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Chapter 1, INTRODUCTION

In recent years, there has been an increasing emphasis in supersonic airbreathing
propulsion. Military aircraft are being designed for sustained supersonic flight, There is
renewed interest in ramjet propulsion for missile applications at supersonic conditions.
The inlet is a major component of these airbreathing propulsion systems. For some
applications, two-dimensional inlets are supplanting the standard axisymmetric inlet, To
determine the overall performance of any propulsion system, all of the various drag
components must be propetly accounted. One of the drag components attributed to
the inlet is additive drag. Determination of.additive drag is relatively simple for an
axisymmetric inlet or for a simplified model of a two-dimensional inlet, However,
when sidespillage of a two-dimensional inlet is included, the detennination of inlet
mass flow and additive drag becomes complicated. This problem is considered herein.

Chapter 2 contains 8 review of supersonic inlete. The operation and terminology
of inlets are discussed, and additive drag Is defined, The method of streamline tracing
to determine inlet mass flow and additive drag is introduced. Chapter 3 reviews
previous investigations of spillage of two-dimensional inlets. The method of
homogeneous conical flow iy introduced and extended to determine the perturbation
velocity components. In Chapter 4, this extended theory is employed in a numerical
technique for streamline tracing. A computer program is described. Applications of this
computer program are presented in Chapter 5. Mass flow determined by this method Is
compared to measured data, The program is applied to demonstrate the effects of
various inlet design variables, Most of the conclusions concemning the design of inlets is
included in this chapter. Chapter 6 summarizes the previous work and discusses the
range of applicability of the computer program.

Chapter 2. REVIEW OF SUPERSONIC INLETS

Before proceeding to a discussion of spillage in two-dimensional inlets, it would
be useful to review the operation and terminology of inlets for aitbreathing propulsion
systems, More complete discussions are presented by Faro (Ref. 1) and the staff of
Johns Hopkins Applied Physics Laboratory (Ref. 2). The inlets are probably the most
prominent feature distinguishing an airbreathing propulsion system (such as a ramjet,
turbojet, or airaugmented rocket) from a rocket propulsion system. Obviously, the
primary function of an inlet is to capturc and induct air as a working fluid to a
desired location for combustion and subsequent expulsion through an exhaust nozzle.
In addition, the inlet is usually required to decelerate the flow, For a turbojet, the
velocity must be reduced to a value compatible with the compressor blades, a Mach
number of about 0.5, For a ramjet, the velocity of the air must be reduced to the
order of magnitude of the flame speed or to the order of a hundred feet per sscond.
In a supersonic inlet this is achieved by a series of shock waves,
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Inlets typically are of two types, uxisymmetric or two-dimensional, although
special  circumstances may dictate a more complex three-dimensionzl inlet,
Axisymmetnc inlets have demonstrated utility and applicability in some of the catlier
ramjet programs such as BOMARC and TALOS. Axisymmetric inlets are relatively
inexpensive to build, Structurally, the circular duct offers the best shape for the
pressure louds. This permits lighter weight construction. The boundary laysr bleed
requirements for an axisymmetric inlet are minimal. However, the performance of an
axisymmetric inlet decrecases with angle-of-attack. A two-diimensional inlet may be
oriented to achieve improved angle-of-attack performance. The Mudei.. Raxrjet Engine
(MRE) and some aircraft, such as the F14 and F15, have &, .oyed two-dimensional
inlets for this reason. Two-dimensional inlets also provide pachaging flexibility in that
any combination of width to height may be chosen to achieve a given inlet area. The
two-dimensional inlet also offers versatility in the choice of direction of comgression.
The inlets may be mounted 8o that the compression turns the flow inward toward the
vehicle or outward away from the vehicle, or may be side-mounted with
downward<turning inlets, The compression direction may be selected to enhance
angle-of-uttack performance or drog characteristics. For variable geometry inlets, the
ramp construction permits the greatest range of configurations providing near-optimum
performunce over a wide flight envelope. The two-dimensionul inlet i{s heavier and more
expensive to fabricate than the axisymmetric inlet. In addition, the corner flow creates
a thicker boundary layer requiring more bleed,

The simplest type of supersonic inlet is a normal shock inlet in which a normal
shock stands at the front of the inlet, as shown in Figure la, With subsonic flow
behind the shock, the flow may be further decelerated by a diverging duct, us in a
subsonic inlet, This inlet is typically the most stable and lcast sensitive to upstream
conditions. Satisfactory performance can be obtained from a normal shock inlet at low
supersonic speeds,

The diffuser duct may be converpingdiverging to form a reverse de Laval
nozzle uas is shown in Figure 1b, When the inlet is started, the supersonic flow
decelerates in the converging entrance section, passes through a normal shock just
downstreum of the throat, and further decvlerates subsonically in the divergent section,
This type of inlet has u starting problem. In the unstarted mode, the normal shock
will stand in front of the inlet. The throat area must be increased or the inlet must be
oversped (if possible) In order to “swallow” the shock.

The total pressure loss of a supersonic inlet n ay be reduced by means of an
oblique shock. This type of inlet, shown in Figure 1. may be either a conical inlet or
a two-dimensional ramp inlet; many of the conclusions are applicable to both kinds,
As indicated in the figure, an initial compression surface causes an oblique shock
which decelerates the flow, At the entrance to the inlet duct, a normal shock occurs
at a Mach number lower than freestream. The product of the tota! pressure recovery
of the oblique and normal shocks is greater than that of a single normal shock at
freostream conditions. Figure 2 indicates the total pressure recovery of conical inlets
for several Mach numbers. As can be seen. there is an optimum cone angle for each
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Mach number. This cone angle may be presented as a function of Mach number as in
Figure 3. The pressure recovery of the oblique shock inlet may also be increased by
internal contraction which reduces the Mach number prior to the normal shock at the
throat section. Internal contraction is limited by inlet starting considerations, Finally, a
subsonic diffuser section provides further deceleration of the flow,

Since the single oblique shock improved the performance of the inlet, it may
be suspected that an additional oblique shock before the normal shock may also be
beneficial. This is indeed the case. A double cone or ramp inlet is illustrated in Figure
1d, As in the single oblique shock inlet, there is an optimum combination of
deflection angles. Figure 4 presents the total pressure recoveries of various
combinations of cone ungles for a double cone inlet. The optimum cone angles are
shown as a function of Mach number in Figure 5.

Continued improvement in total pressure recovery may be obtained by
incrensing the number of oblique shocks, Figure 6 demonstrates the total pressure
recovery for optimum combinations of cone angles for multiple oblique shocks, The
number of shocks, n, includes the terminul normal shock in addition to the oblique
shocks, In the limit, the oblique shocks become an isentropic compression shown in
Figure 1le. Since a true isentropic compression requires an initial zero slope, the
fsentropic inlet starts with an initial non-zero slope, eithur a selected angle or the angle
which yields a selected pressure recovery at design conditions. The coordinates of such
isentropic surfaces have be:n cualculuted for various desigh Mach numbers, An example
for conical inlets is included as Figure 7. In this figure, focal points are indicated for
each design Mach number. At the design Much number, the conical shock from the tip
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and all compression waves generated from the surface coalesce at this point. In

practice, this is usually made to be the location of the cowl lip. All dimensions in the -
figure are ratioed to the radius of the focal point Y, so that when the cowl diameter

is selected, the inlet shape is specified.

