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Preface

This report is an extension of the results reached
by Dr. Neyman and his group, and presented in an earlier
report entitled "Cooperative Study on Probability of
Exploding Land Mines by Bombing," which was prepared at
the request of the Chairman of Committee DOLOC and dis-
tribtuted primarily to members of this Committee. The
present report contains an analytical approach to the
problem of area bombing by formations of planes which
it 1s believed will be of interest to those concerned
with the mathematical and statistical aspects of bombing

accuracy and area bombing.
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SUMMARY

I. The report deals with several problems arising in area
bombing. The set of conditions common to all these problems 1s
as follows.

A number of relatively small targets, termed sub-targets,
idealized as clrcles of a given radius, or squares, are distri-
buted over a rectangular area, termed target area. One or more
formations, of N planes each, attack the target aiming the center
of the bomb pattern at the center of the target area, with known
standard errors of alming for range and for deflectlon. The ac-
tual eiming 1s performed by the leading plane, all the others re-
leasing thelr bombs on the leader. Each plane releases the same
number of bombs, of the same type, in trains with the same spaclng.
The structure of the formatlions considered 1s subject to the fol-
lowing limitations. (a) The trains of all the planes participa-
ting in a formation have the same intended range, the deviations
in this respect beling due solely to the chance varlations in the
pattern flown and to the inaccuracies in timing the releases of
single planes. (b) The lateral spacing of the planes does not
exceed a certain specified 1limit (300' to 400', depending on the
type of bomb and on the accuracy in flying the formation pattern),
so that there are no noticeable crater free areas in the pattern
of bombs.

It 1s obvious that, under the above conditions, the probabi-
lity of a sub-target being hit depends on 1ts location within the
target area. It 1s found that those sub-targets most difficult
to hit are located in the four corners of the target area.

Problem 1. Given the above conditions and the structure of
the formations and the number of attacking forma-
tions, to determlne the probability of a particu-
lar sub-~target, of given locatlon, being hit at
least once.

Problem 2. Given the same conditions as in Problem 1, to
determine the expected number of the sub-targets,
located at random wlthin the target area, which
will be hilt at least once.

Problem 3. Under the same conditions to determin e
expectation and (b) th aqud ISt 5116 num-
ber ofdy biretthya %yg%g% ahgle.
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Problem 4. Having in view a knockout assault, to determine
(a) the pattern of formation with which the chance
of missing the sub-target in a corner of the tar-

" get area (the one which is hardest to hit) 1is
smallest , and (b) the number Fgq of formations

attacking with which thils chance 1s reduced to
the preassigned low level a.

Problem 5. Having 1n view routine bombing of many similar
target areas, to determine the formation pattern
maximizing the expected number of sub-targets
randomly dispersed over the target area, which
will be hit 1n a single attack.

The arithmetical and graphical procedures leading to the
solution of the above problems are summarized in Section VII which
includes also a few illustrations.

II. The solutions of the above problems are obtained on the
basis of a new simplified 1dealization of formation bombing, based
on the hypothesis of H. P. Robertson. It consists in regarding
the ultimate distribution of bombs as due to two hypothetical ac-
tions. First the center of a rectangle, described as the bomb
pattern, is aimed at the selected aiming point. Next, the bomb
pattern being already placed, all the bombs dropped are randomly
distributed over the rectangle.

Sections II to VI are given to the theory of the above hypo-
thesis. In order to have an ldea how well its consequences may
agree with the actual facts, some of such consequences are compared
with the experience of the VIII Bomber Command as described in the
Report of Operations Analysls Section dated October 3lst, 1943.
Some other consequences of the theory, which could not be checked
emplirically for 1lack of dava, are compared with the corresponding
results of a more detalled, but much less manageable, theory of
formation bombing which ignores fewer of its details.

Both methods of checking indlcate that, with the radius of
sub-targets not exceeding 100', the differences between the results
of the theory of the Robertson hypothesis and the actual facts may
be expected to be small and (as far as the practical conclusions
are concerned that may be based on this theory) unimportant.

SECRET -11-
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I. PURPOSE

The present report 1s a sequel to the one previously
submitteds#, "Cooperative study on probability of exploding land
mines by bombing." Its purpose 1s to present the reéults ob-
tailned to date on the extension of the previous results, corres-
ponding to a greater number of variable parameters and to a wider
range of varlation of some of those consldered previously, by
utilizing certaln apprdkimations based on a new simpllified ideall-
zation of the formation bombing, suggested by Dr. H. P. Robertson.

The First Cooperative Study contains nomograms for an
easy computation of the probability P that a land mine placed in
a corner of the proposed path 100' wide through the mine fileld
(the mine which is the most difficult to destroy) will be missed
by all the bombs dropped. The probability P 1s a function of
several varliables. In the nomograms, some of these varlables
were glven values whlch seemed plausible in the expected condi-
tions of bombing while the others were allowed to vary withiln
certain limits. Thus the nomograms give the value of P corres-
ponding to any system of values within these limits.

The arguments of P which were given fixed values are as

follows.

# In what follows this previous report will be referred to
as the First Cooperative Study.

SECRET -1-
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(1) The size and general shape of the formation flown,
namely nine or eighteen plane formations flying in three or six
successive "Vee'!s" of three planes each, with the spacings which

appeéred to be optimum for the purpose at hand.

(2) The standard errors of aiming for range and for
deflection, 0g, = Ogqg = %a = 400'. Some results obtained assuming
Og = 200' and oy = 600' indicate that the standard error of aiming
is an extremely Ilmportant factor.

(3) The standard errors of dispersion of bombs in range
and in deflectlon, o4, =J50',.odd = 30' respectively.

(4) The standard errors of intraformational dispersion
in range and in deflection, OF, = 25', of = 10! respectively.

The variable arguments and the range of variatioh within

which the nomograms determline the corresponding values of P, are

as follows.

(1) 'The length B of the proposed path across the mine
field, varying within the limits 400! <Bcx 12001 -

(11) The radius of efficiency‘R of the bombs, with its
range 6' = R = 18!, ' |

(1ii) The number n of bombs released by each plane,

HA
A"

10 40.

(iv) The number F of formations each aiming independent-

ly at the center of the proposed path across the mine fleld,

4

SECRET -2~
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fu-
HA

F = 60.

The value of P was determined for a network of combina-
tions of values of the parameters (i) to (iv) and also of an addi-
tional one, namely 2u = the spacing of bombs in train. Next the
optimum spacing was determined and tabled and the nomograms give
the values of P corresponding to arbitrary values of B, R, n and
F and to the spacing of bombs which 1s optimum for these values.

The fixing of the arguments (1) to (4), thereby limit-
ing the applicebility of the results, is an obvious disadvantage.
In the present report an attempt is made to provide an easy method
of computing the approximate value of the probability P and also
of certaln other characteristics of the methods of bombing for
varyling values of these four parameters.

Apart from this it was found expedlent to extend the
applicability of the method to a wider range of the radius of effl-
ciency R of bombs.

Original estimates of R with respect to land mines ranged
from 8' to 18! for 100 1lb. through 500 1b. bombs. Since the First
Cooperative Study was submitted a report by Dr. Marston Morse and
Captain Russel Baldwin (T.D.B.S. Report No. 27, March 23, 1944)
was recelved by the authors indicating that if the 100 1b. G.P.
bomb is fitted with an appropriate fuze then 1ts original radius

of efficiency of some 7' appears to increase to about 15!'.

SECRET - 3=
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Therefore, it méy be expected that, with a similar device, the
radius of efficiency of a 500 lb. bomb may be over 30'. Thils 1is
conslderably outslide the range of R in the nomogram of the First
Cooperative Study.

In addition, 1t will be notiged that the nature of the
problem of mine clearing is no different from the general problem
of area bombing, in which a considerable number of planes release
many bombs with only one plane aiming at a selected point, the
other planes releasing on signal from the leader. In many such
cases there is no single target. On the contrary, the area about
the alming point contains many sub-targets such as a factory and
other buildings, parked planes, pillboxes, artillery and personnel,
which perfectly correspond to land mlaes. The difference consists
in the values of the parameters on which the probability of missing
a sub-target depends and, 1in particular, on the value of the
radius of efficiency of bombs.

The efficliency of missiles was studied by Marston Morse
and William R. Transue. Their report (T.D.B.S. Report No. 28,
April 3, 1944) gives tables of values of a number of characteristics
aé functions of the distance R from'the point of explosion. The
range of values of R for the 20 1b. fragmentation bomb M41l begins
at R = 20' and extends into hundreds of feet. Thus R = 20' and
R = 30' could hardly be considered exaggerated values for the

radius of efficiency of the 20 1lb. fragmentation bomb, at least

SECRET ~-4-




SECRET

from some polnts of view. Comparing the performance of this bomb
with others, one 1s led to belleve that, in certaln circumstances,
the radius R of the 100 1b. G. P. and of the 500 1lb. G. P. bombs
must be of the order of 50' and 100' respectively. It follows
that, with a wider range of problems of bombing in view, 1t 1is
desirable to extend the range of values of R to 100' and, probably,
even further.

The results obtailned for the above conditions are summar-
1zed in graphs and nomograms which are belleved to glve data suffi-
ciently accurate for many practical purposes and which are much
more flexible than the nomograms given in the First Cooperative
Study.

II. METHOD

More flexlible nomograms of the type described could be
produced by the method used in obtaining the results described ih
the preceding report. This, however, could not be achieved with-
out considerable delay. Rapid results were made possible by
adopting a new idealization of the problem suggested by a hypo-
thesis of Dr. H. P. Robertson which was communicated to the authors
by Dr. Warren Weaver as follows:

"It is my understanding that Dr. H. P. Robertson

has recently suggested that it would be reasonable

to assume that 70 % of all bombs dropped from

11,000!' altitude would be spread with approximate

statistical regularity over a rectangle 1000'x £000',

the center of this rectangle having a CEP of 1000!
with respect to the aiming point."

SECRET -5-
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Essentially, a hypothesis of the same kind seems to be at the
base of the Report of the Operations Analysis Section of the
VIII Bomber Commaﬁd dated October 31, 1943, "Analysis of VIII
Bomber Command Operations from the Point of View of Bombing
Accuracy", by Dr. W.J. Youden, Dr. J. A. Clarkson and Major P.
C. Scott *.

| The new ideallzation consists in regarding the process
bof formation bombing as satisfylng the following two hypotheses.
Let T denote a rectangle of dimensions 2A x 2B, with the side 2B
parallel to the direction of flight of the formation, and C the
center of 7. This rectangle will be described as "pattern of

bomb fall", or "bomb pattern.

(1) The center C of the bomb pattern T is
aimed at the selected aiming polint. The standard
errors of aiming for range and for deflection are
Og, 8nd Oy, respectively. It will be assumed that

the errors of aiming X and Y for deflectlion and

for range respectively are mutually independent

and vary normally about zero.

Denote by N the number of planes in the formation and

by n the number of bombs released by each plane, so that Nn repre-

sents the total number of bombs dropped by the formation. Let o

# This Report will be quoted below as "VIII B.C. Report", for short.

SECRET | 6
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be a number between zero and unity. The second part of the
hypothesls refers to the dilstribution of the fraction @ of all
the bombs dropped, 1.e. to the distribution of m = @ Nn bombs,
which, for distinctness, will be labelled "C-bombs"™, the letter
C connoting "considered". If & 1s close to unity, then the num-
‘ber m of C-bombs will be close to that of all bombs dropped.
(11) Given the errors of aiming X, Y, the

C-bombs are distributed over the pattern 7

with statistical uniformity so that, if s is

any area within T , the probabllity of any -

one C-bomb hitting s"is p = s/4AB and the

probability of there being exactly k hits by

C-bombs within s is given by the binomial
formula

()P (1-p)™ ¥ (1)

The situation 1s illustrated in Figure 1.

It will be seen that the applicability of the formulae
obtained using the above hypotheses (1) and (11) depends on the
knowledge of (a) the dimensions 2A x 2B of the bomb pattern
approprlate to the type of formation of planes contemplated for
a given mission, (b) the number m of C-bombs corresponding to
the number nN and (c¢) the standard errors of aiming Oagq and Cap-

Although the elements under (a)and (b) may seem vague,

the possibllity of determining them was checked in a few cases

where there were reliable data and the resul.s (presented in further

SECRET -7~
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sections) proved to be surprisingly satisfactory. As a result,
the authors feel that the probabilitles computed on the basls
of Robertson's® idealization of formation bombing are likely to

be suitable for practlcal work.

III. PROBABILITY OF EXACTLY k HITS BY C-BOMBS.

Consider Figure 2. The axes of coordinates are drawn

through the aiming polnt situated within a target area. The direc-

tion of the axis 0Y coincides with the direction of flight. The
point (x,y) i1s the center of a particular target or "sub-target"
such as a land mine, the center of a factory bullding, a tank,
etc. The circle S(x,y) has its center at (x,y) and 1ts radius
equal to the radius of efficiency R of the bombs used.

Our problem consists 1n computing the probabillty PF,k
that the C-bombs released will hit the circle S(x,y) exactly k

times, as a result of F 1independent formatlon attacks., It 1s ok

# The greater part of the present report is concerned with
implications of the two assumptions (i) and (11) which, essen-
tially, constitute the hypothesis of Dr. Robertson. The authors
feel that this hypothesis 1s likely to be very useful and signi-
ficant and that, therefore, it 1s appropriate to label it with
the name of its author. However, the authors have no indlcation
a8 to whether or not Dr. Robertson would approve of the use made
of his hypothesis in this Report. Therefore, when "Robertson's
theory" or "Robertson's probabilities™, etc. are mentioned, the
authors wish to have it clearly understood that these and similar
expressions are not meant to impose any responsibility on Dr.
Robertson for possible misuse of his 1ldeas. :

SECRET -9-
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vious that PF,k 1s a function of the following variables, x, 7y,
m, R, A, B, Oayq and Gga,- However, for the sake of simplicity,
these varlables are not included in the symbol of the probability.

In order to compute Py ), draw a rectangle To(x,y) with
dimensions 2A x 2B, centered at (x,y), with its sides parallel to
the axes. T,(x,y) would be the pattern of bombs if the errors of
alming X and Y were equal to x and y respectively. Denote by
t(x,y) another rectangle centered at (x,y) inside of T (x,y),
with its sldes parallel to those of To(x,y) and distant from them
by the quantity R. Thus the dimensions of t(x,y) will be 2(A-R)
x 2(B-R).

Further, let T(x,y) be the area including T,(x,y) and
limited by a contour representing the locus of polnts distant
from the sides of T (x,y) by the quantity R. Obviously, except
for the corners cut by clrcles of radius R, the area T(x,y) 1s
a rectangle, say T'(x,y), centered at (x,y) with its dimensions
2(A+R) x 2(B+R). Finally, the symbol (T-t) will stand for the
band between the contours of T(x,y) and t(x,y).

It will be assumed that R < A,B. It will be seen that

(1) If the center C of the bomb pattern 7T falls with-
in t(x,y) then the bomb pattern T entirelyvcovers the circle S(x,y).

(11) If the center C of the bomb pattern T falls within
(T-t), then the bomb pattern T covers only a part of the circle

S(x,y). The area of this covered part depends on the differences

SECRET -11-
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X-x and Y-y between the errors of aiming and the coordinates of
the center of S(x,y), 1s easy to compute and will be denoted by
4AB- f(X-x,Y-7).

(111) If the center C of the bomb pattern T falls
outside of T(x,y) then the pattern 7 has no points in common
with the circle S(x,y) and, therefore, none of the C-bombs can
hit S(x,y).

