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ABSTRACT

This report presents an experimental end theoretical
amalysis of the trenamieqion of underwater qound in shallow
water, taking into account the influence of the bottom, The
analysis is particularly concerned with frequencies P-t which the
wavelengths are comPprnble to the nhyeical dimenslons of the
acorstic system.

The examination of 96 rAnge run records from two loca-
tlons in the Potomnc River area -shown, within the frequency range
70-400 cns, different rates of attenuation of mound nresgure level
with distance, deoending uoon the acoustic nronerties of the bot-

tom,

The records indicnte a low rate of attenuatton over hard
bottom, in rronounced disarenment with the rpte orecicted from
the transmisgion theory based upon normal -coustic impedance, It
is concluded that the impedance Is insufficient to determine the
general proppgation constants renuired for solving trnnsmitsioon
problems6

A new analysis of underwater sound prontton in given
in terms of the normal modes of vibration of the ncoustic system
of the sea between surfAce and bottom. The bottom is character-
ized only by a den.ity and o velocity of sound. The experimentol
renults are internreted successfully and in detail in term.A tf the
Initial ntimalation, the relative attenuation, And the nh,.l•se. veloc-
ities of the modes.

At is shown nst- 'he otmerved okenomian cannot t' el-lpfinl-
ed ai the reqm•t of interference betw~en direct and PurfPce-refhoet-
ed so-,ud teams, except under specipl limitiur conditions t.uch a%
great water depth or complete absorntion of sound at the bottom.

Methods pre dewcribed f csr tpecifyinK Lkie claracter of the
trainsmissior and comnuting the nropagntion constAnt,. when the
density e.e t.he vp1oclty of sound of the bottom material are known-

The use of acoustic me".ssrements as trans•n•IRion criteria
is discussed, together with the estimation of acoustic constants
from bydronhone so-.ndings. bottom sapmnles, and. hydropranhic dnta,

Computation of transmission characteristics from the data
is facilltted by the use of six chprts which are renroduced in
the ren)ort.



APplicAtIToaa Of the analyris to -oroblerns of wuocific in-
terest t3 the Apvyv ,irec aiscw3sed- ThPe primary anynltettinn *1s to
ýhe a.ntE:rret.-tion of mtrq'arementq of undeirwater isoumd £ieldq in
the acouttIo sy-iern of th-e sn-eaa ch nhearnrementr. must be arnde in-
tVhe testing of il.oustlic ndesaweenting devices) and in the study of
ship no1.Aes;. ThIe wuiatysiv may7 be amfAlied to the noredictton of
;a ne swee ring rpn4; - from hyd rographic ani aenr:t;Vl dn.ta, and to
'IVhe est.Vmation of ax.Abmfvine 1v~igrws
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I. INTRODUCTION.

lo Understanding of the relationships between the hori-
zontal propagation of underwater sound from a ship-mounted
source and the acoustic characteristics of the underlying sea
bottom is vital for the correct interpretation of the trans-
mission measurements which must be made in the testing of
acoustic minesweeping devices, the study of ship noises, and
the estimation of submarine listening ranges.

2. For example, the effectiveness of acoustic mine-
sweeping operations may depend as much on the geometric con-
figurations and on the acoustic behavior of the bottom as on
the sound output of the gear itself. Although the character-
istios of the sweeping gear may be determined by acoustic
measurements at short distance (e.g. 6 ft), the influence of
the boundaries (surface and bottom) on the sound pressures at
greater distances Gives rise to extremely complicated phenome-
na. These phenomena, particularly at frequencies where the
wavelengths are comparable to the physical dimensions involved,
have not heretofore been adequately explained.

3. The underwater sound pressure distributions directly
beneath a ship-mounted source have been investigated by this
Laboratory, and a formal report has been submitted (Bibliog. 4).
The results of experiment were shown to be in close agreement
with the free field acoustic impedance theory (Bibliog. ii).

4. A study has now been made of the related problem of
the propagation of underwater sound as a function of the hori-
zontal distance from the ship-mounted source. A preliminary
report has been submitted (Bibliog. 5), in which the methods
and results of the NRL analysis are briefly outlined. In the
formal report presented herewith, much of the experimental
evidence is reproduced and discussed, the consequences of the
new theory are deduced and fully explored, and the analysis is
applied to the interpretation of the observed phenomena.

5. The report is divided into a number of sections,
many of which are provided with separate summaries for oon-
venience in following the argument. The reader who does not
have time for detailed study of the report is advised to read
all of Sections I, I1, and III, the summaries only of Sections
IV and V, all of Section VI, the summary of Section VII, and
all of Sections VIII, IX, 4, and XI. By following this proce-
dure the gist of the new analysis may be obtained.

CONFIDENTIAL -2-



6. Applications of the results to problems of Naval
interest are discussed in Section X. The mathematical
derivations relevant to various aspects of the subject will
be found in the five appendices,

7. It is planmed to continue the study of low fre-
quency sound propagation by making additional range tests
and hydrophone soundings in the Chesapeake Bay area and
along the nearby sea coasts.

CONFIDENTIAL -3-



II. EXPERWMENTAL PROCEDURE: CONDITIONS OF TESTS.
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II. EXtLMENTAL PROCEDURE;
CONDITIONS OF TESTS.

5. For the investigation of underwater sound propagation
described in this reoort the experimental procedure consisted
of setting up a sound field of high intonsity, and recording the
presaw t' level registered by a hydrophone placed at different
depths and distances from the source.

9. During the tests th6 sound source was mounted at an
effective depth of 10-12 ft beneath the USS AQU1ALRINE (Plc 7),
a converted yacht assigned to the Sound Division of the Naval
Research Laboratory, or from the bow of the USS ACCENTOR (AMc 56),
a coastal minesweeper. The X.l-2 mechanically driven sound
goaez'etor. mounted in the 36'" well of the AQUAMARINE or swung
from the bow of the ACCENTOR by a 24 ft boom, was employed as
sound source in most of the tests. For a few tests, the MMt
Model X-3 magnetic type under-water loud-speaker, mounted in the
AQUA INE, was employed. These devices have been previously
described (Bibliog. 1, 2, and 3).

10. Both the loud-speaker and the mechanical generator
were in effect point sources of sound, since their dimensions
were small in comparison with the wavelength0  The output from
both may be characterized as polyphonic, a word here used to
designate a fundamental frequency accompanied by harmonica the
intensity of which decreases with the order.

11. The experimental records obtained were of two types,
range run recordings and hydrophone soundings. The range run
recordinas show the sound pressure level received by a hydro-
phone planted Ji ft above the bottom, as the test vessel tra-
versed a straight course several thousand feet long and passed
directly over the hydrophone. During each run the source was
operated at a constant level and frequency. The hydrophone
soundings are records of the vertical distribution of sound
pressure level. These were made by raising the hydrophone
from the sea bottom to the surface, at constant rate, with the
output of the sound source -maintained constant and the test
vessel at anchor. Typical hydrophone soundings made directly
beneath the source have been reproduced and discussed in de-
tail in a recent report (Bibliog. 4). The hydrophone soundings
described in Section IX of the present report were made at con-
siderable distance from the source.

CONFIDF.T IAL -5-



12. The meaburement equimnenit, includinC NRL tourmaline
hydrophones, ERPI Sound Frequency knalyzer (RA 277 F), and
ERPI Graphic Lerel Recorder (HA 246), was the same as that
described in previous reports (Bibliog. 2, 4, and 5). The
calibrations of the hydrophones were checked by comparison
with the Bell Laboratories Type SA standard crystal hydrophone,
which had been compared with the JAXT standards. Extraneous
noise was eliminated by tuning the ERPI analyzer to the fre-
quency of the source, with the filter set to pass a frequency
band only 5 cycles wide. The combination of a constant sound
source of high intensity and a calibrated sharply-tuned re-
ceiving charuiel was found to be highly satisfactory for the
quantitative study of transmission phenomena.

13. The receiving and recording apparatus was arranged
to be battery powered, azA vms deployed in a 12 ft surf boat
for many of the range runs and for hydrophone soundings made
at a distance from the test vessel. For the latter, the hydro-
phone was loxered and raised by hand from a bathythermogr'tph
cable reel. For some of the range runs the receiving appara-
tus was located in the NRL range house on the main east pier
of the Potomac River Bridge, and a cable run to the hydro-
phone planted near the bottom in a position 200 ft west of
the pier.

14. The tests described in this report were made in two
locations, 1) at the Potomac River Bridge near Yorgantown,
Maryland, and 2) near the Potomac River llouth, centered about
a position 3000 yards south of St. George Island. Portions
of the hydrographic charts for the areas in which the tests
were made are reproduced in Plate 1. The range courses, the
hydrophone locations, and the bottom contours are shown. The
first course was along the channel between the deep water piers
of the Potomac River Bridge, with the hydrophore planted 200
ft west of the pier on the Maryland side of the main span.

15. The Bridge was a particularly convenient location
because the geometry of the course could be determined accurate-
ly by taking bearings and stadimeter sights on the piers and
girders. It was f'omd by experience that a reliable distance
Acale for the range run records was obtained by marking the re-
cord as the bow and as the stern of the test vessel passed the
recording station on the pier. The speeds of the vessel and
of the recording paper were substantially constant during each
run. On the River Mouth range course the passazce oi' the ship

"CONFIDE$T IAL -6-



gave the only data for establishing the distance scales. The
accuracy of the latter is believed to be of the order of 105.

16. At the center of the River Bridge course the water
depth was 57 ft, and at the center of the River Mouth course,
55 ft. At the Bridge, the bottom sloped up stream about 3 ft
per mile; at the River Mouth, the bottom sloped down stream
about 10 ft per mile. The area of substantially flat bottom
was larger at the River Mouth than at the Bridge. Since in
both locations the bottom irregularities along the course were
small in comparison with the depth or with the wavelength of
the prop'aated sound, the transmission measurements are con-
sideredt be characteristic of those which might be obtainable
over an ideally flat botto 3

17. The locations chosen for this investigation represent
different acoustic conditions., It was showm by the measure-
ments of bottom impedance described in the previous report
(Bibliog. 4) that the soft mud bottom at the River Driige is
acoustically "soft" in summrer and highly absorbing in winter,
and that the hard sandy mud bottom at the River Mouth location
is aooustiially "hard" both in sumzier and in winter. - At the
Bridge, the loss per normal bottom reflection is 6-9 db in sum-
mer, and 16 db in winter; at the liver Mouth, relatively inde-
pendent of season, it is 8-14 db. A% the Bridge the normal
bottom inpedance at low frequencies is smaller than the im-
pedance of water. This impedance increases with frequency, and
a phase transition takes place above 500 ops in suaner and at
about 150 cps in winter. At the River Mouth lecation thc mea-•
sured normal impedance is real, and equal to two or three t imos
the water impedance. The terms "soft", "hard", "tranaitional",
and "impedance" are defined in Bibliog 4, q.v.

18. The experimental material on which the conclusýins of
this report are based consists of 96 range run recordings listed
in Table I, and about 80 hydrophone soundings made along the
range courses at the Iiver Mouth and at the Potomac Riser Bridge.
About 60 additional range run recordings and several sets of
hydrophone soundings have recently been ,ade in the Chtiapaake
Tay and Rappahannock River areas. A full discussion of U.e re-
cunt records will be roserved tor a subsequent report 5

CONFIDENTIAL 7-



TtUWLE I. LAiGB RTJN iI•CrY.DiNrrS

Number of Sound Frequency
decor.Ts Location Date Source

10 PoR. BrIdge Aug 6, 1942 X-3 Speaker 200-400 cps
10 P.R. Bridge Sept 30, 1942! XUR-2 70-186 cps
13 River Mouth Oct 1, 1942 XU -2 70-200 cps
51 P.R. Bridge Oct 1--5J 1942 XITR-2 70-200 cps
2 River Mouth April 7, 1943 XUR-2 70-100 cps
10 P.R. Bridge ýoril 8, 1943 XUR-2 70-200 cps

*•USS ACCNTOR acting as test vessel.

19. Bottom impedance data from soundings directly beneath
the source were obtained alt the River Mouth in February 1943,
and at the Bridge in August 1942, and February 194-3. On April 7%
1943, hydrophoric soundings for frequencies in the range 70300 cps
were made at the River Mouth at horizontal distances from the
source of 100 ft, 350 fit, 1000 ft, and 2000 ft. On April 8, 1943,
hydrophone soundings were made at the Bridge at horizontal dis-
tances from the source of 200 ft, 500 ft, and 1000 ft, for fro-

i1V in the ere, C~Q p~

20. Eleven range run recordings selected from the groups
made in August and September at the Potomac River Bridge are
reproduced in Plates 2, 3, and 4. Nine recordings made at the
River Mouth in October are reproduced in Plates 5, 6, and 7.
Typical hydrophone soundinr-s at considerable distance from the
source made in April 1943 are reproduced in Plate 11.

21. The db reference level for these and for all reproduced
records is 0.0002 dynes/sq. cm., unless specifically stated to be
otherwise.

CON,'FIDEUTLAL -a-



III. DISCUSSION OF EXPERIMENTAL RESULTS.
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Eaepimental Results

22* The study of the range run records shows that the
observed attenuation over soft bottom at the Potomac River
Bridge is in substantial agreement with that computed from
measured values of bottom impedance. The observed atten-
uation over hard bottom at the River Mouth is extraordinarily
low compared with values computed from the theory involving
impedance.

23. This discrepancy between observed and computed results
is traced to the inherent limitations of' the normal acoustic im-
pedanoe. A new analysis of underwnter sound propagation is Dro-
posed in which it is assumed that the bottom is a homogeneous
medium completely characterized for acoustic behavior by a density
and a velocity of sound. Although details of the new analysis are
not presented in this section fSee Section IV), it is shown from
elementary considerations that total internal reflection of sound
waves at a hard bottom should be expected under certain oondi-
tions, and that the occurrence of this type of reflection would
explain the low rates of attenuation observed at the River Mouth.

24. Additional experimental results, such as the "inter-
action loops" which are prominent on the records, the "initial
drop" of sound pressure level in the first 250 ft of source-re-
ceiver separation, and the consistency and reproducibility of
the data, are briefly discussed.

CONFIDENTIAL 10-



Ill. DISCUSSION CF EXPERIENTAL RESULTS:

A. Characteristics and Gonsistenc of Range Run Data.

25. The salient features which emerge from a study of
the range run records for the two locations arez (a) that all
records except those at the lowest frequencies (70 and 80 opa)
exhibit a succession of strongly marked loops, with maxima and
minima of sound pressure alternating as the distance from the
source increases; (b) that all records exhibit an "initial
drop", or rapid decrease in sound level in the first 250 ft of
source-receiver separation, followed at greater distances by a
more gradual rate of decrease; (c) that the records made at the
River Mouth, showing propagation over hard bottom, exhibit a
much lower rate of attenuation of sound pressure level with dis-
tance than those made at the Bridge.

26. Interaction Loops. The alternat:ing loops which charac-
terize most of the records are graphically illustrated in Plates
2, 31, 4, 5, 6, 7, and 3. The phenomenon was first reported by
this Laboratory about a year ago (Bibliog. 2). Although indi-
cations of the effect have been observed (e.g. Bibliog. 13), the
cause does not appear to have been generallyrecognized. A de-
tailed discussion of the "interaction loops", as they may be
termed, is given in a later section of this report, where they
are explained as due to the interaction of the normal modes of
vibration which characterize the sound waves confined between
the surface and the sea bottom.

k7. initial Drop. The relative sound pressure levels ob-
tainrd from range runs at various frequencies over various types
of bottom are superposed, and plotted in Plates 9 and 10 as a
function of the distance between source and receiver. In ?late
10 the plotted levels represent the envelopes of the respective
range records expressed in db referred to the peak level directly
over the hydrophone. In Plate 9 the envelope curves are expreased
in db referred to the sounU output level at a distance of 6 ft
from the source mounted on the shipo A comparison of the envelope
curves, as well as of the original records, shows that the "ini-
tial drop". or the decrease in sound level in tho first 260 ft
of source-receiver separation, is relatively independent of the
freqoensy or of the character of the bottom. The amount of the
"initial drop", from the average of 60 determinations is 17 1 2
db, The water depth was 65 ft in all cases.

COfNFIDEThTL -iN



28. Atenuation at Considerable Distance. In order to
show the influence of different bottom conditions on the propa-
gation for a constant frequency, the envelopes of three charac-
teristic range records are shown in Plate 9 for 100 ape and for
70 cps, respectively. These curves show prc.ounoed differences
in the attenuation at considerable distances from the source,
corresponding to differences in the acoustic properties of the
bottom. Curves (a) representing transmission at the River Mouth,
over hard bottom, indicate much smaller rates of attenuation
than the curves representing transmission at the Potomac River
Bridge, over soft mud. For example the average slope of curve
(a) in Plate 9 for transmission over hard bottom at 100 cps, i.
less than 4 db per 1000 ft at considerable distances (1000 -
2000 ft), and the rate of attenuation decreases with increasing
distance. It may be seen from Plate 10 (b) that the curve for
100 cps is representative of those obtained over hard bottom,
since the curves for other frequencies also correspond to low
rates of attenuation. The original recay"ds of the two excep-
tionally long runs over hard bottom, for 70 cpa and 100 apse
respectively, are reproduced in Plate 7 together with the fatho-
meter record of the depth. Curves (a) in Plate 9 are the
envelopes of these records0

29. The rates of attenuation indicated by the records
made over soft bottom at the Potomac River Bridge are larger
by an order of magnitude than those observed at the River
Mouth. Curves (b) in Plate 9, for the Bridge in September,
have average slopes of about 18 db/l000 ft after the "initial
drop"%- frves (c) for the stie location in April have average
slopes of about 40 db/1000 ft. It may be seen from Plate 10
(a) and (d) that these average slopes are representative for
all frequencies in the range 70-200 cpa. The bottom impedance
data indicate "soft" bottom reflections at all seasons in the
River Bridge location at these frequencies, althourh the ab-
sorption per bottom reflection is about twice as large in April
as in September. The difference in average slope between the
two sets of curves for soft bottom, (b) and (o) of Plate 9, is
explicable in terms of the higher absorption at the River Bridge
in April compared with that in September. On the other hand,
the extraordinarily low values of attenuation shown by the
curves for transmission over hard bottom at the River Mouth
(e.g. curves (a) Plate 9) suggest that the factors which govern
transmission over hard bottom may differ in some essential way
from those which control transmission over soft bottom,
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30. Consistency of Range Run Data. The consistency of
the data, and consequently the significance which may be at-
tached to the trends indicated by the records, may be gauged
by the superposed envelope curves shown in Plate 10, (a), (b),
(o), and (d). Records at various frequencies are shown grouped
as follows: (a) records from the Potomac River Bridge in Sep-
tember, in the frequency range 70-186 cpe; (b) records from
the River Youth in October, in the frequency range 70-200 cps;
Wc) records from the Potomac River Bridge in April, in the range

70-100 opus and (d) records from the Bridge in August, in the
frequency range 200-400 cps. The study of Plate 10 shows that
each group of records is self-consistent, and that in general
there appears to be a small systematic reduction in attenuation
as frequency increases. The trend with frequency is best illus-
trated by record groups (a) and (d) in Plate 10, made at the
Bridge in summer.

31. The envelopes of the range run records at various fre-
quencies (Plate i0), for a given location and acoustic condition
of the bottom, show the same general course except for the slight
downward trend of attenuation with frequency noted above. A few
curves, such as that for 200 cps in Plate 10 (b), show unaccout-
ably broad central peaks. This is probably explained by the
failure of the test vessel to pass directly over the hydrophone
during the run.

32. When the frequencies as well as the bottom conditions
were maintained constant, repeated range run records closely
duplicated each other in all except the most insignificant de-
tails. Records made at the BrId e with the X-3 loud-speaker,
reproduced in a previous report (Bibliog. 2), showed close dupli-
cation of interaction spacings, levels at various d;stances, and
other details when runs were made at the same frequenty with the
test vessel running alternately north and south along thl course.
Many duplicate runs were made in the large group obtained with
the source mounted on the USS ACOENITOR, particularly at 70 cps
and at 90 cps. Those for the same frequency were almost identi-
cal except for the region close to the central peak. The minor
differences which did occur may be attributed to the occasional
departure of ACCEINTOR from the course, especially when passing
over the hydrophone. The AQUA•tiRINZ, having had more experience
in this type of maneuver, was relatively more successful in re-
peating runs. The effects of surface roughness, interference
from the ship's hull, wakes, direction of tidal flow, and other
possible cause of variation in range run records, appeared to
be relatively unimportant.
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3. Correlation of Transmission Attenuation With Bottom Impedance.

33. A method of computing the horizontal attenuation for
transmission of sound over a bottom characterized by a given
normal acoustic impedance is outlined in Bibliog " . If The
attenuation to be expeated at the River Mouth and at the Bridge
in summer and in winter be computed by this method from the
bottom impedance measurements for these locations (Bibilog 4).
the following results are obtained:

TABLE II.

Attenuation Between 500 teet and 1500 feet from
Sound Source, Computed From Theory Based on Nor-
mal Impedance, With Addition of Cylindrical
Spreading. 100 cps.

Computed Observed

Potomac River Bridge
Soft Bottom 14 dbA 000 f't 14 db/10O ft
Summer Conditions

Potnoac River Bridge
Soft Bottom 33 db/i000 ft 38 db/1000 ft
Winter Conditions

Potomac River Mouth
Hard Bottom 59 db/AO00 Ct 4 db/1000 nt
Winter Conditions

340 The 141T method, based upon normal acoustic impedance,
gives computed results in substantial agreement with experi-
ment for the rate of attenuation over soft bottom at the
Potomac River Bridge. in summer and in winter. The isetnod
gives completely erroneous results, however, for the attenu-
ation to be expected over hard bottom at the Poto-mc River
Mouth. The computed rate of attenuation for this lacation, "IS
d b/AO00 ft, differs by an order of magnitude -Prom the obaerved
attenuation of 2-4 db/AO00 ft at considerable distances frou,
the source. Indeed, the observed decrease in sound pressure
level with distance, for source-recelver separationu crotti•r
than about 500 feet, may be entirely accounted for by the e;y-
lindrical spreadinG of' the sound waves in the mediwn enclosed
by the surface and the bottom. This is shewn by the dotte2
c'urve on Plate 9, which was computed 2or e. decrease in sound
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pressure proportional to the square root of the distance from
the source, and superimposed at arbitrary level. There is no
evidence on curve (a) of Plate 9 of appreciable loss of energy
by absorption at either surface or bottom, after the first few
hundred feet. Since in April the water temperature at the our-
face was 350F, temperature ,radients could not have played a
significant role. The prevailing acoustic conditions at the
Potomac River Mouth were such as to result in the propagation
of underwater sound with total internal reflection at the lower
boundary, the sea bottom. All of the records made in this loca-
tion, in October and in April, at frequencies from 70 cps to
200 cps, showed this type of transmission.

C. Transmission Over Hard Bottom; Proposed Explanation.

35. The observed p' ,nomenon of propagation of underwater
sound with negligible attenuation over hard bottom cannot be
explained by the transmission theory based upon normal bottom
impedance. Observed and computed slopes for curve (a), Plate 9,
differ by 55 db, corresponding to a pressure factor of almost
600. When theory and experiment give results differing by such
a wide margin, the basis of the theory requires re-examination.

36. Careful study shows that the difficulties may be
traced to the inherent limitations of the normal acoustic im-
pedance concept. Indeed, the usefulness of this concept for the
evaluation of boundary conditions in transmission problems is
found to be limited to certain special oases. For air-borne
sound waves incident on acoustic absorbing material, and for
water-borne sound waves incident on a "soft" bottom, the wave
velocity relations at the boundary are such that the latter may
be usefully charoterized by a normal acoustic impedance, inde-
pendent of the angle of incidence. For the special case of the
"soft" bottom at the River Bridge (curves (b) and (c) of Plate 9,)
it has been shown above that values of horizontal attenuation in
substantial agreement with range run data may be-computed from
measured values of normal impedance by employing the method out-
lined in Bibliog 10 . When used to compute the transmission
over hard bottom, this method gives erroneous results because
the normal impedance does not adequately express the boundary
conditionsfbr the propagation of sound waves impinging at large
angles of incidence on the boundary between a medium of low
velocity and a medium of hiCher velocity.
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37. Althouh the sound pressure distribution directly
beneath a ship-mounted source is best interpreted in terms of
normal impedance, the adequacy of the concept for expressing
the acoustic properties of the sea bottom for other angles of
incidence has been showni to be open to question.

38. In a recent NOL Report (Bibliog 12) the normal im-
pedance is computed for various typos of sea bottom, including
viscous fluid and elastic medium. The impedances are derived
as complicated expressions involving the angle of incidence
and the densities and velocities in the media. It is shown
that if the velocity in the bottom is comparable to or greater
than the velocity in the water, the bottom impedance will
depend appreciably on the angle of incidence. A normal impe-
dance can still be measured, and a reflection coefficient
(ratio of reflected to incident wave pressure) may be formu-
lated in terms of it, but under these conditions the impedance
alone is not sufficient to determine the propagation constants
which are required for solving transmission problems.

39. Fortunately the situation is not so unfavorable as
is implied in the NOL Report (Bibliog 12). The bottom impe-
dance measurements made in the Potomac Hiver area (Bibliog 4)
indicate the common occurrence, in land-looked waters, of "soft"
bottoms in which the wave velocity is much smaller than that in
water. In this case the impedance is relatively independent of
the angle of incidence, and the transmission theory based upon
impedance should be valid. The experimental results depicted
in PlOate 1 curvea 'b) and (a) verify this expectation. in con-
trast, if the bottom impedance measurements indicate acoustical-
ly "hard" bottom, it is at least probable that the wave velocity
in the bottom is greater than that in water. In this case it is
to be expected that the transmission theory based upon normal
impedance will not give valid results. The failure of the theory
to account for the experimental results at the River Mouth is
thus explained.

40. The problem can be solved, however, by a theoretical
analysis in which the appropriate boundary conditions are formu-
lated without characterizing the bottom by a normal acoustic Im-
pedance. Such an analysis of low frequency sound propagation,
valid for both "soft" and "hard" bottoms, in which the solutions
of the wave equations are obtained in the form of normal modes
of free vibration between the surface and a homogeneous fluid
bottom, is presented in Section IV and In Appendices A and D.
The term "fluid bottom" Is used to denote a bottom in which com-
pressional waves alone need be considsred and for which the
eneray in shear waves is negligible.
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41. This analysis is valid for a wide range of acoustic
conditions at the bottom, since the formulation of boundary
conditLons is quite goneral. For convenience, the results are
obtained in terms of the densities and velocities of sound in
the water and in the material of the bottom. It is shown
(a) that if the velocity in the bottom is appreciably less than
that in water, the traismission should be essentially the same
as that predicted by the theory based on normal impedance; and
(b) if the velocity in the bottom is greater than in water, the
transmission at all frequencies above a certain critical fre-
quency should be characterized by negligible horizontal attenua-
tion at considerable distances from the source. An explanation
is thus provided for the low-loss propagation observed experi-
mentally over the hard bottom.

42o Although the detailed analysis in terms of normal
modes is necessarily complicated, the basic phenomena may be
visualized from the classical theory of reflection and refraoc
tion of sound at the boundary between two homogeneous media.
It is pointed out in the standard texts on acoustics, begin-
ning with Rayleigh, that plane waves of sound incident on the
boundary between two homogeneous media will, under certain con-
ditions, suffer total internal reflection. These conditions
are: (a) that the velocity of sound in the refracting medium
(the bottom) is larger than that in the incident medium (the
water) and; (b) that the angle of incidence of the waves at
the boundary is larger than a critical angle defined by the
relation sin 9 v 0l/02, where 9 is the angle of incidence and
ci and c2 are the velocities in the incident and refracting
media, respectively. It may be shown that the effective
angles of incidence and the expected velocity ratios are favor-
able for the occurrence of total internal reflection.