The relative performance of air Inlets is compared on the basis of three primary

fipures of merit. These are (1) capture ares ratio, (2) total pressure recovery, and (3) 7
drag. 3

The capture area ratio indicates how much air is delivered to the propulsion
system. The mass flow at uny point may be written as pAV where p is the density, A
is the cross-sectional area, and V is the velocity. When referenced to freestream or 0 -
(zero) conditions where the density, py, and velocity, V,, are readily obtained, the 1
mass flow (which may bc measured elsewhere) defines the freestream area of the
captured streamtube, A,. The ceptured mass flow may be normalized by dividing by
the mass flow that could be delivered by the area of the inlet or cowl area, A .. This
mass flow is pyA.V,y. Thus, the ratio of the actual mass flow to the maximum
possible becomes the capture area ratio, A;/A.. In addition to the physical mcaning,
based upon a measured mass flow, the capture area may be determined theoretically
by geometrical analysis, Consider a single ramp, two-dimensional inlet as shown in
Figure 8, The cowl area, A, is simply the cowl height, h , multiplied by the inlet
3 width, W. The flow behind the shock is directed paralle]l to t‘he compression surface at
an angle, 0, A streamline may be drawn from the cowl lip, parallel to the h
compression surface, to the intersection with the oblique shock inclined at wave angle,
0,,. Ubstream of the shock wave, the flow is horizontal. Thus, the captured
streamtube of height, h,, and width, W, for two-dimensivnal flow is defined. The
capture area ratio, Aj/A,, is equal to the ratio of hcights, hy/h., in this case.
Extension to multiple ramps requires only identification of the flow direction behind
_ each shock and trecing the streamline from the cow! back to freestream. An .
; axisymmetric inlet is only slightly more complicated in that the flow is not parallel to -
’«. the surface but varies between rays. The streamline must be traced from ray to ray to '
i the initial shock, Following this principle, the capturc arca ratio of any inlet, even a

three-dimensional inlet, may be determined by a streamtube trace if the flowfield is
known. Mass removal, such as by sidespill or boundary layer bleed, may also be _
. : referenced to the possible mass flow to vield an area ratio for each mass removal 3
I process, |

]

The second figure of merit has been alluded to in the description of the inlets, f‘
1 The total pressure recovery is a direct measure of the maximum pressure which can be
; achicved in the combustion chamber and hence of the thrust developed,

§ : There are nine possible modes of operation of an Inlet iesulting from ]
i { combinations of three possibilitics for eacl* of two independent variables. These nine -
modes are illustrated in Figure Y. First, an inlet may operate above, at, or below the B
design Mach number. This is presented in the vertical sequence in the figure. Typically, '
the design Mach number is the Mach number at which the oblique shock of the inlet

12 Jf'
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intersects the cowl lip. For multiple shock inlets, the ramp contour is designed so that
ali shocks coalesce at the cowl lip, Since the shock angle for constant deflection
decreases with increasing Mach number, the shock passes above the cowl below the
design Mach number and enters the cowl above design Mach number, The effect of
Miach number on total pressure recovery and capture area ratio are illustrated on the
right side of the figure. Total pressure recovery typically decreases with increasing
Mach number, slowly below design and more rapidly above. Often a sharp break in the
curve may be noted at the design Mach number. Below design, analysis of a
two-dimensional inlet is straightforward in the manner previously described. Above
design, analysis is complicated by the non-uniform conditions at the cow! lip plane,
Part of the flow has passed through the oblique shock system with a loss of total
pressure and velocity and a change in direction. The remainder of the flow at the cowl
lip plane is still in the undeflected freestrcam condition, An analytical model should
include some averaging technique to obtain mean conditions at the cowl lip plane for
gross inlet behavior, The capture area increases with Mach number below design. Above
design Mach number, conditions at the cowl lip are freestream conditions. Since the
flow is not deflected, the area of the captured streamtube is the sume as the inlet area
and the capture area theoretically equals 1.0, The change in operation appears us a
sharp break in the capture area curve at the design Mach number,

The other variable of inlet operation is whether the inlet is critical,
supercritical, or subcritical. These conditions are {llustrated in the horizontal sequence
of Figure 9. In the critical condition, the terminal normal shock is at the cowl lip
plane of an external compression inlet or at the throat of a mixed external-internal
compression inlet, In the supercritical condition, the terminal normal shock is
downstream of the critical position, occurring in the subsonic diffuser. Due to
supersonic expansion, the terminal shock occurs at a higher Mach number than at the
throat, and the total pressure recovery is less, Sinco the external shock system is
unchanged, the capture area ratio remains the same as at critical. In the subcritical
condition, the terminal normal shock occurs upstream of the critical position, on the
compression surface. This shock lccation results in a reduction in mass flow or capture
area ratio, Depending upon the design of the compression surface, subcritical total
pressure recovery may be greater than, equal to, or less than critical recovery, The
sequonce Is summarized in the graph at the bottom of Figure 9, with | representing a
subcritical condition, 2 critical, and 3 supercritical. As may be observed from the
figure, the critical condition may be defined as the condition of maximum pressure
recovery at the maximum capture area rutio. The location of the terminal normal
shock is determined by the combustor temperature and therefore fuel flow to the
combustor, With increased temperature, a higher total pressure is required for the same
mass flow rate. To achieve higher total pressure, the shock moves toward the critical
position, For further combustor temperature increases, the inlet delivers less mass by
subcritical operation, thus reducing the pressure recovery requirements,

The primary concemn in testing inlets is the detcrminution of the critical
condition. It is generally assumed that the inlet may be easily operated supercritically
for less total pressure recovery. In subcritical operation, an instability known as
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“diffuser buzz' may occur. During buzz the shock position is unstable, oscillating from
supercritical to subcritical operation, possibly to a detached position. This oscillation is
accompanied by static pressure oscillations throughout the propulsion system. To avoid
the onset of buzz, propulsion systems are designed to avoid the unstable region. For
aircraft turbojet engines, where a variable geometry inlet is economically feasible, the
inlet configuration is adjusted at each flight condition to maintain near critical or
slightly subcritical operation to obtain maximum pressure recovery. This may be
achieved by change of ramp angles for a two-dimensional inlet, by change of
centerbody location for an axisymmetric inlet, or by varying the bleed flow,
Subcritical operation has the additional advantage of providing relatively undistorted
flow, desirable for a turbojet compressor, For a fixed-geometry inlet, typical of ramjet
application, the inlet is operated supercritically. The inlet is designed with a pressute
margin or maximum pressure recovery less than critical, This acts as a safety factor to
assure that the inlet will not achieve critical condition, much less an unstable
suberitical condition,

The third figure of merit is the performance cost of the inlet, the drag. There
are several types of drag attributed to the inlet. There is wave drag associated with the
cowl shape and on the cowl lip. For two-dimensional inlets with sideplates, there is a
corresponding sideplate lip and wave drag, For inlets installod on the aft portion of a
vehicle, a boundary layer diverter ir provided to raiss the inlet above the vehicle
boundary layer so that it does not ingest the low pressure recovery air, This is usually
a wedge-shaped structure. There is a drag assoclated with the diverter; and an optimum
diverter height may be found by trading off pressure recovery gaing with increased
drag. Mass removal processes of bleed and sidespill also have momentum losses and
hence drag associated with them, Finally, there is the additive drag of an inlet,

The term additive drag was originally deflned by Ferri and Nucci (Ref. 3). A
mathematical description of additive drag has been presented by Sibulkin (Ref, 4),
First, consider a simple ramjet engine in accelerated flight at zero angle-of-attack, as
shown in Figure 10a. The net propulsive thrust is the resultant sum of the axial
components of the pressure and friction forces. The net internal thrust, F, ,, may be
evaluated from the momentum change between the entrance, Station 1, and the exit,
Station e.

F

where Fj = gtream thrust at j & mV + A(p Pp). Tlus, the net propulsive thrust,
F is equal to the net internal thlust mlnus t{\a extemal drag forces, F,.