Denoting by P{Cew} the probability of the center of the

bomb pattern falling within any specified area w, we have

P, , = 1-P{CeT} + (1-p)"P{Cet} +f f(l-f)mp(X,Y)dXdY (2)
(T-t)

where p = ﬂ'R2/4AB represents‘the'probability of one particuiar
C-bomb hitting S(x,y) 1if this circle is entirely covered by the
bomb pattern, and where p(X,Y) stands for the elementary probabi-

lity law of the errors of aiming X and Y.
If k¥ > O, then the probabllity of exactly k hits by

the C-bombs on the circle S(x,y) is given by the formula

P,y = (lll{l)pk(l-p)m-kp{cet} + () f Ifk(l-f)m‘kp(X.Y)dXdY (3)
(T-t)

As 1s well known, whenever m is large, say m > 25, and

p 1s small so that the product
_ mmR2
= (4)

SECRET -12-




SECRET

does not exceed a few units, then the binomial terms
(M)p* (1-p)™ ¥ (5)
differ but little from the Poisson limit

e~ Dp¥/k1 (6)

With this approximation, and since 0 = f = p, we may

write, with f; = mf,

Pl,o = 1-P{CeT} + P{Cet}e—D + f fe'flp(X,Y)dXdY (7)
(T-t)
Pl = %{P{Cet}e‘DDk +f fe'fifll{ p(X,Y)dXdY} (8)
(T-t)

If the Poisson limit is a good approximation to the
binomial, formulae (7) and (8) may be used to compute Pl,k for
k=0,1, 2, ... Otherwise, formulae (2) and (3) may be used.

Once the probabilities Pl,k are computed, the values of the proba-
bilities Pp y of exactly k hits on the circle S(x,y) by the C-bombs
released by an arbitrary number F of formations will be found from

the probability generating function

Pp(z) = {20 Pl,r'zr}F (9)
r=

1 dklﬁ’

namely

Pp =

P, Kl K k=0,1, 2, ... (10)

z=0

SECRET _13-
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In particular,

B,, = PF

7.0 1,0
Ppy = F-Plf:;,‘ ‘P

Bep, = B +%~F(F—l)~1’f’°: B, (11)
Pps = F'Prg P, *F(F'l)'Pll’:: PPy

+ 3 F(P-1) (F-2) -PI',;,?"sz.l

ete.

Although the computation of formulae (2), (3), (7), and
(8) is straightforward, it 1s somewhat tlime consuming because of
the presence of the integral involving the function f(X-x,Y-y).
As the latter is bounded by zero and p , the following bounds are

obtained for PF,O'

(1-picery 1-<1-,,)m])F < Pp o < (l-P{Cet}[l-(l-P)mj)F (12)

Since the difference between the regions t(x,y) and
T(x,y) depends on the value of R, with the region T,(x,y) belng
intermediate between t(x,y) and T(x,y), it is concluded that, in
cases where R is small compared with A, B, Cag and Oans & Teason-
able approximation to PF,O may be obtained by using either the

expression

PR = [1 - P{CeTO}(l—e‘D)]F (13)
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or the expression

Phig = [1 - P{CeTo}(l-(l-pyﬂ]F' | (14)

’

The use of either (13) or (14) instead of the accurate
values of Pp, 0 obtained either from (7) or from (2) is equivalent
to approximating the function f by a step function, say f; =p
within the region T,(x,y) and f; = O elsewhere. Using this approxi-

mation throughout and denoting P{CeT,} by I, we obtain,

PT’k = I-e~DPp¥/k! (15)
% _ A -k
P = (DI (1-p)™ (16)

Putting for convenience

g(t) = sz;e‘%‘tz (17)
G(x) = fxg(t)dt (18)
the value of I = P{CZTO} 1s found to be
= picero) = (6(X) - oZh)(6(XB) - o(LB) (19)
a4 a3 dp &p

As mentioned, the approximation provided by (13), (14), (15) and
(16) depends upon the value of R. The closeness of the approxi-
mation may be judged from Table I, which relates to two different

sets of conditions with values of R alternatively 60' and 100'.
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TABLE I

Comparison of Accurate Values of PF,k with

Approximations P;,k

Conditions JR=60',F=10 R=100"',F=6
% 3%
k Pr x| PR,k Ppx|FF,K
0 .060 |.066 .067 |.093
1 .102 |.105 .041 |.032
2 137 |.140 060 |.059
3 149 |.151 .076 |.077
4 140 |.142 .083 |.085
5 156 |.155 .086 |.o085

Having reference to 500 1lb. bombs with a maximum load
of n = 12, and formations of N = 18 planes, Table I assumes that
m= 216, @a= 1. Values of the other constants are those esuggested
by Robertson, 2A = 1000', 2B = 2000', Oag = Tap = 849.3'. The
coordinates of this particular target are x = y = 0. It will be
seen that the agreement between the exact values of PF’kbased on
formulae (7) and (8) and the approximation P;,k of formulae (13)
and (15) 1s satisfactory when R = 60'. With R = 100' the agree-
ment between PF,k and P;,k is again excellent for k2 2. For
k = 0, which is probably the most important value of k, the
difference between the true and the approximate value of the

probability is rather large, equal to .026. However, even with
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this large deviation, it could scarcely be denied that Pp )
preserves the order of magnitude of the true probabilities of
exactly k hits on the circle S(x,y).

As & result of these and similar computations it 1is
assumed that formulae (13) and (15) are likely to-give reasonably
accurate values of the probabilities PF,k’ for R = 60', and
probably also for R < 100!, For greater values of R more accurate
computations would be desirable.

Having in view the restricted range of values of R < 100",
a chart and a nomogram were constructed for an easy computation
of the approximate value P%,O of the probabllity PF,O that none
of the C-bombs released by F formations will hit the circle S(x,y)
of radius R, centered at a point (x,y). The description of the
chart and the nomogram and some examples of their use will be
found at the end of this report.

It will be noticed that the probabilities P;,k fall
~into the category of M"contagious" distributions recently studied

by one of the authors and W. Feller*,

IV. COMPARISON WITH THE POISSON LAW
It is currently understood that, in order to estimate

the probability of exactly (or at least) k explosions of bombs

*pAnn. Math. Stat., Vol. X (1939) p. 35 and Vol. XIV (1943)
p. 389.
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wlithin abgiven circle S around some particular target within

the general target area, attempts are made to use the Polsson

Law, namely,

= oM AK
Ig = e ﬁT | (20)

with A denoting the average density of bombs per area of the
cilrcle S. Therefore, 1t seems useful to inquire under what con-
ditions the probabilitiles Pﬁ,k , considered as a function of k,
conform with the law (20). Using (13) and (15) the probability
generating function of k is found to be

Wo(z) = {1 - T + Ire-DoDz}” (21)
where, for simplicity of writing,

I = P{Ce€T,}. _ (22)

The probability generating function of the Poisson Law (20) is

Q(z) = e-A(l—z). _ (23)

It will be seen that, for the identity of (21) and (23), it 1s

both necessary and sufficient that
1-1+71eD=eMF (24)
T-6~Dpk = o= VFA /¥ k= 1,2,... (25)

and, therefore,

A= FD, I = 1. (26)
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Thus, I = 1 is the only case in which the probabilities
P%,k are identical with those glven by the Polsson Law. This
case arises when the dimensions 2A x 2B of the bomb pattern T are
greater than a certain multiple of the standard errors of alming
and when the particular sub-target considered is close to the
aiming point. In cases of this kind the bomb pattern T covers
the whole clrcle S(x,y) practically always and, consequently, the
ultimate distribution of bombs within and around S(x,y)'is statis-
tically uniform, whatever be F.

Other conditions under which P%,k may approach the
Polsson formula are as follows. Let D tend to zero and F lncrease
so that the product FD remains constant, say FD=v . Then the

probability generating function w%(z) tends to the limit

Lim {1 - T + I-e‘D(l“Z)}% = ¢~ vI(1-2) (27)

e-FDI(l-z)

This 1s the probability generating function of the Poisson Law
(20) with its mean
A = FDI (28)
Thus it may be stated that the second case of the
probabilities P;,k being approximately equal to those determined

by the Poisson Law arises when

2
m1mR

SECRET -19-




SECRET

is extremely small, while F is large, so that the product. FD is
moderate.
The expression of the probabllity generating function
(21) may be used to deterniine the expected number of hits
k = E(k) = FDI (30)

and the variance of k

oi = FDI{1 + D(1-I)} (31)

Since with the Polsson Law the variance 1s exactly equal to the

mean it 1s interesting to note that, unless D= 0 and/or I = 1,

k < oﬁ, (32)

For a numerical comparison of the probabilities P%,k
with those determined by thePolsson Law having the same mean
A= FDI, it is important to know the range of combinations of
values of I and D which are lilkely to be‘met in practice. These
values depend on x, y, m, R, £, B, and on the standard errors of
aiming.

Since reports from the war theaters frequently mention
standard errors of aiming of order 1000', thls value 1s assumed
in the numerical data which follow. In selecting values for the
dimensions of the bomb pattern a distinctlon 1s made as to the
pattern of formations flown. In some theaters three string for-

mations are used and the dimensions of the bomb pattérn obtained
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in experimental bombing with these formdtions (see Flgures 5,6)
are of the order of 400' x 1500'. Another system of values con-
sidered 1s that suggested by Dr. Robertson, 1000' x 2000'. The
third system considered 1s that reported as "average" in the
VIII B. C. Report, p. 23, namely 2350' x 3500'. These three
systems of pattern dimensions are combined with different values
of m and R, depending on the purpose of pombing and on the load-
ing capaclty of the planes. As mentioned before,the radius of
efficiency with respect to land mines 1s of the order of 15' for
the modified 100 1lb. bomb. As the radius R varies proportion-
ately to the square root of the welght of the bomb (reports of
the Land Mines Sub-Committee of the Advisory Council), it may be
expected that with 250 1b. and 500 1lb. bombs the radii will be
about 15}r§T§ and 155 feet regspectively. For area bombing
whose purpose 1s other than the clearing of mines, the radius R
may be as large as 100!'.

With this is mind, the four groups of hypothetical con-
ditions given in Table II were formed. Two of the groups refer
specifically to the problem of clearing mine fields and the other
two refer to general purpose bombing.

The comparison of probabilities P%,k with probabilities

Py determined by the Polsson Law having the same meaﬁ A = FDI

1s given in Table III for a number of combinations of the three

arguments, covering the range exhibited in Table II.
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TABLE II

Plausible Values of I and D

PART 1: PROBLEM OF CLEARING MINE FIELDS

Values of I and D with

a = .9 a = .7
Bomb R n | A= 200!, B= 750' |A = 500!, B= 1000"'
I(0,0) = .086%7 I(0,0) = .2614
100 1b. 15¢ 40 .763 .178
250 1b. Jsvg 51| 16 763 .178
500 1b. [ 15)E! 12 1.145 .267

PART 2: GENERAL PURPOSE BOMBING

Values of I and D with

a = ,7 a = .9
Bomb R n A = 500', B= 1000'|A = 1175', B = 1775!
I(0,0) = .2614 I(0,0) = .7023
I1(1000,0) = .5125
20 1b.
Frag. 30! 144 2,565 .791
100 1b. 601 40 2.850 .878
500 1b. 100! 12 2,375 .732
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TABLE III
Comparison of Probabilities P§ Kk and P&
3
I= .2614 FDI=. 7842 I = .2614 FDI=1.307
= 20 F= 20 B 10
D=.15 D=.25 D=. 50
C3 3 3%
k Prk Pl Pr k Pr,x P
0 .476 .456 . 304 . 338 271
1 . 334 .358 .328 .298 .354
2 136 .140 .210 193 .231
3 .041 037 .100 .100 .101
4 .010 .007 .039 .044 .033
5 .002 .001 .014 .017 .009
I= .2614 FDI=1.961 I= .2614 FDI=2.614
F= 10 B 5 = 10 F= 5
D=.75 D=1.50 D=1,00  D=£2.00
#* 3% 3t 3¢
k Pp ok Pr ok Py Pp ok Pp,x Py
0 .227 312 141 .164 .278 .073
1 .244 .176 .276 .158 .127 .191
o .209 171 271 177 .150 . 250
3 145 .128 177 .155 133 .218
4 .087 .086 087 115 .103 142
5 047 .054 .034 .077 .074 .074
I = .2614 FDI=3.268 I= .2614 FDI=3.921
P= 5
D=2. 50 = 5
D=3.00
st e
k Fo k Py Fp x Py
0 .254 .038 .240 .020
1 .090 124 .062 .078
2 .124 .203 .100 .152
3 .126 .222 L1153 .199
4 .108 .181 .106 .195
5 .086 .118 .090 .153
SECRET —o%.




SECRET

TABLE III - continued

Comparison of Probabllities P? Kk and Pﬁ
2
I=.086"7 FDI=1.300 I=.086"7 FDI=1.733 I=.0867 FDI=2,187
= 20 F= 20 = 20
D=.75 D=1.00 D=1.25
3¢ 3¢ 3%
k Pp oy Py Pp x Py Pp ok Pi
0 . 392 272 .« 324 177 279 .115
1 . 252 . 354 .219 . 306 . 185 .248
2 L1172 . 230 .179 .265 173 .269
3 .096 .100 o121 .153 .132 .194
4 .048 .032 073 .066 .091 .105
5 .023 .008 .041 .023 .059 .046
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TABLE III - concluded

Comparison of Probabilitles P; i and Pl
2

k¥ || =.7023| FDI=2.634 I=.5125 |FDI=1.922
B 5 B 5
D=.75 D=.75
3¢ 3t
Pr,x P Prk P
o [ .o99 .072 .207 .146
1 || .195 .189 .257 .281
o || .o28 . 249 .224 .270
3 || .195 .219 .152 173
4 || .135 .144 .086 .083
5 || .omo .076 043 .032
=.7023| FDI=3.512 I=.5125 |FDI=2.563
= 5 B 5
D=1.00 D=1.00
3 3
k Pr Py P x Pr
o || .os3 .030 141 .077
1 || .122 .105 197 .198
2 || .17e .184 .208 .253
3 || .189 .215 173 .216
4 || .164 .189 1122 .139
5 || .1e2 133 .076 071
I=.7023| FDI=4.390 I=.5125 |FDI=3.203
B 5 F= 5
D=1.25 D=1.25
K 20 P! P P!
¥,k k P,k k
o || .o3 .012 .103 .041
1 | .o7s 054 .149 .130
2 || .127 .120 L1179 .208
3 || .1s8 175 171 .223
s || .1e2 192 125 178
5 | 143 .168 .103 114
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Figure 3 gives six diagrams illustrating graphically
some of the above distributlions. A few points should be men-
tioned.

(1) As long as the product FDI = A remains constant
the Polsson Law remains unchanged, even though the particular
parameters vary. On the other hand, the values of P§,k may vary
strongly.

(11) The value of P;,O is always greater than the
corresponding value of Pé; This is a consequence of a general
theorem concerning contagious distributions, recently proved by
W. Feller. 1In other words, the estimate of ng) provided by the
Poisson Law with the same mean 1s always optimistic. Occasionally
it 1s a very optimistic estimate.

(i1i) Graphs 2 and 3 in Figure 3 correspond to the same
bombing conditions with“one exception. Graph 2 refers to a sub-
target placed exactly at the aiming point, so that x = y= 0. On
the other hand grgph 3 refers to the sub-target with coordinates
x = 1000', y = 0. Since target areas roughly filling up a-circié'
of about 1000!' radius appear frequently as bombing objectives,
these: two graphs give an idea of the variation in the distribu-
tion of bombs within such .a circle. It will be noticed that in
the particular example illustrated the ratio of the two proba-
bilities Pp g 1s about 1 to. 2. |

(iv) The graphs illustrate the theoretical conclusion
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reached above, that, when either D is small or I 1is large, the

values of P§ i &pproach those determined by the Polsson Law.
s

V. VERIFICATION QF THE APPLICABILITY OF THE THEORY OF THE

ROBERTSON HYPOTHESIS.

A. General. Figures 4, 5 and 6 reproduce bomb'plots
obtained in actual bombing. Figure 4 gives the plot published
in VIII B.C. Report, p. 11, as a typlical bomb pattern with the
rectangle filtted to it in accordance with the practice of the VIII
Bomber Command. The somewhat more distinct bomb plots given in
the other two fligures were obtained from photographs of experimen-
tal bombing. The originals of these photographs were kindly
supplied by Dr. Walker Bleakney of Division 2, NDRC.

~All three plots indicate the following difficulties
which may be involved in applications of the theory of Robertson's
hypothesis.

(i) The rectangular pattern within which the C-bombs
are supposed to be uniformly and 1independently distributed, is
not a reality in the same sense in which a formation of, say, 18
planes trying to fly in combat box stagger pattern is a reality.