43. The velocity of sound in the bottom material is sel-
dom directly known, although the probable range of velocities,
from geophysical data, is 5000-6500 ft/see for compact sandy
mud, and may be as high as 20,000 ft/sec for rock. It is en-
tirely reasonable that bottoms classified -by normal impedance
measurements as "hard" (y.>I) may have sound velocities greater
than that of water. The transmission of low frequency sound over
them at considerable distances may therefore be characterized by
total internal reflection. Under these conditions the only causes
of attenuation would be the cylindrical spreading of the waves,
and the losses (usually small) from reflection or scattering at
the surface. The experimental record envelopes reproduced in
curves (a) of Plate 1 demonstrate this type of propaEation.
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44., Phenomena involving total internal reflection at
the sea bottom have received practically no notice in the
literature of underwater sound transmission. From the ele-
mentary considerations discussed above this type of trans-
mission should be extremely conmon. For example, the en-
tire continental shelf along the Atlantic coast of the
United States, outside the harbors and river mouths, is
characterized by bottoms of =d, shell, and hard sandy mud.
Similar conditions obtain along the Pacific Coast, at the
approaches to San Francisco fay, on both sides of the English
Channel, and along much of the southern shore of the Mediter-
ranean Sea. The acoustic conditions for "hard" bottom trans-
mission of low frequency sound should be realized over most
of these areas.

45. Although long ranges have been observed, partiou-
larly for explosion waves employed in sound ranging, the
possibility that total internal reflection at the sea bottom
may be the dominant factor in the transmission of vuderwater
sound at low frequencies seems to have been entirely over-
looked by prior investigators. The scarcity of relevant ob-
servations on this subject may perhaps be accounted for by
the complexity of the experimental equipment and of the ar-
rangements required for the quantitative study of underwater
sound propagation.
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IV*. ITRODUCTION TO NORMAL M"ODS THEORY OF PRIOPAGATION
OF UNDERhTATXR SOUNDI OM1 HOMOGEN4EOUS BOTTOMI
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SUM.MARY

Introduction to Normal Mode Theo_

4G. The problem of the propagation of low frequency sound in
water, taking Into account the influence of the boundaries on the
transmission, is analyzed in terms of the normal modes of vibration
of the acoustic system of the sea betvwen surface and bottom. This
analysis is particularly adapted to frequencies at which the %wave-
lengths are comparable to the physical dimensions of the system.
The results should be valid for a wide range of acoustic conditions
at the sea bottom, and free from the limitations inherent in the u-e
of normal impedance.

47. The acoustic field surrounding a ship-mounted source in
shallow water is treated theoretically by studyLig the sound pres-
sure field set up by a point source placed at any point in a non-
dissipative homogeneoue tedium, the water, confined between two
infinite plane boundaries. Reference is made to Appendix D) for
details of the general derivations. In order to surmount the dif-
ficulties which arise in the integration of the general equations,
the actual acoustic system is replaced by a rectangular tube with
rigid side walls. The derivations for sound propagation in such a
tube are outlined in this section and given in detail in Appendix A.

48. The principal result of both the general analysis and
that in which the pipe artifice is employed is a transcendental
equation relating the distribution constants of the acoustic system
to the elastic constants (density and velocity of sound) of the bot-
tom. Five charts (Plates 12-16 inc.) have been computed and plotted
from this equation, by means of which the distribution constants for
the first and second modes may be evaluated once the acoustic proper-
ties of the bottom are knawm. The propagation constants for each
mode (damping and phase velocity) may be determined from the distri-
bution constants by means of a conformal chart, Plate 17. The
analysis thus permits the propagation to be computed by adding the
contributions from the separate modes, each determined as above.

49. Brief discussions are given of propagation over an elastic
bottom, and of propagation over a stratified bottom. Reference is
made to Appendices B and C, respectively, for additional details.
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IV. TNTRODUCTION TO NOR!bMAL t!ODE THEORY OF PRO AGATION OF
UNDER1'WATER SOUTD OVER HOMOGENEOUS BOTTOC.

A. Statement of the -Problem.

50. The problem of the propagation of low frequency sound in
water, taking into account the influence of the boundaries on the
transmission, may be satisfactorily analyzed in terms of the normal
modes of vibration of the acoustic system of the sea tetween surface
and bottom. This is a method of great power, because the individual
modes of vibration can be separately considered and their effects
combined to give explanations of complex phenomena in terms of rela-
tively simple component factors. The analYsa is part-cul-ary e_-

fective for frequencies at which the wavelengths are comparable to
the physical dimensions of the system. At these frequencies other
theoretical treatments, such as the method of images, are virtually
inapplicable.

51. The use of normal modes - "eigenvalues" or characteristic
functions - for the solution of vibration problems has long been a
standard method in many fields of physics. A classical illustration
from mechanics is the consideration of the normal modes of vibration
of a taut string excited by plucking. Although these methods were
first applied to acoustics during the last century1 , the application
oC normal modes to room acoustics has undergone extensive develop-
meat in the last decade 2 . The attempt to adapt these methods to the
treatment of underwater sound transmission has heretofore achieved
only partial success, owing to the inadequacy of general formula-
tions In terms of normal impedance. The need for a theory which is
valid for a wide range of acoustic conditions at the sea bottom, and
free from the limitations inherent in the use of normal impedance,
has been demonstrated in the foregoing discussion.

52. It is the purpose of this section to describe such a
theory of low frequency sound propagation in shallow watere The
method and the results of the analysis are discussed in the text
and the mathematical derivations are given in Appendices A, B, C,
and D.

53. The acoustie field surrounding a ship-mounted source in
shallow water may be treated theoretically by studying the sound
pressure field set up by a point source placed at any point in a

1. For exmlRay~l~eigF7 Bb!liogS.$V-

2. Notably by PZ. ?.boorse, R.H. Bolt, and their co-workers.
See for example Bibliog. 7, 10, 17 and 18.
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non-dissipative homogeneous medium, the water, confined between
two infinite plane boundaries. At the upper boundary, the sea
surface, the sound pressure is taken to be everywhere zero. The
lower boundary, the sea bottom, is visualized for this analysis
as the upper surface of a second homogeneous medium extending in-
definitely downward. The pressure field in the neighborhood of
the source and directly beneath it has been previously discussed
(Bibliog. 4)0

54. The field equations for the acoustic system described
above may be set up and the general solution developed as a sum-
mation of terms 3 . Since these terms involve integrals which
have thus far not been evaluated, this form of the analysis does
tiot at pCuitia-t lea toZ,. so,1) a14in bU.3jusefu forA h.Ja coms'ati of

amplitudes or of attenuation. The relations between the con-
stants which govern the pressure field distribution and the
acoustic constants of the bottom are, however, derived for the
general case.

55. The behavior of the acoustic system may be alternatively
derived by extension from the solutions for the propagation of
sound in a rectangular tube4. These solutions may be obtained
more easily thaa those for the general case described above. The
tube is assumed infinite in length, bounded at itB two sides by
rigid walls, at its top by a free surface, and at its bottom by
a homogeneous fluid medium. The replacement of the actual system
by the tube with rigid side walls is an artifice wthich enables the
difficulties of the general treatment to be aurmoumted.

56. The analysis is b5.sed upon the assumption that the bottom
is a homogeneous medium. The medium may be described as a fluid,
since its acoustic behavior is considered to be completely deter-
mined by the density and the velocity of sound (compressional wave
velocity). This amounts to neglecting the effects of shear waves
in the material of the bottom.

57. The analysis may also be applied, at least in principle,
to a stratified bottom consisting of a single layer of homogeneous
fluid, underlaid by an extended medium of different acoustic proper-
ties 5. Although numerical computatione from the solutions would be
cumbersome, they could be made in special instances. in practice,
however, the effects arising from stratification of the bottom are
seldom pronounced.

3. For details see Appendix D and Adenda.
4. For detaila see Appendix A.
5. For details see ppendix C.
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58. A complete analysis of propagation over an isotropic
solid bottom has not been made, but the modifications required
to adapt the propagation theory derived for a homogeneous fluid
bottom to the special case of an isotropic solid bottom in which
shear waves occur are discussed in Section VII (Reflection Laws
For Different Types of Bottom). The discussion is based upon an
analysis, given in Appendix B, of the boundary conditions for
this case. The principal result is that the shear waves may
usually be neglected, in the types of bottom to be expected. The
basic acoustic phenomena may be explained, to a close approximation,
in terms of the analysis fbr a fluid medium.

59. Consideration of' the propagation of sound in a rectangu-
lar tube of the type chosen to represent the acoustic system
bounded by the surface and the sea bottom, shows that the simplest

class of "transverse" acoustic waves which may be set up will have
a uniform distribution of pressure across the tube normal to the
rigid walls. In other words the pressure variations will be two-
dimensional, with a pattern of nodes and loops betveen the top and
the bottom but not along lines perpendicular to the rigid walls.
The waves are "transverse" in the sense that in general the parti-
cle displacements have components perpendicular to the axis of
the pipe. The waves propagate by alternate reflection at the top
and bottom. This is also the class of wives which will be propa-
gated through a medium enclosed between parallel planes such as the
sea bounded by surface and bottom.

60. The transmission in the sea will, however, be modified
by cylindrical spreadinr whinh is not present in +he 'dealfzcd
acoustic system, the pipe. Physical considerations indicate that
the attenuation due to cylindrical spreading will be independent
of that due to absorption at the boundaries, and that the total
attenuation may therefore he obtained by simple addition, With
this modification, the solutions for the pipe may be employed to
give the transmission in the actual acoustic system6 .

6. A comparable problem of sound transmission in pipes, with the
boundary conditions expressed in terms of impedance, has been
treated by P. M. Morse (Dibliog. 18). "Transverse" acoustic
waves in rigid tubes, analoCous to the electro-magnetic oscil-
lations in hollow metal tubes and dielectric columns or "wave
guides", have been treated by H. E. Hartig and C. E. Swanson
(Bibliog19). iHartig's derivations, following Rayleigh (Bibliog.
8), were restricted to propagation in tubes with rigid walls.
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B. Outline of Derimations.

61. The actual derivations for the propagation of sound in
a rectangular tube bounded by two rigid walls, a free top surface,
and a homogeneous fluid bottom, are presented in Appendix A. The
solution of the wave equation is obtained for the pressure distri-
bution in a single mode of the simplest class of "transverse"
waves. The solution represents the product of (a) a progressive
wave, damped exponentially as it travels down the pipe parallel to
the long axis, and (b) a standing wave system between the top and
the bottom of the pipe. The progressive wave haks a complex propa-
gation constant +jt . The real part c determines the damping
along the pipe, and the imaginary part determines the phase velo-
city of the wave c/fr The latter is always larger than c, the
velocity of sound in the "free" medium. The phase velocity may
be defined as the frequency times the distance between wave crests.
The standing wave system between surface and bottom consists of a
pattern of nodes and loops given by the complex distribution con-
stant lf-,

62. It is found that the propagation constant is related to
the distribution constant by the equation7

(as)
where a = is the water depth measured in half wavelengths.

This equation has the same form regardless of how the boundary
conditions arc evaluated. The same equation was obtained from
the impedance Lheory (Bibliog. 10). The phase velocity and the
damping can be foumd for any value of 1), , once A andA are known,
by computation from equation (5) or by consulting a conformal chart
such as that reproduced in Plate 17..

63. Assuming a pressure distribution in the bottom repre-
sented by an exponential decay both along the axis of the pipe
and in the direction normal to the bottom, a relation similar to
that of equation (5) is found between the propagation constant
and distribution constant for the second medium.

64. A relation (Equation (7)) between the distribution and
propagation constants of the second medium and those of the first

7. The numbers of all equations are those used in the Appendices.
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medium is then obtained by the application of the conditions
that the pressure and the normal particle velocity must be
continuous at the lower boundary. One result of this is an
equation (16) which relates the propagation constants of the
two media. A further and mort important result, after applying
this relation and makinz appropriate transformations, is

A

(20)

in which

A = A =;
A -and B -o

(21)

65. Comparison of equation (20) with the corresponding rela-
tion (Equation (135)) derivea in Appendix D shows that the two ax-
pressions are identical. The validity of the pipe artifice em-
ployed for the analysis in Appendix A is confirmed by this agree-
ment, since the general theory for the pressure field surrounding
a point source between two infinite planes is shown to result in
the same relation between the distribution constants as the special
theory restricted to propagation in a pipe.

66. By moats of equations (5), (7)k (16), and (20s) inl Appen-
dix A. the distribution and propagation constants for any mode be-
longing to the simplest type of "transverse" wyaves in the first
medium (density /, and velocity C, ) may be determined in terms of
the tcoustic properties of the bottom (densityO% and velocity C• ,
and the geometrical conditions (7 , the depth of the water, mena-
sured in half wavelengths). The effective dei..ity and velocity of
sound of the material of the bottom may be estimated with suffi-
cient accuracy from hydrographic data, sampling, and acoustic
measurements of '4,C, , as discussed in Section IX (The Use of A-
coustic Measurements as Transmission Criteria).

67. For convenience in the interpretation of the solution
for the distribution constants in terms of the acoustic properties
of the bottom1 the charts shown in Plates 12, 13, 14, 15, and 16
have been prepared. rnese charts were derived from equation (20)
by computing and plotting the values of A and B which correspond
to various assumed values of f and/A . Plate_ 13 and 14, for values
ofr/. between 0 and 1, and Plates 15 and 16, for values of$Lbetween
1 and 2, correspond to the solutions for the first and second modes,
respectively. An assembly of Plates 13-16, on a reduced scale is
shown in Plate 12.
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68. Once the components of the distribution constant are
determined from-these charts, the dampinr and the phase velocity
for the particular mode may: be obtoined from another chart, Plate
17, which gives o-and " in terms of i and/ . This chart is
identical with that reproduced in BiblioD l0 p 315, and corres-
ponds to the relations given by equation (5). Plate 17 gives
solutions for a wide range of values oftk, and consequently for
several lower modee 6

69. The final pressure distribution may be built up by
adding the contributions of the various modes, each determined by
the method outlined above.

NOTE: Since the foreroi•n wasu written it ha.v been found non-
sible to evrlur.te the general preiqure integrpls in Anpendix D
in terms of Hrnkel fiuctions. The general trep.tment it; thus com-
pleted, and it is now possibl_ to compute, in terms of the nor-
mal modes, the pres.ure at axny noint in the acouptic field sur-
rounding Fa n)oint source between two infinite flat olates. The
mathematical key to the integ.rations wns obtained from Renort No.
65, recently received from the Minesweeping Section of the Bureau
of Shios. This is a theoretical study by G.M. Roe, entitled "The
Propie-ation of Soumd in Shallow %-'ter".

After evaluation of the Interral, the normal mode solutions
in Arnendix D, m.y be shown to be identicel i'ith the solutions for
-ressure obtained by a different nethod in Report No. 65. Detalls..s th A . . - ..
US toile ±,1.-,.iofs will be found in the Addenda to the preqent
report.

The treatment in Renort No. 65 rnkes uoe of P generalized
bottom imredance, ,hich in allowed to vary v'ith the enrle of in-
cidence. Although the riethod In different from that emrnloyed in
Section IV above, thle finp2 result i- similer in that the behpvior
of the bottom is not cnharactrritsed by normal I.nedance a] one, but
by a. more coan)er function which 1ncluee- edfrtiong.l coustic In-
formation.

The genpr&lJicd inrnedence would snnear to be P n.tbemetical
aosrtrnction which is not useful for ca•mnutntion. If, hot-ever, the
niane wmpve reflrtion ltu.: involving densities and velocities Acn
riven in enuation (48) be insorted into equation (;34) of Roe's
reoort, a.nd an-)ro.riate tren.sforn.tions be carried out, the cane

trenscendental enuation a.: thp.t from which the chbrts t-ere com-
nuted Is obtained. The cha-rts in Plates 12-16. renresentinv nlots
of thin eqiwntion, therefore nrovide a .li-nsl mens of obtpining
numerical re.ult-, w:hether the nreaonure equrtions tre derived
directly in terms of normal modep or by ronbinine elementary nlane
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V. THE CHARACTER OF THE SOLUTION
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Character of the Solution

70. The character of the sound propagation predicted by the
theoretical analysis in discussed.' Interpretation of the charts
(Plates 12-16 iac) shows that for any one mode the transmission
may be classified as either "guided", "damped", or "hybrid", de-
pending upon the acoustic constants of the bottom, "Guided"
transmission, with very low attenuation and no bottom absorption,
should occur over hard bottom at frequencies higher than a critical
frequency, This type was observed experimentally at the Potomac
River Mouth. "Damped" transmission, with considerable damping due
to bottom absorption, should occur over soft bottom at all frequen-
cies. This typo was observed experimentally at the Potomac River
Bridge. "iybrid" transmission, also with considerable damping,
should occur over hard bottom at frequencies below the critical fre-
quency. This typo was recently observed experimentally in the Rap-
pahannock River area. The critical frequency is slightly higher
than that for which the water depth is a quarter wavelength.

71.)A: physical picture of the sound pressure fields which
correspond to "guided" and "damped" transmission in the first and
second modes is given in the form of isobar plots which show the
distribution of the lines of constant pressure between surface and
bottom and along the direction of propagation.

72. In a discusvion of the relative -atte.nuat-Ion of the various
modes it is shown that the rate of damping with increasing distance
..rom the source will, be greater the higher the order of the mode. An
a result, the higher modes tend to disappear more rapidly than the
lower ones. At distances greater than a few times the water depth,
most of the energy is carried in the first one or two modes. The
vertical standing wave pattern between surface and bottom becomes
progressively simpler as higher modes disappear. AlthouCh the rela-
tive degree of initial stimulation of the modes depends upon the
nature and location of the source, the lowest modes are usually the
most strongly stimulated as well as the least damped. A descriptive
explanation of the observed transmission phenomena is given in terms
of the relative stimulation and damping of the normal modes.

73. An interesting analogy is presented between sound trans-
mission in the acoustic oystem of the sea between surface and bot-
tom, and electromagnetic wave transmission In "wave guides".
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V. THE CARACTER OF THE SOLUTION.

A. Three Types of Transmission. Illustrated ýZ the

ITUiT and *icnflModes

74. The transmission of underwater sound in the first and
second modes will depend upon the acoustic properties of the bot-
tom in accordance with the distribution and proparation constants
plotted in Plates 12, 13, 14, 16, 16, and 17, Physically, the
distribution constant K-4, determines the character of the stand-
ing wave pattern between the surface and the sea bottom. The
real part M is a measure of the damping of the pa+tern, and the
imaginary part /A determines the distribution of nodes and hops be-
tween the boundaries. Small values of/F (between 0 and 1) are as-
sociated with the first mode, and correspond to the simplest dis-
tributions0 Larger values correspond to higher modes and to more
complicated distributions. For all modes of vibration of the a-
coustic system the surface is a pressure nodej and the bottom a
node if "soft", and an approximate anti-node if "hard". The verti-
cal pattern of sound pressure for the first mode is the simplest
which will fit the boundary conditions, i.e. a "half-wave" io 6 p
above a "soft" bottom, with nodes at surface and bottom; and a
"quarter-wave" pattern above a "hard" bottom, with a node at the
surface and an antI-node at the bottom. The distribution patterns
for higher modes will be discussed later.

75. The chart for each mode, in the assembly Plate 12, shows
three types of solutions of equation (20). These solutions cor-
respond to different acoustic oonditionst

(a) Values of B imaginary and greater than a
critical value (' for the first mode and
1j for the second mode). This corresponds
to sound velocities in the bottom greater
than in the water (Cc< 02), and to exoiting
frequencies greater than a critical or "cut-
off" frequency.

(b) Positive values of B, corresponding to lower
sound velocity in the bottom than in the
water (cI os2).

(c) Values of B imaginary and less than the
critical values stated in (a). This corres-
ponds to sound velocities in the bottom
greater than in the water (fl 02), and to

exciting frequencies lower than the critical
frequency.
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76. The three portions of each chart correspond to
three types of sound propagation in each mode. These may be
classified by their physical characteristics as follows:

(a) "Guided" transmission, associated with
"hard" bottom.

(b) "Damped" transmission, associated with
"soft" bottom.

(c) "Hybrid" transmission, associated with
"hard" bottom, at very low frequencies.

The reasons for this nomenclature will be clear after consid-
eration of the physical character of the waves whose distribu-
tion constants are represented by the various portions of the
charts.

77. In "guided" transmission, or , the real part of the
distribution constant, is zero for the allowed values of
(betsween ;2 and I for the first mode). The standing wave pat-
terns between surface and bottom therefore have zero damping,
and no absorption at the boundaries. If C is zero, ar , the
real part of the propagation constant, must also be zero. This
is shown in Appendix A, Part 2. Under these conditions the
progressive wave is propagated with zero absorption at the bounda-
ries. This means that the cylindrical spreading from the sourse,
amounting to 3 db per distance double, is the sole cause of at-
tenuation. fTranam•ies•.aon takes place by means of "guided" waves,
confined between the surface and the bottom, with total internal
reflection at the lower boundary. This type of transmission is
illustrated by curves (a) Plate 9, for the experimental results
over hard bottom at the Potomac River Mouth.

78. "Guided" transmission can occur only if the real part
of the distribution constant is equal to zero. The sections of
the charts which correspond to this type of transmission are de-
rived from the solutions of equation (16) for which K is equal to
zero. Such solutions exist only for imaginary values of B, grea-
ter than certain critical values. From the definition of B (equa-
tion (21)) it may be seen that this corresponds to exciting fre-
quencies higher than the critical frequency for the first mode
given by

AN5 (1)
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79. "Guided" tranamission will occur if the velocity in
the bottom is greater than that in the water and if the source
frequency is hither than the critical frequency, f¢ determined
prinarily by the water depth as compared to the wavelength,
This type of transmission cannot occur at frequencies below the
first rrm de critical frequency given by equation (31). It is
clear from this equation that, if c2'> 0l, the critical frequency
for the first mode will be that for which the water depth is a
quarter wavelength. For exemple the critical frequency may be
8 cps if the depth is 150 ft, or 24 cps if the depth is 50 ft.
If 02 is only slightly larger than ci the critical frequencies
will be substantially higher than those given by the quarter
wavelength rule. The relation between the critical frequency
for any mode and the critical anugle for total internal reflec-
tion is discussed in Section VII-B. The equation for the
critical frequency of any mode is (2n - i)f,,, where n is the
order of the mode and fe is given above.

80. "Damped" transmission is represented by those portions
of the charts MPlate 12) for which the real part of the distribu-
tion constant, K , is not zero, and for which the velocity of
sound in the bottom is less than that in water. The standing
wave patterns between surface and bottom are ddmped, owing to
absorption at the lower boundary. Under these conditions trans-
mission takes place by means of a progressive wave train pro-
ceeding with phase velocity c/A , and with damping determined
by the value of a associated with each value of I . The attenu-
ation with distance is made up of cylindrical spreading (pressure
varying as !/jr, decreasing 3 db per distance double) plus ab-
sorption at the bottom (pressure amplitude decreasing in accordance
with e-Ztfr , or 54.6 co db per wavelength.

81. "Damped" transmission occurs over "soft" bottom, since
the acoustic condition required is that the velocity of sound in
the bottom be less than that in the water (B positive, ci> Oc).
This type of transmission is illustrated by curves (b) and (a) of
Plate 9, for the experimental results over soft bottom at the
Potomac River Bridge.

82. "Hybrid" transmission is represented by those portions
of the charts which lie between the sections identified with
"guided" and "damped" transmission. The characteristics of "hy-
brid" transmission are mixed. In general the wave patterns are
highly damped (f0o), and they occur only over hard bottom (a <
02, B imaginary and less than j for the first mode and less den
i• for the second mode) at frequencies lower than the critical
frequency of that particular mode for "guided" transmission. The
experimental study of "hybrid" transmission is difficult since
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very low excitation frequencies are required. A series of
range runs which demonstrate the transition of "guided"
transmission into "hybrid" transmission as the frequency is
decreased below the "cut-off" for the first mode, was obtained
recently over hard bottom in the Rappahannock River area. Some
of these records will be reproduced in a later report.

83. The previous discussion has shown that one of three
types of transmission, "guided", "damped", or "hybrid", may oc-
cur in the propagation of underwater sound, corresponding to the
simple distribution patterns which characterize the first and
second modes. Additional consideration of the transcendental
equation (20), the roots of which are shown on the charts (Plate
12), indicates that the roots are cyclic. If curves are plotted
for successively larger values of the complex distribution con-
stant K-4A, they will cross over the curves previously plotted
and again cover the plane of the chart. The equation thus actual-
ly defines a multiplicity of charts, resembling a family of Rie-
mann surfaces.

84. The physical significance of the charts is that each
"sheet" corresponds to one mode. In order completely to describe
the characteristics of the system, an infinite number of such
charts must be plotted. Fortunately, for reasons which will be
discussed later, in most instances only the lowest modes need be
considered.

85. For any one mode, the propagation can be classified as
corresponding to one or the other of the three types of transmis-
sion. For any given depth, the type of transmission will be deter-
mined by the exciting frequency and the velocity of sound in the
bottom, which together fix the value of B on the chart. The ordi-
nate A is the specific gravlty of the material of the bottom.

86. The chart for the second mode is similar in general
form to that for the first mode. Plate 12 gives the assembly,
and Plates 13-16 the detailed charts. The following differences
between transmission in the first and second modes are indicated
by the charts:

(a) the critical frequency for the second mode,
corresponding to/al k.I, B 8 jij, is three
times the critical frequency for the first
mode (equation (31));

(b) the damping constant for"¶amped" and "hy-
brid" transmission, primarily a function
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of X . is about twice as great for
the second mode as for the first, and

(o) the portion which represents "hybrid"
transmission is relatively more exten-
sive in the chart for the second mode
than in that for the first.

The range of frequencies, density ratios and velocity ratios for
which "hybrid" transmission can occur isherefore greater for
the second mode than for the first. Indeed, this range increases
with the order of the mode. In the transmission over hard bottom
of frequencies below the critical frequency for the first mode,
the energy may be carried by several lower modes in "hybrid" form,
and these will in general be highly damped.

87. The distribution constants which correspond to the higher
modes may be worked out in detail from equation (20). Values of A
between 2 and 3 correspond to the third mode, values of/c- between
3 and 4 to the fourth mode, etc. The chart for each mode will have
the same general form as those reproduced in Plate 12. with sections
corresponding to the three types of transmission. "Guided" trans-
mission, without damping by bottom absorption, will occur over hard
bottom, for erch mode, at frequencies above the critical frequency
for that mode. The critical frequency increases with the order of
the mode in accordance with the ratios 1:5:7: eta. "Damped" and
"hybrid" transmission by means of each of the higher modes will be
characterized by a damping constant a governed by the value of K
from the appropriate chart. The damping constant will increase with
the order of the mode.

B. A ysical Picture of the Sound Pressure Fields.

88. A physical gicture of the sound pressure fi Ida which
correspond to "damped and "guided" transmission in the first and
second modes may be obtained from Fig. 1. (a), (b), (c), and (d).