(= Fy- F| (2-1)

F,®Fy - Fq 22

In practice, engine performance is usually determined from freeatream and exit
conditions instead of fro.n inlet entrance conditions. Thus, referring to Figure 100,
which includes the streamtube from 0 to 1, the net thrust, F,, due to momentum
change between Stations 0 and ¢ is:

16
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ie) ON STREAMTUSE BLTWEEN 0 AND 1,
FIGURE 10, Fosess Asting on s Ramist Engine in Assslonaed Flight (Open Noss Inlet).
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F, = F, - F, (2-3)
In this case, however,
Fp * Fn - Fd

since the momentum change between Stations 0 and 1 has not been considered. This
momentum change may be considered as an additional drag force, D,, called additive

drag. Thus,

FpnFo-Fy-D, (24)
which defines additive drag. Comparing Equations 2-1 and 2-4 yields

Dl-Fn’ Fn.i-Fl"Fo (2-5)
or

D, =mV, +A,(p, - pg) - MV, (2-6)

Considering the streamtube from O to 1 a3 indicated in Figure 10c,
Sta ‘ i i
f (p- po)dA,‘ - A|(P| - po) n - va + mVl Zn
Sta 0
where dA, = axial projection of sutface area, or from Equation 2.6,
D St A (2-8)
- (p-p -
! ./;ta 0 07

This Integral form of the equation is applicable to other geometries. Evaluation
of the momentum terms results in a slightly different forin of additive drag for each
situation. Mount (Ref, §) presents the following equation for both the axisymmetric
and two-dimensionual oblique shock inlets shown i. Figure 11,

/Stal . W
D = (p= PoMA, ==V, +(p, = Pg)A | cos b
Sta 0 0% g ] 077

- %Vo + (B, - PolA, (29)

where P, is the average pressure acting on the compression surface, A,
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]

9 = Po) Ag e

) AXISYMMETRIC INLET

0
o, Jﬁo
':"Vn KSR e et (3, ~pg) A, CO80
(Rg = Pgl A g, mmmeims

) TWO DUMENBIONAL WNLET
FIGURE 11, Posces on Oblqus Shock Inleta,

This differs from the relation for the open nose inlet, Equation 2-6, by the
addition of the term (P, - PyJA,. which is the pressure force on the compression
surface, and by a correc{lon term of cosf to the exit momentum to account for a
m:-axial exit,

Additive drag appears to be only a bonkkesping term. Its physical significance
may be scen by considering the boundary of the captured streamtbe to be replaced

19
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by a functionless sheet of solid material. No flow may pass through the sheet and
since it conforms to the shape of the streamtube, the flowfield remains undistubed,
The pressure forces acting on this extended cowl are cnsily visualized. Removal of this
extension does not change the flow and, hence, the momentum through the inlet
system, Distortion of the cowl extension would alter the flowfield and result in a
differsnt pressure distribution,

Additive drag occurs in two situations. When the inlet is operating critically or
supercritically, at or above the design Mach number, the leading edge shock {s at or
within the cowl lip. Up to the cowl lip, the flow is undisturbed, Hence, the flow area
does not change. and the additive drug is zero for purely two-dimensional flow. With
subcritical operation, the terminal normal shock occurs on the compression sutface and
subsonic flow occurs behind the shock, Osmon (Ref. 6) has considered subcritical
additive drag in the trunsonic region, He employed Moeckel's (Ref. 7) method fot
prediction of the plane shock shape. This equation was modified to account for lg\teral
spillage: varlous coefficients were adjusted to fit experimental data, With a
determination of the terminal shock shape and position, the pressures behind the
various shocks were used to determine subcriticnl additive drag.

The serond condition of additive drag is supercritical additive drag. 1In this cass,
the Inlet Is operating critically or supercritically below the design Much number,
Supercritical additive drug can be evaluated for simple geometries by means of the
pressure integral, Consider the single ramp two-dimensional Inlet of Figure 8, The statlc
pressure behind the shock s constunt along the streamline and may be obtained from
plane oblique shock relationships. The arca over which this pressure acts is simply
(A.= Ap) or A (1~ Ay/A.). For multiple oblique shocks, this process may be repeated
for each shock. For axisymmetric inlets, the same approach is applied, numerically
integrating ucross the rays, Sharp and Howe (Ref, 8) have employed this technique for
determination of additive drag In an automated procedure for analysis of inlets. For
two-dimensional inlets of finite width, there is some lateral spillage. Sideplates may be
employed to restrict or climinate this lateral flow at the expense of increased weight
and drog.  Sldewalls may also be constructed to provide additional sidewise
compression, If a sideplate is designed to contain the entire shock system, there will
be no sidespill. Sideplates are typically constructed with the sideplate leading cdge as a
straight line from the cowl lip to the inlet leading edge. Above design Mach number,
there will be no spillage from this type of sideplate. In general, however, there will be
lateral spilluge from a two-dimensional inlet. This will alter the flowfield and the shape
of the captured streamtube. To determine additive drag, the shape of the captured
streamtube must be determined. This requires knowledge of the flowfield about the
compression surface with lateral spillage.
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Chapter 3. PREVIOUS INVESTIGATIONS

Little theoretical work has been performed on the problem of sidespill in

two-dimensional inlets, This s partially due to the relatively recent emphasis on

! : two~dimensional Inlets; most of the previous inlet studies had been directed toward
axisymmetric inlets, In addition, most inlet investigations are primarily experimental,

, Preliminary performance estimates ure determined by a combination of theoretical and
q empircal techniques. Wind tunnel tests are then performed to verify the performance
N : estimates and to select various design featurss such as bleed system, design, boundary
] ! layer dJiverter height, and installation effects, _

: " ' _ INVESTIGATION OF CARRIERE AND LEYNAERT

- ? Carriere und Leynaert (Ref, 9) have considercd the problem of mass flow in
. _ two-dimensional inlets. No attempt hus been made to determine the etfects on additive f
- . drag. Consider a single ramp inlet with ramp angle, 'b, as shown in Figure 12. The i

FIGURE 12. Twe-Dimensionsl Inlet Nomeuclatuse,
! 21 ]
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inlet has two lateral sidewalls with leading edges, AB and A’B’, at an angle & It is
assumed that the ramp angle, Y, is small and that the shock waves are comparable to
Mach waves, This permits the use of linearized theory.

Three possible situations may be ~ssumed a priori depending upon the value of
the parameter BW/R, where 8 is the cotangent of the Mach angle, u, and is equal to

VM? - |, The parameter SW/2 characterizes the lateral aspect ratio of the inlet and is

the ratio of the width of the inlet to the radius of the Mach cone at the inlet
| entrance station. The three possibilities are illustrated in Figure 13. The Mach cones
| : may be completely separate or may overlap. If the overlap occurs within the
B boundaries of the {nlet or | < fW/R< 2, the sidespill is unaffacted and remains the
0 same as the separated case, For narrow inlets where SW/R< 1, the Mach cone
; - generated by one edge influences the flow nt the opposite edge.

: Consider a uniform approach flow with velocity components:

o ; u, = U
. ul2 - 00
uy =0 @3-

After a small perturbation such as that imposed by the inlet ramp, the velocity
components are -

up e Up +u'
uy=v
usuw' : (3-2)

\: or normalizing by Uy

u; = Up(l +u)

. . U2 - Uov

X uy = Usw ' (3-3)

In small perturbation theoty, it is assumed that the perturbation components
are small or

uv,we |
Considering the inlet in Figure 12, the flow entera the inlet through the region o

BCB'C’ of surface A = W(h - y®) by geometry. The mass flow, m, after linearization by
small perturbations is

; | '- m= _[/;(l + u)UydA (34) .
A

where p is the mass density and dA an element of the control surface.

4 22

r o ——g 1 2 13 AR by s £+t ey derat e e - o7 S+ ————— e e b e+t



. NWC TP 5951

! MACH CONE
¥ . |

e [

i 3 .

o . |

p ' r w u
- (o) BWRD>2

X

| w1 <pwR<2 :

[\

( ‘ ]

- P R< ]

f FIGURE 13. Possible laist Flow ituations. ;

4 23 4

4 ;
!




T oo e Loyt

:'z_

NWC TP §951

The local density, p, may be related to freestream density, oy, by Mach
number functions:

.L.(l +I.'7_1M‘2))l/7"l 35
po (l..,'l.%_l_MZ)l/'Y‘l ”

. The local Mach number, M, may be written in terms of perturbation velocities
M2 = [(Uy +u)? +v'2 + w'2] /a? (3-6)
M? = (U3 + 2U,u')/a? to first order

the speeds of sound are related by temperature ratios

-1
2 1 +15= M3
a _%RT T . 0 37
— = --——-—T-——-_ ~7)
LH TR0 TE 1+L2._M2

Substituting a® into Equation 3-6

2 o 20 I 13-l m
=

o 1+33lwg
3

13 lyg

(3-3)

M? = M2(1 + 2u)

Solving for M?

{ 2. M%(l + 211_)“

1~ 2uls—M}

Thus,

y-1 i +L3'1M(2) -
! ; 1+ L5—M2 = - (39
- 2u¥5-M3 .

