallow
water, taking into account the influence of the bvottom, The
analysls is particularly concerned with frequencies rt which the
wavelengths are comparable to the nhysical dimensiones of the
accvstic system,

The examination of 96 range run records from two loca-
tions in the Potomne Biver area shows, within the frequency range
70400 ¢uns, different rates of attenuation of sound nressure level
with distance, denending unon the acoustic proverties of the bot.
tom,

The records indicnte a low rate of attenuntion over hard
bottom, in pronounced disagremment with the rete oredicted from
the transmission theory based upon normel acoustic impedance. It
is concluded that the lmmedance is insufficient to determine the
general nropagation constents required for solving transmission
problems. :

A new ansiyeis of underwater sound pronagetion ia given
in termes of the normal modes of vibration of the acocustic system
of the sea between surface and bottom. The bottom is charscter-
ized only by a density and & velocisy of sound. The exmerimentsl
results are internreted successfully and in detail in temms ot the
initial atimulation, the relative atienuation, and the nhsse veloo-
$tiea of the modes.

1% is shown tnat vhe observed ohenovmsna cannol e exolnin~
ed as the result of interference beiween direct and surfrce-refleet.
ed sound bLeams, excent under special limitiug conditions such as
sreat water depth or cuomplets absorntion of sound at the Dotionm.

Metheds rre deceribed fur specifying the character of the
vransmissios and computing the nronagation constan%s, when the
density 2nd the velocity of sound of the botiom material are xnown,

The use of acoustic messurements as transmiseion criteria
1s discussed, together with the estimation of escoustic constanis
from hydronhone soundings, bottom smmnles, and hyiropranhic data,

Computation of transmis<ion characteristics from the data
is faciliteted by the une of six charts which are renroduced in
* the renort.




Applications of the analvsle {o vroblems of epecific in~
terest to the Jevy nre discussed. The primary suolicetion s to
the interpretstion of measurements of underwater sound fields in
<he acoustlic system of the sea. Suach mea-uremente nust be nrde in-
the testing of c~coustic minssweening deviees, and in the study of
shiv noises. The analysis may be anplied to the nredietion o

minesweening rangss Srom hydrozraphic anl seouvstls data, and Lo

the gatinmation of suwbmsiine listenineg renpges.
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I. INTRODUCTION.

l. Understanding of the relationships between the hori-
rontal propagation of underwuter sound from a ship-mounted
source and the scoustic charscteristics of the underlying sea
bottom is vitel for the correct interpretation of the trans-
mission measurements which must be made in the testing of
acoustic minesweeping devices, the study of ship noisee, and
the estimation of submarine listening ranges.

2. For example, the effectivensess of acoustic mine-
sweeping operations may depend as much on the geometric cone-
figurations and on the acoustic bshavior of the bottom as on
the sound output of the gear itself. Although the character-
istics of the sweepinp gear may be determined by acoustic
measurements at short distance (e.g. 6 ft), the influence of
the boundaries (surface and bottom) on the sound pressures at
greater distances gives rise to extremely complicated phenome-
nae. These phenomena, particularly at frequencies where the
wavelengths sre comparable to the physical dimensions involved,
have not heretofore been adequately explained.

3. The underwater sound pressure distributions directly
beneath a ship-mounted source have been investigated by this
laboratory, and a formal report has been submitted (Bibliog. 4).
The results of experiment were shown to be in close agreement
with the free field acoustic impedance theory {Bibliog. 11).

4. A study has now been made of the related problem of
the propagation of underwater sound as a function of the hori-
sontal distance from the ship-mounted source. A preliminary
report has been submitted (Bibliog. 5), in which the methods
and results of the NRL analysis are briefly outlined. In the
formal report presented herewith, much of the experimental
evidence is reproduced and discussed, the conseguences of the
new theory are deduced and fully explored, and the analysis is
applied to the interpretation of the observed phsnomens.

5 The report is divided into a number of sections,
many of which are provided with separate summeries for con-
veniencs in following the argument. The reader who does not
have time for detailed study of the report is advised tec read
all of Sections I, II, and II1I, the summaries only of Sections
IV and V, all of Section VI, the summary of Section VII, and
all of Sections VIII, IX, X, and XI. By following this prooce-
dure the gist of the new anslysis may be obtained.

CONFIDENT IAL 2=




6. Appllcstions of ths results to problems of NHaval
interest are discussed in Section X. The mathematical
derivations relevant to various aspects of the subject will
be found in the five appendices.

7. It is planned to continue the study of low fre-
quency sound propagation by making additional range tests
and hydrophone soundings in the Chesapeake Bay area and
along the nearby sea coasts.

CONFIDENTIAL =3




I1. EXPERIMENTAL PROCEDURE: CONDITIONS OF TESTS.
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I1. EXPERIMENIAL PROCEDURE;
CONDITIOHE OF TESTS.
5 PFor the investigation of underwater sound propegation
described in this report the experimental procedure consisted
of setting up a sound field of high intonsity, and recording the
presgw - level registered by & hydrophons placed at different
depths and distances from the source.

9. During the tests the sound source wars mounted at an
effective depth of 10-12 ft beneath the USS AQUAMARINE (Pie 7),
a converted yacht assigned to the Sound Division of the Naval
Rasearch Laboratory, or from the bow of the USS ACCENTOR {AMo 36),
a coastal minesweeper. The XUR-2 mechanically drivem sound
generator, mounted in the 36 well of the AQUAMARINE or swung
from the bow of the AGCENTCR by a 24 ft boom, was employed as
sound source in most of the tests. For a few tests, the NRL
Model X-3 magnetic typs underwater loud-speaksr, mounted in the
AQUANMARINE, was employed. These devices have been previously
described (Bibliog. 1, 2, and 3).

10. Both the loud-speaker and the mechanical generator
were in effact point sources of sound, since their dimensions
were small in comparison with the wavelength. The output from
both may be characterized es polyphonie, a word here used to
designate & fundamsental {requency accompanied by hnarmonincs the
intensity of which decroases with the order.

11. The experimental records obtained were of two types,
range run recordings and hydrophone soundings. The range run
recordings show the sound pressure level received by a hydro-
phone planted 14 % above the bottom, as the test vessel tra-
versed a straight course several thousand feet long and passed
directly over the hydrophone. During each run the source was
operated at & constant lewvel and frequency. The hydrophone
soundings are reccrds of the wvertical distribution of sound
pressure level. These were made by ralsing the hydrophone
from the sea bottom to the surface, at constant rate, with the
output of the sound source maintained constant and the test
vesgsl at anchor, Typical hydrophone soundings made directly
beneath the source have been reproduced and discussed in de-
tail in & recent report (Bibliog. 4). The hydrophone soundings
described in Section IX of the present report were made at con-
siderable distance from ths source.

CONFIDELTIAL ~5«




12, The meagurement equipment, includinpg NRL tourmaline
hydrophones, ERPI Sound Frequency Analyzer (RA 277 F), and
ERPI Graphic Level Recordsr (RA 246, was the same as that
described in previous reports (Bibliog. 2, 4, and 5)., The
calibrations of tie hydrophones were checked by comparison
with the Dell Laboratories Type 34 stundard crystal hydrophone,
which had been compared with the BIT standards. Extraneous
noise was eliminated by tuning the ERPI analyzer to the fre-
quency of the source, with the filter set tc pass a frequency
band only 5 cycles wide. The combination of a constant sound
source of high intensity and a calibrated sharply-tuned re-
ceiving channel was found to be highly satisfactory for the
quantlitative study of transmission phenomena.

13, The receiving and recording apparutus wes arranged
to be battery powered, eand was deployed in a 12 ft surfl boat
for many of the range runs gud for hydrephone soundings made
at a distance from the tost vessel. For the latter, ths hydro-
phone was lowersd and reised by hand from a bathythermograph
cable reel. For scms of the range runs the receiving appara-
tus was located in the NRL range house on the main eust pier
of the Potomac River Bridge, and a cable run to the hydro-
phone planted near the bottom in a position 200 ft west of
the pier.

14, Tha tests described in this report were made in two
locations, 1) at the Potomac River Bridpe near Vorgantown,
Maryland, and 2) near the Potomac River Liouth, centered about
8 position 30CQ yards south of St. George Island, Porticns
of the hydrographic charts for the arcas in which the tests
were made are reproduced in Plate 1. The range courses, the
hydrophons locations, and the bottom contours ure shown. The
first course was along the channel between the deep water piers
of the Potomac Hiver Bridge, with the hydrophore planted 200
f't west of the pler on the Laryland side of the main span.

15, The Bridge was a particularly coanvenient location
because the geometry of the course could be determined accurate-
ly by tuking bearings and stadimeter sights on the piers and
girders. It was {omd by experience thal a reliable distance
scale for the range run recordes was obtained by marking the re-
cord as the bow and as the stern of the test vesgsel passed the
recording station on the pier. The speeds of the vessel and
of the recording paper were substentially constant durin? euch
run, On the River Mouth range course the pussarse o' the ship




gave the only data for establishing the distance scales. The
accuracy of the latter is believed to be of the order of 10,

16. At the center of the River Bridge course the water
depth was 57 f4, and at the center of the River Nouth course,
56 ft. At the Bridge, the bottom sloped up stream about I ft
per mile; at the River Mouth, the bottom sloped down stream
about 10 't per mile. The area of substantially flat bottom
was larger at the River Mouth than at the Bridge. Since in
both locatlions the bottom irregulsrities along the course were
small in comparison with the depth or with the wavelength of

_the propa_gated sound, the transmission measurements are con-
gidered © be characteristic of those which might be obtainable
over an jdeally flat botiom,

17. The locations chosen for this investigation represent
different acoustic conditions. It was shown by the measure~
ments of bottom impedance deseribed in the previous report
{Bibliog. 4) that the soft wud bottom at the River Briige ia
acoustically "soft" in summwer and highly absorbing in winter,
and that the hard sandy mud bostom at the River Mouth locatlon
is acoustiwally "hard” both in summer and in winter. - At the
Bridge, the losas per normal bottom reflection is 6-9 db in sum-
mer, and 16 db in wiater; at the River Mouth, relatively inde-
pendent of season, it is 8-14 db. At the Bridge the normal
bottom inpedance at low frequencies is smaller than the im-
pedance of water. Thies impedance increases with frequency, and
a phase transition takes place above 500 ops in sumner and at
sbout 160 cps in winter. At the River Mouth location the mee-
sured normal impedance is real, and equal to two or three fimcs
the water impedance. The terms "soft™, "hard", "transitionai,
and "impedance" are defined in Bibliog 4, g.v.

18, The eoxperimental material on which the conclusions of
this report are based consists of 56 rauge run recordings listed
in Table I, and about 80 hydrcphone soundings wade along the
range courses at the diver Mouth and ot the Potomac River Bridge.
About 50 additional range run recordirgs and several sets of
hydrophione soundings have recantiy besn wmade in the Thesapaake
3ay and Rappshannock River areas. 4 full discussion of the re.
cunt records will be reserved “or a subsequent report.
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Number of
decordinrs

Tafll T,

- A ik € ap e £ mRL

Lecation

10
10
13
*51
2
10

P,R. Bridge
P.R, Bridge
River Nouth
P.R. Bridge
River Mouth
P.R. Bridge

RAnNGE RUN RECORDINGS,

e Y A P BN b btk A ST

Date

Aug 6, 1842
Sept 30, 1942
Oct 1, 1942

Oct i2-15, 1942
April 7, 1943
aoril 8, 1943

*USS ACCENTOR acting ans test vessel.

Sound
Source

X~3 Sneaker
XUR-2
XUR~-2
XUR~-2
XUR~-2
XUR-2

Frequency

Range‘

200~400
70-186
70200
70200
70-100
70--200

19, Hottom impedance data from soundings directly beneath
the source were obteined at the Hiver Mouth in February 1943,

and at the Bridge in August 1942, snd February 1943,

On april 7,

cps
eps
cpA
cps
cps
ops

1943, nydrophore soundings for frequenrcies in the range 70-=-300 cps
were made at the River Mouth at horizontal distances from the

source of 100 ft, 450 f't, 1000 ££, and <000 ft.

hydrophone soundings were made at tho Bridge at horizontal dis-
tances from the source of 200 ft, 500 £, and 1000 £t, for fre-~

the range TN=I00 cpe,

gucudies in

20, Eleven range run recordings sslected from the groups
me.de in Auzust and September at the Potommc River Bridge are

reproduced in Plates 2, &, and 4.
River Fouth in October are reproduced in Plates 5, 6,
Typical hydrophone soundincs at considerable distance

source made in April 1943 ere reproduced in Plate 11,

21.

otherwiss.

COLF IDEINTIsL

Nine recordings made at the
and 7.

fram the

The db reference level for these and for all reproduced
records is C.0002 dynes/sg. cm., unless specifically stated to be

On april 8, 1943,



I1I. DISCUSSION OF EXFERIMENTAL RESULTS.

CONFIDENTIAL -8




SUNNARY
Experimental Results

22, The study of the range run records shows that the
observed attenvation over soft bottom at the Potomac River
Bridge is in substantisl agreement with that computed from
meagured valuss of bottom impedance. The observed atten-
uation over hard bottom at the River Mouth is sxtraordinarily
low compared with values computed from the theory involving
impedance.

23, This discrepency vetwesn observed and computed results
is tracsd to the inherent limitations of the normal acoustic im«
pedance. A new anelysis of underwster sound propagation is pro-
posed in which it is asgsumed that the bottom is a homogeneous
medium completely characterized for acoustic bshavior by a density
and a velooity of sound. although details of the new analysis are
not presented in this section {See Section IV), it is shown from
elemsntary considersticans that total internal reflection of sound
waves at a hard bottom should be expected under certain condi-
tions, and that the occurrence of this type of reflection would
explain the low rates of attenuation observed at the River MNouth.

24, Additional experimental results, such as the "inter-
action loops™ which are promirent on the records, the "initial
drop" of sound pressure level in the first 250 £t of source-re-
ceiver separation, and the oonsistency and reproducibility of
the data, are briefly discussed.

CONFIDENTIAL 210«




I1I. DISCUSSTON CF EXPERIRENTAL KESULTS:

A, Characteristics and Conristency of Range Run Data.

28, The salient features which emerge from a study of
the range run records for the two locations are: (a) that all
records except those at the lowest frequencies (70 and 80 ops)
exhibit & succession of strongly marksd loops, with mazima and
minima of sound pressure alternating as the distance from the
source increases; (b) that all records exhibit an "initial
drop", or rapid decrcase in eound level in the first 250 ft of
source~reoceiver separation, followed at greater distances by a
more pradual rate of decreuse; (c¢) that the records made at the
River Mouth, showing propagation over hard bottom, exhibit a
much lower rate of attenuation of scund pressure level with dis-
tance than those made at the Bridgs.

26, Interaction Loops. The altermat:ng loops which charac-
terize most of the records are graphically illustrated in Platea
2, 5, 4, 5, 6, 7, and 8. The phenomenon wae First reported by
this Laboratory about a year agc (Bibliopg. Z). Although indi-
cations of the effact have been observed {e.g. Bibliog. 13), the
cause does not appear to heve been generzllyr ecognized. A de-
tailed discussion of the "interaction loops", as they may be
termed, is given in a later section of this report, where they
ere explainad as due to the interaction of the normal modes of
vibration which oharacterize the sound waves confined between
the swface and the sea bottom.

£7. Initisl Drope Jhe relative scund pressure lsvels ob-
tainsd from range runs at various frequenciss over various types
of botiom are superpoised, and plotted in Plates 9 and 10 asz &
functicn of ths distance between sourcs mnd rsceiver. In Plate
10 ths rlotted levels represent the envelopes of the respeetive
range records expresssd in db referred to the peak level directly
over the hydrophcne. 1In Plate 9 the envelope curves are xpressed
in db referred to the sound cutput level at a distance of 6 ft
from the source mounted ou the ship. A comparison of the euvelops
curves, ns wsll as of the crigical recorde, shows that the "ini-
tial drop”, or the decrease in sound level in the first 250 't
of source-recasiver separation, is relatively independent of the
freguensy or ol ths charaster o0 the bottom. Ths amount of the
"initial drop", from the average of 60 determinations is 17 % 2
db. Thae weisr depth wag 50 It in all cases.
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28, Atenuation at Considerable Distance. In order to
show the influence of different bottom conditions on the propa-
gation for a constant frequency, the envelopes of three charac-
teristic range records are shown in Plate § for 100 ops and for
70 cps, respectively. These ourves show prc.ounced differences
in the attenuation at considerable distances from the source,
corresponding to differences in the acoustic properties of the
bottom. Curves (&) representing transmission at the River Mouth,
over hard bottom, indicate much smaller rates of attenuation
than the curves representing transmission at the Potomac River
Bridge, over soft mud. For example the average slope of curve
(a) in Plate 9 for transmission over hard bottom at 100 cps, is
less than 4 db per 1000 ft at oonsiderable distances (1000 -
2000 ft), and the rate of attenuation decreases with increasing
distance. It may be seen from Plate 10 (b) that the curve for
100 cps is reopresentative of those obtained over hard bottom,
gsince the curves for other frequencies also correspond to low
rates of attenuation. The original recysds of the two excep-
tionally long rune over hard bottom, 'for 70 cps and 100 eps,
respectively, are reproduced in Plate 7 together with the fatho-
meter record of the depth. Curves (a) in Plate 9 are the '
envelopes of these records.

29, The rates of attenuation indicated by the records
made over soft bottom at the Potomac Kiver Bridge are larger
by an order of megnitude than those observed at the River
Mouth. Curves (b) in Plate 9, for the Bridge in September,
have average slopes of about 18 db/1000 £t after the "initial
drop"; curves (c) for the sdfe location in April have average
slopes of about 40 db/1000 ft. It may be seen from Plate 10
(a) and (d) that thesc average slopes are representative for
all frequencies in the range 70-200 cps. The bottom impedance
data indicate "soft" bottom reflections at all seasons in the
River Bridge location at these freguencies, although the ab-
sorption per bottom reflection is about twice as large in April
as in September. The difference in average slope between the
two sets of curves for soft bottom, (b) and (c) of Plate 9, is
explicable in terms of the higher absorption at the River Bridge
in April compared with that in Septemdber. On the other hand,
the extracrdinarily low values of attenuation shown by the
curves for transmission over hard bottom at the River Mouth
(esge curves (a) Plate 9) suggest that the factors which govern
transmission over hard bottom mey differ in some essential way
from those which control transmission over soft bottom.
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30. Consistency of Range Run Data. The consistency of
the data, and consequently the significance which may be at-
tached to the trends indicated by the records, may be gauged
by the superposed envelops curves shown in Plate 10, (a), (b),
(6), and (d). Records at varicus frequencies are shown grouped
as follows: (a) records from the Potomac River Bridge in Sep-
tember, in the frequency range 70-186 ops; (b) records from
the River Mouth in October, in the frequensy range 70~200 c¢ps;
(c) records from the Potomas River Bridge in April, in the range
70-100 cps; and (d) records from the Bridge in August, in the
frequency range 200-400 ops. The study of Plate 10 shows that
each group of records is self-consistent, and that in general
there appears to be a amall systematic reduction in attenuation
as frequency increagses. The trend with frequency is best illus-
trated by record groups (a) and {4} in Plate 10, made at the
Bridge in summer.

31+ The envelopes of the range run records at verious fre-
queneies {Plate 10), for a given location and acoustic condition
of the bottom, show the same general course except for the slight
downward trend of attenuation with frequency noted above. A few
curves, such as that for 200 ops in Plate 10 (b), show unaccout-
ably broad central peaks. This is probably explained by the
failure of the test vessel to pass directly over the hydrophone
during the run.

32+ When the frequencies as well ag the bottom conditions
were maintained constant, repsated range run records closely-
duplicated each other in all sxcept the most insignificant de-
tails. Records made at the Bridge with the X-3 loud-spesker,
reproduced in a previous report %Bibliog. 2), showed close dupli-
cation of interaction spacings, levels at various distunces, and
other details when runs were made at the same frequency with the
test vessel running alternately north and south along thc course.
Many duplicete runs were made in the large group obtained with
the source mounted on the USS ACCEKTOR, partioularly at 70 cps
and a% 90 cps. Those for the same frequency were almost ldenti-
cal except for the region close to the central peak. The minor
differences which did cccur may be attributed to the occasional
departure of ACCENTOR from the course, especially when pagsing
over the hydrophone. The AQUAMARINE, having had more experience
in this type of maneuver, was relatively more successful in re~
peating runs. The effects of surfase roughness, interference
from the shipt'e hull, wakes, direction of tidal flow, and other
possible cause of variation in range run records, sppeared to
be relatively unimportant.
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3. Correlation of Transmission Attenuation With Bottom Impedance.

33. A method of computing the horizontal attenuation for
trunsmission of sound over a bottom characterized by a given
normal acoustic impedance is outlined im Biblieg . . If the
attenuation to be expected at the River Mouth and at the Bridge
in summer and in winter be computed by this method from the
bottom impedance measurements for these locations (Bibliog 4).
the following results are cbtained:

TABLE I1I.

Attenuation Between 500 feet and 1500 feet from
Sound Source, Computed From Theory Based on Nor-
mal Impedance, With Addition of Cylindrical
Spreading. 100 cps.

Comguted Obgerved

Potomac River Bridge
Sof't Bottom .14 4v/1000 £t 14 d4b/1000 £t
Summer Conditions

Potomac River Bridge
Sef't Bottom 33 db/1000 £t 38 dbAAOOD Pt
Winter Conditions

Potomac Kiver Nouthn
Hdard Bottom 59 db/1000 rt 4 db/1000 It
Winter Conditions

34. The MIT method, based upon normal acoustic impedance,
gives ocomputed results in substantial agreement with experi-
ment for the rute of attenuation over sof't bottom at the
Potomac River Bridge, in summer and in winter. The weinod
gives ocompletely erroneous results, however, for the attenu-
ation to be expeoted over hard bottom st the Potomac River
Mouth. The computed rate of attenuation for this lacation, v
db/1000 ft, differs by an order of magritude from the observed
attenuation of 2~4 db/1000 {t at considerabie distances from
the source., Indeed, the observed decreass in souand pressurs
level with distance, for source-receiver ssparations rrouter
than about 600 feet, may be entirely accounted for by the cy-
lindrical spreading of the sound waves in the medium enclosed
by the surflace and the bottom. Thig is shcwn by the dotved
curve on Flute 3, which was computed Jor e decrease in sournd
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pressure proportional to the square root of the distance from
the source, and superimposed at arbitrary level. There is no
evidence on curve (a) of Plate 9 of sppreciable loas of enerpgy
by absorption at either surface or bottom, after the first few
hundred feet. B8ince in April the water temperature at the sur-
face wus 3B°F, temperature gradients ocould not have played a
eignificant role, The prevailing acoustic conditions et the
Potomac River Mouth wers such as to result in the propagation
of underwater sound with total internal reflection at the lower
boundary, the sea bottom. All of the records made in this loca-
tion, in October eand in April, at frequencies from 70 cps to
200 cps, showed this type of transmission.

C. Transmission Over Hard Bottom; Proposed Explanation.

36+ The cbserved p' .nomenon of propagation of underwater
sound with negligitle attenuation over hard bottom cannct be
explained by the transmission theory based upon normal bottom
impedance. Cbserved and computed slopes for curve (a), Plate 9,
differ by b5 db, corresponding to a pressure factor of almost
800. When theory and experiment give results differing by such
e wide margin, the basis of the theory requires re-examination.

38. Careful study shows that the difficulties may be
traced to the inherent limitations of the normal acoustic im-
pedance concept. Indeed, the usefulness of this concept for the
evaluation of boundery conditlons in transmission problems is
found to be limited to certain special ocases. For air-borne
sound waves lncident on acoustic absorbing material, and for
water-borpe sound waves incident on a "soft" bottom, the wave
velocity relatione at the boundary are such that the latter may
be usefully charoterized by & normal acoustic impedance, inde-
pendent of the angle of incidence. For the special case of the
"soft" bottom at the River Bridge (ocurves (b) and (c) of Plate 9,)
it has been shown above that values of horizontal attenuation in
substantial agreement with range run data may be computed from
measured values of normal impedance by employing the method out-
lined in Bibliog 10 . When used to compute the transmission
over hard bottom, this method gives erronsous results because
the normal impedance does not adequately express the boundary
conditions fbr the propagation of sound waves impinging at large
angles of incidence on the boundary between a medium of low
velooity and a medium of hirher velocity.
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37. although the sound pressure distribution directly
beneath a ship-mounted source is best interpreted interms of
nermel impedance, the adequacy of the concept for expressing
the acoustic properties of the sea bottom for cther angles of
incidence has been shown to be open to queation.

38. In a recent NOL Report (Bibliog 12) the normal im-
pedance is computed for various types of sea bottom, including
viscous fluid and elastic medium. The impedances are derived
as complicated expressions involving the angle of incidence
and the densities and velocities in the media. It is shown
that if the velooity in the bottom is comparable to or greater
than the velocity in the water, the bottom impedance will
depend appreciably on the angle of incidence. A normal impe-
dance can still be measured, and & reflection coefficient
{ratio of reflected tc incident wave pressure) may be formu-
lated in terms of it, but under these oconditions the impedance
alone is not sufficient to determine the propagation constants
which are required for solving transmission problems.

39. Feortunately the situation is not so unfavorable as
is implied in the NOL Report (Bibliocg 12)s The bottom impe~
dance measurements made in the Potomac River ares (Bibliog 4)
indioate the common cccurrence, in land-losked waters, of "soft"
bottoms in which the wave velocity is much smaller than that in
water. In this case the impedance is relatively independent of
the apgle of incidence, and the transmission theory bassed upon
impedance should be valid. The experimental results despicted
in Flate S curves (b) and {c) verify this expectation. In con-
trast, if the bottom impedance measurements indicate acoustical-
1y "hard" bottom, it is at least probable that the wave velocity
in the bottom is greater than that in water., In this case it is
to be expected that the transmission theory based upon normal
impedance will not give walld results. The failure of the theory
to account for the experimental results at the River Iouth is
thus explained.

40, The problem can be solved, however, by a theoretical
analysis in which the appropriate boundary conditions are formu-
lated without characterizing the bottom by a normel acoustic im-
pedance. Such an anelysis of low frequency sound propagation,
valid for both "soft" and "hard" bottoms, in which the solutions
of the wave equations are obtained in the form of normal modes
of free vibration between the surface and a homogeneous fluid
bottom, is presented in Section IV and in Appendices A and D.
The term "fluid bottom"™ is used to denote a bottom in which com-
pressional waves alone need be consldsred and for which the
enersy in shear waves is negligible.
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4. This anslysis isg valid for a wide range of acoustic
conditions at the bottom, since the formulation of boundary
oonditions 1s quite goneral. For convenlence, the results are
obtained in terms ol the densities and velocitiss of sound in
the water and in the meterial ci the bottom. It is shown
(a) that if the velocity in the bottom is appreciably less than
that in wator, the transmission should be sasentially the same
as that predicted by the theory based on normal impedance; and
(b) if the velocity in the bottom is greater than in water, the
transmission at all frequencies above a certain critical fre-
quency should be characterized by negligible horizontal attenua-
tion at considerable distances from the source. An explanation
is thus provided for the low-loss propagation observed experi-
mentally over the hard bottom,

42, Although the detailed analysis in terme of normal
modes 1s necessarily oomplicated, the basic phenomena may be
visualized from the classical theory of reflection and refrac-
tion of sound at the boundary between two homopeneous media.

It is pointed out in the standerd texts on acoustics, begin-
ning with Rayleigh, that plane waves of sound incident on the
boundary between two homogeneous media will, under certain con-
ditions, suffer total internal reflection. These oonditions
are: (=) that the velocity of sound in the refrecting medium
(the bottom} is larger than that in the inoident medium (ths
water} and; (b) that the angle of incidence of the waves at
the boundary is larger then a eritical angle defined by tha
relation sin @ = o3/cp, where © is the angle of incidence and
o) and oz are the velocitles in the incldent and refracting
medis, respectively. It mey be shown that the effective

angles of incidence and the expsocled veloclity ratios are favor-
able for the occurrence of total intesrnal reflection.