89. The figure shows the distribution of the lines of con-
stant sound pressure, or isobars, between the surface and bottom
and along the direction of propagation of the waves. The repre-
sentation in each sketch is for a single instant of time. Actual-
ly the entire distribution progresses at the group velocity, in
the direction of propagation. The group velocity, at which the
energy in transferred, is always smaller than the velocity of
sound in the free medium (the water). In fact, the latter is
equal to the geometric mean of the group velocity and the phase
velocity of the waves.
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(a) First mode - soft bottom
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(b) First mode - hard bottom
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(c) Second mode - soft bottom
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(d) Second mode- p.rd bottom

Figure 1

90. As shown by the sketches, the patterns repeat at inter-
vals of a half wavelength, computed on the basis of the phase
Velocity, c/t . Since the phase velocity increases as frequency
c.ecreases, all the patterns lengthen as the frequeiicy is lowered.
At the critical frequency of the first mode, over hard bott-o., the
phase velocity approacnes the velocity in the bottom, and the Froup
velocity becomes C1/02. For the case of rigid bottom (oZ infinite),
the isobars become straight lines parallel to surface and bottom.
For this limiting condition and at lower frequencies no wave of this
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type is propagated. The sketches indicate the greater complexity
of the pressure patterns for the second mode than for the first,
as well as the relative damping rates for the two modes over soft
bottom.

91. The isobar plots for the pressure field distribution cor-
responding to higher modes will be similar to those shown in Fig. 1,
except that the number of loops between surface and bottom will in-
crease with the order of the mode.

C. Relative Da-ming of the Modes.

92. It is necessary to consider the distribution of the sound
energy among the normal modes of the system, since the actual sound
pressure at any point is the sum of the pressures associated with
each of the modes present. The partitioning of energy in the
acoustic system under consideration is closely analogous to the dis-
tribution of vibrational energy among the normal modes of a plucked
string. The overall decay of the sound energy with distance is
determined by a stmmation of the decay rates of the individual modes.
From basic considerations it may be shown that the higher modes have
more rapid decay rates than the lower modes.

93. The lowest mode corresponds to a wave traveling nearly
tangentially to the boumdaries, with comparatively few reflections.
The higher modes correspond to waves traveling with relatively fre-
quent reflections between surface and bottom. The higher the order
of the mode, the more nearly the angle of incidence of the corres-
ponding waves approaches normal incidence0 When sound is propagated
a considerable distance in shallow water, that part of the total
energy which has teen reflected the largest nwmber of times in tran-
sit will be carried by the hiGhest mode present, and the energy which
travels at nearest grazing incidence will be carried by the lowest
mode.

94. It is evident that the rate of attenuation with increasing
distance will be greater the higher the order of the mode. For ex-
ample, the assembled charts on Plate 12 show that the damping as-
sociated with the second mode is very much greater than that expec-
ted for the first mode, for transmission over soft bottom. Because
of their higher decay rates, the higher modes tend to disappear more
rapidly than the lower ones as the distance from the source increases.
The propagation of low frequency sound in shallow water usually takes
place under conditions which ensure that, at distances greater than a
few times the water depth, moat of the energy is carried in the first
one or two modes. When total internal reflection takes place in the
propagation of such frequencies over hard bottom, either the lowest
or the first two modes may travel with zero attenuation due to the
boundaries, while the hither modes may be very highly damped.
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95. As the hither modes disappear with increasing distance
from the source, the vertical standing wave pattern of sound
pressure between surface and bottom should become progressively
simpler. The vertical pattern, determined by hydrophone soundings,
shows the maximum number of nodes and loops directly beneath the
source, where the maximum number of modes are present. These pat-
terns, for various azoustic conditions, are discussed in detail in
a recent report (Bibliog. 4). There is again a close analogy be-
tween this pattern and the normal modes of a vibrating string. The
first allowed mode of the string consists of a single loop between
the suspension points, and higher modes appear as more complex
distributions of loops and nodes between the supports. Similarly
the sound pressure distribution beneath a ship-mounted source may
be a complicated sequence of nodes and loops, in which the ocmplexi-
ty of the pattern serves as an index of the nirnber and strength of
the modes present. It is evident, then, that if hydrophone sound-
ings are made at progressively greater distances from the source,
the vertical pattern should become simpler as the higher modes are
damped out.

96. It is shown in later sections (Sections VI, VIII, and IX)
that the experimental records may be interpreted in terms of the
expected relationships between the modes. The relatively higher
damping rates of higher modes, and the progressive simplification
of the vertical pressure distributions with increasing distance
from the source, are confirmed by experiment.

D. Initial Stimulation of the Modes.

97. The initial stimulation of each mode, that is, the
relative waount of the total energy tt. 4 is carried by it at the
origin, is determined by the nature and location of the source.
Consider, for example, the analogous system of the vibrating string.
The lowest mode of a string stretched between rigid supports is of
course a single loop with nodes at the ends. Maximum stimulation
of the first mode will occur if the string is bowed or otherwise
excited at a point midway between the supports. If the string is
bowed at any other point, oxcept precisely at the points of support,
the first mode will be stimulated to some extent, although not so
strongly as when bowed at the center. The second allowed mode of
the string is two loops with a nodal point midway between the sup-
ports. This second mode will receive maximum stimulation if the
exciting force is applied at a point one quarter of the string
length from either support. Although bowing the string at the
center (or at the end points) will not stimulate the second mode,
bowing at any other point will stimulate it to some extent.
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98. Similar considerations apply to the stimulation of
the modes of vibration of the actual acoustic system, although
the boundary conditions are different from those for the string.
The analozy of the vibrating string indicates that in the acous-
tic system of the sea between surface and bottom: (a) the first
mode will always be stimulated, and the decree of stimulation
will not be a critical function of the source depth (in wave-
lengths) or of the character of the bottom; and (b) any given
higher mode may or may not be effectively stimulated, depending
upon the excitinw frequency and upon whether or not the sound
source is locqted at a nodal point for that mode. The location
of the nodal points, determined by the order of the mode and by
the boundary conditione, may be computed in desired cases and
may be demonstrated experimentally by hydrophone soundings.

99. Since the nodal points for the various higher modes
will seldom coincide with the location of the source, moat of
the modes will be stimulated to some extent by a given sound
source at any depth. Although there exist an infinite number
of modes of the acoustic system, the amount of energy carried
by each mode in general decreases rapidly with its order, and
most of the energy is carried by the lowest modes. That this
i true of the acoustic system of the sea, in common with most
vibrating systems, may be seen from the general mathematical
treatment in Appendix Do

100. The relative degree of stimulation of the various
modes is also a function of the frequency of the sound source.
Referring again to the mechanical analogue, if the vibrating
string is excited at various frequencies by a periodic force,
that mode whose "natural frequency" corresponds to the frequenly
A ý excitation will be strongly stimulated, and modes whose
"natural frequencies" differ from this frequency will be less
strongly stimulated. The "natural frequency" of a mode in the
acoustic system of the soa is that frequency for which the half
wavelength (in free water) is approximately equal to the dstance
between pressure maxima (or minima) in its vertical standing
wave system. It is therefore the variation of sound pressure
with time which most nearly corresponds to the desired pressure
distribution in space.

101. In the actual acoustic system the sound pressure at a
given point will not necessarily be greatest under conditions of
"resonance" with a given mode, but the proportion of the total
energy carried by that mode will tend to be a maximum. The con-
cepts of "resonance" and "natural frequency" are not strictly ap-
plicablo to the normal modes of an acoustic system excited inter-
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nally, and it should be kept in mind that the modes correspond
paimarily to spacial rather than to temporal distributions of
sound pressure.

102. A descriptive explanation may now be given for the
underwater sound pressure phenomena to be expected in the
vicinity of the source. It has been showm that: (a) close to
the source all the normal modes will be stimulated in greater
or lesser degree, and the amount of total radiated energy car-
ried by a given mode will, in general, decrease with the order
of the mode; and (b) the rate of attenuation of each mode with
increasing distance from the source will, in general, be greater
the higher the order of the mode. The effects of spreading of
the sound waves from the source must be added to the distribu-
tions governed by the normal modes.

103, If the resultant pressure field be probed by moving a
hydrophone horizontally outward from the source, the following
effects should occur:

(a) In the immediate vicinity of the source
the primary factor in the pressure vari-
ation should be geometric spreading,
with the influence of the boundaries
playing a minor role.

(b) At distances greater than that between
the source and the surface or bottom, a
further sharp decrease in resultant pres-
sure with distance from the source should
occur, caused by the combination of wave
spreading and the rapid decay of the
higher normal modes, The influence of
the modes, representing the effects of
reflection from the bounding surfaces,
becomes increasingly important in this
region.

(c) At yet greater distances from the source,
of the order of several times the water
depth, the rate of attenuation with dis-
tance should become much smaller, corres-
ponding to cylindrical wave spreading com-
bined with the relatively g radual decay of
the remaining low order modes. At moder-
ately low frequencies the first and second
modes usually persist to considerable dis-
tances.
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104. The general character of the observed transmission3
shown on the experimental curves of Plates 9 and 10, is in ac-
cord with these predictions. A more detailed discussion of the
attenuation to be expected under various acoustic conditions
will be found in a later section (Section VIII, Attenuation).

S. Acoustic Analog of Slectromn'gnetic Wave Guides.

105. In the foregoing theoretical and experimental analysis,
it has been shown that under certain physically realizable condi-
tions the propagation of low frequency sound in shallow water
over a hard bottom may be of the type encountered in the electro-
magnetic "wave guide", i.e. the waves may be guided or channelled
between two bounding surfaces without loss from absorption at the
boundaries. The analogy between the acoustic and the electro-
magnetic "wave guide" systems is very close, if the latter be
visualized as a dielectric medium bounded at the top by a perfect-
ly conducting surface having infinite dielectric constant, and at
the bottom by a second dielectric medium having higher velocity
than the first. Density and compressibility of the media in the
acoustic system are analogous to permeability and dielectric eon-
stmnt in the electromagnetic system. Viscous losses in the media
of the acoustic system are analogous to dielectric losses in the
media of the electromagnetic system. Similar relations exist be-
tween pressure, particle velocities, phase velocities, attenuation,
critical frequencies, and other constants of the two systems- 8

106. In brief, the analysis of propagation of electromagnetic
waves in hollow guides, tubes, or pipes shows that these waves may
be divided into several classes or "modes", the distinctions being
made on the basis of the configuration of the electric and magnetic
fields within the guide. The lowest modes correspond to the sim-
plest field configurations, and higher modes to increasingly more
complex field distributions. The "cut-off" phenomenon is en-
countered in "wave guides", and under ideal conditions the guide
may be completely "transparent" to a given mode at frequencies
higher than a critical frequency, and completely "opaque" to the
same mode at lower frequencies.

8. Although special cases of "guided" transmission in both acoustic
and electromagnetic systems were treated by Rayleigh many years

ago, attention was first directed to the specific analogies between
them by L. Brillouin (Bibliog. 21). For discussions of the electro-
magnetic case, reference is made to the basic studies of G. C. South-
worth (Bibliog 22), J. R. Carson, S. P. Mead, and S. A. Sohelkunoff
(Bibliog. 23), and L. Page and N. 1. Adams (Bibliog. 24).
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107. The physical process involved in the transmission of
waves through a guide is difficult to visualize from a descrip-
tion of the field configurations within the guide. A physical
picture of this type of transmission has been suggested by Page
and Adams (Bibliog. 24) in which the "guided" waves are shown
to be analyzable into two sets of "elementary plane waves",
traveling at an angle with the axis of the tube, and propagated
down the tube by alternate reflections at the walls of the guide
as shown in the accompanying figure.

7/ \",

Figure 2.

108, Although this picture of "guided" transmission is open
to certain objections discussed by Schelkunoff (Bibliog 25) the
mathematical and physical simplicity of the conception recommends
it. For example the relation between the critical angle and the
critical frequency for propagation in the analogous acoustic sys-
tem can be clarified from this standpoint. 9

109. Some differences exist between sound propagation in the
acoustic system of the sea between surface and bottom, and the
propagation of electromagnetic waves in"guides". The most impor-
tant difference is that, in the development of the acoustic
theory, provision for various values of density of the b-ttom
material must be made. Density in the acoustic system corres-
ponds to permeability in the analogous dielectric system. Sirse
dielectric media with permeability different from unity do not
exist, the exact electromagnetic analog of the acoustic system is
not physically realizable.

110. Additional differences between the acoustic system under
discussion and the usual wave guides are: (a) that the acoustic
system is non-symmetrical in the sense that the two bounding sur-
faces have in general different acoustic properties, (b) that types
of waves my be propagated in the electromagnetic system which have
no acoustic analog, and (c) that the acoustic system is not closely
analogous to the tyijes of wave guides of most practical importance,
those with conducting metal walls.

9. (See Section VI, and Appendix A, Part 4).
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111. The phenomena which occur in hollow metel puidee are
in Many ways simole?• than those to be ernected in the dielectric
guide which in the actual anlop of the ncountic syqtem.

112. Study of the literptuae on electromarnetic wave propa-
gation also reveals an interesting optical analogy with the "My-
brid" sound transmission discunsed in Section V.1 above. T. C.
Fry (Bibliog. 20) has used the term "hytbrid" to denote the type
of plane waves which occur in nature on the dark Ride of a prism
within which "elementary nlane waves" are being subjected to
total internal reflection. S. A Schelkunoff (Bibliogo 25) has
suggested that the term may logically be extended to include the
electric field distribution which exists in n dissipative wave
guide, or in a dissipationlens wave guide at frequencies below
the critical frequency. The parallel in almost exact between
the latter use of the term "hybrid" and it% use in this report
to describe transmission of sound over a hard bottom at frequen-
cies below the critical frequency.
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VI. INTfMiPRETATION 011 RANGE RECORDS IN TERMS OF THE MODES.
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SUMMARY

Interpretation of Rae Records

113. Since the modes travel along different effective "paths",
and hence with different phase velocities, it is to be expected
that interference phenomena will occur when low frequency sound
is propagated in water. This type of interference between the
various modes is graphically illustrated by the "interaction loops"
which appear on most of the experimental records,

114. Excellent quantitative agreement is obtained betwKeen
observed and computed spacings for interaction between the lower
modes, particularly between the firzt and the second. The ob-
served spacings cannot be explained by interference between sound
"beams" or "rays" from a succession of virtual sources.

115. Considerable information about the number and relative
importance of the modes present in any given case may be obtained
from the interaction spacings on the experimental records. Various
characteristics of the modes are illustrated by these spacings, for
example (a) the relatively higher damping rates for the higher than
for the lower modes, (b) the critical frequencies of the first
three modes over hard bottom, and (c) the occurrence of "hybrid"
transmis sion.

CONFIDENTTIAL -43-



Vli INTERPRETAT:Ch OF 01-iGS RECORDS IN TERLS OF TIE YODES.

A* Interaction Loo - Computation of pacings.

118. The propagation of low frequency sound in shallow water
has been resolved by this analysis into the transmission of a
series of distinct modes, which may be considered separately or
may be added together to give the actual sound pressure at any
point in the acoustic system. The primary advantage of this
analysis is that it makes possible the explanation of extremely
complex phenomena in terms of the interactions and combinations
of relatively simple components. This is illustrated by the
interpretation of the "interaction loops" graplically shown on
most of the range records on Plates 2-8.

117. The simultaneous existence of two or more distinct
modes traveling through the same system but along different ef-
fective individual "paths" and hence with different phase velo-
cities, suggests that interference phenomena may be expected.
The pressure level for each mode. considered by itself, is in
general smoothly attenuated with distance from the source. The
resultant sound level from two co-existent mnodes, traveling with
different phase velocities, should show maxima and minima as the
pressure due to the two modes combine alternately in phase and
out of phase with each other0

118. Consider for example the spacing of the minima to be
expected from the interaction of the first and second modes. At
low audio frequencies this should be the most common and the most
persistent spacing. since the lowest modes in general carry most
of the sound energy. MAinima can be recorded only at points at
which the waves add in opposite phase independent of the time, be-
cause the hydrophone used to probe the field measures only us.
values of pressure. Obviously the spacing between successive
minima will be the distance required for the "faster" of the two
modes to gain a phase wavelength on the "slower" mode. By "phase
wavelength" is meant the wavelength24'Zz-, which is associated with
the phase velocityC/Z. T hese constants for the acoustic system
between 1)oundarie.n are always larger than X and c, the wavelength
and the velocity of sound in bn infinitely extended body of water.

119. If the phase wavelength of the faster mode is o/i. , and
that of the slower mode is o/-z , the distance S between minima
will be given by the relation

O NF n T - (nfl)

CONFIDEUTIAL -44-,



From one ninimt~ to tvbv. ne~xt vthrel will, be- n oh,-"e wa~velengths
of the "tfat:ter"l wive, atnd nl V 1 n,11ne5 Watvelengths of thle "slowel"'
wvp~e. The above two Cormn of' the errdnfor '3 nmqy e~tsily be
combined, with eltldnjtetiohý of n, to give

The "Interaction aig between t~xcces,-1verinh charecteritttt
of the interference between any two mnodes rmy be comruted from
this formuli, onc~e the a'o~ronorinte v-.dues of nhnre constuzt r- -re
known from measunrements of the ecoustiW-3'c nrovnert-ieR' of the bottom
(e~g. from the results of hydronihone souindings: combined with the
use of the charts, Ple-tes 12-17 Inc)/.-

120..ý Th neat'nlai~Score'd toj tbe first two

modes annoear rorominently on the records- reoroduced in Plrtep 21 and
3<Observed 9-nd computed valuec of these srncinrs for the fre-~

(rl.enciog of the re-onrds arshown in Table III below, tog'eth-er with
the corresnondiap ;nluen of -r. Rand --- Thet hntter w'ere comnuted
from the charts, Plates .13$ 14, ýý4nr"17fr u?&nr An a~snujed denR1ty

4cqu,-l to l,2, 2 aid a veloci ty ratio e1cf~eult ,9,cr
?eR-,orhtl:w to AVC! equal to 0.'4r}. This wns obtained from hy-
dro ohone !towidir'e q (I3i1bjiog. 4).

O)bserved aad Cormnutel lnteractk-7a %-acings, For interference
Bjetwefen the First ~MSecond Modesý,

Frequency 'CObiierved Snactng

9 B 0-. 982 f13hF) 98 frt 110 ft
17'& '()712 120

I1(10 M21.9 ~ l 14 2 150
3750,945 0hS188 .100

136 0 9?72 089.11 29? 1qO0

The ngpreemjent between obt-r-rved ann- co)-muinuetl SPY)c'flKS In
obviously within, the ticcuracy of the d'intoAnce ecale ou the re-
curds.

1-21., A r-: )nounced vartstton% in Pnpcine, with lpfrrr'ency is in-
dicat~ed 16y the table. The mr-por± for thin is that the nha1pse VelO(:r

Sty far eptc]; mode decrease% a6 frequency tncrentSes And tends to irTn*

nroi'ch esynrptoticn7I-y to t~he velocity of sound In the extended med-.
latin The closer the rmnroach of the :-wo p~hase velocities to
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each other, the larger the number of phase wavelengths which
will be required between successive cancellations, and the
larger the value of the spacing S.

122. In addition to the spacings given by the interaction
of the first and second modes, other spacings may be observed
close to the central peak on the records for 136 and 186 cps on
Plate 3, and on the records for 200-400 ups on Plate 4. These
correspond to interactions between higher modes, notably between
the first and third, and between the second and third. A de-
tailed check between computed and observed spacings is hardly
to be expected at frequencies hither than 200 cps, owing to the
complicated interactions which occur when several modes are
simultaneously present. The component spacings for the higher
frequencies could doubtless be extracted from the records by
an elaborate statistical analysis, but this does not seem worth-
while for present purposes.

B. Interpretation of Records.

123. The relatively high rate of attenuation with increasing
distance from the source, which has been shown to be character-
istic of the higher modes, is clearly evident from the distri-
bution of the interaction spacings on all the higher frequency
records. This is shown by smaller spacings close to the source
which fade out with increasing distance. These are visible on
all the records for frequencies higher than 135 cps. The rela-
tively greater persistence of the lower modes is indicated by
the simplification of the loop pattern with increasing distance
from the source.

124. The records reproduced in Plates 2 and 3 graphically
illustrate the decrease in the damping of the second mode as the
source frequency increases from 70 cps to 186 cps. The bottom in
this location, the Potomac River Bridge, is acoustically "soft"
and the "natural frequencies" of the first and second modes are
45 cps, and 90 cps, respectively. For an exciting frequency of 70
cps all the energy is carried by the first mode, and the pressure
level decreases uniformly after the initial drop. At 80 cpa the
second mode is stimulated, but is very rapidly damped out. At
distances greater than about 100 ft the energy is carried by the
first mode. At 93 cps, however, the stimulation of the second
mode is sufficient, and its damping low enough, to cause well
developed interaction spacings out to 500 ft from the source. At
100 cps, and progressively at the higher frequencies, these
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spacings become better developed and persist to greater and
greater distances. The spacings shown by range run r.eootds
may thus be made to yield considerable information about the
number and relative importance of the modes present in any
given case.

125. The occurrence of pressure maxima and minima from
the interaction of the modes may be demonstrated even whon a
complex underwater sound source is employed. For eample8 the
records reproduced in Plate 8 were made at the fttac River
Bridge, employing both the parallel pipe device towed by USS
ACCENTOR, and the ship noise produced by USS AQUA!AMRINE. The
loops characteristic of interference between the first and
second modes are clearly observable on the records of noise
from the parallel pipes, when recorded throuzh a 5 cycle band
filter. The spacin•, 260 ft at 150 cps and 120 ft at 100 cps,
are in exact agreement with those determined from the records
for the single frequency source presented in Table III above.
The loops are observable although not pronounced in the record
of ship noise analyzed in a 50 cycle band centered at 140 Cpe.
The loops do not appear in the broad record (200 cycles wide)
of ship noise, on account of the averaging effect of the many
superposed frequencies.

126. These records indicate that the interaction loops may
be expected to appear whenever either the noise source or the
receiving equipment has an effective band width of less than 50
ape. It is probable, for example, that a resonant receiving
unit such as the German acoustic mine would be responsive to the
interaction loops produced by ship noise or by the complex
sources used for minesweeping. If the band width of either
source or receiver is only a few cycles, the interaction loops
will be a prominent feature of the records of sound transmission.

127. The loops which occur on the records taken over hard
bottom at the Potomac River Mouth illustrate the relations of
the modes for "guided" and "hybrid" transmission. In this looa-
tion the critical frequencies of the first three modes are about
30 cps, 90 cps, and 150 cps, respectively. The records on Plates
5, 6, and 7 show that the interaction between the first and
second modes is characterized by loops with a spacing of 230400
ft. These are prominent on the records for 90, 200, 110, and
135 cps, and persist to distances of at least 4000 ft (Plate 7).
This spacing does not occur at frequencies lower than 90 cps,
presumably because these frequencies are below the critical fre-
quency for the second mode. Similarly the record for 200 cps
shows a spacing of 150 ft, which does not occur at lower frequen-
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cie8 This soacin., probably renresenting Interaction between
the first and third modes., is shown only by the 200 ens record,
since the criticl frequency for the third mode-occurR at about
150 cDR,

128. The critical frequency for the first mode in this
locption (about 30 cn) could not be reached with the Pvailable
Round sources. Hence all the records taken at the River Mouth
primarily illustrate "pulded" tranemission. It is probable,
however, that some of the rudimentpry interaction loops which
occur on the records for 70 and 80 cps renresent partial inter-
ference between the "hNybrid" form of the second mode and the
"uzided" form of the first mode. Thege loons fade out rrnidly
with distance, owing to the high damping rAte associated with
"hybrid" transmaission, Internction soacinrps, computed from the
charts (Plates 15, 16. and 17) - using• a velocity ratio of 1,42
comnuted from the critical frequency of the second mode, qnd a
density ratio 2.0, - are 240 ft for the firnt vs second modes of
"guided" waves, and 1P,9 ft for the first mode f "g'uided" wa.ves
interfering with the "hybrid" form of the second mode, The ob-
served snacings agree with these values within the accuracy of
the distpnce scale of the records. C0rmnutntion shows that over
hard bottom the spacings should increase only slightXy with fre-
quency, and this also was found to be the cane,

129O "Hybrid" transmission is also illustrated by recordings
(not reproduced in this report)mnde recently over hard bottom in
the Rapvmhanriock River area. In this location the critical fre-
quency for the first mode was 72 cnso At frequencie. below this
"cut-off", interaction snacings were obtained which corresnond
to interference between the first and second modes, both in "hy-
brid" form. At yet lower frequencies (38 cpu), these snacings
were not present, presumably becaus.e the second mode wa,,s not
stimulated and all the energy was carried in the first mode (T'hy-
brid" form). High d0mning rates were observed at all frequencies
below the first mode critical frequency, Pnd negligible dnmpinr
at higher frequencies.

130. The records made over hbrd bottom (Plates b, 6, and 7)
do not show quite quch smooth loons Ps those over soft bottom
(Plates 2. S, and 4). The reason is that the phenomena which oc-
cur over hard bottom are critical finctions, of the exciting fre-
quency and of the geometry of the system, Small variptions in
denth alone the range course or minor changes in velocity ind
density of the bottom material wozld be sufficient to cause ob-
servable anomalies in the records, An acoustic system which in-.
cludes a soft bottom, being, in generel more highly damped, should
be less sensitive to small irregularities.
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131. The interaction spacina S, charaeterist.e of any pair
of interferinr modus, rema4 .. the same for any given exclting
frequensy re)irdless of te distance from the source. This is
true because the phase vt. 'city is a constant for the mode, and
does not depend upon sourc., distance. The fact that the experi-
mental records show constan spaciugs is acceptable proof that
the observed maxima and mini;..- are not caused by interference be-
tween sound "beams" or "rays" from a succession of virtual sources
in a vertical line with the actual source.

132. The spacings which may be derived from a group of image
sources must become larger as the distance from. the line of sources
increases, and these spacings should be smaller the higher the fre-
quency of excitation. The observed spacings follow neither of
these rules, and have dimensions which cannot be checked by compu-
tation from any possible disposition of fixed image sources. The
image theory is Anadequalte to account for the observed interaction
phenomena because the souid pressure distribution in the actual
acoustic system presents a three dimensional diffraction problem,
which cannot in general be successfully treated inY terms of the
optical analogy of simple rays frowm point sources.i

133. The image theory rmay, however, be expected to give an
acceptable acount o:f under-.,,ater sound nropagation phenomena under
a few special conditions. such as: (a) when the exciting frequen-
cies are so hiCh that the vmvelengths are shiort in comparison with

the image distances; (b) when the bottom absorption is very high
and the proportion of reflected energy so small that the normal
modes are weakly simulated and strongly damped; and (c) when the
water depth is so great that the effeýctis or reflections from the
bottom may be neglected. The image theory also Fives guod aigree•-

went with the results of experinent for the sound pressure dis

tributions directly beneath a ship--mounted source, a caue which
is discussed in detail in a recent NRL report (Bibliog, 4)>

134. The general theory of underwater suiand uropaguition by
means of normal modes, as developed in the present report, shc-uld

be valid for all frequencies, for all distances from the sound
sour-Cs6 and for transmission over the most comm..only encountered
types of bottom. Detailed computation from this theory may be
difficult o" unwieldy -if many modes are -imultaneously stimulated
at high frequencies, or if the bottom has a complicated 'ayered

structure. The derivations of Appendix A are not strictly. valid

if i significa:&t proportion of the refracted energy is convertcci
into shear waves in the material of the bottom. or if there is
scattering or abmiorption 'in the medium itself (the water) as dis-

tinct from the bourdaries0  Other factors than the nor.i.a.1 modes
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may be important under special conditions such as those mentioned
in the preceding pargtraph. In general, however, the normal mode
theory presented in this report gives an account of underwater
sound transmission which is in satisfactory agreement with obser-
vation, and which permits quantitatitie prediction of the principal
phenomena to be expected over different types of sea bottom.
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VII. REEICTION LAWS FQR PI"WEhfT TYPFJS 0? BiOTTOM,.