There are two consequences of this fact which must be
considered. First, given a most detailed description of the
intended pattern of the formation, of the number and spacing of
bombs and of the ability of the crews expressed in terms of the

various standard errors, it is not known what values of the di-
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Filgure 4

Typlcal Bomb Plot, VIII B. C.

(Taken from Operations Analysis Report,
ANALYSIS OF VIII BOMBER COMMAND OPERA-
TIONS FROM THE POINT OF VIEW OF BOMBING
ACCURACY, October 31, 1943, p. 11)
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mensions 2A x 2B of the bomb pattern all these conditions would
imply. Second, given typical plots of the bomb fall,ordinarily
produced by formations of a specified type, such as those given

in Pigures 4 to 6, two different persons attempting to determine
the dimensions of the rectangular bomb pattern are very llkely

to obtain discordant results unless some definite rule 1s followed.
Also, even i1f these results were in agreement, it 1s not apparent
that, substituted into the formulae for P;,k' they will give re-
sults conforming with observation.

(11) TUncertainty about the pattern dimensions implies
uncertainty of the proportion & of all the bombs dropped which
should be considered as uniformly distributed within the pattern.

Having in view the above difficulties, the next three
subsections of thils report discuss the following two questions:

(a) Whether or not the values of the pattern dimensions
obtained by the Analysts of the VIII Bomber Command, when substi-
tuted into the formulae of the theory of Robertson's hypothesis,
lead to results conforming with other empirical data published in
the VIII B. C. Report;

(b) Whether or not the pattern dimensions 2A x 2B could
be determined from some specific features of the formation and
method of bombing, so that the probabilities computed on Robert-
son's hypothesis would agree with those computed on the more de-

tailed theory of bombing outlined in the First Cooperative Study.
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B. Verification of (a). The first five columns of

Table IV reproduce the data printed in the VIII B. C. Report on
page 23. The dimensions of the bomb patterns are averages of a
number of observations. The last column of Table IV gives the
expected percent of bombs within a square whose center is the
aiming point and whose area 1s equal to that of a 1000' circle.
These figures were computed on the basis of Robertsont's hypothe-
sis, using the formulae deduced in Section C. The computations
refer to a square rather than to a circle because it 1is believed
that the difference between the two expectations is too small to
justify the rather complex computations refering to a circle.
For a square (or for any rectangle with its sides parallel to the
axes of coordinates) the formula giving the expected proportion
of hits is very simple. It will be seen that the order of magni-
tude of figures representing the expected and the observed bomb
fall is distinctly the same, the greatest discrepancy correspond-
ing to the largest bomb pattern. |

As each of the lines of Table IV refers to a number of
attacks which are likely to have differed considerably in the
patterns of bombs, it is possible that some of the discrepancy
in the last line may be due to variability in pattern dimensions
of the missions to which the data refer. Therefore 1t was de-
cided to make other computations on the raw data published at the

end of the VIII B. C. Report.
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TABLE IV

Bomb Patterns and the Average Percentage of Bombs Within Stated

Areas sbout the Aiming Point.

Source: VIII B.

C. Report p.23

Average Percent Fall

Actually obser-
ved within a

Computed from
Robertson's

1000' circle hypothesis for
Number of a square of area
2A 2B Oq |Observatlons
(10001 )2x 7
2050' (2500 | 878! 64 35.0 32.3
2350' | 35501 [1013! 62 23.8 22.9
3200! 4800 | 997! 57 20.2 16.6
The particular missions to which the published data

refer are 1dentified in the VIII B. C. Report, Appendix I, by

the location of the target and the date of the attack.

For the

‘'sake of brevity and convenience in reference the missions were

numbered ln order, 1, 2, 3,

the pattern dimensions which appeared to be most frequent.

etc.

Next a selection was made of

The

most frequent patterns, measured in 100', are 20 x 25, 20 x 30,

20 x 35, 25 x 25, and 25 x 30.

The missions correspondlng to

these patterns are listed below in Tagbles V through IX, with all

the data which are relevant for the purpose at hand, namely

SECRET
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TABLE V

Number of Bombs Dropped, Percent Falling Within Stated
Areas about Aiming Point and the Errors of Aiming in
Missions of the VIII Bomber Command. Source: VIIIT

"~ Bomber Command Report dated 31 October 1943, Appendix I.

Dimensions of the bomb pattern 2000' x 2500!

Mission Percent Percent
Number Within Within
nN 10001 20001 X Y
20 140 60 100 - 5 2
22 75 0 53 18 3
57 180 - - -~ -
62 40 4 38 21 - 4
142 180 44 100 7 - 7
153 128 44 94 2 2
169 108 63 93 3 - 2
196 288 20 45 2 12
235 90 38 92 11 - 2
237 85 0 12 16 18
250 170 53 100 7 -1
282 150 0 0 10 -38
304 1468 21 68 -11 - 4
351 200 0 0 41 - 294
363 180 34 84 8 - 7
405 34 0 0 48 -82:%
428 216 3 43 -18 - 8
454 2562 62 28 1 - b
485 42 65 100 4 - 5
543 140 6 71 14 4
639 95 0 o - 36 - 784
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TABLE VI
Number of Bombs Dropped, Percent Falling Within Stated
Areas about Aiming Point and the Errors of Aiming in
Missions of the VIII Bomber Command. Source: VIII B.C.
Report dated 31 October 1943, Appendix I.

Dimensions of the bomb pattern 2000' x 3000°?

Percent Percent

Mission Within Within
Number nN * 10001 2000 X Y
35 160 31 71 5 7
49 108 - - - -
64 26 29 94 - 8 6
120 38 0 0 13 -23
137 320 57 78 -1 - 2
240 32 21 67 -11 -10
329 288 17 24 0 -15
344 136 31 69 - 2 - 9
345 95 44 96 1 - 6
348 190 0 0 -44 76 *
361 192 0 0 0] -43
370 144 -- - -54 31 %
389 120 28 79 10 3
426 75 0 0 32 -18
452 240 51 87 7 -1
519 228 . 0 0 - -
536 32 10 76 13 4
545 252 32 83 - 8 - 4
588 252 68 100 5 0
606 480 45 94 - 6 5
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TABLE VII
Number of Bombs Dropped, Percent Falling Within Stated
Areas about Aiming Point and the Errors of Aiming in
Missions of the VIII Bomber Command. Source: VIII B.C.
Report dated 31 October 1943, Appendix I.

Dimensions of the bomb pattern 2000' x 3500!

Percent Percent

Misslon Within Within
Number nN 10001 2000 X Y
8 75 - - -84 ~10

161 70 40 74 -1 -7
174 85 3 556 18 -3
186 32 45 93 0 - 4
219 90 28 40 5 - 2
284 38 10 62 -13 - 8
306 156 24 65 5 7
422 85 30 60 3 -12
479 2562 29 81 10 4
480 2562 0 20 23 6
5156 276 46 99 1 5
567 480 42 82 3 - 4
585 2562 43 99 5 0
587 252 0 12 25 4
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TABLE VIII
Number of Bombs Dropped, Percent Falling Within Stated
Areas about Aiming Point and the Errors of Alming in
Missions of the VIII Bomber Command. Source: VIII B.C.
Report dated 31 October 1943, Appendix I.

Dimensions of the bomb pattern 2500' x 2500!

Percent Percent

Mission Within Within

Number nN 1000 2000 X Y
151 144 30 83 - 7 - 8
178 70 0 0. 34 8
322 190 10 50 - 2 -20
324 200 8 51 ~10 -16
365 238 0] 2 - 9 -24
372 128 57 100 5 0
523 228 26 93 ¢} 8
595 216 0 8 - 2 24
607 190 58 94 0 1
614 252 21 72 13 5
620 204 32 73 -10 5
621 95 39 85 - 4 -3
624 42 5 40 20 2
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TABLE IX |
Number of Bombs Dropped, Percent Fallling Within Stated
Areas about Alming Point and the Errors of Aiming in
Missions of the VIII Bomber Command. Source: VIII B.C.
Report dated 31 Qctober 1943, Appendix I.

Dimensions of the bomb pattern 2500' x 3000!

Percent Percent

Mission Within Within
Number nN 1000 2000' X Y
2 100 30 62 -~ 8 - 2
17 120 3 50 ~-15 5
36 432 0 0 28 - 6
68 14 6 24 22 -13
104 120 53 76 4 7
175 160 46 89 3 3
176 200 36 73 4 14
180 160 45 98 4 - 8
323 210 19 55 13 -7
340 192 0 0 - 59 16 %
367 132 52 99 0 0]
408 170 0 0 0 -52 %
409 110 5 26 ~ 6 -21
414 28 0 0 6 -32
447 190 7 30 4 -24
461 798 37 86 - 4 - 6
581 36 11 44 12 ~-12
572 240 17 73 14 - 5
605 190 0 0 38 90 *
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identification number, number of bombs dropped, percent of bomb
fall within the 1000' and the 2000! circles and the alming errors
in deflection and range.

Following the established practice, the data were
worked twice. First, all of the missions of each categofy were
used to estimate the standard errors of aiming and for all the
other computations. Next an attempt was made to eliminate missions
in which a "gross error" was likely to have occurred. It was
assumed arbitrarily that a circular error of aiming of 5000!' or
more marks a "gross error". Missions which were elimlinated on
this criterion are marked by asterisks. Table X summarizes the
results obtained in thils way, first with respect to all the mis-
sions and then with respect to the data cleaned of gross errors.

Columns 3 to 6 glve the observed and the expected average
percent of bomb fall within the stated areas supplemented by *
the standard error of the average iIn question. The purpose of
thls supplement is twofold. First, the theoretical value of the
S.E. 1s useful when judging the discrepancy between the expected
and the observed percentages. Second, the comparison of the ob-
served with the expected S.E. gives an ldea of whether the actual
variability of the percent of bombs within a given area, from one

mission to another, corresponds to the expectation based on

Robertson's scheme.

SECRET -40-




SECRET

1861 1L
2°0 S S°1 A G°9 ¥8°39{1°'8 F2°GG|9°¢ 16°138|6°% ¥6°33|+TI0TT| 0 X G3Z
1202T
g0 T Gg*3 2 '8 F3°8G| 0018 LS|4 % FL 6T LG $0°32|:1G0CT| S8 X G2
g 186G
T°0 0 6°0 2 0'9 FI*GL|L L FB°P9|6°C FL°92|6°F $3°93|+TPO0T|SE X 03
19TET
¥°0 ¥ 3 ¥ C*L $0°29|0°6 $S°€9|3°'% ¥¥°33|2°S F£° L2 1€90T| 0 ¥ 02
tPPTT
g°0 T 0°3 e 2°9 ¥8°69]|6°L IT°09|4°F FS8°93|T°9 FP°02]:1800TIST X 03
4SHUOHHH SSO0Y¥D, LOOHLIM SNOISSIWN :2 LY¥Vd
12243
2°9 ] S*0T S 0°9 F6°12|€°8 F9°9%(6°'2 F6°L |S°V F2°6T| 199610 X G3
1202T
Gg*0 T g2 e 7°8 FS°BG{0°0T+8°LS{4"F FL°6TIL"S ¥0°83| :1G02T|G93 X G3
13389
8°¢ 0 99 b L6 ¥S'3FiILL ¥8°F9|3°F ¥8°3T|L°P ¥3°93|19T193| G2 X 03
102%3
9°q S 0°0T S '8 FL'IZ|€°6 ¥9°9G8|¥°2 F0°6 |T1°GS ¥8°G3|1L96T| 02 ¥X 02
7293
0L 74 8°TT 9 9°L FI°T2|8°8 ¥9°6S|S°C FI1°6 |L°*G ¥8°G3|10¢8T|G3 X 02
0T &% 80T x 90T £ ¥ gOT &
BOJB JO|OTOJTO|BOJIB JO |6TOJTD BOJIB JO OTOafo BOJIB JO ©TOJaT O
*bs ao0J 1000z | "bs aog 10001 oasvnbs 1 0002 aasnbs s000T 1g
punoq J07 punoq JI0J B J0J uIylIm B J0J Uyl M fo)
e *dxdg| °sq0 |- *dx"H | °sq0 pegndwo) | peagssqQ| pejndwo)| peaIesqO| p (00T UT
sessTR T8310L Jo Aouenbeay “H°S + squod JO 3Uedaed ©IBJIOAY %o |uaeqgsd
SNOILVAYASHO TIV T LY¥Vd
*I xppueddy ‘gH6T 2890390
18 pea3sp jaodey pusmmo) aequog IITA $eoano§ °sessTW TB30L JOo Lousmbead eoyj pus
quUTod JUTW]Y qnoqy sseay pe1®l§ UTUITM TIsBd qmod JOo o3sjuedasd ‘suojsuswg UIe3qsd

X HIdVdL

-4]-

SECRET



SECRET

The last four columns refer to another important charac-
teristic of the bombing methods, namely the number of cases in
which all of the bombs dropped miss either the 1000t or the 2000!
circle (or the corresponding squares) about the aiming point. No
accurate and easy theoretical formula 1s now available to compute
the expectation of this quantity; On the other hand Table X
glves the values of a lower bound of the expectation of total
misses which is easily computed. All the formulae used are de-
duced in Sectilon C.

It will be seen that the data relating to all the mils-
sions do not agree with expectation. The dlscrepancies are mutual-
ly consistent and indicate that the values of the standard errors
of aiming used to obtain the expected numbers were grossly underes-
timating the actual level of precision. On the other hand, the
agreement relating to data cleaned of gross errors seems to be
perfectly satisfactory. Even the lower bounds of the'frequency of
total misses, though consistently lower than the figures observed,
nevertheless indicate roughly the order of magnitude of this quan-
tity.

Having in view the above results, the authors are in-
clined to belleve that, in spite of all the difficulties encoun-
tered 1n measuring the bomb patterns, the results obtained by the
method developed by the Analysts of the VIII Bomber Command are
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accurate and could serve for predictlons. Also the above results
indicate that the theory of Dr. Robertson's hypothesls, if applied
to sultable data, may be expected to yleld results verifiable by
observation.

C. Certain formulae used in the preceding sectlon.

1. Number of hits within a rectangle. Let 2a x 2b

be'the dimensions of a rectangle K(x,y) centered at (x,y) with 1ts
gsides parallel to the axes of coordinates. Let Up represent the
number of hits within this rectangle scored by F formations, each
releasing the same number m of bombs, with the same pattern 2A x 2B,
and aiming at the origin of coordinates. The purpose of the com-
putations that follow is to deduce the first two moments of UF

for any values of a and b, A and B.

Denote by u a random variable® defined as follows. If

1
the jh bomb of the i-th formation hits the rectangle K(x,y), then

uij = l. Otherwise ujj; = O. With this definitilon

Up ZZElJ (33)

and the moments of Up can be computed from those of ujj. In par-

ticular,

F m

K, (F) = E(Up) 24‘ ;ZE(uij) (34)
i=1 j=1

*The variable uij will be described as characteristic of the

experiment consisting in dropping the jth bomb. Thils conception
will be used again.
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or, since the expectations E(uij) have the same value for all

values of the indices i1 and j,
#1(F) ="Fm-E(uyy) (35)

Further, the second central moment of Up, or the square of the
standard error of Up, 1s
m -1 m
2 S 1 2 2 S ; E ' ‘
Oop = "ij + 2 Aijk] ‘ (36)
i=1 j=1 1 k=j+1

where o34 stands for the standard error of ujj and Mjx for the
product moment of uy j and u4yi. Denote by By the j-th bomb of

the i-th formation. 1In accordance with the definition of ujj,
t
E(uij) = P{Biij(X:y)} = py (say), (37)
whatever be t # O. Similarly, as the product uj juyy may have the

values of unlty or zero, according to whether both Bjj and Bjy

hit the rectangle K(x,y) or not,

E(uijuik) = P{[BijeK(x,y)] [Bik‘K(-x’Y)]}

py (say). (38)

It follows
613 = p1(1-p3) (39)

Aijk = P2 - Pi (40)

Using these formulae, we get
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H1(F) = Fmp, (41)
oh = m(pl(l—pl) + (m-l)(pg—pi))
= pn(py-me + (m-1)pg) (42)

The problem of computing the consecutive moments of Up
reduces to that of calculating the proﬁabilities p; and pg of one
or two particular bombs released by the same formation hitting
the rectangle K(x,y). To calculate these probabilities we shall
need the elementary probability law of the coordinates of the
points of impact of the bombs concerned.

