UNCLASSIFIED

AD NUMBER

ADB183993

NEW LIMITATION CHANGE

TO

Approved for public release, distribution
unlimited

FROM
Distribution authorized to U.S. Gov't.
agencies and their contractors;
Administrative/Operational Use; 1940.
Other requests shall be referred to
National Aeronautics and Space
Administration, Washington, DC.

AUTHORITY

NASA TR Server Website

THIS PAGE IS UNCLASSIFIED




-

AD-B183 '993 | UNCLASSIFIED
;M f IH l! Hl M hm,“ﬂ

- / NA'I‘I()NAL ADVISORY COMMITTEE
- )f L FOR AERONAUTICS

L -

REPORT No. 885

'MECHANISM OF FLUTTER
A THEORETICAL AND EXPERIMENTAL
INVESTIGATION OF THE FLUTTER PROBLEM

By THEODORE THEODORSEN and L, I, GARRICK

o ' 3\
pTIC © &

ELECTE J ¥
mayo9oosll B N
i) o
* F S

ST 3}

A g~
UNCLASS!F IED

{ Doummm l 94 5 03 . 3¢




W,
#

m,

1,

1,
b,
1,
r,

I,

UNCLASSIFIED

*
AERONAUTIC BYMBOLS
1. FUNDAMENTAL AND DERIVED UNITS
Motrie English
Bymbw} Abbravi - -
navin- Abbrevis-
Unit tion Unit 't'ior'tl
Tougth...... ! meusr ....... Y R, m foot (or mile}..... ... } ft. (or inl)
[ 41T t | mooond. . eneiinaeonan.. [} nocond {(or hour). ... aee. (or hr.)
Fore6oeann. .. r Wclght of l kilogram.... .. kg weight of 1 pound.... | I,
e er e SUSRRUIUR
. {
'owera, ..... r horsepower (metrln) ..... enieee | borsepower, ... ... iohp,
- v {kllomatnrl porhour......| tph e por hour. ... . | nf.p,h,
A motarn pot moom". rwaas.|  WLPLA, feat peroaccond... .. .| fpa

2, GENERAL SYMROLS

Veight==myg
Standard  necoleration
mn/x? 011:’82 1740 f./soc?
¥

Many -
{

Moment of inertin-=mk?.
radius of g ?'rnmon k by proper subscript.)
Coothicient of viscosity

of  gravity==0.80065

(Indicate axis of

Kinematie visconity
g Density (mass per unit volino)
tandard denrity of dry air, 0.12497 kg-m*a' at
15°C. nnd 7 mii:; o 0.002378 1h.-ft.,74 sec.?
Specific weight of *“standard” air, 1.22556 kg/in® or
0.07651 Ih.fcu. ft.

3. AERODYNAMIC BYMBOLS

Aren

Aren of wing
Gup

Span

Chiond

Aepret ratio

Trne nir apeed

Dyonmie prcmurom-;:p‘.”
1ift, absolute cocflicient (,',,m'-lz}

. /]L
Ding, ahsolute coefficsent C,,m;l-%
1) " y » D
Profils drag, abwolute coefliciont Gm"“"qﬁ }
frdural drag, almoluts confficient 0,,,*-52
Prrasite drag, abwoluto coeflicient 0,,,**!}%
Croes.wind forca, alimolute conflicient Oo*-'a%

feandtant force

1w,  Angle of sotting of winga (relative to thnmt
line)

1, Anglo of stabilizer setting (relative to thrust
Jine)

Q. Resultant moment

n, Resultant angular velocity

Reynolds Number, whore  is & linoar dlmcmmon

(e.g., for a model airfoil 3 in. chond,
mp‘\ rmal pressure at 153° C,, the mr-

mpomling number is 2:44,000; or for a model
of 10 em chord, 40 m.p.s., lho oompnndm,.
number is 274 000)

Conter-of-pressure ocoefficient (ratio of dinlmma
of ¢.p. from Jeading odgo to chord length)

a, Angle of attack

s Angle of dowmwesh

oy, Angla of attack, infinite aspert ratio

n,  Angle of attack, indueed

a,,  Angle of attack, shwolute (measured from zero-

lift position)
¥, Flight-path angle
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MECHANISM OF FLUTTER
A THEORETICAL AND EXPERIMENTAL INVESTIGATION OF THE
FLUTTER PROBLEM

By Throvore Turonporsex and 1. E, Garrick

SUMMARY

The results of the basic flutter theory originally devised
in 1934 and published ax N. A. C. A. Technical Report
No. 496 are presented (n a simpler aud more complete
Sorm concenient for further studies.  The paper attempts
to fucilitate the judgment of flutter problems by a syste-
matic surrey of the theoretical effects of the rarious param-
eters. oA large number of erperiments were conducted on
cantilever wings, with and without aderons, in the
N AL high-speed wind tunnel for the purpose of
verifying the theory and to study its adaptability to three-
dimenxional problems. The erperiments included studies
on wing taper ratios, nacellex, attached floats, and erternal
bracings.  The essential effects in the transition to the
three<dimensional  problem have been established. Of
particular interest (s the eristence of specific flutter modes
as distinguished from ordinary vibration modes.  On the
basis of the conceptx introduced, rexults that are apparently
paradorical conld logically be brought into conformity
with the theory. I faet, it is shown that there erists a
rither remarkable agreement between  theoretical and
erperimental resulls. A simple method is presented for
numerical calenlations of the flutter speed by routine
operations, requiring no reference to the theory.  Appli-
cation ix made to a complete wumerical erample. The
matter of identifying posxible types of flutter in an airplane
and of deternining the parameters is briefly discussed.
A section treating the xubject of forced vibrations of a
wing in an air stream and the question of air damping
in its relation to flutter is ineluded.

INTRODUCTION

The theory of flutter.- -‘The problem of flutter is
pussing through a period of rapid development.  Full
cognizance is taken of the value of the theory; a simple
or an empirieal understanding of this problem is not
availuble and could, at hest, be of value only to the
investigator. An exact treatment of the basic flutter
problem in two-dimensional flow, involving the im-
portant functions F and @ relating to the air forces,
was given by Theodorsen in 1934, (See reference 1.)

U2 2AsSiFigr

These functions are simple combinations of Bessel
functions; they have been rederived in related form
by Cicala (reference 2) in 1933, by Kassner and
Firgndo (reterence 3) in 1936, and also by Kissner
(reference 4) in 1936, who pointed out the identity of
the functions. At about this time, Garrick (reference 5)
also established a check on the general functions F and
(7 by comparing them with expressions by Wagner,
Glauert, and von Kdrmdn and Burgers for special cases.

The system of equations as given in the original
paper is

() ad- 11;1/;»;«a('~ gl - B—;‘VI'.' C8F kG
) ) b

,_3(,, - ‘I,-)Z('M-)Z =

B) all ol - gd: 3K - 8L kM43 Cdz o
b b P

WO 0

() aN a0 gl B;;Q. Wit DS -2

where ., B, €, ete, are given on puge 10 of reference 1.

ot (1 :
yAa ,;)u : ,:~+<-2~41>u .

and (table 1)

Twr , T,
T 1-)‘3 ‘ ‘_’nﬁ

Chy =Fdy G

Putting
a et
ﬂ ﬁ“l'““'l B ¢')
o byt ey
where
3 ke
[

the determinant of the coeflicients of aq, B, and ky
becomes
Roal ila Rist il Ratily
5 Boa *ilsa By ilig Runt il
Riatil Ryiily Rotil,
where the R’ and I's are listed in the appendix.
1
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This determinant put equal to zero contains two simul-
taneous equations, the solution of which determines X
and 1/k from which the (unknowns) flutter velocity and
flutter frequency are obtained. Only the diagonal
terms with bars contain the quantity X, All terms
contain or are funetions of 17k,

The work of numerous investigntors, notably Becker
and Foppl, has shown that the structural friction is
mainly a function of amplitude, not of frequency.
The structural friction ean be deseribed by u foree in
phase with the velocity but of a magnitude proportional
to the restoring foree. With cach  restoring-foree
term, say al’y, there will be a friction term ia g, C,, in
which g, is the damping coeflicient.  The net result is
very simply that the restoring-foree terms a(’,, 8('s,
and ACy have been replaced by terms of the form al’,
(1 +iga), BC3(141g3), hCN(1 -+ igy).  These friction coef-
ticients oceur only in the diagonal I terms of the deter-
minant.

Technical flutter problems and the flutter param-
eters.—Experimental evidence, some of which is pre-
sented later, has been accumulated which indicates
that, in the two-dimensional problem, the flutter speed
can be closely predicted from the theory if the pura-
meters nre given with accuracy.  (In fact, it seems that
in some eases the flutter speed ean be used to determine
some parameters more precisely than by o direet
method.)  In the two-dimensional problem of flexure-
torsion-aileron flutter, about a dozen different guantities
are required  to caleulate the flutter speed. The
determination of these paranmeters requires teehinieal
skill and experience and is perhaps the most diflicult
step in the solution of the flutter problem. A\ knowledge
of the funetional dependeney of the flutter speed on
each parameter is essential in order to obtain sufficient
accuracy in the determination of the important ones
and to prevent waste of time on those of less influence.
This need is partly the purpose of the material given in
this paper.

One of the problems in connection with an actual
airplane is the identifiention of the combination of
vibration modes that may cause flutter.  In regurd
to wing flutter, in the case of flexure-torsion, the situn-
tion is fairly clear. It will be shown that normally the
most important  patameter is the eenter-of-gravity
location.  This constant can be obtained with consider-
able aceuraey in the design stage.  An aceurate value
of this pnrameter can also be experimentally obtained
ax the “dynamie’ torsion axis, that is, the axis arounl
which the wing, owing to the low bending frequencey,
oscillates when put into torsional resonanee.  The
location of the (statie) torsional stiffness axis is much
more difficult to ealeulate or to determine experimentally
but fortunately, as will be observed, its effeet on the
flutter velocity is small.

The internal damping cocflicients are, moreover, of
fuirly small influence in flexure-torsion flutter; these

NATIONAL ADVISORY COMMITTEE
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parameters are also fuirly difficolt to obtain.  On the
whole, however, it may be said that this case of
flutter can be fuirly well handled.

Another important case, that of the combination
flexure-nileron, was shown by the original study
(reference 1) to be an essentially  different type of
flutter from flexure-torsion.  Its primary charueteristie
is that, normally, the flutter is limited to w range of
speeds.  Below and above the extremes of this speed
range there is nerodynamie stability. A reduetion of
the static moment of the aileron with respeet 1o the
hinge (balaneing) reduces the range; that is, the lower
limit 15 raised and the upper limit is lowered.  Damping
in the structure is found to have the sume general effect.
Sufficient internal friction will, in fuet, completely
climinate the danger of flutter, as will also complete
mass balance or the proper combination of both.
The structural friction of a wing system, although not
readily predictable, ean be obtained by a ground test.

In regard to the tail assembly, the difliculty is some-
what greater since it may not be easyv to identify the
most dangerous combination or to prediet or even to
measure  the neeessary parameters, ineluding  the
structurnl damping, It therefore seems that cortai
empirical or semiempirieal aids will be required sna
that it will be necessary, for o time at least, to resort
to flight-test methods as a final assurance against tail
flutter.

The transition to the three-dimensional ease of actual
flutter is quite complex. It is necessary to consider an
acrodynamic span effeet (which fortunately is very
small, see reference 6); the variation of the parameters
along the span; the possibility of higher-order deflee-
tion maodes; and, in certain eases, fractional span effects,
as for partinl ailerons,  The most promising manner
of attack on such problems is by means of the two-
dimensional treatment with the introduetion of certain
weight functions and average parameters in conjune-
tion with a study of representative models of reason-
able simplicity, followed by a ervstallization of the
colleeted  experience into generally  applieable semi-
empirical correction factors.  The present paper makes
initial studies with this purpose in mind.

It is realized that, for high values of the flutter speed,
a correction must be made for the effeet of compressi-
bility.  In the first order, this effeet is due to a change
in the slope of the lift curve,  The air forees in the
steady ease are known to be inercased approximately
in the ratio 1541 - 32 where M s the Mach number.
Consequently, a deerease in the flutter speed, roughly
as (144 is expeeted.  This correction, although
small through the usual flight range, becomes appreci-

able for speeds near sound speed.  Until experimental
verifieation is available, such correction is preferable
to none and should be applied for high-speed airplanes.