43. The velocity of sound in the bottom material is sel-
dom directly kncwn, although the probable range of velocities,
from geophysioal data, is 5000-6500 ft/sec for compmct sandy
mud, and may be as high es 20,000 ft/sec for rock. It is en-
tirely reasonuble that bottoms classified by normal impedance
measurements as "hard" (Z4.>/) may have sound velocities greater
than that of water. The transmission of low frequency scund over
them at considerasble distances may therefore be characterized by
total internal reflection. Under these conditions the only causes
of attenuation would be the cylindrical spreading of the waves,
and the losses {usually small) from reflection or socattering at
the surface. The experimentel record envelopes reproduced in
curves (a) of Plate 1 demonstrate this type of propagation.
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44, Paenomena involving total internsl reflection at
the sea bottom have received practically no notice in the
literature of underwater sound tanemizsion. From the ele-
mentary considerations discussed above this type of trans-
mission should be extremely common. For example, the en-
tire continental shelf along the atlantic coast of the
United States, outside the herbors and river mouths, is
characterized by bottoms of sand, shell, and hard saendy mud.
Similar conditions obtain along the Pacific Coast, at the
approaches to San Francisco Bay, on both sides of the English
Channel, and along much of the southemshore of the Mediter-
ranean Sea. The acoustic conditions for "hard" bottom trans-
miszion of low frequency sound should be realized over most
of these areas,

45. Although long rsnges have bsen observed, particu-
lerly for explosion waves employed in sound ranging, the
possibility that total internal reflection at the sea bottom
may be the dominant factor in the transmission of uvmnderwater
sound at low frequencies seems to have besn entirely over-
looked by prior investigators. The scarcity of relevant ob-
servations on this subject may perhaps be acoounted for by
the complexity of the experimental squipment and of the ar-
rangements required for the quantitative study of underwater
sound propapgation.
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IV. INTRODUCTION TO NORMAL MODE THEORY OF PROPAGATION
OF UNDERWATER SOUND OVER HOMOGENEOUS BOTTQRM
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SUMKARY

Introduction Eg.Normal Moda Theoqx

4G. The problem of the propagation of low frequency sound in
weter, taking inte account the influence of the boundaries on the
transmission, is analyzed in terms of the normal modes of wibration
of the acoustic system ol the sea between surface and bottom. This
analysie is particularly adapted to frequencies at which the wave-
lengths are comparable to the physiecal dimensions of the system.
The results should be wvalid for a wide range of acoustic conditions
at the ses bottom, and free from the limitations inherent in the use
of normal impedance.

47. The acoustic field surrounding a ship-mounted source in
shallow water 1s trested theorstically by studying the sound pres-
suwre field set up by & point source placed at any point in a non-
dissipative homogeneous medium, the ‘mater, confined betwsen two
infinite plene boundaries. Reference is made to Appendix D for
details of the general derivations. In order to surmount the dif-
ficulties which arise in the integration of the general equations,
the actual acoustic systom is replaced by & rectangular tube with
rizid side walls. The derivations for sound propagetion in such a
tube are outlined in this section aud given in detail in Appendix A.

48. The principul result of both the general analysis and
that in which the pipe srtifice is employed is a transcendental
aquation relating the distribution ccnstents of the asoustic system
to the elastic constants {demsity and velocity of scund) of the bot-
tome Five charts (Plates 12-16 ine.) have been computed and plotted
from thie equation, by meent of which the distribution constants for
the first and second modes may be evaluated once the acoustic proper-
ties of the bottom are known. The propagation constants for each
mode {damping und phase veloeity) may be determined from the distri-
bution constants by means of a conformal chart, Plate 17. The
analysis thus permits the propagation to be computed by adding the
contributions from the separats modes, each determined as abovs.

49, Brief discussions are gilven of propagaticn over an elastic

bottom, snd of propagation over a stratified bottom. Reference is
made to Appendisces B and C, respectively, for additional details.




IV. INTRODUCTION TO NORMAL NCDE THEORY OF PROCAGATION OF
UNDERWATER SOUND OVER HOMOGENECUS BOTTOK.

A. Statoament of the Problem.

50. The problem of the propagation of low frequency sound in
water, taking into account the influence of the bounderies on the
transmission, mey be satisfectorily analyzed in terms of the normal
modes of vibration of the acoustic system of the sea .etween surface
and bottom. This is & method of great power, because the individual
modes of vibration can be seperately conslidered and their effocts
combined to give explanations of complex phenomena in terms of rela-
tively simple compenent factors. The analysis is particnlarly ef-
fective for frequencies at which the wavelengths are comparable to
the physieal dimensioms of the system. At these frequencles other
theoretical treatments, such as the method of imeges, are virtually
inapplicable.

51. The use of normal modes - "eigenvalues" or churacteristie
functions = for the solution of vibration problems hes long been a
stendard methed in many fields of phyesice. A classical illustration
from mechanies is the consideration of the ncrmal modes of vibtration
of a taut estring excited by plucking. Although these methods were
first applied to acoustics during the last centuryl, the application
of norwal modes to room acoustics has undsrgone extensive develop-
meat in the last decade®, The attempt to adapt these msthods to the
treatmant of underwater gound transmission has heretofore achieved
only pertial success, owing to the inadequacy of general formula-
tions in terms of normal impedance. The need for s theory which is
valid for a wide range of acoustic conditions at the sem bottom, and
free from the limitatiocns inherent in the use of normal impedance,
has been demonstrated in the foregoing discussion.

52, It is the purpose of this section to deseribe such a
theory of low frequency sound propagation in shallow water. The
method and the results of the analysis are discussed in the text
and the mathematicul derivatlons are given in Appendicss A, B, C,
and D.

53. The acoustic field surrounding a ship-mounted scurce in
ghallow water may be treated theoretically by studying the sound
preseure field set up by & peint source placod at any point in a

1. For example, Rayleigh, Bibliog. G.

2. Notably by P.ll. Norse, R.H. Bolt, and their co-workers.
See for example Bibliog. 7, 10, 17 and 18.
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non-dissipative homogeneous medium, the water, confined between
two infinite plane boundaries. At the upper boundary, the sea
surfece, the sound pressure is taken to be everywhere zero. The
lower boundery, the sea bottom, ie visualized for this analysis
ag the upper surface sf a second homogensous medium extending in-
definitely dowmward. The pressurs field in the neighborhood of
the source and directly beneath it has been previously discussed
{Bibliog. 4).

54, The field squations for the acoustic system deseribed
above may be set up and the general solutlon developed as a sum-
metion of terms®. Since these terms involve integrals which
hava thus far not been evaluated, this form of the analysis does
not al present lead to solutions useful for ths computetion of
amplitudes or of attenuation. The relations between the ocon-
‘gtants which govern the preseure field distribution and the
acoustio constants of the bottom are, however, derived for the

general case,

66. The behavior of the acoustic system may be alternatively
derived by extension from the solutions for the propugation of
sound in a rectangular tube?. These solutions may be obtainad
more easily than those for the general case described above. The
tube is assumed infinite in length, bounded at ite two sides by
rigid walls, at its top by a free surface, and at its bottom by
e homogeneous fluid medium. The replacement of the sctual system
by the tube with rigid side walls is an artif'ice which enables the

difficulties of the general treatmsnt tc be surmounted.

56. The analysis is bssed upon the essumptlon that the bottom
is a homogeneocus medium. The medium may be described as a fluig,
gsince its acoustic hehavior is considered to be completely doter-
mined by the density and the velooity of sound (compressional wave
velocity)s This amounts to neglecting the effects of shear waves
in ths material of the bottom.

57. The analysis may 2lso be applied, at least in principle,
to a stratified bottom consistling of a single layer of homogeneous
fluid, underlaid by en extended medium of different acoustic proper-
tiesB, Although numerical computations from the solutlons would bdbe
cumbersome, they could be made in special instances. In practice,
however, the effects arising from stratification of the bottom are
saldom pronouncede.

3. For detaills see Appéndix D and Addendn,
4, PFor details sse Appendix A.
5. For details see . ppendix C,
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68. A completc analysis of propagation over an isotropic
solid bottom has not been mads, but the modifications required
to adapt the propagation theory derived for a homogeneous f{luid
bottom to the special case of an isotroplic solid bottom in which
shear waves occur are discussed in Section VII (Reflection Laws
For Different Types of Bottom). The discussion is bused upon an
anelysis, given in Appendix B, of the boundary conditions for
this case. The princinal result is that the shear waves may
usually be neglected, in the typus of bottom to be expecteds The
bagic acoustic phenomens may be explained, to & close approximation,
in terms of the analysis fbr a fluid mediume.

$9. Consideration of the propagation of sound in a rectangu-
lar tube of the type chosen to represent the acoustic system
bounded by the surface and the sea bottom, shows that the simplest
class of "transverse" acoustic waves which mey be set up will have
a uniform distribution of pressure across the tube normal to the
rigid walls. In other words the pressure variations will be two-
dimensional, with a pattern of nodes and loops between the top and
the bottom but not along lines perpendicular to the rigid walls.
The waves are "transverse” in the senss that in general the parti-
cle displacements have components perpendicular to the axis of
the pipe. The waves propagate by alternate reflection at the top
and bottom. This is also the class of wsves which will be propa-
gated through a medium enclosed betwsen parallel planes such as the
gea bounded by surface and bottom.

60. The transmission in the sea will, however, be modified
by cyvlindrical spreading which is not present in the ideslized
acoustic system, the pipe. Physieal considerations indicate that
the attenuation due to cylindrical spreading will be independent
of that due to absorption at the boundaries, and that the total
attenuation may therefore he obtained by simple addition, With
this modification, the solutions for the pipe may be employed to
give the transmisgion in the actuel ncoustic system®,

6+ A comparable problem of sound transmission in pipes, with the
boundary conditions expressed in terms of impedance, has been
treated by P. M. Morse (Bibliog. 18). "Transverse" zcoustic
waves in rigid tubes, snnlogous tc the sleotro-magnetic osoil-
lations in hollow metal tubes and dielsotric columns or "wave
guides", have been treated by H. E. Hurtig and C. E. Swanson
(Bibliog,19). Hartig's derivations, following Rayleigh (Biblioge.
8), were restrictsd to propagation in tubes with rigid waells.
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B. Outline g{_Derivgtions,

6l. The actual dsriwetions for the propagation of sound in
a rectangular tubs bounded by two rigid walls, a free top surfaoce,
znd a homogeneous fluid bottom, are presented in Appendix A. The
solution of the wave equation 1s obtained for the pressure distri-
bution in a single mode of the simplest class of “transverse”
waves. The solution represents the product of (a) a progressive
wave, damped exponentially as it travels down the pipe parallel to
the long axis, and (b) a standing wave system botween the top and
the bottom of the pipe. The srogressive wave has a complex propa-
gation constant o +;T. The real part o determines the damping
along the pipe, and the imapginary part determines the phase velo-
city of the wave ¢4 . The latter is always larger than o, the
velocity of sound in the "free” medium. The phase welocity may
be defined as the frsquency times the distance between wave crests.
The standing wave system botween surface and bottom consists of a
pattern of nodes and loops given by the complex distribution con-
stant ﬁ;y.

g82. It is found that the propagation constant is related to
the distribution constant by the equation7

Y > .

(c+3T) +-,—7'-'—z- (H—ip)*+ 7 = 0O
‘ (5)

where ?!=‘%gis the woter depth measurad in hall wavelengtha.

This equation has the same form regardless of how the boundary

conditions arc evaluvated. The same ejuation was obtained from

the impedance theory {Biblicg. 10). The phase veloeity and the

damping cen be found for any value of t), , once & and 4L are known,

by computation from equation (5) or by consultiang a conformal chart

such ae that reproduced in Plate 17.

63. Assuming a pressure distribution in the bottom repre-
sented by an exponsntial decay both along the axls of the pipe
and in the direction normal to the bottom, a relation similar to
that of equation {5) iz found between the propagation constant
and distribution constant for the second medium,

64. A relation (Zquation (7)) betwsen the distribution and
propagation constants of the second medium and those of the first

T

7+ The numbers of all equations are those used in the Appendices.

CORFIDENTIAL ~24~




medium is then chtained Ly the application of the conditions
that the pressure and the normal particle veloocity must be
continuous at the lower boundary. Ona result of this is an
equation (16) which relates the propagation constants of the
two media. A further and most importent result, after applying
this relation and making appropriate tracgformations, is

kS

tonh S (K — ) - -
{!s‘—-J' y* (,,‘,_‘J- )‘-‘L - 3%
& 7 (20)
in which
. A — W2 = Bii"_ s Ne_ 15
A= and B = (g-p =% Wc;)( f])
21

65, Comparison of equation (20} with the corresponding rela-
tion (Equation {135)) derived in Appendix D shows that the two ax~
pressions ars ldentical. The validity of the pipe artifice em-
pleyed for the enalysis in Appendix A is confirmed by this agree-
ment, since the gemeral theory for the pressure field surrounding
a2 point source betwesn two infinite plenes is shown to result in
the same relation betwecn the distribution constants as the special
theoory restricted to propagation in & pipe.

66. By means of eguations (5), (7), (16), and {20} in sappen-
dix &, the distribution and propagation constants for any mode be-
longing to the simplest type of “transverse" waves in the first
medium (density 0, and velocity ¢, ) may be determined in terms of
the scoustic properties of the bottom (density 0, and velocity ¢, ),
and the geometrical conditions ( , the depth of the water, mea-
sured in half waveleagths). The effective der.vity and velocity of
sound of the materlsl of the bottom mey be estimated with guffi-
clent accuracy from hydrographic data, sampling, and acoustic
neasurements of 0,C, , as discussed in Section IX (The Use of A-
coustic Measuremsnts as Transmission Criteria).

67. For convenience in the interpretation of the solution

for the distributicn constants in terms of the acoustic properties
f the bottom, the cherts shown in Plates 12, 13, 14, 15, and 16
have been prepared. These charts were derived {rom equation (Z0)

by computing and pletting the values of A and B which correspond

to varicus assumed values of 4 and & . Plates 13 and 14, for values
of}u.between 0 and 1, and Plates 15 and 16, for values of A4 bstween
1 and 2, corrsspond to the solutions for the first and second modes,
respectively. An asgembly of Plates 13-16, on & reduced scale is
shown in Flate 12,
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68, Once the components of the distribution constant ere
determined from these charts, the damping and the phase veloeity
for the particuler mode may be obteined from another chart, Plate
17, whioch gives o~and % in terms of k and 4 « This chart is
identical with that reproduced in Bibliog 10, p 315, and corres-
ponds to ths relations given by equation (5). Plate 17 gives
solutions for a wide range of values of &, and conseguently for
severnl lower modes.

63. The final pressure distribution may be built up by
adding the contributions of the various modes, each determined by
the method outlined above,

HOTE: 5ince the foreroines was written it hoe been found non-
sible to evelurte the general pressure integrsls in Avpendix D

in terms of Hankel functions., The general trestnent is thus com-
nleted, and it ir now possidble %o compute, in terms of the nor-
msl wmodes, the pressure at any nolnt in the ascoustic field sur-
rounding & point source between two infinite flat mlates, The
mathematicnl key %o the interrations wna obtained from Renort Yo,
65, recently received from the Minesweeping Section of the Bureesu
of Shins. This is a theoretical study by G.M. Roe, entitled "The
Propegation of Sound in Shallow Weter®,

After eveluation of the interrale, the normal mode solutions
in Appentix D, mey be shown to be identicel with the selutions for
vressure obirined by a different method in Renort No, 65, Details
of the interraiions will be found in the Addendes to the present
renort,

The treatment in Renort Wo, 65 nakes uce of ¢ peneralized
bottom imednance, whieh is nllowed to very vith the ernrle of in-
cidence, Althourh the nethod is different from that emiloved in
Section IV sbove, the finel result i similer in that the behavior
of the bottom is not charrctrrized by nermal immedance alone, but
by a mare comnler function vhich includee ndeitionel ncoustic in-
formetion,

The peneralized imedence would snoerr to be 2 nrthemeticel
apetraction which is not useful for commutation. If, hovever, the
nlene weve reflection lav involving densities ~nd velocities nn
fiven in equation (48) be inserted into equation (24) of Roe's
revart, and anodrovriate trensformations be carried out, the nrme
trouscendental ecuntion as that from which the cherts vere com-
nuted is obtained. The charts in Plates 12-16, renresentines nlots
of this equntinn, therefore nrovide a =iimle means of obteinines
numerical result<, vhether the vnrecsure equations sre derived
directly in terms of normal modee or by conbinine elementary nisne
wWAVES,
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V. THE CHARACTER OF THE SOLUTION
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SUMMARY

Character_g£ the Solution

70+ The charactar of the sound propagation predicted by the
theoretical analysis is discussed.’” Interpretation of the charts
{Plates 12-16 inc) shows that for any one mode the transmission
may be olassified as either "guided", “damped", or "hybrid", de-
pending upon the acoustic constants of the bottom. "Guided"
tranemission, with very low attenuetion and no bottom absorption,
should occur over hard bottom at frequencies higher than a oritical
frequencys. This type was observed experimentally at the Potomao
River Mouth. "Duamped” transmission, with considerable damping due
to bottom absorption, should occur over soft bottom at all frequen~
oies. This type was observed experimentally at the Potomac River
Bridge. "Hybrid" transmission, also with considerable damping,
should occur ovsr hard botiom st frequencies belew the critical fre-
quencys This type was recently observed experimentally in the Rap-
pehemock River awrea. The oritical frequency is slightly higher
than that for which the water depth is a quarter wavelength.

7l. 4. physical picture of the sound pressure fields which
correspond to "guided" and "dampaed” transmission in the first and
second modes 1s given in the form of isober plots which show the
distribution of the lines of constant pressure between surface and
bottom and ulong the directicon of propagatione.

72. In a discussion of the relative attenuatlion of the various
modos it is ghown that the rate of damping with inereasing distance
“rom the sourze will be greater the higher the ordsr of the mode. As
a result, the higher modes tend to disappear more rapidly than the
lower ones. At distances greater than a few times the water depth,
most of the energy is carried in the lirst one or twe modes. The
vertical standing wave pattern between surface and bottom becomes
progressively simplser as hizher modes disappear. Although the rela-
tive degree of initial stimulation of the modes depends upon the
naturs and location of the source, the lowest modes are usually the
most strongly stimulated as well as the least damped. A deacriptive
explanation of the cbserved transmission phenomsna is given in terms
of the relative stimulation and dsmping of the normal modes.

73. An interesting analogy is presented between sound trans-

mission in the acoustic system of the sea betwsen surface and bot-
tom, and elsctromugnetic wave transmission in "wave guides”.
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V. THE CHARACTER OF THE SOLUTION.

A. Thres Tyres of Transmission, Illustrated by the
First and Second Lodess -

74. The transmission of underwatsr sound in the first and
second modes will depsnd upon the asoustic properties of the bot-
tom in accordance with the distribution and propagation constants
plotted in Plates 12, 13, 14, 16, 16, and 17. Physically, the
distribution constant x-ji determines the character of the stand-
ing wave pattern between the surface and the sea bottom. The
real part A is a measure of the damping of the pattern, and the
imaginary part & dotermines the distribution of nodes and Joops be-
tween the bounderies. Small values of AL {betwsen O and 1) are as-
sociated with the first mode, and correspond to the simplest dis«
tributions. Larger wvalues correspond to higher modes and to mors
complicated distributions. For all modes of vibration of the a-
coustic system the surface is a pressure node; and the bottom a
node if "sof't", and an approximate anti-node if “hard". The verti-
cal pattern of sound pressurs for the first mode is the simplest
which will fit the boundary conditions, i.e. a "half-wave" lodp
above a "soft" bottom, with nodes at surface and bottoms and a
"quarter-wave"” pattsra above a "hard" bottom, with a node at the
surface and an anti-node at the bottom. The distribution patterns
for higher modes will be discussed later,

76 The chart for eaoh mode, in the assembly Flate 12, shows
three types of solutions of equation {20). These solutions cor-
respond to different acoustic conditions:

(a) Values of B imaginary and greater than a
critioal value (& for the first mode and
1} for the second mode). This corresponds
to sound velocities in the bottom greater
than in the water (e;< op), and to exeiting
frequencies greater than a critical or "cut-
off" frequency.

(b) Positive values of B, corresponding to lower
sound velccity in the bottom than in the
water {(c1> oz).

(e) Values of B imeginary and less than the
critical velues stated in (a)s. This corree-
ponds to sound velocities in the bottom
greater than in the water {sy< 03), and to
exciting frequencies lower than the oritical
frequency.
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76. The three portions of each chart correspond to
three types of sound propagation in each mode. These may be
classified by their physicel characteristics as follows:

{a) "Guided" transmission, associated with
"hard" bOttGm.

{b) :Dampgd" transmission, associated with
soft” bottom.

{c) "Bybrig" transmissiou, associated with
"hard" bottom, at very low frequencies.

The reasons for this nomenclature will be clear after consid-

eration of the physical character of the waves whose distribu-
tion constants are represented by the various portions of the

charts. )

77, In "guided" transmission, # , the real part of the
distribution constant, is gerc for the allowed waluss of
(between & and 1 for the first mode)s The standing wave pate
terns between swurface and bottom therefors have zerc damping,
- and no abeorption at the boundaries. If 4 is sero, o , the
resl part of the propagation constant, must also be zero. This
is shown in Appendix A, Part 2. Under these conditions the
progressive wave is propageted with zero absorption at the bounda-
ries, This means thet the cylindrical spreading from the sourne,
amounting to 3 db per distance double, is the sole cause of at~
tenuetion. Transmissicn takes placs by means of "guided" waves,
confined between the surfece and the bottom, with total internal
reflection at the lower boundary. This type of transmission is
illustreted by curves {a) Plate 9, for the experimental results
over hard bottom at the Potomac River Mouth,

78. "Guided" transmission can occur only if the real part
of the distribution constant is equal to zerc. The sections of
the charts which correspond to this type of transmission are de-
rived from the solutions of equation (16) for which K is equal to
zeroc. Such solutions exist only for imeginary values of B, grea-
ter than certain critical values. From the definition of B (equa-
tion (21)) it may bs seen that this corresponds to exciting fre-
quencies higher then the eritical frequency for the first mode
given by '

f'c = EJ_/_.___,...__....{
2h ] - (C%:a)z (31)
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79. "Guided" trensmission will ozeur if the velocity in
the bottom is greater than that in the water and if the source

‘frequency is hirher than the critical frequency, fr determined

primarily by the water depth as compared to the wavelength.
This type of transmission cannot occur at fresquencies below the
first made eritical frequency given by equation (31). It is
clear from this equaticn that, if ¢ ey, the critical frequency
for the first mode will be that for which the water dspth is a
quarter wavelength. For exsmple the critical frequency may be
8 cps if the depth is 150 ft, or 24 cps 1if the depth is &0 ft.
If op is only slightly larger than oy the critical frequencies
will be substantially higher thun those given by the quarter
wavelength rule. The relation between the eoritical frequency
for any mode and the ceritical angle for total internal reflec-~
tion is discussed in Secotion VII~-B. The equation for the
eritical frequency of any mode is (2n - 1)f,, where n is the
order of the mode and £ is given abovs.

80s "Damped" transmission is represented by those portions
of the charts {Plate 12) for which the real part of the distribu-
tion constant, & , 1is not zerc, and for which the wvelocity of
sound in the bottom is less than that in water, The standing
ws.veg patterns between surface and bottom are dumped, owing to
absorption at the lower boundary. Under these conditions trans-
missicn takee place by means of = progressive wave train pro-
oeeding with phese velocity ¢/t , and with damping determined
by the value of ¢ associated with each value of & « The attenuw
ation with distance is made up of eylindrical spreading (pressure
varying ea 1/4/F, deoreesing 3 db per distance double) plus ab-
gsorption at the bottom {pressure amplitude decreasing in accordance
with 5‘2"61', or 54,6 O db per wavelength,

81. "Damped" transmission occurs over "soft" bottom, since
the acoustic condition required is that the wvelocity of sound in
the bottom be less than that in the water (B positive, 01> 02)s
This type of transmission is illustrated by curves (b) and (o) of
Plate 9, for the experimental results over soft bottom at the
FPotomac River Bridge.

82, "Bybrid" transmission is represented by tiose portions
of the charts which lie bstween the seotions identified with
"ruided" and "demped" transmission. The charscteristios of “"hy-
brid" transmission are mixed. In pgeneral the wave patterns are
highly damped (K>0), and they ocour only over hard bottam (e;<
c2, B imagimary and less than & for the first mode snd less tkan
12 for the second mode) at frequencies lower than the critical
frequency of that particular mode for "guided" trensmission. The
experimental study of "hybrid" transmission is diffioult since
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very low execitation frequencies are required. A series of
range runs which demonstrate the transition of "guided”
transmission into "hybrid" transmission as the {requency is
deoreased below the "cut-off" for the first mode, was obtained
recently over hard bettom in the Rappahannock River area. Some
of these records will be reproduced in a later report.

83. The previous discussion has shown that one of three
types of transmission, "guided", "damped", or "hybrid", may oc-
ecur in the propagation of underwater sound, eorresponding to the
simple distribution patterns which characterize the first and
second modes. Additional consideratiocn of the tramscendental
equation (20), the roots of whioh are shown on the charts {Plate
12), indicates that the roots are cyclis. If curves are plotted
for successively larger values of the complex distribution con-
stant A-j4, they will cross over the curves previously plotted
and again cover the plane of the chart. The equation thus actual-
ly defines a multiplicity of charts, resembling a family of Rie-
mann surfaces.

84. The physical significance of the charts is that each
"sheet" corresponds to one mode. In order completely to describe
the characteristics of the system, an infinite number of such
charts must be plotted. Fortunately, for reasons which will be
discussed later, in most instances only the lowest modes need be
considered.

85, For any one mode, the propagation can be classified as
corresponding to one or the other of the three types of transmie-
sion. For any given depth, the type of transmission will be deter-
mined by the exciting frequency and the velocity of sound in the
bottom, which together f{ix the walue of B on the chart. The ordi-
nate A is the specifie gravity of the material of the bottom.

88. The chart for the second mode is similar in general
form to that for the first mode. Plate 12 glives the assembly,
and Plates 13-16 the detailed gharts. The following differences
between transmission in the first and second modes are indicated
by the charts:

(a) the c¢ritical frequenoy for the second mode,
corresponding to U «l%, B = ji¥, is three
times the oritical freguency for the first
mode (equation (31));

(b) the damping constant for "™amped” and "hy-
brid" transmission, primarily a function
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of X , is sbout twice as great for
the second mode as for the first, and

{e) the portion which represents "hybrid"
transmission is relatively more exten-
sive in the chart for the second mode
than in that for the first,

The range of frequencies, density ratios and velocity ratios for
which "hybrid™ transmission can ocour istherefore greater for

the second mode than for the first. Indeed, this range incresses
with the order of the mode. In the transmission over hard bottom
of frequencies below the critical frequency for the first mode,
the energy may be carried by several lower modes in "hybrid" form,
and these will in general be highly damped.

87, The distribution constants which correspond to the higher
modes may be worked out in detail from equation (20), Values of &
betwoeen 2 and 3 correspond to the third mode, values of At Ubetween
3 and 4 to the fourth mode, etc. The chart for each mode will have
the same general form as those reproduced in Plate 12, with sections
corresponding to the three types of transmisasion. "Guided" trans-
mission, without damping by bottom absorption, will occur over hard
bottom, for erch mode, at frequencies above the critical frequency
for that mode. The critical frequency increases with the order of
the mode in accordance with the ratios 1:5:7: eto. "Damped" and
"hybrid" transmission by means of eamch of the higher modes will be
characterized by a dampirng constant o governed by the value of K
from the appropriete chart. The damping constant will increase with
the order of the mode.