Let &, 75 be the coordinates of the point of impact

of the j-th bomb Bs;s: with respect to the axes passing through the

J
aiming point. If X and Y denote the errors of aiming of the cen-
ter C of the pattern of bombs and tj and 73 stand for the coor-

dinates of Bij with respect to the axes passing through the center

fj =X + tj }
(43)
ﬂj Y + Tj

The probabllity law of X and Y 1s, say,

C, then

1 x2 1 y2
N A I R Y

- 1 X Y 44
L Lo (44)
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The relative probability law, given X and Y, of t;, tg, and T, To

is
1

P(t1, b2, T, T2) = (g for Ity <4, Iyl <B
= 0 elsewhere. (45)
The joint probability law of all the six variables X, Y, tj, tg,
71, To is represented by the product of (44) and (45). Intro-
ducing the variables Ej and ﬂj of (43) instead of tj and 73 we

obtain
- 1 1 X Y
X,Y, &, 85, ,M) = X yg( L) for |6:-X|<A
p( 2 7] 62 1 2) UadGa?(tlAB)? g(oad)g(car) l J I ’
]le-Yl<B
= 0 elsewhere. (46)

To obtain the requisite joint probability law of€l, 62, ﬂl, no
it is sufficient to integrate (46) for X and Y from -oco to + oo .

Taking into account that outside of the limits lﬁj-xl < A and
lﬂj—Bl < B the probability law (46) is zero, we obtain, for

6‘] = fk = €j+2A and Ns = nt = ns+2B:

1 §:+A §-Ay 1
p(51,€2,ﬂ1,772) = TQA)Z {G(—g.';) - G(—JO'La-;-)}(QB)z

MatBy _ o(Te-B
(o) - o))

= p(&1,62)P(My,7M5) (47)
and for all other systems of values of the four varlables,
P(ép 52, 771:772) =0 (4'7&)
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It will be seen that, while€1 &nd §5(also Ny and )
are mutually dependent, the pair of variables El, 52 is indepen-
dent of the pair 0, My. The joint probability law of §; and 7,

will be obtained by integrating (47) for 52 and 7o , and we have

p(€1,M1) = p(&1)p(ny) ~ (48)
with
= 1 acb1tA -A
p(§1) = Z{G3HR) - a(Shy) (49)

and a similar formula for p(7y).

.To obtain the probability pj; that a specified bomb will
hit the rectangle K(x,y) it is sufficient to integrate p(él) be-
tween the limits x-a and x+a and to multiply the result by a
similar integral of p(7y) taken from y-b to y+b.

Similarly, the probability pg of two specified bombs
felling within the rectangle K(x,y) is obtained as a product of
the integrals of p(fl,ég) and p(71,Mo). The first integral is
taken over the commen part of the square Iéj-xl = a and of the
region Gj = & = $j+2A; and the second over the common part of
the square |7;-y| <b and of the reglon nj = nké nj + 2B, with

j,k = 1,2. TUsing the formula
B B
fG(t-?')dt = [(t-Y)G(t-Y) + g(t—?)] = H(t-'}’)] (say) (50)

a
o a

the integration 1s easily performed. In particular
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P, = P{Bl.jeK(x,y)} = P{x~a < § < x+a}'P{y-b < W < y+b}

_ Uad{n(x+a+A) Ny (E= a+A) ) n(x;a A) . H(X;:;A)}'

SUTCEER) - M) - p(T2=B) + m(I5=R)) (s
For convenience of computations Figure 7 was constructed, giving
the values of II(*x) for values of [x| < 2.2. For greater values
of |x| the value of II(%¥x) is indistinguishable from %le.

The formula for pg is a little more complex. As was
the case with p;, the probability po is a product of two values

of the same function

p2 = f(x,a,A,O’ad)f(y,b,B,Oar) (52)

but the function f has a form which differs according to whether
tive second of its arguments is less or greater than the third.

Thus, if a = A, then

2
o
£(x,a,A,084) = ad{(f+a+A)Fn1x+a+A) + G(x+a+A)

4p2  Jag Jag
(x-3a-A) X+a-A X+a-A
+ s H(Oa)+G(Oa)
d d
(x+5a+4)17 x—a+A) G(x-a+A)
O'ad O'ad O‘ad
(x-8-8) p(ace-hy . g(Xz8-h)) (53)
ag aq aq

On the other hand, if A = a, then
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2
o)
f(x,a,A,0q5 ) = _2d((xta+A)px+ath x+a+i
2 %585 %4 ——4A2{ ag (__-.__O_ad ) + G(T—ad )

+ (x-a-3A) X-a+Ay , g(X-atA
Sah) etk v g(xpath)

(x+a+3A) 4 (Xta-Ay _ ¢X+a-A
H( C’ad ) G(—a-;-—-)

Oaq
x-a-4) x=-a-Ay _ X-a-A
SaAl r(Eech) - o(XpEh)) (54)

The two formulae are a little long. However, with
practice and the help of a slide rule and of Figures 7 and 8
(Figure 8 gives the values of G(x)), the computations are easy.
It 13 just possible that a convenlent nomogram could be constructed
giving the values of E(Up) and of GUF at once.
2. Probability of a total miss. O0f the formulae

used in Section B there remains to be deduced only one, giving
thie lower bound of the probability that all the m bombs released
by a formation will miss the rectangle K(x,y). The lower bound

used 1s represented by the probability
1 - P{x-a-A < X < x+a+A}:-P{y-b-B < Y < y+b+B} (55)

that the center of the bomb pattern 7 falls so far from the
point (x,y) that the pattern T has no points in common with the

rectangle K(x,y). In this case, the computations do not present

any difficulty since, for example,

— x+a+A X-a-A
P{x-a-A < X < x+a+A} = G{( Sag ) - G Uad*) (56)
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and the formula for the coordinate Y 1s similar. It is obvious
that the greater the value of m, the closer the value of the
computad lower bound will be to the actual probability of mlss-
ing the rectangle K(x,y).

It will be noticed that, if the rectangle K(x,y) 1is
centered at the point of aiming so that x = y = 0, then all of
the above formulae simplify somewhat. However, there 1is an ad-
vantage in having the formulae for arbitrary x and y because, in
cases of complex targets, it 1s frequently interesting to obtain
an ldea of the chances of hits on some particular sub-target.

In using the above formulae it is convenlent to remem-
ber that G(x) is an odd function so that

G(-x) = -G(x). (57).
On the other hand both g(x) and IT(x) are even functions, and

g(x) = g(-x) >0 (58)

II(x) = II{-x) £ IT{0) (59)

D. An attempt to solve gquestion (b).

1. General. In this subsection an attempt is made
to answer the question: What values of pattern dimensions 2A x 2B
(and possibly also of other parameters) should be used so that the
theory of the Robertson hypothesis will yield results referring
to specified conditions of bombing such as the size and shape of
the formation, the number and the spacing of bombs in train, etc.?

The method used in this attempt is based on the more
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detailed idealization of the formation bombing, which was used

in the First Cooperative Study. As thls more detailed theory
ignores fewer of the relevant indisputable facts pertalning to
formation bombing than the hypothesis of Robertson, the proba-
bilities impllied by the former must agree with the actual rela-
tive frequencies better than those implied by the latter.
Assuming this, the problem of determining A and B so that the
Robertson's probabilities agree with the actual frequencles 1s
reduced to that of determining A and B so that the Robertson's
probabilities are approximately equal to the probabilities implied
by the more detailed theory. While this seems to be the best that
can be done, the authors are aware that the more detalled theory
of formation bombing is itself an idealization and that its con-
sequences need not be in agreement with the actual freguencles.

The hypotheses underlying the more detailed theory of
formation bombing are as follows.

Denote by (0X,0Y) the rectangular system of axes of
coordinates with their origin at the point 0, the intended center
of gravity of all the bombs dropped. The point O will be de-
scribed as the aiming polnt. The direction of the axis 0Y is that
of the 1line of flight. The axes (0X,0Y) will be described as fixed.
Apart from the fixed system of axes another system (Cé,Cn) will
be considered, the origin of which, C, will be described as the

center of the bomb pattern. To define these axes assume for a
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moment that the aiming 1s without error and that the pattern of
actual points of impact of all bombs colncides with the intended
one. When C coincides with O, the axis C§ coincides with O0X and
the axls Cnp with 0Y. Denote by {i, nij the coordinates of the
intended point of impact of the j-th bomb to be released by the

i-th plane participating in the formation, for i =1, 2, ..., N

Let n
1
M- =3 Jégﬂij (60)

It is obvious that Ei and ;. represent the coordinates of the

and j=1, 2, ..., n.

intended center of gravity of the train to be released by the
i-th plane. The coordinate éi depends only on the intended posi-
tion of the i-th plane within the formation. On the other hand
the coordinate 7;. depends both on the intended position of the
i-th plane and on th intended time interval between the ﬁoments
of release of the leader and of the i-th plane. The differences
ni,j+l'ni,j= 2u are equal to the spacing of bombs in the trains
and are assumed to be uniform.

The coordinates X1y, Y1ij of the actual point of impact
of the j-th bomb released by the i-th plane, taken with respect
to the fixed axes, are consldered to be of the form

xj9= X + §; + £y + aij

(61)
Yij =Y + Uij+ Fi + eij
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Here the letters on the right hand side have the followlng meaning.
X and Y, described as errors of aiming for deflection and for
range respectlvely, denote the coordinates of the actual center C
of the bomb pattern. The letters fy and Fy , described as forma-
tion errors of the i-th plane, denote the displacements of the
actual center of the i-th traln from its intended position with

respect to the axes C§ and Cn. PFinally, oij and €;: represent the

J
dispersion errors of the j-th bomb released by the i-th plane.

The equations (61) do not 1mply any hypothesis. Thae
basic hypothesis underlying the more detailed theory of formation
bombing 1s that the errors of aiming X and Y, the formation errors

f; and Fy, and the dispersion errorsdij and €; ; are all mutually

J
independent random variables, normally distributed about zero with
S.E.'s respectively 04, 04,, Or, O, O34 and og,. This hypothe-
sis implies that

E(Xij) = fi, E(yij) = nij (62)
Ox, =l/dgd + ofp + d%d.= ox (say) (63)
oyﬁ =l/0%r + o% + Ggr = oy (say) 4 (64)

Also it follows from the basic hypothesis that every variable
X313 is independent of every variable yi,. On the other hand,

xj3 1s correlated with x¢, and Vi with y¢,.
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2. Expected proportion of bombs hitting a gilven target.

Let P(8) stand for the expected proportion of bombg, released by
one formation, falling within any given area S. The method of
variables® characteristic to the experiments conslisting in re-

leasing particular bombs gives then immediately,

P(8) = -ﬁ-lﬁZN'Zn'ffpij(t,T)dth (65

=] j=l1 g
where

pyj(t,7) = 1g(t81) 1 g(T-My) (66)
9x ox Oy Oy

stands for the elementary probability law of xij and yij' The
general formula (65) simplifies if both the target area 8 and the
intended pattern of bombs have certain characteristics of regu-
larity., If S is a rectangle, say K(x,y), centered at a point

{x,y) with its sides 2a x 2b parallel to the axes of coordinates,

then

f fpi.(t,-r)dtd-rz (G(i‘iﬁ'_ﬁ) - G(x;aﬁ_i.)) (G(Mi_i) - G(Y;b_'_"ii))
K(x,y)
(67)

If the intended bomb pattern is approximated by a rectangular

lattice of equidistant points (§, ,m,), v=1, 2, ..., s;

H=1,2, ..., n, where s stands for the number of columns or

*3ee footnote on p. 43.
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strings of planes 1In the formation, wlth the lateral spacing be-
tween the strings equal to 24, then P(S=K(x,y)) becomes the pro-
duct of two sums

p(x(x,7)) = 2 2 6@t gxgete) ) 2;&(@—3;@'-)-@(?-—‘3;5&)}
= ”—-

U
(68)
Ordinarily both the lateral spacing between planes and the spacing
of bombs in the trains are smaller than o, and oy respectively.
In these conditlons it is known that the two sums in (68) can be
replaced by the Integrals divided by 2d and 2u respectlvely, with
the result that P(K) computed from (68) differs only by a unit or

two in the third decimal from the value P'(K) computed from(69):

+sd +nu
PUK) = gag [ (G(XHEE)-e (X828 jat pny [(0(TE2T)-0(E=52T) Jan
-sd -nu (69)

Performing an easy integration it is found that P'(K) is identi-

cal with the value py obtained in Subsectlon C,l1 on Robertson's

hypothesis, provided one substitutes

A= sd, B= nu, 0gq = Ox, Og,= Oy (70)

The Robertson formula applies to C-bombs only. On the other hand,
formula (59) refers to all the bombs dropped. Thus the identity

is achieved by assuming that all the bombs dropped are C-bombs
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and thus that @a= 1 and m = nN. If the intended pattern of bombs
1s represented by a rectangular lattice with the spacings 2u in
range and 24 in deflection*, then the Robertson formula for the
expected proportion of bombs falling within a rectangle K(x,j)

will yield values approximately equal_to those given by the more
detailed theory, provided the dimensions of the Robertson rectapgu-

lar pattern of bombs are set equal to
2A = 2sd, 2B = 2nu (71)

and provlided the standard errors of aiming for deflection and

for range in the Robertson'!s formuleare ldentified with the some-

what larger quantitles

Oy = o&d +_5§'+ 5%; and oy = L/3§¥ + og + 55; (72)

Frequently the standard errors of dispersion and occasionally
those of formation errors will be small compared to the standard
errors of aiming. In such cases the ratios Ck/chd and oy/0g , Will

be close to unity. Thils however, will not always be the case.

*It will be noticed that this does not imply that the forma-
tion pattern necessarily must be rectangular. On the contrary,
1f all the planes release thelr bombs on the leader, then, owing
to the delay in the time of release, to obtain a rectangular
pattern of bombs, 1t 1s essential that the wing planes be staggered
in range from the leadling plane. By adjusting the lag in time of
release a rectangular intended pattern of bombs maz easily be
achieved by a formation composed of several "Vee's".
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In fact, three bomb plots obtained 1n experimental bombing gave

the following estimates of formation errers:

Gp = 100!
op = 500°'.
In combat, even larger values of the S.E.'s than these may occur

and then oy and/or Oy will be appreciably greater than Uad and

Oa., respectively. It should be mentioned that, while the disper-
sion S.E.'s of G.P. bombs appear to be small compared with the
S.E.'s of aiming, the dispersion of the 20 1lb. fragmentation bombs
(on which the authors do not have any experimental data) is likely
to be very large, of the order of 100' or more.

Whatever the situation may be, the problem of the argu-
ments to be used in the Robertson theory to obtain the expected
proportion of bombs hitting a given rectangle, which 1s implied
by the more detailed theory, seems to be solved by the rule (71)
and (72) explained above.

3. Probability of missing a circle S(x,y). The

probability 5’1'0 that all the bombs released by one formation will
miss a circle S(x,y), implied by the more detailed theory, is
given by the formula

B olxy) = L ” £l

r

-gC’_‘l':_L.) H (l-Hij)dudv}dXdY (73)

-X- &

OF j=1
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where § and ;. denote the coordinates of the intended center of

the traln of bombs released by the 1-th plane, and

"ij = __1__‘[ J'g(t-u+X+ ) g (T-V+Y+ M 5)qtdT. (74)
04494, Tag Sap
S(x,y)

Obviously, the probabllity of missing by F formations 1s given by

F
917',0 = ’1,0-

The formula (73) is complex and so far it has been im-
possible to establish a relation to the corresponding formula of
the Robertson theory that would guarantee the approximate agree-
ment of the two, provided A and B in Robertson's theory are given
some values calculable from the parameters involved in (73). Al-
though work In the above directlion'is 1n progress at the moment
of writing, the best that can be reported are the results of a
few trials. The first trial, suggested by the results obtained

in the previous subsection D-2, was based on the rule

a=1, A= sd, B= nu, Gad = Ox, o_ar, = Gy, (75)

which brought about the approximate identity of the expected
number of bombs hitting a rectangle, computed on the two theories.
While the totality of numerical examples comparing s%,o(x,y)

and P;’O(x,y) is given later in a comprehensive table, Table XI

glves four examples 1indicating that P;,O computed with the sub-
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stitution (75) may have values very different from those implied
by the formula (73). In all four examples the number F of for-
mations was chosen to obtaln values of 5%’0 ranging from about
.05 to .15.