: ' 4
L :




NWC TP 5951

or

2 Doty Mg (3-10)
1 +1TM2;
From Equation 3-5
- PR, L PP VL .
2o = (1 - LMY : (3-11)
Expanding with a binomial expansion to first order:
Loz _ M2 -
po = 1= uMg (3-12)
Thus Equation 3-4 may be written
m= PV fﬁl +u)(1 -uMg)dA (3-13)
A
m ’PoUo 1‘[1 +u(l - M%)]dA to first order
Since 38 = M%' -1, Equation 3-13 becomes
= p, U _[ﬁ 1 - BAuydA (3-14)
A

Thus, the flow rate entering the inlet may be determined once the distributioh
of the axial perturbation velocity, u, is found.

Consider the pure two-dimensional or o0 case. For a weak two-dimonsional wave
where the flow is deflected through angle y*

- -[“,a'- - WAME - 1 ==y, (3-15)

* Refor to Section 4-7, “Weak Oblique Shocks," !n Elements of Gasdynemics, by H, W. Liepmana and A,
Roshko. New York, N.Y., John Wiley & Sons, Inc., 1962, pp, 92-93.
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Substituting into Equation 3-14

m”™ =p,U, _/]21 + ¥By)dA
A

m™ = pyUg(1 + ¥By)A (3-16)

The entrance area, A, has been determined by geometry to be

A=Wh-y9) 3-17
Since h/f = tan §

A = Wh(l - y cot §) (3-18)

Thus Equation 3-16 becomes
™ = poUoWhi 1 = Y(cot £~ B,) ~ w2, cot k] (3-19)

Cartlere and Leynaert present this equation only to first order:

M = oy UgWh(1 = W(cot & - §,)] (3-20)

The ignored turm, however, is not nogligible. Consider, for example, the case of
a 10-degree ramp and a 19.6-degree sidewall at a freostream Mach number of 1,96,
The term [30 cot £ is cqual ta 0.144 which is not negligibie as compared to the
other terms. The value of /poU Wh is determined to be 0.660 using Equation 3-19
and 0.804 using Equation 3-20. Thus, neglecting the second order term appears to be

incorrect,

Carriere and Leynaert present all results relative to the two-dimensional result,
m™. Calculations by Fenain by the method of homogencous flows are cited without
reference: and the following results are presented without proof,

a. With lateral plates and B,W/2 > |

m-m> g k2K'2 - E?
I 2% Y 321

26
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where

K=, tan ¢

, e

K', E' # Complete elliptic integrals of the first and second kind, respectively
of modulus k' °

b. Without lateral plates and:
17 W=k, >1

- h® Ko, osin” !tk
greatl L R (322
'

2 K<k <1

. e Sl (1-k)»?

mﬁ‘.r.n --%{'*"}Ar!-‘—rl"%] (3:23)

’
3 lr.|<k<l

P re -1 e (1+k)?
%?__-_%&[k'*&r_k._ /'t - ?“—“E‘l—"lh\ lEl_

(3-24)

+ 2k cos"E-}-+2k-l-sm"‘ ki
! K7k P -k

Note that for a selected inlet height and Mach number, all of these results have

the form m- m™/m™ = constant times (/rX2/W) which is expected for linearized
theory.

Application of these equations has revealed that the equations cannot be
evaluated when the cowl angle, £, is greator than the Mech angle, u. Physically, this
would occur when the Mach wave from the leading odge enters the cowl. This
observation suggests that no distinction has been made between a Mach wave angle and
the actual shock wave. This is considered to be in error since there is a significant

difference between the Mach wave angle and the angle of a shock wave even for small
ramp angles,
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HOMOGENEOUS CONICAL FLOW

The method of homogeneous conical flows may be applied to the problem of
spillage of two-dimensional inlets, Pawlikowski (Ref. 10) has employed this method to
determine perturbation velocities and spillage on the compression ramp of the inlet,
Milne-Thomson (Ref. 11) presents a basic discussion of conical flow. He employs this
method to determine perturbation velocities on various aitfoils, Since Milne-Thomson is
primarily concerned with aerodynamic forces, he uses these velocities to determine
lifting pressures, The analysis of Milne-Thomson will be described here as an aid to
understanding and as a contrast to. the investigation ot Pawlikowski, Later, the velocity
solution of Milne-Thomson will be applied (o the spillage problem.

Conical flow is a flow pattern in which the state of the flow is the same at
every point along a ray drawn from an origin or veriex. Thus, conditions depend only
on the direction of the ray, but not on the distance along it. This means that any
property is a homogeneous {unction of degree zero in x, y, z, and depends only on
the ratio of x:y:z. A conical boundary condition implien conical flow. Since the edge
of an inlet compregsion ramp imposes a conical boundary condition, the conical flow
analysis may be applied to the inlet flowfield.

For small perturbations in the coordinates of Figure 14, u, v, w<€V, and
neglecting squares and products, the perturbation equation for supersonic flow is

P P

- (M - Dz o2 toar 0 (3-25)

where S may be any of the quantities: velocity potential, ¢, perturbation velocity
components u, v, or w, pressure, p, or density, p

Equation 3-25 may be rewritten as

. a's . a%s . als
~cot? p =2+ E242ap 3.26
) ay? az (3-26)

since cot u -\/Mi' -1

Substituting X = ix tan u, Equation 3-26 reduces to the Laplace equation

2 ¢ 32
o8 as+as

-0 327
ax? oy 3z (>-27)

In spherical polar coordinates as defined in Figure 15,

X=R;, cos w
y = R; cos 6 sin w
z"'Rl sin 0 sin w

e B e Bt
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Laplace's equation becomes o 3
d_ (g2 98 )+ (sin w ) L, =0 .
B'R_( 1 R, /" sinw dw 70 A in? w202 (3-28)

When S is independent of R, as in conical flow, Equation 3-28 becomes

e a(“was) 1 a8
sin w 0W 3w/" gin? ¢, 307

- .

(3-29)

e e et e o s+ S

By substituting

x = log tan !/2w (3-30) ’ ",.

-_ 3s 38 _ 1 38 Co
, : o ™ CO8EC W I ® o B o

Equation 3-29 becomes i

-
e e TS A,

e s—— ==

2g 92 b
:-;% 20 (331) ]

This has the general real-valued solution*

S = F(x +16) + F(x - i0) (3-32)

where F {s an arbitrary twice differentiable function,

e o

tan 1/20 = 0L (3:33)

oX*10 = X6l m ¢l tan 1/2¢0 = (co8 6 + 1 sin 9)( :h;o‘:w)

x+i9 , €08 0 sin w +isin § sin w A
¢ I'+cos w 7 )

from definition of polar coordinates

oXHi0 H‘{E; (3-34)

—
P e 3 4 g 3 et | T A LT

*The most general solution Is 8 = F(x + ) + Cx ~ 18) but the most general reel valued wolution is
given in Equation 3-32,
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Thus x+if is a function of (y+i2)/(X+R;) and from Equation 3-32, the
general reakvalued solution of Laplace’s equation of Aeto degree is S, where

So ™) (,{—,‘{-)n (,{-;—{{?) (3-35)

where f; denotes an arbitrary function. Since R% = X2 +y? 422 or

R, =v/y? +22 - x? tan?