Bs A Physical Picture of the Sound Pressure Fields.

88, 4 physical'gicture of the sound pressure fi. l1ds whiah
correspond to "damped” and "guided" transmission in the first and
second modes may be obtained from Fig. 1, (a), (b), (c), and (d).

89. The figure shows the distribution of the lines of con-
stant sound pressure, or isobars, between the surface and bottom
and along the direction of propagation of the waves. The repre-
sentation in each sketch is for a single instant of time. Actuale
ly the entire distribution progressss at the group velocity, in
the direction of propagation. The group velocity, at which the
energy is transferred, is always smaller than the velocity of
sound in the free medium (the water). In fact, the latter is
equal to the geometric mean of the group velocity and the phase
velocity of the waves.,
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90. As ghown by the sketches, the patterns repeat at inter-
vals of a half wavelength, computed on the besis of the phase
velocity, ¢/ T . Since ths phage velocity increases as fraquency
cecreagses, all the patterns lengthen as the f{requehcy is lowered,
it the critical frequency of the first mode, over harc botiom, the
phase velocity approacnes the velocity in the bottom, and the greup
velooity becomes cy/cg. For the case of rigid bottom {op infinite),
the isobars besoma straight lines parallel to surface and bottom.
For this limiting condition and at lower frequencies no weve of this
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type is propagated. The skstches indlcate the greater complexity
of the pressure patterns (or the second mode than for the first,
as woll as the relative damping rates for the two modes over soft
bottom.

91. The isobar plots for the pressure field distributiom cor-
responding to higher modes will Y similar to those shown in Fig, 1,
except that the number of loops between surface and bottom will in-
orease with the order of the mode,

C. Relative Damping of the Modes.

92, It is necessary to consider the distribution of the sound
energy among the normal modes of the system, since the actual sound
pressure at any point ls the sum of the pressures assoclated with
each of the modes present. The partitioning of energy in the
acoustic system under consideration is olcsely analogous to the dis-
tribution of vibrational energy amonz the normal modes of a plucked
string. The overall decay of the sound energy with distance is
determined by a svmmation of the dJdeocay rates of the individual modes.
Prom basic considerations it may bs shown that the higher modes have
more rapid decay rates than the lower modes.

93. The lowest mode corresponds to a wave traveling nearly
tangentially to the houndariea, with comparatively few reflections.
The higher moedes correspond to waves traveling with relatively fre-
quent reflections between surface and bottome« The higher the order
of the mode, the more nearly the angle of incidence of the corrses-
ponding waves approaches normal incidence, When sound is propagated
a considerable distance in shallow water, that part of the total
energy which nas Leen reflected the largcst number of times in tran-
81t will be carried by the highest mode present, and the energy which
traveles at nearest grazing incidence will be carried by the lowest
moda.

94, It is evident that the rate of attenuation with increasing
distance will be greater the higher the order of the mode. For ex-
ample, the assembled charts on Flate 12 show that the damping as-
societed with the second mode is very much greater than that expec=-
ted for the first mode, for transmission over soft bottom. Beocause
of their hirher decay rates, the hizher modes tend to disappear more
rapidly than the lower ones as the distance from the source inocreases,
The propagation of low frequency sound in shallow water usually takes
place under oonditions which ensure that, at distances greater than a
few times tho water depth, moat of the energy 1s carried in the first
one or two modes. When total internal reflection takes place in the
propegation of such fregquencies over hard bottom, elther the lowest
or the first two modes may travel with zero attenuation due to the
boundaries, while the higher modes may be very highly damped.
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95. #g the higher modes disappear with increasing distsace
from the source, the vertical standing wave pattern of sound
pressure between surface and bottom should bscome progressively
simpler. The vertioal pattern, determined by hydrophons soundings,
shows the maximum rumber of nodes and loops dirsotly beneath the
source, where the maximum number of modes are present. These pat-
terns, for various acocustic conditiona, are discussed in detail in
a recent report (Bibliog. 4). There is again a close analogy be-
tween this pattern and the normal modes of a vibrating string. The
first allowed mode of the string consists of a single loop between
the suspension points, and higher modes appear as more complex
distributions of loops and nodes between the supports. Similarly
the sound pressure distribution beneath a ship-mounted source may
be & complicated sequence of nodes and loops, in which the complexi-
ty of the pattern serves 2c an index of the number and strength of
the modes present. It iz evident, then, that if hydrophone sound-
ings are made at progressively greater distances {rom the source,
the vertical pattern should become simpler as the higher modes are
damped out.

96. It is shown iun later sections {Sections VI, VIII, and IX)
that the experimental records may be interpraeted in terms of the
oexpected relationships between the modes. The relatively higher
demping rates of hipher modes, and the progressive simplification
of the vertical pressure distributions with increasing distance
from the source, are confirmed by experiment.

D. Initial Stimulation of the Modes.

97. The initial stimulation of each mode, that is, the
relative amount of the total energy wr'.. is carried by it at the
origin, is determined by the nature and location of the source.
Consider, for example, the analogous system of the vibrating string.
The lowest modse of a string stretched between rigid supports is of
course a single loop with nodes at the ends. Maximum stimulation
of the first mode will occur if the string 1s bowed or otherwise
exoited at a point midway between the supports. If the string is
bowed at any other point, ciacept precisely at the points of support,
the first mode will bs stimulated to some extent, although not so
strongly as when bowed at the conter. The second allowed mode of
the string is two loops with a nodal point midway between the sup-
ports. This second mode will receive maximum stimulation if the
exciting force is applied at a point one quarter of the string
length from cither support. Although bowing the siring at ths
center {or at the end points)} will not stimulate the second mode,
bowing at any other point will stimulate it to some extent.
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96. Similar considarations apply 1o the stimulstion of
the modes of vitraiion of the actual acoustic system, although
the boundary conditions are different from those for the string.
The analogy of the vibrating string indicates that in the acous-~
tic system of the sea between surface and bottom: (a) the first
mode will always be stimulated, and the degree of stimulation
will not be a critical function of the source depth (in wave-
lengths) or of the character of the bottom; and (b) any given
higher mode may or may not be effectlively stimulated, depending
upon the exsiting fregquency snd upon whether or not the sound
source ls loeated at & nodal point for that mode. The location
of the nodal points, dotermined by the order of the mode and by
the boundary conditione, may be computed in desired cases and
may bs demonstrated experimentally by hydrophone soundingse.

99. Since the nodal peintg for the various higher modes
will seldom coincide with the location of the source, most of
the modes will be stimulated to some extent by a given sound
source at any depth. Although there exist an infinite number
of modes of the acoustic system, the amount of energy carried
by each mode in general decreases rapidly with its order, and
most of the eunergy is carried by the lowsest modes. That this
is true of ths maoustic system of the sea, in common with most
vibrating systems, way be seen from the general mathematical
treatment in Appeadix D,

100. The relative degree of stimulaticn of the various
modes is also a funotion of the frequency of fhe sound source.
Reforring agrin to the mechanical anslogue, if the vibrating
string is excited at wurious frequencies by e periodic force,
that mode whose "natural frequency" corresponds to the frequen:y
~7" exoitation will be strongly stimulated, and modes whose
“ratural frequencies" differ from this frequency will be leas
strongly stimulated. The "aatural freguency” of a mode in the
acoustic system of the sea is that frequency for which the half
wavelength {in free water) is approximately equal to theo dstance
between pressurc maxime (or minima) in its vertical standing
waeve syatem. It is therefore the variaticn of sound pressure
with time which most nearly corresponds to the desired pressure
distribution in space.

101, In the actual acoustic system the sound pressure at a
given point will not necessarily be greatsst under conditions of
"resonance” with a given mode, but the proportion of the total
energy carried by that mode will tend to be o maximum. The con-
copts of "resonarce”™ and "natural frequency® are not strictly ap-
plicable to the normel modez of an sooustic system excited inter-
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nelly, and it shcould be kept in mind thet tre modss sorrespond
primarily to spacial rather than to temporal distributions of
sound pressure.

102. A descriptive explanation may now be given for the
underwater sound pressure phenomena to be expeoted in the
vicinity of the source. It has been shovm that: (a) close te
the source all the normal modes will be stimulated in pgreater
or lesser degreg, and the amount of total radiated energy car-
ried by a given mode will, in general, decreass with the order
of the mods; and {b) the rate of attenuation of each mods with
inoreasing distance from the scurce will, in gsneral, be grsater
the higher the order of the mode. The effeots of spreading of
the sound waves from the source must be added to the distribu-
tions govarned by the normal modes,

103, If the resultant pressure figld be probed by moving a
hydrophone horizontally outward from the source, the following
effects should ooccur:

(2) In the immedicte vicinity of the source
the priwmery factor in the pressure varie
ation should be geometrie spreading,
with the influence of the boundaries
playing & minor role.

(b) At distances greater than that between
the source and the surface or bottom, a
further sharp decrease in resultant pres-
sure with distance from the source should
occur, caused by the combivnation of wave
spreading and the rapid decay of the
higher normal modes. The influencs of
the modee, representing the effects of
reflection from the bounding surfaces,
becomee increasingly lmportant in this
region.

{c) At yet greater distances from t he source,
of the order of several times the water
depth, the rate of attenustion with dis-
tance snould become much smaller, corres-
ponding to oylindrical wave spreading oom-
bined with the relatively gradual decay of
the remaining low order modes. At moder-
ately low frequencies the first and second
modes usually persist to considerable dle-
tances,
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104, The general character of the observed transmission,
shown on the experimental curves of Plates 9 and 10, is in ao~
cord with these predictions. A more detailed disoussion of the
attenuation to be expected under various escoustic caonditions
will be found in a later section (Section VIII, Attenuation).

E. Acoustic Analog of Flsctromagnetioc Wave Guides,

108. In the foregoing thecretical and experimental analysis,
it has been shown that under certain phyeically reallizedble condi-
tions the propagation of low frequency sound in shallow water
over a hard bottom may be of the type encountered in the electro-
magnetic ™mve guide", i.e. the waves mey be guided or chamnelled
between two bounding surfaces without loss from absorption at the
boundaries. The analogy betwsen the acoustic and the electro-
magnetic "wave guide” systems is very oclose, if the latter be
visualized as a dielectric medium bounded at the top by a perfsct-
ly conducting surfuce having infinite dlelectric constant, and at
the bottom by a second dielectric medium having higher velocity
than the first. Density and compressibllity of the medis in the
acoustic system are anslogous o permeability and dielestric eon-
stant in the electromagnetic systeme Viscous losses in the medis
of the acoustic system are analogous to dielectric losses in the
media of the electromagnetic system. Similar relations exist be-
tween pressure, particle velocities, phase velocities, attenuation,
oritical frequencies, and other oonstants of the two systems.B

1060, In brief, the analysis of propagation of electromagnetie
waves in hcllow guldes, tubes, or pipes showe that these waves may
be divided into several olesses or "modes", the distinoctions being
mode on the basis of the configuration of the eleotric and magnetic
fields within the guide. The lowest modes correspond to the sim-
plest field configurations, and higher modes to increasingly more
complex field distributions. The "cut-off" phenomenon is en-
countered in "wave guides", and under ideal conditions the guide
may be completely "transparent” to & given mode at frequencisa
higher than & oritical frequency, and completely "opaque" to the
same mode at lower frequencies.

8. Although special cases of “guided™ transmission in both acoustic
and electromagnetic systems were treated by Rayleigh many years
ago, attention was first directed to the specific analopies between
them by L. Brillouin (Bibliog. 21). For discussions of the electro-
, magnetic oase, reference is made to the basic studies of G. C. South-
worth {Bibliog 22), J. R. Carson, S. P, Mead, and S. A. Schelkunoff
(Bivliog. 23), and L. Page and N. 1, Adams (Biblioge. 24).
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107. The physical process involved in t he transmission of
waves through a guide is difficult to visualize from a descrip-
tion of the fleld configurations within the guide. A physical
picture of this type of transmission hns been suggested by Page
and Adams (Biblioge 24) in which the "guided” waves are shown
to be analyzable into two sets of "elementary plane waves",
traveling at an angle with the axis of the tube, and propagated
down the tube by alternate reflections at the walls of the guid
es shown in the accompanying figure. ‘
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108, Although this picture of "guided" transmission is open
to oertain objections discussed by Schelkunoff {Bibliog 25) the
mathematical and physical simplicity of the conception recommends
it. For example the relation between the critical angle and the
critical frequency for propagation in the analogous acoustic sys-
tom can be clarified from this standpoint.®

108, Somes differences exist between sound propagation in the
acoustic system of the ses between surface and bottom, sand the
propagation of electromagnetic waves in"guides™., The most impor-
tent difference is that, in the development of the acoustic
theory, provision for various values of density of the brttom
material must be made. Density in the acoustic system corres-
ponds to permeability in the analogous dislactric system. Since
dielectric medis with permeablility different from unity do not
exist, the sxaot electromagnetic analog of the acoustic system is
not physically realizabdle.

110. Additional differences between the acoustic system under
discussion and the usual wave guides are: (s) that the acoustio
system is non-symmetrical in the sense that the two bounding sur-
faces have in general different acoustic properties, (b) that types

of waves may be propageated in the elsctrcmagnetic system which have

no acoustic analog, and (o} that the acoustic system is not closely
analogous to the tyuwes of wave guides of most practical importance,
those with conducting metal walls.

9. {See Section VI, and Appendix A, Part 4).
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111, The nhenomana wnich occur i{n hollow metel suldes are
in many ways simple- than thoss to be ermscted in the dlelectric
guide which is the actual enslog of the acoustic asvatem,

112, Study of the litersture on elecniromarnetic wave propa-
gation also reveals an interesting optical anslogy with the "hy-
brid" sound transmission discussed in Section V-4 nbove. T, C,
Fry (Bibliog, 20) has used the term "hybrid® to denote the type
of plane waves which occur in nature on the dark side of a prism
within vwhich "elementary nlane waves" are beins subjected to
total internsl reflection. 9. & Schelicunoff (Bidliog., 25) has
suggeated that the term may logically be extended to ineclude the
electric field distribution which exists in s dissipative wave
gulde, or in a dissipationless wave gulde at frequencies below
the critical fresquency. The parallel is almost exact between
the latter use of the term "hybdrid" and i¢s use in %this revort
to describe transmisasion of esound over a2 hard bottom at frequen~
cier below the critical frequency.
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VI. INTERFRETATION OF RANGE RECORDS IN TERMS OF THE MODES.
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SUMEVARY

Interpretation of Rangs Records

113. Since the modes travel along different effective "paths",
and hence with differsnt phase velocities, it is to be expected
that intserference phenomena will occour when low frequency sound
is propagated in water. This type of interferernce between the
various modes is graphically illustrated by the "interaction loops"
which appear on most of the experimental records.

114, Excellent gquantitative agreement is obtained between
observed and computed spacings for interaction between the lower
modes, particularly between the first and the second. The ob-
served spacings csnnot be explained by interference between sound
"beams” or "rays" from a succession of virtual sources.

115. Considerable information about the number and relative
importance of the modes present in any given case may be obtained
from the interaction spacings on the experimental records. Various
characteristics of the modes are illustrated by these spacings, for
example (a) the relatively higher damping rates for the higher than
for the lower modes, (b) the critical frequencies of the first
three modes over hard bottom, and (c¢) the occurrence of "hybrid"
transmission.
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V1. INTERPRETATIOM CJ RaliGE RECCRDS IN TERNS OF THE NODES.

A. Interaction Loops, - Computation of Spacings.

116. The propagution of low frequency sound in shallow water
has been resolved by this analysis into the transmission of a
series of distinet modes, which may be considered separately or
may be added together to give the actual sound pressure at any
point in the acoustic system. The primary advantage of this
analysis is that it makes possible the explanation of extramely
complex phenomena in terms of the Interactions and combinations
of relatively simple components. This is illustrated by the
interpretation of the "interaction loops” grapiically shown on
most of the range records on Plates 2-8.

117. The simultaneocus existence of two or more distinct
modes traveling through the same system but along different ef-
fective individuarl "paths" and hence with different phase wvelo-
cities, suggests that interference phenomsnu may be expected.
The prescure level for each mode, consldered by itself, is in
genseral smoothly atteonuated with distance from the scurce. The
resultant sound level from two co-existent modes, traveling with
different phase velocities, should show maxima and minima as the
pregsure due to the two modes combine alternately in phase and
out of phase with each other.

118. Consider for example the spacing of the minima to be
expected from the interaction of the first and second modes. At
low audic frequencies this should be the most common and the nost
persistent spacing. since the lowest modes in general carry most
of the sound energy. Minima can be recorded only at points at
which the waves add in opposite phase independent of the time, be-
causs the hydrophone used to probe the field measures only rms
vajues of pressure. Obviously the spacing between successive
minima will be the distance required for the "faster"” of the two
modes to gain a phase wavelength on the "slower" mode. By "phase
wavelength" is meant the wavelength, % , which is associated with
the phage velocity.C4. Thess constants for the acoustic system
between houndaries are always larger than A and ¢, the wavelength
and the velocity of sound in en infinitely extended body of water.

119. If the phase waveleugth of the faster mode is 0/13 . and
that of the slower mode is o/ 2 * the distance S between minima
will be given by the relation

Szan s (n$1) Jﬁ_
T Ty,

I
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From one ainimum 10 the nexd there will be n vhece wovelengihs
¢t the "favter" wave, and n « 1 phase wavelengthe of the “slower®
wave. Tha abtove two forms of the exnreralon for S may essily be
cemtined, with elimipation of n, to give
- A .
s A T, > T
T~ & d

The "interaction smacing” between succes=ive minima charscleristic
of the interference between any two nodes mav be comnuted from
this Formul =, once the amnrooriste volues of nhese conslant g7 Pre
known from measurements of the escou«tic nroneriies of the botton
{e.g. from the results of hydronhone soundings combined with the
use of the charts, Plates 172-17 ine).

120, The interaction spaclngs corresoonding to ibe flrst two
modes annear prominentls on the records reproduced ia Plster 2 and
%. Ohserved and commuted values of these spacings for the fre-
quencies of the records azve shown in Table TII below, together with
the corresnonding values of %, and 7. The latter vere comnuted
from the charts, Plates 13, 14, and 17, using an asswned density

esunl to 1.2, sud a veloeity ratio e¢y/e; equal to 0,291, cor-
Yesnonding o MG equal to 0.25, This was obtained from hy-
drovhone sowdings (Birlieg. 4).

A5 111,

.

Obsarved .md Sommuted Interaction Spactngs For Interferencs
Betwenr the First asd Second Modes.

Freguen o vrer Snact
¥regusney tz. () 4;:€$i;za Observed Snacing
43 ops 0,382 0,350 %8 ft 110 £y
100 0. R97 N, 500 1920 120
1o 0.918 0510 142 1560
irts 0.945 06,755 188 200
186 0 972 0,885 297 700

The nereenent vetween oterrved andé commuited snecings ia
chvicusly within sthe seceurasy of the dintance scalo un the re-
cordes.

121. A ;:onounced variation in snmeing with Lrecuepcy 48 in-
dlcated ty the table. The reason for thin is thet the nhase veloco-
ity for eech mode decreases s frequency increasea and tends to oo
proach ssymototleally to the wvelocity of sound in the extended med-
fwa. The closer the sonroach of the -wo phase velocitles to
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each other, the larger the number of phase wavelenpgths which
will be required between successive cancellations, and the
larger the value of the spacing S.

122, In addition to the spacings given by the interaction
of the first and second modes, other spacings may be observed
close %o the central peak on the records for 135 and 186 cps on
Plate 3, and on the records for 200-40C ops on Plate 4. These
correspond to inteructions between higher modea, notably between
the first and third, and between the sscond and third. A de-
talled check between computed snd observed spacings is hardly
to be expected at frequencies hizher than 200 cps, owing to the
complicated interactions which occur when several modes are
simultaneously present. The component spacings for the higher
frequencies could doubtless be extracted from the records by
an elaborate statistical analysis, but this does not seem worth-
while for present purposes.

B, Interpretation E{_Records.

123. The relatively high rate of attenuation with inereasing
distance from the sourcs, which has heen shown to be character-
jstic of the higher modes, is clearly evident from the distri-
bution of the interaction spacings on &ll the higher frequency
records. This is shown by smaller spacings close to the scurce
which fade out with incressing distance. These are visible on
all the records for frequencies higher than 135 c¢ps. The rela-
tively greater persistence of the lower modes 1s indicated by
the simplification of the loop pattern with increasing distance
from the source.

124, The records reproduced in Plates 2 and 3 graphically
jllustrate the decrease in the damping of the second mode as the
source frequency increases from 70 cps to 186 ops. The bottom in
this location, the Potomac River Bridge, is acoustically "soft”
and the "natural frequencies” of the {irst and second modes are
45 cps, and 90 ops, respectively. For an exciting frequency of 70
eps a&ll the energy is carried by the first mode, and the pressure
level decreases uniformly after the initial drop. At 80 cps the
second rmode 1is stimulated, but is very rapidly damped out. At
distances greater than about 100 't the energy is carried by the
first mode. At 93 cps, however, the stimulation of the second
mode is sufficient, and its damping low enough, to cause well
developed interaction spacings out to 500 £t from the source. At
100 eps, and progressively at the higher frequencies, these
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spacings become better developed and persist to g reater and
greater distances. The spucings shown by range run records
may thus be made to yield considerable information about the
number and relative importance of the modes present in any
given case.

126, The occurrence of pressure maxima and minima from
the interaction of the modes may be demonstrated even when a
complex underwater sound source is employed. For example, the
records reproduced in Plate 8 were made at the Potamae River
Bridge, employing both the parallel pipe device towed by USS
ACCENTOR, and the ship noise produced by USS AQUAMARINE. The
loops characteristic of interference between the first and
second modes are clearly observable on the records of noise
from the parallel pipes, when recorded throuzh a & cycle band
filter. The spacings, 260 £t at 150 cps and 120 £t at 100 ops,
are in exact agreement with those determined from the records
for the single frequency source presented in Table III above.
The loops are observeble 2lthough not pronounced in the record
of ship noise analyzed in a 50 cycle band centered at 140 cps.
The loops do not appear in the broad record (200 cycles wide)
of ship noise, on account of the averaging effesct of the many
superposed frequsncies.

128. These records indicate that the interaction loops may
be sxpected to appear whenever either the noiss source or the
receiving equipmcut has an effective band width of less than 50
cps. 1t is probable, for example, that a resonant receiving
unit such as the German acoustic mine would be responsive to the
interaction loops produced by ship noise or by *he complex
sources used for minesweeping. If the band width of either
source or receiver is only a few cycles, the interaction loops
will be & prominent feature of the records of sound transmiseion.

127. The loops which occur on the records taken over hard
bottom at the Fotomac River Mouth illustrate the relations of
the modes for "guided” and "hybrid" transmission. In this loca-

ion the eritical frequencies of the first three modes are about
30 cps, 90 cps, and 150 ops, respectively. The records on Plates
5, 6, and 7 show that the intersction between the first and
sscond modes is characterized by loops with a spacing of 230-300
ft. Thess are prominent on the records for 90, 100, 110, and
135 cps, and persist to distances of at lsast 4000 £t (Plate 7).
This spacing does not ocour at frequencies lower than 90 cps,
presumably because these frequencies are bslow the critical fre-
quency for the second mode. Similarly the record for 200 cps
shows a spacing of 150 ft, which does not cccur at lower frequen-
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cles. Thias spacing, prodadly renresenting interaction between
the first and third modes, is shown only by the 200 cus record,
since the critical frequency for the third mode occurs at about
180 ens,

128, The eritical frequency for the firat mode in this
location (about 30 cps) could not be reached with the svailable
sound socurces, Hence all the records taken at the River Mouth
primarily illustrate "zuided" tronsmiseion. It is nrodable,
however, that some of the rudimentsry interaction loops which
occur on the records for 70 and 80 cns renresent nartial inter-
ference between the "hybrid" form of the second mode and the
¥ouided" form of the first mode, The=e loops fade out renidly
with distance, owing to the high damning rate associerted with
*hybrid" transmission. Interaction svacings ccomputed from the
charts (Plates 15, 16, and 17) - using a velocity ratiov of 1 42
commuted from the critical frequency of the second mode, and a
density retio 2.0, - are 240 £t for the firat vs second modes of
fouided® waves, and 129 ft for the first mode ¢ "gulded” weves
interfering with the "*hybrid®" form of the second mode. The od~
served snacings agree with these values within the sccurncy of
the distence scsle of the records. Comnutation shows that over
hard bottom the spacings should inererse only slightly with fre-
quency, and this alsoc was found to be ihe case,

129, ‘YHybrid" tranemission 1s also 1llustrated by recordings
{not reproduced inthis report)msde recently over hard bottom in
the Rapnashannock River area., 1In this location the critical fre-
quency for the first mode was 72 ¢ns. At frequencies below this
tout--of £%, interaction snacings were obtained which corresnond
to interference between the first and second modes, both in "hy-
brid" form. At yet lower frequencies (38 cps), these snacings
were not present, presumably becsuse the second mode wrns not
stimulated and all the energy wes carried in the firat mode {“hy-
brid" form). High demping rates were observed at e£ll frequencies
below the first mode critical frequencv rnd neglifpidle dempineg
at higher fregquencies,

130, The records made over hnrd bottom {Plates B, 6, and 7)
do not show gquite eauch smooth loons as those over soft bottom
(Plates 2, 3, and 4), The renson is that the phenomens which oc~
cur over hard bottom are critical functions of the exciting fre-
quency and of the geometry of the system. Small variations in
denth alone the range course or minor changes in velocity »ad
density of the bottom material wauld be sufficient to cause ob-
servable anomalies in the records. An acoustic system which in-
cludes a soft bottom, being in generel more highly damped, should
be less sensitive to small irrefsularities,
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131. The ipteraction spacing S, characteristic of any pair
of interfering modus, remn® .. the same for any given exciting
frequency rejirdless of e distence from the source. This is
true because ths phase ve ‘city is a constant for the mode, and
does not depend upon sourc. distance. The fact that the experi-
mental records show consten spacings is acceptable proof that
the ooserved maxima and minik.. are not caused by interference be-
tween sound "beams" or "rays" from & succession of virtual sources
in a vertical line with the actual scurce.

132, The spacings which may be derived from a group of image
sources must become larger as the distance from the line of sources
inereases, and these spacings should be smaller the hipgher the fre-
quency of excitation. The observed spacings follow neither of
these rules, and have dimensions which canuot be checked by compu~
tation from any possible disposition of fixed image sources. The
image theory is inadequabts to account for the obsarved interaction
phenomena because the sound pressurs distribution in the actual
acoustic system presents a three dimensional diffrection problem,
whicl cannot in general be successfully treated in terms of the
optical analogy of simple rays from point sourcesa

133. The image theory may, however, be expected to zive an
acceptable acount of underwater sound -ropagstion phenomens under
"a few special conditiouns, such as: (a) when the exciting frequen-
cies are so high that the wavelengths are snort in comparison with
the image distances; {b) when the bottom abscrption is very high

and the proportion of reflected energy so small that the normal
modes are weakly dimulated and strongly damped; and {¢) when the
water depth is Bo great that the effzcts of reflections from the
bottom may be neglected. The image thecry also pives zcod agree-
ment with the results of experiment for the sound preseure dis:
tributions directiy beneath a ghip-mounted =ource, a cuse which
is discussed im detmil in a recent NMRL report {Bibliog. 4).