The first two examples use values of the parameters
assumed tentatively to be appropriate for 500 1lb. G. P. bombs,
perhaps with slightly exaggerated dispersion. Thils, however,
need not be unreal i1f the bombing 1s done from high altitudes.
The two other examples refer to the 20 1lb. fragmentation bomb
for which the maximum load 1s n = 144 per plane. Here the assumed
value of dispersion (the same as in the first two examples) may
be a little too smalI%. This choice was made 1n order to shorten
the computations, the main purpose of whilich is to test the agree-
ment between 3%,0 and P;,O'

In all computations, the lateral spacing of planes 1is
110" in accordance with the usual practice described in Prelimary

Report No. 9 of the Operations Analysis Section, Thirteenth Air

*Since these computations were performed, and after this pas-
sage was written, the authors obtalned a copy of the Report dated
March 31st, 1944 of the Operations Analysls Section of the Fifteenth
Alr PForce, which includes plots of points of impact of 20 1lb. frag-
mentation bombs. These plots indicate that the dispersion S.E.'s
of these bombs are of the order O0dg = 9d, = 100'. It follows that

the assumed values overestimate the dispersion of both the 500 1b.
and the 20 1b. bombs. Since the change in o34 and oy, from 50'

to 150' produces but a very moderate change in the values of ox
and 0y, namely from 808' to 820' and from 945' to 955' respective-
1y, i¥ is doubtful whether the overestimate of the dispersion
standard errors 1is of any importance.
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Force.

It will be seen that the values of P§ o are twice or
even three times as large as those of 3%’0.* It follaws that
substitution (75) 1s not satisfactory from the point of view of
agreement between the values of P%,O and y%’o and that, there-
fore, attempts to find a better substitution are justified. 1In
addition to the method just described, which may be labeled
method (a), the following three methods were tried.

(b) Use a= 1, A= sd, B= nu, as in method (a), but
substitute oy 4 and oOg, instead of o, and o, as previously used.

v
(¢) Use a= 1,

A'::V(sz—l)dz + 3(c2 + cgd)

(76)

| 2 2 2 2
B =V ) + 3o+ o
(n“-1)u (o dp)
and Tags Tap* This implies that A and B are selected so that the
second moment of the x coordinate (and y)} of the points of impact

of bombs about the center of gravity of the pattern computed on

one theory is equal to the corresponding moment computed on the

*Although the above computations were made to compare 5% 0
with P%,O’ rather than to draw some tactical conclusions, it 13
interesting to note that examples 3 and 4 suggest that one "Vee"
of six planes releasing fragmentation bombs is much more effec-
tive than a formation of two "Vee's" of three planes each, fol-
lowing each other.
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other theory. Similar substitutions were tried, based on the
equallty of moments of other orders. However, while the results
were not markedly better, the formulae for computation of A and
B were consideﬁably more complex.

(d) TUse = 1,

1 —
A= (s=1)d + 'Q'Wn £+ q’
(77)
B= (n-1)u + Ly + |
N F r’
and Gad’ ohr; where w, means the expected range in a sample of

m items independently drawn from a normal population with unit
standard deviation. This implies that A and B are selected so
that 24 (and 2B) equal the expected difference between the great-
est and smallest values of the x coordinate (and y) of all bombs.
An extensive table of values of wp 1s given in Table XXII in the

Tables for Statisticians and Biometricians, Part II, by Karl

Poarson.

Table XII gives the results obtained. It will be seen
that most of them refer to small values of R, op and op, the latter
two being out of proportion to the estimates op = 100' and op =500"
computed from experimental data. The small values used in Table

XII, o = 10' and op = 25', are estimates made before any experl-

mental data were avallable and which were used in practically all
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TABLE XII

Comparison of Values of P; 0 computed by Four Methods, with
b

Those of 3%’0.

PART I: General Conditions: m = 864, o4 = 800', or = 100!
op = 500', x = 20', F= 10, 0qq = 04, = 150', 2u =

3*
g%}o PF,O computed using method
(a) (b) (c) (d)

20!

.258 . 225 097 .097
.263 .229 . 099 .098

.270 .236 .101 .099
.278 . 244 .105 .100
.288 .254 .110 .103

074 .056 .067 .101

077 .088 .069 .102
.081 .062 071 .103
.086 .066 .074 .104
093 073 .0"78 .106

.115 .091 .078 . 056
.119 .094 .080 .056
.124 . 099 .082 057
.130 .105 .085 .058
.138 .113 .090 .060
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TABLE XII - continued.

.
Comparison of Values of PF,O’ computed by Four Methods, with

Those of 3%,0.

PART II: General Conditions: s = 3, og = 800', op = 100'.
op = 500', x = 201, F= 20, ggq = g3, = 150", 2d = 110'.

#*
3%’0 Pp,o computed using method
R m 2u gy (a) (b) (c) (d)
60 72 240 200 .107 .193 .164 .138 «131
300 .111 «197 .168 .140 .132
400 .115 203  L.173 .143 .134
500 .120 .211 .181 . .148 .136
600 .128 .220 .190 .153 .139
96 180 200 .056 <141 .116 .079 .101
300 .058 <144 .119 .081 .101
400 .061 .150 .124 .083 .103
500 .065 .156 .130 .086 .104
600 .Q70 .165 .138 .090 .107

PART III: General Conditlions: s = 3, g5 = 400', op = 100!,
ofp = 500', x = 20', F = 30, Oaq = 3071, 94y = 50', 24 = 100!

3%
o Pp o computed using method
’ b4
R m 2u y (a) (b) (c) (d)
10 360 100 200 .263 .276 .222 « 309 .440
400 .285 . 300 237 .312 . 440
600 323 . 340 274 . 321 .440
16 216 100 200 «133 .121 .056 .114 .202
300 «139 .134 .069 .118 .202
400 .149 .152 .092 .124 .203
500 .163 <177 .126 . 133 .204
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TABLE XII - continued.

Comparison of Values of P? 0’ computed by Four Methods, with
’

Those of 3%,0,

PART IV: General Conditions: s = 9, og = 400', op = 50°',
op = 100', x = 207, 044 = 301, o4, = 50', 24 = 100"

3¢

| g%,o Pp,o computed using method

R m F 3y 2u (a) (b) (c) (d)
10 180 60 200 20 087 | .099 .091 .088  .095
- 40 .097 | .101  .094 .099  .119

60 ‘124 | .127 .120 .128  .157

80 .166 | .169 .163 '.160 .206

100 217 | .e20 .21 .e22  .260

400 20 172 | .189  .185 .173  .173

40 .165 | 171 .165 .166 .176

80 .197 | .200 .193 .199  .227

100 .233 | .236 .230 .236  .269

600 20 . 359 . 389 . 380 . 360 . 342

40 .311 | .320 .322 .312  .298

60 276 | .ese  .2v8 .26  .274

80 .262 | .266 .260 .262 .274

| 100 270 | .274 .266 .270  .293

10 - 360 30 200 20 .103 | .132 .122  .106  .108
' 40 ,106 .| .116 .107 .110 .131

400 20 .196 | .233 .228 .200 .186

40 177 | .190 .184 .181 .187

60 .1s2 | .189 .182 .185 .206

600 60 287 | .297 .293 .288  .279

80 270 | .276 .269 .270 .28l

100 .276 | .281 .274 .277 .302
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TABLE XII - continued.

Comparison of Values of P;,O’ Computed by Four Methods, with
Those of ¥ .

PART V: General Conditions: s = 3, ogq = 400', op = 10', op = 25!

x = 20", oq, = 30!, og_ = 50', 2d = 100'.
3t

3%,0 PF,O computed using method

R m y cu (a) (b) (c) (d)
10 180 60 200 20 .090 .104 .101 .097 002
40 .094 .098 .096 .097 101

60 .118 .122 .120 121 . 129

400 40 .164 « 170 .168 .168 .166

60 .168 172 .170 .170 .174

80 .189 192 .190 .191 . 197

600 80 .254 .258 . 256 . 256 .255

100 . 260 . 264 .262 .262 .265

10 360 30 200 20 .129 .155 . 152 .141 122
40 .121 <121 .119 .118 . 120

60 136 .138 .136 .136 « 146

400 40 . 200 .201 .199 . 197 .189

60 .189 .191 .190 .189 .191

80 . 204 .207 .205 .205 212

600 80 .271 .275 273 272 . 269

100 272 .276 .274 274 .78

16 180 60 200 20 . 007 .014 .013 .010 . 007
40 .004 .006 .006 .003 .005

60 .007 .007 .007 .007 .008

400 40 .016 .020 . 020 .012 LO17

60 .015 .017 .016 .016 .016

80 .018 .020 .019 .019 . 020

600 80 .036 . 040 . 039 .039 .038

100 . 036 .040 . 039 .039 .039

(Part V continued on p.69)
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TABLE XII - concluded.

Comparison of Values of Pﬁio, Computed by Four Methods, with

Those of y%,o.

PART V (continued): General Conditions: s = 3, o5 = 400',

op = 10!, op = 25', x = 20!, og. = 30!, oaf = 50!, 2d = 100!

d

5%,0 P;,O computed using method

R m F 3 2u (a) (b) (c) (d)
16 360 30 200 20 .033 .059 .058 .045 .024
40 .012 .017 017 .016 .013

60 019 .015 .014 .014 .015

400 40 .035 .047 .046 .043 .034

60 .035 . 030 .030 029 .027

80 032 .030 .029 .029 .029

600 80 .058 .087 .056 .056 .051

100 .0581 .053 .052 .051 .051

the computations given in the First Cooperative Study. At present
the results of these computations are used solely for purposes of
comparison of P;,O with 3%’0,

It will be seen that the values of P?,O agreeing most
consistently with % o in order of magnitude are those provided
by method (c¢) which is based on equating the second moments of

the distribution of bombs within the pattern, computed on the two

theories. It is true that the agreement is not perfect, but it
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seems probable that, whatever practical conclusions would have
been made on the basis of the values of 3%,0, the same conclu-
sions would be reached on the basis of the values of P?,O'

The unpleasant detail of the situation is that at the
present moment the authors are unable to give any assurance that

%
in some untried circumstances the values of PF 0 will not differ
3

disastrously from those of 3%,0. Therefore, the method (c) is
offered very tentatively with the hope that some future research
will bring an improvement and/or an assurance of consistency.
Figures 9, 10 and 11 give bomb plots obtained in samp-
ling experiments with the patterns fitted to them by the various
methods. These methods are also illustrated in Figures 4, 5 and 6.
Before concluding this section the authors wish to em-
phasize that the problem of the correct values of arguments in the
Robertson theory has received only a tentative solution without
a proper theoretical backing. In thelr opinion it would be very
important to improve the situation in this respect, because the
theory‘of the Robertson hypothesis leads to easy formulae and

nomograms which solve a great variety of practical problems.

VI. OPTIMUM BOMB PATTERN.
A, General. The Report of the VIII B.C. refers to
the problem of the optimum bomb pattern several times. Two

passages from this Report are quoted:
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P. 12. "Bombing with combat-box patterns
means that individual bombs are not belng
aimed at individual structures at all, If
a circle be drawn circumscribing the target
complex, our efforts are really directed to
placing a compact pattern of bombs in such
a position that as many as possible come
within this circle, depending upon chance
and a high density to provide the hits on
key structures.”

P, 21. "The relation of pattern size with
the percent of bombs in a circle of 1000 foot
radius about the aiming point 1s not immedi-
ately discernible. Small patterns well aimed
will give large percentages, and poorly almed
may give zero percent. Large patterns cannot
give high percentages even if well aimed but
will tolerate greater aiming errors."

The above quotations combined with reports on recent
operations 1In various theaters suggested three different prob-
lems of "optimum pattern”.

(1) The problem of the bomb pattern yielding the
greatest average percent of bombs falling within a square of
glven dimensions 2a x 24 about the aiming points.

(11) The problem of the pattern of bombs yielding the
greatest probability of hitting a circular sub-target within the

target area with reference to the particular location of this

sub-target.

*Presumably there will be no opposition to the change from
a circle to a square, for which the algebra of the solution 1is

easier.
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Data on the optimum pattern of this kind may be useful
in cases when a knockout attack on a target area 1s contemplated.
In such cases the 1nformation desired 1s the number of planes and
bombs that will insure a very high chance of hitting each and
every sub-target. As this chance depends on the pattern of bombs
released by each formation, it 1s natural to use the particular
pattern which maximizes the chance of hitting the sub-target whose
location makes it the most difficult to hit.

It may be useful to illustrate this kind of situation
In two examples.

(1) When trylng to clear a path through a mine field
by bombing, i1t seems natural to make sure that all land ﬁines,
even those which are most difficult to destroy, have a high chance
of being exploded by bombs.

(2) 1In preparing for recent landing operations on
islands 1in the Pacific, obviously efforts were made to knock out
entirely whatever alrcraft there may have been oh the islands
and to destroy all major defense installations as well.

(1i1) The problem of the pattern of bombs yielding the
greatest probability of hitting a circular sub-target within the
target area, the particular location of which 1s left unspecified.

The data on optimum patterns of this kind will be useful
in what may be descrlibed as routine bombing. Suppose, for example,

that several formations of bombers are dispatched each to attack
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a different factory area or, perhaps, different alr bases. The
purpose of such attacks 1s to inflict as much damage as possible
upon each target area, although no special effort is directed
towards a complete knockout blow, since this may require the
concentration of more than one formatibn on a single target area.

| In circumstances of this kind there may be é disadvan-
tage in making efforts to increase the probabllity of hitting the
sub-target which is most difficult to hit, since this may decrease
substantially the chances of hitting other sub-targets. What 1is
wanted 1s to hit as many sub-targets within the glven area as
practicable, without insisting on any one in particular nor on
a complete coverage, for which the force dispatched would be in-
sufficlent.

Missions of this kind are, probably, the most frequent

of all and, at this moment, it does' not seem necessary to glve
specific examples. Some 1llustrations will be found in subsectlon

VII‘D-

B. Pattern dimensions maximizing the average proportion

of bombs within a square about the aiming point.

The formula

i

py = Baf (h) - gt | Teelpe®) - B ] (e

ag Tagq ar

which was deduced in section V-C glves the expected proportion of
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bombs falling within a square 2a x 2a about the aiming point.
Operationally the value of p; will be approximated by the

average proportion of bombs within the square achleved in a

number of similar missions. To obtain the pattern maximizing p;

i1t is sufficient to find the value of A maximizing the factor

$(a) = ——K@[ma*“) - mEd)] (79)

and the value of B maximlzing a similar expresslion representing

the second factor in (78). We have

$- Hww, (80)
with
_ afa@th) _ g@ch ath, ach
v ) = afod) - ogh] coagplEin - eED] e
Further,
awr_ ._—5__[ a-Ay _ oatA)le o
il (1 g(oad)] 0 (82)

Hence W(A) is a monotone increasing function of A, At A= 0
we have W(0) = 0. Hence for A > O the function W(A)ls positive.
Therefore the derivative of @(A) 1s zeroat A = O and 1s negative
for A > 0., It follows that the values of A and B maximizing pq

are A= B = 0,
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Therefore, in order to obtain the greatest average
percent of bombs within the square 2a x 2a about the aiming point,
it 1s necessary and sufficient to tend to make the dimensions of
the bomb pattern as small gg possible, whatever be the dimensions
of the square target and whatever be the standard errors of aiming.

C. Pattern dimensions maximizing the probability of

hitting a circular sub-target of specified location.