(Seo footnote 2, p. 9, for details))



MECHANISM

Content of paper.- -.\ straightforward scheme is pre-
sented in the first section for routine ealeulation of the
flutter speeds in the two-dimensional tyvpes; ense 1,
flexure-torsion; case 2, flexure-nileron; and ense 3,
torsion-aileron; and, in the three-degrees-of-freedom
tvpe, flexure-torsion-pileron. A numerieal example,
referring to n modern large airplane, is included.

The second section deals with a survey of the effeet
of the flutter parnmeters on the critieal velocity.
The effect of changing the parnmeters within certain
practical limits in cases 1, 2, and 3 is shown by a num-
ber of charts.

The discussion in the third seetion deals with the
transition to a three-dimensional cise, showing how a
“representative’”’ two-dimensional wing may be used
to give the essential results,  Both uniform and tapered
cantilever wings are included.  The question of the
probable occurrence of higher-order hending modes i
flutter is also discussed.  The effects of “friction’ and
“coupling” are espeeinlly pronounced in higher-order
fntter.

It i< pointed out that the deflection mode oceurring
in flutter is quite ditfferent from that of the statie
condition and  that the lowest bending  frequeney
involved in flutter is greater than that of the lewest
ordinary vibration mode. A new coneept of flutter,
that the mode arising in flutter is <such that the Nutter
speed 15 o minimum, is then introdueed. o other
words, if all primary variables including friction could
be included i the analysis, the aetual mode wonld bhe
determined from all possible modes as the one giving
the minimum critical speed.  This coneept is useful in
explaining certain otherwise paradoxieal, experimental
fucts.  The extreme difficulty of a direct analytic
attack on the general ease, even if all the physical
parameters were specified, justifies the adapting of the
two-dimensional treatment supplemented by empirieal
imformation obtained on actunl wings<.  In faet, as will
later be shown, the corrections are small.

Almost 100 separate experiments were condueted
in the S-foot high-speed tunmel.  The fourth section
deals with the experimental test< and results. About
one-half of these tests pertain to flutter of wings in
flexure-torsion; the rest pertain 1o aileron flutter,
Cantilever wings of aluminum and of built-up wood
construetion were used.  The tests were performed on
a conveniently large seale, most of the wings having a
chord of 1 foot and a spun of about 7 fect.  The air
speeds ranged from 50 to ubout 300 miles per hour.
A number of safety devices had to be employed to
prevent the ruin of the tunnel equipment.

A section is included showing the theoretieal effects
of the air damping on the forced vibrations of a two-
dimensionnl wing system. This study leads to a more
comprehensive undemstanding of the (lutter condition,
sinee it studies not only the eritieal speed but also the
approach to this speed. A number of figures are pre-
sented that show the nature of the response curves in
both one and two degrees of freedom. 1t is perhaps

OF FLUTTER 3
worth mentioning that von Sehlippe (referenee 7) has
employed an experimental flight method for deter-
mining the eritieal flutter speed, which is based upon
the use of an impressed alternnting exciting force.
The practieal value of experiments of this nuture is
yvet somewhat doubtful since the flutter usually comes
on rather explosively.  In any ense, the theoretieal
results are of interest beeanse they indicate the eritieal
frequency as well ax the growth of the maximum
response as the eritienl speed is approached.

METHOD FOR ROUTINE CALCULATION OF FLUTTER

SPEED

The cal-ulation of the flutter speed can be reduced
to a routine procedure by the following scheme.  Noth-
ing more involved arises than the caleulation of the
numerienl values of double aud triple determinants.

Given are a maximum of <even original parameters
a rEoay o, rye, oy e, from which are formed the IS cone
~tants L G L L eten, delined as follows:

!
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These constants are obtained from the original varin-
bles and from the 7 table (table 2) given at the end of
the report.

Another set of quantities .., ... ete,, will be
needed; their expressions are as follows:

e () (e
o (o]
B Bt e
ol T T
SN

1.2

These <ix quantities are derived from the constants
already given and from two additional quantities F and
. which are functions of 1 & The quantity 1 & is,
in reality, the independent variable in the problem.
The quantitics F and 7 occur in the forms 2F, 2F k5,
and 267 L their values are given in table 1 for different
vatues of 1.4 In onder to facilitate the caleulation of
these quuntities, the parts depending on 1V pre given
in tables 3 anid 4.

Additional constants involved are the frequencies
o, defined under the scheme for euch case,
and three dnmping constants g, g, and g, Generally
all these constants are not <simoltaneonddy needed,
The four eases will next be solved,

Case 1. The problem is given by twa quadratic
equations, for convenience referred to as the “real”
aned the “imaginary’ equations.  The coeflicients of
each are given in the ealeulution scheme presentedd in
the following section.  The coeflicient of the first term
in each equation involves the constants g, and g, the
coefficients of internal friction or structural damping,
which are given as ariginal constants.  The coeflicient
of the second term of cach equation involves the ¢'s
and the R's and I's, just defined.  The constant term
in ench of the equations is obtained by the schenmtic
arrangement <hown in the enleadation seheme; it is
made up from eertain constants .4, B, €. and 1),
together with the quantities 2F, 2F M and 26,4, The
quantities .1, By, ¢}, and 1), are simple determinants
built up from the constants .1,,. ete.

The coeflicients of the two equations must be calen-
Inted for a fixed value of 14; these coeflicients nre then

2, 2,0 ntu
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substituted into the equations and the solution, that
is, the value of X, is found.  The real equation usually
has two solutions, and the imaginary equation usunlly
has one. The values of X, or prefernbly of 4 .Y, are
then plotted agninst 1 &, and the procedure is repested
until continuous curves representing the two equations
are obtained.  (Attained judgment or the knowledge
of the solution of similar eases may considernbly reduce
the lubor involved because it is then possible to choose
reasonable values of 14 ut the sturt.  For wings and
ailerons, 1A is usually less than 5. very often around
1 or 2) The point of intersection of the two curves
represents the flutter point. Read off the values of
Noand 14 The flutter speed is then given by the

expression
rab ot
” S
LR
Case 2. The coeflicient of the first term in each of
the two quudratic equations again invalves the con-
stants of internl friction gy and g The coeflicient of
the second terms is built up asinease 1. The constant
term is built up likewise,  Proceed as outlined for
case 1. The eritical speed i~ then
whl 1
,
whiy

where A and N are the values at the intersection point
of the curves representing the real and the imaginary
equations, respectively.  There are usually two eritieal
speeds,

Case 3. (“ause 3 requires n more lnborious culeulntion
of the constant terms; otherwise, the procedure is the
sume as for enses Tand 20 The flutter speed is given by

. TR B A

VA k IUAY

Three degrees of freedom.
of freedom requires the solution of two third<degree
ecquations in X, The constants of the first, the second,
andd the third terms are readily recognized ns contuining
only quantities alreandy used under eases 1, 2, and 3.
The expressions for the constant terms of the twe
cquations, DF and IV juvoelve three-row determinnnts
but can be obtained by straightforward ealeulations
for each value of 14 The point or points of inter-
section of the two carves representing the equations
are again representative of the eritienl speed, whieh is
given by

The case of three degrees

Fawsh 1 1
LR
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CALCULATION BCHEME
Case 1 (A, a).—
Real equation:
Coefficient of X 402,01
QW(Rea

- )

gadea) - QB golon)

Coeflicient of \X':

MFE - l:.'-"“,"ﬁu(','-"f~

Constant:

Lmaginary equation: '

Coeflicient of ¢ Qdba(ga - 92

Coeflicient of X: il - L) - Qatllog. - 1.

1 ‘;_(n A B2 r)

~‘¢I A‘DI‘

Ca Cu

Constant: .\

A

D,

Constant: M.! '-'2,[[)

(e, ‘)»i]

Case 2. -

Renl equation:
Coefficient of .\
Coefficient of \:

Constant:
Imaginary equation:

Coefficient of X'

Coeflicient of \:

1)

oI gy

QR —gsl ) - By ady

VARRIRN Y (0 F8 WET It

Qaflatga - U
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(."X |
T, 1,
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. 10,
i.. B,
I"‘ ( A ( At
13/ |
2, (“),
' “wa ’
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LA
Case 3 (. 4\
Kenl equation:
Coeflicient of N<2 @000 g,
Coeflicient of N 0 R ad,o - 2ok L gil..
Constant: M* 4 |;,+(”‘ /L" )’”
. 1
+( ¢ )4

lmaginary equation:

Coeflicient of X9 Q. Q00., - an

LRy, - Ly -
| , 1 .
‘_[l)_, : n“_‘,+(( s

- B " )2!"]

gt I"nnqi S

)k

Coeflicient of N

Constant: M/

D]

ot that when the fnction corflicient< g are rern, 3 factoe 1 & an e eanes bed ot

of all teema in all imaginary cquations
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Three degrees of freedom with friction.
Real eqpuntion

Coeflicient of N7 0001 g, I I A

Coethewnt of X200 dae Ry rag - acl] - 2unla aen B, iav- g0l
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F

. | " N2 4 12
Constant: 1”™ R . R‘_;+(~\ . -\‘_:’) 3 +( T - I‘_1)‘
Imaginary equation:
Coeflicient of \7; Qi hia, - 1y - 00 - gl

Coeflicient of X< 00000 gugqrl.. - (e - gt - WAL g ], - @s - anR.)
LI ggar - (e - 901 R

Coeflicient of X (1, (M, ~ g, M,®) ~ Qu M, ~ g, M,®) ~ (M- g\ LY

,. ~1 1\267 . <l
Constant: l”:‘-[( - TP+(T" Tp ].!"(‘\ ‘ '\}’)ZF]
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NEMERS o8 KVAMNPLE

The llowing vvomple refers o n nusdern larye
wirplspe  The purameters, ahwle were furshed by

the manufacturer, are

I PR | B
o 0y ’ ne
r, D2 v, 0

ri N0y

A veebal deseription of the reprventative parameters
wing sdenaty. o about 205

used e the exvample 25
ponndds per square foot per chonl dength an (0,
stitfnescasis fwation 30 pereent of the chond from the
leading eddge . center-of-gravity bweation. 3 pervent of
the chord from the lembhing slge: atlenny length, one-
With of the total chonl: balaneed ailenm ceenter of
erav ity of atleronat hinge asi< 7. 00 The strietural
damping vewflicients g, 9. sl a0 will be kept 7em
corresponding 1o o <afety factor © 1t i« not nevessan
to spectfy the chonl length 25 and the torqgonal fee-
aqueney @, until the final <tep. The following  fre-

queney ratiex. however, are <pecified
w1
[T 4 )
',
( “"'.)2 32
“y
That 1= the torsional frequeney is four times the bend-
ing frequeney and the mleron frequency is 1.22 times
the hending frequency.  The constants from which are

compesed all the determinants in the caleulation
scheme are tabnlated as follows:
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The equntions are written explicitly for 1 6 1, that

s, 20 L 02000, 2F  Lo7ss, 2F 15 107N,
Case ] flexure-torsion .
Keal cquation:
The codlicient of N s
| I

ll'." 'y

The coctherent of X s

! [ T 2NG

4

02065 1o S0 02006 310213
The constants

B PR {1 i

It 0125

(, o7

I, R

Henee the constant term s

\7* O 20003

NI TR

NS 0 IR0
ST LOTSN:

The venl equation s then
L
'_\‘ SA23N - H.76524 0

Linagimary equation
The coeflicient of X i«
| g e
na 125454

NOT7058 0 - To.078N

The constant term M7 s

33000 020G 0125101078 3305507

The imnginary equation is then

129454 330557 0

The roots of the real equation are X' 1INT and
19421, and the ot of the imaginary equation is

NO2573%. or

vV LOSe, 4407, and 1.604

These values of | .\ are plotted against 1,k in figure 1,
The curves traeed by plotting the roots are shown in the
figure.  The intersection is at X" 1594, 174 2.46,
The flutter speed is then

2.46
r ,I,-‘.’-~ 4'bw.

i 504 1.5342bw,
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In the present example, the chord 28 is 12 feet and w,
is 90 (corresponding to a torsional frequeney of 859
cvles per minute); bw, is then 540 feet per second or

TTIYTT Y [ l oerTTTO _'1|
s —— : H-- - e
I ‘. N . -
gk —-- - - S -
|
- — s ] L
_ L. - | —_
|
b L |
st -- U |
|
WY :
i
|
" ;
o
i
. ._‘/x: [ ..._¢ |
. i !
P
‘ ] ;
L |
- / =4 3 4 3
Lk
Frovre 1 Case 10 Numerieal examnple. FIGURE 2.- Case 2, an\ur'\cu\

oyumphe. The oots 4 X of the
real and the imaginary cqra-
tions eainst 1k

The ronts § X of the real and the imagi-
nary eqialions acainst ¢ AL

about 368 miles per hour.  Hence the flutter speed is,
for this case. 567 miles per hour?
Case 2 (flexure aileroni.