X+ R, =ix tan g +y/y? +27 - x? tanp
X+R| =i(xtanu +R,)
where

R3 = x2 tan?u - y2 - 22 (3-36)

since

+iz +iz
€3 madeliy myma o (337

The general real-valued solution of degree zero of Equetion 3-25 is

y +iz y- iz
8o f(x tan u + Rz) +T (x tan u + Rz) (3-38)

whero f ia an arbitrary twice differentiable function. Th's solution applies to all points
such that Rz Is positive, This is all points within the Mush cone

y2 + 22 wx? tan?y (3-39)

Introducing Busemann'’s (Ref. 12) complex vuriuble, e®x tanu +R,, the
general solution becomes

S, = f(e) + 1(3) (3-40)
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Introducing the dimensionless variables, r, s, 8*, which satisfy

z'.“ma"xtanp (341) ‘
Z ';
t*=rgind "xtng ]
| '.
then |
b |
i . s + 1p* r(cosB +1sin6) _ o i6 342 !
II ¢ |+(|-|2-|-2)l/2. 1...(1__[2)!/2 Re ( ) :
{l where {
-(] = 1/2
‘ r J=-r) (343)

R.|...(|_r2)lﬁ r

If the Jnolnt re!d is marked in an Argand diagram called the physical plane and
the point Re!’ marked in another, the ¢ plane as in Figurs 16, the points correspond
to a mapping in which points of a ray from the origin at angle 8 from the real axis in
the e plane. This mapping is not conformal, From Equation 3-43 it may be noted that
R = 0 at the origin r = 0, On the circumference of the circles R = | when r= |, R
is complex outside the circle r > 1, Thus, a Mach circle may be referred to ) ]
interchangeably in the physical or ¢ planes. 3

PIYIICAL PLANS ¢ MANE
RFIGURE 16 Trnsfesmation from Physissl Plne to ¢ Mane,
kp/
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In Equation 3-40 the neneral real-valued solution of the linearized equation was
found to be the form f(e) + f(#). Since the perturbation velocity components u, v, and
w are solutions of this type, it follows that they are the real parts of functions of the
complex variable e and complex velocity components may be written

U(e)mu +iu*
V(e)mv +|v*
W(e)=w + jw* (3-44)

where u*, v*, and w* are also real. Since
u* - fu=- {l/e)
- fv= - {V(e)
w* = jw =~ iW(e)

The components u*, v*, and w* ure perturbation velocity components of some other
conical flow,

The complex velocity components are related by the compatibility relationships

vV W
detanM (] 4e2) - {(1-e?)

(3-45)

The derivation of the compatibility relationships is included {n Appendix A,

To determine the flowfield about an airfoil, some terms and nomenclature must
first be defined. An edge may be leading, trailing, or axial which Milne-Thomson
denotes as L, T, and A, If a line drawn parallel to the freestream velocity vector
enters the airfoll when it crosses an edge, the edge iy called a leading edge. If the line
leaves the airfoil as it crosses the edge, the edge is tralling, If the odge is parallel to
the freestream velocity vector, it is axiul. In addition, an edge may be termed
subsonic, sonic, or supemonic, depending upon the normal component of the
freestream velocity. A subsonic edge will fall within the Mach cone while a supersonic
edge will fall outside. A sonic edge corresponds with tle Mach cone. Milne-Thomson
denotes this by subscripts i, 8, and o for inside, sonic, and outside. Thus, for example,
an intersection may be denoted L T,, indicating a leading edge outside the Mach cone
and a trailing edge inside, For an ax‘al edge, the subscript is dropped since it must be
subsonic,

To determine boundary conditions, the physical situation is reduced to a Mach
circle in the physical plane. Consider a L L, airfoil oriented at a small angle of
attack, «, to freestream velocity, as shown in le'inure 17, The edges £, und £, are nt
angles 6, and &,, respectively, to the axis and intersect an arbitrary plane, P,
perpendicular to tf\e axis at points L, and L,. The intersections with the plane P are
shown in Flgure 17b with corresponding identmcatlon With supersonic edges, two

33
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(a)

®) . 1

FIGURE 17, (s) Physieal Repressntation of L L, Alefod; (b) L L, Aefoll -
on Physical Plame P, , :
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planes may be drawn from tke edges tangent to the cone at points A and A'. The
points at which the Mach cone intersects the plane of the airfoil are denoted D, and
D,. The angles between the tangency points and the plane of the airfoil are denoted

by A
AA AA[ oA
cos )‘l -mﬂ'm- m-ﬂtnnucot 81 (346)

Similarly, cos 6, = tan u cot §,.

The physical significance of the tangent planes may be realized by considering
each point on the leading edge us a generator of a Mach cone as shown in Figure 18,

MACH CONKS
FICURE 18. Definttion of Reglon Whers TwoDimensienal Boundasy Conditions Apply,
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The planes formed by these cones are the planes A L and A' L.. Thus, these planes
define the region of influence of the airfoil where the perfur ation velocities are
defined by two-dimensional flow. Therefore, the streamwise components of the
perturbation velocities in Figure 17 are:

u=uy, onarc DA,
u=-u onarc DA} -
u*uy onarc DyA,
u=-u,onarcD,A;
u=QonarcAjA,
u=0onarcAjAS

where u, and u, are appropriate two~dimensional perturbation velocities

The case of an L, T, airfoil is shown in Figure 19a, Since the leading edge does
not intersect the plane ? the Mach circle, the ray is extended to intersect at point L',
Also, since the trailing edge Is inside the Mach cone, the tangent planes are not
present. This case results in the Mach circle repressntation of Figure 19b. The
perturbation velocities are:

u ™= u, on arc DzA
u®™- u, onarc Dzl\' :
u =0 on arc A'D'IA

These cases tllustrate the ossentinl representution for other cuses.

The basic problem In conical flow iz to find a function, f(e), analytic within
the Mach circle, vy, whose real part takes on specified values on the circumference.
Since a point on the circumference can be specified by the angle  from the real axis,
tho real part of fle) must take on the value F(0) on the circumference where F(0) is
given, For a point ¢ on the circumference

0 mell (3-47)
or

0 = (log 0)/i (3-48)
Thus,

F(0) = F((log 0)/i] = g(0) (349)

where the function g(o) is likewise known. The real part of f{e) is 1/2f(e) + 1/2f(&).
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On the circumference
e=oandg=¢10=1/g
therefore
f(0) + 1(1/0) = 28(0) " (3-50)

Multiplying this equation by do/2mi(o - €) and integrating around the Mach circle, ¥

) e L f Wioe, 5 [ e

(3-51)

By Cauchy's formula, the first integral is f(e). The second integral may be
evaluated by the residue theorem. Since f(e) has been assumed analytic within the
Mach circle, it may be expanded in an Infinite series.

f(e)-ao+al¢-'+azez+' oo
Thus
[(1/0)= Gy + &, /0 +T,/0% ++ - « (3-52)

By Cauchy’s residue theorem

T /; - =8 =10 (3-53)
and
1 Enda 0F
— = > -
Ty aiom g -0 forn>0 (3-54)

That is, the residue is the appropriate term of the Laurent’s series. Thus, from
Equation 3-51

f(e) + T(0) = Ko)do (3-595)

70"3
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In many applications, g(o) is constant over arcs of the circumference. Consider
for example that g(o) = u, from 6 = - X to + \ and is zero on the rest of the
circumference. Then,

1 (oo 2o o’
+ ./:r el TCED (3-56)
for ¢, = el and &, = ¢”\,

Therefore,

f(e) = - 7(0) + =2{log (¢, - €} - log (& - €)] (3-57)

(0) is a constant dotermined by other information. For f(e) = uy when e = |
or § = 0, then

- ’ u . . . .
ug == T(0) + 711log (¢, = 1)~ log &, - 1)]
which gives*

T0) = ugh/m

The same principle can be used to determine a function f(e) analytic within a
semicircle of unit radius where f(e) is real-valued on the diameter and the r:al part of
f(e) takes given values on the semicircle. To solve this problem, the circle is compiete
by reflection as shown in Figure 20. The function f(¢) and its reflection are
determined to be complex conjugates. This reduces the problem to the one just solved.

* Thia tesult is based on the convention that the branch cut i on the negative real axis and that all
angles thus may take on value betwoon ~v and w.
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FIGURE 20. Reflection of Semi-Circle,

To investigate the flowfield of a two-dimensional inlet, the model of a
rectangular airfoil may be employed. This is equivalent to a L A airfoil in
Milne-Thomson’s notation. The physical situation is shown in Figure fla, while the
projection in the ¢ plane is shown in Figure 21b, The boundary conditions are also
included in the figure. On arc DA, the perturbation velocity, u, Is equal to the
two-dimensional perturbation velocity Ug = aV tan u cosec . For & = n/Z, u, is equal
to &V tan p. On the lower arc DA, u is ~Ug. On the surfuce of the airfoil AD, the
imaginary component u* of the complex perturbation velocity, U, is zero. Consider an
airfoil at angle of attack, o. For small angles where sin o« = o and cos a = ], the
freestream velocity may be considered as having velocity components V, 0, and aV in
the coordinates of Figure 14, On the surface, since the air cannot flow through the
airfoil, w + aV = 0, From the compatibility relationship of Equatina 3-4§,

v _w
2¢ tan ic1 - 62)

igl—ezy
W etaan

L fany 904 +iu®) (3.58)

d(w +iw®*) = -
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FIGURE 21, (1) Physisal Ropmesntation of L A Akfoll; () LA Alrfell ia Physval Plame,
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1 On ths surface of the airfoil, e is real and hence (I - €2)/2e tan p is real. Collecting -
1 : the real terms of Equation 3-58, 3
.‘. . i ! l - 2 1
™ ' ' - 2 ¢ . l.
3 % | dw == 1 Fetanp 9v° 3
! ' _