SUIQ4ARY

MIUS.kQS 04Z Jhn ma

135. Different laws for the reflection of nlane waves at
the sea bottom may be derived depending unon whether (a) the
bottom is ascumed to be a homogeneous medium of specified
density and velocity of sovud, or (b) the bott.1v ti assumed
to be a niane boundary havir limnedmnuce Z independent of the
angle of incidence" The analysis presented in Section IV Is
based upon the first assu.ption; the transmisslon theory
involving imoedance ts based anon the second aesumntion0

.36. If the bottom is soft., the two laws give substantially
the same vAriation of reflection coefficient vs angle of Inel-
denceo The higher the absornfton coefficient the greater the
difference between ref&-ctson coefficients comnuted from the
two laws. If the bottom is -hard, the two laws give completely
different reflection coefficients, and may be reconciled only
by adonting a most imnnrobable variation of Z with angle of
incidence, Even if such a variation is accented, the resultont
impedance is tot useful for comnuting transmissiou.

137, It is concluded that the acoustic behavior of the sea
bottom is not comýIletely determined by its imnedance. although
it is deterwined to a close first rnnroximation by the density
and velocity if sound - r the ;mterinl of the bottom.

138, The nroblem of sound propagation over an elastic bot-
tom, in which both compresnional and shear weves may be set un
by the incident sound. is ditcusned in terms of the reflection
law computed for this ca:iee Reference is mznde to Appendix B
for detvils. It is show:0n thnt the loss of energy to sher waves
will be negligible unless the velocity of thepe wsves in the
bottom is greater than abbout 2400 ft/seeC, or 1/2 the velocity of
sound in water, $uch velocities are imnrobpble in the mud and
sand commonly encountered at the sea bottoma It is concluded
that in geaeral the effect of shear waves may be neglected.
The transmision in such cases may then be correctly cot-muted
in the namwer described in Section I•,.

139, A discussion is given of the relation between the
critical P-ngle f or total internpal reflection of oiame waves,
and the criticil frequency below which ",uided" trnnanission
over hard bottom is replaced by "hybrid' transmission. It is
chown that the critical smgle ia the smallest angle of incl-
dence at which prunags:tIon of thn "uaided" type cnn teke pla.'e.,
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140. The effects of viscous loRees in the material of the
bottom on sound transnisnion over it are discusted And the con-
clusion reached thp.t these effects will in general be of the
second order, although they may be observable over hard bottom
as extra danifg.
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VII, RFECTION LAWS FOR DIYFICMIT TYPES OF BOTTOM

A. Releio-l~ - Aqt Bard. Am £lpntic, A~gflg.

141. The plane wave reflection laws which result from the
aplitcation of boundary conditions in various ways nrovide
means for visualizing the 4ifference between the analysis
of underwater sound nropagation presented in this renort and
that based upon the use of normal imnedpnce (Bibliog. 10). The
computation of the reflection laws for different types of bottom
gives means for estimating the effects of special acoustic con-
ditions on sound trinsmission. These include the case of rel-
atively high bottom absorption and the case in which shear waves
are excited In addition to the usual compressional waves in the
bottom.

142, The reason why the propagation theory based upon
acastioc impedance gives correct results for transmission over
"soft" bottom, and erroneous results for transmission over
"hard" bottom0 may be seen from examination of the pressure
reflection coefficients comnuted as a function of the angle of
incidence for (a) a sea bottom characterized by den3ity and
velocity ratios for two homogeneous fluids; and (b) the same
sea bottom characterized by a normal acoustic impedance Z.
The plot of these coefficients in Fig. Z shows the equivalence
of the two chpracterizations for reflection problems involving
"soft" bottoms. as well as the complete failure of the imnped-
ance theory to give the correct reflection law for "hard" bottoms.

-- HAOMQ 4VAX On IN riffleS 0- /a VVOC

/ ort sarram ,- rrdqrs Or- Z I

,,'po sorroiw ,wv reftris os" I

eorw i \ /1
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14%X Figrwe 3 was C--ý'ftAtrjd by asqipinfln rea-monable voluen
to the constants in the forriulan for the ratio X of reflected
to incident wave pre2sure. The formulas which correspond to
cases (a.) Pnd (b) above are,.

Cose (a)

/+ .t,Ž.L ... h L, (48)

Case (b) .- -

/ -. ' -- -- (49)

where the densities and velocities in the water and in the
bottom have their usual designatione, e. and G are the angles
of incidence and refraction, and Z i the normal imnedance of
the bottom. The derivations of these formulas may be found
elsewhere (eg, Bibliog. 6. 7. and 122)

144.. From Snell's Ipw for refrPction we have

cose Y :-ZL t  ~te (50)

The comoarison of the reflection formulas nfter the introduction
of Snell's law into the expression for case (a), shows clearly
thst the imnedance Z CPRn be independent of the pr.ýle of incidence
only under the condition that

This will be true only over soft bottoms, in which the velocities
of sound are considerably smaller than in watero, The reflection
law given by eouation (48) should be valid for a.ny bottom which
is homogeneous and in which the enerpy converted into shebr wnves
is negligible.

145, The analysis presented in Section IV. ag well aA the
experimental results discussed in Sectin III, show thrt low
frequency sound may be prongsted over hard bottom with vir-
tually no loss due to absorption at the bottom0
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This tyne of nroongatton is to be exnected if the reflection law
for such a bottom is given by equation (48). If it is given by
equation (49) there is no single volue of irmedance which is
consistent with the observed transmission.,

146, A comparigon of the two equations shows that the gen-
eral relation (Equation (48)) mey be reconciled with the imped-
ance law (Equatlon (49)) either (a) if the velocity of sound in
the bottom Is eufzLic.ently small for relation (51) to be valid,
or (b) if the impedance Z varies inversely with the cosine of
the angle of re.frlctlon, If c., jg greater than C1 (hard bot-
tom) the angle of refraction becomes and remains imaginary as
the-angle of incidence reaches and exceeds the critical angle.
a order to yield the general reflection law. the impedance in

a typical instance would have to vary as follows 4 as the angle
of incidence increasee from 00 to 900 Z must increase from its
normal value (assumed real) to infinity at the critical angle,
must become imaginpry at that angle, and then. ContinutMI, to be
imaginary, must decrease smoothly to somewhat less than the
original absolute value, It in obvious that an impedance having
such proper-pes is a mathematical nrtifice rather than an ex-
pression of physical relationships0

147, Another problem arises, however, if the attempt is
made to compute transmission by using an imnedsnce which varies
with angle of incidence, The resulting transmission equations
are indeterminate, and their solution by the usual methods Im-
practicable. The most sati'-factory course is to abpndon the use
of imrnedrnce in transmission vroblems except for the special
case of soft bottom for which the relation (51) is valid.. It
has been shown in Section IV that tranemi••riogn may be correctly
computed in terms of two quantities, the velocity of sound and
the density of the bottom. The impedance alone is insufficient.

148, Although the relevance of Impedance for tra.nsmis-s ion
over f.ard'! and "soft" bottoms has been discutsed, little .has
been ssid about intermediate conditions, The intermediate
conditions corresnond to the transmission of congiderable anergy
into the bottom, This energy may either bs reflected bneck from
underlyinr layers or be absorbed in the material of the bottom,
The reflection law will be determined in the first c-.se by the
acoustic properties of the dominant layer or layers, and in the
secorn case by the effective Pbsorntion coefficient of the bot-
tom.
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149. Reflection coefficients corresnondine to three values
of bottom absorption are olotted in Fig. 4. the full line curves
being computed from equation (48) and the dashed line curves
from equation (49)o The absorption c.oeffletents (o0o) for the
three cases are 0.i, 1&2, a n o , or 6 db, 12 db. and com-
;lete loss per bottom reflection., rennectively. The corresnondn
1ng impedance ratios (?/pc) are 0O3. 0,5b, and 1o0. These absorp-
tion coefficients and imnedence ratios Anply to reflections at
normal incidence.

tFIG --
= a.' *' /

'. o/

4.1 o~ O.2. .. ,.- a-

00 300

150, The figure shows that the closer the linedance of thi
bottom apnroaches that of water the greater is the departure of
the two formulas from each other, and the greater must therefore
be the error In computing transmission attenuation from impedance.
The figure shows also that considerable reflection may be ob-
tained at large angles of incidence, even from a bottom whose
impedance perfectly "matchee" the imnedance of water. There will
be no reflections if both density and velocity of sound Pre the
same in the bottom as in the water, but an impedence "match" is
not sufficient to insure negligible reflections at all angles at
the boundary.

151. .elnis Btjj. Comnrutation of the reflection law
for a bottom in which both comprensionsi and shear waves may be
set up by the incident sound gives the nlot shown in Figure 5
The method by which the reflection coefficient for such a bot-
tom was comnuted in outlined in Apendix B, Pronaantion Over
AA J&lAaIC Bottom.
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152, This figure shows thnt for the computedt ca.--ca' (a) tte

critical Wle at which reflection is total and beyond whi4ch the
refracted =owpressloaal wave In the bottom Is imnginnry. i)s not
Altered by the presence of shiar wa~es ; (b) Pt ang+len of inci-
dence less than the critical angle, the reflection coefficient
to smaller than a/t the sPme C.lea over a fluid bottom; (c) at

W2les of incidence msdws between the critical arple (nd trtz-
Int Incadencel the reflection coeffncient oe reduced by the

lose of energy t o shear unves.

rby. The loss of energyo to hear wave;( i) netnlieible unles
theue loctys ta these wcaea in the bottom mrterfl-c ion cref.ter
than about t400 fthsec, or one-half the verlocity of tound in

waters ohef r wave velocitdea larber then thiti c re highly im-
-probable In the reud fmd acnd commofly encountered ut the .e;.

bottom, It is probaoble ttPrt ob'.-;vrv,-ble indicptionn• of lose of"
energy to shear waves cowald be obtsinnd by m.k.. trpn-m1•,4Gr.
men*urements over s he.rd rock bottomtt omch miaureienis greate
be Pttebl nted If a auntdble lommtiou is foundt
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B. Rkflati fletI.,gjj Cit tg 1.c Anigle ad fj Freouieny

154. The geaersi lal w for the reflection of nlne waves1
illa-,trated in Fie -, shows thpt soijnd w•ves sre totally
reflected at a hard bottom (cc> c1 ) if their angles of incidence
are greater than a critical anple, given by sinS Cl/CU.
The normal mode solutions for the sounA nressure distribution
in the acoustic system of the sea between the surfe.ce sand a
hard bottom showed that for each mode there exists a critical
frequency below which the transmission is highly dapmed (hybrid)
and above which the pressure waven are nroongated without eb-
qor,)tion at the bottom (iuided). Since critical nhenomena in
trenmnission over hard bottom. are oredicted from two comnletely
different methods of analysis, it in reasonable to inquire if
there may be a relation between the critical angle and the
critical frequency. That such. a relation exists may be shown
by making uwe of a result from the analysis of electromagnetic
"wave guides",

155. In the discussion in Section V, .. Acoustic Anlg: of.
Electromsnetip Wave Guides, and also in A'nyendix A, PArt 4,
the sugpestion is made that the "guided" wsave a-.ociated with
any one mode in either the acouRtic or electromagnetic system
may be interoreted as the svnthesis of two rets of nlane wves,
The two sets travel at the 9sme velocity nnd at the s-ae angle
with the normal to the boundaries, making o criss-cross oputtern
as they nronagate horizontally away from the eource by alter-
nately reflecting Pt surface and at bottom, The angle of re-
flection is determined by the phase velocity, which is in turn
determined by the ratio of the denth to the wave' ength, and by
the order of the mode0

156. At the critical freouency of the first mode, the nhnqse
velocity is equal to the velocity of sound in the bottom. This
is shown in AiMendix A, Part 3. In Part 4 it is shown that, at
the criticd1 frequency, the angle which the direction of the
waves mxn.es with the normal to the boundsries is given by the
relation

eC(60)

But this eBpression is exactly the same as that given nbove for
the critical angle for total Internal reflection.

157. The relation between the two critical nlenomerw ip
now cle.r. The critical angle is the 'ngle vhich the direction
of the waves makes with the normal to the boun'sries., At the
critica.l frequency, if the "guided" wave be visualized ap bro-
ken un into its constituent sets of nlane pves Since "ruided"
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transmission can occur only if there is no abgorition nt the
bottom, the criticpl anle ip the smallest Anple of incidence
at which nrongop.tion of the "guided" tyne can take nla.ce, At

frequencies below the critical frequency of'the first mode, the
uressure field distribution will chbnre, abRorntton at the bot-
tom will occur, and the "guided" waves will di'nr'ear.

C. E'ffects qf B S gaf Trangmitn

15.,. Viscous. losses In the material of the bottom, which
hove been neglected thus fnr in the discus.ion, undoubtedly
uloy some role in the nro'nwgntion of underwater sound, since,
although the water itself nay be considered to be non-dissipative
at audio freouencies, viscous losses must occur in the material
of the bottom. The et'y)erirnental results indicate that the influ-
ence of such los.es on sound trpnsmission ih the acou.tic sy.tem
of the sea between surface and bottom will in general be empal.
These, together with other second order effects, will be inves-
tigated further as onnortunity arises.

159. These may be comnared with dielectric losses in the
boundary material of the analogous electromapnetic wave guide
.ystem. The dielectric material of the guide itself is vis-
ualized as dissinationless, like the wvtpr, but the lower boun-
dary consists of an imnerfect dielectric medium, corresnonding
to the sea bottom in the acoustic system.

160. The effect of viscous los-es in the materiAl of a "soft"
bottom should, so far as transminssion meas.urements in the water
a.re coiterned, be indistinguishable from tre.nsmission into the bot-
tomi. Thus, regrrdlefs of the derree to vtich viscosity may con-
tribute to the total loss of enery, ,"damned" transmission over

a soft botton may be comnuted succe.t.-fully from mensured acoustic
constnts.

161. The effect of viscous losses in the material -f a "hard"
bottom should be to introduce n small amount of dwmning per unit
distpnce. The exneriiental records made over hsrd bottom at the
Potomac River Mouth do not show any effect. -hich may be defi-
nitely traced to viscous damning. It is nos~ible, however. that
edditional transmission qtudiis mny reveal such effects,
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SUMMARY

1624 The attenuation of uudt.rwater sound nrovDag.ted In
shallow water Is shown to result from the operation of two
factorer dam-ing and enreadinWg, Dam-Ding is differentiated in-
to first order drarmping, due to nbsorntion at- the bottom; and

second order dwmning, due to a number of causes such as scat-

terinr, -Asncous losses and sheqr waves in the bottom, Second

order damping is ordinarily imnortant only st the higher fre-
quencies-. CYilndrical spreading, amounting to S db per dlqtence
double, Is present in all cases of propagation between two nlane
bo-unding •rfaee.,,

163.. If the bottom is acoustically hard the attenuAstion of
low frequencies is domina$ted by cylindrical snreadingr If the
frequency is sufficiently high for many modes to be stimuleted,
the second order damning terms may combine to give a Tressure-
distance relation which Ppproximeteq on inverse nower curve.
Such a curve way be characterized by a 'ftransmisstlon exnonent"t

164. If the bottom is acoustically Aoft the nttenuation is
dominated by first order dmning,. slthough cylindricsl s-nreeding
ard second order damping are also present. if many modea are
present the data. may be renresented by a "transmission eroueat't
for a few hun;dred feet near the source,

165, At extremely low frequencies, over both nard and so•.
bottom, extraordinarily high attenuRtions may be eynected& PiA
the damning is governed orimarily by the ratio of Zhe water
depth to the wavelength,

166, If the bottom Is strongly sound Absorbent or the
water depth is great, the attenuntion is ch;1rcterized by "din'fls
spreading". tticbh amounts to 12 db ner distence donble
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VIIIATTLATkTION, A SYNTHESIS )OF THY, COMPO1"E•1T FACTORCS.

167? Underttanding of the nhyslcal factors which determine
the attenuntion of sound with distnace in the acoustic system of
the sea should make possible the exrlanation "-" the obsenred
transmission euxd the prediction of the exnected sound levels at
vpaious dietisfctes and over various types of bottom. In this
reoort the term "attenuation" in used to signify any overail
decrease in the rms sound pressure level which occurs in moving
away from the source from one position in the sy.tem to another,
The system It assumed to be in the steady stpte, In this section
only envelope or average levelo are considered, since the Inter--
ference ohenomena which may take place hrve been senarntely dis-
cuseed in Section VI0

168W In general, the observed attenuation of sound level with
increasing diatnnce from the murce rem-.Its from the Influence of
two primary factors, spreading Pnd damning.

199. brjen.Aj occurs in all cases, and ish that orrt of the
attenustion which nrises from the gQ--;etrical divergence of the
waves with increasing distance. Poherical s-reading, in which
the sound nressure varies inversely with the distance from the
source, is the type which occurs if the ruedium In infinitely
extended, Cylindricl surending. in which the oresfure varies
inversely with the square root of the distance from the source,
is the tyre which occurs in a medium enclosed by two infinite
flat rlanes. such as the sea between Rurface and bottom0 It
is obvious .that cylindricns. retindg is to be expected when
sound Is nropasated through s•hllow water over a eubst-ntially
flat bottou.,

170M kwU occurs under certsinconditions, for examnle
over soft bottoms, and renresents the "tapping off" or leakage
of wave energy from the acoustic system. It Is. as•umed through..
out this discussion thit there are no losnes due to absorption
or scattering in the water ittelf as distinct from the bounding
surfaceaq The totpl attenuation between two points in the sea
will in general be the result of cylindrical enresding between
-hem plus the demping wftch may exist.

171, Physiceally the two comnonentg of the attenuction
manifest themselves in quite different ways.
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172. The coinnonent. due to enreading, being P geometrical
divergence phenomenon, denendn merely unan the rntio of the
distances -. measured from the source - of' the two points under
eonsiderr~tion. Therefore the sound nressnre decrepses inversely
with some v-ower of this ratio, When sound pressure levels are
measured in decibels, it is often convenient to descrfl)e at-
tenuation due to spreading in terms of Ildl coer distance double".
This constant,, n-rovided that the attenuation is catrned primarily
by soroading, a-mould be indenendent of the distincee from the
soiirce. ?oro cylindrical snreadtng, the geometric ettenuation
constaM~ is 3 db per distance double; for spherical snreadizg1
it le 8 db -per distpunce double,

173. Danpiug is evidenced by a uniform percentage reduction
of the soundý energy -r-s distance irncreases, The amount of damp-
ine is independent of poaitt on in tim system, And may therefore
be conventently exoreosed in decibels_ _x ja An&ea= (e~
db per 1001) ft). Vbig Is equivalent mathematically to a 'oressuxe-
distance law haviue, the form Pt-e-kx4 vtere x In the distance
and kt is the daxmning constteat..

174. The actual attenuation in the acowý,tic nystem of the
sea resultst .4 rota a. syn-theses; of the tw'o factors4 damnping, and
sproading, The attentwtion of sound between any tvo points
lying on, a line through the souxrce may be derived from a -nree-
sure forrmulh ',,aing the usctbezuaticnl farm PD- e71k1. (Xf _"'ý2

175, This expresglon, Involving a single dnnmning f'rctor,
exoreeses the nohysicnl relationehins, for transmission in a
ningle mocde, if imany modes, Pre wresent the restultant nressure
will be the sum of a reries of pressure terms, ench hrving the
above f orm and a dist Inct4.ive daming const~'nt, one for each mode,,

176, The form of the transmission curve obtained will be
determined primarily by the exooneiatiai damning fActors e-K~~)
If the bottom is soft, Pnd by the P' oreading f actor X A-I txf the
botton' is bard. Assume for simnliloty thAt only one made is
present, Then,, if the bottom is soft, a decibel (logariutamic)
-nlot of nrenssure level verqus distance (linear) will, excent for
'tie 'Initial drop" near the marce, be substnntially a. straight
line, If the bot~tom is hard, the slope of the transmission
curve plotted as db vs dist5ance will decrease gradually with
incresviing dfttanct, "flamoeid" trnnsminsioa over soft bottom0.
with a linear decline of presnure level with distance, is 11-
lutrte b- the lover curves on Plate 2. "Guided" transmis-
Rion over hrrd bottor., with a rate of attenuation which, decreases
as distance increvees8 is illustrated by cu~rves (a) on PlAte 9.
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177?. VarTious conulwnvti';n Of da-mning and snreýAdIx, Pre
illustreted by the synthetic transmission curves tn Yipn, 9 Rnd 7.
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1?8. The ordinatas in both figures Pre nrensure levels in
db. The abscis!aýs are dintances, nlotted to a linear scale In
Feg. 6 and to a lorrrithmic scale in Fig. 7. Curves (a) and (b),
beginning at a noint 200) ft distant horisontally from the wrce.
illuRtrate attenuation due to snreadinW, alone. Curve (a), oor-
re•nonding to cylindrical rnremdi•, definer. the ideal lower limit
of attenuation in "guided' oronegation over a flat bottom. Trans-
mission over a herd bottom may ap roach this carve if losses from
scattering and other zecond order effects ere sufficiently small.
Curve (b), corre-nonding to spherical siresteig, is assumed to
start from the E1me initial level As curve (W).

V9'S. Ourves (c) and (d) ere typical exminles of the com-
bination of enreading and damning to give "dam,*d" transmission,
with sn.all and large dam.ing., reszectively. Theqe curves in-
dicate t1h upp and lower liUmits within .ttich the observed

trnusmission over soft bottoms will probably lie, at frequencies
for which the wavelength ip of the order of the voter denth or
less. Although the effects of inreading are Included In curves
(c) and (d), the transmission is domitnoted by exponential damn-
lap which causes the cxirves to anoroximate straight lines. The
slopes of these lines are the damning constants, 12 db/lO00 ft
and 40 db/lO00 ft. which correspond at these frequencies to
minimum and maximum damping resnectively. Reasonable initial
levels are a ssumed for the s tmrtinrg points of the synthetic curves.

180. The differences between "damped' nnd "guided" trans-
mispion, over soft snd hp.rd bottom respectively, rre granhi•nlly
illustrated by the synthetic curves. The superiority of the
nronagation over hprd bottom to that obtainable over soft bot-
tom is well shown. It is evident that the nature of the ohysicAl
orocenses Involved should be kent cler~rly in mind when di.cun-
sinr the decreaqe of sound nresqvre level with dipt~ace, Althoue;h
a "db per distance double" relation mpy cl;.e~y n)nroxtMiwte the
nttenu'tion to be exnected over hnrd bottom, or In other s•-ecial
enses described below, quch a rel.htton cennot rdequr-telyv re"-
resent "damned" transmi ssion (e.g. the lower curve-% of Pl!ete 2).
Similarly, Pn nttenuation exrresged Jau "db o,",r 10(O ft" may ec-

cnrrteey renrezsrit low freouency nr!ngnti'n over soft bottle :'t
coasiderable ditnnce frowr the source, slthmr-h this forru of ex-
nresqion has litt"Le )hysical Aieniflcpnce if annliO to "4.-iuded"
transmission over h:rd bottom. When wnrenainp is the dominnnt
fnctor, the rnte of ,ttvnuation T>er unit dintsnce chanreq with
distiiae f rom t he source.
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181. The difference between the two basic tres of trans-
mission is Illustrated equally well by F+g. 6 and by Fig, 7.
It would seem mosnt convenient to use a linenr distence scale in
flotting curves showing "damned" transmission, and a logarithmic
distance scale in plottine curves showing "guided" transmission.

182. It should be remembered that the synthetic curves do
not grive the Attenuations ertected At extremely low frequencies.
for utich the wnvelengthe are considerably lonper than the water
depth.

11 . jfl euq 9f Htrhzj Ba. - Mfl3;ggn1 Unnnnala.

Lo. The synthetic curve-, VPigF 6 and 7 Pre idealized.
They are strictly aolicable only if all the energy Is carried
in the lowest mode, since the observed attenuation has no com-
ponent causes other than damping and spreading. In spite of the
restrictions on their generality, the synthetic curves nrovide
a clear picture, in terms of physical proces.es, of attenumtion
in shallow water at mo(Lerately low frequencies.

184. The nrimnry dam"Inr factor is the lons of energy
from the system to the bottom. The first order damning is
comnutable from the elastic nroperties of the bottom, in terms
of the constant c-. Additional damning may result from n num.-
bar of other factors which cannot be ignored, Elthourh their
effects Pre unually of .iecondAry imrm,,rtance., The sec.'nd order
damning factors incl&ude: (a) the influence, increinninr with
frequency, of viscous losses in the bottom, (b) the ior--1 of sourA
energy to shear wavei in the material of the rictto,-. (c) the
vcattering of soaxid waves at the surface of the sea; (d) the no.-
sible scattering and irregular reflection .t tho bottoim: tit (e)
the absorntion and scrttering in the medium Itself,. FYcto- (a)
is discussed in detail in Section VI-C; fp.ctor (b) is. dircussed
in Section Vu.A and in Appendix B; and f'actorri (c), (d), xad (,a)
are considered to be 2legligible at theafequenctcs of rrilairy
concern for this analys•s, althcn.zgh tbey ma.y be very ir:nortnn
at hipher freouencies.

185, The combifed influence of the mcond order loss factors
may res=onably be simulnted by the .unzernooition of n single
demping term an the overall cylindrical qnreadinr of tjne energy-,
The sh,.pes of the curves for transmission over -:loft bottorm will
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not be altered by the effect of additional dmnming. The shapes
of the curves for hard bottom will be altered if the dwrrping
term is conmrarabVe to the Inverse pover term In the oressure
equation. The experimental curves (Plate 9 (a) ) indicate that
unreading was the dominant factor in transmission over hard bot-
tom, as far as the records were carried. It is concluded that.
under the conditions of the measurements, the second order damp-
ine was very small,

186W The actual transmission curves may differ from the
idealized synthetic curves because of the different deoay rates
of the constituent modes. It has been shown that if only one
mode is present the rate of attenuation is determined by a sin-
gle daminpg constant. At moderate freouencies, however, many
modes Are stimulated, each of which contributes to the overall

't--ansmiesiono It was shown in Section V-C that the damlng rate
increases with the order of the mode, The modes are nronngated
by alternate reflections Pt ton and bottom; moreover the number
of reflections per unit horizontal distance increases with the
order of the mode% Except for absorrtion in the water itself,
the second order lose terms all denend anon reflection. The
effect of these terms mu.tt therefore increa.e with the order of
the mode, and also with the frequency, The increase of scrt-
tering with frequency is particularly pronounced.

127. The actual transmicvion curve may be considered to be
the envelope of a group of curves, one for each mode, Mach
curve .tArts from a different initial level, and each has a
characteristic downward slope. The alonaes of these curve- In-
crease with the order of the mode because both first and second
order damping terms increase in this mannero The combination of
a number of streight lines, ench vith a different slone, may
have an overall envelope which closely eanuroximrtea an inverse
power curve, It is therefore possible for the envelo-pe trans-
mission curve, if many modes are prenent, to slo*e dow.nwrd in
accordance with any vreassigned inverse newer of the di.tr-nce,
A curve similar to (b) In Figs 6 and 7 may thus result from the
combination of several curves similar to (c) Pnd (d). In this
case the observed trnnsmission nhenomena may annear to be rep-
resented by a pressure-distance relation of the "spreading"
tyne, although actually the attenuation may be doninated by the
effects of damping.

