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C.,p N. 361

ThC Calculation of the Paths of Vortices from a System
of Vortex Generators, and a Comparison with Experiment

-By -
J. P. Jones, B.Sc.(Sng),
University of Seuthmpton*.

MAroh. 1955

A s-ethod :s described for the calculation of the paths of the
trailing vortices from a sjstcm of counter-rotating vortex generators,
end a om.yrescn is node with some experimental results obtained in a
water tunel. The method can be adapted to other configurations of
gCnerators arranged to produce re:s of -:ortices close to a plane surface.

* Introdu tton

A large body of experimental evidence was available, from
both wind and water tutnnel tests, on the paths taken by vortices
deewtream of several types of generator mounted adjacent o a surface.
Ceoervation hd 'coown that (usus.21y) the vortices first approached the
surface, until a ctrtain minimum height above it was reached, after which
they moved steadily away. The general fcim of the path of any vortex
of the system can be cenfirnd by qualitative reasoning, on the basis
that there are awps ens or two vortices whese influence is predominant'.

It was found that the ninimum height, and the distance behind
the generators at which it ras reached, were functions of the height,
span, spacing and inclination of the generators. Since the efficiency
of any system of generators depends upon the vortices remaining close
to the surface, it wuld be an dvantogo to be able to predict the
mini=u height with accuracy; and if a simple analytical method could
be found, it would be more satisfactory than a lengthy experlmental
progreme. This report is an account of the the-v as developed for a
particular configuration, but it would be a simp) matter to extend
it to other arrangements.

2. Scene of the .

A complete solution of the problem would be difficult, if not
impossible to find, Hany factors, such an the effects of viscosity and
the strengths of the vortices, cannot be determined with accuracy, and
the tim required for a full investigation would be prohibitive. The
following ma .in assumptions were found to be necessary*.-
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This paper was written whilst the author was working in the Acr$cs

Division of the National Physical laboratory.
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(a) -2- '.

(a) That three-dimnsional effect- can be completely neglected,
- except ahen estimating the circulation around the generators, - i.e., atJ cy point downstream of the generators, the flow in a plane perpendicular
to the main stream can be regarded as the two-dimensional flow of a
perfect fluid. This assumetion is -coemonly used in the evaluation of
wind tunnel corrections - which is an analogous problem - but it might
be expected to introduce an error in the regions close to the generators.
'The reason iz that a 'Wo-dinensional" vortex extends to infinity in
both directions normal to its plane, so that The induced velocity at
any point is twice that produced opposite the end of a semi-infinite
vortex. 1thcreforo, close to tqhe generators, the induced velocity is
only about one-half that predicted by to-dimensional flow. (But sce
Discussion, Sec. 6.) It is irmlicit in the assumption of uniform
twvo-dimesional flow that the slopes of the vortex paths must everywhere
be small. Otherwise the induced velocity would have an appreciable
component in the direction of motion. This condition in satisfied in
all the observed examle.

(b) Viscosity has been completely neglected. In practice it has

two important effects:-

(i) The vortices decay in strength aa they move docstream. It is
aesuced hers th t the strength is constant.

(ii) For the greater part of their length the vortices are in the
boundary layer close to the surface. Hence the veloci of the
"undiocuated" stream (i.e., undisturbed by the vortices)
depends upon the distance from the surface. For simplicity
this variation was neglected.

(c) It was also asumed that, even in the presence of the vortices,
the component of the velocity parallel to the surface remained everywhere
uniform and equal to V.

3. Notation

A, B Pn' of vortices

D Distance botweon generators (sparcise period)

V Velocity of the undisturbed stream

Dnzity

x Spandse co-ordinate

y Distance above surface

y Distance downstream

x,,y Co-ordinates of the tip of a generator

XeY o  Co-ordinates ofa particular vortex core.

0 2-/DaA

K Strength of a vortex

j w(s) Complex potential

1%

'• .-U



Jk

D.V

'Jo Inclination of generators Accesioe For
% Chord of generators NTIS CRAI

" oTIC TAB
Effective incidence UnannouncedJu~~~~stbf catme......

c ce/D

(x') Dor rash velocity Distibuti . ..

X D"Th/K Avaiobfldt, Codes
Ave.! sod!ora lift slope in two-di ensional flow Ost SpecAva

L~i oan dowovynb /
4* Zp2L -

Consider a system of vortices in cnunter-rotating pairs

(sketch 1), such a would be generated by an infinite row of "wing-type"
generators (See Rof. I) munted close to a plane surface, ad inclined
at a snall positive angle to at.* In the sketch, the direction of the
undisturbed stroa is assumed to be Into the papor. The row of
equally-pacd vortices morkod A (referred to below a rcw A) are
produced at the right-hand tips of the generators and the roe B by the
loft-ha- tips. Fach vortex has an irmge of opposite sign in the surface.