1340 The generul theory of underwater suvund propagation by
means of normal modes, as developed in the present report, shculd
be valid for all freguencies, Ior all distances f{row the gound
sour-s, and for transmission cver the most commenly encsuntered
types of bottom. Detailed computetion from this fneory mey te
@ifficult or unwisldy if many modes are almultaneously stimuluted
at high frequencies, or if the bLotitom has a complicated layesred
structure. The derivations aof appendix A ure not strictly valid
if a significant proportion of the refracted energy is converted
into shear waves in the material of the bottom, or if there is
scattering or absorption in the mediwm itself (the water) as dis-
tinct from the bourdaries. Other factors than the normal modes
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may be Important under spscial conditions such as those mentioned
in the preceding parzsoraphe In general, however, the normal mode
theory presented in tnis report rives an account of underwater
sound transmission which is in satisfactory agreement with obser-
vation, and which permits quuntitative prediction of the principal
phenomena to be expected aver different types of sea bottom.
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V1I. REFLECTION LAWS FOR DIFFERENT TYPES OF BOTOM,

-51..



SUMMARY

Hefiection lLaws

135, Different laws for thas reflection of nlane waves at
the sesa bottom may be derived depending uvon whether {a) the
bottom is pssumed Lo be a honogeneous nedium of specified
donsity and velocity of round, or (b) the botiva is smsuwned
to be a nlane boundary having imnedance Z independent of the
angle of incidence, The analyeis vnresented in Section IV 1e
bssed upon the firet assumption; the transmiassion theory
involving imvedance is btased uwnon the second agsumntion.

136, 1If the bottem is soft, the two laws give subastentially
the came variation of reflection ceefficient vs angls of incl-
dence, The higher the shsorntion coefficient the greater the
difference between ref -oticn coefficients comnuted from the
two laws. If the bottom ie hard, the two laws pive completely
different reflection coefificientz., and may be reconciled only
by adoutling & most imorobable variation of Z with angle of
incidence., Even L&f such a variation s accented, the resultant
impedence ig uot useful for computing trensmission.

137, It is conecluded $hat the accustic behavier of the sea
bottom 1g not comnletely determined dy 1ts imrnedapnce, elithough
it is deterwined to & close first zonnroximation by the density
and velocity 2f sound - ¢ the nsterial of the bottom,

138, The nroblem of sound prepagation over an elastic bot-
tom, in which boih compreanional and shenr waves may be set uop
by the incident sound, is discusred in terms of the refleciion
lew computed for this case, KReferencse 1s made to Apvendix B
for detells, It 1s shown that the loss of energy to shesrr waves
will be negligidle unleas the velocliy of there waves in the
vottom is greater then about 2400 ftfsec, or 1/2 the velocity of
sound in water. Such velogitles 2rg imnrobeble in the mud and -
sand commonly encountered at the sea bottom, It is concluded
that in general the effsct of ghear waves may be neglected,

The tranamisrion in sush ¢ases may then be correctly commuted
in the wanner descrived in Ssction 1V, -

139, A discugalion is given of the relation between the
critical =ngle for %otal internel reflection of vlane waves,
amd the erisicsl frecuency below which *puided" tranamission
over hard bottom iz reviaced by "hybrid? transmiseion. It is
shown that the critical angie iz the smallest nngle of inci.-
dence at which provagotion of tha Ygulded" type can tske plare.
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140, The effects of viscous lorses in the material of the
bottom on sound transmission over it are discussed and the con-
eclusion reached that these effects will in general be of the

second order, although they may be observable over hard bottom
as extra damning.

CONFIDENTIAL =53~



YII. REFLECTION LAWS FOR DIFFERENT TYPES OF BOTTOM

A. BReflection Lawg - Soft, Hard, and Elestic Bottoms.

14l. The nlane wave reflectioa laws vhich result from the
avplication of boundary conditions in variocus ways nrovide
means for visualizing the 4difference between the analysis
of underwster sound onropsagation nresented in this renort and
that based upon the use of normal imvedence (Bibliog. 10). The
computation of the reflection laws for different types of bottom
2ives megne for estimating the effects of snecial acoustic con~
ditions on sound trunsmission. These include the case of rel-
atively high bottom nbsorption and the case in which shear waves
are excited in 2ddition to the ususl compressional waves in the
botton.

142, The reason why the propagetion theory besed upon
acongtic impedence gives correct results for transmission over
“soft! bottom, and erroneous results for $transmission over
"hard" bottom, may be seen from examination of the pressure
reflection coefficients comvuted as a function of the angle of
incidence for (2) & sea bottom characterized by deasity and
velocity ratiocs for two homogeneous fluids; and (b) the same
ses botton cheracterized by a normal acoustic impedance Z.

The plot of these coefficlents in Fig, & shows the equivalence
of the two cheracterizations for reflection probleme involving
goft" bottoms, as well as the complete failure of the imped-
ance theory to give the correct reflection law for "hard® bottoms,
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142, PFigure 3 was ¢p%ted by assigning reacsonabdble values
to the conrtants in the formulas for the ratio X of reflected
to incident wave pressure. The formulas which correspond to
cases {a) and {b) avove are:

Cese (8) _ / <, _cas O3
H - C; Loy &,
K Ges Ga
S wrrrery (48)
Case (b) t\' - / - -zj?:; 8,
/I + e LSt (a0)
2 s 9,

where the densities snd veloclitles in the water and in the
bottom have their usuzl desipnations, @, and €, are the angles
of incidence and refrection, and 2 is the normal imnedance of
the bottom, The devivaiions of these formulas may be found
elsewhere (e.g. Bidliog. 6, 7. and 12,

144, From Snell's law for refraction we have
s 8, = {l - (S&)zs{n""e}y" (50)
< [

The comvmerison of the reflection formulas ~fter the introductien
of Snell's law intc the expression for csse {a), shows clesrrly
that the imvedance Z can be independent of the snzle of incidence
only under the condition that

(&) » sne, (5
?_

This will bte true only over soft bottoms, in which the velocities
of sound are consideradbly smaller than in water. The reflection
law given by eouation {48) should be valld for eny vottom whieh
is nomogeneous and in which the energy converted into shenr waves
is negligible.

145, The analysis prersnted in Sectdion IV, a= well as the
experimental resulis discuesed in Sectiron III, show thrt low
{requency sound may be provegsted over hard bottom with vire
tually no loss due to absorption at the bottowm,
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This tyne of vronagation is to be exnected if the reflaction law
for such a bottom is glven by equation {48). If it is given by
equation (49) there is no single velue of irmedance which is
consistent with the observed trensmiseion.

146, A comparison of the two equations shows that the gen-
eral relation (¥quation (48)) mey be reconciled with the imped-
ance law (Baqustion (49)) either (a) if the velocity of sound in
the bottom is sufficiently emall for relation (51) to be valid,
or (b) if the impedance % varias inversely with the cosine of
the angle of refteotion, IT ¢, is greater than ¢; (hard bot-
tom) %the angle of refrection becomes and remalns imaginary as
the angle of incldence reaches and exceeds the critical angle.
“n order to yleld the general reflection law, the impedance in
a tyvical instence would have to vary as follows: as the angle
of incidence lncreasss from 0° $o 90° Z must increase from its
normal value (assumed resl) to infinity at the eritical angle,
must ~acome imaginary at that angle, and then, continuilng to de
imaginery, must decrease smoothly to somewhat less than the
original absolube velue, It is obvious that an impedance having
such properiles is a mathematical ~rtifice rather than an ex-
presslon of physical releticnships.

147, Another problem arises, however, if the attempnt is
made to compute transmission by using sn imnedrnce which veries
with angle of incidence., The resulting transmlssion equations
are indeterminate, and their sclution by the usual methods i~
practicable. The most saticfactory course is to abandon the use
of imnedrnee in trensmission vroblems except for the special
case of soft bottom for which the relation (5L} im walid. It
has been shown in Section IV that tronsmigrion may be correctly
computed in terms of two quantities, the velocity of sound and
the density of the bottom, The imvedance slone i1s insufficient,

148, Although the relsvance of impedance for trausmissicn
over “hard" and “soft" bottoms has been discussed, little has
baen sald about intermediats conditions, The intermadinle
conditions corresmand to the transmiseion of conslderable snevgy
inte the bottom, This enerpy mey elther na reflected back trom
underlving layers or be absorbed in the mrterial of the bottem,
The reflection law will be determined in the firat crse by the
acoustic properties of the dominant layer or layers, and in the
second case by the effective abqorntion coafficient of the bot.
tom,
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149, Reflection coefficients corresnonding to three valuea
of bottom absorption are nlotted in Fig, 4, the full line curves
being computed from equation (48) and the dashed lins curves
from equation (49). The absorption coeffictlants { ®,) for the
three ceses are 0.1, 0.2, and o2 , or 6 4n, 12 &b, and com-
rlete lose ner bottom reflection, rsspectively. The corres»ond-
ing impedance ratios (Zfoe) are 0.3, 0.55, and 1.0, These absorp~
tion coefficlents and imvsedence ratiocs avoly to reflections at
normal incidence,
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1680, The figure shows that the closer the imnedance of the
bottom epnroaches that of water the greanter is the departure of
the two formulas from sach other, and the greater must therefore
be the error in cowputing tranenission attenusntion from impedance,
The figure shows aleso that consideradle reflection may be ob-
tained at large angles of incidence, even from & bottom whose
impedance perfectly 'matches" the immedance of water, There will
be no reflections 1f both density and velocity of sound are the
same in the bottom as in the water, but an impedspce "match" is
not sufficient to insure negllgible reflections st all angles at
the boundary.

151. Elastic Boitom. Comnutation of the reflsction law
for a bottom in which both compressional snd shear waves may be
set up by the imcident sound gives the vlot shown in Figure S ,
The method by which the reflection coefficient for sush & bot-
tom wae computed is outlined in Apnendix B, Propagetion Over

An Elastic Bogtom.
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152. This figure shows that for the computed carea: (a) tie
eritical angle at which reflection is totel and beyond which the
refracted compressional wave ia ths bottom is imnginary., is not
altered by the presence of sh-oar wavas ; {(b) st ancles of inci-
dence less than the critical angle, the refleciion coefficient
is asmaller than st the same aAngles over 2 fluid bottom; (e) a
angles of incidence nmidway between the critical angle and praz.
ing incidence, the reflection coefficient is reduced by the
loss of energy t o shear waves.

1b3. The loss of energy to shear waves is nerlipible unless
the -elocity o these waves in the bottom material is greanter
than about 2400 ft/sec, or one-helf the velocity of sound in
water. Shear wave velocities larger than this are highly im-
nrobable in the =mud and sand commonly encountered at the se=s
bottom, It is probable thrt observable indicertions of loss of
energy to shear waves could be obtained by makinge trenamissior
neacurements over a hard rock bottom,. Such measurements will
be ~ttemnted if a sultable locetion is found.
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B. Relation Betwgen Critigal Angle and Critigasl Frequency-

154, The geaeral law for the reflection of nlane waves,
illuntrated in Fig. 3, shows thet qound wvaves Are totally
reflected ot a hard bobtom (c,» c1) if their angles of ,incidence
are greater than a criticsl angle, glven by sind = cljcu
The normad mode soluticns for the sound nressure diﬁtribution
in the scoustic system of the ses belween the surfece rnd a
hard bottom showed that for each mode there exists a critical
frequency below which the transmission im highly damped (hybrid)
and above which the pressure waves are nropagated without ab-
sorntion »t the bottom {puided). Sinece critical nhenomena in
trensmission over hard vottoms are nredicted from two comnletely
different methods of amanalysis, it is reasonable to inguire if
therc may be a relation between the criticel angle and the
critical frequency. That such. & relation exists mey be shown
by meking ure of a result from the anclysis of electromagnetic
"wave guides",

1565, In the discussion in Section V, .. Acoustic Analog of
Electromagpetic Wave Gu , and alsoc in Awnendix A, Part 4,
the sugrestion is made thnt the "guided" wave assoclated with
any one mode in elther the acourtic or electromegnetic aystem
may be interareted as the synthesis of two sets of nlane waves.
The twe sets iravel at t he gsame velocity nnd at the seme angle
with the normal to the boundsries, making a criss-cross orttera
a8 they nropagate horizontally away from the vurce bv alter-
neately reflecting st surface and at bottom, The sngle of re-
flection 1s determined by the phase velocity, which is in turn
determined by the ratio of the denth to 3he wave'! ength, and by
the order of the mode.

166, At the critical freouency of the first mode, the nhase
veloclity 18 equal to the velocity of sound in the bottom. This
ia shown 1n Anvendix A, Part 3, In Part 4 it is shown that, at
the criticel frecuency, the angle which the direction of the
waves mi'zes with the normal to the boundmsries is given hy the
relation

swe = S, (60)

But this srpression ie exactly the same as that given above for
the criticel angle for total internal reflection,

167. The relation between the two critical nhenomens le
now ¢lerr, The critical angle is the angle vhich the direction
of the waver makes with the normml to the boundaries, at the
critical frequency, if the "puided” wave be visunlized as bro-
ken un into iis constituent sets of »nlerne wves  Since "suilded"
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transmiasion ean cecur only if there is no absorntion at the
bottom, the criticel angle ie the smellest ansle of incidence
at which nropagation of the "guided" tyne can take nlace. At
frequenciers below the critical frequency of the firet mode, the
pressure field distribution will chanpe, adsorntion st the bot-
tom will occur, and the "zuided" wrves will disanmersr,

C. Zffects of Bottom Viscesity on Transmission.

15,, Viscous losses in the materisl of the bottom, which
have beecn neplected thus far in the discussion, undoubtedly
vlay some role in the vrowagation of underwater sound, since,
although ths water 1tself mary be considered to he non-dissipative
at audio freouencies, viscous losses rust occur in the msterlsl
of the bottom., The ernwerimental results indicrte that the influ.
ence of such losses on sound trenemission 1h the acoustic system
of the sen between surface and bottom will in general be smell.
These, together with other second order effects, will de inves-
tigated further as onportunity arises.

159, These may be compared with dielectric losses in the
boundary material of the analogous electromarnetic wave guide
system, The dielectric material of the guide itself is vis.
ualized as dissinationless, like the weter, bui the lower boun-
dary consists of an tmmerfect dielectric medium, correswonding
to the sea bottom in the acoustic system.

160. The effect of viscous losces in the material of a “soft"
bottom should, so far as transmission measurements in the water
are cercerned, be indistinguishable from transmission into the bot-
tot. Thus, reg~rdless of the derres to vhich viecosity may con-
tribute to the total loss of energy, "damved" transmission over
a soft bottom may be comruted successfullv from measured ~coustic
constants,

161. The effect of viscous losses in the material &f a *hard"
botvom should be to introduce a small amount of damoning oer unit
distence. The exnerimental records made over hard bottom at the
Potomac River Mouth do not show any effects which may be defi- \
nitely traced to viscous demning. It 1s mossinle, however, thrt
additional transmission studles may reveal such effects.
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TIIL.LSTENUATION, A SYNTHESIS QF TR¥ JGMPOHSNT FACTORS,
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SUMMARY

Abtenuation

162. The attenuation of undsrwater aound nrovegrted in
shellow water 1s shown %o result from the operation of two
factors, dam»sing and snreading. Damoing 1s differentinted 1in-
to first order dnmping, dus to abeorntion at the bottom; and
second order dsmning, due to & number of tauses auch as scat-
tering, -iscous losses and shear waves in the bottom, Second
~ order damping is ordinariiy imnortant only ~t the higher fre-
aquencies. Cylindrical spresding, amounting to X Ab per distence
double, is present in all cases of propasgation between two nlane
tounding surfaces.

163, If the bottom ig acousticaily hard the attenustion of
low frequencies is dominatsed by cylindrical soreading. If the
frequency is sufficiently high for many modes to be stimulated,
the second order damning terms may combine to give s messure-
distance relation whilch spproximates an inverse nower curve,
Such & curve may be characterized by a “transmigsion exnonent”.

164, 1If the bottom 1s acoustically aoft the nttemuation is
dominated by first order damning, although cylindrieal snreading
am. wmecond order damping are aslgo present. If many moder are
present the data may be reoresented by » "transmission exvoueat”
for a few huiiired feet nesr the source,

165, At extremely low frenuencies, over both niard and scfi
bottom, extraordinarily high attenuntions may bte exnscted, and
the damuing is governed nrimariiy by the ratio of he water
denth to the wavelength.

166, If the boltor ls strongly sound ansorbent or the

water depth is great, the attenuation is charscterized by “divnle
spreading®, vhich emounts to 12 db ner distence &ounbdle
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VITY, ATTLIUATION, A SYNTHRESIS OF THY COMPONENT FACTORS.

A. The Primery Factors: Snrending and Damning.

167. Understanding of the nhysical factors which deteralne
the aitenuntion of sound with distsnce in the scoustic syatem of
the sea should make possible the exnlanation -+ ithe observed
transmiselon and the predictican of the exnmected sound levels at
verioue distinces and over varioues btypes of vottom. In this
renort the term "atdenuztion™ 1a used to signify any ovarsl)
decrease in $he rms scund vreesure level which occurz in moving
away from the source from one positlon in the system to another,
The system is assumed to bs in the steady state. In this sectlon
only envelope or average levels are considered, since the inter.
ference vhenomena which may take vlace heve been nenerately dis-
cus«ed in Section VI,

168. In general, the obrerved attenuntion of sound level with
increasing distance from the source results from the influence of
two primary factors, spreading snd damning.

165. Spreadins oceurs in all cases, and is that prrt of the
attenurtion vhich arises from the ga-metrical divergence of the
waves with increasing distance. Spherical snreading, in which
the sound nressure varies inversely with the distancs from the
gource, is the %ype which occurs 1f the medium 1s infinitely
extended. Crlindricel screrding, in which the mressure varies
loversely with the squars root of the distance from the source,
ir the tyoe vhich ccecurs iz a medium enclosed by two infinite
fiet nlanes, such as the sea betwsen surface and bottom. It
{8 obviocus that cvlindricsl snrezding is to be exvected when
souad is wrovagated through shallow water over a substirntially
flet bottou.

170. Dempige occurs under certainoonditions, for exsmnle
over soft bottoms, and renresents the "tapning off" or leskage
of wave energy from the scoustic system. It is assumed through-
out thie discussion thet there are no losses due to absorption
or scattering in the water 1tself as distinct from the bounding
surfaces, The tatel attenuation between two nointn in the sesn
will in generzl be the result of cylindrical soreading bPetween
“hem plus the damplng wiiich may exist.

171. Physicelly the two commonents of the attenurtion
manifest themselves in quite different ways.
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172. The comnonent due to smreading, telng a geomeirical
divergence vhenomenon, derends merely uvon the ratio of the
distances - messured from tha source - of the two noints under
considerrtion. Therefore the sound nressure decrerses inversely
with some power of this ratlo. When sound pressure levels are
measured in decibels, it 1s often convenient $0 describe at-
tenuation due to spreading in terms of "db ver distance double".
This constant, wrovided that the attenuation is ceused primarily
by soreading, should ve indevendent of the distance from the
sourca., Zor cylindrical snreading, the geometric sttenunation
constant 48 3 db per dlstence double; for spheriral spreading,
it 1e 6 db ver dietance 4 ouble,

173. Demping is evidenced by a uniform nercentage reduction
of the sound energy =8 distance increases, The amount of damp-
ipg is indepsndent of position in the system, and may therefors
be conveniently exnressed in deeibels ner unit distence (e.e.
db per 1000 f1). This is equivalent mathemstically to & nressure-
distance law huving the form Pre~KX  ihere x in the distance
apd k is the damping consteat,

174. The zctual atienuntion in the acoustic system of the
gea resulte £ rom & gyntheses of the two factors, damning and
spreaiing. The attenustion of sound betveen any two polinis
lying on a line through the source may be derived from 8 nreg~
sure forrula Laving the mcthematicol form P g k¥ (x)~%

175, This expression, involving a single domning frctor,
exoreases the physicrl relationshing for transmission in s
eingle moae., 1If maay modes nsrs wesent the resultant wressure
will be the sum of a reries of pressure terms, erch hoving the
above forc anpd adistinciive damning constont, onse for amch mode.

176, The form of the transmisslon curve cbtained will be
determiped primarily by the exvoneatial damning factors e~/ WX
if the bottom is sofi, mnd by the » vresdiing factor X ~“24if the
bottom is hard., Assume for simnlicity that only one mode is
oresent. Then, if the bottom is soft, a decibel {lomarithmic)
slot of wressure level versus distance {linenr) will, excent for
the "initial dros® near the murce, be substsantially a siraight
line, I7 the botiom is hard, the slepe of the transmission
curve nloteed as db vs distsnce will decresse grafually with
increasing distanc2,. "Damoed" $ransmission over soft bottom,
with & linear decline of pressure level with distence, 1s 1l-
lustreted by the lower curves on Plate 2, "Gulded" transmie.
gion over herd boftor, vwith a rate of attenuation which decresses
as distance increcses, s illustrated by curvee (a) on Plate 9.

CURFIDHIPIAL 64



177, Various combin:%ions of dpmning and snreading are
1llustrated bty the synthetic transmission curves in Fign, & and 7,
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178, The ordinates in both fipures are pressure levels in
db. The absciasas are distances, nlotted to a linear scrle in
Feg, 6 and to n logerithmic scele in Fig. 7. Curves (a) and (b),
beginning at A noint 200 £ distant horigontally from the murce.
11lustrate attenuation due to soreading alone, Curve {(a), cor-
resnonding to cylindrical spresading, definer the ideal lover 1imid
of attenuation in "gulded® pronsgation over a flat bottom. Trans-
mission over a herd bottom may ap roach this curve if losses from
scattering and osher mcond order effects nre sufficiently small.
Curve (b}, corresmonding to spherfical s=nresc . ng, is assumed %o
start from the same initial level rs curve (a),

179. Curves (¢) and (d) are typleal exsmnles of the com~
bination of snreading and damning to give "damped transmission,
with small and large damning, resvectively. Thece curves in-
dicate the upper and lower limits within wvhich the observed
trensmission over soft bottome will probably lie, at frequencies
for which the wavelength is of the order of the water denth or
less, Although the effects of snreading are included in curves
(¢) and (&), the transmission is domineted by exvonential demu-
ing which causes the curves to avnoroximate straight lines. The
slopes of these lines are the demping conatrnts, 12 db/1000 ft
and 40 Ab/1000 f£t, which correspond at these frequencies to
minimum and maximum damping resnectively. Ressonsble initial
levels ore gssumed for the stnarting points of the synthetic curves.

180, The differences between "damped® and “guided" trans~
mission, over soft and herd bottom resvectively, rre gravhicslly
{llustreted by the synthetic curves. The suneriority of the
nronagetion over hLard bottom to that obtnineble over soft bot-
tom is well shown. It is evident that the nature of the ohyeical
arocesses involved should be kent clenrly in mind when discus-
egins the decrease of sound »ressure level with distance. Although
a "3b wer distance double" relstion may c¢lorsely a-nroxim-te the
attenustion to be exnected over herd Bottom, or in otier s-eglal
cnses described bvelow, such a relstion cennot ndequrtely ren.
resent “damped” transmission (e,g. the lower curves of Plete 2),
Similerly, an attenuation exnmresged in "dbn veor 1000 £4" may ec-
curstiely revrezent low freauency nronagatinn over soft bottom %
conslderebls ¢iatrnce from the source, althmwyh this form of ex-
nression hes 1i$tie nhysienl siegnificrunce if anniied to "suided”
transmiasion over h:rd bottom, When snreading is the dominsnt
factor, the rate of ~ttenurtion wer unit distance chanres with
distance £ rom t he aesurce.
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181. The differance between the two basic tymes of trasns-
mission 1s illustrated equally well by Feg. 6 and by Fig. 7.
It would seem most convenlent %o use a linear distesnce scale in
nlotting curves showing "damned" transmission, and a logarithmic
distance scale in nlotting curves showing “gulded” transmiassion.

182. It should be remembered thet the svnthetic curves do
not give the ettenuations exvected at extremely low frequencies,
for which the wavelengthe are considerabdly longer than the water
denth.

B, Influenge of Hizher Modez - Iransmissiopn Famopents.

13, The synthetic curve-, Figs 6 and 7 rre idealized.
They nsre strictly amwlicable only if all the energy is cerrled
in the loweat mode, since the observed attenuntion hae no com-
nonent causes other than damping and sprezding. In epite of the
restrictions on thelr generslity, the synthetic curves nrovide
a clear picture, in terms of physical processes, of attenuntion
in shallow water a%t moderately low freguencies.

184. The wrimary damning factor is the loss of energy
from the system to the bottom, The first order damning is
computable from the elastic nroperiies of the vottom, in terns
of the conetant ¢-. Additional damning may result from & num-
ber of other factore which cannot bLe ignered, elthourh their
effects fre usually of zecondary imnertance, The secund order
damoing factors include: {a) the influence, increaning with
frequency, of viscous losses in the bottom, (1) the loa= of scund
energy to shear waves in the material of the bettom, {2} the
scattering of sound waves at the surface of the sea; (4) the nos.
sible scattering and irregalar reflestion a% the bebtow; and (e)
the absorntisn and serttering in the medluw itself. YFacher (a)
is discussed in detail in Section VII-C; faztor (D) 4e dircussed
1n Section IV. \ snd in Appendix B; and factors (¢}, (d), apd {e)
are considered to¢ be negligidle at the frequencica of nrimary
concern for this analysis, althaupgh they may be very imnortaont
a8t aipghsr freocuencies,

185. The comblned influence of the mcond srder loss factors
nay resronably be simulated by the sumerposition of a single
demping term on the overall cylindrical snreading of the energy,
The shapes of the curves for transmission over «~oft bottom will
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not be altered by the effect of additional dsmoing. The shapes
of thse curves for hard bottom will be altered if the damping
term 18 comparab:e to the inverse pover term in the nressure
equation, The experimentsel curves (Plate 9 (a) ) indicate that
soreading was the dominsnt factor in transmisaion over hard dot-
tom, ae far as the records were carried. It is concluded that,
under the conditions of ithe measurements, the second order damp-
ing was very small,

186, The actual transmission curves may differ from the
idealized synthetic curves because of the different decay rates
of the constituent modes, I% has heen shown that if only one
node is present the rate of attenuation is determined by a sin-
£le dampning constant, At modsrate frecuencies, however, many
modes are stimulated, each of which contributes to the overall
t ansmission. It was shown in Section V-C thet the damping rate
increases with the order of the mode. The modes are vnronagated
by alternate reflections et tov and boitom; morecver the nunber
of reflections wer unit horizontal dlestance increases with the
order of the mode. Except for absorntion in the water itself,
the second order lose terms nll devnend unon reflection, The
effect of theae terms must therefors incresse with the order of
the mode, and alse with the frequency. The incresse of scei-
tering with frequency is particularly pronounced,

187. The actual transmiec=ion curve may be considered to be
the envelope of a group of curves, one for each mode, Each
curve starts from a different initial level, =nd each has a
charpcteristic downwerd slope. The slooee of these curve~ in-
crease with the order of the mode becsuse both first and second
order damping terme increase in this manner., The combination of
a nunber of straight lines, each vith a different slone, nay
have an overall envelope which ¢losely svproximetes an inverse
power curve. It is therefore possible for the envelope trans-
mission curve, if many modes are present, to alope dovnwrrd in
accordance with any vreassigned inverse nower of the distsnce,
A curve similer to (b) in Fige 6 and 7 may thus result from the
combination of several curves similar to (e} »nd (d). In this
case the observed trensmission phenomenn may anvear to be rep-
resented by a pressure~distance relation of the "spreading"
iyne, although actually the attenuntion may be dominrted by the
effects of damping.