Real equation:
The coeflicient of \* is

Zf 00012 1

0.0018

The coeflicient of .\ is

0.0018(—5 - 0.2006) - 1(—0.007028--0.020470) -
0.004803

$The compressibility correction: Let the eateulated flutter speed for the imnoni-
pressible fhid be r, and et the corresponding speed for the compressible fluid be o
Denoter, e by M,and ¢ by M., where ¢ is the velocity of sound. Then osee Intro.
dnction,

A2 !

E - M
NEYy

or, on xolving for Af 2,

Me_M
| 2

,\I,f—‘\l.-‘( _‘/I-'

M2 MY
f".\l.’(" P )

Forexample, withr, =57 m.p.h,, M, =507700=0.746, M, = 0650, a0 r, = Whm. poh.
Note that the example given refers to sea level: at altitude, the exnmple should be
buserd on another value of « and an approptiate value of the velocity of sound.

OF

FLUTTER 0

The constants
A, 0.0340601
e —0.08255
B, —0.008154
B =—0.016510
Oy = —0.0249%0
Dy~ —0.10258
The constant termn VL7 -- - 0.07:322,
The real equation is then
0.0018.X7-4-0,004803.—0.07322 . 0

; Imaginary equation:

The coeflicient of X is

0.0018X1.0788 - 1(0.021177 --0.0003184)  0,023437

The constant term M, = —0.088554
The imaginary equation is then

0.023437.V —0.088534 0
The roots of the real equation are X--5.182 and
—7.85 and the root of the imaginary equation is X'
3.778 or (for the positive roots) .\ 2276 und 1.944,
These values of X are plotted against 14 in figure 2,
The curves traced by the roots are shown i the figure,
Sinee no intersection exists, this case is stable.
Case 3 (torsion-aileron).—
Real equation:
The coeflicient of \* is
3 00012
S5 pas
The coeflicient of X is
1(- 0.007028 2 0.020470) - 0.00045(
0L.012807

000045

1285 0.12593)

The constants

L 0.008468 o - 0003129
1, 0021110 o 0.00424)
B 1.0007949 D, 00264564
7. - 0002000 D, -o0.001474

The constant term M¥ 0.021173
The real cquation is then
00004537 1 0012807 - 0021173 0
Imaginary cquation:
The coctlicient of X is
(0021177 - 0.0003184) - 0.00045(0.9
0.021865
The constant term M/ 0.030076
The imaginary equation is then
0.021865.X--0.030076 0
The roots of the real equationare X - 1567 and —30.03
and the root of the imaginary equation is X" - 1.375
or (for the positive roots) 4N -1.232 and 1.173.
These values for the /X are plotted against 14 in
figure 3. The curve traced by the roots is shown in the
figure. Sineenointerseetion exists, thiseaseisalsostable.
Three degrees of freedom (flexure-torsion-aileron),—
Real equation:
The cocflicient of X% is
1 - 0.00045 - Y

007703

0.0001125
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The coeflicient of X? is
0.00045(—4.7994)4-0.0001125(— 1.41093)
+14(0.013442)=0.001042
The coeflicient of X is
1(—0.07322) 4 0.00045(5.76524) + 4% (—0.021173)
=—0.07592
The constants are

R=—0.032848 T=0.017042
E= 0.077092 T=0.028790
S=—0.004381 ['=0.103485

‘§=—-0.000344 =0.017720
The constant term D®=0.094635
The real equation is then
0.0001125.334-0.001042.X2—0.07592.X 4 0.094635=0
Imaginary equation:

The coefficient of X? is
0.00045(1.0788)+0.0001125(0.82297) - 14(0.021495)
=0.005952

The coefficient of X is
1(—0.088554) 0.00045(—3.30557) + 4 (—0.030076)
= —0.097561
The constant term DF=0.11711
The imaginary equation is then
0.005952.X?—0.097561.XY4+0.1171 =0

The positive roots of the real equation are X'=1.270
and 21.0 and the roots of the imaginary equation arce
1.302 and 15.08, or YX'=1.126 and 4.58, and 1.141
and 3.883. These values of 4/.X are plotted against
L'k in figure 4. The curves traced by the roots against
1ik are shown in the figure. The intersection is at
v N=1.06, 1,k=0.875. Hence

875

v= 2
=106

bwe—0.826bw,
For 2b==12 feet and w,=090, the flutter speed is 304
miles per hour.

These examples have been selected from several
listed under the last part of the following section, to
which the reader may refer for other examples, includ-
ing the case of an unbalanced aileron.

THEORETICAL SURVEY OF THE EFFECT OF THE
FLUTTER PARAMETERS

The purpose of this section is the study of the eflect
on the eritical speed of the various independent varia-
bles. Although the theory in itself permits the solution
of any particular case without difficulty, it is somewhat
difficult to obtain a perspective of the effects of the
parameters. Because of the many variables, this survey
has been limited to the magnitudes and the ranges of
most practical interest. It is realized that the effect of
increasing or decreasing a certain parameter is depend-
ent on the values chosen for the others. As a mathe-
matical experiment, it is possible to change one variable
and to keep all the others constant. With reference to
practical problems, however, the change of one param-

eter is usually accompanied by unavoidable changes
in several of the others. This fuct must be kept in
mind when actual or proposed changes intended to
increase the flutter speed of airplanes are considered.
This discussion is intended to give only the salient
facts; the charts contuin the complete data.

CASE 1 (FLEXURE-TORSION)

The flutter speed for case 1 is plotted in the coeflicient
form v/bw,. In the following graphs, the frequency
ratio w,/w, 1s generally used as abseissa and the eritieal
flutter coefficient ¢/bw,, as ordinate,

The graphs under each of the following sections of
case 1 are arranged in order of decreasing values of «

#T‘lu
R B

I .f ;

o 0

Fioure 3.- Case 3. Numerieal ex. Frat ke §. Three degrees of frees
ample. The roots X of the reul dera, Namerical example. The
amd  the imaginary  cquations oot 4 X of the real and the
aeninst U4, imaginary equations against 1.k,

starting with «x 1,2 (lightest wings) and ending with
k= 1/20 (heaviest). The range of & for present-day
airplanes is approximately & =1/3 to =115, The
graphs are further arranged in owrder of increasing
values of a, starting with the smallest values of «
(stiffness axis in the most forward loeation).  In most
eases, the radius of gyration is kept at a fixed value
ra==1/4.

Effect of center of gravity r,..—The effect of x, on
flutter speed is given in graph 1-A. 1t may be observed
that there is usually a deerease in the critical specd as
the frequency ratio w,/w, is increased from zero and
that the curves tend to a minimum near the frequency
ratio wh/we=1. There are cases, however, in which
the minimum critical speed lies at wa/w.=0. The
trunsition takes place for a certain small value of z..
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() x=1y; a=~—0.2; ro/bwa=0.913.

s epibwa=1.20.

-3 ep/bwa= 137,
Li; a=—04; ra=0stable; rpbwa=2.24.

]
1
] [}
=
JRadieging
R
e
TE=s

0.3; 1o =0 stable; pobw, = 112,

th) «

a=—0.2; rpibwe=1.12

ca=—0.4; 1,=1 stable; rujfwa=1.94,
(h) ke by a=—=0.3; ro/hwa=1.5%

= 0.1 stable; pp/bwa = 15K,

i

f)

Graph I-A (a- i).—The effect of 74 the fiutter cocfficient against the feequency tatio; ra=1/4. Case 1 (h, a),
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Graph I-A (r w - The effeet of 2., the flutter coeflicient against the frequeney tatios rf =14
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. Empiricol Formulo
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76 18 20

= =045, ey hwa =30,
ca= =045 epite =740,

Cuse | th, a).

i .2 3 -6 -5
a+ .z,

-4 -3 -2 -/ o N .2 3 4

) =t (::):rﬂ. ha=ti (::) 1. '{1

traph I B.—The effect of the stiffness axis; the flutter coeflicient agninst the center-of-gravity loeation; 7.8 =14,

Case 1 (h, .
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This value is greater the larger the values of « (light
wings). For instance, when «=1/4, a value of r.=

about 0.1 (graph I-A (g)) brings the minimum near the

9
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speed near unity frequeney ratio from zero to infinity.
As may be observed later, structural damping will
greatly alter the shape of the curve in this range.

| T

@

e ——1 -

P,f_‘L_%fA_T -
I

i
t
!

20 30

U

1/«

I (‘“)‘,,,,,,_“‘ o (“".)',n,,,;q=_u_3 i (““) A= —02

woe wa whe

. B 2 )
.ln(‘”):u;w-u:c o (“") Lnia——02 " wh\'-l\uil‘-'ﬂ‘}.

I~ wn wa /J In this section of the graph,

a (“Yima- 0z why o ) the values on the cufies

AR O R - B W na=-t4 refer toa, not to I, as in sec-

S \? 2 N ENE RN ITRE AN
un("“)-u..;n—-nw h ('“)‘lv;n—»(l_il

LW wa

Gienph [ a - The effeet of 24; the futter coefficient against Lair. < Yy

origin, For x  1/10, r, must be close to zero (graph
I-A (m)) to cause transition.  The transition is eritical;
graph I-A (m) shows that & 2.5-percent change in the
position of the center of gravity changes the flutter

Case 1 th, e

The range of most practical importance is, however,
the neighborhood of the zero frequency ratio. (For
wings, the ratio is approximately 1/4.) In this range,
the parameter of greatest significance is really the com-
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bination }-+a--r.. In other words, the flutter speed
is very nearly a funetion of the location of the center of
gravity with respect to the forward quarter-chord posi-
tion and not of the distance relative to the stiffness

axis. Graph I-B (a) shows clearly that the value of a
3
3 b0y
- g 9 O

OF
light wings (x--1,3 to 1'5).
normal values of the parameters as used for most wings,
These curves, for a giren wing, may be taken to give the
offect of altitude.

| LA T LA A i B R

-~

15

FLUTTER

Graph I O (dy gives very

Note that, for a given wing with

k=1/5 at sea level, & becomes 1710 at approximately

- .},_.AT/,Y G
Gig-2) B}

o = 4 6 8 /0 120 .2 4 6 4 10 20 e A .6 .8 o 12
o, g
1he effeet of struetural friction; the atter o tlicient azmnst the equeney ratio, s Veia- =025, 0, Case VA, ar.

Graph |- D iy ¢)-

actually has no influence on the flutter speed.
of this range, that is, for larger values of w,/w,, the rela-
tionship is less simple. Graph I-B (b) shows the
dependency on the center-of-gravity loeation for various
positions of the stiffness axis ¢. For a constant z,
that is, for a constant distance between the stiffness

Outside |
I

R L

15,000 feet, with a resulting inerease in the flutter
speed under normal eircumstances.  For the case with
rom 0.2 ¢given in graph 1 ¢ (), the inerease in the
flutter coeflicient i from 1.6 to 1.95, or about 20 pereent.
[t is possible that, for very light wings, the flutter
speed might deercase with altitude until o coertain

BT e B S e —
1

£

RS

Graph | E a )

uxis and the center of gravity, the flutter speed is
increased as the stiffness axis (and center of gravity)
is moved forward.