A systm of co-ordinates (x,ys) ic chosen with the surface
s x-s plane enl with the y-v plane bisecting one of the generators.

Sketch I reprosents a secton normal to thb f2ow at a distance s
downstroeam of the generators; the dotted vertical lines, spaced a
distance D apart, denote the relative positions of the generators.

'V-axis

/ AA BA B

a -

I I X-axis

' '4 . . - -- D - N ---

Sketch I

s a system coud -also be -enerated by an infinite row of pairs of
divorgent vanes protuling from to surface.!IL



pi Consider the upper rowe of vortices A end B. If Ao is the

point zo(-y, + iyO) then Be is the point -E (= -xo + iye).

It can be shown that the complex potential w(z) of these
ros of vortices is (Ref. 2):-

-iX ix
= -- log ein - (z - ze) + -- o og sin- (z + 70) ... ()
2% D 2-A D

Hence the complex potential of these two rows and their images

ix ixw =--- log sin - ( -zA) + -- ior sin - (z + "o

2% D 27 D

+ --log sin - (z o -- log sin - (z + ze)  ... (2a)
S27c D 2% D

We now confine attention to the path of the vertex A 0 , i.e.,
z z s. (it can be inferred from symmetry 'hat the paths of the
vortices A and B are syszetrical abot the y-axis.) Now the row of
equally-spaced vortices to which Ao belongs induces no velocity at Ao,
hence the motion of Ao is due to (i) the images of the row A and (ii) the
row B end its Lcages.

Thus to determine the motion of Ac , we need only consider
the complex potential:-

iY ix
'r = -- osnn-(z-o) +-logsin -(z+ )

D 27 D

log sin - (z + E6) ... (Zb)
'2,x D

d dx dy
Hence -- :-- -

dz at dt

iK x iK
c - ot - '6 ) + -- cot - :+ rd)

2D D 2D D

ix--cot - (z + ) .. )
2D D

To calculate the otion of A., put z zo

i.e., - - - -- cot ----
d. t dtJ 2D D

ix 2iCx0  ix ZIx
+ -- cot - ot -- (xc +iy) ... (4)

2D D 23 D

By writing n- = .... , equating real ad i=sinary
D D

part and re-arranging we have:- D /

21/



B a
SD d K tan%-. ..()77 t PD ionh 7tank! + ta&7 1,)

.a tan

27t at 2D sin c(tan5 g + tst%?1)

On dividing (5) by (6) and integrating once we get,

occh? + cosco = -20 ...(7)

- a relation between g ad g which is independent of K.

It defines the projection, in a plane normal to the stream, of the path
of the vortex A and is determinad uniquely if the co-oridnatea in this
plane are known at any one instant. In a given case the constant Ccan
be determined from the co-ordinates ( ,;) of the tips of generators
--- the point of formation of the vortices.

The graph of the equation (7) for - < %< is shown in
Fig. I. The right-hand curve is the projection of the path of the
vortex A;. It passes through the projection of the tip of the generator
and is syretrical about the line , = /2, which therefore gives the
minirun height. The vortex traces out the portin of the curve - shown
as a full line - to the right of the tip. (The sane projected path would
apply for all generators with tips lying on this curve, the part of the
curve traced out in each case being the part to the right of the tip.)
The left-hand cutvo is the projected path of the vortex Bo and is the
nierur inago, about the axis C = 0, of that of the vortex A0 .

Ip choild be noted that the result that the projection of the
path of a vortex is independent of tho magnitude of X is a direct
consequence of the aasumption of two-dimensional flow, and is strictly
true only for a vortex vwich is infinitely long and straight. But if
the slope of the vortex path is everywhore small, the above conclusion
may be generalised to include curved vortex lines.

Now (7) only defines the projection of the path of the vortex.
The vorticity shed at the tips is convected downstream with velocity V,
i.e., C and n are measured with respect to an origin which is moving
with a velocity V. Thus the position in space (%,y,s) of the shed
vorticity after a tine t, will depend upon the rate at which the curve

(7) is traced out. This can be determined from eq. (5) and (6).

After a tire t the vorticity will be some distance downstream
given by

a V.t.

and if we substitute
Two

D

eqe. (5) aend (6) reduce to the dimensionless form

j a;

, I



di k tai?~
od

-1 ... (a)

-- - -- - - --- -- -
do sin2 (tan1 + tanhr)

where k = --
DV

eqn. (8) nay then be colved as follows,

we have leo f (+I- icha .d.

which can be Integrated in closed form after first substituting
fir n f1ro (7). The expression is complicated however, and in practice
it is easier, and faster, to use a numerical mthod.