If 1t is accepted that formula (13), with (19),

_p,.F |
Ppo = {1 - I(l-e ) (83)

represents the probability of missing a circle S(x,y) with suffi-
clent accuracy, then the problem of the optimum pattern will be

solved by selecting the values, say ﬁ and ﬁ of

A = A/oald and B' = B/O'ar (84)

which will maximize the expression

A(A', B') = I(1-e~D)

= [etxr+an) - axr-an | [eemn) - a(yr-n)] [1_9‘% ] s

with x' = x/0g,, ¥' = y/c'ar
2 (86)
a2 S ——————————
4 4 924,
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2 and ﬁ will be called the standardized optimum half dimenslons
of the bomb pattern.

Obviously ﬁ and % are functions of three variables, x!',
y! and 4. A sample of values of 2 ana 8 corresponding to A= 1
and to varylng values of x' and y' is given 1n Table XIII. Sec-
tion VII contains a nomogram and charts determining the values of
2 and g.

Table XIII 1s divided into nine columns and nine double
rows, each cell containing two numbers. The upper number is the
value of R and the lower that of ﬁ. It will be seen that the op-
timum values of A and B are not equal to zero and that they depend
on m, R, Oag and Oapn- At first sight this result may seem con-
tradictory to the one obtained in subsection B, namely that what-
ever be m, R, Oad and Car’ to increase the average proportion of
bombs falling within a square about the alming point, one should
diminish the pattern dimensions as far as practicable. However,
the contradiction is only an apparent one. As the authors of
the Report of the VIII B.C. rightly point out, if the dimensions
of the bomb pattern are too small for the glven values of the
S.E.'s of aiming, then very frequently the whole pattern will bé
placed outside the target. Also, with very small patterns there
will be many overlaps of craters which, from the point of view
of at least one hit, constitutes a waste of bombs. On the other

hand it happens that the average per cent of hits 1is greatest
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A A

Standardized Half Dimensions A and B of Bomb Pattern,

1.0
1.0 1.5 2.0 2.5 3.0 3.5 4.0

TABLE XIII
Known Locatlon

)

Optimum for Hitting a Clrcular Sub-Target S(x,y)
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when the dimensions of the pattern are equal to zero. This
greatest value would be attalned by averaging a-considerable
number of zeros with a few cases of 100 percent hits.

Once the optimum values X and B are obtained, the solu-

tion of equations (76) gives the optimum values of d and u, namely

-~—

dopt.z Jagq - 5(5? + Odd) (87)
s¢ - 1

i ‘/ ﬁ‘!oazr _ 3(op + oﬁr) o

Yopt.= T 1 (88)

While no inconslistencles were found with respect to the
formula glving the optlimum value of u, the authors feel 1t neces-
sary to cautlon one concerning the use of formula (87). It must
be remembered that the basic assumption of Robertson's theory 1s
that all the C-bombs are uniformly distributed within the bomb
pattern. The formulae, as 1t were, take this circumstance for
granted and, if the assumption of uniformity 1s strongly violated,
cannot help leading to incorrect results.

Suppose for example (this 1s exactly what happened in
a particular problem) that for a three string formation of 18
planes 1t is found that dopt.= 350!, This suggests that the
three strings of planes should be spaced laterally 700! from one

string to another. The more detalled theory applied to the same
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problem indlicated that such a wide spacing is not advantageous.
The authors presume this to be the fact and the reason for the
discrepancy 1s that, 1f the three strings of bombers are as
widely spaced as indicated by dypy, » then the distribution of
bombs within the pattern will be far from uniform. In fact,
rather than uniform 1t will be composed of three parallel ridges
with furrows 1n between.

An interpretation of the result which seems logical to
the authors is that with a large value of A, instead of flying a
three string formatlion, a pattern of some six or even nine planes
abreast (or in "Vee's) would be indicated so as to insure a
greater homogenelty in the density of bombs all over the intended

pattern. This conclusion is confirmed by the values of both *% 0
E

3%
and PF,O'

Inspection of formulae (83) and (85) shows that for fixed

+
F,0

function of both |x'| and |y'|. Therefore, (within a rectangular

values of A, A', and B', the probability P is an 1increasing
target area) the subtarget S(x,y) whiech is most difficult to hit
is the one that is placed 1in the corner of the target area. It
follows that when planning a knockout attack on a rectangular
target area with the aiming point at its center, one should use
the optimum pattern dimensions éﬁ and éé corresponding to the

coordinates (x,y) of the corner of the target and should send a
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force sufficient to insure an adequately large probability of
hitting a circular sub-target In the corner. Then the probabi-
1ity of destroying other sub-targets will be even more satisfac-
tory.

D. Pattern dimensions maximizing the expected number

of circular sub-targets hit 1In a single formation attack,

Suppose that a rectangular target area 2¢ x 2n about
the alming point contains a certain number of circular sub-targets
S of radius R, distributed over the area at random. For example,
the target may be a runway together with the dispersal area sur-
rounding the runway. In this case, the sub-targets would be the
parked aircraft. Since the parking places may.be expected to vary
from day to day, the correspondence with the above assumption 1is
complete.

The problem, considered in this sub-section, 1s to de-
termine the dimensions of the bomb pattern which maximize the
probability that a single formation attacking the area will hit
the target S. If the dimensions of the bomb pattern are 2A x 2B
then this probability will be denoted by Q(¢{,7,4,B). Iﬁ is ob-
vious that ‘the value of Q(¢,7,A,B) also represents the expected
proportion of targets S distributed at random over the target
area, which will be hit at least once., Also it 1s approximately

equal to the expected proportion of sub-targets hit if the
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sub-targets have a fixed location in the target area but are
more or less uniformly distributed over it,

Writing ¢ = 4'opy, 7= n'op, 1t is easily found that
Q(¢,n,A,B) ¢ v
= (1-AB 3, |{G(x1+4)-G(x'-A") }dx-,,l,f{G<y'+Bv )-G(y'-B') }ay

0
= (1-eﬂ')-{me'+m )- II(¢'-A")} {JT(n'+B")- (n'-B')}/&'n' (89)

The values of A' and B' maximizing this expression will be de-
noted by A¥ and B¥ Table XIV, perfectly analogous to Table XIII,
gives a sample of values of A¥ and B¥. Comparison of Tables XIII
and XIV shows that generally the pattern dimensions maximizing
the probability of hitting a circular sub-target of known location
differ from those most advantageous for hitting a target placed
in the target area at random. Tllustrations given in section VII
indicate that at least in certain cases these differences are
reflected . in substantial differences in the probabilities. Sec-
tion VII also contalns a nomogram for computing the values of A%
and B¥.

VII. TUSE QF GRAPHS AND SUMMARY OF ARITHMETICAL PROCEDURES
INVOLVED IN PRACTICAL APPLICATIONS OF THE THEORY OF ROBERTSON'S
HYPOTHESIS. ILLUSTRATIONS.

A. General. The results of Robertson's theory of
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formation_bombing which, at the present time, seem the most use-
ful are

(i) The formula giving the expected proportion of
bombs released by a formation, falling within a rectangle;

(11) The formula for the standard error of the propor-
tion of bombs falling within a glven rectangle;

(111) Means of computing the dimensions of the rectan-
gular bomb pattern (and thereby the lateral spacing of planes and
the spacing of bombs 1in train) which maximize the probability of
hitting a circular sub-target S(x,y) placed at a point (x,y);

(iv) Means of computing the dimensions of the rectangu-
lar bomb pattern (and thereby the lateral spacing of planes and
the spacing of bombs in train) which maximize the expected pro-
portiocn of circular sub-targets distributed within a rectangle
2¢x 27 about the aiming point which will be hit in one formation
attack;

(v) The formula giving the probability of hitting (or
missing) a circular sub-target S(x,y) with its center at a speci-
fied point (x,y);

(vi) The formula glving the expected number of circu-
lar targets distributed within a rectangle 2¢ x2n7n about the aiming
point, which will be hit in one formation attack.

The purpose of this section is to summarize the arithme-

tical procedures involved, to explain the details of the graphical.
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methods by which these procedures can be simplified and to illus-
trate the results on a few examples.

The solution of all the problems discussed depends on
the standard errors of aiming o0g,,0q4, on the S.E.'s of formdtion
pattern op, or and on the S.E.'s of dispersion of bombs %4, 9d4
in range and deflection respectively. Therefore it seems appro-
priate to summarize the information avalilable to the authors on‘
the values of these parameters.

| The values of Jan and Tag reported from various theaters
are extremely variable and range from several hundred feet to al-
most 2000'feet. Also, as the Operations Analysls Sections appear
to be estimating the precision of aiming, no particular assump-
tion as to the values of oL and Cag is suggested.

The information available on the standard errors éf for-
mation pattern is limited to three bomb plots obtained in experi-
mental bombing and to the plots obtained in combat, published
in the Report dated March 31, 1944 of the Operations Analysis
Section of the XV Air Force. Both sources give surprisingly con-

sistent estimates of about

/

Gf‘ =100! and GF = 500!,

The standard errors of bomb dispersion are small in
comparison with the other S.E.'s and, since they always appear

in sums of the type G%+ cgd or oﬁd + c% + G%d in the computations
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of thils report, their importance is only moderate. With no fear

of serious errors the following rough estimates may be used:

G.P. bombs up to and including 500 1lb. ....... %dq = 94, 40!

1000 1b. bombs released from over 12,000'
altitude ® O 0 @ & ¢ & 5 9 2 0 0 5 O S 8Pt D S P e P 0t 000 Oddzcdrzlso'

100!

20 1b. fragmentation bombs ................ ... 044 = 04,
The empirical data available concerning dispersion were
discussed more‘fully in the First Cooperative Study. Here it will
suffice to state that most of the data refervto practice bombs,
that considerably less is known on the lighter G.P. bombs and that
the informatlon avallable to the authors on the 1000 1lb. bombs as
well a3 on the 20 1b. fragmentation bombs is very meager. The
figures given above must be interpreted having in view the scarcity
of data on which they are based.
The above values of the standard errors of formation pat-
tern and of bomb dispersion will be used in all the examples given

below.

B. Proportion of bombs hitting a rectangle; its expec-

tation and its standard error.

Let K(x,y) denote a rectangle of dimensions 2a x 2b,
the side 2b being parallel to the line of flight. The rectangle

K(x,y) is centered at the point (x,y) with respect to axes passing

through the aliming point.
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K (X5y)
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If F formatlons aim at the origin of coordinates, each
releasing a rectangular pattern of bombs of the same dimensions
2A x 2B, then the expected proportion P of bombs hitting the

rectangle K(x,y) is given by the formula

_© +a+A -a+A +a-A -a-A, .,
o
-g%{m-‘f;‘;*B)-n(Y;b+B>-n(lg;'B)+H(X§,—§-‘—@)} (90)
where

Ox = l/cgd + oF + O%d

(91)

oy = L/bgr + d% + o%r
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When the dimensions 6f the bomb pattern are unknown
and 1t 1s desired to estimate them from the structure of the
formation, the following procedure 1s recommended.

If the formation is composed of s strings of planes,

and 1f the spacing between the strings 1s 24 feet, then
A = sd. (92)

Similarly, if n denotes the number of bombs in each train which
are released singly (not in clusters) by the intervalometer and

if the spacing between the bombs is 2u, then

B = nu. (93)
In the case of clusters of fragmentation bombs, each cluster
.plays the role of a single bomb. Thus if the load contains 144
fragmentation bombs forming 24 clusters of 6 bombs each, then
n = 24.

Remark: The formulae A = sd and B = nu are appllcable

in the present problem and i1n the followlng one concerned with

3*
the value of og but not in the problem of computing PF,O'

If in a particular case there 1s only one string of
planes then A = 0. In this case the first factor in the formula

for Py reduces to

G(%’% - G(%}‘{—a) ’ (94)
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Similarly, if u= 0 and, therefore, B = 0, the second factor of

the formula for Py reduces to

G(%‘}’-) - G(%}—b) (95)

It will be seen that the computation of p; requires
(1) some source of values of the functions G(x) and JI(x) and
(1i1) elementary arithmetical operations which can easlly be per-
formed with a slide rule.

Charts I and II are constructea to provide easy means
of obtaining the values of G(x) and IT(x).

Example 1. Suppose that a formation composed of two
squadrons of N = 9 planes each attacks a runway 400' x 4000' fly-
ing along 1ts axis, Each of the squadrons flles a three string
formation with lateral spacing 2d = 110'. The leading plane of
the first squadron alms the center of its train at the center
of the runway. The second squadron 1s staggered to the right,
the lateral distance between the central planes of the two squad-
rons being 820'. All the planes of both squadrons release thelr
bombs on the leader of the first squadron., It 1s assumed that
the unavoidable 1lag in time of bomb release tends to compensate
the stagger and that, on the average, the range of all trains
of bombs is the same. The number of bombs released by each

plane 1s n = 12 and they are spaced 2u = 360!' apart.
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The problem which will be used to illustrate the method
of computation 1s that of determining what proportions, pi and p" ,
of bombs released by two squadrons may be expected to fell on the

runway. It will be assumed® ox = 400', oy = 1600'. We begin by

*The value 820' of the lateral spacing between the two squad-
rons and the values ox = 400' and oy = 1600' were found to be one
of several combinations which fitted the distribution of the ave-
rage percent of bomb fall published by the Operations Analysis
Section of the Thirteenth Air Force in their Preliminary Reports
No. 9 and No. 11. A sample of the computations made to obtaln
rough estimates of these three parameters 1is as follows.

Reglon: 1 2 3 4 5

Observed Percent of Bombs: 16 32 24 13 15

Lateral Dis-
tance between Ox Oy Expected Percent of Bombs
Leaders
270 1000} 1000} 11.8 32.3 27.2 16.8 11.8
800 | 1600 12.4 33.5 26.5 15.1 12.5
520 900 900l 12.9 34.2 27.8 15.7 9.5
700 | 1400 || 14.1 36.3 26.8 13.7 9.1
670 800 800l 13.8 36.4 27.5 14.5 7.8
600 1| 1600 13.9 35.8 25.6 13.4 11.3
400 | 20001 16.1 36.2 21.8 11l.1 14.9
820 600| 600l 16.2 41.4 25.8 11.3 5.3 )
. 600 10001 14.8 38.7 26.4 13.1 7.0
600 | 1400} 13.6 35.6 25.9 14.2 10.7
700 | 1200 || 13.1 34.6 26.8 15.2 10.4
400 | 1600} 16.8 36.8 23.3 1l2.2 11.0

The combinations of values of the parameters given 1n the last
three lines fit the observational datasbout as well as any of
the others. Qwing to the particular form of data available and
to the rough method of estimation, these estimates are not re-
liable but may be used for purposes of illustration.
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computing the arguments of the formula for p;. For each squadron
we have |
s =3, d= 55 n= 12, u= 180.

Hence

A = sd =165, B = nu= 2160,
Also, for both squadrons,

a = 200, b = 2000.

It 1s convenlent to express these values in terms of the o's.
Thls also appiies to the value of x = -820 which is needed for the
compubations concerning the second squadron. We have

Afog, = .4125, B/oy = 1.35,

a/ox = .5, bfoy=1.25, x/ox= -2.05.
The second factor in the formula for Py has the same value for
both squadrons. Since y = O, the two positive terms as well as
the two negative terms within the bracket become equal. Thus the
computations reduce to evaluating one positive term and one nega-

tive term and to dividing the difference by B/oy instead of by

2B/0y.
Corresponding IT
Arguments of II from Chart II
(b+B)/oy = 2.60 1.301
(b—B)/oy =- .10 .401

Difference .900

Ratio of the last
difference to B/oy .667
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The computation of the first factor in the formula for p; must

be done separately for each of the two squadrons. For the first

squadron, since x = 0, the computations follow the pattern de-

gscribed above for y = 0. However, for the second squadron,

x/ox = -2.05 and therefore the first bracket of the formula for

pp contains all four terms. The divisor in this case 1is 2A/OX.

Flrst Squadron

Arguments of JT Corresponding
Values of IT
from Chart II

(a+A)/ox =.9125 . 554

(a-A)/ox =.0875 .400

Difference .154

Ratio of the dif-
ference to A/ox .373

Second Squadron

Arguments of JI Corresponding
Values of JT
from Chart II

(x+a+A;/ox=—l.1375 .632
(x-a-A)/0x=-2.9625 1.482
Sum - 2.114

(x-a+A)/ox=-2.1375 1,075
(x+a-A)/0x=-1.9625 .991
Sum ~ 2.066
Difference 0.048

Ratio of the dif-
ference to 24/0x .058

Thus the values of p; for both squadrons are

First Squadron
p{ = .373 x .667 = .249

Second Squadron

py = .058 x .667 = .039

The formula for the standard error oy of the proportion

of bombs hitting the rectangle K(x,y) depends on both the number

m of Dbombs released by eéch of the attacking formations and on
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the number F of formations.

