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The Calexlation-of the Pathe of Vorfices from a System
of Vortex Generators, and a Compardsen with Experiment
- By -

J. P. Jones, B.Sc.{Eng),

Univorsily of Southampion®,

March, 1955
) SBaARE )

A method xs deseribed for the calculation of the paths of the
trailing vortices {rom a system of counter-rotating vortex generators,
ond a comparison is mode with some experimental results cbiained in a
water twmel. The method con be adapted to other configurations of
generators arranged to produce xows of wortices closc to a plane swface.

Introdurtion

4 lergo body of experimental evidence was availsble, from
voth wind and water funnel tests, on the paths taken by vortices
dovmstream of soveral types of generator mounted adjacent {o a surfaces
Coservation hed shown that (usvelly) the vortices first approached the
surface, until a cordain minimum height above it was reached, after which
they moved steadily awgy. The general feam of the path of any vortex
of the systen can be cenfivned by qualitative reasoning, on the basis s
that there are always ono or two vortices whose influence is predominant’.

It wes found that tho mindmum height, ard tho ddstance behird
the generators at which 14 wus reached, were functions of the height,
span, spacing apd inclination of the genmerators. Since the efficlency
of any syatenm of generaters depends wpon the vortices remaining close
to the surface, 1t would be an odvantoge to bo whle to predict the
minfus height with accuracy; and if a simple analytical methed could
be found, it wouwld be movs satisfactory than a lengthy experimentad
prograzss. This report is an account of the ther~v as developed for a
particular configuration, but it would be o siop) matter to extend
it to other arrangements.

2. Scope of the Theory

A completo solution of the problem would be difficuly, if not
impossible to £inds Hany factors, such as the effects of viscosity and
the strengths of the voriices, cannot be defermined with accuracy, anmd
the time required for a full investigation would bo prohibitive. The
following nmoin assumpiions were found $o be necessaxyse

Y
This paper was written whilst the author was working in the Aerodynemics

Divicion of the National Physical Laboratcry.
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(a) Toat three-dimensional effects can be complotely neglected,

= cxcept vhen estinmating the circulation around the generators, = 2.¢., at
any point dowmstream of the generators, the {low in a plane perpendicwlar
to the main strean can be regexrded as the two-dimensional flow of a
pexfect £luid. This asswmtion is-commonly used in the evaluation of -
wind tunnel corrections - yhich is an analogous protlem - bub it might
be expected to éntroduce an exror In the regions close to the generators.
The reason Ju that a Mfwo-dinensional” vortex extends to infinity in
both directions noxmal to ity plane, so that the induced velocity at
any point is twice that produced opposite the end of a semi-infinite
vortex. Thereforo, close to the gencrators, the induced velocity is
only shout one-half that predicted by two-dimensional flow. (But sce
Discussion, Sece 6.) It is srplicit in the assumtion of uniforn
two-Gimensional flow that the slopes of the vortex paths must everyvhere
be snxll, Otherwise the induced velocity wowld have an apprecisble
component in the direction of motion. This condition is satisfied in
all the obeerved oxamples.

(b) Viscosity has been completely neglecteds In practice it has
two importent cffectsi=

(1) The vortices dQucoy in strength aa they move dowustream. It is
agsured here that the strengih is constant.

(45) For the greater part of their length the vortices are in the
boundary layer clos¢ to the surface. Hence the velocity of the
"undisturved” strean (f.0., wdisturbed by the vortices
depends upen the distance frem the swrfaces, For simplicity
this variation wes neglected.

(¢) It was also assumed that, oven in the presence of the vortices,
the component of the velocify parailel to the surface remained everywhere
wniforn and equal to V.

2. Notation

Ay B Rows of vortices

D Distance between generators (spanwise pericd)
v Velocity of the undistwrbed stream

¢ Denaity

X Spanwise co-ordinate

¥y Distance above surface

Distance dowmstream

=®

XY Co~ordinates of the tip of a generator

%o01¥o Co-ordinates of a particwlar vortex core.