188. The fact that an inverse nower curve may represent,
over certain ranges, the transmission of sound in many modes,
is the sole physical juntification for presenting the results



of tests in the form of "transmission exnonents". It has been
reported that the results of transmission measurements in the
aw-roaches to S9nr Frvzcisco Harbor may be characterVL-d by
inverse power curves over ranges from 500 to 2000 yards. The
results (Bibliog. 1i) were -nlotted an pressure level in db versus
the logarithm of the rnnmge In general, straight lines were
obtained, the slo-es of which determined the "transmission ex-
ponents". The latter were estimated by reading the ordinates of
the curves at tvo raee differing by a factor of 10. The dif-
ference between the two ordinates, 10 a (db), gave the trumnmts-
sion exponent, n. This exponent is associated with the atten-
uation of sound intensity. The pressure exnonent is of course
one half of the intensity exponent. The intensity exnonent for
cylindrical epraading should be 1, and for enherical Roreading.
2. In the San Francisco study, transmission e3nonents were
obtained rarging from 1.4 to 3.4, •ith a median value of 2.•.
The median vp.lue corresponds to a rpte of attenuation slightly
higher than that nssociated with spherical spreading.

189. The resu ts of the San Francisco survey may be readily
interpreted in terms of the normal modes of the system, The fre-
quency at which the measurements were made, although not stAted,
is presumed to have been in the tange '400-1000 eps, where many
modes would be stimulated. The bottom in the area stu&'sed is
marked 'hard Sand" on the hydrogre-ohic chart.

190. Inverse power attenuation with an exoonent of 2o3 could
not havy been obtained if all the sound enera had been curried
in a single mode, because the Punernosition of a single damping
term (expressing second order losses) on cylindrical enreapding,
of the sound energy cannot y.ý.eld an inverse -ower relation with
such a high exponent ar 3,3C Inverse power attenuation with this
exponent can, however, be exnlained as the requltant of many modes,
.each characterized b7 cylindrical enreading Pnd a distinct.ive
damning term.

191. If measurements had been made in this Prea at lower
frequencies, for examnle 100 cns, the median transmisaion ex-
nonent would doubtless have been considerably smaller, The
Nit data suggest tlwt the ideal transmission e"onent, unity, may
be closely aniroximated when sound is propngeted over hard bot-
tom Pt sufficiently low frequencies. Additional measurements at
the Potomac River Mouth at higher frequencies (200-1000 cps)
would obviously be desirable in order to clarify these relntion-
shins.
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192, The record at the bottom of Plate 4 for trn•smission
over a soft bottom at 400 cps is another example of nropangtion
in which the qound nressure varies inversely with a power of the
source-distance, It also satiefies the conditions that a number
of modes shall be stimulated, itad that the damning of each mode
:hall increase with the order of the mode., The envelope of this
record can be accurately fitted by an inverse nower curve. A
plot of pressure level in db versus log distance, using data
from this record, is a straight line vith a slope corresTonding
to a transmission exnonent of 2.5, This ermonent fits the data,
although it has no direct interpretation in terms of spreading
alone,.

193. Eyen at high frequencies, the -rooagation over soft
bottom is not so good as that over hard bottom, This is in-
dicated by the fa.'t that the trmnnmiseion exronent noted above
Is higher than the eoaonents found by the Snn Francisco study
for correenonding source distances (less than 1000 ft),

194. The r..robable mechanism of attenuation at moderately
high frequoncies is now clear:

a) The physical relationships involved in sound
transmission require that the Poreaing which can
occur between two infinite parallel nlanes be
cylindrical, corres.onding to a tran•mission ex-
nonent of un.%ty.

b) They also require thr't the effect of all lons
terms on the nronAgation of Pny one mode may be
renresented by a sinple dAmninir term.

c) ?•sch mode hp.s a chrrnoteristic dnn-inr constnuut,
and the rate of drtyrfrw: increases. ,ith the order of
the mode, rerardless of whether the d.nmninr is caas-
ed by bottom absorntinn or by second order effect.
such as scattering.

d) If the measured transmission curve decline-, in
accordance with a higher Inverse pooer than 1/2
(i.e. with a higher tren.arssion enponent tha-n unity),
the oresence of several modes Is indicated,

e) The combined decay of several modes at different
rates is able to produce an overall transmission re-
cord which is indistingutshable from an inverse nower
curve, the transmission exionent of which may be
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considerably hicher than unity - the ex•,ct va~lae
denendin•g unon the rela.tive d~e•,rve of stimulation
anud the relative damning rates of the various modes,.

195. The influence of the boundariesq, particula.rly of the
bottom, on the attenuation of underwater rsound may be estimated
iin terms of damp.ing end spreading, and actual levels at different
dlstances from the source way be comrnited for special cases0
This is done as follows8 The bottom in a given areels clessified
on the basis of hvdro.•rnnhic data and hydrnnhone soimdinrs as
acOUStically "soft" or "h.•rd", The sour!ngs iwovtde values of
the effective oCthe normal imoedance of the bottom0  Althoug.h
density and velocity (p. •nd o2) are interdenendent, these quan-
titles rosy be separately estimated,

196.. Demping constants (c") and phase velocities (oft) are
determined for each mode, once the density (/A), the velocity
(c. ) an the depth in haf wavelengths. ( ?y,)-are known. Nu-
merical comoutatione are facilitated by the use of charts (Plates
la-i? cinc) the origin and significance of which are discu•,ed
in Sections IV and V.

197o Comnuted values of attenuation are :hown in Table IV
for an illtustrative special cn.se.. It is assumed th, t all the
energy is carried by the first mode. The water derth is taken
to be 60 ft, the exciting frequency 100 ens, snal comn.utations
BrB made for bottoms having a wide range of acoustic nroioertie.so
Cylindrical snrendinr, is ass'wned, and the total a~ttenuation is
the sum ot' this term iusu the damping, due to absorption nt the
bottom, Secondary daming factors s•uch an scntt~erlnr are neg-
lected o

l98. The pressure level differences between ii ft from the
source and a distance equal to about three txmes the water depth
were estimated for Table IV from representative experimental data.
The procedure described on the preceding page sufficed to evaluate
the attenuations between this point, and greater distanceso If a
technique now being developed proves successful, the short range
pressure differences mayv eventutally be comnutable entirely from
theoretical considerationso The would make nossible the exact
eomnata~ticn of attenuation over wide ranges, etartinr from the
known levels at 6 ft from the £ource.
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199. The tabulatcd attenuationR are quentitntively reliable
for oronegation at the assumed frequency and water denth, and il-
lustrate what may be expected =nder related condittion. For e.'-
emnle, if the tenth 60 ft be doubled to 1-20 ft, the resuwts in the
table will be atnroximately correct for a frequency of 50 c"%e, and
all values of total attenuation from 6 ft will increase about 6 db
owing, to the spreadiz•g of the avapilable energy through a volume
twice as; great as before. If the depth be increased the central
peak on the range runs ahiuld become lets prominent, but the slopes
of the curves A4 Pny constderable dist.ance (500 to 1000 ft) should
be altered only slightly, If the,..frequency be increased without
alteration of the deoth the attenuations will be eli•htiy decreas-
ad, no shown by the su nerponed range runs on Plate 9. This effect
Is dus to the influence of the hirher modes., If both frequency
and depth be ionewhet increaged, the changes in attenuation will
be snall, Rince the rev-ltp of the various effects tend to coun-
teract each other,

200. The differoncek in attenuation caused by variations in
the aoiustic character ot the bottom are very muoX more important
than those which may be e':.oeoteK from variations in denth or fre-
quency, provided the frequency i. anoreciably higher than the
"natural frequency" for the firat mode, The ranne of attenuations
shoin in Table i7 for different tyoes of bottom ehoudd be generally
valid, uAt wtth some reeervations the vz2.lues tven in the table
should be annro-imateiy correct f or other devths and frequencies
than the 860 ft end 100 ape for which they were comnuted. The close
agreemen't between the values in Table IV and the exnerimental re-
rLIlts shown in Platen 9 and 10 is worth noting.

D. AttrnuAWtioa fl* -_ Lowt fenuencis

2'Z, The theory predicts that, If the exciting frenuency Is
aubctantiaW1i lower tivus tat for which the denth is a V,-velenth,
the dnmpn, constant for the flr-t mode over ;oft bottom will be
very Thrge and s.trongly diensndent upon frequency. This is not
true at the higher frequencies discussed in the preceding vara-
gyranhs, It is to be er.ected that rrc.;...cn4 changes will occur
in the attenuation over qoft bottom as the frequeucy is reduced,
and that Lheee effects will predominate if the free wa.velength
approacher or exceedsR tw-ice tho water depth.
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202. The exnected vwrintlen of damping for tronsmission
over soft bottom as a function of frequency may be comnuted with
the Pid of the chnrts (Plates 12-17 inc.). Cnmnuted renults, for
the acoustic conditions which extet at the Potomac River Bridpe
in summer, nre ulotted in Figare 8. The darnninj rates, in db ner
1000 ft, tIre shown for the frequency range 5f to 100 ens.
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203. The strikln feature of the nlot is the extremely
rapid tncrease in the dnmt.ing rate of each mode so the frequency
decreases below a certain value. At any given frequency, the
drmninp, r~te of the second mode is much grepter than tht of the
first mode. The damning of esch mode becomes nronounoed an the
frequency aonroaches the "natural frequency" of the particular
mode. In this case the "natural frequencies" which correftnond to
the first and second modes are 45 one sand 90 ons, reonecttvely.

204. The significauce of the curves in Fig. 8 will be an-
parent if they are coinnared with the exnerimental record& in Plete
2, At these frequencies the overall transmission ti governed nrt-
marily by the damning, rate of the first mode, although the second
mode may also be -reeent, esnecitlly nenr the source. At frequen-
cies above 100 cm,)• the firrt two modes Pre .tronr enough to gve
Xateractio l4j1*ui'7 '40 vdral dlsLanveg4  At the f requency is
lowered from 100 cps to 80 cps, the damning constant of the second
mode increases no rr'nidly that the second mode is oresent only in
the immediate vicinity of the source rt frequencles lower than
abcnt 90 one. The transmission is cerried by the first mode alone,
without excessive dewming, Ps the frequency iA lowered toward 60
cps. At frequencies lower than 60 ona (wavelength equPl to about
1 1/12 times the denth) the damping, constantn of the first mode
increase at extraordinary retes, reaching, 8n dbllOl00 ft at bO cne,
250 db/1000 ft -t 40 enq and 350 db/io t) ft at 30 cps,

0-05,. If the 'sater depth were hn-.lved, theste damniz, rateg
woould awmly to double the indicnted frequencIen, Similarly if
the wvter denth were doubled, the d.amnring wrauld be thst fcr hrdiS
the ind•e•ted frequencies. The basic v,• -rI.-o4 I of C:nurSe n;i..

ther denth nor frequency, but the ratio of wazter denth to i'rve-,
length4

?06. T'he interoction loon% on the rec•-rdn i Plita 2 !l1
luatrate tht6 dis,,n,;e4rance of the second mo•oe nw the freq::ency
decreases to 70 -Recent range rnnvi o-t tl.i tItver Br!,.re,
not remorfed ii. detail ýt tiis ttý e, confirm t he MI:.e6. h•'
dCmening rater, at freouinctees I-.er than 70 c"-.. For ex;m.nie,
EIŽ following atteAnutionM. Vtr' obuerved: 44 db!lf00 1f6? Z t 56 crt,•
83 &tb/iOCe ft at 48 ens, 210 db/'!000 ft at 4-5 ens, fnd ?..W"
db/1i000 ft pt. 32 1/2 zs Thene veluezi are !L ?--cod nrreenent
wit','-,e cvomnuted curves.,

207, It iVs ttus nredicted from theory, and conturi'med by
observation, that; fn) for a soft bottomn nf riven aeccustic nror'-
erties the fnctor which determtnes the nrron.agntlon at 1•v
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frequencies is the ratio of the water denth to the free wrve-
length of the soumd; (b) for frequencien higher then that for
which the depth is a Wvelength, the damning rate is emall rel-
ative to that at lower frequencies, and is not a nronounced func-
tion of frequency or depth; and (c) for extremely low frequencies.
below the "natural frequency" of the lowest mode, the domping rate
is extraordinarily high and In a pronounced fimction of frequency
ahd depth.

208. Over hard bottom, the transmission of extremely low
frequencies is characterized by a sharm transition at a definite
critical frequency. This frequency, as previously noted, is slight..
ly higher than thnt for which the denth is one quarter wavelength.
Above the critical frequency the damping is zero and below it the
dA...ng 4',.n. ... ... 4-...9- eA raT-r rpidity as the frequency
decrea~ses. This variation, for a typical in.tAnce of hard bottom
transmission, is illustrated by the dashed cuirve in Figure 8.

3. Atmw te " ' on flzt §A=w1 Aflsflnf kflom.

209% If the bottom is almost conmletely sound absorbent for
normally incident wv.ves, there will be no appreciable standing
wave pattern between surface-and bottom, and the normal modes will
be weakly stimulated and highly danrped. This corresponds to a
normal reflection coefficient which is almost zero and a bottom
impedance nearly equal to that of water. In this special case the
attenuation may be closely approximated by assuming a dipole source.
the actual source and its image above the surface, radiating sound
into a semi-infinite medium. The conmrutation results in a inverse
power curve chrracterized by a transmission eonament (intensity)
of 4. If the bottom is sufficiently sound absorbent an attenua-
tion of 12 db per distance double sh•uld therefore be expected.

210. At high frequencies or at great distances from the
source the interference patterns may become imperfect. In this
case the "dipole spreading" described above degenerates into
spherical spreading with an attenuation of 6 db per distance
double. Also, at large distances from the source, reflections from
the bottom at high angls of incidence may become annreciable.
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It in shown by equation (48) in Anosndtx A, that there may be
coniiderable reflection at large anrles of incidence, even if the

c of the bottom "matchen" that of the water 0

211. The valuep of attenuation in Table IV, for an aqsumed
impedance rr-tto of iuity. were comnuted in accordance with the
dipole spreading law, equation (52) in Apnendix A. Locations
have been found in the Chesapeake Bay area and at the TNhMTS acous-
tic range, near Solomons Island, where the meascured bottom tmped-
ance is very nearly equal to thst of water, and where the standing
wave system between surface and bottom is very noorly developed.
In these locations the material of the bottom, Chesapeake "blue
clay", is highly dissipative.

212. Rarnge runs in these areaq at frequencies between 38 cps
and 300 cps resulted in good experimental confirmation of the at-
tenuation nredicted by the dipole spreilding law. One of the re-
cords is illustrated in Fi.g, 9 in Section X (Anplications of Re-
sults). AddltionAl discussion of the testsq in the Chenapeake Boy
and at the TTh•TS r.,age will be reserved for a subsequent report.

213. The attenuation whIch occurs in tranrmisnion over a
strongly sound absorbent bottom awnroaches as. a limit the atten-
uation to be exoected if the bottom were renlaced by additional
water extending indefinitely downward. Tlie nropagntion of low
frequency soiuid in deep water should therefore approximate that
over a cozrroletely abiorbing bottom. I:n this soecial case the nor-
mal modes ere not imnortant, since they denend unon reflections
from the bottom.

NOTE': The integration of the general pressure equations of Ap-
pendix D. accomnlished after the renort was written (See Addenda),
makes poi32,le the computation of the resultant omund pressure at

mU point in the field of the acoustic system of the sea between
surface and bottom.

It is shown in Section VIIL-C that the methods already described
are entirely adequate for the computation of transmission curves
for s ource-distances substantially greater than the depth. The
complete pressure equations are required, however, In computations
for shorter vonrce-distances. Transmission data. including actual
pressure levels, may now be cornmated for all types of bottom and
for all source-denths and source-diqtances.
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IX. ITB)? USM OF ACO'USTIlC MEASURNI4X}VV3 AS TRANSM!ISSION CRITERIA.
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SU1flARY

Tr :,mj2migst _Critera

214. The acoustic information required for the computation
of oropagation constants may be obtained by making hydronhone
soundings beneeth a sound so•urce mounted on an exnerimental ves-
o.elo The effective dennity of the bottom and the velocity at

which sound .r transmitted tho'augh it may be obtained from such
soundings, combined with available knowledge of the general char-
acter of the bottom (mud, sand, rock, etc.).

215, It, making use of these values of density and velocity,
and the water donth in half wavelengths. the di'tribution constants
for the first and second modes may be obtained from charts (Plates
12-16 inc), and converted into damning and phase constents by means
of another chart (Plate 17). If the bottom is definitely "soft"
or "hard", the transmission may be comnuted with considerable ac-
curacy; if it is "tran,Itional", the acoustic behavior may be es-
timated by considering the influence of lower layers or strata.

216. Although aoundanze beneath the source are sufficient
to characterise the acoustic behavior of the bottom, it is de-
sirable if facilities permit, to sunnlement thete with similar
soundings made at a considerable horizontal distance from the
source. The interpretation of these soundings hi terms of the
physics of sound propngation is simnle and direct, provided that
they are made under conditions which ensure that only the first
mode is present, and that the effective angles of incidence are
large.
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1X. TI'LE U3E OF ACOUSTIC IhtS1P.iF•TAS A5TRASI¶IsSION CRITERIA.

A. lBydronhone Souiadirf. Ierneath the Source.

217. Consider an area in which the water is corn sratively
shallow and the acoustic character of the bottom Is unknown.
What acoustic measurements are required to enable a fair estimate
to be made of the low frequency sound transmission which may be
expected? An attempt to answer this question is made in this sec-
tion.

218. It has been shcvm by the foregoing analysis that the
character of the transmission can be snecified, and the propaga.-
tion constants comnuted, nrovided that the density of the bottom
material aud the velocity of sound in it are known. It ispos-
sible that the effective viscosity will al%o have to be known
in order to give a complete account of transmission over hard bot-
tom, but the experimental results indicate that a close aiproxima,-
tion may be obtained in terms of density and velocity alone.

219, The most practical acountic measurements which give the
desired information Are 1ydrophone soundings beneath a sound source
mounted on the experimental vessel. These mersurements give records
at various frequencies of the vertical diqtribution of soui4 pres-
sure level between the source and the sea bottom,

220. The method of making such soundings and their inter-
pretation in terms of the normal acoustic impedance of the bot-
tom hns been discussed in a previous report (Jibliog. 4). The
frequency range in which the vertical soundingn give the most
interpretable records is that for which the water denth is be-
tween one and four wavelengths. The source depth shoulA be a
quarter wavelength, although this is not critical, and the outout
of the source should preferably be a slmnle rather than a complex
sound "spectrum". If a comlex sound source is used, the receiv-
ing syqtem must include a sharp filter. The receiver should In-
clude a hydrophone, an amnlifier, a band pass filter, and a level
recorder. The iorocedure consists of recordinp, the sound level as
a function of time (or depth) while slowly raising.• the hydrophone
from the bottom to the surface.
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221. The analypiu of the hydrophone soundiw: recordn permits
the evaluation of the normal rcwauqtic .moedpnce of the vea bottom
in the desired, location. Th• ipealnce concept is of course entire-

ly vrlid if re-ýtrlcted to systems in .which the cound wnvee impinge
at norma.1 Incidence. On the basis of hydronhone soundings the bot-
tom may be clasnitied as. "soft", "hard", or "transitional", cor-
resnonding to three types of bottom reflection, "free-boundary",
"rigcd-boundary" and "transitIonl". Valuep of Impedsnce which
are predominantly re-Al and smaller thpn the rddistion resistance
( P c) of water correspond to "soft" bottom; values wtich are ore-
dominantly real and greater then the rodiation resistance of water
correspond to "hard" bottom, anA vrlueg tich are predominantly
Imaginory (reactive) eand of the sate ordor of magaitude as the ra-
diation resistance of water correanond to "transitional" acoustic
conditions at the bottom. Yet another condition is occasionally
encountered, in v.l'ich the bottom is strongly sound-absorbent, with
an imoedsnce nearly equwl to that of water. ?ortunately the in-
termediate conditions occur ir.frequently, end in most instances the
bottom cr be definitely clnanified from hydrophone soundings as
"soft" or "hard". If the meawured imoedance varies with frequency,
the impedance at the lowent frequency mWy usiully be taken as most
representative of the influrace of the bottom uoon sound tranemie-
Sion,

222.. The impedance determined from hydronhone soundings is
an effective value of pc (density times velocity of sound) for the
materile- of the bottam, The evpluation of transmission constants
requires that p and c be sepaorately known. The density may easily
be determined from the weight and volume of a samnle of the bot-
tom material, A bottom sample also gives a desirable cross check
on the imnedance meazurements and on the data given b y the bydro-
granhic charts, (jace the donsity is known; the velocity in the bot-
tom many be comn.uted from the measured value of /,c.

22Z. If it is unidesirable or difficult to tske samnles. the
density of the bottom may be gaes9ee within close limits from its
general character and from the impedpace data. Thus the density
of mud and clay may safely be aseumed to lie between 1.2 and 1.6;
that of sand and pravel between 1.1 and 2.2; and that of rock be-
tween 2.4 and 3.0 deoending upon the tyne. Mixtures such as sandy
mud may be a..uned to have intermediate densities. A rough rule
of this sort should be adequate for most practical cases, nlthough
an im-nedanee measurement would Five an additional indication. The
lowest density range should corresnond to imnearnce rrtios less
than unity; the intermedinte denity rmane to imnedence ratios be-
tween one and four; and the high density range to imnedance rptios
greater than four.
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224, Two def'initionsi- uf "sqoft" 'nA 1b'd bottom have been
given, one In terms of I.meds.-3ae (flibliogý. 4) and one in terms of
Velocity ratlcon (Section IV). The de-finition in terxzs. of velocity
ratios wovjd& appear to have great-r r hynleal sir-nific.ýrico than tha~t
in ternie of impednace, The-re. Is no conflict between the de.foinitions
if the bottom 1,3J~ii~l either soft or bperd. Somie confusion
may arie, owovr, If the ij'ioedance in greater than, that of water,
.and the velocity nligt1~1ess th UW that in wnter. In nrac-
tice this shrmfl 1 ca~use no dlfilicity because 8mch bottomus will be
clrssified as either strýýzgly Ab sorbertit or "transitiona1". The
acmxnstic behavior of these tyne,ý of bott-om is discugesed. in n later
fla Z'P4ZrToh.

2,25ý The vqeocity of Pound ii,, Pnd the density of, the mate-
.n.Of the bottom, and the dcnth of the water In half wrveloýngthe

a.3re nuff % .cnt to dotferrnen A Pand F through e'iquation (21). The
qutantity A Is th.Ire s-oectfic gravity of the bottom. The e~citfltion
fr-equency entereý iato the. coriunutnitioa of the depth in half wa~ve-
Leag~ths, . latt: r,n,1t1nAied by the factor gives B,

2kUpoa concu~ltntion of the charts- for, diý-tributton conl-
s6aats Of the first =nd sc nd io~fen Plte 12-16 tic), aset of
values of K 3and/c r:n be obtained, corrennonkl~ng to erich set of
vaL'u~eq of' A and B, The'e ines omvited int turn t1o the. chort which
riveni the re2.atlo;is between tMq distribution and ipronApotion con-
qtants (Plate 17) &eterm~ine the correisronfting valiies of a" and t
for the flirst and 9eeond mod~es.

227, The daxi~pnr constant Cr and the nhase conntnnt Z, for
each mode may thuo, be determined. from tbe basic physical constents,
denasity /o, , velocity c.. , and depth in half wavelengths
Sample coanuutatlons are given in Appendix RC* The phpr~e c onstant
VIs chiefly aneful far the comnutatton of interr'ctton snacines

as described in Section VI. The nhape velocity of the mode is
vizk- , and the nah;Žne viavelength I" 4

228. The dtarpinp, of the pressure wave in a distance of one
wr~velengtb. X Is givea by the exnression 6 ~~¶or 54.6 Cr db nor
wavelength. Th½s !- eý;.c.ily converted Into db pjer 1000 ftw or into
other desired units:. '-%e attcanution cnkused by geometrical1 Rnread-
Ing A-bout the source (3 d~b nor distance double) should be aidded to
the droming terni in order to obta-in the e 7-uected rate of attenuantion
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for the particul~nr mode. The finn'! co•v•Tqoite trrnsnmission curve
may also include the effects of other fnctorq discueited in
Section VIII.

229. If the bottowu is hurrd (c 2 ) cl), and the frequency it
higher hsan the critici.l frequency, it will be found that K= 0,
0- x 0, and that cylindricpl s•readinp is the only attenuation fac-
tor. At frequencies below the critical frequency for a particular
mode, that mode cnn exist only in the "hybrid" form diRcussed in
Section V-A (Three Types of Transminsson)o

230. Com-outation of the pronegation constnnte an described
above should enable the mont imoortant transmisnion phenomena to
be quantitatively Iredicted with conetderabb accurAcy in cnve the
bottom is "soft", and' u4 th fair accuracy in crse the bottom is
"herd". Fortunately, rough esttmates of density Are usually suf-
ficient to give reliable values of dariping conet~ut 0 , since
under most conditions this quantity doen not vary in a critical
way with density for a given FC

231. If the hydro)hone soundings indtcste intermediate
acoustic conditions at the bottom, the detailed •sar•tation of
tranermiision constants may be difficult, One intermediate case,
that of th• strongly sound-absorbent bottom, was discuRsed at the
end of Section VIII (Attenuation). Another intermedirte case is
that for which the mea.ured normal acoustic imned~ncc of the bot-
tom is predominantly reactive. The acoustic behavior of such a
bottom will be dominated, at least at certain frequencies, by re-
flections from an underlying layer or layers, In this case thi
transmission will vary with frequency. and "resonance" effects
will take niece at frequencies for which the "path" lengths in
the bottom to the reflecting boundary, are half wavelengtht or
multinles. thereof.

2323. Reflection% from lowfvr layerq will govern transmission
only at certain frequencies, distances, a- nd. an.les of incidence.
For exrmnle, if two modes are present in transmission over hard
bottom, one mode may seem to disappear, and to reanneer at a great-
er dietance from the source, The overall attznuation may not be
greatly affected if considerable energy is transmitted in the other
mode:

237. The records mAde a-t the River Mouth show evidence of
this type of 4selective fading", some of which may arise from non-
homogeneities of the system and some from the influence of under-
lying layers0  Altho.gh such effects may exist, they seldom dominate
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the transmis&lon. Detriled comnutation of oronsgation constants
for the layered bottom could doubtleer be mnde from the final
equations of ½aendix C (Prcme-gation Over StrntifieA Bottom).

B* j lah~ A23mW.in=~ Elt d Azins -From Sourceq.

234. Sufficient information about the bottom to ensqble its
influence on sound trensmisqion to be predicted may be obtained
from hydronbone soundings made directly beneath a ship-mounted
source, It is deýiir-ble however, *ben prr.cticable, to sunplement
these by hydrophone soundings made at a considerable horihontal
distance from the .ource. This may be done boy den-loying the re-
ceiving enunnment (battery powered) in a small boat. and lowering
and ralsing the hydrorihone with a small cnble reel.

235. The hydrophone soundint.F at a distance from the source
-permit the determination of (a) the actual -nressure level at a
distance, v-,hich may be compared with the expected level at that
distance over hard or soft bottom; and (b) the vertical distri-
bution of pressure level between surface and bottom, The acoustic
properties of the bottom mav be derived from interpretation of this
nattern. Samples of hydrophone soundings at a distance are re-
produced in Plate 11.

236. The interporetation of vertical nreesure distributions
made at considerable distance from the source is difficult if more
than one mode is renresented on the records. Since the higher
modes are damned out more rapidly w.ith increasing distance than
the first mode, the soundings over soft bottom may easily be made
at sufficient distance to ensure that the sound nresnnre distribu-
tion is due almost entirely to the first mode. Over a hard bot-
tom any mode which is excited above the critical frequency will, be
only slightly attenuated with distance. In this case the hydro-
phone soundings at a distence should be made at frequencies low
enough to ensure that only the first mode is stimulated above the
critical frequency. In All cases, it is advisable to make sound-
ings at several frequencies to obtain reuresentative nverages.