,- ; ‘ Since w = ~aV = constant, dw = 0. Therefore, du* = O or u* = constant. ;

9 ‘!’ 4 Without loss of generality, thc constant may be considered to be zero so that :
b ut=0 : |
b ll and i‘
S |

i u=Ule) !

b ;

i ! 5 on the airfoil surface, }

3 ; To solve the problem of the L A aitfoil, define ¥ = ¢ mapping the Mach o
; i circle, ¥, on a semi-circle in the v plane which is completed by reflection as shown in ' 1
1 Figure 22. If ¢ is a point on the circumference, v’ - S
: : Ulo) + T(1/0) = 2u(0) (3:59)
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As shown previously, this leads to
2u -v 2u 4
v r DO [ 22 [ e (3-60)
S| !
Since u = u* = 0 at ¥ = 0, U(0) = 0, and hence U(0) = 0, which yields:

iuo ("1 + u)(iil + )

) B mmﬁ (3-61)

Since Milne-Thomson is concorned with the pressure forces on the airfoil, he
does not determine the other perturbation velocity components.

EXTENSION OF THEORY

The compatibility relationships may be employed to determine these other
components, Equation 3-61 may be rewritten

iu C
Uw)=- _’,’9_ [log (v, +) +1log (7, +v) - log W, -v)=log(#, - )] (362

The compatibility relations are:

we) . V) We)
2e tan i a .'.32) i1 - e2)

In terms of the variable » where v2 = ¢

ey =942 48O Ly g
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Similarly

Yy = V) %

: {
I |
¥ i
! We)' = Wy
i { :
i ! Thus the compatibility relationships become
i S
: i v Vo) dv W) dv o
. t anuEe' (l."‘z)a'e i(l-ez)a;
| } |
‘] i' ot dividing by %E
{"_ t ' ' .
g z«u t(:\?\ -- sz - Wm (3-63) ~
! boo(1eedy i1~
In terms of » :
v v"___, v 6k
) itanp (+vH (- .
] R
' Thus, :
! _Q._t"_)_ v (3-6%) ¥
'; 2v tan
: and \
1
i ? ' .Q.:.._'i..) v (3-66)
, i % tan u
! From Equation 3-62
|
L
“o 1 ] 1
. ' [ +y Bl+v+vl—v+ﬁ| vl (367

Using the compatibility Equation 3-65,

pallo (v [ 1 b ]
" 27 anul *v T"+v v,-v r"v

u ’

0 1 . Al L 1 | 1

Ve r inu( ”)[vl+v+5l-&v"'vl-v+iﬂ-~v (3-68) \
i
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Integrating and simplifying yields:

fug 2 v,+v 1 (D,-w)
Ve yrtana| »v B_v _l°5 )"';f'“ v

—‘-1 ("‘ | (p‘_v 2 v~ 25,1+ 53 log (v, +¥)
- l og ~'2 og p= 20, v+ log (v +v
+Bf loa(ﬂl-w)-vf Iog(u1 " v)-Bf lor.(v‘-v)]-t-c (3-69)

where C is the constant of integration,

To evaluate the constant of integration, the toundary condition v=0 at
ve ] +0i=1 is employed, Recognizing that Dl = l/vl and v, = l/fil and evaluating at

pu |

tug
V- iﬂ—t‘n- M "4”1 = 43]
+9} (log (v, + 1)~ log (¥ - D +log(B; +1) - log (P, - 1))

-Hﬁ llog Py +1)-log (P - 1) +log(v) +1) -log(v- I)]}-O-C

or
fug s @ DG D)
Vo srtang) 30 YP) 0] +P)) log zr.-mr-n +C (3-70)
In the general case,
vy =a + bi
and
B, =d-bi

where 2 and b are real constants,

Subotitutlns the ueneul values for Y| md 17 and recognizing that since v, Is
on the circle 9', a* + b? = 1, Equation 3-70 becomu.

i +
V= ey |8 + (24 - 2b2)1og]'-—‘1]+c
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The physical perturhation velocity v is the real part of the complex perturba- ,
tion velocity V., |

For 0< a < 1, the semicircle in the v plane which represents the circle ¥ in the
¢ plane and is the physical part of the problem, the term 1 + a/1 ~ g is always real
and positive. The singularity at @ = | corresponds to a physical situation where the
angle between the extension of the leading edge of the airfoil and the axial edge is c 8
squal to the Mach angle. This is the limit where the model of an L A airfoil may be
applied. Since the function 1 + a/1 - a is always real and poumve in the region of
interest, the angle that the function makes with the real axis, which is the principal
value of the imaginary component of the logarithm, is zero, Thus, the only real part
of the complex perturbation velocity occurs in the constant of integration. Since v =
0, at v = |, the real part of the constant is zero and the imaginary part may be
ignored since it will not be required in determining the physical perturbation velocities.

2 e

e R o

o

| ! Hence, for the purpose of evaluating the physical perturbation velocity,
|

: lug . ("1 “’) 1 ("n *”)
: "Irtanx v ] U Y3 '°' 2 log
| (159 b as(*5)-

-— log p2 log 2v y- 291v+vl log (v, +¥)

+93log (9, + 1) - v} log (v, - ) - P log (F - v)] (3-71)

From the compatibility relationships, as shown in Equation 3-66:

Woe- ..L_._).

2% tan M

] | } 1
vl+v+§|+v*vl-v+ﬂ|ﬁp (3-72)

v =yt ()

i
_ |
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Integrating as before

v, +y
W= ma—[ ‘" 5—----0-2»v+211‘|v+--l?-log(l )

AN v, - P -v
l loa( )- ;?- log (—;—) ;2 log (-—--—- v} log (v, +¥)

~ 93 log (9 +v) +o log (v, - v) + 92 Jog (B, ~ v)] +C (3-73)
where C is the constant of integration,

For the boundary condition at ¥= |, w=0

u
We-s5z t:n ,,,Wf log (v + 1)+ v log (b, +1)= 7% log (v, - 1)
- v? log ® - 1)- vf log (v, + 1)~ P} log (¥, + 1).”% log (¥, = 1)

+9 log (B, - 1] +C

Uy NE, +1)
SRS R

forv, =a+biand B =a- bi

W= - gt | 4abi Llog (- DI} +C

u .
W = = xeran [4abi [log [1]+1m}] +C

2bug

W= anna

+C

The physical perturbution velocity w is the real part of the complex
perturbation velocity W

uﬁ,., C'

"Tanu

where C' is the real part of constant C.
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Stuce w = 0 at p = |
! { 2abu,, |
! '--
] fr C=-Tanu !
| ] ¥
i ; Hence
N i
} ; W [ 2 2 1 z*”) 1, [ *y ’
} : We=- g T I-vl— gl—+2vlv+2ﬁlv+~;log( i'7%-103 5 :

ll vy -v 1 Dl- ) i
- =3 log\=5—) - =5 log -~ v} log (v, +v) - ¥ log (B, +v) !

<
—t

aby :
log ¥, -v) -HJ2 log (B, - vi 2 tan?: (3-74) .