£ 2m0/D .
n 270/D

0 2x8/D

X Strength of a vortex

w(z) Complex potential
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Consider a systerm of vortices in comnter-rotating pairs
(sketch I}, such as wowdd be generated by an dnfinite row of "wing-type"
generators (See Ref. 1) mowunted close 40 a rlane surface, and inclined
at a snall positive angle to at.™ In tho skeich, the direction of the
wdisturbed strcam is casuwned to be into thoe paper. The row of
equally-spaced vortices morked & (refexrred to below as row A) are
produced at the right~hand tips of {he generators and the yow B by the
loft-hand ¢ips. Bach vortex has en imege of opposite sign in the surface.

A syston of co-oxdinates (x,y,s) 43 chosen with the swrface
. o8 x-s plane and with the y-s plone bisecting cne of the gencrators.
Sketch ¥ represents a scodion noxmal to the fow ot a distance s
domstream of the generators; the dotted vertical lines, spaced a
distance D apart, denote the relative positions of the generators.
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Sketch I
e oo Somslder/

*Such & system coudd aldso be generated by an Infinite row of pairs of 3
divergent venes protruding from tre suwrface.
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Consider the upper rows of vortices A and B, If Ap is the
point zo{sx, + 4y,) then Bo 3Is the point <Z (z =% #+ iyo).

It can be shown that the complex potential w(z) of these
rows of vortices is (Ref, 2):-

~iK ks 3K

x
w = ==log sin - (z - 5,) + -~ Jog sin = (z + %) cee{1)
an b2l 2% D

Hence the complex potential of thesc two rows and their images
is
3K % iK =
W ==~-log sin - (5~ zg) # == dog sin - (z + %)
% D 2r D
iX % 3 Fg
4 == dog 5in - (2 - 5,) = == log sin - (z + 25} ...(20)
2 D 2n D

We now confine attention to the path of the vortex Ay, dece,
z = zg (It can bo inferred fron symmetry that the paths of the
vortices A and B are symmetrical abont the y-axis.) Now the row of
equally-spaced vortices to which Ao belongs induces no velocity ot Ao,
hence tho motion of A, ic due to (i) the images of the row A and (3i) the
row B and ita haoges.

Thus to determine the motion of Ao , We need only consider
the complex potentiali~

iX = iK R .
w = == dog #in = (2 =3,) + — log sin = (z + %)
o D & b

iX K
- = log 8in = {2z + %) vee20)
2% D

dw ax day
Henco =~= = == = d==
L] at At

3K = K =
m == oot = (2= %) + == cot = (2 + &)
2D b @ D

iX =
- = cot = {2 + 7,) ee(3)
2D D

To ¢aleulate the moti~n of Ay, put 2z a 2,

aw dx ay, 1K 2ARYo
ice., ( ) S
az

23z,
iK 2%x%o 3K

2
ot T ot (g # dyy) el
> by et e

enx, 2o
By writing & = ‘--1-)— , n = --i-)-, equating reel and imaginary

paxts ard re-arranging we have:- D /
n
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b a X tan’g
TUoamm R e on(5)

2x dt 2 simhop{tan’E + tanh’p)

D & X tanh® n
e ¢ mm Dmmem b emeeecsceccme—eeemm——— eee(6)

2n  dt 20 sin2g(fen’y + tamh’yp) .

On dividing (5) vy (6) ond integrating once we get,
cosech®n + cosec’y = =~2C oes(?)

----- a relation between ¥ ard p which is independent of Ku

It defines the projection, in a plane normel to the stream, of the peth
of the vortex 4 and is determined wniquely if the co-oridnates in this
plane are knom at any one instant. In 2 given case the constant Ccan
be determined from the co-oxdinates (5;;771) of the tips of generators
=-~ the point of foxrmation of the vortices,