237. An analysis of the vertical distribution is given in
Appendix A, Part 5. It is shown, as might be ernected, that the
pressure pattern in the first mode should have an approximate

0011FMITM-84.-



antinode at a 1-rrd bottom, a.n4i. a node Fkt a soft bottom. The form
of the patt,•rn should corrssnond anriyticrily to a section of a
sine -curve Since k =,

Lhe wau.noe'l distribution over hoard bottom is reprgesnted by the
Stne of a resl anule, rnd the c(amped dntribution over soft bot-
t, T.h reoresented by the sine of a complex angle. Observed and
computeil potterns for tie flrat mode are illuntrated in Plate Ii,
for the soft bottom conditions at the Potomac River Bridge. The
com•utattone were made from the dietribution constiants derived
from hydrophone soundings beneath the eource, and the agreement
between theory and ezperimert ie shown to be very close. Although
s!rmilar comnutations mtry be made from the constnnte of the hard
bottom. experimental date have ahow-- thAt in this initance the
agreement will probably be leas satiofactory. The general pat-
terns of records obtained over the two tyvpee of bottom (Prlate 11)
are, hcwever, entirely div:Linct.

238. Hydro-hone eounding made Pt considerable d!sttnce
from the ,ource poosess certain advantages as exoerimental cri-
teria for the etudy of sound transmiaion. The conditionp under
which they Pre made Infelx that the effective angles of incidence
of the sound waver strilking the bottom between the source rad the
hydrophone will be large, Pnd that only the first mode will be
present at thu point of measurement. Wydroihone eouni ngs be-
neath the source are msdo under condj-:;i1,)J which ins-are normal
incidence of the so-und waves at the bottom, and a stimulation of
the E.xim-um number of modes 0  Although hydronhone soundings be-
neeth the source are sufficient to determine the acoustic con-
etaut% of the bottom, soundinpa made at a distance from the source
provide an ox-arimental meAaare of the Mressure field diitribu-
tion at a selected location on an nctual transmission oath. The
interirt.tstion of euch so•endingA in terms of the physics of gout
propaeation is therefore direct and immediate.

239, If practical, actual rae run recording" should be
made, sinc, they offer the most effective means of investigating
the conditions which govern underwater Round transmission in any
given area. A complete experimental study should include range
run recordings!, hydro-ohone soundings at a distanqe from the source,
and hydrophone soundings directly beneath the source. If test
facillties are limited, e0 t.%iA4 "me beneath the source should be
nufficient to characterize the acoustic behavior of the bottom.
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Fc-A~grjmentqi recordtrq;g shouldX be rn,-do at aieveral CrequeacteF!, anid
artlcuaarly at freq-uenoleB lower thqa 200 e-n. The Inteniretation

of the uklricR] -)hetnnnenft will In r-ýn'-re1. be n'-ost clear endI setis-
factory froma recorc½q maRde at those irecnxencias; which correETroD to
the simplest dlitribution pattternn and to the modes of lowest order.
e3Rflecially the Linqt mid second,
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X. APPLICATIONS Or TIMC RNSUL'1S.
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X,. APPLICATIONS Or T1!H .&EUTS.i

240,. The prlmary an-nication of the foregoin, analys•s is
to the internretation of rnaas2Jinments of underwater sound fields
in the acourbio gyaten of the sea between nurfnca .Pd bottom.
The tramnmision of somud in the Pea is in general strougly in,-
fluenced by the acounctic nronerties of the bottom although the
effect of the bottom is letist Imnortant if the water is deep or
if the bottom is strongly -found-.absorbent, The analysis apnlies
to all sitaatiouA in which there exi-t vertical ttanding-wave
patterns of sound prasrure0 corres-pondin. to the normal modes of
vibration of the systnm.

043, The analysis it nwolicable to the sound pressure fields
produced by effective or approximate point sources such as ship's
nropellers and a=liarios. ahlp'.s hulls in vibration, toroedoes,
Feesenden Oscillators, non-directional underwater projectors, 51d
acoustic zninesweeoine devicen (hwnmorboxes, parallel pipe!', and
kindred devices). The relatively narrow beams from standard echo
ranging projectors are of course much less. influenced by bottom
reflections

2423 Although apnlicoble to all frueqencies, the analysis
in terme of normal modes is most effective npolied to sound fields
of low aladio frequency, where the wavelemrthe are comnarable to
the physical dimensionus of the acoustic system, This is precisely
the frequency range in which othcr methods of snalysis are vir-
tually Inapplicable.

243. The measurement sad analysis of underwater sound trans-
mission, makirtg use of the principles described in this reoort,
may contribute to the solution of mtny snecific problems of in-
turest to the Navy. Such problemA arise for examnle in tests of
acoustic mninesweeping devices and other low frequency sound sources;
in the design of acoustic mines: the study of Ahip noises; the
prediction of mineeweepiner rangpe from hvdropranhic and acoustic
data; the estimation of listening raves for submarines over various
types of sea and harbor bottom, and of the effectivenesn of echo
ranging in shallow water with small wide beam nrojectors (e.g. qno
anc- VlA-I). It may also be popsible for our submarines to make
use of the acoustic properties4 of the bo'ttom in evasion tactics.

2441. In the study of shi.p noises and in the testing of acous-
tic minusweeping devices5 the acoustic properties of the range
course (water depth. velocity of sound. and density of the bottom)
will determine the rate of atteniuation of the sound level with
distence and will strongly influence the actual eoirnd levels measur-
ed at various roints in the system0
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"245. 'The mcaeured sout& level, for eannle, 8t a distance
of 1000 ft from a piven minez6csing source oneratig Pt iO0 cps
In water 55 ft deep may be as much as 30 db higher (factor of 32)
if the bottom t6 hard than if it is ntrongly eound-abqorbent.
The alfference between the level if the bottom is hbrd and the
level if the bottom is soft but a good reflector, may be about
15 db at 1000 ftc, Transmission curves are shown in Fig 9 for
three cases for which ezn3erimental data nre avallsble: (a) hard
bottom at the Potomac River Mouth, (b) soft reflecting bottom at
the Potomac liver Bridge, and (W) strongly sound-absorbent bottom
in the Chesecke Bny south of Smith Point.

1NI

246 'it Is _ __e _rmtefr htasudsuc fsf

i\\ FFIG.. 9

ficient Intennity to streep a 100-cycle mine at a distance of 1800
ft over the ha~rd bottom, would have to approach within about 400
ft to fire the iname mine over the soft bottom, and within 200 ft
to fire it over the absorbing bottom, Mnother conclusion which
may be drawn is that a given Increase, say 6 db, In the pressure
level obtaina-ble from a sound source for minsswee-otng, may Increase
the firing, range from 500 ft to. 1800 ft if over a hbard bottom, but
only from 130 ft to 200 ft if over an Absorbing bottom. The ir-
csresased rrnge obtained from a amall improvement In the equipment
is therefore much greater over hard bottom than over soft bottom.

2,47O At very low frequencies (ibe. when the depth is sub-
stantially less then a wavelength) the difference In sound level
at a given distance from the source may be very much greater than
that indicated in Fig, 9, depending upon whether the bottom it
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hard or soft. At the.ie frequencieR, conditions mpy be i.agined
for which the difference. betweei the sound level over a hard and
over a soft bottom nmy amount theoretically to more than 200 db
at a distance of 1000 ft. Under snuch conditions the sound level
from a pe•erf&L sonoro. toul4, at diqtances of the order of 200 to
W00 ft from the source, drop bein-. the wpttr noise lcvel. Recent
exnerimental resulte are consintent with this exnect2Am.o

248. The effectivenerss of a tiweeping device may depend more
'pon the seoui'ttic prop-ýrtiss of tho bottom over which it it used

than upon ito Inherent capacity for generating sound. Measurements
of the latter. ncludInr the Msound ovtnut at 6 ft ditance from
the device. are entirely inonafficient to enable the sweepIng range
to be estimated0 Acourtic mcasuremeats of the performance of a
device on a given range course will not in general represent its
performance on other courses or in other areas0 For some sound
sources, such as the parallel pies used in acoustic minesweeping,
the performance tests must be made with the devices in motion on
a range. Measeurements made on different courses may, however, be
reconciled and correlated, in accordance with the principle-s dis-
cussed in this report, by interpretation in terms of the acoustic
properties of the bottoom.

249. If measurements aye iadMs in aun area, where the bottom
is acoustically soft, the acoustic .oronertieo of the bottom, and
hence the sound tranmilision characterlsticn of the range9 will
change with the season (BCbliog. 4). The best pronAgation will
occur in summer, and the poorest in winter. The seasonal dif-
ference may be very large At moderately low frequencies. This
fact, heretofore unrecognizoe. has resulted in the reporting of
"apparent anomalies in the performance of acouctic noise-makers.

250. It should be possible to predict with reasonable ac-
curacy the effectiveness of a sweeping device in any area for
which adequate acoustic data can be obtained. In areas for which
no acoustic data. Are available, a rough esti•,ate of the sound
transmission cpn frequently be made from hydrographic information
alone. This should include the water depth and the material of
the bottom, classified for examnle as clay, snnd., h•rd, or sticky.
There appears to be a close correlation between nhysical and
acoustic "softness", and bstween physical and acoustic "hardness".
"hlSoft" bottoms are in general aseociated with fine mud or clay
devosits in snmi-ct-anant landlocked bsnins such as estunrles and
river channels, and "ha.rd" bottoms are asqociated with sands4
gravels, and other coarse denositA common alone, the sea. conast and
the continental shelves, The information on the hydrorranhic charts
is. however, frequently ircwnpiete, and in many cnsee out of date.
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251. I' the information on the charts could be eupylemented
w'ith a.cousttc da.tn, it should be poesible to make reliable esti-
mates of the underwater sound tranRmission to be expected in any
desired area. Such data, obtained from a program of hydronhone
noundings in key hprbore nnd operational waters, would have great
value for the problems of acoustic minesweeplng and of underwater
listening, Methods of making and interpreting the nounding•s Pre
described in Section IX and in Bibliog. 4.

252. If studies of ship noise, particularly At low frequencies.
are to be significant or valuable, the exact conditions under which
they are nmde must be stated and all possible information about the
acoustic properties of the range course and the test equipment
should be recorded. Correct internretation of exoerimental results
may %ometimes depend upon factorn the relevance of which is not
apparent at the time of measurement.

253 The character of measured transmission curves, for ex-
ample, may be drastically altered by the effects of harmonic fre-
queacieu which have .li)ped through the filters without being
recognized. This effect shoulft be taken into account in acoustic-
mine design by making sure that the mine cannot be ewent or fired
by higher frequency components than those for which it was designed.
This is particularly important if the transmission varies markedly
with frequency, j.;jjf harmonics my be received at much higher
level than the fundamental.

254. A few of the factors which may influence the results
of ship-noise studies or transmission tests are: the frequency or
frequency range involved in the tests. the placement of the hydro-
phone in relation to the bottom, the season of the year and tem-
perature of the water (the acoustic nroperties may chane with
season and with gas content of the mud). and the roughneso of both
water surface and bottom. The effects of roughness, although urn-
imrortant at low frequency, determine the influence of scattering
at higher frequencies.

b55. An exawnle of the difficulties which m.y arise In the
Inter-retation of transmtsion messuremente is riven by tests made
near New London. The measurement of very high "transmiasion Ads.
sei&" Pt frequtncies of nbout ?00 ens in this Prep has been reported
(Bibliog. 1i). It seem nrobable that the high att uwutions re-.
msuted from the fact that the wevelerg.ths were of the order of twice
the wnter depth, and that the first mode was therefore strongly
damped (See Fig. 8, Section VIII). The results of the measure-
meats, made in very shallow water (less then 16 ft) over soft irjttom,
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are not at all representative of the trenemisnion which would have
been obt4 ned over the same bottom in water 50 ft or more in depth.

256. Other difficulties may arise if "transmission 1e-oes"
are estimsted from point by point observations mnde clone to the
source. The deners of the polnt by noint method will be obvious
after studying the recordn reproduced in Plates 2 and 3 of this
report.

25?. For most of the ranges on which ship-noise studies have
been made, neither low frequency range runR of adequate length nor
bottom impednces data are at present available. It seems clear
from published ship-noise contours that the MIT range at Naheant
has a relatively "hard" bottom, the acoustic properties of vhich
are not uniform along the course. The Wolf Trap range seems to
have a relatively "soft" bottom, with considerRble absorption.
It would be a simnle matter to characterize these ranges by making
apiropriate acoustic measurements at several -oontn along, the courses.
a, The properties thich determine the influence of the bottom on
underwater sound transmission may be estimated either from hydro-
phone soundings, or from range runs made under controlled condi-
tions, Long runs at low frequencies are required to separate the
effects of the modes0 Such measurements should be made and inter-
preted for all the ranges emoloyet for ship noise studies.

258. In the location of new range sites, the choice of an
acoustically suitable location for ship noise or transmission
studies would be facilitated by a preliminary survey of the acous-
.tic properties of the bottom, using the methods described in this
report (Section IX, The Use of Acoustic Measurements as Transmis-
sion Criteria).

259. Underwater sound me,=surements may be influenced by
two other factors which have not always received adequate consid-
eration. These are the position of the measuring hydrophone with
reference to the bottom, and the effective depth of the sound source
beneath the water surface.

260. In order to measure representative average values of
sound pressures, hydrophones for the study of underwater sounds
should be located a substantial fraction of a wavwlength away from
the bounding surfaces (smrface and bottom). If the hydrophone is
plaJo'4at such a boundary it in necessary to correct for, or other-
wise take into account, the nosition if the hydrophone in the stand-
ing wave nmttern. This factor has been diScu-eed in detail in a
nrevious renort (Biblior:.4).



261. The effective dentlh of tbe sound source qhoald also be
considered, since it determines the relhttve degree of stimulation
of the possible modeq%, If the source denth in subject to control 0
as in acoustic minet'ieeping test-, it should be made at lenst a
quarter wavelength for the lowest emitted frequency, in order to
assure .dequaqte stimrultion of the lowent mode.

262. If the source is ship-mounted, it should be locpted
at least a que.rter wavelength from the nearest %•ressure release"
surface, At frequencies lower then about 1000 cps the usual ihip'e
hull behaves aconstically in a jmz.wner similar to the surface of
the sea. The effective normal impednnce of the hull in very low,
and the qurfsce of the hull it an approximate pressure node at
these frequencies. These considerations have been shown to be of
the utmont importance to the deqn of mounting gear for acoustic

minesuween-!a1p, eonecla.lly at the lower frequencies,

263. The ranges at which orooeller .ounds. from enemy vessels
may be heard will denend unon the pronertins of the bottom in much
the rs.e manner as did the minesweeping rpnteR discussed preiiouWly,
ExtraorJinarily long listenine ranges hAve been renorted from our
submtarine lontrols in the southwest Pacific. These were undoubtedly
made possible by "tgaidet' transmlssion over the hbrd bottom which
In prevalent in the vr'ea. Compera.tively short listening ranges
are to be exoected over "soft" or strongly abs.orbing bottoms, the
transmission over which may be strongly damned.

264, Estimates and predictions of submPrine listening ranges,
based upon tests in a given srer,,will in general be valid only
for that area, unless chpnges in the chmracter of the bottom are
prooerly allowed for. Obviously much work remains to be done be-
fore the effect of the bottom on Ionb range trangmisslon can be
reliably computed. The imnortance of this fActor, and the magni-
tude of the errors which may arise from neglecting it, Pre il-
lustrated by the resultu of the orenent analysis.

26b. The possibility that low Paudio frequencie. mny suffer
considerable distortion in transmission over hard bottom may be
deduced from the analysis of the critical phenomenan (Section V
and Section VII-3). It has been shown that under certain condi-
tions a critical frequency may exist below which the transmission
is highly damned ("hybrid" transmission) and above biich nrooaga-
tion takes place with very low attenuation ("puided" transmission).
The Aystem of the sea between surface and bottom may therefore Pet
as if it were a highb-ass acoustic filter with a definite "cut-off"
frequency. Sound wa.ves of lower frequency than that for which the
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water dentlh is-a quarter wavelength will be noorly transmitted
over hard bottom becan.e of the critical phenomenon. The demnint
of such frequencien over ýoft bottom in extraordinarily high (See
Fig0 8),, Advantage could be taken of the poor trannmission of
the extremely low freque.ncies, in the design of an acoustic mine
which would be effective br.t difficult to swse-n

266, Another tyne of distortion which may occur over both
hard and soft bottom arises from the fact that the modes travel
with different nhase velocities, This effect may be visupalized
as a tyne of dispersion, in which cate the reinltin, distortion
will be somewhat analogous to that exhibited by a loni non-loaded
telephone cable,, The distortion, which should manifest itself as
a loss of intelligibl~ity of speech or nignals, should be most
pronounced under conditions which involve transmission in a small
number of modes,

267, The avnlication of the normal mode analysis to very
high frequencies is comnAlcated by the strongly directional char-
acter of supersonic bepms9 and by the existence of additional
factors which are ruinoortant at low frequencies, These are re-
fraction due to gradients of temperature, hydrostatic pressure,
and salinity, and attenuation caused by absorption and scattering
in the water itself as Ottstinct from the bounding, surfaces, It
is not profitable to distiguish between the individual modes at
supersonic frequencie% because many Pre stimulated and adjacent
modes are close together, Since the wavelengths are short in com-
parison with the dimensions of the acoustic system, the optical
analogy of beams and rays from point sources is valid, md com-
putations baned unon the Image theory (Bibliog. 14) give reasonable
agreement with experiment.

268. Although the analysiq into individual modes is not im-
mediately hel-ful in nroblems of high frequency sond transmission,
the acoustic chnracter.zation of the sea bottom on the bases of
hydro-ohone soundings may have important aonlications. For examnle
it in possible that familiarity with the types of bottom associated
with poor nmund nropagation might be of assintance to a submarine
employing evasion tacticq. This could tpke the form of rendering
the enemy listening less effective by lhiding," above a soft or
stronply Pbnorbent bottom, or of renderin, the submarine difficult
to nick out from the background by "matching" the impedance of the
submarine to that of the bottom. Although little im known at nre-
sent about the imoedpnce of submarines, the possibility exists
that this quantity may be c:ubject to alteration by acoutrtic treat-
ment of the hull surfaceso The Impedance of the bottom in the
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areag of operation o.uld cowr~e be mevqured a~nd 'Known beforehaund,,
Te'.tR are under wny to detenuiinre the extent to which the acousqtic
classification of bottoms, 'nn-e from low frequiency hyrorohone round-
ings, are vrtid at bcix rarngtrg frequaencleF!.

:3&9 As at r~isult 3f the anpiysis given in this report the
interfe;'enace rpatte~rns; obsrved on the exj~erimentRl reoordn have
neea ero)lained quaantltattvelyv and in detail in termsn of the i~nter-
actions of the normal. moden of vibration between s-urface And bot-
tom., Recent ittemrntv, bath in thiq z-ountry and Abropd, to inter-
pret low frequenrcy t.-ranmission phentomenn ap. the result of inter-
f'erence betwee~n direct and~ surface reflected 'beamas", would ap-oear
from our anaiysi-3 to be doomed to failure., It wRps atatedl in Section
VI (interporetation atC Range le-corda) th-at, the obs.erved patterns could
not result from any possible combination of d'Arnct amd reflected
Itraysti from fixed. -point sources, The Iim~ge theivry is valid only
under s-pecial. limittng conditions, suich ns very greet water depth
or complete abgorvtion of nowid at the bottom. Under these limit-
!up, conditions the effects of bot~omi reflections on transmisfton
are negligible, andtheonormrŽ -."odes are woakly stim,-ulated &asd
highly d.--mped,, The image theory cannot be expected to give valid
sznlanations of trnnsnmission ohenomena whilch occur when bottom re-
-flections aire importent0

270, In g-excral the Inflnence of bottom reflections t!; pro-.
)iaunc,,d, and the -normal modes -?nIny a &ominin.nt role in trFIthxsAIsSion,
Al~though this wns nointed out by the MIT groun in 1941 (Dlbliog, 1o),
the importonce of the modesý at aids to interonretation does not At*-
oear to hAve been generally recog-nized0 This mlay be at-tributed0
at 1ea~t, in part, to the inadequacy of the trnanmission theory for-
imulated in terms of normal inmednnce. The Phortc-Lminns of the
theory iol Inimpedance have been dincussed. (Sections III and
VII) and remedied (Section IV), and a new analysis in terms of the
modes hns been uroseented in detail (S1ectionR IV, V# VI, and 14).
The ncu- ana-lysis gives re.antonable inter-oretat ions of the nhenomenr
which have boas observed to date0
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'-!71 Thc correlatlon,. and theoreticsal onsi~y~st of a laqrge
zaimber of transmtidion- nqei7urements. mFIwed in the Patomna River and
Che~sneake Bay erens-. warrrrts the concluionsaic wh-ichl follow.

27?2, G~ver. a isource cf audio rreouency qoxund in water, the
soujnd puree-stre level uhich may be weamsu'ed at, ani.)rec5lable dtstnnces
wil)l teefluenced In a .. o~ltae way by 4~ie bouatts'r5-et, eslpecially
by the b,)ttonx, The sea bc-:ttorri may be chnsnified by its behavior for
soand as "sof't", "hard", o'r ir~te rmedinFte. in. character. Sne c if Ical ly,
the velocity of aound tncO the danatty oZl -the bottom may be estimated
from a-coustic measurements nY~dropbone soundings and range rnsn), by.
n~ampllnr, =nd from hydrorrsmhic data,

27~3. The effect of tbi;.6 bolundaries ou sxound ipropagation from at
ship-.wonatad sn.-vrce may be determined from an anal.rsis of the normasl
modes of vibra~ion of the Peouetic system of the sea between surface
and bottom. The analyst:' 1-s piartic-abriy effective for frequencies
el' which the waveleng'-hs r-re comnarrable to the -ohysviesi dimensions
of the system. tor lots frequaenciep nnd given bottom conditions0 the
moqt iryinortenit factor g~ovcrning, the nro-aagpl-t on is tils ratio of the

ctenh o th witer to the free wAvelensib of the srinud, etie
interpretation of t~he obseerved transmissionx phenomena may be given
In terwie of thin initial atimulation,, the relstWve attenuation, azid
the phrsae -ieloeities of th*. modles. Damping arel phqise: cowctants.
mayv be dets,;rm-iiiue4 for each mode b~r mieans of Pnectal charts which
givre the oropagation and distribuxtion conetantp In terms of the
ccc,usiW~c prcnertpies of the system,. The ov7eral-l transmissiton is
given sz tlue awn of tiný teffects produced by the individual madeR.

271. "Damped" transiU~taion, whl-ch occurp, ovrer "soft'1 bottomn,
1%3 abnxyn accompanletl by ccnsiderable Pttenvationa, the amount rvzng-
tugz In nrect~ci, frotýn about 12, db/1030^j ft a"a lower limit to aibout
P40 db/.flOO fl, unde:- conditions or ttrorn; b~o"ttom ab';-orntion, The.
Attenuaztion over soft botrtoms is relatively. tnde-nendent of frequency
In the ranpe whs're the wa~velength is substpintially 1lostsa twice
the deoth. Tbe attennatior. becomes mu-ch P-reotez tihn the above
limilts and the t'ystsm beco~mes more difficult to excite as the fre--
qusnc~y lis lewered be'low thi, r'nmtural frequency"? of the, f irst mode,
At whtch t~he water denth l-, annoroxi-antoly a half wavelength. "Soft"
bottoma are freqnen~tly enicoxuntered In lnndlocked bpsins su.ch as
!riordse, es~u,-rie,, and riAver channels.
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275, "Guided" trarqNivion, which occurs over "hard" bottom
at all frequencies higher than a minti•un critical frequency, is
characterized by negligible dampning due to bottom absorption and
by an attenuation with distance ocnsed nrimarily by cylindrical
spreading from the source. The latter amounts to S db per distance
double0  "Hybrid" transmission, which occurs over hard bottom at
frequencies below the lowest critical frequency, is associated with
large and erratic dam&Ing from bottom absorption. The critical
frequency depends upon the herdness of the bottom, and is slightly
higlher than the frequency for which the water denth is equal to a
quarter wavelength. The acoustic system of the sea between the
surface mad a hard bottom thus acts as if it were a high-pass, fil-
ter, enalogous to an electromagnetic "wave guide". This type of
sound transmission is very commonly encountered, since hard bottom
nredominaten along the sea coa.ts of all the continents.

276, The measurements and anal ysis of underwater sound trans-
mission, making use of the princinles described A this z"-ort, may
contribute to the solution of sneclfic problems of NOval intcreet
arising, for example, from testa of acoustic minesweeping devices,
the deiMgn and location of acoustic mines, the study of ship noises,
the prediction of minesweeping ranges from hydrogranhic and acoustic
data, the estimation of listentng ranges for submarines, and the
effectiveness of echo ranging in shallow water.

277. Previous anslyls of underwater sound transmission in
shallow water have been inadequate to explain the results of ob-
servations. The analysis described in this report bened upon ac-
cepted phyeical principlen gives consistent, coherent, and reason-
ably comilete explanutions of the observed transmission phenomena.
It not only exalains certain amiarent anomalien of underwater sound
transmission but recolvev many discrepancies between the results
previously obtained by various laboratories.
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OV~~R MOIOU2IEOtJS DO2TM

1,femWo -Q-tQ !hte~e Sk'.lv laflijgc p 11

278, The Ta t bewqttcn1_ derivntlona arp3Ac'ieble to thle nronagaw
tio4 of ).ow.-Tros-,aricy sonndi In qhallow water are pt,.&ýnted ft thisa
sectinw., The th'.aory for t~ha &ctu4l !ncolztic s7stm conei~ting ntf
an infinite exnnaso of vater ucc-fincd between the surfleea anxd the
sea bottom, my be deriveed by e.iteniuon from the genera1l theory of
the propagatio, -ii soovnd in rectesAg.ular t~jtGa The t rsr9m5 gson
In the &ea -will -be m-odified bjy cyllindrical snreading which is notw

Vreient in the idealized. vysitom, the pine, The condlitionn under
which the analyani is vaiA&'ý and the nigrdftcrnxco0 of the theoretical
results a~re dUecransed. in *A-the: text0

279, The w~fwo equjatv'ýn for cound nPresi;Are (See for e~v-aple
Bibliog., 7) may 1w: ;;rltteiý

P80., For Y-ha det1aile' -inalyt)!ui We tnhAll eoxtqider the :rectang-~
J-1ar nine In the coordinate system ehoyn lIn Ftpg, 10, The origin
I a takce;' ' at an -1).-per ý,orncP.e. Let th~e heir-ht be h, mecaturedt along
t~he y 9xis; tbc- -A!dth w. nmeg-ured along the. z axin; and Ua" length
.0-finite In the .ii1roction ypnrallel to the x nxis0 Let It be se-
eumoid t~hat the Jt.'w "idei, nvrnalleJ. to the x-y plane, rtre rigid;
th&t týhe ton, r-euilel to thoi %--% nlrine, is; a frme aurfa~ce (-nerfeetly
reflecting); and that the bottom of the tube is boundsdboahomo-
greneotxs fllhic Infinitely extdýnded !n aý direction svcrmnY to the x-vt
ýolanie. The posl~ive direc.tMoc. :Cor y is taken do-nwArlif..
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281. The siap.eqt class of Otrsnqverse" wsves which mAy be
Drouepated down the tube will have uniform nreassnre dittribution
in the 2 direction. mnd the nress-are variations in the tube may
therefore be er.Dreseed as fmictionv of x and y only. The solution
of the wave e-quation (1) for the pressure distribution in a single
mode of the "trannwerse" claee of waves may be written, for the
nth mode,

P(n) (k X' #V')

282. The function X(r) ropresentn a progresnive wave, st-
tenuated exuonentially nn it travels down the pio" -prallel to
the X axis. A sinusoidal variation of pressure with time, which
does not limit the generality cf the erxree.;ion, in asqumed. The
angular velocity wo is equal to -tr times the frequency of the sound
source. The comnlex prop•gze.tion conitent C7+jt for the wave con-
sist, of a retl part (7 whIch determines the attentu.tion in the x
directinn, end Pn imnainary nart r which deternines the nhane velo-
city. The -'hase velocity of the mave c[t is always greater then
c. the velocity i1 free _.ace,

2f3. The function Y(y) repretents a ntanding wave syctem be-
twer.n the top and the bottom of the olpe, having a pattern of nodes
and loops given by the complex distribration con.tant K-•. The
sinh rather than the cosh form of e."resion i9 used in order to
make the jresaure reduce to zero Plt the free sutrfpce, y = 0.