! . These expressions for perturbation velocities have heen evaluated around and
) ' within the circle 4’ for an arbitrary value of v, = 0.8+ 0.61 which corresponds to
: ! 5= 116 degrees ut M =2 The physical perturbation velocities on the circle 4' are

[f ' presented in Figure 23, The magnitudes and signs of the perturbation velocities are .

i determined by the equations without requiring separate determinations of the '
F ' two-dimensional perturbation velocities v, and w,. Consider the physical situation of <
;’ ! the thin plate at positive angle of attack. The two-dimensional perturbation in the ;
\ i direction of the flow would be negative on the lower surface as the velocity is reduced

; from the freestream value. On the upper surface, an expansion results in a higher
| - velocity or positive perturbation. The vorticsl velocity perturbation, w, will have the
: sume magnitude and direction on both upper and lower surfaces and will be negative
or downward fur positive angle of attack. The sideward velocity, v, may be expected
to change direction on the upper and lower surfaces and to be positive or outward
with swoepback toward the axial edge. For the case of no sweepback, § = 90 degrees,
the two-dimensional perturbation vy is zero. Thus, the perturbation velocity v Is zero
1 everywhere on the circle ¥'. However, due to the imaginary coriponent, v has non-zero
values within the circle. -

The perturbation velocitiex v and w each have a singularity at the point v= 0

! which corresponds to the axial edge. This is due to the tenn 2/v v + 2/ v whose real

| and imaginary components approach oo us v approsaches zern, There appem to be an

additional contnbution from terms of the form log [(v, ¢ »)/v]. As v approaches zero,

the real part of the logarithm, which is equal to the log of the amplitude, approaches

oo, However, examination of the equations for perturbation velocities reveals that each

j of theie terms may be combined with a similar term to be of the form log

! {(v, +»)/(v; - ¥)]. This term approaches log (1) ss ¥ upproaches zero. The tern
2/vlv + 2/D|v. however, still causes a singulurity at v = 0,
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TIGURE 23, Pertusbation Veloottim on Circle ¢,
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The physical perturbation velocities are shown in Figure 24 as functions of
location in the » plane for the arbitrary vulue of v, = 0.8 + 0.6i. The singularities in v
and w are apparent for small values of radius.

There are also singularities when v equals v, or ¥,. At this point, the terms in
perturbation velocities v and w of the forms fog [(v; - ¥)/v] or log (v, - v) become
log (0) which cannot be evaluated, In addition, the perturbation velocity u has a
singularity at v, and 7, due to the term log vy +¥)(P, +v)i(ul « ¥}, - v) which
approaches log ().

Finally, singularities exist in perturbation velocity u on the circle ¥'. The
velocity u is proportional to the imaginary component of a logarithm. The principal
value is the angle of the argument of the logarithm. The real part of the argument is
negative while the imaginary part is zero. Due to round-off error, the imaginary part
has a very small but non-zero value which may be either positive or negative. Thus,
the angle is evaluated as plus or minus « radians, Thia singularity causes no practical
problem in cvaluation of velocitios since this will occur only when the peint in
question is exactly on the circle v',

Chapter 4, STREAMTUBE CALCULATIONS

To evaluate the amount of sidespill und the additive drag of a two-dimensional
intet, a trace of the captured streamtube way employed. 'The velocities within the
conical flow region can be calculated by Lquavions 3-62, 371, and 3.74, Within the
two-dimensional flow region, the perturbation velocitien are also known, To determine
tne captured streamtube, a numerical calculation of streamlines from the inlet cowl
was petformed. A computer program war written in FORTRAN V for the Univac
1110 computer, This program is listed in Appendix C and a flow chart is presented in
Figure 25, The numerical computer solution was selected for several reasons. The
repotitive nature of the calculations in tracing the streamlines from the cowl to
freestresm permiits the application of u computer to this problem, This permita the use
of amall incremental distances to accurately portray the streamtube. Determination of
additive drag is also performed on the computor by numerlcally integrating the
pressures over the surface of the streamtube, In addition, the computer simplifies the
solution of the complicated and complex equations of the conical perturbation
velocitics, Once a varlable has boen identifled as a complex variable, the equations in
FORTRAN are written as with rea) variables, Arithmetic equations are performed using
the complex varlables, Functions such s square roots and logarithms must be
Identifled us complex functions, Hand calculation of perturbation velocities ure tedious
und prone to error,
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DESCRIPTION OF COMPUTER PROGRAM

4 L
\’ y
8 i To determine the perturbation velocities at any point, the inlst ramp is :
3 represented as a thin airfoll in the xy plane at u negative angle of attack a. This is .
3 ; accomplished by a rotation transformation of the ramp and cowl coordinates, The i
5 ; rotation changes the freestream velocity components to V, 0, -aV. lhe f
3 I two-dimensional perturbation components are: :
~.)l ,

3 Lo uy =aV tan u cosec A @-1)

» ’; 53
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where cos A = tan g cot §

Vo = &V tan u cot 8 cosec A

Derivation of these velocity components is included in Appendix D.

Both the conical and two-dimensional shocks may be represented as Mach
waves in the rotated coordinate system. For small angles and Mach numbers, the
two-dimensional shock angle is approximately equa! to the Mach angle plus the
deflection angle as illustrated in Figure 26, The conical shock wave angle is
approximately equal to the Mach wave angle measured from the axis, over the sa.ne
range of Mach number and conical deflections as shown in Figure 27,

To trace the streamtube, initial points are selected around the cowl lip and
sideplate leading edge. At the side edge of the ramp, there are singularities in both v
and w, To avnid this, two points were chosen in the neighborhood of the singularity,
one on the vertical sideplate and on¢ on the ramp surfuce slightly within the inlet,
From the latter point the vertical velocity is zero and the streamline is constrained to
the ramp surface. Thus, this defines the lower edge of the streamtube. The presence of
the singularity also makes it necessary to employ small differences in axial location for
the streamline trace in this region, A large difference results in a vertical change such
thut the streamline is projected through the ramp.

In order to calculate perturbation velocities, a determination must first be made
of the type of flow existing at any point. Three types of flow were considered:
conical flow, two-dimensional flow, and undisturbed flow. The square of the physical
radius y2 +2° s conpared with the square of the radius of Mach cone, x2 tan? u, to
determine {f a given point is within the cone and hence in the region of conical flow,
If the point is in this region, the position is recalculated in the form of Busemann's
complex variable, e, and then by the complex square root, as ». The conical
perturbation components are then evaluated.

If the point in question is outside the cone, the angle tan”! z/x is compared
with the Mach angle, u. If the angle is less than u, the point is within the region of
two-dimensional flow, and the perturbation velocities are two-dimensional components,
If the angle is greater than u, the perturbation components are zero.

Once the perturbation velocity components have been determined, they are
added to the freestream velocity yielding the local velocity at each point. The velocity
vector s projected an incremental distance upstream to a new set of spatial
coordinates., A rotational transformation converts the streamline coordinates back to
the physical coordinate system for printing. This procedure is repeated for cach
streamline and then for a new series of incremental distances until the streamtube is
determined back to the inlet ramp leading edge. The order of calculation could have
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heen diffcrent such that each streamline was traced to the leading cdge before a new
streamline was examined. The procedure chosen ylelds data groupings of cross sections
at approximately constant axial stations,

The static pressures are evaluated at each point. From the perturbation velocity
components, the local velocity components are determined. For shinplicity, all velocities
have been ratioed to the freestream velocity, V. Initially, the ratio V/a*, where a® is

ths speed of sound at sonic conditions, has been determined from the freestream Mach
number.

Via* = [1;—1 M2(1 +1f—' M2)* l] e (4-2)

Since the compression process is adiabatlc, a* remains constant, Thus, when the
magnitude of the local velocity, Vg, is determined, the ratio Vy/a* may also be
determined,

Vpla* = (Vo/V)X (V/a*) (4-3)

From the valu: of Vg/a‘. the ratio of local static to total pressute may be
determined®

yir=1

- 1{V)\?
(plp)g ™ [‘ - 77Tr(ai) ] (44)

For the calculations herein, it was assumed that p,, = p;, Which is reasonabie
for the small ramp angles und low Mach numbers considered. It would be simple to
include the rutio of totul pressures across the shock wave,

Once the streamline has been traced upstream to the ramp leading edge, the
final cross-soctional area is evaluated by numerical integration and divided by the

capture arca to yield thc mass flow area, Aj/A,, for both spillage and below design
Mach number operation,

Following this, a numerical integration of the static presm:res over the
streamtube Is performed to obtain the additive drag. The static pre sure has been
celculated at each printed point of the streamtube., A numerically-averaged pressure
over tlie projected area of each element is summed to yield the drag force wiich
determines the additive drag coefflcient.