Graph I O shows the flutter coeflicient plotted against
1 x.  The normal range of wings is ineluded in the
diagram (the heaviest wings to the right). The dia-
grams are arranged in order of inereasing values of
(wa'wa)? und of @, An interesting result is the existenes
of a minimum eritieal speed that falls in the range of

W

20750

The etfeet of radins of gyvation, the flgtter cocflicwent nganst the fregqueney ratio; a.-

10

8

w, /e,

[T A

01 Cuse 1ok, al,

altitude i< reached.  For high values of 14 (heavy
wings), the flutter speed inerenses nearly as the square
root of the wing density, 1 &,

Effect of structural friction ¢., ¢g,. Graph 1 1) ix
intended to show the effeet of the stractural friction on
the eritical speed.  As the cocflicients of friction are
increased, there is a definite tendeney for the often
pronounced minimum flutter speed near oy, wa™~1.0 to
disappear and to produce response curves of the type

W
|
|
i
|
|




16 REPORT NO. 685 —-NATIONAL ADVISORY COMMITTEE FOR AERONAUTICS

obtained for negative value of v, In the range of most
practical interest (wy‘wa==0), the torsional friction is
the more important.

Effect of radius of gyration r,.—Graph I-E is ar-
ranged in conventional order.  Note that the flutter
cocefficient in the low wp/we range increases with in-
crease in the radius of gyration. This increase in the
flutter coefficient does not necessarily correspond to an
increase in the flutter speed; it doees if the torsional
frequency w, is kept constant. If the stiffness is

76— — e e e e
14
12

27}

(Values in the preceding table are given in relation to
the value for x=:1/3, ro*=1/3. which is the case of
lowest wing density and smallest radius of gyration.)
The speed corresponding to given stiffness drops if any
mass is added so that r,, the density 1k, or both are
inereased.  Henee, any mass added not for the purpose
of increasing the stiffness or moving the center of
gravity forward is detrimental.

Flutter frequency.— The flutter frequency is shown in
graph 1 F. It is seen, for instance, that for small

wy S

o e

0 2 4 6 & 10 12 4T85 7B

g 2 4 6 .8 0 12 14 16 (8 20

wyfa,

(ara -V a- -0
e Ty a-—0.4

Graphl Fa - Flutter fregqueney ratioas dependen

kept constant, which means that we is deereased as
1/re, the flutter speed is actually deercased, as is shown
in the following table.
FLUPTER SPEED FOR CONSTANT TORSIONAL
STIFFNESS

la=—=0.2 10=0.1, (wafwa)? = 0]

.
[ ]
e L5 174 1.3

' N o |
|

175 { 100 w6 92 4

Ly ", 2 N6 HL R

|17 I i 2 w2

hy x=Taa - —0.2,
b ac tini o = 02,

t on Lo aeainst frequeney ratiogr.’ - Ny Case Lih,

values of wp'wa, the flutter frequeney is around 60
pereent of the torsional frequeney waq; for higher values
of the flexural frequeney, the flutter frequeney ap-
proaches or exeeeds the torsional. This graph is
primarily of interest in connection with experimental
flutter rescarch,

Coupling factor £.—-Consider a two-dimensional case
of flutter in which only a part of the total length of the
(infinitely long) wing is given the second degree of
freedom.  This arrangement, beeause of the deficient
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coupling, exhibits a higher ervitieal speed. Call the
fraction having both degrees of freedom, £ The results
are shown for several values of £ in graph 1 G.

Divergence velocity and approximate flutter for-
mula.—1t can be shown that the divergence velocity
may be expressed in nondimensional form as

. ip 2 1
'  ila o2

boe VNV x LEa

The divergence veloeity ry, be, is given in graphs
I-A. This velocity is usnally higher than the flutter
veloeity.

An empirieal expression, which ix useful in quickly
obtaining the order of magnitude of the flutter speed
for small values of @, wa tnd which appears to hold very
well for heavy wings (with a- 1100 is given by

. / r,,f 3

baa \' K e,

Graph T B (1) shows the curve obtained from the
empirieal expression (dashed) and o curve based on the
exact values (in full lines),

CASE 2 (FLEXURE-AILERON:

The flutter coeflicient for case’ 2is » he,. The [re-
queney rutio wy wy, is ordinarily uxed as abscisss.  The
graphs are again arranged in order of increasing wing
demsity. Two values of the loeation of the aleron
hinge uaxis ¢ have been included.  The first value, ¢
L,oor the aileron chord equal to 25 percent of the total
chord, is intended to represent a wing-aileron combina-
tion; the second value, e 0, or the aileron chord equal

g s

'Oy . . - - . . . . . . . . . .

v, by,

to 50 percent of the total chord represents a stabilizer-
elevator or a fin-rudder combination.  Several values
of 73 and rg and of the damping coeflicients ¢, and ¢,
have been ineluded.

It should be mentioned that ordinarily, as shown in

reference 1, ease 2 differs basieally from ecase 1 by the

6

@ /)

G The effeet of the conpding tetor o the thartor o ot
[Tegue ey patio, o ° o nyoe a2

existence of a flutter range extending between a lower
and an upper flntter speed. This range of flutter can
be reduced or ehminated by various means. It i -
portant also to notice that, bevond a eertain value of
the frequeney ratio wy w,. in fact. for a value slichtly
ereater than unity. no eritical speed exists. sinee the

eritical avea does not eveend much bevoud this point.
Fhe reduction of the e

~of-gravity distanee from the

(di
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hinge has the elleet of reducing and linally eliminating
the critical flutter area.  Internal damping shows the
same general effect.  The faet that the aileron extends
effectively over u shorter length is theoretically ex-
pressed by a “coupling factor” & which is the length
of the aileron divided by the total length of the wing
executing deflection. The effect of & is shown in some
of the graphs.

Effect of frequency w, w, (¢
and (b) show the effect of varving sy in reducing the
critical area.  The effect of damping is shown in graph
IT A () and. finally, the effeet of 7 in graph 11 -\ ().

Effect of center of gravity .r; (¢~ ', Graph 11 B
shows the flutter coeflicient against  the center-of-
gravity distanee sy giving, for two values of &, the

20

PR P
' ' i

.-

-t _-n

Graph 11 B oo -

effect of varving the frequeney ratio w.w, at three
values of r#. Note that for large rs (hevond normal
range) the tyvpe of flutter reverts to that of case 1; that
i, the upper flutter speed becomes infinite for a certain
vitlue of ry.

It is important to notice, by considering each curve
in this figure, that £y must be deerensed below a certain
value, which is rather eritical, in order to aveid flutter.
If rg 35 larger than this value, the lower flutter speed
remains at a virtually constant, small value. The
frequency ratio exhibits a similar effeet; that is, flutter
is eliminuted besond a ecertain frequeney ratio often
greater than unity, whereas for smaller ratios, the
lower flutter speed remains at a low, nearly constant
value.  In other words, a eritical frequeney ratio ean
be defined for each value of the unbalance and, in-
versely, a definite eritical value of the unbalance ecan

ADVIRORY

W —Graphs 1T A )

FIutter con lieient seiinst £ for varins mequetn [ SIS
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U be defined for cuch value of the frequeney ratio. 1 s
neeessary then to choose the largest frequencey ratio or
the smallest unbalanee, then to ealculate the other
cvalue, and finally to choose the maost. practieal combi-
D nation, using a margin of safety.

i Effect of radius of gyration r, (¢

L shows, for a typical wing-aileron ease, the effeet of
! changing the radius of gveation for varions values of
the frequeney rutio.

Effect of frequency w,w, (¢ 0.
graphs. the hinge axis was at ¢ ' Graphs 11D,
I K, and TEF show the results for e 00 The carves
are arranged i order and show the offeet of ry, 1y
o i gy forx=20and Tias o One eurve s also ineluded
or k=1 ggraph 1D o,

o).

Graph H ¢

In the preeeding

1
|

Case 2 g b

I Effect of center of gravity », ic 0. The figures
are given in graph LK, arranged as usual.
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Flutter coeflicient against s+ for various flegqueney ratins; ¢ 1y,
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Effect of coupling factor (¢ = - In graph 11-F the
effect of the coupling factor £ is shown for an extreme
case of unbalance (rs large).  The superimpozed effect
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of damping is shown for the zero frequeney mtio. | balanee g i neesary o clianite flatter,
Notice how the coupling  factor & ) gradunlly = For light winess the offeet s dess prononme d-
chiminates the thatter area.

£y 0 is usually satlicient. 10 may be observed from
the originul <t of equations that true halanee agumst
rotation imphes 7,7 e aoa, W

CASE Y  TOUSION-AILERON

Three graphs, 11T A 111 Boand 11 U ane presented.
There is o similurity to ease 2. Graph T A shows
how the internal dampimg inerenses the lower flutter

THREE DEGREES OF FREEDOM
In order to fumilinrize the reader with the complete
ense of three cll';_'rm's of freedam and s l'|~|ﬂliut|~|li|l ta
the three subeases, i set of ovpieal figures s <hown

; LN ‘ ‘ ‘ *The constants tsed are the <ane as those i the numer-
L B L ' . . ) X .
‘. / . cal example  po s wath e additions [ QTR
. . . I
\ .
. ’ LIS ‘ ’
2. . . .
~ |
T em——— - v
e -
e e — e o - - '
¢ Rl -
: _ o
- > -
_ .
~ . PR N bl
D : < . ‘ “ -
,
),

CUe by Eat

sotap L EE B Pttot ofavnpdit g oot gt sva b wnt o,
0 . or ST IR LI TR I IT IR AT A YY1 PN TN Vs s ite sy o

F—T

speed. Giaph THE B represent< data tahen from an AR h e e
actial case ol o light wing witi o <maller aileron, s ca e s
Note the stniking sinnlarity to ease 20 For the valoe
so 006 senmphetely anbalanecd aiberont. wew, |1 s showacin fignre b ounder the amencal exianple
mus~t he vreater than 0.6 to avenl flutter; for the o The tlatter coctheent » hee, 1 542

normal valne sy 0002 @y w, need only b 2000 Case 29 <hewn in fizuee S0 el part of the fizure
. refers to ditferent combinatins of 4. and w. w, No

The Mntter aren i~ oliminated by reduemg sy tooa nhe ,
fMutter oceurs for the combimations <hown i fizares

<lightly smller valie,
Cuse 3 norsion-mileron)y is probably of less practceal
mmportance beeanse the climination of thatter for ense

Soa and 5 b becanse of the halaneced mileron sand
none i fieare 5 oods becanse of the Targe aderon fre-
queney  For the combinatuny shown n ficare 5 oo,
there <o normaol tange of Qutter with two flutter poinas

- el o howag,
: - - ) L L ‘
. >, Case 3 as shown i igure G2 each part refers respeec-
~ ~ . .
. ' tively, to the cime aileton poatameters used s ense 2
. . N . L. rge . .
\ (Note that w, w, is i al! coases The combianations
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2 ordinarily exelundes the possbility of Autter in case - : - e LT
3; but it e noted that, in order to climinate mass ' I3
conpling in the torsion-gileron case. a complete balanee | o TG Bt e Mosns st 1o b vano feequenes tatis ¢ o,
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of the aileron in the ordinary sense (g ) i< not guite
sufficient. Tt is netually found in the ense of a heavy | dwwn in figures 6 o0 and 6 () are again <table beesuse
wing amnd no internal friction (with 75 0) that the | of the aileron mnss balanee.  For the arrangement
flutter speed is low, partienlarly near wy=w..  Even | chown in figure 6 Gl the aileron frequeney is not high
a slight amount of friction, however, ia sufficient to | enough to prevent flutter a< it did in ease 2. Condi-
eancel the cause of this flutter.  Graph T € (fairdy | tions are <till worse for the combination shown in
beavy wing) shows that, for no friction, a small over- | figure 6 (¢,
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For the coase of three degrees of freedom. figure 7
shows the nsults arrunged e the same order us under

2 For the conditions given e figares

vases 2 and 3
7ot el T otho, fatter esisted only o ease 1. The
flutter point shown s therefore essentinlly case |

futter,  The value of the Butter cocllicient, loweser,

Fe
-

.
-

has actially doervased frmm e case 1 ovabie of 1512 10
070 and 0S5 respectinely

For the armpgement <hown i lieare 7ol utter
enists an o eases oand 30 Here the ranges completely
merge, avhieating <talility at only very low speed.
Fintter exists n all three cases for the combination
<hown in tgnre 7 e The ease 2 tatter ean be ree-
ognized, almest unchanged, white  agnin the flutter
ranges of case 1T and ease 3 have merged. o< in tigure
T

Fignre S has been inchuded to show that there is o
considerahle fowering of the flutter <peed for low values
of the mileron frequeney even thongh the aileron s
balanced.  This conddition is probably not of primary
concern beearv<e a small amount of friction, particularly
go. WiHll restors cne flutter speed to its full (ease 1) value.
It is to be noted, however, that a slight overbalanee
(r. ™M may be desirable,

TRANSITION TO THREE-DIMENSIONAL FLUTTER
PROBLEMS
The previous theory relates to two-dimensional
tlutter and, strictly, 1o o wing of infinite length,  The
second restriction i not very troublesome, the aspeet-
ratio, or span, eflfect being relatively unimportant and
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by o means as sreat as the aspect-ratio effect asso-

cited with <tationary tlow<. Tt may be disregarded
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and tacitly considered as o safety factor, since an air
speed of the order of o few pereent more than that in
o Awo-dimensional flow is necessary to eause flutter.