284. Each mode Is renresentea by an expression of the type
ahown in equations (a), where the velues of the distribution and
nroptgation conAsnts determine the tranemission Dropertien of
the system for the -'rticular mode. The components of the dis-
tribution constant K-tL are determined for each mode by the
boundary conditions in a mAnner discu•esed later. The components
of the pronagati on constant or -t are relnated to Nc and f/ , and
through them to the boundary condition.s. The actual soiand ores-
sure at any given poiat inside the Anoe will be given by the sum-
mation of the contributions from Ail the modes, tnkirng both mAgni-
tude and phn5e into account.

285. The dincunsion will continue in terms of the solution
for a single mode. with the understanding that the behavior of the
system for different modes will differ only through the values of
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the di•,tribution and propwr•tion conAtants, Subscrihts indicating
the order of the mode are drooped, and herenfter the iubscrint 1 is
used for quantities in the first medium, inside the ripe, and the
nubscript 2 for quantities in the second medium which fills the
region y>h.

28$, The pressure dittribution in the medium enclosed by the
pipe, for a typical mode belonginr to the simle "transverse" class
of waves, in then

P, = O p 5,.. tym ýf..•,, , - ,.:,[' -

n87o To determine the manner In which K fn"dA depend upon
Or and "t , eseation (3) if substituted Into the wave equation. Wi).
This results in a relation between the constants0

Oy/h) (K'- ýaX)• fyd(r+iZ - (%)(4)

The further substitution 2 2hf, where As" is the wave-
length in free space havin" velocity C, , y1elds the form

(rtJ +) + %tK•A) * I -- O (K)

288. The relation between or-rJt and K- t given by this equa-

tion has exactly the same form, whether or not the boundary condii-
tionu are evaluated in terms of an imoedanee. Consequently the
chart reproduced in Bibliog. (10) pe, 315, giving the conformal trans-
formation between the components of the distribution constant ,K"-_.-
and those of the propaation constant r-ifls equally applicable
to the problem under discussion. By means of such a chart, or by
computa.tion from equation (&), the phase velocity and the attenua-
tion can be found for any vaue of V, once Ka and/h are known.

289. The components of the distribution consta-nt Ko-.u must
now be evp.l1uted in terms ofi the boundary conditions. Since these
will not be represented. by a normal 1-medsance, it will be necessary
to assume a pressure di-tribution in the second medium, the homo-
geneous fluid, Since the second medium extends to infinity in the
y direction there can be no reflection terms, and the distribution
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for any one mode may be reoresented by a *eneral exponential decay
term in the y direction as well asB in the x direction. The generalI
ernresstioa for the pressure distribution in th-z second medium may
therefore be written;

trt - % 's x (6)

where the primed quantitieq re-nre.ent the comnonentA of the dis-
tribution constant n-%A' And pronaration conntpnt o4-i-•in the
second medium, The sipnificance of these quantities is snimilaxr
to that of the analogous conntants in the first medium.

29.0. Substitution of enyuztion (6) into the wave equation
for the second medium revUts in a re!plion between the constants
of the 1 -.-coad medium which In of the name form as equation (5).
Thus

(r (r7)

291 A relation between the distribution and oronegation
constants of the second medium and those of the first medium may
now be obtained. In order to do this, the boundcry conditions
of continuity of pressure end of normal perticle velocity must be
applied. These are

I t -, .y: ( 8 )

292. The normal comoonent of the ýnrticle velocity is riven
in terms of the nresRure and density in each medium by the rela-
tions 4, -V at

A- (9)

Apnlyinp the second boundary condition

Sand P re. Prodensities3
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Annlyin, the first boundary condition, P1 = P2 at y li

?93q. This equation, conAdered ais a rel-tion between
-roducts of the form Lx(x)', Y (y)J-zX&) Y(y)]l, ca be [eo-,,-
rated into twot~xgxJ LXz(4a, and C(Vy)] 1  [T ::L which must
be true independently since the functions of x Pre not function,
of y and vice versa. This means, from the .hy"icsl .•tndnoint,
that the character of the pressure distribution in the y direction
is not a function of position along the tube, or of time,

294. Se-narating equation (11) into two parts we hyve

P,,, ~sinih ir~r(K-pa -= PO a ŽYk'-vi

295. Apnlication of equation (10)) for continuity of normal
-article velocity at the boundary, to enu.tion (11) gives

//b tol (K•-$4u) Cozkh Wfr-) %4 P(- 4 U&"'t' (14)

296. If equation (1SA) be divided by equation (14). a. tranucen-
dental equation i. obtain:d relting the distribution constp.nts in
the two media

K - 'st'(&
297. This equation cpn be exnressed in"a form more convenient

for computation by eliminating ,f and/44'by means of the _reviously
determined relations between the constants, in equations (5), (7),
and ('12).

298. Since*% 3 - , equation (12) may be rewritten

by combination of (16) with (7) and (5) we obtain
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299. The separrticn of the reAl and imarinary pnrts of
equation (17) provideq the reintions

2a _ 0 a

The substitution o& these equations into the square of equation
(1s) gives

AU (19)
whence

= R57- zA (2,0)
e'K'

in which

A =and

300. With the derivation of equation (20) the object of the
analysis is achieved, since a relationshlo has been obtained be-
tween the acoustic properties of the media (density and velocity
ratiots), the geometrical conditions (the denth of the water mean-
ured in half wavelengthe), and the distribution constant 9-+44
for any mode belonging to the simnlest tyne of "transverse" waves
in the firet medium.

:T1. Once the components Kand/0V of the distribution con-
stant are known from equation (o0). the attenuation and the phase
velocity of the vave, for the rarticular mode, may be obtsined by
comnutation from equation (5) or more conveniently from a chart
(Plate 17) givtng a- and It in terms of K andat . The final pres-
sure distribution may be built up by adding the contributions of
the various modes, each determined by the method outlined above.

a o~ S&rm gL - &ia&JA Copavenieflt _F R01il

,02. Although there Pre no simple an.lytic means of solving
equation (20) for K andp/in terms of A and B, it may be solved
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for A and B in termt of K and/,ao If this is done the following
expressions are obtained:

Ac ash 2 tm - coa s _ _ _ _ _ _ _ _ _ _ _ _

+K)Sjjjp2rntr 16±A-)o 217t(J 14)Z~n 2T~rK -® 2fe j(a ? 2PA 4

t- ILI ~ ~ nlP Kifl a) 5z - L(smnb agri# *~ '51 c (SI;i A? z4raý - 6, wz 74J-

These exroreasions were used in computtin, those portions of the

distribution charts which corre.snond to "darnmedO and "hybrid"
transmission, The charts ,ere olotted for convenience on a log-
arithmic scale for B and a linear scale for A. If, however, the
computed values are plotted with linear scalen for both A and B,

the curves anproach straight lines for values of B greater than

those appearing on the chsrts, This fact might be useful in ob-

taining approximate extrapolation curve-t for va.lues of B beyond

the limits of the published charts (Plates 12-16 inc).

3OS. The oortionn of the chsrts which correspond to "guided"

transmission cannot be obtained directly from eauntion (00).

They may be obtained, however, by setting equpl to Taro in

equation (15), which is then written in the form

.04, The distribution constants for the second medium, K'

,ad ' ,4mst be eliminated from this equation. If renls and imag-

inarieq Are neanrated from eaountions (5), (7), and (16) the fol-

lowing relations are obtained:

(26)
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On substitution of Hz=0 into (27) it wny be seen that 0- must
equal zero, since ? and t are always greater than zero. If ar is
zero, the traveliag wrnve will be proTag.ted without dnmuing, and
the trnnsmission will be of the "guided" tyve.

305. In all but the limiting csse, K' must be nositive and
finite, since it determines the rate of decay of energy with in-
creasIng, distance into the bottom. Nepetive values of K' would
correspond to an increase in energy with incrs'asing distance down-
ward. Since this is physically Impossible /•' must be alwsys nosi-
tive. Equation (27) requires that, if K equals zero, the product

$z1'K' must also equa.i zero. Since K' if known to be finite. ,t'

must equal zero and equation (M) therefore reduce. to

P n-A t-944/
ThiR equation c.n be satisfied only by values of/t between certain

limits

/.A -Kn -Ufoca>oJ1 n =l. P, . . (2a)

Thus,= 1/2 to 1, 1 1/2 to 2, etc. Only values offlavitbin the

allowed limits may be used for computinr points for those portions
of the cherts which renresent "guided4 transmission.

.306. The actual exuressions used for comnuting, the curves
on Plates 13 and 14 are'obtained by setting K 0 in the tran-
scendental equation, (a0). Thus

43 -j &-(29)
or tnTU\q 7 -FY2

where the allowed values ofya. --re those given by (28) above.

307. Each range of values of/A is limited by a critical
value, 1/2, 1 1/2, 2 1/2, etc. at which the constant/C curve degen-

erates into a straight line parallel to the A axis and having the
abscissa B = -1A . Each of these lines defines the critical fre-
quency for a mode. Since the lines Are ptwrallel to the A axis,
the critical frequency must be independent of the density ratio,
and denendent only unon the water denth and the velocity ratio.
The critical frequency for the n th mode may be obtained from the
definition of B, equation (a1).
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M8•8 The critical va.luesq of/ areA n: '1/3 (an -1) and the

correg-onding criticPi frequýncies Are

fn C/ (2.V? -/ 
(si)

4 h [I (C/rxJZJVZ

If 02 is apnreciably greaoter thmn ct1he eynrension E /_ t]Y

is nearly eqval to unity5 and the critical frequency for the first

mode will hFve a value slightly higher than that for which the

depth is a quArter wavelength.

309. Forms of equations (22) and (23) which are valid for

com-utationo in the limiting cpse when ff-0 0 are

A (/ .._- Cos ' .z,,lJ..)(32

K -0 ( oSIn; zi -- ) i 22)

In the limiting case when/*-•*O . theste become

fs.'n h a 2Il 2rP -I

3,Relationls Betwee the flolfltg~.

-110. Thn xsenktsa bet-wee IMn 32rOoaiwion Md the 4i2&rtbu-
IL% gnla l £ . In riven bv enuation (5) in A-pnend~ix A, rwrt one.

This relation is shown gr-aihically in Plante 17 for a considerable

range of values. 'ratranolation to values not given on the chart
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should be facilitated by using the following forms of equation (5).

1•,1. Separating resle and tminrinpries in equation (5) we hner

'2

(36)

Let = L•I - (,37

and S 4i)(A p (#78)

,312, E'mnZ !ytIne these abbreviations it may be shown that
equations (S6) yield the relations

6' -f-a-cr2-(t 'S? 0 (39)

t, s 0 (40)

from which

d" -- -fl o7tt %*4 R }Ya(41)

t=*{~rO*/J7Jr4/9j rz(42)
In the speciel case for which C"<<t, equationq (M6) reduce to

=L6NY (43)

fl TS-(44)

S13. The jq~ no of the -nhiae veiOjlo-ý of _ moe a
s rtic freauenl exhibits an interesting relation.

3114. The phase velocity of the a th mode has teen defined,
in Dpraprr.h 61, Section IV, as

V c/a C (46)

-109-
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The quantity tw may be expresned, from erquntion (36), as

/-1- (46)

which in vnilA if K( and ra-re gpro0 By definition t22~ 4i167L
At the criticl frequency equa.tion (45) may be rewritten0 with
V. expressed in terms of/Q and f through enuations (28) and (31).
The reqult of these aubstitutions iR

2.)- CCIO
315. This formula shows thst for anv mode at its critical

frequency, the phase velocity of the "guided" wAves' become% equil
to the free snace wave velocity in the bottom.

316. ZM £flSj treflegJon "a LX . =e 2bo&&9E cherscters

1zed by density and velocity ratios is:

AC. coG%

KC- gi o (48)

317. The reflection law for the same sea bottom, character-
ized by a normal acoustic impedance, Z. is

K = , c" 9o1e (49)

K - ý j49

Snell's law for sound refraction is

,Z $ = (/- (4/Vc )%,~Z 0  (?1)
The condition under which the im-edance Z tn independent of the
angle of incidence it

(C)l C > >-s;o-
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!l8 The Tnressure nt V Dgjjan x, X ,0 YO " & nan flU Il
9f-n ou-s-t- 9j (source and its virtual ifage above the sur-
frce) may be written

Rbv Cos re -~ co[tr.~Y 052)

where r - (Y --e)

X is the horizontal di•tance from the source,

d is the source depth.

y is the receiver depth.

4. &A1Xgl 9_f. k&nQ f*rauantign jg Terit 9_f N~gDJX Ela jMl.j

319. In the text, Section VII-B, the "guided" wave associated
with any one mode of the acoustic system was interpreted as the
synthesis of two -sets of elementary plane waves. The derivations
which justify this inter,•retation are nrenented in this portion of
Appendix A. It will be shown that the critical frequency of a mode
in "guided" transmission corresponds to thAt frequency for which
the elementnry plane waves are incident at the bottom at the criti-
cal angle for total internal reflection. The latter ts given by
Snell's law, equation (50).

320. For "guided" transmission,/A and " era both zero, and
the expression for the sound nressure in the n th mode (equation 3)
takes the form

=' (53)

This may be written

where S (M4

where
- VAA and Ie Ct~
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,21, FNquation (54) may be rearrsmged as follows

X= *-fi)xy- ej dt) -&JCX-fly-0 (55)

The form of this expression shows that the pressure field for
each mode may be considered to result from the combinstion of two
sets of plane waves reflected alternately at the surface and the
bottom, and making, an angle e with the normal to the boundaries,
For the angle

tbn S inl t9r r~
,--ý ---t2 z(56)

The positive sign corresnonds to one set of waves and the negative
sign to the other set,

322, Equation (56) above may be expressed in terms of the
constants of the system. 011c2 and h, as follows: Equation (46)
becomes, at the critical frequency of any mode

2- 2.
z -924V1E

from the definitions of m and 1:La.®az= (4_ -
Thus at the critical angle Sc

•--! / - -wvc

Inserting values of WOc and/up from equations (28) and (31) the
above expression may be reduced to

S(60)

Thin is Just the critical angle for total internal reflection of
plane waves, in accordance Aith Snell t s law of refraction.
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2 -° The form of the prees'.re diztribution between surface
and bo .tome whict. corresnonds to a given mode in the P.couqtic.
system, han been 1,iven Lu equa-tion (z). Writing only the term
which given the vartation of eovnr pressure with deoth, yb We
hive

P lslri (61)

324, Equation (61) may be expanded into the form

L SivhoKir csW)-i~c~~kr~~ (62)

The rms nound pressure meanured b2s the hvdroohone is pro-oortional
to the nquxre root of the Oum of the squrres of the repl and 3.m3

aginary parts of equation (68). Thun

Thin mwy be simllfied to the form

jVi KJ OS-t4Icosf'zV-< ca(ItjY_2 (64.)

ApAplyng the half-angle formulae, thi;i reduce:- to

S25, This aioression gives the verticpl distribution of
nound pressure corresdp.xding, to any given mode, in terms of the
distribution constants for that mode. In general the measured
pressure distribution will be a summation of the presesres due to
each mode nresent0  This will be &dfftcult to ±nternrct "r'cae

the conditions of meanurement are nuch that only the first mode
contribute apprecialbly to the pattern. rxperimental curveq made
under these conditions are illustrated byv Plate 11, and are dis-
cussed in Section IX of the text.

326. Measured and computed distributions for a .necifit case
are shown in the lower half of Plate 11. The distribution cnnstants
for this case were obtained from hydroohone eoundtngg beneath the
ship. The agreement between measured Pnd computed curves is very
close.
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3X7a For the case of '.ren -i.iq Ion over bard bottom at fre-
quenciee higher than the critical freauency, is zero, and equa-
tion (64) reduces to

JPI hV (6

This shown that the vertical Pound presnure distrIbutions over
hard bottom, for frenaencieg above the critical frequency, should
be sections of undmaned nine weves, The experimental resultf
confirm this,
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AUPPISnM1X B

PROPAGATION OVER AN LSTIC BOTTOM.



APPFlmI X B,

PROPAGATION O1hR AN flASTIO BOTTOM°

,528. The sLiplast Approach to the problem of underwater
sound propagation over an elastic bottom, tking, into account the
influence of shear waves in the bottom0 is through the computation
of the plane wave reflection law which applies to this case. The
bearing of the reflection laws on sound transmission io discussed
in Section VII of the terxt

329S The pressure coefficient of reflection - the ratio of
reflected to incident pressure amplitude, - may be computed as a
function of the anrle of incidence for nlano waves incident from
vater on the boundary of an elastic medium0  This mey be accom-
pliehed conveniently by ueing an analysis of the general boundary
conditions for the reflection and refraction of elastic waves nub-
lithed by C.G. Knott r.ay years ago (Bibliog. 26)o A summary of
this caialysis iv given in 0flxnloration Geonhysics", by J-Jc Jakoskyo

330O The specisl case which is relevant to the underwater
sound problem is that in which F, comprassional wave, originating
in the fluid, is inciNent at the interface of a fluid and an elastic
solid. In gen3ral, the energy of the incident wave will be dis-
tributed among three new wnven, a reflected comipreeuional wave in
the water, a refracted com-nressionAl wave ifn the solid, and a re-
fracted shear wave in the solid. There is no reflected shear wave.

331. The formules given by Knott ut1.lzie the following eb-
'breviations:

C - Cotangent of angle of incpidence of compressional
wave in the first medium (the water).

o• •-• Cot..gct of ,le ^•of refraction of comnreelo.al
wave in the second medium (the bottom).

"- Ootpngent of angle of refraction of shear wave in
the second medium.

U1 - l-odulus of rigidity of the second medium.

fiio ' - Density of the first and recond medium, respectively.
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A - 2,erg-y. factor of the incident compreanional waTe0

A, - Rnergy factor of the reflected compressionpl wave.

A' - Energy factor" of the refracted compreesional wave.

B4 - Fbaergy factor of the refractcd shear vaVe0

332. The reometric relations at the interface are indicated
on Fig. I, in which Otis the aagle of incidence, &2 othe angle of
refraction for the compresmional waveanA, othe angle of refraction
for the shear wave.

AtA

77--11 1/ /

3 ~F!g9 1
37S. The angles made by the rays with the normel to the

boundpry are rempted by the equation which expramnes Snell's lewl

Sin E,: sin G9,: sin = VI : V2 : v2

where the angles ,,sre shown in fig, II, V and V, Pre the velocities
in the first ana in the 'econd medl.m, rlsnectively. ad v is the
valocity of sheAr waveg in the second medium.

34.4, The enaergy equation rttrltes that:

cn/AZ cA A (67)
-A cpA, - '"A + ell
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X1550 The boundary conditions require that the sum of the
componentR of the disilacement on both sides of the boundary must
be the same aiLd thnt the r';m of -tbe norvinl nad the ti'ngential com-
nonentn of etress must be the sameo The satlafaction of the boml'-
dary conditions leads to threA equationsa

TZ/r A A(

9*&3 (70)

336. By making use of theee three equatinns, together with
S:'Ills law Pnd the energy equation, it in possible to coranute the
ratioe of the energy factors A/A' /A' , -•f a B'/A'. whch
correspond to assigned values of dens ty and velocity ration for
the two mediao The pressure reflection coefficient discussed in
the text (Section VII) Is A1/Ao At certain angles of incidence
some of the energy factors are imaginary or complex. In these
cases the aboolute megnitudee alone are considered.

30.o Comwutations have been made for various angles of Inci-
dence, for tbe following assumed ratios of density and velocity:

(a) V, : V2 :v 2  2 2: 3 : 2 miad ld/p: 2

Wb V, V2 :2 2:% 3: 2 , nndP'O:

%Cc) V fa v 2 ? :3 andf/:

The results of the comrutptioas are shown in Table V:

(see Table V on nage 119.)
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TABLE V.

P•EOTAGE )MZGY DISTRIBUTI!ON BMT7WEEN RkEFLCTED,
RFJRJFRATED, AND SHEAR WAVES. ELASTIC BOTTOM, C3

CDC CI j (V P

eol ep 0

00 25.0 75,0 0.0 4,0 96;,0 0o0 25.0 75.0 0.0

I0o 1588' 2A.42 69,9 6.1 ,.6 88.8 7.6 n4.1 73 ,1 '0

00° :30052* 21.9 54.8 23.4 2,5 68,4 29.0 22.6 69.6 8.0

no 480 5 18o2 32, 49.6 1.2 39.2 60.0 A1.0 61.6 17,0

-400 74 51 14.1 10.0 77°2 0.2 11.6 88°0 19.8 3466 46.0

410 79 0
4 5 1 15.1 9.7 77.4 - - - - - -

A 41.75 900 100 0 0 100 0 0 100 0 0

600 61.8 V .18,4 42.8 .572 91.6 8.4

C0 d1 C 53.0 M.1 • g 66.9 81.5 • 18.5
70" 248 75.2 27.0 vp .0 73.4 2

80P 46.8 53.2 64.3 ol 35.7 87866 12.4

900oo 10 0 100 0 100 0

case (a) case (b) case (C)

* Critical angle
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APPF2(IX 0.

PROPGATION OVa A STRATIFID BOTTOM.

CO' jlDEnfT1A -120.



AP P RNDIX C.

PROPAGATION OVKR A STPATIFIF BOTTOM.

338. Although most cases of low frequency sound propipgatio
in shallow water are adequately detscribed by the theory derived in
Appendix A for a simple bottom, the derivations may readily be ex-
tended to include the more general case of a stratified bottom.
In these derivations the effects of reflection from a stratum be-
low the actual bottom are taken into 'account by treating an acous-
tic system which comprises three media. The three media are the
water, a single layer of bomogeneous fluid of siecified density
and velocity of sound, and an underlying fluid of different den-
sity and velocity of souad. The underlying fluid extends indef-
initely downward.

S339. The form of the solution in terms of the normal modes
of the two upper layers is animlhr to thlvt derived for the simple
bottom, Althogh it is more complicated algebraically because of
the additional parameters. The derivation is carried out for a
typical mode of the "'transverse" class of waves trsns-.itted through
a rectangular tube.

340. Consider, for the analysis, the pipe system shown in
Fig, 12. This includes the water; the intermediate bottom layer,
and the underlying bottom material extendlng, to infinity. Let
the water depth be h1 , and the thickness of the bottom layer be
h2 o ,The thlcknens*es are measured along the y axis with positive
y being taken dounwardo The length of the tube system is consid-
ered infinite in the x direction,

_________________A WA4T~h

/ -/

FIG. i



341, For the gimnleont clans of "transverse" w.ves, the pres-
sure dttribrutlone in the water, the bottom laver, and the under-
lying structure, will have the following forms:

The disqtribution constants K and/s b and the prooagn•tion constants
ý and t have the neRntng given (n A7pendir A,

342. Substituttng, the.te relations into the wave equation
yields• the following, relat£ions between the dic~tribution and prop-

gkation constants 0 +1 = C-(ye
h C

w•hore

343o The general •bondt•ry conditionso o e a.npied are those
o3 continuity of presmare and of psrticle veiocity tt the bqouaarei,

cr -t-. (74

I _ /IS. /(76)
(C * M V' -+ (v
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344. Apnlying the first boundary condition, continuit• Lf
fri.tppXe, to the wa.nr- jo iok9.!z_ there results

~b %w4 FrH~jx J$CGt - 4' (ý/ r )49XJP., 'Sih I rk(,,-;ý,).. J S

P, Pf/ ,r~" SmK 2 [JIT *~n *~ - (4/ (78)

This expression must be an identity Independent of time and dis-
tance along the tube, For this to be true the following relations
muet hold

- ~ ~ 6~. (9)C C-a_

P.,ca LN'tK -iyd~ si f (%(t4-I4Q J (so)

Ap-olying the second boundaryI condition, goutiMn._tv 2f 2Qsr•tj

vgelit, to the w -lbt• kudarv, there results

345, Cg nt of -oressure at the lve. surfe_ of the bs&-
j g ever, yields the relation

Agpin, this ejpression must be an itentity Indenendent of time
end distance along the tube system. From this the following re-

latioDs are obtained.

-3- (83)
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Žuztnu..91 nnt) k je lQ velogi ttze _ fpaa of the fli-
jp lj gives the exrression

343, Dividirg (s0) by (81) there regwitg the tr.nioeendental
equ.t Ion

K,. - I L L . f l - s A L•

Dividingp (S4) by (85) results in

p~~atL 1 g~Jjf+ (8'?)

Combining (79) ,antI (83)

- cvia- (88)

34-7. FrmO (74), (7M), (76), end (08)

rrfra tti.) fl.