The graph of the equation (7) for ~m < £ < & 33 shown in
Fig. 1. 7The right-hand curve is the projection of the path of the
vortex Ay It passes through the projection of the tip of the generator
and 3s symtetrical sbout the line & = #/2, which therefors gives the
mintmun heights  The vortex treces out the porticn of the curve - shown
23 a full line - to the right of the $ip. (The same projected path weuld
apply for all generators with tips lying on this cwrve, the part of the
curve traced out in cach case being the part to the right of the tip.)
The left-hand curve is the projected path of the vortex B, and is the
nimar inege, sbout the exis ¥ = 0, of that of the vortex Ao

It showld be noted that the result that the projection of the
path of a vortex is independent of the magnitude of K 35 a dircet
conseqy of the ption of two-dimensional £low, and is sirictly
true only for o vortex which is infinitely long and straights But if
the slope of the vortex paih is everywhore small, the ebove conclusion
nay ve generalised o include curved vortex lines.

Now (7) only defines the projection of the path of the vortex.
The vorticity shed at tho tips is convected downstream with velocity V,
dees, & and 1 are measured with respect to an origin which is moving
with a velocity V. fThus the position in space (x,y,s) of the shed
vorticity after a time ¢, will depend upon the rate at which the cwrve
(7) 45 traced out, This can be determined from egns. (5) end (6).

After o time % the vorticity will be some distance downsiream
given by
s a Vet

and if we swstitute

2xs
0 = Le=

cqns. (5) and (6) reduce to tho dimensionless form

aE/
a8
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a8 sanh2n (tan®E+ o’ n)
. o e(8)
an E e’y
4 singg (teng + tanh’n)
K o
where Kk m we
o
eqne (8) may then be solved as follows,
5 tanh’n
we have X0 = 1 g memmen ) sinh2n o 48 vee{9)
J ten &

wirich can be dnfegrated in closed forn after first substituting
for n from (7). The cxpression is complicated however, and in practice
it is easier, and faster, to use a numerical nmethod.

Noy from (7), as 71 -> 00,& tonds to a finise Mmit § )
since coseeh®n-> 0. Thus at a great Gistance from the generaterS; the
vortices Yot to become parallel once more. This is confivied by
experiment. The limits of variation of & axe E, Erax
Vax-ious values of & are taken between theso l.imits, and the corresponding
values of n determined from (7). If is then possible to plot a graph
showing the variation of the integrand of (9) with ¥ as in Fig. 2.
The integral is evaluated by Simson's rule.

The integral represents k0, so that the rate at which the
path is fraced ous is divectly proportional to the non-dimensional
parameter .

The Evaluation of X

Oving to  the complicated natwre of the flow and the low
aspect xatios cummon in vortex generators, it is not to be expected that
an accurato value of Xk can bo obtained, but an attermpt is made here to
deternine the order of magnitude. As wo aroc not intercsted in the actual
loeding distribution over the surface of tho generators, but only in the
final strength of the vortices, a "Lifting-lino" theory will be adequato.

In conventional lifting-line theory, the tip vorticss are
asoumed to 110 along straight dines perpendicular o the span.
Ooscxvation has shown that the vortices are welldeveloped at the trailing
edges of the generators, and that the "rolling-up" process is complote
in a very short distance; but the vortices do not remain perpendicular
to the span. (Fig. /4 shows a typicel cose.) However, this spanwise
uovenent does not toke place irmediatcly oft of tho trailing odge, but
tho vortices rersin parallel for scveral chord-lengths. Therefore, to
avoid an unjustifieble complicaticnh in the calculation of k, the
subsequent span-wise movement is ignored and the vortices are assumed
to spring from the tips and to extend downstreanm to infinity, remaining
perpendicular to the span,

Sketch T

B N S——_1




2

e

-

[SROR,

v, B I  PT G

7=
B o ; o QH o
by
3_.___'(‘ ; \ r..'\r_____%‘ SR
Sketeh TI

The lines 00 in sketch I represent the traces of the trailing
edges of the generators, in a plane.pérpendiculer to the free stream.

Tae strencths of the trailing vortices behind any generator
are cqual to the total circulation around that generator.

Henco 3% will be necessaxy to know the angle of incidence at
all spanwise points.