188, The fact that an inverse vower curve may represent,

over certain ranges, the transmission cof sound in many modes,
1s the mole phyaical juntification for presenting the results
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of tests in the form of “transmission exvnonents”. It has been
reported thet ths results of transmission measurements in the
antronches Yo Son Frencisco Harbor may be characteriiad by
inverse power curves over ranges from 500 to 2000 yards. The
results (Bibliopg. 13) were mlotied as pressure level in 4b versus
the logerithm of the renge. In general, straight linee were
obtained, the sionea of vhich determined the "transmission ex-
ponents®, The latter were estimated by resding the ordinates of
the ocurvee at two ranges differing by a factoer of 10. The aif-
ference between the two ordinates, 10 n (db), gave the transmis-
slon exponent, n. This exponent is assoclated with the atten-
uation of socund intensity. The wressure exnonent is of course
one half of the intensity exponent. The intensity exnonent for
eylindrical snreading should be 1, and for snherical soreading,
2. In the San Francisco study, transmission exnonents were
obtained ranging from 1.4 to 3.4, vith a median value of 2.9,
The median value corresnonds to a rate of attenuntion slightly
higher than thet sssociated with svherical spreading.

188, The resuite of the San Francinco survey may be readily
internprsted in terms of the normal modes of the syastem. The fre-
quency at which the measuremente were made, although not stated,
18 presumed to have been in the range *00-1000 eps, where many
modes would be stimulated. The bottom in the area stwi:ed is
marked %hard Sand" on the hydrograchic chart,

190, Inverse power attenuation with an exwonent of 2.3 could
not have been obtained if all the sound eneryy hrd been crrrisd
in a single mode, becauss the sunernosition of a single damping
term (expressing second order losses) on cylindrical snresding
of the sound energy connot y:eld an inverase nower relation with
such & high expoaent as 2.3. Inverse power attenuntion with this
exoonent can, however, be exnlained as the reaultrnt of many modes,
each characterized by cylindrical snreading sad a distinciive
damiag term.

191, If measuremsents hait been made in thic esrea at lower
frequencies, for sxammle 100 ens, the medisn transmission ex-
nonent would doubtless have been considersbly smaller. The
¥RL data sugrest thsat the ideal iransmission exnonent, unity, may
ve closely annroximated when sound is wpropsgeted over hard bot-
tom nt sufficiently low frequencies. Additional meamurements at
the Potomac River Mouth at higher frequensies (200-1000 cps)
would obviously be desirable in order to clarify these relntion-
shins,
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192. The recerd at the dottom of Plate 4 for transmission
over a soft bottom at 400 cps is another example of nropagetion
in which the sound vressure varies inversely with a nower of the
source-distance, I1{ also satisfies the conditione thet & number
of modes shall be stimulated, and that the damning of each mode
=hall iacrease wiih the order of the mode, The envelops of this
record can bde sccurately fisted by an inverss nower curve., A
vliot of pressure level in 4b versus log distence, ueing data
from thise record, 18 a straight line with a slope corresponding
to a transmiesion exwonent of 2.5, This exvonent fits the dada,
although 4t has no direct intervretation in termz of snreading

Alone.

193, Zven et high frequencles, the nronagation over soft
botton is not so gzood as that over hard bottom. This is in.
dicated by the Tact that the trpnemission exnonent noted above
iz higher than the exponents found by the San Francisco study
for corresnonding source distances (less than 1000 £3).

194, The urohable mechanism of attenustion at moderately
high frequonclies 1s now c¢lear:

a) The physical relationships involved in sound
trensmission require thnt the mreading which can
occur between two infinite parallel nlanes he
eylindrical, corressonding to a transmission ex-
nonent of un:ty,

b) They also require th-t the effect of all lons
terms on the nronagation of eny one mode may be
renresented by a sinesle damning term.

¢} %ach mode hns a cherrocteristic deamwines constamt,
and the rote of deiming increases «ith the crder of
the node, reperdless of vhether the dsmning 1is crus-
ed by bottom absortisn or by ~econd order effcct«
such as scatiering.

d) If the messured tranamission curve declines in
accordance with a higher inverse power then 1/2

{i.e, with a higher tronsmission ernonent then unity),
the vresence of several modes is indlcated.

e) The combined decay of several modes at different
rates 18 able to produce an overall transmission re-
cord which 1e indistinguishadle from an inverse nower
curve, the transmission exnonent of which may te
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considaerably higher than unity - the exnct velue
devending unon the relative degrees of stimulation
and the relative daming rates of the various modes.

C. Gommutation of Aktepvation For Various Tymes @f Botton.

195. The influence of the boundaries, particulerly of the
bottom, on the attenuatlon of undsrwater nound may be sstimated
in terms of dmmning and synreading, and actual levels at different
diatances from the source may be computed for special cases,
This is done ns follows. The bottom in a piven aremis cleseified
on the basis of hydrogranhic deta and hydronhone asoundings as
acoustically "soft" or "hord", The soundings nrovide values of
the effectivefbcﬁ, the normal imvedance of the bottom, Although
density and velocity (ﬁa and cp) are interdenaendent, these quen-
titien rmoy be senarateiv estimated.

196. Damving conatants (&) and phase velocities {c/t) are
determined for each mode, once the denesity (£), the velocity
(c,), and the depth in half wavelengtha { »),) are kmown. Nu-
meficul comvutations are facilitated by the use of chartes (Plates
12-17 inc,), the origin and significance of which are discussed
in Sections IV and V.

197, Commuted values of attenuation are <hown in Table IV
for an illusirative specisl cnse. I% is assumed that all the
energy is carried by the first mode, The water depth is taken
to be 60 f%, the excliting frequency 100 cns, and commutations
ere made for bottoms having a wide range of acoustic nronerties,
Cylindrical soresding is assumed, and the total attenuation is
the sum of this term nlus the damping due tvo absorption nt tha
bottem. Secondary damning factors such as seattering are neg-
lected.

198, The pressurs level differences between 6 £t f{rom the
source and a distance equal to ~bout three times the water depth
were estimated for Table IV from representative experimental data.
The procsdure desaribed on the preceding page sufficed to evalunte
the attenuations between this point and greater distances, I1If &
technique now baing developed proves successful, the short range
pressure differences may eventually be comnutable entirely from
theoretical considerations. The would make nossible the exact
comnutation of attenuvation over wide ranpges, starting from the
known levels at & ft from the rource.
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199. The tabulsted attenuations are quentitstively reliable
for pronagation at the assumed frequency and water deoth, and 1l-
lustrate what may be expscted under related conditions, For e--
smnle, 1f the denth 80 £4 be doudbled to 120 £t, the results in the
table wil: be aowroximately correct for a frequeacy of 50 ¢ens, and
all velues of total atienuation frow 6 £% will increase aboul 6 db
owing to the spreading of the avuilable energy through a volume
twice as great as before., If thes deovth bs increased the ceatral
peak on the ranpe runs zhsuld bzaoome less nrominent, bdbut the slopes
of the curves at any cousidsraule distance (500 to 1000 ft) should
be 2 lisred only slighily., 1If the frequency be increased without
alteration of the deoth the attenuations will be aliphitly dacreas-
ed, as shown by the suverposed range runs on Plate 9, This effect
ls due to the influance of the higher modses, If both frequency
and depth be somewhat increased, the changea in attenmuation will
be amall, sinze the resultn of the variocus effecte tend to ccun~
teract each other.,

200, The diffesrercez in attenvation caused by variations in
the agnustie chnracter of the boliom are very muc:. more immorteat
than those which nmay be evveoted frum variations in denth or fre-
guency, provided the frequency is swnrscisbly higher than the
"natural frequency® for the firat mode. The ranse of attenuations
shown in Table I7 for different tyoves of bottom should be generally
valid, apd with some reservations the wveolues glven in the tadle
should be anprorimstely correct f or other devths and frequencies
than the 60 ft end 100 ceps for which they wers comnuted. The close
agreenent betwseu the values in Table IV and the exverimental re-
salts shown in Platen 9 2nd 10 ie vorth noting.

D, Att onation af Mxtremely Low Freayencies.

24, The theory predicts that, if the exciting freouency is
substantially lover Yhen bheat for which the denth is & wevelensth,
the damning constapt for the fir~t mode over sof% Wottom will bhe
very large and strongly devendent unon frequency. This is not
true at the higher frequenciss discussed in the nreceding nara-
gravhs. It is to be exnected that wrc....icnd changes will occur
in the attenuaticn over soft bottom as the freauency is reduced,
and tant theze elfects will predominaie if the frsze wevelasagth
apnroaches or exceeds twice tha water Cenih,
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202, The exnected varintien :¥f damping for tronsmission
over soft bottom as a function of frequency may be comnuted with
the #1d of the charts (Plates 18-17 ine.). Comnuted results, for
the acountic conditions which exist at the Potomac River Bridge
in summer, are vlotted in Figure 8§, The damming rotes, in db ver
1000 f4, rre shown for the frequency range 20 to 100 c¢ns,
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203. The striking featurs of the nlot 1s the extremely
rapid incrense in the dnmwing rate of esch mode as the frenuency
decreases belov a certaln value. At any given frequency, the
drmning rete of the sscond mode is much grester than thnt of the
firet mode, The damning of each mode becomes nronounced gs the
frequency aovnroaches the "natural frequency™ of the perticular
mode. In thias cass the "natural frequencies" vhich corresnond to
the first and second modee are 45 ans and 90 cns, reenectively,

204. The significance of the curves in Fig. 8 will be an-
varent if they are cormared with the exnerimental records in Plete
2. At these frequencies the overall transmission is poverned nri.
marily by the damping rate of the firet mode, although the second
mode may also be vresent, esnscislly nesr the source., At frequen-
clies sbove 100 cng, the firet two modes »re strong enoush to give
futeraction 1ovue Lo Guusideralble dlsvances. As the frequency is
lowered from 100 cups to 80 cps, the damning constant of the second
mode increases 80 renidly that the second mode is present only in
the imnediate vicinily of the source ¢t frequencles lover than
sbaat 90 cna., The transmission is carried by the first mode alune,
vithout axcessive damming, rs the frequency is lowered toward €0
eng, At freguencies lower than 60 ens (wavelength equel to abhout
1 1/2 times the denth) the damping constants of the first mode
increase at extraordinary rates, reaching 80 db/1000 £t nt 50 cos,
250 dbf1000 £t ot 40 ens, and 350 4%/1000 £t st 30 cvs.

206, If the water denth were hrlved, these damniny rates
wvould -aunly t9 double the indicated frequencies, Similarly if
the wrter denth were doubled, the druning vould be thet for hall
the indicoted frequencies. The basic variadle is of course nel-
ther denth nor frequency, but the ratlio of water denth Lo vevae-
length,

206, k= intersction loony on the recovds in Fletz 2 11-
luatrate the disanuearance of the second made av the frecueacy
decreases %o 70 ¢ng,. Recent vanpge runt ot ths iver Aridre,
pet revorsed in detail ~t this Gize, confirm the srucated high
damoing rates at freousncies lawer than 7?0 cre, For ezrmole,
the following attenuations wers cbaerved: 44 8h/1000 £3 at 56 ore,
B3 &b/10(0 2% at 48 cns, 210 dbf10O0 £4 at 46 cos, ané 2AN
db/iC00 % at 32 1/2 cns., Thace veluss are !n ccod agprecpen’
witl the comnuted curves,

207, It 3s thus wredicted from theory, and coudirmed dy

sbservation, that: fpn) for a soft bottom of given accustic nrog
erties the factor «hich determines whe »ronagntion at lov
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frequencies is the ratio of the water denth to the free wrve.
length of the sound; (b) for frequencies higher then that for
which the depth is a wevelength, the damning rate is small rel-
ative to that st lower frequeneies, and is not a nronounced fun¢-
tion of frequency or denth; and (c) for extremely low frequencies,
belovw the “natural frequencv" of the lowest mode, the damping rate
1s extraordinarily high and is a pronounced function of frequency
and depth.

208, Over hard bottom, the tranemission of extremely low
frenuencies is characterized by a sharn transition at a definite
eritical frequency., This frequency, as previously noted, is slight.
ly higher than that for which the denth is one quarter wavelength,
Above the criticel frequency the damping is zero and below Xt the
dampling incroaces with sxtracrilnary ranidity as the frequency
decreases, This variation, for a typical instance of hard bottom
trensmission, is illustrated by the deashed curve in Figure 8,

E, Attepuation Over Seund Absorbent Bottom.

209, If the bottom is almost commle tely snund absorbent for
normally incident wsnves, there wiil be no appreciable standing
wave pattern between eurfacs sand bhottom, and the normal modes will
be weakly stimulated and high'y dampmed., This corresnonds to a
normel reflection coefficlent which is almost zero and a bottom
lmvedance neerly squal to that of water, In this snecial case the
attenuatlion may be closely approximated by assuming s dipole source,
the actual source and its image above the surface, radieting sound
into a semi-infinite medium, The computation results in a inverse
power curve cherscterized by a transmiesion exmonent {intensity)
of 4, If the bottom is sufficlently sound absorbent sn attenus-
tion of 12 db per disiance double should therefore be expected,

210. At high frequencies or at grent distances from the
source the interference pantterns may become imperfect. In this
case the "dipole sproading” described above depenecretes into
spherical souresding with en attenuation of 6 db per distance
double, Also, at lsrge distances from the source, reflectione from
the bottom at high angles of incldence may become annreciable,
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It is ghown by equation {28) in Anmendix A, that there mey be
considerable reflection at lerze sneles of incldence, even if the
f;c of the bottom "matches" that of the water,

211. The valuvee of attenuation in Tabie IV, for an assumed
impedsance retio of unity, were comuted in accordance with the
dipole spreadinz law, equation {(52) in Apwendix A, Locntions
have been found in the Chesapeake Bay ares and at the NMMVTS acous-~
tic range, near Solomons Island, where the messured hottom immped-
ance ig very nearly equal to thet of water, and where the standing
wave system betvween surface and bYottom is very noorly developed.
In these locations the material of the bottom, Chesmveake "dlus
clay', is highly dissipative.

212, PRange runs in thess areas at frequencies between 38 cps
snd 300 cps resulted in good experimental confirmation of the at-
tenuation predicted by the dipole spreeding law, One of the re-
cords is illustrated in Flg, 9 in Section X (Anplications of Re-
sults ). Additionnl diseussion of the tests in the Chesapeake Bay
and at the NMWTS ranpe will ve reserved for a subseguent report,

213, Ths attenuation which occurs in trancmission over a
strongly sound sbsorbent Dottom avproaches ae a limit the atten-
vation to be exvected if tne bLottom were renlaced by additionsl
woter extending indefinitely downward., The nropagntion of low
frequency sound in desp water shouwld therefore anproximate that
over a comletely absorbing bottom. In this sevecisl case the nor-
mal modes ore not imnortant, since they depend unon reflecticns
from the bottom,

NOTE: The integration of the general presrsure equations of Ap~
pendix D, accomplished after the renort was written (See Addenda),
makes possinle the computation of the resultant sound pressure at
any roint in the field of the acoustie syntem of the sea between
surface and bvottom,

1% 1= shown ir Section VIII.C that the methods already described
are entirely adequate for the computation of transmission curves
for source-disntances substantially grester than the dapth, The
comnlete presasure equations are required, hovwever, in computations
for shorter source-distences, Transmisgion data, including actuanl
pressure levels, may now be commuted for all types of bvottom and
for all source-denths and source-distances,
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1A, THE USE OF ACGUSTIC HEASUREMENTS AS TRANSMISSION CRITERIA,
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SUMMARY

Iransmigsiopn Criteria

214, The acoustic information required for the comnutation
of vronagation conatants may be obtained by making hyvdronhone
soundings beneesth a sound source mounted on an exnerimental ves-
sel. The effective density of the bottom and the velocity at
vhich sound {n transmitted threugh it may be obtmined from such
goundings, coubined with aveilable knowledge of the general char-
scter of the bottom (mud, sand, rock, etc,).

215, By msking use of these values of density and velocity,
end the water denth in half wavelengths, the distribution constants
for the firet and second modes may ba obtained from charts (Plates
12-16 inc), and converted into damming and phase constents by means
of another chart {Plate 17). If the bottom is definitely "soft"
or "hard", the transmission may be comnuted with considerable ac-
curacy; if it is "trancitional', the acoustic behavior may be es-
timated by considering the influvence of lower layers or strata.

216. Although soundings beneath the source sre sufficient
to characterine the acoustic behavior of the bottom, it is de-
sirable if facilitles permit, tc supnlement thece with similer
soundings made at a considsrable horizontal distance from the
source, The interpretation of thase soundinge in terms of the
physics of sound propagation is simonle snd direct, provided that
they are made under conditions which ensure that only the firat
mode is present, and that the effective angles of incidence are
large.
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TX., THE USE OF ACCUSRIC MIASURMHENTS AS TRANSHISSION CRITFRIA,

A, ilydronhone Scundirgs Beneath the Source,

217. Conaider an area in which the water is comparatively
ghallow and the acoustic character of the bottom is unknown,
What acoustic measurements are requirad to enabls a felr estimate
to be made of the low frequency sound trensmission which may be
expected? An attempt to answer this question is made in this sec-
tion.,

- 218, It hss besen shoewn by the foregoing analysis that the
character of the tranemlssion cen be specified, and the propage-
tion constents comnuted, vrovided that the density of the bottom
material end the velocity of sound in it are known. It ig-pos-
¢ible that the effsctive viscosity will slso have %o be known
in order to gilve 8 ccmplete account of transmission over hard bot-
tom, but the experimental results indicate that a close apnroxima-
tion may be obtained in terms of density and velocity alone,

219, The mos% practical ecoustic measuremente which give the
deslred information are hydrophcone scundings beneath a sound source
mounted on the experimental vessel, These mersurements give records
at various frequencles of the vertical distrivution of sowd pres-
gure level between the source and the sea hattonm,

220, %he method of making such soundings and thelr inter-
pretation in terms of the normal acoustic impedance of the bot-
tom hrs besn discussed in a previous report (Pibvliog. 4). The
frequency renge in which the vertical soundings give the most
interpretable records is that for which the water denth is be-
tween one and four wavelengths. The socurce denth shoulsd be &
quarter wavelength, although this is not eritical, and the outout
of the source should preferably be a simnle rather than a complex
sound "spectrum”, If a comnlex sound source is used, the receive
ing system must include a sharp filter, The receiver should ine
clude a hydrophone, an amnlifier, a band pass filter, and a level
recorder. The nrocedure consists of recording the sound level as
a function of time (or devth) while slowly raising the hydrophone
from the bottom to the surfsce,
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221. The analysle o3 the hydrcnhons mounding records permits
the evsluaticn of the normal scovetic imoedsnce of the sea bottom
in the desired location., The impedance concept is of course entire-
1y volid 1if restrlcted t5 systens in which the cound waves impinge
at nornsl incildence, On the vasls of hydronhone scundings the bot-
tom may be claesified as "soft", "hard", or "transitional', cor-
resnonding to three types of boittom reflection, “free-boundary",
"rigld-boundary" and "¢ransitionnl®, Valuees of impedance which
are vredomlnantly real and smaller then the radistion resietance
{ » ¢) of weter correspond to "soft" bottonm; values which are vnre-
dominnantly rszal and greater then the roadiation resietance of water
correspond to “herd’ hottom; and values vhich are predominantly
imspinery (reactive) end of the ssms order of magnitude as the ra-
diation resintanco of water corresnond to "transitionmal® scoustic
cenditions at tho bottom, Tet another condition ias oceasionslly
encountered, in which the bsttonm is sirorgly sound-abaorbent, wlth
#n imnedsnee mearly equel to that of water, Fortwnately the in-
ternediats conditlons oceur infrequent’y, and in most instances the
botlom can be fefinitely clawsified from hydrophone scundings as
*soft" ox "hard®, If the measured imoedance varies vith frequency,
the impedancs at the lowest frequency may ususlly be taken as most
representative of the influence of the bhottom woon sound tranamie-
sion,

252. The impodance determined from hydrovhone soundings is
an effeetive value of oc (density times velocity of sound) for the
materiel of the bottom, The sveluation of trensmission constants
requires that o and ¢ be separately known. The density may easily
be determined from the weight and volume of a samnle of the bod-
tom material, A botiom sample elsc gives a desirable cross check
on the imnedences measurements and og the drta glven by the hydro-
granhic chiarts, Gace the donsity is known; the veloclty in the bot-
tom may be comnuted from the measuréd value of pc,

2250, If 1t is undesirsdble or difficult to take samnles, the
deneity of the bottom may be guesseg wiihin cloese limits from its
general character and from the impedence datr, Thus the density
of mud and oclay mey safely be nscumed to )le between 1.7 and 1.6;
that of sond and gravel between 1.8 and 2.2; and that of rock be-
tween 2.4 and 3.0 denending upon the tyne, Mixtures such as sexdy
mud mey be assuned to have intermediante denslties., A rough rule
of thie sort should bve adequasta for most practical cases, nlthough
an imnedance measurement would give an addiltional indication., The
lowest density range should corresnmond to immedrnce retios less
than uni%y; the intermedirie density raare t o imnedance ratios be.
tveen one and four; and the high density range %o immedance ratiocs
greater than four.
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224, Twe deftinidions of "aof4" and "nrg" bottom have been
given, ons in terms of iipedance (Hibliog. 4) and ons in terms of
valocity ratlce {Seettion IV;, The definition in terms of velocliy
ratios would eppesr o have greater nhysical sipmificaonco than that
in terms of impedance. There 18 no conflict between the definitious
if the hotvom 48 Celinlislr sither sof$ ur herd, Some confusion
may sriase, however, i1f the impedance ie greator then that of water,
spd the weleelty alipghily lese than EER that in wroter. In »rac-
tice this showld oruse 0o A1f7iculéy because such bottoms will be
cleosified oo either airsaply abosorbent or “transitional". The
acrustic beheviar of thees tynes of boliom is discussed in a later
naregrenh,

225. The velcelly of eonnd ik, pud the denslty of, the mate-
r.al of tha hottom, and 3he dcpth of the water in half wevelongths
are sufficient %o detersine A end ¥ throush squation (21), The
euantity A &z the suecific gravity of the bottom. The excitation
frequency enters iats the zommuintion of the depth in halfl wave-
leasthes, The latt:r, mltinlied by the factor [ngfn—{]ﬁLgives B,

2728, Uncn conouliation of the charts for di«tribution con-
staats of the first and s2cond modes {Fletes 12-16 inec), a set of
values of A and AL nny be obtelned, corresvonding $o ench set of
values of & and B, “Yhezz valves annliled in turn $o the chert which
fives ths relatlons betweea the distridbution and wronagation con~
atrnts (Plate 17) determine the corresmonding values of o and T
for the firet and second modes.

227. The dawpins consiant ¢ snd the nhase conrtant 70 for
each mede may thus be determined from the basie physlcal constants,
deasity ,0, , veloelty ¢, , snd depth in half wavelengihs 52 .
Sample commutationa ore glven in Appendix B, The phnee c onstant
T 18 chitefly usmeful for the comvutation of internction snacings
as descrited in Section VI, The nhase velociiy of the mode is
cl- , sné the ohose wavelength is NMp |

228, The damping of the preasure wave in a diatance of one
wevelength A is given by the exnression £ 7Y or 54.6 & db ver
wvavelength. Thiz Y2 esnily converted into 4b ner 1000 f% or into
other desired unit=. The attenustion crueed by peomstrical soread-
ine about the source (3 4b ver distance double) should be added to
the dnmolng tera in order 4o ohtain the e »pected rate of attenuation
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for the partlcular mode, The finsl corposite trrensmission curve
nay ulso include the effects of giler fretors discussed in
Section VIII.

239. If the bottom is hrrd {cg) ¢)), and the frequency is
higher than the critical frequency, it will be found that =0,
G =0, and %hat cylindricel snreading is the only attenustion fac-
tor, At frequencies bolow the criticel frequency for s particular
mode, that mode can exlst only in the "hybrid" form discussed in
Section VA (Three Tynes of Transmission),

230, Commutation of tre provegrtion constants as described
above should enadble the moast lmnortant transmission phenomens to
be quentitatively nredicted with considerable accuracy in crce the
bottom ig "soft", and vi th falr accuracy in crse the bottom is
"hard". Fortunsatoly, rough estimates of density are usually suf-
ficient to give reliable values of danping constant & , since
under moat conditions this quantity doces not very in & critical
way with density for a given 2C .

231, If the hydrovnhone soundings indicnate intermediate
acoustic condlitions at the bottom, the detalled ~-unutation of
transmission constents may be difficult. One intermediate cese,
thet of ths strongly scund-abrortent bettom, was discussed at the
end of Section VIII (Attenuation). Another intermedirte case is
that for which the measured normal acoustic immedesnce of the bot-
tom 1s predominantly resactive. The acoustic behavior of such a
bottom will be dominated, at least at certain frequencies, by re~
flectione from an underlying layer or layers, In this case thé
trensnission will vary with frequency, and "rssonance" effects
will take olace at frequencies for which the “path” lengihs in
the bottom to the reflecting boundary, sre half wavelengths or
multinlea thereof,

232, Reflections from lower layers will govern transmission
only at cerialn frequencies, distances, and angles of incldence,
For exmnple, if twc modes are present in transmission over hard
bottom, one mode mny seem to dilsappear, and to reavmerr at a great-
er distance from the source, The overall attenuation may not be
greatly affected if considersble energy is transmitted in the other
mode,

232, The records mrde at the River Mouth show evidence of
this type of "selective fading®, some of which may ariee from non-
homogeneities of the system and some from the influence of under-
lying layers., Althouzh such effects may exiet, they seldom dominate
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the transmiscion, Detriled comovutation ¢f nronsgation constants
for the layered bottom could doubtless be made from the final
equationr of Aovendix C (Prepegation Over Stratifiel Bottom),

R, Hydroghone Soundinze ot s Distance From Source.

234, Sufficient infarmation sbonut the bottom to enable ite
influence on sound trensmission to be predicted may be obiained
from hydronhone soundings made directly beneath a ship-~mounted
source. It is desirsble however, when practiceble, to sunplement
these by hydronhone sounlings mede at a considerable horizontal
distance from the source, Thie may be done by denloying the re-
ceiving equinment (bettery powered) in a small boat, and lowering
end raising the hydronhone with s small ¢able reel.

235, The hydrovhone soundingss at a distance from the source
permit the deterzination of (a) the actual nressure level at a
distance, +hich may be compared with the expected level at that
distance over hard or soft bobtom; and (b) the verticel distri-
bution of pressure level between surface and bottom, The acoustic
properties of the bottom may be derived from intervnretation of this
nattern. Samples of hydrophone soundings at a distance are re-
produced in Plate 11,

236, The intervretation of verticel nressure distributions
made at consideradle distance from the source is &ifficult if more
than one mode is renresented on the records., Since the higher
modes are dsmned out more ranidly with increasing distance than
the first mode, the soundings over soft bottom may easily be mede
at sufficient distance to ensure that the sound nressure distribu-
tion is due almost entirely to the firat mode, Over a hard bot-
$om any mede which is excited above the critical frequency will be
only slightly stteanuated with distance, In this case the hydro-
vhone soundings at a disteance should be mede at frequencies low
enough to ensure that only the first mode is stimulated above the
critical frequeney. 1In all casesz, it is advisable tc meke sound-
ings at several frequencles to obtain representative nverages,

237. An analysis of the vertical distribution is given in

Appendix A, Part 5. It 1s shown, s might ve exuected, that the
pressure pettern in the firet mode should have an approximate
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antinode at a hrxd Lottom, »nd a node nt & soft boitom, The form
of the patisra ehould corresvend anclyticelly to & secticn of a

sine ourve e A X \for s

SWL‘”\T\)(K"-"/“)] Since k = o,
the undamel distridbution over hard bvottom is representsd dy the
sine of a resl anple, £nd the damped diastrivution over soft bot~
Ler is reoresonted by the siane of & complex angle, Observed and
coxputed votterne for %be Tirst mode are illustirated in Plate 11,
for the soft bottom conditions at tihe Potomac River Bridge, The
computations were mads from the distribvuiion consiants Jderived
from hydrophone scundings beneath the source, and the agreement
tetween theory and experiment ie shown o ba very close. Although
similar comvutetions moy be rmade from tha constonts of the hard
bottom, experimental dats have shown that in this instrnce the
egreement will probebly Te less satisfrctory. The general vat-
terns of records obtained over the two tymes of bottom {Plate 11)
are, however, eavlrely distinet.