MECHANISM

Consider the case of a rectangular cantilever wing.
Some authors have attempted a solution on the assump-
tion that the response curves in torsion and deflection
under normal conditions (zero air speed) mayv be used
in the flutter theorv. It is contended that this assump-
tion is false.  Several rather inieresting experimental
results will be presented in the next section, whieh
show direetly and indireetly that the modes in flutter
differ radically from the ordinary ones.  The following
questions arise: (1) Does the wing flutter in the first,
second, ot third, ete., bending “maode™?  (2) Are these
modes in any way related to the ordinary types of
vibration modes?

Consider first the ease of a very high bending mode.
It i= useful to consider the two-dimensional case as
representing the “averages” of parameters and variables
of the three-dimensional ease. The variable 4 now
appearing in the (two-dimensional) equations refers
to the “average” h which approaches zero even though
the local k in the loopsis very large. It is, furthermore,
evident that the average eurvatures are greater, the
greater the mode.  Both these conditions are equiva-
lent to a large coeflicient of internal damping, sinee
the work lost per exele refers to a very small average k.

Frot ke - Schemuatie fipure for hicher-order bending mode of cantilever wing
restrained by wires and with defleetions in phase,

The coeflicient, in fact, rapidly approaches an infinite
value as the number # of the mode is inereased. It is
probable that the second “flutter” mode involves a
coeflicient of damping 20 to 50 times larger than that
of the first.

A study of the graphs with speetfic reference to the
effect of damping shows that higher flutter modes can
be expected only under very special circumstances,
This fact does not mean that flutter occurs in the low.
ext (zero air speed) bending mode.

The bending frequeney in flutter of a cantilever beam
is determined by a certain minimum condition.  The
wing will, of course, flutter at the lowest speed possible,
It will, therefore, not assume its lowest (stationary)
hending mode but will tend to assume a mode of
higher frequeney.  Sinee this higher frequeney tends
to uncouple the & degree of freedom, the actual response
ordinarily happens to be a cross between the first and
the second modes.  Large internal friction will tend to
push the respouse closer to the first mode.  The result
is a flutter speed distinetly lower than that culculated
on the basis of the frequency of the ordinary funda-
mental bending mode.  The flutter speed ealeulated
by using the lowest bending frequency is too favorable,
In the case of wings of small internal friction (solid
metal wings), the actual flutter speed is only about 0.9,
the speed caleulated on the basis of the lowest bending
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frequency. In the case of conventional wings, the
error is apparently in the order of only 1 or 2 percent, a
fortunate coincidence because it permits the use of o
small experimental-empirical correction.  This point
of view is in harmony with the Rayleigh principle.
which states that any response function whatsoever
corresponds to a frequency higher than that of the
fundamental.

To reeapitulate: The bonding frequeney inroleed in
the flutter of a cantilcrer wing is greater than that obscreed
at zero air spocd; the wmorc so, the lower the iutornal
damping of the wing structure.

This interesting phenomenon is demonstrated by the
photograph of the flutter of a uniform cantilever beam
(see fig. 18) presented in the experimental seetion,
which shows that the maximum amplitude s not at
the tip but is rather close to the middle of the span.

Another very convineing experimental proof of this
phenomenon, given in the experimental seetion of this
paper, is that a counterweight at the tip section in
front of the center of gravity  actually fowers the
flutter speed of a uniform eantilever wing.  For a
relatively small counterweight. the tip section is bevond
a node in the & curve. In this same connection,
another rather remarkable experiment was made: A
antilever wing flutters at about 200 miles per hour,
The point where the node of the second bending mode
(at zero air speed) interseets the torsional stiffness
axis was fixed by conneeting this point by wires to the
tunnel walls. The wing subsequently fiuttered at
150 miles per hour.  The flutter stopped when the wire
broke! The explanation is that the bracing wires
“couple” a bending mode that was previously entirely
“uncoupled.” Tt should be noted that the frequeney
actually involved in this flutter 1= again in excess
of that of the second bending mode (at zero air speedy:
large forces arve therefore transmitted through the wire
supports from the walls,

In order to illustrate more convineingly how the sup-
port wires lower the flutter speed, reference i= made to
figure 9, which shows a high-order hending mode of a
wing. If this bending frequeney is about equal to the
torsional frequeney, the lowest flutter speed is obtained.
When the support wires are removed, the wing will tend
to vibrate about a fixed mass center line, with the result
that the average b detlection becomes zero and all &
couplings disappear.  The « moments and the k forees
transmitted to the support are good measures of what
may be called the effeetive values of « and & when the
two-dimensional theory is applied to three-dimensional
cases.  For instance, the transmittal of a small 4 foree
to the support indicates that the positive and the nega-
tive & values very nearly eancel. The b effect, although
loeally Targe, may very nearly cancel itself.  This fact
does not prevent the use of a certain (small) average or
effective A in the ealenlations.  With no internal frie-
tion, the flutter speed is not changed.  As was pointed
out before, the use of the small effective A for higher
modes is, in reality, equivalent to employing a greatly
inerensed coeflicient of internal frietion.
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This discussion and associnted experiments lead to the
important conclusion: A bracing wire may lower the
critical speed of a cantilever wing or fin. 1t usually does
lower the eritical speed when the internal damping in
the structure is low.

For a rectangular cantilever wing, there is no difficulty
in regard to the other parameters. With the bending
modes considered known, the variables a, 8, and £ were
given simply ss average values and used in the two-
dimensional solution. Inspection shows that the flutter
speed of a uniform cantilever wing is essentially that of
the two-dimensional case involving the same parameters
and the proper frequeney ratio,

A cantilever wing of normal tapered shape will next
be considered. It is assumed that there is a similarity
in construetion along the span for each eross section.
The mass is put equal to a constant times the square of
the chord: static moments, to the third power: and the
moments of inertia, to the fourth power of the chord.
Further, the air foree is proportional to the chord and
the acting moments are proportional to the second
power.

Vartous weight factors of the form (b )" f()dlr are
obtained, where fir) is a weighted wing parameter and
7 s measured along the span.  If the reference seetion
i= chosen in such a location that, for a particular n=m,

[.’(_2’)"’]' (e = I:)If ("dx

which is always possible, then

f Q)ﬂf ()dr> fj(.r)df

In other words, the proper choice of a reference section
renders the weight factors of approximately equal magni-
tudes. If the reference section is taken too close to the
tip of the wing, there will be a certain positive corree-
tion; if ehosen too close inboard, there will be a nega-
tive correetion.  The correct value is thus virtually con-
fined between definite limits.  The most representative
section will lie close to the three-quarter semispan
loeation,

In the two-dimensional case, the length along the spun
is considered to he equal to unity and this unity is
treated as being large as far as span effects are con-
cerned. If the length is different for the two variables
conustdered, a slight modifieation of the theory is neces-
sarv.  Each length is considered to be long enough to
permit disregard of aspect-ratio corrections for the air
forces,

This sort of consideration is of interest chiefly in the
case of allerons and tail surfaces. The equation giving
the equilibrium of the ailerons refers only to the length
of the nileron. The included area of the h curve is
sometimes a small fraction of the total area under the
h curve. This fraction will be ealled &.

.
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The solution of the deflection-aileron case s given in
reference 1 by

Rys-idns th't"ilhhlr

Moo= gyl Ro+il,, "
and with the effeet of &
37” MFRAI-S‘% itlys g(lfbh%’ilbh)‘:‘)

TR il Revtiln

'

It is noticed that the factor £<71 deseribes a certain
uncoupling of the system.  The ealeulation of flutter
speed ean be performed for any coupling factor &,
Again it should be remembered that the free-vibration
modes are not identical with the flutter modes. A
tendeney  exists for £ to approach unity since the
aileren forees the motion of the wing,

EXPERIMENTAL FLUTTER RESEARCH
GENERAL

The purpose of the experimental rescareh was, first,
to check the theory as regards accuracy and. second, to
provide a basis for an understanding of problems met
with in-airplanes.

These tests, about one hundred in all, were conducted
in the N. A C. AL S-foot high-speed tunnel.  (See
fig. 10.) In order to protect the propeller, a heavy
wire sereen was inserted in the test seetion immediately
behind the flutter model.  For convenience, models
having a flutter speed below 300 miles per hour were
tested.

The proeedure followed was to inerease the tunnel
speed slowly until flutter appeared.  If the flutter was
ol a violent type, the load was immediately dropped to
save the model.  In the tests on ailerons, the lower
braneh of the flutter curve was similarly obtained.  The
upper end of the range was obtained by the {ollowing
method: The aileron was kept in place by restraining
wires attached to its rear end and running acvoss the
tunnel. By manual operation of the wires from the
outside, the arrangement could be conveyed through
the dangerous range; on slackening the wires, the
operator would reeeive indieation of ineipient flutter
until the speed had inereased above the dangerous
range.  When the upper stable region had  been
reached, the wires were completely released and the
conventional flutter-test procedure was reversed: that
is, the tunnel speed was slowly deereased until the
violent flutter appeared.  The restraining wires were
then immediately tightened. and the speed was noted.
The effeet of the very fine wire was shown to be negli-
gible in the released condition,

DESCRIPTION OF WING FLUTTER MODELS

All wings tested were eantilever wings and are based
on the seetion given in the following table,
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Frorre 100 [ostallation of wing 1 in S-foot high-speed tunnel.  The stop shown was used it only a few initinl tests,

AIRFOIL SHAPE USED IN FLUTTER TESTS

Ordinate ¥
anaximum
thickness = 1)

. Station g (per-
cent chord)

0 0
125 L4160 i
25 L0 '
5 o
7.5 N2
10 RN
15 L0
20 960
" 1. 000
40 L0
ot L4900
I ]
Rl N
s 410
w . 240
w5 L2
100 020

The frequencies of the various wings are given in the
main table of experimental data (table T). All section
constants were obtained both by ealeulation and by di-
rect testing. The basie section has its center of gravity
at 42.5 percent from the leading edge. The stiffness
axis is at 32 percent but was artificinlly put at 30 per-

cent in the case 1 tests by chordwise cnts,  (See figs,
11 to 13.) .

In addition to obtaining the flutter speed of the plain
wings, the effects of restraining wires, of mass balaneing
counterweights in various loeations, and of large nacelles
both at the wing and some distance away from it were
studied.  Experimental data are ineluded in table 1.
In the aileron tests, the effeets of mass balancing, hinge
location, frequency, and friction were investigated.

Wing 1.—Wing 1 (see fig. 10) was a rectangular can-
tilever wing model of %-inch duralumin plate of 12-
inch chord by '-inch thickness by a free length of 6
feet. 9 inches perforated with closely drilled Y-inch
holes and covered by a %ga-ineh sheet of duralumin
to give a smooth surface. The constants can be
obtained from data in the experimental table.