Lot the generators be at a height y,  sbove the swface, ond
let.cach.generator be of span 2x1. Iet P(x',y1) be any point on the
generator, with the origin at mid-span. Then the cffectdive incidence at
P is

wixt)
$ = a --‘-r-- vee(10)

But it has been ossumed- that a3l the vorticity is shed from the ¢ips,
which in turn implies that the circulation is constant across the span.
Por constant chord generators this impliec also tnat w(x') must be
constant across the span, a condition which cennot be realised with a
simple horae-shoe vortex systen. To avoid this, a mean value-w,~ will
be assumed for w(xl).

Taen tho 24t on any span~wise olement ofspan dx'! and choxrd

[ (?
. it
8L = ap/2 {oo - --:-j‘co v ax ve(11)
v
But "L o= pURIX! veu(12)
i
Henco X = /24K -‘-r- coV eeel13)
Put Cy B ch
R a Wy
Then kK 5 == = = {go===}C aee{10)
hAY 2 v
There/

RS s

* aavd




e

-8~ .

There is some wncertainty as to the best value for Yo ut an
expression for k will bo derived on the basis of an asswpiion that
seexs reasonable, Fairly laxge arbitrary variations from the assumed
vadue are later (§§ 5, 6) shown to produce only fairly omall changes in
the vortex paths,.

The assumption is that wy has the value of w(x?) at the
centre of the span.

To calculate the induced velocity at mid-span it is necessary
to use the complex potential of equation (2a); f.e., the vortices in
row A me3t-now be-included.

ik ki iK =
W =~ og Sin =(z = 3,) + == log sin = (z + 3,)
2% D 2n D
3K [ 3K % P
+ == log sin ~(z - Z,) - == 10g sin - {2 + zo) »+s(15)
2% D x D

The mid-span 48 the point (0,y:) and 7, s assuzed to be
the point (x, + i.y,_§

Henco
ax  4ay 1% %, = x
R a =~ {20%-~= - cot = (x, - 24y, ) - cot-(x, + 24y,)
D D D

dy a% 1D
e oo (16)

(Note that a factor of ¥ has been introduced on the right-hand side,
since it must now be assumed thac the vortices are semd-infinite.)

2R%y FISA
On substitution of g, = w-—= ad g, = =-m-
D D

further simplification, the induced volocity at mid-span is given by
X tanh’m

w(x' « 0) =-~, ves(17)
) smza,(tan“% + tod n*)
This is the value asswsed for Vyp but we write
2y sanh’ n,
Wy o= .I‘)— where A = r{d8)

amae,(cm’§* + totl n;)
2

In Section 5, the effcot on the solution of axbitrary variations of A are
exemined (seo also Discussion).

I ws substituie w

oy
W = -;)- in (14) wo have “~

a

K @ wqee- ees(19)
2
-
20

Using this value for k, the paths o. he vortices can then be calculated
fron (7) ad (9). >

% [

&
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It.will be seen that k is independent of ¥, and indecd it is
a function only of the incidence and configuration of ihe gencrafors.
It follows from (9) that 6, and therefore the paths of the vortices,
are independent of the velocity of the wdisturbed stream.

5. Compexdson with Experiment

To check the accuracy of the preceding analysis a simple
experinent was performed in the small waler tunnel in the Aerodynamics
Division of the National Physical Laboratory.

Three "wine- type" generators were mounted on a 0.020" thick
bracs plate, the spacang between the genorators being 4". The tumnel
width was 13", so this sxrangement effectively provided an infinite
aistribution of equally spaced generators. The genoractors were of 1 sq in.
shin brass, wilh their centres 0.5" sbove the brass plate, and were sol~
dered to streamline supports at an inclination of 15°. A thin brass base
plate wos chosen s0 as o disturb the mainstreanm as little as possible.