11n from (7), as n -> e*,g tends to a fini'se limit
oine coseeh -> 0. Thus at a great distance from the generators, the
vortices temL to become parallel once more. This is confirued by
experiment. The limits of variation of t are 4 and , .
Various values of g are taken between these limits, and the corresponding
values of n determined from (7). It is then possible to plot a graph
showing the variation of the integrand of (9) vrith as in Fig. 2.
The integral is evaluated by Simson's rule.

The integral represents le, so that the rate at vhich the
path is traced ou is directly proportional to the non-dimensional
parameter k.

The Evnluation of k

O di to tha comlicated nature of the flow sad the low
aspect ratios oceucon in vlrtex generators, it is not to be expected that
an accurate value of k can be obtained, but an attempt is made here to
determine the order of magnitude. As we are not interested in the actual
loading distribution over the surface of the generators, but only in the
final strygth of the vortices, a "Lifting-line" theory will be adequate.

In conventional lifting-line theory, the tip vortices are
asmawnl to lie along straight lines perpendicular to the span.
Observation has shawn that the vortices are welldevoloped at the trailing
edges of the generators, ad that the "roflig-up" process is complete
in a very short distance; but the vortices do not remain perpendicular
to the span. (Fig. 4 shows a typical case.) H1owever, this spewise
movement does not take place immediately oft of the trailing edge, but
the vortices remain parallel for several chord-lengths. Therefore, to
avoid an unjustifiable ce=licatieh in the calculation of k, the
subsequent span-wise movement is ignored and the vortices are assumed
to spring from the tips and to extend downstream to infinity, remaining
perpendicular to the span.

Sketch I
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Sketch 11

The'lines 00 in sketch 11 represent the traccs of the trailing
edges of the generators, in a plane.prpenaicular to the free stream.

The ztrernths of the trailing vortices behind any generator
arc equal to the total circulation sround that generator.

Henco it will be neceseary to know the angle oC incidence at
all spanwiso points.

Lot the generators be at a height y5 above the surface, and
let.each.genorator be of span 2xs. Lot P(x' ,yi) be any point on the
generator, with the origin at mid-span. Then the effective incidence at
P is

G -.... ... 0o)V

But it ha been asumed-that all the vorticity Is shed from the tips,
which in turn irplic that the circulation is constant across the span.
For constant chord Generators this i=lies also tnat w(xl) mut be
constant across the span, a condition,rhich cannot be realised with a
simple horse-shoe vortex system. To avoid this, a moan value-- will
be assumed for w(x').

Then the lift on any 3pn-wise element ofapan dx' and chord

6L = ap/2 I. - .. c '9 dx' ...(1i)

But L = PVOx' ... (12)

Hence = V/2 .(13

Put o = cD

Then k- ---- = o-- .. (4)
D.V 2 V

There!/
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There is some uncertainty as to the best value for mM,- but an
expression for k will be derived on the basis of an asstuption that
seems reasonable. Fairly large arbitrary variations from the assumed
value are later (§5 5, 6) shown to produce only fairly small changes in
the vortex paths.

The assu.ption is that wt has the value of w(x') at the
centre of the span.

To calculate the induced velocity at mid-span it is necessary
to use the complex potential of equation (2a)j i.e., the vortices in
row A cat-now be-included.

ix it ix i%
w --.. log sin -(z- 7) +-- log sin- (z + 7)

2c D 2N D

I is it is i
+ --I l o" g s in ( z " °  - " 'e l o g * n " ( z + zo ) ...( 1 )

The mid-s5an is the point (O,ys) az so  ie assumed to bet h e p i n t ( X , + i V ,

Hence

.. } cot! -ct % (x -2i) -cot(x, + 2Iy}

(Note that a factor of j has been introduced on the right-hand side,
since it must n w be assumed thac the vortices are semi-infinite.)

On substitution of e=----- an and

further sirplification, the induced velocity at mid-span is given by

xK tanh' 71w )-  ... _ *(17)
D +i2 ten5

This is the value assumed for wf but we write

+ tanh
5 
r=, -- w hre ?x ... ... ... . .. ....-. ,-,,-

D sin 2c,(tan & + t snis
h:  

)

In Section 5, the effect on the solution of arbitrary variations of X are
examined (see also Discussion).

If we substitute w. in (10 we have

Using this value for k, the paths o. he vortices cm, then be calculated
from (7) and(9).4
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Itwill be seen that k is independent of V, end indeed it is "
a function only of the incidence and configuration of the generators.
It follows from (9) that 0, and therefore the paths of the vortices,
are independent of the velocity of the undisturbed stream.