Wings 2, 3, and 4.—Wings 2, 3, and 1 represent a
series of cantilever wings of the same root seetion (1-
foot chord by ' inch thick), the same span (6 feet 9
inches), but having taper ratios, vespectively, of 1:1,
2:0 and 4:1. (See figs, 11, 12, and 13.)  The wings are




26 REPORT NO 683 ~NATIONAL ADVISORY COMMITTEE FOR AERONAUTICS

made of duralumin and are constructed to give simi-
larity in strength and mass distribution. Note that
the detail at or near the tips is a scaled-down replica
of the detail at the root. The stiffness axis a is put at
30 percent chord or @--—0.4 by means of chordwise
cuts,

The three types of wing 2 (24, 2B, and 2C*) were so
designated because the first one, 2A, finally showed a

Fiot RE 11, - Rectangular cantilever wing 24 Note choardwise eats used for purpose
of lowering torsional frequeney and for pheing stitToess axis ar 0 pereent chord
frotm lewding edpe,

crnck and had to be replaced with 2B, which is almost
identieal.  Wing 2B finallv broke at the root, was
repaired by shortening it, and was used for some tests
under the designation 2C.

Wing 5. - Wing 5 was also a solid duralumin ree-
tangular eantilever wing of [-foot chord, 4-foot length,
and 1-inch thickness at the maximum ordinate: it was
used for aileron testing.  (See fig. 14)  Three ailerons
were tested, 14, 24, and 34 inches long with 2, 3, and
4 hinges, respectively.  Moxst of the tests were por-
formed on the 24-inch aileron (nileron A 11).

Tests were made for different spring-restraints on
the hinge, with a balance counterweight on the out-
board end (fig. 15) and with a special arrangement
permitting the changing of the hinge axis from the
forward edge of the aileron to about 30 percent of the
aileron chord behind the center of gravity,

Fraere 12 Tapered cantilever wing Fravre 13, “Tapered can-
4, taper rativ both in chord and tilever  wing 0 taper
thicknessis2:. Dimensional simi- ratio, 1,
larity of eross section and cuts.

Frovke 1. Cantilever wing 5 used for aileton tests,
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Wings 6 and 7.- Wings 6 and 7 are model wings of
normal density built by covering a balsa structure with
Ye-inch mahogany., Wing 6 has the same external
dimensions as wing 2 (fig. 16). Wing 7 has a root chord
of 18 inches, a maximum thickness of 1.5 inches, and a
taper ratio of 3:2 (fig. 16). All tapered wings were
tapered equally in chord and thickness.

DISCUSSION OF EXPERIMENTAL RESULTS

The scheme already discussed of introducing flutter-
bending modes completely fits the experimental results
into the theoretical picture. Figure 17 shows the
theoretical flutter speed for wings 2A, 2B, 3, and 4
with the experimental points plotted. Wing 2A with

FiGURE 15.--Wing 5 with alleron manss balanced by counterweight at outbosrd end.

a flutter speed of 202 miles per hour obviously bends in
a “first” flutter mode that approaches the second bend-
ing mode in appearance and frequency (fig. 18). The
flutter frequency calculated on the basis of this bending
mode closely checks the measured flutter frequency
(fig. 19). Wing 3 checks equally well; its bending
frequencies are noted in table 1. Wing 4, the most
tapered one, obviously collapsed (fig. 20) in the second
flutter mode. (See fig. 17.) On this assumption, its
experimental flutter speed also fits well in figure 17.
Since the effect of the bending mode was brought so
strongly into the picture, an independent study was
made on the rectangular wing 2B and on the tapered
wing 3 by attaching one point of the torsional axis
rigidly to the tunnel walls by restraining wires. The
results are shown in figures 21 and 22, Note that the
wire attached to the tip had no effect on the flutter
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speed, which fuct again tends to prove the contention
that the {lutter bending response is closely related to

FiaURE 16, Keetangular wooden wing 6 Jeft and tapenead wooden wing 7 orieht

taper ratio, 3:2,

the second ordinary bending made.  Note also that the
observed minimum speeds correspond very nearly to
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FrauRre 17.—Theotetical flutter speed based on constants pertaining to wings 24, 218,
3, and 4. «x=1lh0; 0 =—0.4; ra=1; r2=0.3125; bwa=38.8 miles per hour. Experi-
menta! test points are alse shown, and flutter modes and frequencies are indicated.

the minimum theoretical speed.  (See fig. 17.) Of
practical importance is the fact that a stay near the
root of a wing gave a higher hending frequency and
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Fiuurk 18.—Wing 2A in flutter, demonstrating first flutter mode. Note tendency for node at tip and maximum amplitude near middle.
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definitely lowered the critical speed. There existed
points, however, near the middle of both wings for

L N
Flutter frequercies ;
‘—Theoretical |

1. 2}——0 Observed. wing A <. . .

’ |@ ” LA

0 .2 4 .6 <) 0 12 /14 16

Wy /w.x

FiuURE 19— Theoretical flutter frequencies based on constants for wings 2, 3, and 4
with experimentally observed values for wings 28 and 3. a=fwia=-04ra=1y;
raf=03125. Case 1(A, a).

which the stays caused the flutter speed to attain a
large value. The explanation is that, with this point

fixed, the average /& value becomes very =mall and
the & deflection becomes “ineffective.” A relatively
high flutter speed results.

The matter of leading-edge counterweishts has been
mvestigated, in particular on wing 2C.  Figure 23
shows the effect of moving a counterweight along the
span.  The weight has a rather surprising negaiice
effect near the tip, indicating that, in this case, there
must be an & node inside the tip and again substan-
tinting the theory of the flutter modes.  Further in
along the wing there was an expected incerewse in the
flutter speed.  When all three weights were applied

at the same time, the flutter speed for wing 20" was
increased to 295 miles per hour, which i1s in good
agreement with the caleulnted value,

A large nacelle at an inboard position (fie, 24) in-
creased the flutter speed from 202 to 216 miles per honr
when in the forward position and deereased it to 197
when in the rearward position,

FIGURE 20.—The effect of violent flutter (in second mode) on wing 4.
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Large bodies disposed at some distance from the
wing, such as floats, were very detrimental as regards
the critical speed.  (See fig. 25.)

Wing 1 showed a flutter speed that is in agreement
with the predicted value within about 1 percent. This
agreement is due to the considerable internal damping
of this wing. Wing 6, a rectangular wing of the same
plan dimensions as wings 1, 2, 3, and 4, but of low
density, showed a flutter speed about 3 percent below
the theoretical value based on the measured parameters
and the lowest ordinary bending mode. This result
indicates that, for damped, low-density structures, the
flutter mode approaches the first bending mode some-
what more than hitherto indicated.

Wing-aileron flutter has been studied on wing 3.
(See fig. 14 and table 1A.) The theoretical response is
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Fiotge 21 Experimentally ubsersed tlutter speed as depending on Jocation of
restraining wire along axis of wing 28,

shown with proper constants in figure 26 for the most
representative aileron AlIl, upon which most of the
tests were made. A number of test points have been
directly plotted in this figure. In order to obtain
internal friction, a lead hinge was used in some tests,
It is rather remarkable how well the theory is re-
affirmed by the test data.  Apparently, if all param-
eters could be satisfuctorily determined, no flutter
testing would be necessary. Tests in which the hinge
axis (tig, 27) was changed show the beneficial effect of
decreasing the werodynamic moment uround the hinge.
The lower flutter speed, which is the one of practical
importance, is considerably increased us the hinge
axis is moved backward.  This inerease is not only a
center-of-gravity effect but is also caused by the de-
erease in the aerodynamic moment around the hinge,
Note that, as the center of gravity is approached, the
flutter speed rather suddenly becomes infinite,

AIR DAMPING OF FORCED VIBRATIONS

This report has heretofore been concerned  with
u study of a horder velocity separating stable and

unstable velocity regions. Further light on the whole
matter of flutter is given by a study of the vibration
response of the wing system to impressed forees and
moments, that is, generalizing the point of view
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Frovre 22— Experimentally observed flutter speed as depending on hwaton of
restraining wire along avis of wing 3.

from free vibrations to foreed vibrations,  Instead

of the homogencons svstem of equations (A), (B,

and () (see Introduction), impressed exciting forees

and moments introduced on the right-hand side of

these equations are considered. I equation (A a
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F1aURE 23— Eifect of counterweights. Wing 20,

term M N B in equation (B)  a term
Myettte0/ M B2 and, in equation () a  term
Poetett /ALb are introduced.  Here M, and M,
are the magnitudes of the sinusoidal impressed torques
in the @ and 8 degrees of freedom, P, is the magnitude
of the impressed foree in the & degree of freedonm, o is
the circular frequeney of the foreed vibrations, and the
¥'s are certain phase angles,




FioURE 24.- Nncelle on wing 2A.

MECHANISM OF FLUTTER

FIGURE 25.

Float attached to wing 3.

31
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obtained. The R's and the I's are listed in the appen-
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equations listed under the ealeulation seheme for ease 1.
Congider the equation for by'er and  denote  the
determinant in the numerator by N, i. ¢,
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This result gives the steadv-state defleetion responee
hoin terme of the static deflection b, due to an impressea
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ealenlations will shortly be presented.
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the air damping decreases and the response inereases
(usunlly rapidly) until the Matter point is reached. The
ertical utter frequeney lies between the twa critical
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charactenisties of the three-dimensional fignre. The
procedure of ealenlation is as follows

The equations 3, 0 3/ 0 are solved for o «, for
varions fixed values of 1 & a< already disenssed,
onler to locate the flutter point.  Thia plot, for the

acenracy for o given value of 1F and econversion
tv speed i obtained by the relation 7 be,- (w w,)
11 k. Suach response enrves, caleulated  with and
without the effect of friction, are given in figures 31
and 32
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Figures 33 and 34 pertain to this case. The results

may be cummanzed as follows The resonant frequeney

i« practically constant and i approsimately e ow,.

The air damping at the maninium response is propor-
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tiomal to B, '[ or. sinee the frequeney s nearly

constant. the ar damping at the maximum response
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FIGURE 36, Peak response ag aqe seninst velocity ratio 7 baeo for twe values of the
friction coctlicient ¢, ~0and g, -0, @ =007 50 b

It is observed that the speed is determined by | of the torsional axis.  The air damping at resonance is

Pibwa - (w'ay) (1 k). Put O/0T Jan/as] =0. Then
I, = e ’ . At B2
e ( w res .“1‘,"“!]0[;“

’ "Aa—gaBa )
(o), ~Cite:

Cores

essentially  proportional to «'r> and to the wave-
length parameter 17k, For the quarter-chord position
of the axis, @ = - (.5, the response a, '« 1s very similar
to the deflection response bk, in the preceding case
(fig. 33).  For any position of the torsional axis back
of the quarter-chord point, however, a peculiar result
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FIorRe 37.- Deak response aoja. nginst velo-ity ratio ¢ o, for two val
The maximum response is then
(fln‘> A _(A’luz'ﬁl l.fn2);
At/ 0y l‘u'i‘!’n“‘u
Figures 35, 36, and 37 pertain to this case. The
resonant frequency is strongly affected by the position

ues of @ (0 and =1 und twao values of a (1{o and Lieo). ase L, a).

is obtained. The air damping increases with inerease
in speed and the resonant frequency deereases; but a
speed is ultimately reached where the response inereases
again until, at a vanishingly small resonant frequencey,
the response is very large.  In figure 35, which illus-
trates o case for the midehord position of the axis,
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F1aURE SN ~ Peak response by b against velocity 1atio rbwa for a case of Hexure-aileron flatter, showing
effect of changing friction coeflicients ga=gs=0 o ga=¢3=0.2 (Other parameters are e=0.5; a=!4:

ref=tigo ra=1n wws wai =V,
a--0, the peak response vecurs at ¢/bw,—7.10.  This
sort of instability has been ealled divergence.  The

divergence veloeity can be easily caleulated as follows:
Let ww,—0, 1’4 >o in the expression for a,/ay,.

Then
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() e

\bwa, die - K l

CASE 26, 1)

or

A study of the response characteristies to forced vi-
brations is also of some interest in the case of exure-
aileron.  The details are omitted here. Two figures
are presented.  An illustration showing the peak re-
sponse ratio hy/h,, in this case with and without friction
is presented in figure 38. A response for one degree of
freedom of the aileron alone is shown in figure 39,

REMARKS ON FLUTTER IN AIRPLANES
WING FLUTTER

The wing may flutter as a whole in torsion-flexure.
This ease is the most easily treated  Experierce with
madels indicates that this flutter speed may be ealeu-
Inted on the basis of the measured constants with an
aceuracy of a few percent. The actual bending fre-
queney involved in flutter is apparently not exactly the
lowest ordinary  bending frequency but a slightly
higher value.