The funnel was run at 7 £% per sec and the paths of the vortices

were made visible by introducing air into the stream from fine jets.
The air collected in the regions of low pressure at the cores of the
vorticess She vortices were then photographed, and enlargearents nade to
approxinately 2/3 full size (Pigs. 4 and 5) from which it was possible to
neasvre opproximately the positions of the vortices. The plan view
photographs were taken ot a slightly longer exposure than the elevation

dew, axd more air was delivered from the tubes. 7The trailing vortices
sroduced by the left-hand generater, Pig. 5, were made visivle by ajx
previously discharged, but sti1l cireulating in the tunnel.

“he dimensions of the generators were such that the co-oxrdinates
of the right-hard #y of one, ~ (&, in the notation used in the
preceding section, = were (0,75, 0,75), The value of the constant C in
cquation (7) is then found to be 1.815. The co-oxdinaes (&,n) of
points on the projected path of the vortex are given in Toble I,

Tae imite of integration in equation (9), %, , &
are 0,75, 2.59 respectivelys Tho values of k8 found by intcg?ﬁing
this e¢quation arc tabulated in Table 1I,

The value of A according to cquation (18) is found to be
0,99 Then, if a is assumed %o be 2x, equation (19) gives k = 0,143,
Acbitroxy variations of #30% in A, 3.¢., in ncan dewnwash, give values
of k equal t0 0,100 and 0.433 recpectively.

The velues of ©, and hence of 8, corresponding to the three
values of k are given in Toble II, fThe (x,y) co-oxrdinates, derived
frem the (,n) co-oidinates in Table I, are ancluded in Toble II, 10
that tho calcwlated paths can be drawn in the physical planes

The caleulated and observed paths aro compared in plan and
clevation in Pig. 3.

6., Discussion

In plan-view the agrecment between theoxy and experdment is
good, Fig, 3, cspecially when a darge downwash $s assvmed, but the elevation
photogrophe show that the predicted minimus height iz consiberably in
cxeess of the experimental value. It is probeble that tho discrepancy is
due tos-

(1) The presence of the boundary layer. It 43 obvious that thero
must be some distortion of tho vortex path, vhich will become more
pronowcsd a5 thoe vortex approaches the surface, but it iz Aifficudt to see
how any sllovance could be pade for this, since the boundary leyer profile
will be considerebly rwodified by the vortices.

(11
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(i1) I% has been assuned that, apart from the downwash of the trailing
vortices, the £luid has no component of velocity towards the swrface.
This is rot Strictly true, since therc is 4 smell component normal to the
general direction of-flow, produced by the bound vorticily. Perhaps
better agreement would have been cbtained if allowance had been xade
for this, but as wes pointed out in Sec. 4, the assumption of two-damensional
fow leads to an over-estimate of the downwash from the trailing vortaces
4n the vicinity of the generators, so that fo some extent these errors
will cancel.

(32i) A decrease in vortex strength due to viscous Aamping.

, In plan-view the agreement is improved slightly by assuming
a 308 incroase of downwash, but the discrepancy produced by a 30% decrease
is not large, It has veen pointed cut fo the writer, by Mr. L. H. Tamner,
that the true mean downwash is greater than that at mid-span, because
of the rapid increase of induced velocity in the vicinity of the vortzces.
But the larger proportien of the fotal carculation is produced over the
centre-sections, so that it is dowbtful if the outer sections contrabute
more than the assumed 30% increase.

7. Conclusions

The projection of the vortex paths on a plane normal to the
streaxn are shovn £o be independent of the vortex strength, dut the
rate at which the path Is traced out is directly proportional to the
vortex strength. The vortex strength can bedetermined from the
configuration of the generators, and the three-dimensionod path may be
determined when that strength is known,

The theory is in fairly good agreement with experiment, but the
minimu height of the vortices above the plane swrface was less in practice
than in theory.

The vortex sirength was estimated by a form of "1ifting=-line
theory", from which it was shown that lorge cnanges in ithe mean downwash
produce only small chunges in the axrangement of {he vortices. It was
shown that for a given configuration the vortex sirength increases
lincarly with specd of the wndistwrbed stream, and that as a result the
paths of the vortices are irdependent of thal speed.

The results arcconfined to flow over a plane swrfece; no attempt
has been made to cstimate tho effects of surface cwrvature.
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