From (86). let

(90)

/ - .,t• ••C (h -•

o90 9A (t1)

From (87). let

Combi.n.ing (91) and (193). there results

I - V'rainh U( )Qa)mu1 h f-T rKcA04
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M48. Substituting for U and V yields the finpl transcendental
equr t ions,

gA l ',&-4( . . . .. - r" hz
jkj6-j,1A_ j -ajjh fri(Xo t)hhntQr~)(K%-zýtj -

~~~I4 fr'-")t

A 2-

.349. Because of tho additional parrmeters Introduced, this
expression is much more comnlicnted thim that obtnined for the
simnler conditions of Apnandix A. For thi..reason it is not pose.-
sible to plot the general results on a single series of charts
such as those plotted in Plates 12-!6, Charts could be computed,
although with difficulty, for snecific special conditions., for
exam-le a definite assum6d thickneis of intermediate lanyer.
Some eimplification of the expression results if attention Is
confined to tran.mission over hard bottom Above the critical fre-
quency. Detailed computations for these caree have not been made.
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APP24i)IX D.

C•;N2. T.1NORM.J. NOtF THEORY FOR A POINT-
SOURCM BVtTAE2 INFINITE PIATFJS.

350. The puroose of this a-nendix is to derive directly the
nronagation relations for the renerpl caqe of A noint source of
sound located between two piprallel planes, the surfnoe Pnd the
bottom. In Aipendix A the 'oronagatton of sound in rhsllow water
was dertved by extension from the theory for trnnsmi%8ion In a
rectanjpular pipe. The artifice of the nine is convenient because
it permits complete solutions to be obtnined0  It ir not entirely
peneral, however, The treatment in this anpendizt in general, l-
tho•.gh the results are expressed in the form of integral3 which
have not yet been evaluated0

1 0 The most relevant result of the der-
ivations, the equntion which e--orerneq the influence of the bound-
aries on the field digtribut-ion, will be found to be IdentIcal
with that derived under the stmpler asunmntionq of Annendix A.
The generality of thies equ•ation i; thus rreqtly enhanced0

3'51. The wa.ve equation for a region in which there is a
sound source is

- (96)

where q is the source fumctlon and p is the pressure.

.52,. The region considered is defined by two infinite par-
allel planes distpnt h from each other0 as in Fig. IS. The awace
between the two ulaves is assumed to be filled vith vater. The
upper bounda.ry in taken to be a free surface, The lower olane is
taken to be the boundpry of a homogeneous fluid Infinitely extended
iii a directton normal to. the bandtary. Cylindrical coordinates are
eorloyed. and the origin is taken at the surface on a vertical line
passing th.ouigh the source, The location of any noint In the sys-
tem Is described in terms of its distance from the snrface (e), ites
distance rpdially from the origin (r), and Its wmlmuth angle (e)
from any given reference radial lline

f7'\\\I r ' 2 P \ r

10. The integrals were evslu.ted Pfter the text w.s written.
See AMdendp.



353. The theory of partial differential equationn shown that
the entire .ohution of equatlon (96) for the steady Atste mpy be
obta.Ined by rulv.ng the eonuAtiA with the rirht hanrd side equal to
zero. and by expanding the eaxrens.on on the right hand aide in
terms of the chracteristic functions(normal modes) thuw obtained,

354. Since the treatment is concerned only with the siteady
state qofation of (96) for a sinusoidal source ( a complex source
may be analyrod into a .meries of sinusoldal sources If the system
iR linear). p and q may be defined as follows

p = P( r,Ve) a (97)

cI -f/I Ir~ aNPQ ,.. , ,.,,

The equation (96) now becomes

(v2-. ) 9Pqe(Ye 4C)(p Q rO (98)

355, ?or any system the solution in cylindrical coordinates
of (98) with the right-hand side equal to 7ero io

This equation describes the pressure at any noint (.,re) in the
region, in terms of cwnmations, in which the values of the terms
are determined by the separation parameters 4 * , and Yep
These parameters correspoud physically to complex distribution
constants, whoes vales d.epend tmnon the boundary conditions. If
the pressure At any point in a tiven acoustic system is defined
by the surmation of the pressures at that point due to a number of
normal modes, than each term of the mvmation (99) amy be consid-
ered to represent one of the normal modes of the system. It follows
that the pro e at a- poi~nt due to the nth mode will be given
by an expression of the form
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156, The admi.sible vp/ueA of the comnlex dintrUbution con-
Rtant-i 4', , 4 , Y9 ae det.rL-ined by the boimdary conditions ira-
posed by the ohysicPl constantg and by the peometrical confifura-
tion of the system, naniely;

(a) The system In seytetrical about the origin.
P will therefore by independent of e .

(b) The upper bo-nidary i considered to be an in.-
finItc, nlane, free sirface P is therefore equal
to zero at all pointi on the unper boundary,

(c) The lower boundery its taken to be the nlane
upper tirfaee of en infinitely extended homogeneous
fluid. The bottom is. considered parallel to, a.nd
at a diqtance h from the unper surface0  The con-
ditions wbich must be satinfied Pt the lower boun-
dary are Vhoge of continuity of pressure PMd of
normal vprtýjcle velocity.

35?7 'These bounr2ary curiitionY inuone four restrictions on
the dlitri-bution con.tants:

(a) Condition (a) requires that 0 - C, since the system
is syimmetrical about the origin.

(b) Condition (b) requires that 0 0, sInce the nresure
must reduce to zero at the surface.

(c) The third condition glves rise to a trnnscendentel
equation relating the di,tribution constant Y and the
T hyuical conntantn of the bottom. The rooto3 of this
equation ,ill give the allowed valuee of M, The de-
rivation of the expre.sion will be given In a later
Gection.

(d) Since the dimen.ion in the M direction is finite.
discrete val.ue¶ of the distribution constAnt YY are
obtained, corresnonding to the allowed configurations
of the nres •Tre field in the I direction. Since the
medium is infinite in the r direction, there are no
discrete values, of 'r . The valuer. of Yr therefore
form a "1continuous" ,nectrum.
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358o Consider now the form of equatton (99) when the above
restrictions hbva been placed upon it. We have

P A (C , nrS4t S0 (1'r i'

Since equatior. (99) is the most general solution for the pressure
at any point in the field, obtained without specifying boundary
conditions, equation (102) must be the most general solution for
the pressure under the astumed boumdary conditions. Since the
values of the diRtribution constants •3 form a discrete enectrnm,
knd the vrlues of 4. i'orm a "continuous" spectrum, the most gen-
eral solution muist contnin an infinite summation of terms involv-
ing , and an integral over the rrn•re of po-nible values of •.

Equation (102) may therefore be written

P(~r) =1 0 s04i 1 (~ ~l ( 13

Ya

where the function F. GO is to be determined, Since this expree-
sion qati.•fiez the above requirements, it must be the most general
form of the solution,

359. The chnracteriatlc functions ot the above expression
are now used to obtain an expansion for the source function.

= Zs,<~9fGk,(t)) -r-) d(k) (104)
'e

where G (•) Is to be determ.ined. Multiply both sides; of this
equation by 4,'h W

Q ((0Zf)
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3•60. A rLnthe.nettcaI device, similar to that used to obtain
Fourior saeries expRaotons, will now be em-loyed. The device conD
siest of the assumption of orthogonelity for terms of the tyne

M X) .Stn(nx)

The condition for orthogonality which must be satisfied is

' f .e

J S/Y7(n r /(.n X) c/X -0 ton. a/ YV M
-0 -Žjo for 8Kf 0?

Assuming orthogonality of the terms s in and
integrating over x from 0 to h, and noting that all terms of the
suanation vnmish exceit those for m : n. the following, expression
is obtained!

A" ctx ft 2(4)dyf~ r gs

Let

(r)f~3 1 r) 'Sr.t9 dYL2 In.) y (10_?

Equation (106) then becomes

CO

H4(r)c G~#~'-Jt (108)
0
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361. The function n (%i) may now be obttined by aDyolylng
the Fouriaer1Be9sel theorem (Bibliog. 9, n 385, ex 44)X This
theorem gives a transformation which allows solution for an un-
known function 3ccurring inside en Integral. Thus if f(r) and
g(t) are two functions, the theorem staten thet

f ro) ft (t) &tx)dt
C

Xt JA x) (t X) dt

Letting f(Y) = BH% 1/, t V(t) -Z G Y_ r t ( 0()
may now be obtained in the formi C.

Gn;V C .-'4 (10q)

362. For any given source Q(yr). Hn(r) may be evalv-.ted by
means of (107) and then substituyedintu (109) to calculate Gn(i').
For the special case of a point source, there results

over the range )

and Q0r) 0 at all other points (I10)

/o : nource denth.

From equation (107)

la =
%IJ A hVj4t) - ":t



where

=f n[-# sin('4) (12

Placing this value of Hl(r) into equatton (109) result in the fol-

low tng expression for on(in--l).

X,

ft"c o (ar)Z- 27/c K1€,.(1

Z63o This expression may be substituted into equation (104)
to obtain an ezliolt expansion for the source function,

sin z 1- a n(ýý (114)

',64. Continuing. with the &evelo'ment of the solution, return
to equation (103). where Yn (%-) is to be determined. Substitute
equations (104) and (103) into the wave equation (96).

cc .cc

F- ~~ -sn-6
i•t., YE,= (4 ) G- , ® 4Yr d( -)
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To make this Xovre.sioh an iffe-,tity, n F, munt have the follow-

S- -(1116)

365, The final solution for the oressure then becomes

~'4

This exrression gives the pressure at any poiht in the system as
the summationAthe pressurez due to all the modes of the system,
The integration over the distribution constant (4) may be taken
for real values only, with no loss of generality, For the firnjt
mode the expression has the form

•-'CPZ f~ siozr 9 &b4t)(a)

366, The definite inteirnl in the expre.fsdon has not been
-'Valuated?' but it is no.•sible to deduce some important pronerties
of the qvlution by inspDection Thec.e v7_1 be dtt•cussed, following,
the derivation of an equation which giveas the admissible values
of the distribution constant, (c).

367, The solutioa given by equation (117) for the oressure
field at nyv point In the system denends upon the boundary con-
ditions at the bottom0 which, in turn, determine the values of the

11, See Addenda,
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distribution constant (f). The formulation of 'the boundary con-
ditions therefore determtnes the nture of the complete solution.

368. Consider the uth term of the series renresented by the
equation for the pressure at any point in the system (iiv). This
torm represents the press•rae due to the nth mode of the system.
It may be rewritten more simply in the form

The boundary conditions of continuity of pressure and normal par-

ticle velocity give rise to the following e"oressions

at

U (120)

, -o -" ,,o -

As in Appendi A, the pressure distribution in the second-medium,
the bottom, muqt be known, The requirements that the Treisure
must decrease with increasing downward distance from the boundary,
and that the pressure must be continuous at the boundary at all
point - in the system, neces.itate the following form for the sound
pressure distribution in the bottom:

"-Cr C (141)

-.136.



369. Applying the Ltr ld aondZ• gu, continuity of
nrewRure. yields

%•,, ,• •, :¢ = C, - .oi-aa)"''

Since this must be true independent of the distance from the origin,
the following relations Pre obtained

S= K (12)
C, Ck

- g4 =n (124)

c, sI44t' 0 = c4, fit) -z)

370. The jignA k9 4s %nndjflsa requires that

IX~f Ccw~~ 1 (126)

dividing (125) by (.26) gives the equation

t-• O (12')



371. Additional relations are obtained by setting the expres-
sions for the distributiozs in the two media into the wave equation
(96). wit1 the right-hand side equal to zero, In cylindrical co-
ordinates the wave equation h~s the form

-. 1) (+8)

Substituting the expression for the distribution in the first medi-
um (equation (118)) into the wave equation results in

Ct dft ) 1gttJ> (1.a9)

From this arises the relation

2- - = (•O
QCy yl (130)

Substituting the expression (equation (121)) for the 'ressure in
the second medium into the wave equation a slnilar relation is ob-
tained

C)- - 0 (f-t
Inr

Combining equations (1f23), (130). and (i1i) results in

(N.B. This relation also arises from the combination of (123)
and (12A4). because of tie conditionR which were linrosed in obtain,-
ing the final pressure expression,)
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372M Nov let 1

Equation (127) reduces to

L et A: l where - 13A)

Zquation (1,M) reduces to

373. This equa-tion is identical with equation (20) in Appti-
di A. Since equation (135) was derived on much more general as-
sumptions thrn equation (20), the validity 6f the relatively sim-
ple trentment in Appendix A is considerably enhanced. An addition-
).1 result is thbt the solutions of equation (20), computed amd

plotted In charte (Plates 1Z-16), are annlicable to the general
Analysis of Apnendix D as well as t o the special analysin of Am-
pendix A. It may be shown that the same equation iR valid also
for the conditions assumed in Appendix C (Propegation Over A Stra-
tified Bottom).

'374. An equation in integral form (equation (117)) has been
-obtained for the pressure at any point in the acoustic system, and
also a relation (equntion (175)) which expresses the influence of
the boundaries on the field distribution. Consider equation (117),
the final expression for the complete pressure field. Nbceination
of the admissible values of the distribution constpnit K' shows
that this constnnt increases consistently with the order of the
mode. Sxemination of the denominator of the integral expression
shows that for moderately low exciting frequencies, for which
cO<c jj and n Is large, the etimulation decreases with the

order of the mode. The stimulation 6f any mode may be defin.3.d as
the Proportionate part of the total enerey which resides in that
mode.
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375. One corollh.ry of the stimulation law is that the modes
of high orcter are weakly stimulated Kt low fraquenciein, and their
excitation requires only a small fraction of the total radiated.
energy. AMother corollpry is that the raodes of low order are less
strongly stimuinted and the modes of high order are more strongly
stimulated, as the exciting frequency increases. At high frequena-
cieq many modes are strongly stimulated. The stimulation of moden
of low order is not negligible, however, even at high frequencies.
The small damping rateg of the lower modes insure that most of the
enocey at large distances over soft bottom will be carried by these
modes.

376. The term sin ( S) involving the source depth '.

gives the variation in stimulation of the modes as a function of
the source location. It may be seen from this term that the sti-
mulation of the system is zero for all modes when the source is
at the surface. It is also clear that the source should be lo-
cated as nearly as possible midway between surface and bottom, in
order to provide the maximum stimulation, under varying bottom
conditions, of the modes of lowest order and smallest decay rates.
It also follows that if the source is located at a point for which
64101is nsmall for a given mode, the stimul.tion of that mode will
be weak.

377, The transcendental term &is(n which involves the dis-
tance from the surface, r, gives the vertical distribution of the
sound pressure for amy given mode. This expression may be reduced
to the vertical pressure distribution relation given in Appendlix
A, Part 5. The interaction spacings caused by interference between
the modes may be determined from examination of the coincidence
points of the maxima of the Bessel function terms in the integral
expression, Good agreement is obtained between observed inter-
action spacings and spacings computed by the above method0

378. .lMnaa. An integral expression has been derived which
gives the sound pressure at any point in the acoustic system de-
fined by two infinite parallel planes, surface and bottom, with a
point source located between them. In formulating the boundary
conditions it was assumed that the bottom is homogeneous to an
infinits depth (i.e. reflections from lower strata were assumed
negligible), and that shear waves in the bottom may be neglected,
Both assumptions appenr Justified by the results. It seems pro-
bable that the transmission of underwater sound in the actual
physical system closely approximates the predictioni of the theory.
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APP1UDIX E

SMPWLE CALCUULATIONS.

373. The purnose of this appendix in to presont a typical
calculation of the attenuation of sound pressure level between two
given points in line with a sound source, using the propagation
theory developed in the text. The exnm'le chosen for computation
is represented by the third record from the top of Plate 2, made
at the Potomac River Bridge Ranee under summer conditions, at a fre-
quency of 80 cp8. The trangmisston is of the "drinped" type und in
domiRted by the first mode at distances greater thon two or three
times the water dentlh.

380. The data are:

frequency f 80 cps

Water depth h 55 ft

Velocity of Sound in water C1 4800 ft/sec

Normal Imaedence Ratio n' 05
(from hdrophone soundings) r/

Specific Grlavity of ttAtom A/=1
(enttmated from samples) A

381. The computations follow:

Free Field Wavelength 60 ft

Depth In Half Wavelengths 47? 1.z8Al

Velocity Ratio e A A 4.3

Abscissa on Chart (Plate 15) 3 = z h ~ j

2.r 7,73

302. The above values of A and B are entered on the appro-
priate chart (Plate 15), and values of X and.,U are determined,
From the chart K_=0.054 and /4=,.)97.
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383. West the nronagation constantns c-andrnpre determined,
usin, the chart on Pinte 17 or the annroximpte relationa in equa-
tions (43) an& (44). The values obtained are T-= 0,839 and s-=
0.0183.

3184o The damping per wavelength caused by AbsorT)tioln At the
bottom is 54.6&-= 1.03 db per wavelength. In terms of db/l000 ft,
this is 54°6 .f./,\ or 7.1 db/flO00 ft.

385. Consider a point 200 ft from the source and another
point 1200 ft from the source. The total attenuation between these
two points i* the sum of that caused by damping., 17.1 db in this
cage, and that caused by cylindrical snreading, amounting to 7.7 db
in this case, The total attenuntion should be the sum of these
figures, or 24,8 db. The measured attenuation between 200 ft and
1200 ft from the Rource on the correinonding experimental record,
is 23 db,

386. The deviation between observed and coaruted values, 1.8 db
is well within the experimental error of the acoustic mensurements,
the distortions caused by irregularities of the Rystem, and errors
in the ontirmation of distances and water depths.
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ADDY.ITTA.

387. The final exprest;ion, equation (117) in Annendix D.
for the sound pressure at any noint in the field of the acoustic
system of the sea, contnins an Integral of the form

where the meanini of the symbols in defined In Apnendix D.

388. This integral may be evaluated b7- following the method
emin'loyedgf.nrasimil.r case in a renort (No. 65) recently received
from the Mineeweeptrin Section of the Bureau of Ships., The method
is to write the Be--el function in the Integrsnd as the sum of
two Hankel functions, and when to inteprnte the fankel functions
around aporopriate contours. Thus, if w u t tjv is a com-plex
variable,

389, By me-ktng thin type of transformation the evaluation of
the Integral in equetion (117) may be reduced to the evaluation of
the pair of Integra~l

o 0

where the abbreviations w and. a% C have been made
for convenience, C

390. The problem takes the form of findin, a contour around
which each integrand may be integrated, to give the above integrals
as a resultgnt, The proper contours nre indicated in the accompany-
ing sketchen, The first.quadrant contour is emnloyed for the first
Intogrand and the fourth quadrant contour is emnloyed for the sec-
ond integrend!
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391. Provision nriet be made for the fact that the Renkel
functions have branch nointn at the origin, which the contour
must nvotd. The contrtbution of the )Pth around the branch noints
may be shown to approach rero in the limit. The integrals over
the segments of the circles vanish if the radius is taken suf-
ficiently large, becau.ie the Hankel functions annroach zero at
infinity Since II (JV) a - o(-Jv)the integral.s along the im-
aginary axeR cancet leavtnp the su•s of the integral' alone the
real axeR, This is equal to 2 W,'J times the sum of the residues.
The renidue at the pole in the fir.st 4uwArant is all that remains,
Thus

W1A
~~~ (rwPf N~'n

392, The fin.l solution for the pressure at any point in
the field becomes. if the interrals are evalusted in the above
manner,

22 ~antin sin~

where the sui.)etitution a = has been made, It may
be showi from the relations between the constants (Appendix D)
that 4K 21S zM(rT '-1tY)ý and t 4,2 and X,4may be evaluated in
terms of KA and, t0  Making tie"nece. siary substitutions

= Zh X-.S4>C
ZIhFlr~ro_..Vc4J /oL&-r6~s~4 I9

393ý At t'ource-distances grester than a wavelength the Henkel
function may be renlaced, with little error, by its asymintotic ex-
yoani ton

110(2)(140)
-A -

When r),. the pressure at any point in the- field mvy be written

P9,r = ,..-

Inspection of this equation shovn that the ores•nure formula exnres-
SeR the influence of three factors,
(a) siimulglioga. involving nource-atrengthe and Rource depths.
(b) nt.n•li, involving damning, phase velocities And vertical
diettributions, and
(c) RrDa4*jA . involvinr attenuation which varies inversely with
the square root of the source-distince.
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394,, n the theoretical treatment emnln~ring the nine artifice
(Appendix A) only the pronmration factors (b) were riporou.-y de-
rived, although the effects of cylin&rienl Pnreading were included
as a result of physical reasoning. For source-dietnce pre~tr
than one wpvelength the stanpler treatment of underwater transmis-
don is adequPte excent for the computations of stimulation terms.
It has now been demonstrated by a general derivation thAt factors
(b) and (c) are ?orrectly analyzed in the simnler treatment. In
addition, equation (139) is an exact expression, vmlid for all
source-distances. This permitq complete comnutationn, including
the exact propagation function and the etimulation terms.
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INTIMX

(References are to n-rppnTh numbers)

A

Absurntion by medium., IV., 184, 2,-A7, 275.
ACUMITOR (U.S.S.). 9, 18, .34 125,
Aconfitic propertie. of the botto'n, 66, 85, 109, 130, 147, 1z?,

200, 218-271, 244, 250, 251, 927, S00, :"I.
Adams, N.I., 105. 107.
Anple of incidence, 91, 142-144-, 146, 147, A1-151., "10, 317,

Angle of refraction, 146.
AQUA4ARIN (U.S.aS). 9. 32, 125,
Attenuation, definition of. 167,
Attenuation , measured, 2-5, 28-30, 123, 16:3-P.], 274, 379-386,
AttenuAtion, comouted. 60. 77, 80. 94, 10S, 3,01-204. 238, 27.,

288, 101o

B

Solt, RoH., 51.
Bottom impedance. 17, 19. 51, 66. 69 (note), 141-150, 209,

221-.22, 270, 2890
BoulGapxy conditione, 53, 64, 272, 284, 3"89. 291, 295, Z75,

M43-.45, ? 56.-158, 367, 169, 370.
Brillouin, L,, 105.

Carson, j.R., 105.
Charts, exnlanation of, 130-87.
Critical s.le, 7?, 94, 108, 146, 152, 154-157, 319, 322,, • 37.
Critical frequency. 75, 7?, 79, 82, 86, 87, 108, 127-129, 1.54-

157. 208, 229. 275, 307, -108. S22, 327.

D

Dpmmed transmission. 78, 80. 160, 176. 179-181. 270, 3.02. 579.
Daming constant, (1-)5 61, 68, 77. 80. 87. 184, 196, P01. 204.

226, 327, 20M. 27-,. 282, ,04, 8r3.
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Pamnir, relative, 92?-96, 134, 128, 1?9, 160, 170, 17-S-179,

184-187, 190-194, 2102-09, 228, 236, 175, 784.
Decibel reference levels, 21, V7.
flensity of bottom, See "Acouqtic pronerties".
Denth, effect of, 16, 62, 66, 78, 1.30, 13M, 199, 205, A44.

V73, 287, 300), S07.
Dinole source, See "InnrWee, method of".
Dbttirbution constant, tc-p"), 61, 6?2, 64, 67, 63, 74b 7.7,

78, 80, 8S, 87, 226, S3, 283, 284, 287-291, 294-101,
30;, 304, 710, 124, ,26, ,4.-.48,

Echo ranging, 2A1, P43, 268, 276.
Elastic bottom, 151-153. 328-7S37.
Energyv equ•tion, 334, .336ý
"Itcploration Geophyvsc.", 129o

F

Fluid bottom, 318, 40, 55, 61, 142, 152.
Free surface, §5, 61, 262, 278, 283, 752.
Frequencies, extremely low, 201-208.
Frequency, variations in, 1?, .10, 85, 90, 99, IMO, 129, 132,

184, 186, 199, 201-208, 231.
Free velocity, "ee "Wvvelocity".
Fry, T.,., 111.

Group velocity, 89.
Gauided trmn.nmission, 76, 79, 105, 107, 108, 128, 1557, 176,

180, 181, 263, 2.75, 50L-305, 3•9S•2.0.

Hard bottom, 17. 28, 74, 76, 82, 88, 128, 130, 145, 146, 1541,
161, %08, 221, 224, 229, 230, 237, 245, P46, 275, 327.

HrtirF, H.E., 60.
Hybrid transmission, 76, 82, 86, 87, 112, 128, 129, 154, 265,

27.5, 302.
Hydronhone soundinrse 11, 18-20, 98, 219-222, 2S4-279, 251,

260, 32A4. 76.
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Impedance, See `-3ottomn irwoedane".,
Initial drop., 26 -27, 176.
Interaction oRpnc1rs, 25, 236, 11-3.204. 206, .177.

Interference. 31pe "Interaction Snaoinps",l
Interml~s, nresaure In terms of, 54, 69 (note), NSO, 365.

1786 Addenia,
Iqotro-pica solid b-)tom, B8. See autmo M lnn-tic Bottom".

Jalcosky, JJ., N129.

K

Knn-t, C'A., 329, n.1,

L

Low frequencies~, 230t-2(8.,

Mead, 5.?., 105.
MfninveweeAng, vw~onstic,16,215,22,a6

H ,t Nahrt rrnge,?W
?4011.TQ, Re-tort j-o, V. "36 Z4. 141, 286,
.t~d-±.h!ts Of i~c~,31
morn". P44, 14 A1, 6010%

N.D.R.C. rneasnrewrnts, 18R, 189, 255.
"Natural frequeno-."',. 100, 101,, 12P4, 201S. L"4.
"New London tests, See "N.D.R.C. measuarements"
NIWITS ac!ýutstt r~nge, 211, 21P..

Lorma modeR of vibration, 51, IS&0?.T, 2,13, 242P, 2,70,
273.

Mormpl nnrtiolo velocity, See *Bo'wterv conditions"



P

Page, L., 105, 107.
Phape cOnttnt, (T), 61, 119, 1o.n, Ins, 22, •.r, I•2, 304,

Phase wavelength, 118.
Pbhp.e velocity, (c/T) 61, 80, 90, 1i?, 118, 13', 155, 196,

P.27, 266, 273, 282, 2R, -301, 31:.t3T6.
Phyinc~i vq. acoustic propertieA, 250.
Plane wave Rnr.lyie., 107, 165, 319-022.
Pressure, continuity of, See "Boundary conditions"0

Pressure field, 53. 54, 88, 238, 286, 29S, 318. 321, 323-32?,
368, 377o

"Pressure-releaqe" lurfsee, See "Free surface"
Progressive wave. 61, 77, 80, 282.
Pron"ation enn.stAnt, (OZ tji), 61, 62, 64, 66, M26, 2,0, 273.

282, 284, 286-3,01. 310, ?AI-S48.

Ranreruw-•, 11. 15, 18, 2.5, 30-32, 129, 206, 212, 259,
Enprahainock RIvera 18, 82, 129,.
Rayleigh, Lord, 51, 60, lob.
Receiving and recording apppratus, 12, 1S.
Rectpn•gfar tube. analysls, 55, 59, 61, 107, V8, 280, 339-.S40,

350.
Reflection, I2ropagation by, 59. 93, 103, 107, 141, 142. 144-

166, 186. 209. 210, 21.5 S168, 17, 329, .6, 3M?.
"Resonance". 101.
Roe, G.M., 69 (note).

S

Sanpling of bottom, 22?, 2,2n, 72.
San Francisco Harbor mennurements, See "N.D.R.C. mesSurements".
Scattering of sound wPaves, 184, 2.1A-
Schelknmoff, S.A.. 105, 108, 112.
"Selective fadinw", 23.
Shear wa.veq, 56, 58, 11,41. 144, 152, IAA, S,28, 3S-O-.3SS, .337.
Ship noise, 125, 126, PAl, 2•3, 254, 2557, 276.
Shipvs hull interference, 3?, 262,

Snell's law, 144, 317. 322. 3.n. 33.16
Soft bottom. 1?, 28. 29, 74. 88. 1A4, 201-207, 2210, 224. ?3,

2.S7, 246, 274.
Solomons sl!and. See "NMW!S acoustic ran•e".



Sound ab.orbent bottom, 1.77, 201-.21,% ?21-, 246
Sound "beams", 1:1.
Source, location of, 9'.-99, 261, 62, .k318, .q?6, .%"77.
Southworth, G.C.. 105.
S-nreadtng, cvy1ndrric;1, 60, 77, 80, 10., 168, 1'?2, 176-179

185, 18S, 194, 228, 229, P75, -78, .P86.
Sprendinr, spherical, 168, 172, 178, 188, 10o.
Standing wave system, 59, 61, 74, 77, 80, 95, 309, 212, 240,

260, 283.
Stimulation, 97-100, 1A, 194, 261. 27.% 375, , 76.
Strat'fted bottom, .57, 1•4, VS.. . Z8-.S49.
Submarines , 24.S, 26., '.4, 268, 276.
Sunersonic frequencies, -2P67.
Surface rough-ess, 3P, 254.
Sw•i.son. G.E., 60.

T

Tides, effect of, 32o
Tornedoes, 241.
Total internal reflection, See "Criticol stgle".
Transitional bottom, 148-150, 221, 234, 2A, -253.
Transverse waves,. 59. 61, 281, 286. 341.
Transmiesion, See "DpxnedH. "Hybrid"', and "Guided",
Transmission exponents, 188-194. 209,

V

Velocity of soused in bottom, See "Acoustic properties".
Viscous losses, 105, 15P-161.

":rave equation, 61, 278, 287, 351. 371,.

'dnve guides. 61, 10&-112, 155, 1.59, 275.
Wave velocity, 39, 89, 715.
Wolf Than range, 257,
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