Probably the most common type of wing flutter is
case 2 (flexure-nileron). This type, as well as that

Frequency ratio, oju,

Frovre 39, - Foreed vibtation tesponse of aileron alone
against frequeney and veloeity; friction coeflicient gz =o.

involving torsion-flexure, is evidently symmetrical with
respect to the fuselage. The ailerons would therefore
be in phase and have a frequency considerably in excess
of the wing-bending frequeney. This condition is
favorable. Any slack in the aileron cables, however,
permits a motion that may cause a mild type of flutter,
which should not be permitted for too long a time.

A nensvmmetrical aileron motion would involve u
second bending mode (nonsvmmetrieal). It is prob-
able that, in most cases, the node would be close to the
middle of the aileron and therefore poerly coupled.

There remains to consider a complete case of flutter
(torsion-flexure-aileron).  Apparently cases do exist in
which this type would appear at the lowest speed.  The
effect of the additional degree of freedom can probably
be taken care of by a safety factor applied to the flutter
speed obtained for two degrees of freedom.  The eal-
culntion of the ease of three degrees of freedom is per-
fectly straightforward although more lengthy than the
simple cases,

TAIL FLUTTER

[ regurd to tail flutter, the situation is more camplex.
The possible combinations are subdivided as follows
into three main groups, which will be sepuarately
analyzed:

(1) Vertical flexure of tail assembly.

(2) Horizontal flexure of tail assembly.

(3) Torsion of tail assembly.

Vertical flexure.— It is possible, in general, to iden-
tify two responses in vertical flexure; one corresponding
to the fundamental bending mode of the fuselage and
the other, to the bending mode of the horizontal-fin
arrangement.  The frequencey of the fin arrangement is
slightly greater than the one obtained with the rear end
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of the fuselage fixed in space. It is probable that the
fuselage bending mode need not be considered. In any
case, the flutter speed calculated for each of the two cases
will not differ very much because the density involved
is about in the same ratio as the squares of the fre-
quencies involved. Only the vertical fundamental
bending frequency of the horizontal fin will therefore be
considered. This bending frequency may couple with
fin torsion and elevator motion. This motion is neces-
sarily symmetrical and simulates the motion of the
main wing system, Since the elevator has no particular
restraint to this motion, it is evident that an unbalanced
elevator is highly undesirable. As in the case of the
wing system, the most frequent cause of flutter is also
the flexure-aileron combination,

Horizontal flexure.—Horizontal flexure affects the
vertical fin or fins and may be separately considered as
a cantilever wing with an aileron. The rudder, which
tukes the place of the aileron, has no particular restraint
to this motion and must therefore be carefully mass
balanced.

Torsion.—Torsion is composed of a relatively low-
frequency type of flutter involving the fuselage and a
higher frequency type involving the fin tips, which may
be considered as fin flexure in opposite phase. This
tvpe of flutter is not common because the great stiffness
of the torque tube prevents its occurrence (8 large).
The rudder is affected in the same manner as for
horizontal flexure.

In summary, it may be said that the expected causes
of flutter are the in-phase motion of the horizontal fins
as flexure-elevator and the motion of the vertical fin in
flexure with rudder motions.

With two rudders disposed at the ends of the hori-
zontal fins, care must be taken that the flexure fre-
quency is sufficiently high. The mass of the rudders
at the ends of the horizontal fins also affects the param-
eters used in the fin-stability caleulation; that is, the
density of the fins and the radius of gyration are in-
creased.  The center-of-gravity location may also be
changed,

GROUND TESTS

DETERMINATION OF CENTER-OF-GRAVITY LOCATION

From the theory, it may be observed that the location
of the torsional stiffness axis is of fairly secondary im-
portance. The location of the center-of-gravity axis, on
the other hand, is of great importance. The application
of a very low-frequency (zero) torque will rotate the
wing around the torsional stiffness axis a; the application
of a very high frequency (infinity) torque will enuse
the mass center line to remain stationary. As the tor-
sional frequeney for wings is several times larger than
the lowest bending frequency, it can be shown with all
desired accuracy that the axis observed for the tor-
sional frequency is the center-of-gravity line.
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Assume the wing to be vibrating around an axis at a
distance d behind the stiffness axis.  The moment of
inertia reduced to the center of gravity is

I=M(r2—r2)b?
Moving the axis to d increases the moment of inertia to
Ml —rHb -+ M(rg—dyb = M(r 2+ d*—2de ) b*
The corresponding torsional stiffness is O, --d*C'),
The frequency is consequently
. (Cy+ (5 H?
M = 2 )b
Then
2 log w=log (Ce+d*C1b*—log Mb*(r,*--d*—2dra)

The wing will assume the state of vibration giving the
sreatest frequency. By derivation, with respeet to d,
g 1 A

..(]_QL, e — M!{ _,,‘,r" )
O d?Cy 1y -d?—2dr,

or

ACh ey

d—r,
Then

1
d

R
1wy, Wi’
or, with d known,

to d[1

(g, w)?]>d for w, w- 0

That is, the center-of-gravity axis ix slightlv ahead of
the dynamic axis (assuming both axes to be normally
behind the stiffness axis). I the torsional frequeney is
very large, theyv coincide (d=wr,). (If the torsional fre-
quency is very low, J =0, giving the stiffness axis.)

In other words, the eenter-of-gravity location along a
finished wing can be determined by establishing the
dyvnamic torsional axis.

DIMENSIONAL CONSIDERATIONS

Proportionally increasing all dimensions of a wing
while retaining all details lowers the frequeneies in in-
verse proportion to the size. The reference speed b
therefore always remains the same, as do all other pa-
rameters including the wing density. The actual flutter
speed therefore depends on the shape but not on the size.
It is important to keep in mind, however. that the
reference 1s to wings or tails similar in all respects. In
reality, a lighter contruction is necessarily employed in
larger wing sizes, resulting in & weaker strueture and a
general lowering of the critical flutter speed.

The foregoing eonsiderations are significant in the
tosting of models.  Thus a true model construeted of
the same material as the full-scale airplane will have
the same flutter speed.  For testing purposes, it is
very desirable to have a fairly low flutter speed.  This
end may be achieved by employing models of special
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materials related to celluloid, which have a value of
VE/p nearly five times smaller than that of materials
normally used in airplane construction.

The most desirable condition would be to use a
material with the same density p as the airplane and
with the moduli & and 6, say, 1/n times the original
values.  Fortunately, the density of the model wing
can be very simply corrected by using a suitable thick-
ness of the materials. Thus, if the density of the
material used is three times lower than that of the
original, the thickness of the skin and all the internal
members is increased by a factor of 3.

It should be further noted that the model can be
critically checked as to accuracy of reproduction by
direet measurements of its mechanical properties. In
other words, all the parameters, ineluding the reference
quantity wb, are direetly measured on the model itself.
The value of wb is usually close to the predicted value.
The important point, however, is that it is not neees-
sary to depend on a predieted theoretical value.

Thus the feasibility of conducting direet flutter tests
on models of actual airplanes or of its component parts
is indieated.  Some work of this nature is now being
undertaken.  The procedure may be of value in cases
that are difficult to treat theoretically and should be
of value in accumulating useful experience on special
designs.

GENERAL CONCLUSIONS

1. The two-dimensional theory has been  verified
within the limits of crror in the determination of the
primary parameters.

2. The most essential three-dimensional effeet is the
occeurrence of distinet flutter bending modes, which
differ from the ordinary vibration modes in that they
tend to assume a form which approaches the next
higher vibration mode and exhibit a correspondingly
higher frequency.  The flutter speed is consequently

lower than that calculated on the basis of the lowest
vibration frequeney and the flutter frequency itself is
higher. For ordinary damped structures, this cffect
lowers the flutter speed calculated on the basis of the
lowest hending mode by only a few percent.

3. A cantilever wing flutters at a speed calculated
by using the constants for the most representative
section, which is located at approximately three-
quarters of the semispan.

4. Aspect ratio and structural damping effeets tend
to inerease the flutter speed by a few pereent above
that calculated for infinite aspeet ratio and zero internal
damping.

5. The effeet of mass balancing to bring the center
of gravity forward is essentially as predieted by theory.
The effect of nacelles is of lesser importance, but large
weights located at some distance away from the wing
and attached to it show a very detrimental effect on
the flutter speed.

6. Wing-aileron experimental studies show that the
characteristic flutter range predicted by the theory
exists and is in substantial agreement with the pre-
dicted values. A deerease in the unbalance and an
increase in the frequencey ratio are both beneficial,
There exists, for each value of the unbalance. a eertain
critical frequeney ratio and, inversely, for cach fre-
queney ratio, a eertain critical value of the unbalanee.

7. The considerable difficulty involved in the deter-
mination of the primary structural parameters inelud-
ing the damping is recognized and will constitute one
of the chief problems of future flutter research.

LaNGLEY MEMORIAL AERONAUTICAL LABORATORY,
NaTroNarn Apvisory COMMITTEE FOR AERONAUTICN:
Lancrey Fiewp, Va., September 22, 1938,




APPENDIX

LIST OF NOTATION

a, angle of attack (fig. 40).
8, aileron angle (fig. 40).
h, vertical distance (fig. 40).

@y, Bn, ho, ¢1, ¢2, amplitudes and phase angles.

b,  half chord, used as reference unit length.

a, coordinate of axis of rotation (torsional axis)
(fig. 40). Location of stiffness axis in percentage
total chord measured from the leading edge is

1+a 2 (stiffness axis) LT
100—._, or a= 100 1.

¢, coordinate of aileron hinge axis (fig. 40). Location
of aileron hinge axis in percentage total chord

. . 1+4-¢
measured  from leading edge is 100—7—,*-— or
2 (uilorpnjﬁngo)_l

100
p, mass of air per unit of volume.
M, mass of wing per unit span length.
b? . . .

K= EfT’ the ratio of the mass of a cylinder of air of a
diameter equal to the chord of the wing to

- the mass of the wing, both taken for equal
length along the span; this ratio may be
expressed us k=0.24(3% W) (p/po) where W'is
weight in pounds per foot span, b is in feet,
and plp, is ratio of air density to standard
air. [The quantity o=W/4b* (weight per

square foot per chord in feet) has been used

by British writers. Thus, « = (0.06/¢) (p/pa).|

S, . . . .
re= , 5 location of center of gravity of wing-aileron
b N N \ .
system measured from a (fig. 40); S,, static
moment of wing-aileron per unit span length

referred to @. Location of center of gravity

in percentage total chord measured from the

+a+r
- foratu,=

2
~1.

leading edge is 1()01-

2 (center of gravity)

100

» reduced location of eenter of gravity of aileron
referred to ¢ (fig. 40). 8;, static moment of
aileron per unit spm{ length referred to ¢

Sy

Mb

Ny
w

o
Ta= \/ ‘IIET radius of gyration of wing aileron referred
: to a (fig. 40), [I., moment of inertia of
wing aileron,ébout the elastic axis per unit

span length.

rg= \/ ,‘%2. reduced radius of gyration of aileron referred
‘ to ¢ (fig. 40). I, moment of inertia of
aileron abou( ¢ per unit span length.

3 Note that M refers to the total wing mass and not to the mass of the ailoron alone.

40

C,, torsional stiffness of wing around « per unit span
length.

(s, torsional stiffness of aileron arcund ¢ per unit
span length.

C,, stiffness of wing in deflection per unit span length.

i
= natural angular frequency of torsional vibra-

Wa =
“ tion around ¢ in vacuum (w, — 2xfa, where
[fa 1s in eyeles per second).
Cs . .
w == 4/ natural angular frequency of torsional vibra-

% tions of aileron about ¢

Wp= /_", natural angular frequency of wing in detiee-
Vir. ‘

. Quorter Tratling
L eg?g/;Q chord Midchord edge
i A M
i ’ a. r; l
} " Axis of rotation
@l Hngert
V--. »

B z )
- @

_lecgof er_lf//'(‘e wing

R e

c.g of aileron- - -

FIGCRE 40— Half chord b is used as the unit length, The positise directions of a.
8, und h ure indicuted by arrows.  Note that ¢ is measured from midehord and
that r, is measured from the elastie axis positive to the right,  Also nate that 4
is # “redueed” parameter and not the actual distance from the hinge to the e, ¢, of
the qileron,

t, time.