238, Hydrcophone soundings nnde et conslderable distence
from the :ource possess certain advantapes as experimentsl cri-
teria for the study of sound transmisaicn. The conditions under
which they »re msde inawe that the effective angles of incidence
of the sound woves striking ths bottom tetween the source and the
hydrophone will be large, and that only the first mode will be
pressent ab ¢ he point of mensuremsni. Eydronhone soundings be-
neath the scurce are melo undsr eoaditiuug whieh insure noymal
incidence of the sovnd weves st the bottom, and a stimulation of
the me.ximum aumber of modes, Although hydronhone soundings be-
ne~th the source are sufficient to determine the scoustic con-
eteants of the bottom, soundings made a2t s distance from the source
provide an exoerimental wessure of the rressure field distridu~
tion st n selected location on an actunl transmiesion vath. The
interuvretation of such soundings in terms of the physics of sound
propegetion 4s therefore direet and immediate,

239, 1If orectical, actual renge run recordings should be
made, since they offer the most effective means of investigating
the conditione whlch govern underwater sound $ransmiesion in any
given area. A complete experimental study should inciude range
run recordings, hydroohone soundiags at a disiange from the source,
and hydrophone soundings directly beneath the source, If test
fecllities are Limited, ccundingss heneath the source should be
sufficlent to characterize the acoustic behavior of the vottom,
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Faperimental recordings should be mrde at seweral frequencies, and
narticuwiarly at fregueacies lower than 200 ene, The intermwretalion
of the ohysical vnhencmens will in generel be st clear and setls-
factory from records made at those frecuencles which correspond to
the simulest distridution patterns end tc the modes of lowest order,

eapecially the firat and second,
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X. APPLICATIONS OF THX RESULTS,
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X. APPLICATICNS OF THM RASINTS,

240. The primary smlication of the Foregolns analysis ie
to the intarpreisztlon of maasurements of underwatsr sound fields
in the acouniio systam of the ses between surfacas snd bottonm.
The trasasmiesion of sound in the sea is in peneral strongly in-
flusaced by the acountic vromertiss of the bottom although the
offect of the bottom is least imnortant if the water 1s deep or
1f the bottom 48 atrongly sound~avsaorvent. The analysls apnlies
0 all situatiens ia which there exl-$ vertical standing-wove
psatterns of sound prassure, corresnonding to the pormal modes of
vivaatlicn of the aystem,

241 . The enalysin ig swnlicable to ths sound pressurs flelds
produced by effective or annroximate point sources such as shiv's
propellers and suxiliarios, ship's halls in vibration, torpedoes,
Fegsenden Oscillators, non-directlonal undsrwater preojectors, end
scoustic mineswessing devices (hemmerhoxes, perallel pines, and
kindred devices). The relatively nsrrow beans from standard echo
rangling nrojectors are of couvse much less influenced by botiom
reflections.

242, Although apnlicadle to all frzauencies, the anmlyais
in terme of normal modes is most effective npnlied to sound filelds
of low audio frequeacy, whers the weavelcngihs are comparesble 1o
the physical dimensicns of the acoustic systen, This is precisely
the frequency range in which other methodns of snalysis are vir-
tually inapolicabla,

243, The measurement and analysls of underwater sound trans-
misalon, makling use of the principles descrived in this report,
may contribute %o the solution of many swecific problems of in-
tcorest to the Navy, Such vproblems arise for examole in teste of
acoustic mlnesweeping devices and other lew frequency sound sources;
in the design of acoustic mines: the study of ship noises; the
prediction of minesweeping ranges from hydrogranhic and acoustic
data; the estination of llstening ranges for submarines over varlous
types of sea and hardor boftom, and of the effectiveness of acho
rangirg in shallow weter with small wide beam nrojectors (e.g. QBG
zne WRA-1). It msy also be poessible for our submarines to make
use 0f the acoustic properties of the bottom in evasion tactics,

244, 1In the study of shin noises and in the testing of acous-
tic nminesweening devices, the acoustic properties of the range
course (water depth, velocity of sound, and density of the bottom)
vwill determine the rate of altenuation of the sound level with
distence and will sirongly influence the actusl sound levels measur-
ed e} various rointe in the system,
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245, The meaeured sound levsl, for exsmole, st a distance
of 1000 £t from n #lven ainesosning source onerating nd 100 eps
in water 55 f£% deep mny be ax much as 30 &b higher (factor of 32)
if the bottom 42 hurd than iF 1y i2 atrongly sound-absordent.

Tkhs difference batween the level if the bottom is hard and the
lavel 1f the bottom is seft but a good reflector, mpy be adbout

15 db =% 1000 £%. Transmission curves are shown in Fig 9 for
three cases for which exwerimeatal dete nre avallable: (a) hard
bottom at the Potomoc River Mouth, (b) soft reflectins botton at
the Potomas River Brides, aand (o) strongly sound-absorbent bottom
in the Chesaneaks Bsy south of Smith Point.
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246. 1t is cleer from the fisure that & sound source of suf-
ficlent Intensity to sweep a 100-cycle mine st z distasnce of 1800
% over the hard bottom, would have to approach within about 400
f% to fire the same mine over the soft bottom, and within 200 3%
to fire it over the absorbing bottom, Another concliusion which
may be drawa 1s that a given iancrease, say 6 db, ia the preesure
level obtaineble from a sound source for minesweeving, may Increass
the firing renge fror: 500 £t £0.1800 f1 if over a hard bottom, but
only frem 130 % to 200 ft if over an avsorbing bottom, The in~-
srersed ronge obtsined from a small {mprovement in the equipment
is therofore much greater over hard boitom than over soft botionm.

247, A% very low frsquencles (i.e. when the depth ie sub-
stantially less than a wavelength) the éifference in snund level
at a given distance from the scurce msy be very much greater than
that indicated in Pig, 9. depending upon whether the bottom 1s
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hard or soft. At thene Trequencier condltions mny be imagined
for which the difference belwzeinn the sound level ovar a hard and
over a soft bottom may smount theoreticelly to more than 200 dd
at a distance of 1600 4, Under such conditiona the sound level
from & povarful soures would, at distances of the order of 200 to
300 £t from tke mourcs, irep bDelowv the weier noise lovel, Recent
exnerimental results are consistient with this exmectuilioan.

248, The effectivaness of a sweening devics may depend more
vpon the acoustie propariiza of the bottom over which it 3a used
than upon ite innersunt capacity for generating mound, Measurements
of the lattsr, including the sound oudtvut at 6 ft distance from
the davice, are entirely inzufiicient to enadle the sweeping range
to be estimated. Acovstic messurements of the performsnce of a
dsvice on 8 #iven renge course will not in general reprecent its
performance on other coursee or inm other areas, For some sound
sources, euch as the parsllel pipee used in acoustic minesweening,
the performance testis mest be mads with the devices in motlon on
& range. Messurementis made on different courses may, howevar, bs
reconclled end corrslated, in aceordance with the principles dis-
cussed in this repori, by interpretationin terms of the acoustic
properties of the botiom,

243, If messursmsuts sie mnde in an ares whers the bottom
18 acousticslly sof%, the acoustic wvroperties of the hottom, and
hence the sound tranmnission characteristics of the range, will
changs with the season (Bibliog, 4). The best provnagation will
cecur in summer, and the poorest in winter. The seasonal dif.
ference may be very lesrge st moferately low freguencies. This
fact, heretofore unrecognlzod, has resulted in the reporting of
aspparent anomalies in the performence of acoustic nolse-makers.

260, It should be possible to predict with reasonadble ac-
curacy the effectiveness of 2 sweeping device in any area for
which adequate acoustic data can be obtained. Iz areas for which
no scoustic date are availadle, a rough estiante of the scund
transmissicn cen frequenily be made from hydrographic ianformation
sleone. This should include the water denth and the material of
the bottom, classlfled for examnle as clay, snnd, hard, or sticky.
There annpecars to be a ¢lose correlation betwsen nhysical and
acoustic "softness", and bstween physical and acoustic "hardness®.
"Soft" bottoms sre in general associpted with fine mud or clay
devosits 1In somi-ctagnant lsndlocked besins such as estunries and
river channels, and "hard" bottoms are sssocistad vith sands,
gravels, and other cosrse dencsits common slong the sea coasts and
the continental shelves, The information on the hydrogranhic charts
is, however, frequently imcompletie, and in many cnges out of date,
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251. If the information on the charts could be supnlemented
with acoustic datn, it should be possible to make reliasble esti-
mates of the underwater sound iransmission to be expected in eny
desired area. Such data, obtained {rom a nrogram of hydronhone
soundings in key herbors and operational waters, would have great
value for the problems of acouatic minesweeping and of underwanter
1istening. Methods of meking and interpreting the soundings ~re
describved in Section IX and in Bibllog. 4,

2062, 1If studies of ship noilse, particularly st low frequencies,
are to be significant or valuable, the exact conditions under which
they are made muast be stated and all possidle information about the
acoustic properties of the range course and the test equipment
should e recorde@. Correct internretation of exnerimental results
may nometimes devand upon factors the relevance of which iz not
apparent at the time of measurement,

2b%. The character of measured transmiasion curves, for ex-
ample, may be drestically altered dy tha effects of harmonic fre-
cuencies which have slipnad through the filters without being
recognized, This effect should be taksn into account in acoustic-
mine design by making sure that the mine cannot be swent or fired
by higher frequency components than thoge for which it was dasigned.
This is particuvlarly important if the tranemission varies markedly
with frequency, 3.3,1if harmonlecs may be recelived at much higher
level than the fundsmental.

254, A few of the factors which mey influence the results
of ship-noiss studies or transmiesion tests are: the frequency or
frequency rsenge involved in the tests, the placement of the hydro-
vhone in relation %o the bvottom, the searon of the year and tem-
perature of the water {the acoustic vroperties may change with
senson and with gas content of the mud), and the roughnesa of both
water surface and bottom, The effecte of roughness, although un~
immortant at low frequency, determine the influence of scattering
at higher frequencies,

265, An exanle of the difficulties which may arise in the
internretation of tranamission messurenments is given by tests made
nerr How London. The measurement of very high "trsnsmission ids-
rer® at frequencies of zhout 200 ens in this esreas has heen reported
(Bivliog. 16). It seem nrobable that the high att zuatione re-
aelted from the fact that the wevelengths were of the order of twice
the water depth, and that the first mode was therefore strongly
damped (See Fig, 8, Section VIII). The results of the measure-
ments, made in very shallow water (less then 16 ft) over soft iuttom,
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are nct at all representative ¢f thie trensmission which would have
been obtA ned over the same bottom in water 50 ft or more in depth,

266, Other difficulties may arise if "transmisaion losses”
are estimated from noint bty voint observations mnde close to the
source, The dangers of the point by noint method will be obvious
after studying the records reproduced in Plates 2 and 3 of this .
report,

257, For most of the ranpes on which ship-noise studies have
been made, neither low frequency range runs of adequate length nor
bottom impedance data are at present avallable., It seems clear
from published ghip-noise contours that the MIT range at Nahant
has a relatively "hard" vottom, the scoustic properties of which
are not uniform along the course. The Wolf Tran range reems to
have n relatively "soft" bottom, with considerable absorption.

It would be a simple matiter to choracterize these ranges by meking
aprovriate a2coustic measurements ot sevaral noints along the courses,
ex. The properties which determine the influence of the bottom on
undervater sound transmission may be estimated aither from hydro-
rhone soundings, or from range runs made under controlled condi-
tione. lLong runs at low frequencles are required to separrte the
effects of the modes. Such meagurementz should be made and inter-
preted for all the ranges emnloyed for ship noise studles,

258, In the location of new range eites, the choice of an
acoustically suitable locastion for ship noise or transmission
studies would be facillitated by a preliminary survey of the acous-
-tlc properties of the bottom, using the methods described in this
report {Section IX, The Use of Acoustic Measurements as Transmis-
sion Criteria),

259, Underwater sound mensurements may be influenced dy
two other factors which have not elways received adequate consid-
eration. These are the position of the measuring hydrophone with
reference to the bottom, and the effactive depth of the sound source
beneath the water surface.

260. In order %o measure representative averasge values of
sound vressures, hydrophones for the study of underwster sounds
should be located a substantial fraction of a vavelength away from
the bounding surfaces (surfsce and bottom). If the hydrophone ie

placed 1% such & boundary it is pecessary to correct for, or other-

vise tgke into account, the vosition .f the hydrophone in the stand-

ing wave pattern. Thig factor has been discucssed in detall in a
nrevious renort {Bivlioz.4).
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261. The eflective denth of the sound source «hould also be
consldered, since it detarminecs the relative degree of stimulation
of the possible modes, If {he source depth 1s subject to conirol,
a8 In acousilc minedweening tests, it should be made at least a
quarter vavelength for the lovest emitted frequency, in order to
asaure edequate stimulatlon of the lowest node,

282, If the source is ship-mounted, 1t should be locrted
at least a quertes wavelength from the nearest "oressure release"
surface, At frequencies lower then about 1000 cpe the ususi ship's
hull behaves smcoustlcally in a meaner similar to the surface of
the sea, The effective normal impedance of the hull is very low,
and the surface of the hull is sn approximate pressure node at
these frequencies, These considerstions have been shown to be of
the utmost immortance io the desisn of mounting gesr for mcoustic
minesweavling, esneclally st the lower frequencies.

263, The renges at which osroveller sounds from enemy vessels
may be heard will denend unon the pronertiaes of the botitom in much
the sarme memmer as did the minesweening reanges discussed nreviously,
Extraordinarily long listenine ranges have bean renorted from our
submarine oatrols in the southuvest Pacifiec. These were undoubtedly
made nossible by "guided” transmission over the hrrd bottom which
is prevalent in the srea, Comperatively short listening ranges
are to be ernected cver "soft® or strongly abeorbing botioms, the
transmisslion over which may bte strengly damwed.

264, BEstimates end predictions of submarine listening ranges,
based unon tests in a given sares,will in general be velid only
for that area, unless chenges in the charscter of the bottom are
properly allowed for, Obviously much work remains to be done ve-
fore the effect of the bottom on lons range tranemission can be
relliably computed, The imnortance of this factor, and the magni-
tude of the errors which mny arise from neglecting it, ere il-
lustrated by the resulis of the present snalysis,

265. The possibility that low audio frequencles may suffer
considerable distortion in transmission over hard bottom may be
deduced from the analysis of the criticel vhenomenvn {Section V
and Section VII-B), It hes been shown that under certain condi-
tlons a critical fregquency may exist below which the transmission
ts highly damned ("hybrid® transmission) and above which nrovaga-
tion takes place with very low attenuation ("puided" trenemission).
The system of the ses between surface and bottom may therefore sct
as 1f 1t were a high-vass acoustlic filter with & definite “cut-off*
frequency. Sound weves of lower frequency then that for which the
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water denth is-a quarter wavelength will be vooriy itransmitted
ovar herd botteom because of the critiecal phencmenon, The damoving
of such frequencies over soft bvottom i¢ extraordinmarily high (See
Fig, 8). Advenimge could be $aken of the poor ¢ransmission of
the extremely low frequencies, in the derign of an acoustic mine
which would de effeective but difficult to swaew,

266, Another tyme of distortion which may occur over both
hard and soft bottom arises from the fact that the modes travel
with different nhase velocities, This effect may be visurlized
as a type of dispersion, in which cace the resulting distortion
will be somewhat analogous to that exhibited by a loas non-lonaded
telenhone cadle, The distortion, vhich should manifest 1tself as
a loss of intellipibiliity of speech or sipnsls, should be most
pronounced wader conditions which involve transmission in & small
number of modes.

267, The apnlication of the normal mode analysis to very
high frequencles is comnlicsted by the strongly directional char-
acter of supersonic bermz;, and by %he existence or addiiional
factors which are wnimportent at low frequencles, These are re-
freetion due to gradients of temperature, hydrostadlc pressure,
and salinity, and attenuation caused by sbsorntion and scatiering
in the water 4¢self as Qlstinet f{rom the bounding surfaces, It
ie not profitable to distinguish between the individual modes at
supersonic frecuencies, because many ~re stimulated and adjacent
modes are close topether, Since the wavelengths are short in come
parison with the dimenslons of the acoustic system, the optical
analogy of beams snd rays from point sources is valid, md com-
vutations based unon the image theory (Bibvliog., 14) gilve reassonable
agresment with experiment.

268, Althoush the anslysis into individual modes is not im-
modiately helvful in vrodblems of high frequency sound transmission,
the accustic characterization of the ses bottom on the hases of
hydrophone soundings may have important apvlications, For examnle
it is possidle that familiarity with the types of bottom associated
with poor sound nrovszation might be of assistance to & rubmerine
employing evasion tactice, This could teke the form of rendering
the enemy listenins lese ¢ffective by *hiding" above a soft or
strongly sbsorbent bottom, or of renderings the submarine difficuld
to pick out frem ithe background by "matching" the impedance of the
subnarine to that of the hottom, Althoupgh little is known =2t nre-
sent about the imvedsnce of submarines, the possibility exists
that this quantity may be subject to alteration by acou=tic treat-
ment of the hull rurfaces, The impedance of the bottom in the
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areas of operation couwld of course be mersured and inown beforchend,
Tests are under way to determine the extent to which the acoustic
classificaticn of bottona, mada from low fregquency hydronhone sound-
ings, ere vaiid at echo vanging frequencles,

269, As a result of the anslysis given in this report the
interference vatterns obse:ved on the expsrimental records have
veen exnlained quaniltatively snd in detall in terme of the inter~
actions of the normel mnodes of vibraticn between surface and bot-
tom, Recent =tiemnts; both In this 2ouantry end ebrosd, to inter-
nret low frequency transmiselon phensmen=z ag the result of inter-
ference betwaon direct and surface rofliccted "beams", would apoear
from our analysisz to ve doomed to failure, It wss stated in Section
VI (Interpretation of Range Hecords) that the observed natterns could
not result from any poseible combination of diract and reflected
"rays" from fixed point sources, The image thenry is valid only
under special limiting conditicns, sanch na very grest water depth
or complete absorption of sound at the botiom, Under these limit-.
ing conditions the effects of botitom reflectlicns on trapsmission
are negliglble, and the normal wodss are weakly stimulated aad
nighly d~mped, The image theory cannot da expected to give valid
axnlanations of tranmmission vhenomena wvhleh occur when bottom re-
Flections ars imsortent,

270. In general the influence of hottom reflecticus i3 nNro-
nounesd, and the normal modee nlesy a domiaent role in transaissien.
Althoush this was polnted out by the MIT groun inm 1941 (Bibliog. 10),
the importanca of the modes as aids to internretation does not ao-
oeer to have been generally recogmized. This nay bdYe attributed,
at least in part, to the inadecquacy of the transmission theory for-
sulated in terms of normal irmedance., The shortesmines of the
theory involving lmpednnce have been discusred {(Sections III and
VI1I) and remedied (Section IV), and a new snslysis in terms of the
moden hns been urosented in detail (Sections IV, V, VI, and IX).
The nev sanalysis zives reaconable internreteatione of the nhenomens
which have baen observed to date,
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X, CougLUSIONS,

271, The correlation and theoretlcal analysis of a large
warber of transmiscion meccurements made in the Poiomre River and
Chesanenke Bay srezas werrsrta the conclusions which follow,

272, Givern a zource c¢f audio Freauency sound in water, the
gound vreesure ievel whkich pey be weasured at aporeclable distances
will b2 lofluenced in £ 2orvlicnied way 0y tiae boundrries, especlally
by the mottom, The sen totiom may Me clsssified by its behavior for
sound as "soft", "hard®, or irtermedinte in charscter. Snecificelly,
the velootty of sound end the dsasity of the botton may be estimated
from acoustic measuremonts (Lydrophone soundings and range runs), by.
rampling, snd from hydrogrenhic daina,

27%, The effect of ths bLoundaries on sound provagation from na
ahip-mwonntad 2 oirce may be deleriined from an analgsis of the normsl
nodes of vibration of the rcoustic system of the sca vetween aurfece
andl boittom, ‘The analysic is particularly effeciive for frequenciles
&% which the wavelengihs rre comoarable to the phyaical dimensions
of the gystem, Ffor low frequencies and ziven botton conditions, the
aps$ important facior goveining the vpronagztion is thz ratio of the
danih of the water to the frse wavelength of the stund, A detniled
iaterpretntion of the ctserved transmission phenomens may be glven °
in terms of tha initisl stimuletion, the relative atienuation, aud
the phege velocities of the modes, Lamping ard phase constants
nay be det=rmined for eanch mode by maans of *necial charte which
give the vropagetion end distridbuticn constante in terms of the

-geauniic proversles of the syutem, The overnll) tranamission is
given us the swa of th2: eflects vproduced hy the individusl modse,
%4, "Danped? trapaniision, which occurs over "soft" bottom,
is alwrys aczompanied by ccnelderabie sttenuation, the swount rang-
ing in oractice from about 12 dvf1000 fi sn g lower limit to about
40 db/1.000 £+ under conditions of ctrong bottom mbsorption, The
avtenuntion over soft bottoms is relatively indeunendent of frequency
in the range where the wavelengith 19 substentially less than twice
the denth, The attanuatior. becomee much pgrepoter than the above
limite 2nd the srystam becomes more dlfficult to excite as the fre.
ouaney im lowered Yelcw the "natural freouency” of the £irst mode,
at wiich the water demth is apvroximntely a half wavelength, "Soft"
vottomn are frequenily encountered in lendlocked basine such as
fiords, ew*u~ries, and river chaanels,
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275. '"Guided" tremansemisclon, which occurs over "hard" bottom
at all freguencies higher than a minimwm critical frequency, 1is
characterized by negligible damping due to bottom sbesorption and
by an eitenuation with distance caused nrimerily by cyvlindricel
spreading from the rource. The latter smounts to 3 db per dlstance
doudble. ‘"Hybrid" transmiassion, which ocecurs over hard bottom at
frequencies below the lowest eritical frequency, is associated with
largs and erratic damning from botiom absorption. The critieal
frequency depends wpon the hardness of the bottom, snd is slightly
higher than the frequency for which the water denth 18 squal %o a
quarter wavelength. The acoustic system of the sea between the
surface and a hard bottom thus acts as if it were a high-pass fil-
ter, analogous to an electromagnetic “wave gulde", This type of
sound transmission is very commonly encountered, since hard bottom
nredominates along the nea conats of gll the continents.

276, The measursments snd anslyeis of underweter sound trane-
mission, making use of the princinles descrived 'n thig 1-»¢rd, may
contrivputie to the solution of svecific nroblems of Naval intorest
arising, for example, from tests of acoustic minesweening devices,
the design anl location of acoustic mines, the study of ship noises,
the nrediction of mineswseping renges from hydrogranhic and acoustic
data, the estimation of listenlag ranges for submarines, and the
effectiveness of echo ransing 4n shallow water,

277, Previous anglyss of underwvater sound transmission in
shallow water have been inadenquste to explain the results of ob-
servations, The analysis descridbed in thle report besed upon ac-
cepted ohysicel princinles gives consistent, coherent, and reason-
ably comnlete exulanstions of the ohserved tranemission vhenomena,
It not only exvleins certain apmrrent anomalies of underwster sound
transmission but resclves many dlacrepancies between the resulte
previously obtained by various laboratories,
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APPENDIX A,

NORMAYL MODE THEQRY OF PROPAGATION OF UNNRRWATTR SOUND
OVER HOMOGENFOUS ROTTON.
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AWM AL

NORMAT. MODE THHNORY OF :POPAGATION OF UNDHRWATER SOUND
CVER HOMOUGELNEOUS BOTTOM,

1. Derivabion of the Yausti ¥hiph Exvreasee 3hs Iaflueace of the
Bonpdnries og the Field Distribution.

278, The mathemntical derivations arpliczable to the worepaga-
tioa of low-Troguency sonnd in shallow water are pruuonted in this
aection. The thaory for %ha srcturl acoustic syntem, consiatinpg of
an iatinite exnanse of water cceufined between the surfsca snd the
ssa bobivom, maey ba derived by extension from {the general theory of
the propasgation o7 sound in rectangular tules, The transmigasien
in the cea will be modifled v eylindrical zoreading which is wod
nresend ia the idealized nystom, the pine, The conditions under
which the enalyals ig valii and the sigunificonca of the theorstical
results ere dlevcossed in the text,

279, Tie weve eguation for sound nressure {See for exauple
Bibliog., 7) may be writies

2, . b P o
V_ F) - Cz ,ta \1)

280, For she details? anslysis we shall consider the recteng-
ular vips in the coordinets sysiem ehown 3n Fig, 10, The origin

1s tekewn at an upnper cornce. letd the helpht be h, neasured along
vhe ¥y sxis; thz widih w, messured along the z axis; and the lengsh
infinite in dthe iircction persllel to the x axls. Let 4% be as-
sunad thet the wwp «ldes, verallel %o the x-y nlane, cre rigid;

thet the ton, »oepllel 1o the x-2 nlone, is » frse surfece (nerfechlv
reflecting); ard that the botitom of the tube is beunded Ly ahomo-
gengovs fluld Iafinitely extcnded in 2 dirsction acrma te the x-z
vlage, The vosliive direction for y is taken do-nwards.

X — WRTZR
e = */
§

ERNEREER

‘._,_f Y ——

FIG. 0
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281. The simplest close of Ytrsnaverse® waves which may be
provegated down tha tubs will have uniform nressure diatribution
in the ¢ dlrection, rnd the nressurs varintions in the tube may
therefore be exnreseeld as functions of x and y only. The solutien
of the wave equation (1) for the messure dlstribution in a single
mcde of the "transverse" clase of waves mayv be written, for the
nth mode,

Py = X Y

Koo = X gef T RG+ity)x) (2)

TO =Y com (s, - ipnn)

282. The function X{x) represents a progressive wave, st~
tenuated exvonentially sa it travels down the pine narallel to
the x axis, A sinusoidsal varintion of pressure with time, which
does not 1limit the generality ¢f the exnreesion, is assumed, The
anguler veloclity w is equnl Yo 21r times $he frequency of the sound
source, The comnlex proovspetion constent G +)T for the wave con~
gists of a real part G which determines the attenustion in the x
dirscilion, end en lmsginsry vsrt T which determines the nhase velo-
city. The nhase velocity of the wave cft ie always greater than
¢, tha vslocity ian free space,

283, The funetion ¥{v) revrecents a standing wave aystem Dbe-
tween the top and the bvotiom of the »ipe, having a vatitern of nodes
and loops given by the complex distrivutlon constant LSV The
sinh rather than the cosh form of exmreasion is usad in order te
make the pressure reduce to gzere st the free surfsce, y = C.