- 1
og = {pl(l-pl) + m'l(pz-pi)} (96)

Fm Fm

Here pq denotes the expected proportion of bombs hitting the
rectangle K(x,y) (computed above) and Py the probability of two
specified bombs released by the same formation hitting K(x,y)
and m = Nn the total number of all bombs dropped by a given squad-
ron. The formula for computing Po is a product of the two values
of the same function

po = f(x,a,A,ok)f(y,b,B,Gy) - (97)
The functlon f has two forms depending on whether the second of
its arguments 1is greater than the third or vice versa., For example,

if a 2 A then

) = {x;a+An(x+a+A) + G(x+a+A)

f(X,a,A,C’X OX O_X

+ x—3a~A1Kx;a-A) + G(x;a-A)

Ox X
X+3a+A _ x-a+A X-a+A
- BRI - ()

2
)

_ X~-a-& yx-a-A, _ x-a-A Sg
o Ii(c,X ) G(———-cx ) Mg

= £] (say) R ~ (98)
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On the other hand, 1f A = a then

X+a+A ., x+a+hA x+a+A
f(x,a,A,05) = { Ox n( ox ) + G(TX—-—)

+ X-8-3A, x-a+A X-a+A
ox i s ) + G(-————O )

_ X+8+3A o x+8~A\ _ ~,xta-A

oy M=) - G5 =)
2
)

. X-8-A_(x-a-Ay _ ~(X-8-Ay,,9x
sibp(xioh) - o(Eh)) (X

= fo (say). | (99)

In computing Pg it 1s essential to keep in mind the distinction
between these two cases. It may well happen that the first fac-

tor of the product giving po has to be computed from formula 1

and the second from formula fo (or vice versa). This would occur if

a < A but B < b. Otherwise the computations are simple and follow

the same general pattern as those leading to the value of Py.
Example 2. In the conditlons of Example 1 the following

values of p, are found:

First Squadron 'Second Squadron
po = 137 pPg = .039
Assuming that each plane in the formation releases n = 12 bombs
and that there are N = 9 planes per formation, the total number
of bombs released by each squadron is m = nN = 108. Substituting

these values in the formula for oy, with F= 1, 2, 3, the following
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values are found:

First Squadron Second Squadron
p1 F og pl P oy

1 .275 1 .195
.2494¢ 2 .195 .039 2 .138

3 .159 3 .112

It 1s seen that the values of of are rather large compared with
those of the corresponding p;. This indicates that, even though
for the first squadron the expected proportion of bombs hitting
the runway 1s fairly large, the variabllity in the actual number
of hits scored 1In successive missions is very large. It follows
that the average proportion of 24.9 percent must be the outcome
of a number of totally unsuccessful missions, in which the num-
ber of hits on the runway 1s very few or zero, and of a few mls-
sions in which practically the whole pattern hits the runway. If
this varliability in the outcome of particular missions is found
to be unsatisfactory, then the situation may be improved by fly-
ing wider patterns. By doing so the expected proportion of bombs
falling on the runway will diminish somewhat, but the variability
in this proportion will diminish very markedly, indicating that
most of the missions will result in some damage to the runway.

For example, 1t 1s found that the results of attacks
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made by single squadrons of N = 9 planes would be much more stable
if, instead of flylng a three string formatlon of three consecu-
tive "Vee's", all the nine planes flew a single "Vee™ with the

lateral spacing between planes of 2d = 250!, the spacing of bombs

(n = 12 bombs 1n each train) being 2u = 360' as originally,

This particular pattern seems especially convenlent,
because 1ts advantages persist for two alternative hypotheses con-

cerning the standard errors of aiming which are likely to bracket

the true values. The results of computations are given in Table XV.

TABLE XV

Frequency Constants Referring to a Nine String
Formation Attacking a Runway 400! x 4000'.

2d = 250! 2u = 360!
Hypothesis ox = 400', _ox = 700,
oy = 16007 oy = 1200!
Py .118 117
oq .080 .055
Probability of
Missing Central
1000' of Runway .10 .11

It will be seen that with this particular pattern op

is less than one half of the value of Py which indicates that
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the actual proportion of bombs hitting the runway will be equal
to zero only in relatively rare cases. This conclusion is rein-
forced by the third line of figures in Table XV representing the
probability* that, with the particular pattern just described,
the central area of the runway, 1000' feet long about the center,
will be missed by all bombs of the nine plane formation. With
both hypotheses concerning the standard errors of aiming it will
be seen that in about nine missions out of ten there will be
some craters within thls central area. These craters are likely
to bring about considerable difficulties in using the runway. On
the other hand, the original pattern of the three string forma-
tion with 24 = 110' gives the value .31 to this probability*. It
seems, then, that the increased chances of hitting the central
section of the runway repfesent a conslderable advantage for the
wider formation pattern, outweighing the loss in the average pro-
portion of bombs hitting the runway.

This example suggests the general idea that it 1s dif-
ficult to assess a given method of bombing by considerling only
one criterion such as, for example, the expected average number
of bombs hitting a given area., The relative advantages or disad-
vantages become clearer if this expected average is supplemented

by other data such as oy and/or the probability of missing.

’,

%These probabilities are computed from a formula not included
in this report.
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C. The probabllity of

hitting a circular sub-target.

ifﬁptimum patterns.

This subsection summarizes the results obtained rela-

ting to chances of hitting a circular sub-target of radius R,

either placed at a specified point (x,y), probably in the corner

of the target area where it 1s most difficult to hit, or placed

at random within the target area.

Figure 12

>

Sub-Target

—» X

ap._NA

TARGET

«——x—»

AREA
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The first of these problems will arise when a knockout
attack 1s being planned and when the force to be sent 1s suffi-
cient to insure a high chance of hitting all sub-targets, even
those farthest from the aiming point. The situation 1s illus-
trated in Figure 12. The standardized (measured in terms of Oag
and oar) half dimensions of the bomb pattern which are optimum in
this problem are denoted by'Q and g.

The second problem arises when a formation of fixed
size is sent to bomb a rectangular target area which 1s filled,
more or less uniformly, with sub-targets or an area on which
the sub-targets are distributed at random (parked planes on a
dispersal area). It is desired to insure that the expected num-
ber of sub-targets hit is greatest.

The standardized half dimensions of the bomb pattern
which are optimum in this second problem are denoted by A* and
B* respectively.

In both cases the optimum half dimensions X, g and

.
«

AT, B* are obtained by the same method from similar nomograms
giyen at the end of this report in Charts III and IV respectively.
Therefore it is convenient to describe the process only once.

Let x and y denote the coordinates of either (i) a specified sub-
target for which 1t is desired to find ﬁ or g; or (ii) the cor-
ner of a rectangular target with aiming point at its center for

S
0y

which it is desired to find A¥ or B¥.
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Zet
x! = x/oad, y' = Y/Oar (100)
be the "standardized™ values of these coordinates.

A A ‘
All four values A, B and A¥, B¥ are functions of x!,

y' and of the third varisable

A = ——4012Ri R . (r01)
d"&r
where m 1s the total number of bombs dropped by each formation.

In Charts III and IV the scale of A extends upward on
elther side of the nomogram. The two horizontal scales at the
bottom are those of ﬁ and g in Chart III and of A¥ and B¥ 1in
Chart IV. In each case the positive direction of the A scale is
to the left and that of the B scale to the right. Each of the
curves fanning out to the 1l=ft corresponds to a fixed value of x'.
Bach of those fanning out to the right corresponds to a fixed
value of y'.

To read the optimum half dimensions of the bomb pattern
corresponding to a given combination of values of x', y' and 4 ,
the method suggested 1s the use of a 45° right triangle placed on
the appropriate nomogram with one side of the right angle verti-
cal and the other horizontal., The vertex of the triangle must
be kept on the horizontal line corresponding to the given value
of A . Denote by u the intersection of the hypotenuse with the

selected y' (or x') curve, Denote by v the intersection of the
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vertical side of the triangle with the selected x' (or y') curve.
Now by shifting the triangle right and 1eft (always keeping the
vertex on the horizontal 4 line), the position 1s found where
the line connecting u and v is horlzontal, The vertical lines
through u and v when the line uv 1is horizontal determine the op-
timum standardized half dimensions of the bomb pattern. The key
drawn on the nomogram 1llustrates the procedure.

Although the use of both Charts III and IV is straight-
forward the authors feel that it may be simplifled. Figures 13
through 19 represent an aftempt in this direction made in respect
to ﬁ and g. Each diagram corresponds to a fixed value of 4 .
The axes of céordinates are those of x' and y'. The curves divide
the quadrant of positive x! and y' into bands of approximately
constant minimum probability of missing a sub-target S(x,y) by all
the bombs released by a single formation. The figures within the
quadrant give the values of K and ﬁ corresponding to points on
ﬁhich they are written. Of the two figures, the upper 1s the
value of ﬁ and the lower that of B. The purpose of diagrams 13
to 19 1s not only to give the approximate values of K and ﬁ for
a given system of x!', y' and A but also to give a quick answer
to the question of the number of formations necessary to reduce
the optimum probability of missing a sub-target S(x,y) to the ar-
bitrarily selected level of .15. The first of the figures near

the end of the curves is the value of the minimum Pi 0 corresponding
2
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to all polnts on the curve and the second the value, say F, 15,

of F such that the minimum P§ 0 =
’

Suppose, for example, that, in planning a knockout

.15.

attack on a rectangular area whose corners have the standardized
coordinates x!' = ¥ 1.5 and y' = ¥ 2,0, the formations and the
bombs considered give the value 4 = .5. A glance at Figure 16
shows that, with the bomb pattern minimizing the probability of
missing the sub-target in the corner of the target area, this
probability willl be reduced to something below the level of .15
if at least 14 formations participate in the attack. The approxi-
mate standardized half dimenslons of the bomb pattern requisite
for the purpose may also be interpolated in Figure 16, namely

ﬁ = 2.2 and g = 2.9. The figures are arranged for interpolation
along or across a contour zone,

Frequently such values will be found sufflcliently accu-
rate with the value of P?,O reacting very mildly to changes in
the pattern dimensiors. Unfortunately, the dependence of K and
ﬁ on x', y' and A has a singularity which is apparent on Chart III.
Near this discontinulty the values of ﬁ and g frequently change
rapidly and hence are glven densely 1n that region in Figures 13
- 19, These figures are designed to give quick preliminary re-
sults, subject to certaln recogpized inaccuracies 1in interpola-

tion. Hence it is expedient to confirm these results on Chart III
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particularly where the value of A for a cdntemplated mission
differs from that glven in the figures. It 1s emphasized that
Interpolation should not be applied to the values of F 15 directly.
One should first interpolate the value of Pi’o and then determine
F 15 by raising the interpolated P?,O to increasing powers until
they fall below .15. The authors reallze that the method of de-

A A
termining F 15 and A and B using Figures 13 through 19 presents

considerable room for improvement.

. Once the optimum values of the standardized half dimen-
sions of the bomb pattern, either f\ and g, or A¥ and B¥ are de-
termined, the optimum half dimensions in feet are obtained from
a simple multiplication by the appropriate standard errors of
aiming. Since exactly the same method 1s applicable whether ﬁ; g

or A*, B* is being conslidered, it will be summarized only once

A A
using A and B. We have

A A
Aopt. = A'Oad, Bopt. = B.O-ar (102)

The corresponding optimum spacing of bombs in train 1s given by
the approximate formula

2’?1 —_ 2{(%'0311) - 5(0%' + O%r)li. (105)

n? -1 J

and, 1f the formatlion 1s to be composed of s strings of planes,
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the optimum lateral spacing between strings 1is

1
A 2 2 2 \1%¥
&~ o|(A-0gy) - 3(df + 0d4)

2d (104)

32 -1

If the value of éé so obtained is large, say greater than
3{0% + oﬁd}, and especilally if this large value of 2& goes with
a much smaller value of 26, then this should be considered as an
indication that the chosen number s of strings 1is too small to
insure an approximate uniformity of the bomb density within the
pattern. In this event, 1t is recommended to increase s. If
in (103) and (104) the numerator of the quantity in brackets 1s
negative, it means that the optimum pattern 1is obtainsd by mini-
mizing the corresponding spacing 2u or 2d.

The probability P;,O of missing a circqlar sub-target
S(x,y) of radius R with its center at the specified point (x,7)
is obtained either from Chart V or Chart Va at the end of this
report. Chart V is a little simpler to use than Chart Va, but
the range of its arguments is smaller. One of the arguments
with which to enter Charts V and Va is obtained from Chart I.

The arguments upon which P?,O depends are

mR® —~ A

Dy =7z~ EE (105)
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I= {G(x'+A') - G(x'-A')}{G(y'+B') - G(3y'-B")} (106)

and F = number of formations attackling the target area. While
the computation of Dy can be done with an ordinary slide ruls,
that of I requires the values of the normal integral G(x). These
may be obtained from Chart I,

Instructions for using Charts V and Va are very simple
and are given on the charts. It will be seen that 1f the value
of P;,O is prescribed, the nomograms will yleld the requlsite

value of F.

The value of Q(x,y) is computed from the formula
Q(x,y) = (1-6'05{H(X'+A')—n(x'—A')}{n(y'+B')-H(y'-B')}/X'y’ (107)

The computation requires the use of Chart II to obtain the values
of the functlon 1(t) and of Chart VI giving directly the value

of the flrst factor

w(Dy) =1- 6™ (108)

It will be remembered that Q(x,y) was given three interpretations.
First, Q(x,y) is the probability of one formation hitting a cir-
cular sub-target of radius R placed at random within a rectangular
target area. The area 1is centered at the aiming point with corners
#x, ¥y. Second, Q(x,y) represents the expected proportion of sub-

targets randomly distributed within the same target area as above,
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which will be hit 1In one formation attack. Finally, if the target
area 1s filled with fixed (not random) sub-targets, the density

of which is approximately the same over the whole area, then Q(x,y)
will be epproximately equal to the expected proportion of sub-
targets hit in one formation attack.

D. Illustrations.

1.© Glearing a path through a mine fleld by bombing.
Eighteen plane formations flying in three strings, with each
plane carrying n = 40 one hundred pound bombs, are conslidered for
clearing a path 100' wide and 2000' long through a mine field.
The bombs are fitted with a special fuze extenslion increasing
their radius of efficiency to R = 15'. It 1s expected that the
opposition will be mild and that, therefore, the bombing may be
done from a low altitude so that ogq = o4, = 400°'.

It 1s required to determine (i) the best pattern of
the formation and (ii) the number F of formations insuring that
the probability of missing the land mine in the corner of the
proposed path (which is the most difficult to hit) does not ex-
ceed .15.

We begin by computing A and the standardized coordi-
nates of the center of the land mine 1in the corner of the pro-

posed path. We have

18 x 40 x 152

A= 77300 x 400 = -=53.
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Since the alming point of the center of the bomb pattern is the

center of the proposed path, we have

x = 50', y = 1000'.

Thus
1= 50 = 125, yr = 1000 = 2.5
x 00 » ¥ 200
Using Chart III 1t is found that
A A
A= .72, B= 3.65
and therefore
N
Aopt. = A-cad = 288",
A
Bopt. = B'Oér = 1460".

With the values of the S.E.'s of formation pattern and
of bomb dispersion glven in subsection VII-A, and assuming ten-
tatively that the formations will be composed of s = 3 strings of

planes, we find
1
2 2 2, 2
A -

which represents a lateral spacing of planes not infrequent in
actual practice and not too large from the point of view of com-

putation of the bomb pattern. Finally, the optimum spacing of
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bombs in train

A 2 2 2 %’

2u = (say).
402 - 1

In order to find the number F of formations assuring
that the probabllity of missing the corner mine does not exceed
the 1limit of .15, Chart V or Chart Va may be used. The arguments

with which to enter these charts are Dl and I.