¢, speed of forward motion.

s, flutter or critical speed.

w, gireular frequency of wing vibrations.

bw .
= reduced {requency=number of waves in the

wake in a distance equal to the semichord X 2.

1/k, reduced wave length=length of one wave of the
wake in terms of a distance equal to the semi-
chord X 2.

F and @G, functions of k in table 2,

20 2K
R,,,,:———A.,l{-(%—dz Z:‘—('li‘i’ﬂ _‘I,;

" ‘-’G T 2__’"

1 1
Res=—Ag +pi1m+(§+ax§*; T

Ra= —Ah,+(_;_+a)2TG
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7?05 = 1{7,3 § s.’g.\'

Ra=R,+ 0.\

.Ina = Irm IT !’nsza-\’

'I»d . IhS -+ !I:I”ﬂ-\'
Ion =Tt gath X

The quantities A,;, Ag, ete. and Q..X, QX ete. are
defined under the calculation scheme (pp. 5-7). The
T's are listed in table 2, The definitions of the T's
are given in reference 1, page 5, should other values
than those listed in the table be required.

t/bwa, flutter-speed coefficient (cases 1 and 3).

v/bwn, flutter-speed coefficient (case 2).
wpfwa, frequency ratio (case 1).
wgfwy, frequency ratio (case 2).
wg/wa, frequeney ratio (case 3).

» divergence veloeity.

o red 112

to=bou["S 75y

Jar Ja. gn, structural damping cocfficients;
sponds approximately to the usual
decrement.

M., My, magnitude of sinusoidal impressed torques in
the & and 8 degrees of freedom.

Py, magnitude of impressed force in the A degree of
freedom.

¥, phase angle.

/oy, PolBer "0'1]’317
degrees of freedom.

g corre-
logarithmic

peak response for the various
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TABLE 2
Valuesof T
) el - ——
—-0.5 0 0.1 0.2 0.
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The expressions for the 17< are listed in refetence 1, page 5.
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. S ! i ~. 4268 |
! . U} ; ' ~. ~. /825 4
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TABLE 3—Continued
Values of f4."'
laa=1/k 1"

‘\ ' |
AN | 05 | —045 1 —0.4 ’ —03 t —0.2 ’ -0.1 0
I — ! :
' i I
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TABLLE 4--Continued
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TABLE 1. EXPERIMENTAL
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RESULTS OF FLUTTER INVESTIGATION

t
{

notation)

Fat
I Wing weight (1)

03125 782

|

Test conditions and remarks

Tests on wing 1 were preliminary.
A stop was used.

Later tests employed a sereen instead

Damping test

Run 20-3 repeated S

Weight, 0.2 1b, on L. E. 18 in. from
tip.

- Stop used; all other tests sereen used

©Run A-2

(tip futter;,

Muaodel support fractured

Model repaired |

Restraining wires 17 in. from tip,
3.6 in. from L. E.

Nacelle 6.10 1b. placed 2 (L. trom top,
2.70 in. ahead of ¢, g.

Nucelle placed 2 ft. from top, 1,34 in.
back of ¢. g.

Run 20-16 repeated .

t

Counterweight 3.07 Ih. at L. E. 13in. !

{rom tip.
Run 20-20 repeated .

Plais vight attached

Disk 1 Ih, 12-in. diam. on bottom:

c.e.of disk on e, ¢, of airfoil.

disk 1245 1h 170, dism, insame po-

sition us 20-24,

Disk as in 2025 placed 1in. abead of
[N

Disk as in 20-25 placed 1in. back of
L3N

Run 20-28 repreated

Airfuil tip restrained by wires

Run 20 25 repeated

repented

3t movies taken

Sane as X

Plain; re

Plain; restraining wires 6 in, from tig

Restraining wires 40 in. from tip;
model broke near tip.

raining wires~in. from tip .

o

2010

2011

EISESRE

20-16 2,216
20-17 2116
W18 2150

20 1y
20 2

02

e
1

e

2024 2,

wyveles

see)

tOFiutter frequeney

LY
[EN
-

b results

Fiex 17 and 1y

Fres




Wing model

igure number

:l

o~
=

YNCLASSIFIED

TABLE

l Wing dimensions

Rectangular: 12-in.
chord; 6-ft. 4-in.
span

aper ratio, 21,
!

ratio, |
$1

[
Fl

Tager rutio, 21

2.30

01
8.8
[ "— 13.3 24:0 6.
e 201
12.8 117 Cme
492 2.0 672 . 358

|
|

RLEES RS I 4 | Second bending (cycles/sec.)

.){
|
i

‘Third bending (cycles/sec.)
Fourth bending (eyclesisec.
First torsion (cycles/sec.)

IL—EXPERIMENTAL RESULTS OF

MECHANISM OF FLUTTER

FLUTTER INVESTIGATION:  Continied

i [T -
] ’3 ¢c. g. location g | B ‘ ‘ z
D& (percent | 5 | o i | . z
| g |chordfrom | S | g : : B
o £ L.E) (B~1! & \ { :
| & l——— & E5 | ; £
= i o2 | £ : £z
’ 2 ; = ‘ o) < | Test conditions and remarks a £z
= 281 3 Z 2 T
BN LR z &
P | a8 03 B £ .
' E E] £ 3 g | o | 2 =
: 5 = -~ s = = =
! ? = Z 3 - Lo = e ER
[ 4 &} } S '@ ‘ Ay -4 x - A
| .
cLo 42.5'. .| 300 " Model 2B repaired ARTH 21X
‘ . o L ! . With3.05-1b. counterw ight Lin. from  20-74 216y
i } } ©otipatl. E. ! i
[ | ! ! | Counterweight 13in. from tipat L. E ' 2075 2, !
[ | L | - |- - Counterweight 25in. fromtipat L. E - 2076 2, E
! ! ; . | Counterweight 37 in. from tipat L. £ 20-77 &
oo ! b © o Counterweight 49in. from tipat 1. ¥ 20078 )
R i i [EETE » Counterweight 61in. fromtipat L. E - 20-7y ot
. I . ‘ | [ 1 <. With welghtssimultancously at $3in., . 20-5t

37 in., and 61 in. frnm tip.

42,5 420 300 R 20,48 . Plain tapered wing 2-22 2 0 6.4 260
' . . Run 20-22 repeated . W68 L 150 . FER]
4.8 - Nacelle 6.10 1b; c. g, 3.10 in. back of N6 222 L. 2
¢, g. of airfoil.
JN \al\_wllo placed 1,10 in. back of ¢, 2. 20-Th 2245 ul.n
. . .. Nacelle plamul 2.80 in. ahead of e g M T2 LTIV I |
, Run 20-68 pepeated 2T L 4.0 8
41.2 415 16.8%  Violent flutter suddenly. Wing bent 20 67 2,174 RIET]
) out of shape.  Fig. 20,
. 425 420 m 48 Restraining wires 59 in, from tip at 20 s 2187 2411
stitTness axis,
Same except wires 2in.ahead of sGIL 20 % 2w 244
ness avis,
Same except wires 4 in, baek of stitf- - 20 91 . .- .
. ness axis,
: ! ; | Restraining wires 40 in. from tip at 2093 2 24 FA
stiffness axis,
Restraining wires 17 in, fram tip at - 204 2.2 Al
1 stiffness axis.
Restraining wires 1 in. from tip at 295 2182 2114
I stiffness axis.
¢S 200 from tp at 20 96 2 a2 0.8
2.5 452 3.45  Rectangular m»o«h-n mmhl \l A S22 s N
' spaf.
Tapered wooden model; mmpl.-hl\' S0 2w 2006

' . destroyed by violent Nutter. j
! i

‘Theoretical results

Fig.

2

Fig. &

1
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TABLE 1A.—WING-AILERON FLUTTER TESTS

; i
: ‘V | First !Ai'lrmn !
I w Wing | Afleron Pend-| fre . 4
Wing Adleron (see fig. 14)  weight - weight “_",‘ queney ota- Test conditions nnd remnrks
mudel (b ey - ¥R )
i | - Y cléey clesy o Hon
| ! sec.)  sec.)
5 4.84 0. (:50 10.64 0 0.0019 Ailerun with 3 free hinges . .
1t (1] . . . - R
) N ) 5.7, Aileron with springs .
. .68 7.9 - e e
' 9% 12.3 .
5, 5 .. Theovreticul results for nileron ALl shown in fig. 26
N . . . F . .
1.0
12,5
13.1
W67
.17
5T
] Hinges free .
3.3 P
s . R
1] 3 free hinges with aileron counterweight, 0.557
Ib., Fig. 15,
0 .. Counterwejght, 0.4521h
v Counterweight, 0.346 1 _
" Counterweirht, 0.398 1b
3.0 do . ..
6.0 do .. .. .
. h67 " 2{ree hinges .
3 " 3 free hinges
L4 ] 4 {ree hinges
1] 4 lrl\; hinges with lewd for datuping
(1) do | R
. ] PPN | (1}
! 467 e )
4 X 1] .. de .
4 2.0t I ) * Hinge-pin position varied as shown in fig. 27
A 1} - o -
E 0 do
J 0 . do ..
P 7.0 . o

Ll;"\,

;(\ (-.
4N ¥

D

un

I3l :! P, e
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Alr Jens.
Hy,»

2 LuXr:

NS

2
3

No flutter

No flutter
5.0 LM

S T A eIy

1
14
A
Y 1
3 1.
~ 200
] L)
LU I
Nao flgster
NS s N
L2 3 I KL KX
1

.
J
lower .
oritieal ! M
selucity  Air dens- \‘;'i“_"
(m, p. i, e o ,-‘
ha W " .
gow
b T
4
2.4
ALY
4.8
FoRY .
B 2 200 M v
2L 16
2.2 (B
2 198 0
2 9
2 1
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N /]
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N - '
2
l‘mdtiw directions of axes and angles (form ¥ anvl momcnts) aro shown hy nrrows
Axis Moment about axis Angle Veloeities
E - e e e m At il S B i "'arco - U P P p—
; 4 (pa.nl{o)l g Pesitl Doud H (Unmr
. m- | to axis ) Hym- (eitive Designo~ yia- | (com .
Drealgnation wl | aymbol Deulgnation fy dlreetion ton ol |nentslong Anguinr
axiy)
C Longitodinal. ... L X X | Rolling..... Lol oy sz R ¢ u P
| bateral oo Y | 4 Pitehing....{ M Zo~ X Piteh....] o [4 9
Colionnal, ... | 7 4 Yawing....| N X ¥ Yaw..... v w r
Abzodute eneflicients of maoment Anglo of set of control surlaco (relative to neutral
» f , M N position), 3, (Indieate surface by proper subreript.)
g ' C. g () v
fy hHS h bS
(rollingg) (p;tx-hmg,) (yawing)

4, PROPELLER HYMBOLS
I, Dinmetor r

m° Ceometrie piteh P, Power, absolute coefficient (.?,.w;—r:r”
) ‘ometrie ¥ o
pil, - Pitch atio 4/ fpeed-power coefficient -- i W
V', Inflow velocity " " I'n?

V., Slipntream velocity K Efficiency
n, Rovolutions per second, r.p.s.

T, T vient. -—~
1 nust, absolute coofficient. € m‘ o, Effective helix anglo-lmn"(é-r‘:n)

Q, Forue, absolute coefliciont Cqm’;;?r);

8. NUMERICAL RELATIONS

1 hipo- 76.04 kgem/aes 550 {t-1h. /nce. o 1 1= 00,4538 ke.
b metric horsepower=«1.0132 hp, ] 1 kg=2.2046 lb, .
1 rph, -~ 0.4470 m.p.s. ) 5 mi.~1,600.36 me=5,280 ft.
b onep o 2.2369 muph, ' 1 mwe3.2808 ft,
i 7
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