284, Eech node is renwresented by an exyression of the type
shown in equations (2), where the volues of the distribution and
propugation constsants determine the tranemiesion pronerties of
the system for the psrticular mode, The commonents of the dis-
tribution constent « - are determined for each mode by $he
boundary conditions in a manner discussed later. The components
of the pronagaiion constant o «iT are related to Xk and &4 , and
through them to the bouwndary cnnditions. The actusl sound pres-
sure st any given point inside the nive will Ve given by ths sume
netion of the contribvutions from all the modea, taking doth magni-
tude and phace into account,

285, The discussion will continue in terms of the salution

for a sinzle mode, with the understanding that the dehavior of the
systen for different modes will differ only throush the values of
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the dictridution and nropegrtion consatants, Subscrints indicating
the order of the mode are drcoped, and herenfter the subscrint 1 1is
used for quentities in the first medium, inside the nine, and the
subscrint 2 for quantities in the second medium which fills the
reglon y>h,

286, The pressure distribution in the medium enclosed by the
pive, for a typical mode Dbelonging to the simle "transverse" class
of waves, 18 then

Jwt - Ko+
P, = B, sive L% (k-ip0) gliwt = Rle+iTix] (5

287. To deteramins the manner in which 4 and 4 depend upon
¢ and T, equation (B) 4s substituted into the wave equation, (1).
This results in a relation between the constants,

(k- g0* + () Moo it = —()*

The further subatitution 2 = Bh/A , vhere A = —37“—.,& ig the wave-
length in free spazce having velocity £, , ylelds the form

i

(o +3T) ¢ %‘ZZ(K—J;L)Z -/ o ()

288. The relation between o+JiT and K~JM given by this equa-
tion has exactly the same form, whether or not the boundary condi-
tiont are evalusted in terms of an impedance. Consequently the
chart reproduced in Bibliog. (10) p. 315, giving the conformsl trans-
formation between the components of the distribution constant #-je
and those of the pronmgetion constant o-+iT'is equelly applicable
to the problem under discussion. By means of such a chart, or by
comoutetion from equation (E), the phese velocity and the attenun~
tion can be found for any value of ¥ once X and A are known.

288, The cowponents of the distribution constent K-y must
now be evelusted in terms of the bvoundary conditions, Since these
will not Ye represented by a normel imvedsnce, 1t will be necessary
to assume a pressure di<tridution in the second medium, the homo-
genecus fluld, Since the sacond medium exiends ¢o infinity in the
y direction there can be no reflection terms, and the distributien
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for any one noce may be rewnressnted by a gemersl exponential decay
term in the y direction ar well as in the x dirsciion. The general
erxpresaton for the prassure distridvution in the second mediwn may
therefore be written:

~ Ty, [aet=danr] | [iwt — 9 G+ T')X]
R = R.& } el i (6)

where tha primed cuantitios renresent the eomnonents of the dis.
tribtution constant x'-gu' aud pronagation conertrnt % T ln the
second medium, The sienificance of thems quantities is similar
to that of the analogous constants in the first mediunm,

290, Substitution of equation {6) into the wave equation
far the second medium rerultis in a relaition batween the constants
of the -:coud medium which is of the same form ms esquation (5).
Thus

(0’"*—4'3")2 - !/,‘2“(;{4‘_/'4‘1)3. ~f =0 (7)
)'Q,_ = 3’?/?;;

291, A relation bVetween the distribution and nrovagation
conatants of the second medium and those of the first mediun may
now be obinined. In oxrder to do this, the boundery conditions
of continulty of nressure and of normal particle velocity must be
applied. These are

P o=
A f’-}ﬁr y =5 (8)
§, = &,

292. The normsl comoonent of the vwarticle veloeity is siven
in terms of the nressure and density in each medium by the rela~
tions

: /S R - =4 p
§, =mw '3y and &, = g3y (9)

Avnlyings the second boundary condition
L 82 — L 28

L oy (10)
’ Y £a I Da, snd 0, rre densities]
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Aoplying the first boundary condition, Py = Prat y = h

B, Sink ;’7{«—,}4)-5*{""'”“ T RO 2 8‘”(#‘“474.959‘“’3“24(6‘*13")x] (11)

797, This equation, considered as a relotion betwsen
vroducts of the form [X{x)- Y(y)]i = [X(>) - Y(yz] » , cen be senp~
rated into two[X(x)]y = Lx(xgg and” [Y(y), = 1Y y?_} 51 which mued
bs true independently since the functiona of x sre not functions
of y and vice versa., This means, from the whyvaieal =tandvoint,
that the charscter of the pressure distridution in the y direction
1s not a2 function of position sl ong the tube, or of time.

294, Senarating squation (11) into two parts we have

Ye,(oc+5T) = Yo (¢'%JT) (12)
Ror Sinh sy = Ry & n =) (13)

295, Ap»olication of equation {10), for continuity of normal
pariicle velocity at the boundary, to eaustion (11) pives

7o, 13y (K=ip) cosh trfur-ju) == Mo, Py (H*-is") € AT ()

296. If equation (13) be divided by equation (14), & transcen-
dental equaticn is obtained relating the distridution constents in
tha two media

L, -0 — =~/
""t“;?‘é:%‘“‘&* = 7?‘*‘%‘;&'7 (15)

287, This equation csn be exnressed in-a form more convenient
for computation by eliminating 4' and A¢’by meane of the previously
detez('mi:'}xed relations betveen the constants, in eguations (5), (7),
and (12},

298, Since % :_-C-?c/' equation (12) may be rewritten
2 /]
(+iT) = &;(o-' +iZ) (16)
i
by combination of (16) with (7) and (B) we obtain

ﬁr-'ifzf‘z:: )
7 7 (n<um) Z (i7)
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29%. The separetica of the real and imaginary varts of
equation (17) provideq the rclntions
& 2 -
_— S - 4
JT /41 ;) KM ™ ;2
A = pL K (18)

The substitution of these equations into the squere of equation
(18) gives

!'_9:_]  tanh lor(Kdu) — /
Pz (H—su)* ff"«;u‘——zfﬁm—(z*.z*) (19)
whencse
a 2 _ _ 2
L%ﬁ‘“‘g) T T 8 (20)
in which

H

A a0, and :
8 =Cp-pd% = pLeg) -1 = X2 [%y-0% ()

300, With the derivation of equation {20) the object of the
analysls is achieved, since a relationshin has been obinined be-
tween the acoustic properties of the medila {(density and veloecity
ration), the geometrical conditions (the denth of the water meas-
ured in helf wavelengths), and the distribution constant =yl
for any mnode belonging to the simnlest tyne of "tranaverse" waves
in the firet medium.

?0L. Once the comnonents A4 and & of the distribution con-
stant are known from equation {20), the attenuation and the phase
velocity of ¢the vave, for the particular mode, may be obtained by
comnutation from equation (5) or more conveniently from a chart
(Plate 17) giving ¢* and T in terms of A and &t . The finsl pras-
sure distribution may be built up by adding the contributions of
the various modes, each determined by the method outlined sbove.

z, Eormg of th: Fouatlon Copvenient For Computation.

202. Although there are no simple anerlytic means of solving
equation (20) for & and & in terms of A and B, 1t may be solved
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for A and B in term: of 4 and i . If this is done the following
expressions are obtained:

COSh 2 — COS 2774l
g . . 3 . .
JLsrmn 2mm Sin 20p4] + [ Sinh 20 5 Scn 25085(Sinh 20k - St 384

e

o
A=rp TAE

S S

B= 2fh Eﬂt ’] P LS yzm);sinh RIVH # LK) $un ATpa) {m—-xlsin%m'( = (ALY ) S o AT ! ekt %
¢ [&}ﬁ&»] [5inn amecain 2mu] + | (Sink 2k s sin 200 (Sith 2270 = S;0250)] 7

These expressions were used in compubting those portions of the
distridbution charts which corresnond vo “dammed® and "hybrid"
transmission. The charts were nlotted for convenience on a log-
arithmic scale for B and a linear scale for A, If, however, the
computed velues sre plottsd with linear scalea for both A and B,
the curves anproasch straight lines for values of B pgreater than
those anpearing on the charts, This fact might be useful in ob-
taining aoproximate extrapolation curves for values of B beyond
the limits of the published charts (Plates 12.16 ine).

30%. The vortions of the charts which correspond to Yguided”
trensmission esnnot be obtained directly from soustion (20},
They may be obitsined, rowever, by setiing  equal to zero in
equation (15), which is then written in the form
RS 3 ~- 4 l
) Gﬂuf:z: —iadls

A (24)

704, The distribution constents for the second medium, K'
and 4 must be eliminated from this equation. If reals and imag-
iparies are meusrated from equations (5), (7), and (18) the fol-
lowing relations are obtained:

& = %6" (25)

T =¥t (26)
Vi

‘/LLK'== /A47T’== ;21(7'2' ()
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On substitution of A =0 inte (37) it mny be seen that o must
equal zero, since ) and T are mlwaye greater then zero, If o 1s
zero, the traveliag wave will be nrovagated without damping, and
the tranamission will be of the "guided" tyme.

305. In all but the limiting emse, & must he nositive and
finite, since it determines the rate of decay of enerpsy with in-
creasing distance into the bottom, Nepstive values of A’ would
correspond to an incremsse in energy with inersasing distance down-
ward. Since this is physically impossible X' must be always nosi-
tive. Equation (27) requires that, if X equals zero, the product
ALk’ must also equal zero., Since K’ is known to be finite, ¢’
must equal zero and equation (34) therefore reduces to

Tan W :—-A-ﬁ,‘-‘-,—

This equation c¢rn be satisfied only by values of « between certain
limits

p u(ﬂ«[f/é}&}(}_}} azl, 2 8 ... (28)

Thus &« = 1/2 to 1, 1 1/2 to 2, etc. Only values of & vithin the
allowed limits may be used for compubing points for those nortions
of the cherts which reuvrssent "guided™ transmission,

306, The actual exvrassions used for commuting the curves
on Plates 13 and 14 are -ob%~ined by setting K =0 in the tran-
rcendentol equation, (20). Thus

— -/ f
o B = *:,:;ﬁ;u A+ tan*ru (29)
JB = ‘lﬂ%}’ﬁl\l/ Atr l’an‘ﬂ;w (30)

. vhere {he allowed values o{,ﬂx?re those given by (28) above.

307. Each range of values 0f/4 is limited by a critical
value, 1/2, 1 1/2, 2 1{2, etc. a% which the constant & curve degen-
erates into a straight line varallel to the A axis and having the
abscissa JB = -4 . Each of these lines defines the criticel fre-
quency for = mode, Since the lines sre narallel to the A axis,
the eritical frequency must be independent of the density ratio,
and denendent only upon the water denth and the veloclty ratio,

The eritical frequency for the n th mode may be obtatned from the
definition of B, equation (21).
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708, The critical velues of M ared = 1/2 (3n 1) and the
corresnonding criticel frequoncles are

n 4 h [+ = ) P’a
[/
If ¢, is sprreciably greater than c, the ewxnression [/ -(c%:,\t]/z
1s néarlv equal to unity, and the critical frequency for the first
mode will have a value slightly higher than that for which the
depth is a quarter wavelength.

209, Forms of equations (22) and (23) which are valid for
computations in the limiting crse when A-» 0 sre -

{ — cos A}
A 4
K0 {g,'n R1pu (2 - Sin 213;«4)}'/3 (32)
¥:
B - -/J (2-5?,44) * 7 (37)
K 0 (Sin21pu — 2 )2

In the limiting case when/u.—-h-O. there become

A —5 lcosh 2mrw =1) ’ (34)
A >0 { Sinh 2k (Sinh 21K - 2:1-:()}/ 2
/
S (arru) . (35)
7y [_ITK "9”7/'2";“) 2

%, Relations Between the Constants.

710. The relation between the provegation and the distriby-
tion copstants im riven bv enuation (5) in Apnendix A, nart one,

This relation is shown pravhically in Plats 17 for a coneidersble
range of values, TExtramolation to values not given on the chart
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should be frcilitated by using the following forms of equation (6).

711. Separating reals and imepinsries in equation (5) we heve

Tl o) = {? )
K {26)
T = ,/72
2 4
Let R _—.—_{%’{} (37)
and s = !S.‘)?'-- /;,5_)9' (28)

312. Emnlyying these abbreviations 1t may be shown that
equations (26) yileld the relations

c*+ c*s+1)—R = O (39)
% - tz(Sf-f) -R =0 (40)
from which
6" = V‘“( (S +1) +f (S+)* + 4R fa (41)
T = ﬁg(jﬂ) +‘[(6¢/)2+4/-? }A (42)
In the speciel case for which g << T, equations (36) reduce to
(!1—8)/2 - _%_ (43)
| (a4)

=/+S

713, The compuinrtion of the ohase velocity of any mode at
its gritical frequency exhidits an interesting relation.

314, The phase velocity of the n th mode has been defined,
in oerapresh 61, Section 1V, as

VosE cyfe (45)
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The quantity T, may be expresced, from eauntion (26), as

it 2
™ 2
Gy = / - /u”/;? (46)
which 1s v»1.d if K and g-ere zero, By definition Z = 4Eh A4 >
At the criticel frequency equation (45) may be rewritfen, with

17 expressed in terms of 44y and € through enuations (28) and (31),
The result of these substituxiona is

i

C
i = = === Cz (47)
CTEEE T T

315, This formula shows that for any mode at its critical
fraquency, the phase velocity of the "pulded" waves becomes equal
to the free snace wave velocity in the hottom,

316. Ihe geperal reflection law for a sea bottom charscterw
1zed by density and velocity retios is:

/ — A, s By
K = F—oseia. (48)

“l‘ % %2
/ + ﬁLC&C‘Zﬁ fl

317. 7The reflection law for the same sea bottom, character-
ized by 2 normal acoustic impedance, Z, is

K —_ /"‘p'chose:

(49)
/4 ,o,% -1
Snell's law for sound refraction is
(o 2.2 I/ﬁ
cos 8, = (/ ~ (G2, ) Sin %4 (50)

The condition under which the immedance Z is indevendent of the
angle of incidence is

2 .
(C'/c,) >> Sin%e, (51)
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318. The pressure at any point, x, ¥, in the nreasure field
of sn acqustic dingle {source and its virtusl image above the sur-
frce) may be written

I S A ) ‘e )2
Bov {7;"1*' r* n@cos[?(ri "%)}} (52)

where rl =/ Xz""()""d)"
Tp =V X3 (Y+)*

x is the horizontal distance from the source,

d 1s the source depth.

¥y is the recelver depth,

4. Analyais of Mode Propagation in Zermg of Elementary Plane Waves.

319. In the text, Section VII-B, the "guided" wave associated
with any one mode of the acoustic system was interpreted as the
syuthesis of two sets of elementary nlane waves, The derivations
vhich justify this internretation are oresented in this vortion of
Apvnendix A, It will be shown that the critical frequency of a mode
in *guided" transmission corresponde %o thet frequency for which
the elementary plane waves are incident at the bottom at the criti-
cal angle for total ianternal reflection. The latter is given by
Snell's law, equation (50),

320, PFor "guided" transmission, A and & ere both zero, and
the expression for the sound vressure in the n th mode {equation 3)
takes the form

ety 3
Py = Py Sinh [ (2] y] €7 L -l (53)

This may be written
Fu = Cy Sin(my) cos (£x — < t) (64)

where

I

m= A and p= @lug
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21, Fquation (54) may be rearranged as follows

. %:'[S/’D(IX*‘ my— ) =Sih(lx=my - Wr)} (55)

The form of this expression shows that the pressure field for
sach mode may be considered te result from the comdbination of two
sats of plane waves reflected alternately at the surface and the
bottom, and making an angle € with the normal to the boundsries,
For the angle &

-~ P AP/
hoe = %4, Sin€ = * s (56)

The positive sign corresvonds %to one set of waves and the negative
slgn to %he other set,

322, XEquatlon (56) above may Le expressed in terme of the
conetants of the system, ¢;/cs and 3, as follows: Fquation (46)
becomes, at the eritical freguency of any mode

¥

2 Cr? 2%
T = e (57
From the definitions of m and 1:

e it = (& - T) = (&

-f?"f”mz——- JJCA (58)

Thus at the critical angle O
\‘C‘-’C’ *mz
L C‘
Sih Qc E ““/“""'—"‘" (59)

%,

Inserting values of «j, and iy from equations (28) and (31) the
above expresslon may bs reduced %o

Sin 6. = %2 (60)

Thig is Jjust the critical angle for total internal reflection of
plane waves, 1in accordance rith Snell’s law of refraction,
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33, The form of the pressure distribution between surface
and bo -tom, whiech coriesvonds to a given mode in the scoustic
" sysbem, has Leen piven ln equaiion (Z). VWriting only the term
which pives the variation of sound pressure with deoth, v, we
have

P~ Sinh [P‘Vh ('K":iﬁ'-)] (61)

324. Fquatlon (61) may be expsaded inte the form
P~ | sinh(T) cos(Tu) = Jcosh (TK) sy (f,,ff,u)} (62)

The rms nound pressure measured by the lydronhone is pronortional
te the squere root of the sum of the squsares of the reerl and Im-
sginary parts of equation (62), Thus

| |
PI ~ [sionh " (Ree) cos™ (T )+ cash {2 ) sinf /“)] A o

This mey be simplified to the form
1Pl ~ [c,osh?‘( i) - CO.S"(.T.;}:}L)] /o (64)

Loplying the half-sngle formulae, this reducss %o

[Pl ~ [cOsh(%:U'K)- Cos‘(zgf/ujj £ (65)

225, This cxoressicn glves the verticel distribtution of
sound pressure corresv.uling to eny given moda, in terms of the
distribution constanis for that mode. In general the measured
pressure distribution will be & summation of the pressyres due %o
each mode wnresent., This will be 44ffizult to intersrst unless
the conditions of measaremert sre such that only the first mode
contribuben appreclably to the pattern, RExperimental curves made
under these condlitions are {llusirated bv Plate 11, &nd sre dis-
cussed in Section IX of the text.

326, Measured and computed distributions for a svecific case
are shown in the lower half of Plate 11. The dlatribution coastants
for this cnse were obtained from hydrovhone soundinge dbensath the
shin., 7The agreement between measured end computed curves is very
close,

=113~
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327, Yor the case of transuisslion over hard boitom at fre-
quencies higher than the critieal freguency, is zero, and equa-
tion (64) reduces to

}P} ~ SIN (—fﬁ&) (66)

This shows that the vertical sound pressure distriduticns over
hard bottom, for frecuesncles above the critical frequency, should

be sections of vndamped sine waves. The experimental resulis
cenfirm this,
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APPENDIX B

PROPAGATION OVER AN ELASTIC BOTTOM.
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APPENDIX B.

PROPAGATION OVER AN ELASTIC BOTTOM,

328, The siuplest approach to the problem of underwater
sound propagatlon over an elastis botitom, taking inte sccount the
influence of shear waves in the bottom, 1s through the computation
of the pisne wave refloction law which applise to this cesse. The
bearing of the refisction laws on sound tranemiasion is discussed
1n Section VII of the text,

328. Tho pressure coefTiclent of reflsction ~ the retio of
reflectsd to incldent pressure amplitudes - may be computed as &
function of the angle of incidence for nlane waves incident from
water on the boundary of an elastic medium, This mey be accome
plished coavenlently by using an analysis of the general boundary
conditions for the reflectlion and refraction of elsstic waves nub-
lished by C,G. Knott nany years ago (Bidlisz, 26), A summary of
thie onalysis is glven in "Bxploration Beovhysics", by J.J. Jakosky,

330. The specisl case which 1s relevant to ths underwater
sound problem iz thet in which n compressional wave, originating
in the fluid, 1s iocident al the interface of a fluld and sn elastic
s0lid. In genaral, ithe energy of the incident wave will be dis~
tributed among three new waves, & reflected compressional wave in
the water, a refrscted compressional wave in the 20114, and a re-
fracted zhenr wave in the solid, There 1g no reflectsd shear ueve.

2231, The formulas given by Knott uhilize the following ab-
brevigtions:

C - Cotangent of angle of incidence of compreasional
wave in the first medium (the water).

C' - Cotangent of angle of refraction of comnressicnel
wave in the second medium (the bottom),

7' - Cotengent of angle of refraction of shear wave in
the second medium,

nt - Hodalus of rigidity of the second mediunm,

/opr' -~ Rensity of the first and #econd medium, respectively.
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A ~ ZInergy factor of the ineldent comprasasional wave,
A - Fnergy factor of the reflected compressionsl wave,
A' - TEnergy factor of the rafracted compressionsl wave,

BY . Fnaregy factor of the refractsd shear vave.

332, The geometric relations a¢t the loterfnce are indicated
on Fg. 11, 4n which ©,1s the angle of incidence, €, the angle of
refraction for the compressional wave,and @he angle of refraction
for the shear wave,

A
6, waer (/st Med)

iy ////////
BoTtlom (an/ /y)éc/)

2
/
f\-

! {",S, ”

333, The angles made by the rays with the normesl to the
boundrry are relsted by the equation which expresses Spell's lawi

5in B sin Gyt singpz Vy t Yy i vy
vhere the angles are shown in Mg, 11, V, and V sre the velocities
ia the first and in tha sscond meﬂ*ﬂm. '%smecti"el,y, And. Vo is the
valocity of shesr waves in the sscond medfum,

3%4, The ensrgy equatlion rintes that:

2 (67)

coA’- C/OA_,z= P A + 0’ B

CONFIDENTIAL -117-



X35, The boundary conditions reguire that the sum of the
commonente of the disnlacement on both sides of the boundary must
be the same and that the sum of the normal and the tengential com-
nonentn ¢f strass must be the same, The satisfaction of the doun-
dary conditions leads to three zquations:

= ~ A , (68)

oy /
A-A, = A (69)

C
. {3i
A+A, = /%6% - %#—}A’ (70)

336, By making use of thece three equetions, together wiih
Snsll's law ond the enersy equation, it 1s possidble to commute the
ratioe of the energy factore AfAY , A JA' | A /A and B'fA', which
correspond %o agslgned valuse of density and velocity rstios for
the two nedia. The pressure reflection coefficlent discussed in
the text (Section VII) is A/A, R4 certain angles of incidence
some of the energy factors are imaginary or complex, Ia these
casez the abaclute magnitudes nslone are considered.

287, Computations have been made for various angles of incil-
dence, for the following assumed ratios of density and veloolty:

(a) V.L:szvg:;ze:%:?.,anﬂ/o’/,o:?.

(®) vy 2 V1 v,z22338:2, andfyZK) =1
t
(c) vlev2=v2=?«s.3,and,0//9:z

The resulte of the comnutetions are shown in Table V:

(See Table V on page 119,)
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TABLE V,

PFRCENTAGE ENFEGY DISTRIBUTION BETWEEN REFLKCTED,
REFRACTED, AND SHEAR WAVES,

ELASTIC BOTTOM,

b+ § o o] ja s} é’g 75} é:
2 o [ a 4 P
@D r O e oy} o :j X 3 o 1) :3 o"‘i g g
) @ > gg (%93’ ~a og Fe |2 Epa— 5a
i 2 < g oo w oM <« 5 ) 2 ? 3- 4 & 3.
[} s . 3 1 « c g e [} i
% % % % % 4 % %
no 0° 25.0 75,0 0.0 4.0 96,0 0,0 25.0 75,0 0,0
10°  15% | 24.2  69.% 6.1 %6 83.8 7.6 | 2¢4.1 73.1 =0
200 30%24 2.9 54.8 23,4 2,6 68.4 29,0 22.6 69.6 8.0
30°  48°%2:Y 18.2 32,3 49.6] 1.2 79.2 60.0 | ~1.0 61,6 17,0
40°  74%sY 141 10,0 7.2 0.2 11.6 88,0 | 19.8 34,86 46,0
41°  79%s¢ 15.1 9.7 77,4 - - - - - -
41,75 90° 100 0 0 100 0 0 100 0 0
o T j
60 gg 61.8 'é‘ § 38.4] 42.8 . g 52,2 | 9186 g 8.4
60° a3 | a0 £§ es.0] 1 RE 66,9 | 815 °§,§ 18.5
o =2 -] B0 [+]
70¢ s B% 52| sp0 2% 0| 7ma BP .6
“F “F =
80° 46.8 s s3.2| e4.3 o 367 | 878 03 12.4
90° 100 0 {100 0 100 0
case {a) case (n) case {(¢)
* Criticel angle
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APPENDIX C,

PROPAGATION OViER A STRATIFIED BOTTOM,
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APPENDIX C,

PROPAGATION OVER A STRATIFIED BOTTOM.

338, Although moat cases of low frequency sound nropegatiom
in shallow water are adequately deseribved by the theory derived in
Appendix A for a simple bottom, the derivations may readily be ex-
tended to include the more general case of a stratified bottom,

In there derivations the effects of reflection from a stratun dbe-
low the actunl bottom are teken into ‘account by treating an acous-
tic system which comprises thiree méiia, The three media are the
water, a single layer of homogeneous fluld of snmecified density
and velocity of sound, and an underlying fluld of different den-
aslty and velocity of sound. The underlying fluid extends indef-
initely downward,

339, The form of the solution in terms of the normal modes
of the two upper layers ia similer to that derived for the simple
votiom, although it 1s more complicated algebrailcally because of
the sdditional parsmetera., The derivation is carried cut for e
typical mode of the “transverse® class of waves trans .itted through
a rectangular tube,

340, Consider, for the analysis, the pipe system shown in
Pig, 12, This includes the water, the intermediste bottom layer,
and the underlving bottom material extending to infinity. Let
the weter depth bs hl, and $he thickness of the botiom layer be
h2, ‘The thicknssces are measured along the y axis with positive
y being teken downward, The length of the tube system is consid.
ered infintte in the x &irection,
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241, For the simvleat claas of "tranaverse" waves, the vres~
sure di=ztriduttons in the water, the bottom layer, and the under-
lving structure, will hrve t{he following forms:

R = P sinh[Bk-gue Doe 8O0 (1)
3 iy 5] e
R= B.Sinh[ 3K, S AL (72)

/

it

1w » . o
ax E - {‘;I%{K}“"“/"J}]‘ g E’Gt - .CQ;(OE"'A La)xl (,‘"a *

R

The distribution constanis # and 4« , and the provagation conatents
¢ and ¥ have the meaning glven in Appendix A.

242, Substituting the=e relsations into the wave equation
yields the following relations between the dietridution amd prop-
agation constants.

(a+ T) *"“:’?‘_':.(»‘ﬁ“-fz'“e? 1 = 0 (74)
(G‘g.zz;)f-i-,,(;fz-.}uﬁ) »f = O | (75)
(2niT) + ll=gpa) + 1 = © (76)
where
7= % 2= 5 p=

343, The penern) toundary conditions to be applied are those
of centinuity of preseure and of particle velocity st the boundaries,

at ys=h, et y=h,

R R AN
-3 . S 1 J 2% . L 25
-1 P Y P 3Y 2 2y
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344, Avnlying the first boundary condition, gcontinulty of
presgure, io the waior-bottom hounfary there results

e )
Q,,\sm/;[m,f’-%mebwt E(S,riZjx] -
(78}

2 Y o
PSP L0 (E) -3} LAl AR

This expression must be sn identity indenendent of time and dis-
tance aslong the tube, FYor this to be true the following relations
must hold

o, +NT, 35t
<, Ca

Poson [Tk, -apa) = B sinh [a{2u)(Mu-uy ] (80)

et} (79)

Apolying the second boundary condition, continuity of particle
velocity, to the water-bottom boupdary, there results

o;f:l?%) coshlith~gu )] ﬁ(ﬁ’tﬂ‘lwbh(h)k?ﬂ‘)’ ‘P] (81}

345, Continuity of pressure at the lower surface of the ot~
tom lsver, vlelds the relation

R £(6:+5T0X]

RSIh [Tk ~ikla) ?g] =€

Agein, this expresslion must be an identity 3indenendent of time
snd distance along the tube system, From thls the followlng re-
lations are obtained.

o +T, _— G +4'Ty
Ca. - ce (83)
£ S‘r’l?/? [’T(K -ju) » cﬂ] 7"(4’3'%3) (84)
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Coztinuity of particle woloeity at the lower gsurfage of the hoi-
ton lpver gives the exvpression

/ P : — ~r(Cy=d
ﬁ(ﬁ,;-.f,u,) P L CoSALM R ~u) + 9] = ;25{;1( K;—gity) By € s C)( 85)

345, Dividing (80} by (81) there resulis tha trenscendental
equation

phtanh i) o Rbutnh[ERIssy s £] oo
", -k, o 1A
Dividing {54) by (85) resulis in
b tans Il -suj+ ]  —a 2 } (87)
o s = T
Combining (79) and (83)
oyl o & il 6 il (88)
c, Ca <,
347, Toom {(74), (75), (78), end {88)
/ a2 / A / . 2
Finr (i - = Z\T“?(Kz ~J = T (K; ~sut;) (88)
; ? 3 '2 A
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From (86), let

V= fanh (&) (K- » ] = “—”—'—5‘-(—-*4‘-'-)*&»6 [ -yu) )

fanh f = V = fenh ["(h )(K 'V*J]
* I = Vianh (w2 (Koo iy ]

From (87), let

U = fanh [n{m,—-ip)+ 4] = ,a

Fank ‘ﬂ. _ u - ranb['rr(xz-.:ﬂ,)]

3 .-J ﬁ‘&.