Nxnzx R2 A

Dy = 4'Aopt.Bopt.= I8~ -0963.

The argument I 1s computed using Chart I. We have

xt+f = .845, G(.845) = .301

x'-A =-.595, G(-.595) =-.224

Difference .525

y1+8 = 6.15, G(6.15) = .500

A
y'-B =-1.15, G(-1.15) =-.375

Difference .875

Thus I = .525 x .875 = .4589

Entering Chart V or Chart Va with the above values of D; = .0963
and I = .459 1t 1s found that, to reduce the probability Py

of missing a land mine at the corner of the proposed path to

the desired level P; 0 b .15, a total of F = 15 formations, of
3
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18 planes each, will be needed.

For the sske of 1llustration we will now perform the
computations from the point of view of minimizing the chance of
missing a mine placed at the center of the proposed path. The
half dimensions of the pattern which optimize the probability

of hitting x! = y' = 0, denoted by A, and By, are

Ay = B, = 424",

This result leads to the optimum lateral spacing of strings of
planes

24, = 269' = 270" (say)
which is consliderably larger than in the previous case, but not
excessively large. However, the attempt to compute the»optimum

spacing of bombs is unsuccessful. In fact, we have

A

2u, = 2{

179,776 - '754,800}5-
402 - 1

and it i1s seen that the figure in the numerator under the square
root 1s negative. "It follows that, with the assumed S.E.}s of
pattern and bomb dispersion, it is impossible to achieve a bomb
pattern of such short length as 2B, = 848'. The best that can

be done is for all planes to release their bombs in salvo, putting

2u = 0. Then the half dimension B of the bomb pattern will be

B= {0 + 5(05 + cgr)}% = 869°'.
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In the problem of clearing a path through a mihe field
it is doubtful that a bomb pattern will be desired minimizing the
chance of missing the mine at the center of the pattern, neglec-
ting all other mines. The above computations are given solely
for illustrative purposes. For the same purpose, the little
table below was computed. It gives the probabllitles of missing
a mine at a few points along the border of the proposed path,

corresponding to two bomb patterns:

Bomb Pattern Dimensions 24 2u

I (Optimum for corner) | 576' x 2920! 1551 60!

IT(Compromise optimum
for Center) 848! x 1738! 270! 0

The first pattern 1s optimum for the corner mine and the second
has dimensions as close as posslible to those optimum for the center

of the proposed path.

Pattern I IT
3+ 3¢

x v P15,0 F15,0
50" 0 .109 .038
50! 200! .109 . .040
50! 400! .110 .049
50! 600! .118 .083
50! 800! .126 .150
50' 1000 .149 . 302
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It will be seen that while the second pattern 1s much more effli-
clent than the first for land mines within 600' from the center
of the proposed path, beyond that distance the situation 13 re-
verged. Thus, i1f 1t 1s desired to create a path 2000!' long
which 1s reasonably clear of land mines, the first formation
pattern will be found more advantageous than the second.

In order to obtaln a more dlstinct idea of possible re=
sults of an attempt to clear a path through a mine field by bomb-
ing, when the probabllity of missing a mine at the corner of the
proposed path is fixed at .15, a sampling experiment was carried
out. Figure 20 gives the bomb plot obtalned. Here the intended
path has the dimenslons 100' x 800!'. It is marked by a rectangle
in the middle of the plot. The orlginal of this diagram was con-
siderably larger (1" = 40') so that what in the present form
looks like a dot was a circle carefully drawn to scale, with 1its
radius equal to the assumed radius of efficiency of the bombs
and with 1ts center at the point of impact of the bomb., Thus
the area covered by partly overlapping dots should be considered

as cleared of mines.

It will be sesn that the fixed value of the probability
.15 for the corner mine corresponds to a good clearance not only
of the rectangle representing the path, but also of a considerable

area surrounding 1it.
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The experiment was carried out assuming o0qy = O, = 4007,

op = 100, op = 500', O34 = 30, O4p = 50!, Also, in order to ob-
tain a more realistic picture of what may happen 1n practice, 1t
was assumed that the direction of the line of flight of single
planes as well as of whole formations is subject to variation
with S.E.'s equal to 1° and 8° respectively. The values of other
parameters are n= 12, R= 16, F= 29, N= 18, and 2u = 100'.

In discussing the preceding example the emphasis is
lald on arithmetical procedures leading to the optimum patternm.
In the following example no detalls of arithmetic are given, only

the final results.

2. An attack on a dispersal area.

Figure 21

Ballsle Island

O~

p__ 1000° 2000 300’
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Pigure 21 represents a map of Ballale Island sketched
from IMPACT, Vol. 1, No. 9, 1943, where It 1s gilven as a typical
Japanese air base in the Pacific. We will consider the problem
of selecting the best method of attacking enemy alrcraft that
may be parked in the revetments and in the dispersal area sur-
rounding the runway. We will consider formatlions composed of
N = 12 planes and assume that each plane releases n = 144 fragmen-
tation bombs so that the total number of bombs released by one
formation is m = 1728. The radius of efficiency of bombs will be
taken -as R = 60°'.

The problem of the best pattern will be considered in
both of its aspects, relating to the preparation for landing
operations when 1t 1s desired to deliver a knockout blow and in
reference to routine bombing where it is desired to insure the
most economical use of the bombers avallable. The standard errors
of aiming will be assumed to be

Onq = 386', Og, = 1519

consistent with the last line of the table on p. 94, relating to
the experience of the Thirteenth Air Force.

Taking the center of the runway as the aiming point
and assuming that the direction of flight is parallel to the axis
of the runway a rectangle 1s drawn with one of its sides parallel
to the line of flight covering the whole area which may be pre-

sumed to include all the parking places of the aircraft and in
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general all of the desirable sub-targets. The corners of the
rectangle actually drawn (the appropriasteness of this is not in-
sisted on in any way) have the coordinates x = ¥ 1250' and

y'='i 30560!', with their standardized values approximately

x! = 3.25 and y' = 2.0.
Following the procedure explained in detail in the preceding
example, it 1s found that for this particular target area the
optimum & and B corresponding to its corner are ’
%, = 4.80, B, = 3.14,
those corresponding to the center of target
A, = 8, = 1.91,

and finally

A* = 3,34, B = 2,22,

The sﬁallest number F of formation aﬁtacks which‘feduce
the probﬁbility of missing a sub-target in the corner of'the target
area to a level not exceeding .15, with the half dimensions of the

pattern ﬁc, ﬁc, is F= 6.

Table XVI gives the values of P";,O for a network of
points covering one quédrant‘of the térget area, computed using
the three systemskof pattern dimensions just found. It will be
seen that with the half dimensions of the bomb pattern ﬁb, ﬁo

the sub-targets which may be located near the corners of the tar-

get area will be relatively safe from hits., On the other hand
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TABLE XVI

Values of Pg 0 Computed Using Three Alternative Bomb Patterns.
b

PART TI. Ac = 4,80, ﬁc = 3.14. Optimum for Knockout Attack, Corner
of Target Area

! .0 .5 1.0 1.5 2.0 2.5 3.0 |Proportion of Sub-Targets
y' Missed

0 .063 063 .063 .064 .064 .066 .072
.o | .064 .064 .064 .064 .065 .067 .073
.0 | .087 .067 .067 .067 .068 .070 .076 .080
5{.076 .076 .076 .076 .076 .078 .085
O .099 .099 .099 .099 .099 .102 .11l0

PART II. A, = B, = 1.91. Optimum for Knockout Attack, Center
of Target Area ’

x| .0 .5 1.0 1.5 2.0 2.5 3.0 |Proportion of Sub-Targets
y! Missed

5] .001 .001 .004 .021 .091 .275 .b549

Of.003 .004 .010 .037 .125 .320 .587 .190
5 {.017 .021 .037 .085 .201 .407 .654

0

0 .000 .001 .003 .017 .082 .261 .537
. .082 .091 .125 .201 .342 ,541 .744

PART III. A® = 3.34, B* = 2,22. Optimum for Single Routine Attack
of Target Area

x|l .0 .5 1.0 1.5 2.0 2.5 3.0 |Proportion of Sub-Targets
y! Missed

0 .005 .005 .005 .006 .011 .024 .088
.5 .006 .006 .006 .008 .01l2 .027 ,073

.0 J.010 .011 .011 .013 .019 .038 .092 .0453
S| .027 .027 ,028 .032 .042 .070 .139

0

.080 .081 .083 .089 .107 .149 .236
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the neighborhood of the center of the runway is likely to be over-
bombed. The half dimensions A% and B* appear to be much more
satisfactory. But the real coverage of the whole area recognized
as the target is attained when the optimum half dimensions for

the corner ﬁc = 4.80 and ﬁc = 3.14 are used.

Apart from the individual probabilities referring to
particular points where a sub-target may be located, Table XVI
also gives the average values, representing approximately the
expected proportion of targets which will be missed in F= 5 for-
mation attacks. The proportlon given for each pattern represents
the approximate value of an integral ovér the entire target area.
It 1s a welghted average of all figures in the quadrant with
weights equal to:

(i) Unity for(x' = y' = O)and (x' = 0, y' = 2),

(i1) 2 for all other entries with x' = 0, y' = 0, or y' = 2,

(1ii) 4 for all other entries.

As would be expected, the best pattern appears to be that given

by A® ang B¥. However, the average corresponding to the half dimen-
sions ﬁc and ﬁc is not much worse. In this connection it may be
asked whether or not the two problems of optimum pattern, one
having in view a knockout assault and the other routine bombing,‘
are signiflcantly different., In fact, 1t may be suspected that

(a) as a rule the values ﬁe and ﬁc will yield an expected proportion
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of targets destroyed that 1is nearly equal to the proportion

given by A* ang B*; and (b) that the missions planned to deliver

a knockout blow are about as economical as those suggested as
optimum for routine bombing. A negative answer to question. (a)

is obtained on inspecting Table XVIII in the following illustra-
tion 3. A negative answer to question (b) 1s obtained by comparing
the expecfed consequences of using the same force of plaﬁes for a

knockout attack and for several routine missions.

Table XVII

Expected Proportion of Sub-Targets Hit in a Single
Formation Attack

Half Dimensions of the Q(3.25‘oad, 2dar)
Bomb Pattern

A A

A, = 4.80, B, = 3.14 .408

£, = 1.91, B, = 1.01 .401

A¥ = 3.34, B¥ = 2,22 .511

It is seen that, if single formations attack the contemplated
target area then, with pattern half dimensions A® and B¥, they
may be expected to destroy about 25 percent more sub-targets than
if the pat tern half dlmensions are ﬁc and ﬁc. Also it 1s seen

that if five formations using A* and B are sent to attack five

different air bases (routine bombing) each air base harboring
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the same number M of sub-targets, then the expected number of
sub-targets hit on all flve targets will be 5xM¥,511 = Mx2,555.
On the other hand, 1f the same five formations concentrate their
attacks on one air base then this base is likely to be totally
destroyed, but the total number of sub-targets hit cannot exceed
M and may be expected to amount to Mx,95.

These results suggest the conclusion that, from the
point of view of the total number of sub-targets hit, concentrated
knockout attacks may be much less economical than routine attacks
of single formatlions against single target areas. Also, at
least in some cases, the use of pattern dimensions based on A%
and B¥* may result in a considerable gain in the number of sub-
targets destroyed.

Let 2d and éﬁ, computed from ﬁc and ﬁc, denote the
lateral spacing of planes and the spacing of bombs in train which
are optimum for the knockout attack. Similarly, 2d® and Bu*, com-
puted from A* and B¥, will denote the optima for routine bombing.
As both & and A¥ are large, to achieve a more or less uniform
density of bombs all over the intended patterns, 1t will be neces-

sary for all the N = 12 planes to fly abreast® or in a single "Vee".

¥The autnors are not sure whether a formation pattern of this
kind 1s consistent with conslderations of safety from enemy oppo-
sition. However, considerations of safety are beyond the scope of
this report. Also, it seems that in certain theaters the opposi-

tion 1s weak.
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Thus s = 12, Since the 144 fragmentation bombs are released in
24 clusters, 6 bombs per cluster, we put n = 24. With these

values of s and n 1t 1is found

A
2d = 307! (say 3007; Su = 391' (say 390');

2d¥ = 212' (say 210'); 2u¥= 2711 (say 270').

It 1s emphasized that the above optima depend on the size of the
target area, on the direction of flight, on the standard errors
of alming and on the radius of efficiency assumed. The reader
may find it Interesting to repeat the computations assuming that
the direction of flight 1s not along but across the long axis of
the target ares.
8. Effect of the slze of a formation on 1ts efficiency.

"Reports from the various theaters indicate that the num-
ber of planes participating in a formation releasing their bombs
on the leader varies within very broad 1imits, from N = 6 (or,
perhaps, even N = 3) to N = 36. No doubt, the choice of the size
of a formation is made on various grounds which are beyond the
scope of thils report. However, it seems interesting to inquire
whether a mere change in the number N of planes per formation
may have an effect on the results of bombing. In order to obtaln

a set of figures relevant to this question consider the following

set of general conditions.
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Precision of aiming: ogy4 = Oan = 1000

" Bomb: 500 1b. G. P. with assumed radius of
efficiency R = 100!

Number of Bombs per Plane n = 12

Target. Area: square 3000' x 3000'!

Results referring to the above conditions, which are likely to
be similar to those prevailing in some missions in the European
theater, are given 1n Table XVIII.

The third column in Table XVIII gives the common value
in feet of the two equal dimensions of the bomb pattern, computed
from ﬁc = ﬁc, from ﬁo = ﬁo and from A¥ = B*. or course, due to
the fact that the target area is a square and that gg4 = Og4,
the optimum bomb pattern 1s also a square. Referring to question
(a) in illustration 2, it will be noticed that in the present case
the pattern dimensions optimizing the routine bombing attacks, 1i.e.
those based on A" = B¥ are closer to those based on ﬁo = ﬁo than
to those based on ﬁc = ﬁc, which shows that the patterns best for
a khockout attack are, in general, essentially different from
tgpose most sultable for routine bombing.

The fourth and the fifth columns of Table XVIII refer

to the question of efficiency of formations of different size 1n
knockout attacks. The column of F, 615 glves the number of inde-
pendent formation attacks needed to reduce the probability of any
one sub-target being missed to the arbitrery low level of ,165.

SECRET -132-




SECRET

TABLE XVIII

Optimum Dimensions of Bomb Pattern and Other
' Characteristics in Relatlion to the Number N
of Planes in a Formation

Optimum Pattern
Dimensions /
N F NF Q 100Q/N
Based on|In feet $15 +15
6|4 = Bc 4188 29 174 | .095 1.59
Ao = B, [1934 , .124 2.06
A% = B¥ 2314 127 2.11
ol i, = B. |2366 20 180 | .133 1.48
Ao = B |2144 .170 1.88
A% = B¥ [2552 .174 1.93
12| A, = B, [4446 15 180 | .169 1.41
Ao = B, |2314 .210 1.75
A% = A% [2732 .216 1.80
36| 4, = gc 4946 6 216 | .378 1.05
Ag = 5 3050 .425 1,18
A% = B¥* |[3570 .440 1.22
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As would be expected, as far as the number of attacks 1s con-
cerned, an important criterion due to the time element involved,
the larger formations are much more effective than the smaller
ones. However, apart . from the question of time needed for a
knockout attack the question may arise of the total number of
sorties, N'Fig5. These are given in the fifth column of the table
and it will be seen that to reduce the probability Pﬁ,o to the
level .15 or below the largest formations of N = 36 planes will
require a total of 216 sortlies as against 174 sortles required
by formations of N = 6 planes, or about 24 percent more.

The last two columns treat a similar question relating
to single formation attacks iIn routine bombing. Each figure in
the last column represents the expected proportion of sub-targets
within the target areas which will be hit in a single formation
attack, averaged per 100 planes participating in missions. It
wlll be seen that from thils point of view the smaller formations
have an advantage over the larger ones which 1s even more distinct
than above. In fact 1t appears that the efficlency of the six
plane formations, flying thelr optimum pattern, exceeds that

of large formations of N = 36 planes by about 73 percent.
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