5. Cemparison with Experiment

To check the accuracy of the preceding analysis a simple
experiment was performed in the small water tunnel in the Aerodynamics
Division of the National Physical Laboratory.

Three "aJ'v- type" generators were mounted on a 0.020" thick
brass plate, the spacing between the generators being 4-z". The tunnel
width was 13", so this arrangement effectively provided an infinite
distribution of equally spaced generators. The genertors were of i sq in.
shim brass, with their centres 0.5" above the brass plate, and were sol-
dered to otreamline supports at an inclination of 15 

. 
A thin brass base

plate was chosen so as to disturb the mainstream as little as possible.

The tunnel was run at 7 ft per see and the paths of the vortices
were made visible by introducing air into the stream from fine jets.
The air collected in the regions of low pressure at the cores of the
vortices. he vortices woero then photographed, and enlargements made to
approximately 2

1
3 full size (figs. . ar 5) from which it was possible to

measure approximately the positions of the vortices. The plan view
photographs were taken at a slightly longer exposure than the elevation

iew, and more air was delivered from the tubes. The trailing vortices
0 ucduced by the left-hand generator, Fig. 5, ware node visible by air
previously discharged, but still circulating in the tunnel.

The dimensions of the generators were such that the co-ordinates
of the right-hand tip of one, - (, ) in the notation used in the
preceding section, - were (0.73, 0.73). The value of the constant C in
equation (7) is then found to be 1.815. The co-ordinates (C,n) of
points on the projected path of the vortex are given in Table I.

The limits of integration in equation (9), % ,
are 0.75, 2.59 respectively. The values of ke found by integyi&ing
this equation are tabulated in Table I.

The value of A according to equation (18) is found to be
0.99. Then, if a is assumed to be 27, equation (19) gives k 0 0.113.
Arbitrary variations of t30% in X, i.e., in mean dovawrash, give values
of k equal to 0.100 and O.133 rezpectively.

The values of 0, and hence of s, corresporling to the three
values of k are given in Table II. The (x,y) co-ordinates, derived
from the (g,;i) co-ordinates in Table I, are included in Table II, sothat the calculated paths can be drawn in the physical plane.

The calculated end observed paths are compared in plan and
elevation in Fig. 3.

6. Discussion

In plcm-viw the agreement between theory ard experiment is
good, Fig. 3, especially when a large downwash is aestmed, but the elevation
photographs show that the predicted mimmen height Is ceonsiberably in
excess of the experimental value. It is probable that the discrepancy is
duo to:-

(i) The presence of the boundary layer. It is obvious that there
must be some distortion of the vortex path, which will become more
pronounced as the vortex approaches the surface, but it is difficult to see
how any allwanco could be made for this, since the boundeer layer profile
will be coasiderably modified by the vortices.

S(il



F

k '7 - _ _ --

(ii) It has been assumed that, apart from the dronwash of the trailing

N vortices, the fluid has no coponent of velocity towards the surface.
This is rot itrictly true, since there is a small component normal to the
general direction of-flow, produced by the bound vorticity. Perhaps
better sgreement would have been obtained if allowance had been made

for this, but as was pointed out in Sec. 4, theezsemtionof two-dim~ensionsl
flow leads to an over-estimato of the dronash from the trailing vortices
in the vicinity of the generators, so that to some extent these errors
will cancel.i:

(iii) A decrease in vortex strength due to viscous damping.

a n plan-view the agreement is improved slightly by assuming
a 30% Increase of doa(nash, but the discrepancy produced by a 30% decrease
is not large. It has been pointed out to the writer, by Mr. L. H. Tanner,
that the true mean dowcowash is greater than that at id-span, because
of the rapid in-rease of induced velocity in the vicinity of the vortices.
But the larger proportion of thd total circulation is produced over the
centre sections, so that it is doubtful if the outer sections contribute
more than the assured 30% increase.

7. Conclusions

The projection of the vortex paths on a plane normal to the
stream are shown to be independent of the vortex strength, but the
rate at which the path is traced out is directly proportional to the
vortex strength. The vortex strength can bedeterined from the
configuration of the generators, and the three-dimensional path may be
determined when that strength is knmn.

The theory is in fairly good agreement with experiment, but the
minimum height of the vortices above the plane surface was less in practice
then in theory.

The vortex strength was estimated by a font of "lifting-line
theory", from which it was ohown that large cnanges in the mean dronwash
produce only small changes in the arrangement of the vortices. It was
shown that for a given configuration the vortex strength increases
linearly with speed of the undisturbed stream, and that as a result the
paths of the vortices are independent of that speed.

The results arecnfined to flow over a plane surface; no attempt
has been made to estimate the effects of surface curvature.
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