/= Uanh (K.~ puy)

Combining (91) and (93), there results

V'* ranb [ﬂ(%‘)(Kz'%t)]

| =V ranh[m( i‘f.:)(ﬁ._-;su.)]

CONFIDENTIAL
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2?48, Substituting for U and V vields the finsl transcendental
equation,

£ h, K;, P9
v e jﬁ itonh ¢ (K,-3) ~ Tonh [k ;,-..s,».;]

. .
/- ﬁ‘a‘:"(ﬁ el tanh () tomh (1 30

=R [Kamspa)

P ( g[".;) Tanh T(K’-"W'f)
ﬁ: k :

I+ B (R K ) tan b (K ajina)

(95)

349, DBeceuse of the additional) prramsters introduced, this
expression is much more comnlicated than that obtained for the
simpler condltlons of Aumendix A. For thie reason it is not pos.
sible to plot ths general resulis on a single serles of charts
such as those plotted in Plates 12.16, Charts could be computed,
although with difficulty, for smecifie apecial conditlons, for
examnle & definite assumed thickness of intermediate laver,

Some simnlification of the expression rssults 1f attention is
confined to transmiesion over hard bottom above the eritical fre-
quency. Detailed computations for these cases have no$ been nade,
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AVPr2iDIX D,

CEN=:AL HORMAL MOLE THECORY FOR A POINY
S0URCY BETWEEN INWINITE PLATES,

350. The purpose ¢f this aonendix is ito derive dircesly the
nropagation rel ations for the panersl ease of a nolnt soarce of
sound located between two perallel nlanes, the surface snd the
botiom, In Apnendix A the vronagation of sound in rhallow water
was derived by extension from the theory for treansmissiocn in a
rectangular pipe, The artifice of the nine is convenieut because
it permits complete solutions to be obvisined, It ie not entirely
feneral, however., The treatmeunt in this anpendiz is general, ai-
though the resulis are expressed in the form of integrsls which
have not yet been evaluated.t” The most relevant result of the derw
ivations, the equrtion which exorensea the infliuence of the bound-
arles on the field distribution, vwill bve found to bhe identical
with that derived unier the aimpler assumntions of Anvendix A,

The generality of this equation 1s thus prestly enhanced.

=5, The wove equrtion for a reglon in which there is a
sound source is
2 ] 3t Esg
— o = - (96
v P C* 3t et )

where ¢ is the source function and p is the pressure,

352. Thes reglion consldered ls defined by two infinite par.
allel planes distant h from each other, as in Fig, 18, The space
between Lthe two wlsres 1y assumed to be filled with water, The
vpper boundary 1s teken to be s free aurface, The lower nlane is
taken Yo be ihe boundery of s homogensous fluid infinitely extended
in a directicn normal to.the boundary, Cylindrical coordinates are
emmloyed, and the origin i« taken at the surface on a vertical line
vassing tho@ough the source. The locstion of any voint in the sys-
tem is descrived in terms of ite distance from the surface (y). its
distance redially from the origin {r), end its azimuth angle (@)
from any given reference radial line,

7 ¥ _— SOURCE
T Yo -

J
} SR S 9
I R S
]

AN NN N N NN NN N NN NN NN

10, The integrels were evalusrted after the text was written,
Ses Addends.
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353, The theory of partial differential equations shows that
the entire solution of equation (93) for the steady stnte may de
obteined by solving the eountion with the right hond side equal to
zero, and by expanding the expression on the right hand side in
terms of the characteristic functiona(normal modes) thus obtained,

354, Since the treatment is concerned only with the steady
state solution of (96) For s sinusoidel source ( a complex source
may te annlyzed into a series of einusoldel sources if the systenm
in linear), p and q may be defined as follows

ST
p = Plyreé (97)

-5yt
q = Q (\y.)r'a 6) E

The eguation (96) now becomes

2 - v
(‘V + E“%)P(y,r«,a) = w:::._,Q{g,n@) (98)

355, Tor any system the solution in cylindricel coordinates
of (98) with the right-hand side equal to zerc 1is

Plyrne = EX_: % %; Ay COSILOIBEISINGG r’-rgﬁj(fca;z\z; f‘ff‘) (s9)
6 Sy Op hd

This equation describes the pressure at sny voint (/,r,6) in the
reglon, in terms of swmmations, in which the values of the terms
are determined by the separation parameters ¥, , ¥, , and ¥e.
These narameters corregpond vhysicelly to complex distribution
constants, vhose wvalues depend upon the boundary conditions, If
the pressure 2% any point in a given acoustic system 1s defined
by the summation of the nressures at that point due to a number of
normal modes, than each term of the sumation (99) may bs consid~
ared to represent one of the normal modes of the system, It follows
~ that the prsssure at any peint due to the n'h mode will be given
by an expression of the form

Aoy = 8@ Yoy R (100)
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256, The adnissible values of ths comvlax distridbution cone
stants ¥ v Op » 8o a'e determined by the boundery conditions im-
posad By the ohysical canstants and by the geomstrical confipurs~
tion of the system, nemely:

(a) The syetam 1s symmetrical about the origin,
P will therefore by independent of @

(b) The upner boundary is considered to be an in-
finite, plane, free surface, P 18 tharefore equal
to zero at 2ll points on the unper boundary,

(¢) The lowar boundery is taksn to be the unlane
uvpper eunrfoce of an iafinitely extended homogeneous
1uid. The bottom is considered parmllsl $to, and
at a dlatance h from the uvper surface, The con=-
ditions which munt be satisfied st the lower boun

dary ers those of conblauity of npressure snd of
normpal perticle velocity,

= 2
A

i

E, - E;g (o)

357, These bounfary cundilions imuose four restirictions on
the distridution constants:

(a) Condition (a) requires that ¥, = O, since the syatem
is svmmetricel about the origin.

(b) Condition (b} requires that ® = O, since the pressure
mast reduce to zere at the surface,

{c) The third conditicn glves riee to a transcendentsl
equation relating the distribution constant ¥y and vhe
vhysical conatands of ithe bottom, The roots of this
equation will give the allowed wvalues of 3} . The dew-
rivaticn of the expression will ue glven in a later
gection,

(d) Since the dimension in the = direction is finite,
discrete values of the distribution constant ¥y are
ohtalned, corresnonding to the allowed configurations
of the nressure fileld in the & direction., Since ths
nedium is ianfinite in the r direction, there are no
discrete values of 3y . The values of ¥ tharefore
form & "continuous® snectrun,

CONFIDENTIAL -120-




358, Consider now the form of equation (93) when the above
reatricticns have becen placed upon 1%, We have

0

p(g‘r) = Z Z A( E’r,).S(n{U J (__'é’_ff_} (102)
39 ¥

Since equation (99) 1s the most genersl sclution for the pressure
et any point in the fiald, obtained without svecifying boundary
conditlons, squation {102) must be the most general solution for
the pressure under %he assumed boundary conditions, Since the
values of the distributlon constants ¥, form s discrete smectrum,
rnd the vrlues of 7. form a "co“tinuous" gpectrum, the most gen~
aral solution must contnin an infinite summation of terms involv-
ing ¥, ., and an integral over the rsosme of pes~ible values of .
Equation (102) may therefore bs written

Ply.r) = 2‘ Sm(_xc.‘l) ﬁ (¥e) T, (%L) a@y (103)

where the function Fy (1&7 in to be determined. Since this exnres-
sion satisfies the ahovo requirements, it must be the most general
form of the solution.

359, The choracteristic functions of tho above expression
ere now used to obtain an exnansion for the source function,

Qey,r) = gsin(fxgi)ofé‘v,,(%)‘]; (%5 d(® (104)

vhere G, (3;!;) is 4o be determined. Multiply both esides of this
equation by <$ih (,_Eg:ﬁ,)

(108)
Qg sin(let) = sin(Gud) nZ, sin(%e9) [ 6, (8 (4)dc
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360, A mathematieal device, similnr to that used to obtain
Yourier series asxpansions, will now be emmloyed, The device con-
slsts of the agrumption of orthosonelity for terms of the tyve

Sin(mx) - sin(rx)

The condition for orthogonality which must be satisfled is

e
_/ 5119(,;45}&"!?(..'7&) X =Q for &l X W

° X O for &I ¥ = N

Agesuming orthogonality of the terms Sin (.%’&‘i)srh E.gn.i) and
integrating cver x from O to h, and noting that all terms of the
sumnation vanish excedt those for m = n, the following exnression
1s obtained:

A 4 o
f QY i (Tpd)dY = f s{'nz(%i)dd G, (¥3J, (EL)l%) (108)

Lst

A
[Q (y,r) Sir (:'Eczﬁ) dy

e -

jc -5,‘;72(_1‘.'314..‘.5) dy Qo)

Hn r) —

Equation (106) then becomes

H,, (r) —.:O/.Gn({r)\[(%“) (&) (108)
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31. The funetlon G \—-’=) may now be obtained by mmnlying
the FouriermBesssl theorem (Bihliog. 9, » 286, ex 44), This
theoren gives a trapnsformation which alloxm solution for an un-
known function wccurring inside an intezral. Thus 4f £(x) and
g(t) are two functions, the theorem states that

o) = fmt_g(t)»{(tm o't

gle) = j K;‘(xl\f?;(tx)a’t

Letting £(») = B(1}, ¢t ¢{t) = Gn(gﬁ‘, vz = (%’). Gn(%)
may now be obtained in the form

. ¥
G (%) = grj /’-/ (N, (S5} P de (199)

362, For any given source Q(y,r). Hp(r) may be evalvated by
means of {107) and then substituved inie (109) to caloulate G (g)
For the special case of a polnt source, there results

Q(y)r) = ..r....‘Q;,Q._........ .
Ay Man* (%o-tag)< Y < (wriay) ]
over the range 6 < r <ar )
and Qrry = 0 at all other points (110)

7o = nource dsnth,

From equation (107)

Yo+ #Aay
Q/SH’J X%nY)
%o~ £ay ( )y (111)
Hn(r') = .
iy (ﬂh)AKn

CONFIDENTIAL «133-




where
‘6 -
K, = / sin*(Yed)dy = -é—-[h--%’g,jfm 2%0)]  (2)

) into equation (109) results in the fol-
Je

v

Placing this value of Hy(
lowing exnression for G,

ﬁ#&

¥.Q, sinf “‘*‘ﬂ) T (erirdr o % Qesilimu)
7R, (ar)z = T Tanc K, (13)

763, This expression may be substituted into equation (104)
to obtain an exnlicit expasnsion for the source function.

Qiy,r Z sfn 1135—5)/ G, ({':)J‘; (—%ﬁ) (114)

364, Continuing with the devalovnent of the solution, return
to equation (103), where ¥, (X&) is to be determined, Substitute
equations (104) end (103) Into the wave equation (96),

{5’— > s,-n(..s_fi))//- (B (5L o )} { o )

N=ay
(115)

N2y g‘si n (_?énj)/rg: () J (&) o (&)
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To make this exvression an ideatity, ¥, (§E) mist heve the foilow-
ing form ~

_ : 2
F* (/gt) — JCJ/O, G,,Ll'{n) ¢
s -2 %
AR fE R & (116)

265, The final solution for the oressure then becomes

~ Juchd. * e W/ /“-’,f)d 18
Peypy = Z L “{%%%' Sm/.l*’:m‘i) sinfnds !/' .-K; J;\"‘ s (f}
Y " v L c / X

L g
NS :
e w h.sn o~

G

This expression gives the pressure at any polht in the system as
the summatiodﬁthe pressures dus to all the modes of the system,
The integration over the distribution constant (%) may be talken
for real vnlues only, with no loss of generality. JXor the firsy
mode the sexpression has the fors

[2+3
’J(JC?,QQ T . . () E
/?{g,r)'—:- L 2 E, mll 'Sf'@("b%ig)\w” 55"32} /J"i(;{a(’g)
’ = n

366, The definite intesrnl in the expression has not been
svaluated’? but it i: mosridle to deduce some important pronerties
of the solution by inspection. Theee vi"l be diacussed, following
the derivation of &an equation which gives the admissible wvalues
of the diztributioan constant, (¥).

767, The solution given by equation {117) for the pressure
field et any point in the system denends urnon the boundary con-
ditions at the bottom, which, in %turn, determine the values of the

11. See Addendsn.
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distrivution constant ( The formuletion of the boundery cone
ditions therefore determi;es the nature of the complete solution,

368, Consider the nth term of the meries renresented by the
equation for the presnure at any point in the system (117). This
torm revresents the pressure dues to the n*h mode of the gystem,
It may be rowritten more simply in the form

(i () Tl 0
® n v

The boundary conditions of continuity of pressure and normsl par-
ticle veloeity give rises to the following exvnressions

po= Ak
(120)
AL S R L 1
A8 T Ry ¥y

Ag in Appendiz A, the pressure distribdution in the second- medium,
the bottom, must be known. The requirements that the 1ressure
muet decrease with increasing downward distance from the boundary,
end that the pressurs must be continuous st the boundary at all
vointe in the system, necessitote the following form for the sound
pressure distribution in the botiom:

"z

(121)

=C & @/n’xg({“) (ﬁ’)
T4 e,

i"
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369. Applying the first Youndsry condltiop, continuity of

oressure, yilelds

. vy £ o L) : r
C,,sm(%’)/—ggé%f%&’@ =C € ('%")f%%%-%) (122)
(-] [

n

Since this must be true independent of the distance from the origin,
the following relations are obtainad

t

}é;; = }é_{i (123)
O - (B = @) - (B9 (194
n Sm(x b) o *""“’ 33'-’3- (125)
370, The gsecond houndary gonditiop requires that

' h
X / ot ‘—M
-——n— ‘lhnm ——— S— »
7 & Cpeos(dph) = — 5 BN am)
dividing (125) by (126) gives the equation

:ﬁé.;c:_ (127)

i

%3’-: fan (I&b)
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371. Additional relations are obtained by setting the expres-
sione for the distributions in the two media into the wave equation
(96), with the right-hand side equel to zero. In ¢ylindrical co-
ordinates the wave equetion has the form

3P I 3 fnaP w* —
S+ T F ar(’ﬂ af“) * ‘ETP 7 e

Y

Substituting the expression for the distribution in the first medi-
wn {equation (118)) into the wave equation results in

From this arises the relation
.2 2
W Y =¥ = 0 (120)

Substituting the expreesion (equation 1121)) for the vressure in
the gecond medium into the wave equation a eimllar relation is ob-
tained .

- ¥"= 0 (131)

Combining equations (123), (130), and {131) results in

(50" = (@) % + (%] Gz2)

(K.B, This relation also arises from the combination of (123)
and (124), bvecause of the conditions which were immosed in obtain-
ing the final prsssure expression,)
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72, Wow let Y =vr(H—ju)

Equation {127) reduces to

ranhinin-gu (P
(# = S ) * (e—%)‘{‘(««w‘m’ﬂﬂeyl} (133)

Zh

Let A= {6%) B = %[(C}éy'_}]%' vhere 7, = _/T; (134)

Equation {123) reduces %o

2 .
(K~ jp)* (Kegu) ™ 82 (135)

a73. Thls equation is identical with equation {20) in Appem-
dir A, Since equation (13B) was derived on much more gensral as-
sumptions then equation (20), the validity of the relatively sim-
vle tremtment in Anpendix A is considerably enhanced, Aa additlon-
pl result is that the solutions of eguation {20), computed and
vlotted An charte (Plates 12-16), are smnlicable to the general
enalysis of Apuendix D as well as to the special analysis of Ap-
pendix A, It may be snown that the same squetion iz valid also
for the conditionn assumed in Appendix C (Propmgation Over A Stra-
tified Bottom).

274, An equation in integral form (equation (117}) has been
obtainaed for the pressure at any point in the acoustic systen, and
also a relation {equnation (136)) which expresses the influence of
the boundaries on the field distridution. Consider equation (117},
the final exprassion for the complete pressure fleld, Fxamination
of the admissidle values of the dlistridutlion constant 3’3* shows
that this constant increasss consistently with the order of the
mode, Exsamination of the denominator of the integrsl expression
shovs that for moderately low exclting frequencies, for which
W 13’1’;) and n 1s large, the stimulation decreases with the
order of ‘the mode. The stimulation 6f any mode may be defin:d as
the proportionate pert of the total energy which resides in that
node.
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7?6, Cne corollary of the stimulation law is that the modes
of high order are weakly stimuleted at low frsgquencies, and their
excitation requires only a small fraction of the total radisated
energy. Another sorollary 1a that ihe modes of low order are less
strongly stimulsted and the nmodes of high order are more rtrongly
stimilated, as the sxciting frequency increases, At high freauen~
cles many modes are strongly stimulated. The stimulation of modes
of low order is not nsgligible, however, even at high frequencies,
The small damping rates of the lower modes insure that most of the
encrgy at large distances over soft bottom will be cerried by these
modes,

376, The term sin (¥wYs) involving the source depth Yo
gives the varistion in stimulation of the modes as a function of
the source location, It may bte szen from this term that the sti-
mulatlion of the system is zero for all modes when the source is
at the surface, It ig also clear that the source should be lo-
cated as nearly as possible midway bhetween surface and bottom, in
ordsr to orovide the maximum stimulation, under wvarying bottom
conditions, of the modes of lowest urder and smallest decay rates,
It also follows that if the source is located at a point for which
(33535{_ is emall for a given mode, the stimulstion of that mode will
be weak,

377, The transcendental %term mh(i?? which involves the dis-
tance from the surface, r, gives the vertical dilstridbution of the
sound pressure for any given mode. This expression may be reduced
to the vertical pressure distributlion relation given in Appendix

A, Part 6, The interzetion gsvacings caused by interference between
the modes may be determined from examination of the coincidence
points of the maxima of the Beasel function terms in the integral
expression, Good agreement is obteined bYetween observed inter-
action epacings and spacings computed by the above method.

378, Summary. An integral expression has heen derived which
gives the sound preseure at any point in the acoustic system de-
fined by two infinite parallel planes, surface and bottom, with a
point source located Yetween them. In formulating the boundary
conditions 1% was sssumed that the bottom 1s homopgeneous to an
infinits depth {i,e, reflections from lower strata were zssumed
nerligible), and that shear waves in the bottom may be neglected.
Both assumptions apperr justified by the results, It seems pro-
bable that the transmiesion of underwater sound in the actual
physical system closely approximates the predictiosn: of the theory.
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APPENDIX %

SAMPLY CALCULATIONS.

373. The puruvose of this appendix is to vnresent a typleal
ecaleulation of the attenvation of sound pressure level between two
given noints in line with n sound source, ueing the propagation
theory developed ir the text. The axnmmle chosen for computation
is renresented by the third record from the ton of Plate 2, made
at the Potomac River Bridge Range under summer conditions, at a fre-
quency of 80 eps, The transmission is of the "dmmped" type and is
dorinated by the first mode at distances greater then two or thres
times the water devth.

380, The data ars:

Prequency f 80 cps
Water depth h 55 £t
Velocity of Sound in water O 4800 ft/sec
Nornel Imvedsnce Ratlo G 0,2
(from nydrophone soundings) /qc,

Specific Cravity of Bottom /-%//’o = A 1.3
(estimated from samples) 7

381. The computations follow:

Tres Field Wavelength A= C%,, 60 f¢
Depth in Half Wavelengths 7,= R '3 / 1.83

‘ A

s A L
v Rati Cof = 4,33
elocity Ratlc 4= 63 y
Abscissa on Chart (Plate 15) B = &;ﬁ[(gﬁ-‘/]

4

= Mxé?@:i’q&/)é: 7,73

)
332, The sbove velues of A and B are entered on the appro-

printe chart {Plate 15), and values of K and AL are determined,
From the chart K=0,054 and /-(: 0,997,
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383, Next the nrovazation constants ~and T are determined,
vaing the chart on Plnte 17, or the anvroximate relations in equa~
tions {43} and (44). The values obtained are T=0,839 and (¥ =
0.0183.

384, The damping per wavelength cauzed by ahsorntion at the
bottom is 54,6 > = 1,03 ¢b per wavelength. In terms of db/1000 ft,
thie is 54.6 <7/5, or 17.1 au/1000 ft.

385, Consider a point 200 £t from ths source and another
point 1200 £ from the source. The total attenuation between these
two points ir the sum of thet caused by damping, 17.1 db in this
case, and that csused by ¢vlindrical snreading, amounting to 7.7 db
in this case. The totel attenuation should be the sum of these
figures, or 24.8 db, The measured attenuation detween 200 ft and
1200 ft from the eource, on the corresnonding exnerimentsl record,
is 23 dbh,

386, The deviation between observed and computed values, 1.8 af
is well within the experimental error of the acoustic mensurements,
the dlstortions caused by irregularities of the system, nnd errors
in the estination of distances and water depths,
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387, The finel expression, equation (117) 4in Apnendix D,
for the sound vressure at any noint in the field of the acoustic
system of the sea, contains sn intepral of the form

QT(XF)d(&.

- — Y.
A a" "

where the mesning of the svmbols is defined in Apmendix D,

388. This integral may be evaluated b followingz the method
emm)oyed foraainilar caze in a renort (Yo, 65) recently received
from the Minesweeping Scction of the Bureau of Ships. The method
is %o write the Pes-el function in the intesrand aa the sum of
two Hankel functions, and ; hen to integrate the Hankel functions
around apvronriate contours, Thus, if w= u + Jv is a comnlex
variable, :

JO(WI') = % Ilw(m*) -+ -}; H( (HI’) (136)

389, By meking this type of i{ransformation the evaluation of
the Integral in eaustion (117) may be reduced to the evaluation of
the pair of integrals

fﬁf(rw)dw +- / /7/“’ w}dw

k]

L
where the abbrevistlons v = -ré ang Q% = Q—g"‘ have been mads
fer coanvenisence,

3%0, The problem takes the form of finding a contour around
vhich each integrand may be intesrated, to give the above integrals
as & resultant, The proper contoura are indicated 4in the accomvany=-
ing sketchea, The first. quadrant contour is emnloyed for the first
intogrand and the fourth quadrant contour is emmloyed for the sec-

ond inteprend. i
B T . th/

R—o—m V
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391, Provision must be mrde for the fact that the Hankel
functions have branch noints at the origin, which the contour
mast avoid, The contribution of the wath around the branch noints
may be shown to approach zero in the limit. The integrals over
the segments of the circles vanish if the radius is taken suf-
ficiently large, because ithe Hankel functioas annrosech 2zero at
infintty Since Hg{J}v) = = H(~Jv)the inteprals along the im-
sginary axes cancel, leaving the sums of the inteprsle« along the
repl axes, This 18 equel 1o 2 7" 3 times the sum of the residues.
The residue at the nole in the first sundrant is all that remains,
Thus

, o
ar- w> r A=W = J”‘L‘C (ra) (137)
< )

bl al) had ﬂ'
/w /'ia (rw)dw wH" (rw) iy

392, The finel solution for the pressure at any point in
the field becomes, if the interrals are svalunted in the above
manner,

Piun = > L sin (S 8) sin(%e ) 1 (r §) (138

Yimf

2 -
where the sudstitution « = (-@mgjﬂ)ﬁ;% has been made. It may
be shown from the relations between the constants {(Appendix D)
that ¥, = 20 {(T w37 % . and 8, Q. and K, may be evaluated in
terms of K_and 4, . Making tﬁe neceasary subsrtitutions

[—" ﬁ" Qn Cl)C " . . ’,
/3(5'“) - nz 2h { I- cf‘nﬂawg—g 4] -.S/n/)[_i&- (”'9‘3"""’[?""‘9‘}]%[‘?@*“)}
= 27 (= 0
393, At source~distances greater than a wavelength the Hankel
function may be renlaced, with litile error, by its asymntotic ex-
nansion

-3z ~aTa
¥ Tae— 40
Ho{2) = V2 (140)
W¥hen r>A, the pressure at any point in the field may be written
oo o) e ¥ 'ecc-*ir)‘(’
= 0, Qo P c : T PV
Foo = 2 o iptagiagry S LS R [ g
N/ - K".{'/*-)

Inspection of ¢this equation shows that the nresaure formule exnres-~
ses the influence of three factors,

(a) stimuletion, involving source-atrengths and mource depths,

(v) bropagation, involving damming, phase velocities and vertical
diatributions, and

(c) sprepding, involvine attenuation which varies inversely with
the square root of the source-distance,
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394, 3in the theoretical t reatment emmloving the nine artifice
(Avpendix A) onlv the prowagation factore (b) were riporousiy de-
rived, althovgh the effects of cylindricrl enreading were included
as a result of physical reasoning. For source-dletencer greaior
then one wevelength the simmler treatment of underwater transmie-
sion is adequmrie excemt for the computations of stimulation terms,
It has now been demonatrated by a general derivation thet factors
(b) and (c) are correctly anslyzed 4in the sirmler treatment. In
addition, equation (139) ie an exact expression, valid for all
source-distances, This permits complete commutations, including
the exact pronagation function and the stimulation terms,
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AQUAMARINE (U.S.S.), 9, 32, 125,

Attenuntion, definition of, 167,

Attenuation, measured, 25, 28.30, 123, 162.213, 274, 379-3086,

Attenuatlon, commutsd, 60, 77, 80, %4, 107, 201.204, 238, 273,
288, 201,

BOlt. RuHei 5l.
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579
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226, 727, 230, 273%, 282, R04, 283,
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378, Addenda,
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J
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Mead, S.P., 105,
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Hormal modes of vibratiom, 61, 92-102, 134, 213, 242,
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Hormal nrrticle velocity, See "Boundery conditions®
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383,
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Pressure, continulty of, See “Boundary contitions",
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Ship noime, 126, 126, 241, 243, 254, 257, 276. -

Ship's hull interference, 32, 262,

Snell's law, 144, 317, 322, 333, 336,

Soft vottom, 17, 28, 29, 74, 88, 144, 201.207, 21, 224, 230,
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Sound absorbent hottom, 17X, 200.213, 221, 246,

Sound "beame®, 131,

Source, location of, 97.99, 261, 262, 318, 2V, 377.

Southvorth, G.C., 1056,

Spreading, cylindrical, 60, 77, 90, 103, 168, 172, 176=179
185, 18R, 194, 228, 229, 275, W8, 286,
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Stimulation, 97-100, 122, 194, 261, 273, 375, %76,

Stratifled Dotten, H7, 174, 273, 338.749,

Submerines, P24%, 263, 354, 268, 276,
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Surface roughness, 32, 254,

Swanson, C.E., 60.

Tides, effsct of, 32.

Tornedoes, 241,

Total internal reflection, Sea "Critical sngle'.
Transitional bottom, 148150, 221, 224, 281-233,
Transverse waves, 53, 61, 281, 288, 341,
Trsnsmisscion, See "Dampad®, "Hybrid"®, and "Guided®
Transmission exponents, 188-194, 209,

v

Velocity of sound in botiom, See "Acoustic properties”,
Viscous losses, 105, 158-161,

w

Yave .equation, 61, 2¥8, 287, 351, 371,
Wave puldes, 61, 108-112, 165, 159, 275,
Wave velocity, 39, 88, 315,

Wolf Tran range, 257,
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LOCATIONS OF RANGE COURSES
Scale 1/40000 Contour Interval 10 ft
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POTOMAC RIVER MOUTH COURSE
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