* Refor to Equation 53 in Equations, Tables, and Charts for Compressible Flow, by Ames Research Staff,
Natlonal Advisory Committes for Aeronautics, Moffett Field, Calif,, 1953, (NACA Report 1138.)
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(P- P MA ZI®/py)y - Po/Pe) AA
D. qArﬂf (Q/Pl Argf

(4-5)

Thus, this computer program has ylelded both the mass spillage and the
additive drag coefficient from the amall perturbation velocity components,

For presentation purposes, the computer program was coupled with a plotting
routine, DISSPLA, developed by Integrated Software Systems Corporation. Since
plotting routines are generally unique to each computer system, further description and
listing of plotting call statements are omitted.

Typical results of the program ar included in Figures 28 through 33. The inlet
considered has a 10-degree ramp. The cowl is located 10 units of length from the
leading edge with a height of 5 units. Inlet width is 10 units. Freestream Mach
number is 2.2, The first five plots, Figures 28 through 32, show the shape of the cross
section of the streamtube, from the midplane to the axial edge at various longitudinal
locations from the cowl lip to the leading edge. Superimposed on these plots are the
boundaries of the two~dimensional and conical flow regions to illustrate the analytical
model for each portion of the streamtube. At the leading edge, Figure 32, the flow is
undisturbed and there are no regions of perturbation., Integration of this cross section
ylelds the mass capture area ratio of the inlet. Figure 33 presents a perspective visw of
the inlet and streamtube.

PAWLIKOWSKI'S ANALYSIS

At this point, it is worthwhile to examine the investigation of Pawlikowski
(Ref. 10). Pawlikowski has performed an analysis of the perturbation velocities similar
to that already discussed. To determine the velocities, he employed a technique
developed by Lagerstrom (Ref. 1J). This method will be described here in the
coordinate syatem of Milne-Thomson shown in Figure 14 rather than in Lagerstrom's
notation. Starting from the small perturbation equation,

-M*- 1) % g =0 (4-6)

82 S 32 S 9
ax? a ay? oz
a Mach number of /7 is assumed. This reduces the term M2 - 1 to unity. Other Mach
numbers are treated by distorting the longitudinal dimension by a Prandtl-Glauert

transformation,

The small perturbation equation is further reduced by expressing it in
cylindrical polar coordinates. Conical flow is evoked by observing that the flowfleld is
completely specified if it is known within the Mach circle in the plane x= 1, In this
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plane, with a freestream Mach number of /2, the Mach circle has a radius of unity
since tan g = 1, In the plane x = 1, the small perturbation equation may be written:*

1_ .0, 88 95 1 2'S
(= Dyrsp) - r5;+-5-5;5-0 47

This may be reduced to Laplace’s equation

2%y 188, 1 938
i RER Rigg ™0

by a Tschapiygin transiormation

pr———

1-4/1-12
AL (+8)

which Is identical to Equution 3«3, As in Milne-Thomson's analysis, Busemann's
complex variuble e, and the compatibility relationships for M=/7 or tanu=1 are
introduced. At this point, Lagerstrom determines the perturbation velocities. The
boundary conditions for a symmetrical thin body in the xy plane are:

w = w, on the upper surface
w = =wq on the lower surface
w = 0 in the xy plane off the body

Consider « general edge within the Mach cone intersecting the plane x = | at
¢q (similar to point T in Figure 19). The boundary conditions may bo satisfied by the
imaginary part of a logarithmic singularity ot e,. Thus, he writes:

iwy
We- —=log (e~ ¢y) +fle) (4-9)

whero f(e) is analytic at ¢, snd purely imuginary on the veal axis. From the
rompatibility rolationships, he obtuins.

w
du °(" U ) ~2 e (4-10)

"7 2_1“"(0 1(02"1)

For the special case where the edge is parallel to the flow direction, ey = 0 and
W has a logarithmic singularity at ¢, « 0 which is represented by -I(wohr) log e,

* Equation 1-38 in Referenos 13,
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The boundary conditions are written for the planar body with axial edge
equivaient to the L,A airfoil. These boundary conditions are shown in Figure 34. The
singularitics at e, and €, are also expressed as logarithmic singularities. Coinbining
these with the singularity at the axial edge yields

|
: ivg _ ) _
WaT[log (e- € )e=ey)~ logel “4-11)
: ; which satisfies the houndary conditions of Figure 34,
f .
': Employing the compatibility relationship
dw _ i 1.dU
e " T €-g)Ge
dU_2Wo e ! 11 1A
e ez_l[e-e|+e-e;'e] @12
Placing the terms over a common demoninator and simplifying yields:
o]
dU 2wo 1 | &€& ]
e PRI (O elj(c— c-z)J (4-13)
‘: U'\lo
'.'0
w-wo
i
i

ATITTC s e -

FIGURE 34, Boundary Cendidions in « Plane,
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Since e, is the comvlex conjugate of €; on a circle of radius 1, €)e; = 1.
Thus, j
!
av_ =W i
) de ~ w [(e~¢cy)e - e1) i
! Do
! This may be expanded to yield: ] ?'
! - i k!
'\', dU.zwo (e-e)- (e-¢€)) 3
de 7w |(e-€))(e - €2)e - &) !
L o .s
B . i )
2o - dU _ 2% 1 L ¥
Ly - (CEFTY CREN T Rl ey oy (@-14)
A ' |
i \ § Since }
v ; ;
: ey =elh = cos A +isin) )
8 '
1 ) and
€y =e N mcog N~ isind,
L € ~ €y = 2sin A (4-15) !
' Evjuation 4-14 may be rewritten as
U W [ !
' de "asinh|e-¢€, €- €5 (4-16)
Integration yields
iwg €= € '
U=3 sin A log &= € +C 4-17)
; The constant of integration, C, is evaluated by the boundary condition at ;
g' g ]' ,‘l
;o
§ Wy :
L ; u=Re(V)= Uy ww oy ]
f: | ‘)
i ' By geometry, as shown in Figure 35, :
% ; -] = e! i
i i Re(-ilog - e, =)\ :
: |
‘l , * since the imaginary part of the logarithm ic the argument. i
S I 4
) , i
X i 67 1
@ |
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SUMMATION OF ANGLES OF WEANGLE = &
0ew-dey
Ry

PMIGURE 35. Geonstrical Solutlen of Constant of
Integration.

Yo
C=-Fnx (A
and '

Wwo e~
U'-;m[-xloge_el +1+)\]

Differentiating this yields:
dUu  iwg [ 1 1 ]

de ™ Tenk|e-e6;  €- ¢
This i8 combined with the other compatibility relationship,
v, 1 (!ii'.!) du
€ de

to obtain

(4-18)

(4-19)

(4-20)




ot e ik e i Vi e 1 2

e ey rin D

= e

Ty

NWC TP 5951

Equation 4-21 is rewritten as

iw 5
dv 0 [__ cosA 1 +cosA | L] (4-22)

de " "w "sinNec-e sLine-e; €

This equivalence is more easily verificd by working backwards.
Recognizing that, for the complex conjugates e; and €3,

ex+62“2cos?\

and

€~ € = 2 sin A

Equation 4-22 may be written
ay  iwg cosx[_ ! | isin 7\]

deTw dn\| ¢ +e-ez T ecosA

dv _ iwg 1 1 & -4 (4-23)
Je = -Twaak (e ”2)[’ c- Te-ey ele Fey)

Placing this expression over 4 commun denoininator and simplifying by
subtracting and dividing by identical terms yiolds:

gy o g e e e el - ey
de ™7 Irsin\ - € )E-a) |
av . iwg [ e e)ey - o)) .
de " '27:‘,-?;?:[ €(e - ¢, e - €3) (424

Since ¢; is the complex conjugation of e, on a circle of unity radius,
€¢," 1

Hence

ar_ MW dail 2" f
EG- ‘m. [ (ﬁ"el)(e‘”‘z)

iwg g% 4 qfle-e) - (e~ ‘2)]

" Twdnk € | (e-¢)e-ey)
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v W 241l | 1 '
de "~ TnanX ¢ [e-e Te- e,

which is identical to Equation 4-21. {
Since, from two-dimensional linearized theory shown in Appendix D,

Vg ™ ~Uoo cOt § cosec A = wy tan u cot & cosec A
and

SRR S S NP S

cos \ = tan u cot &

Vo = W co8 A cogec A * w, g%—% (4-25)

<3z

From this, Equation 4-22 becomes

! v v l 1 Wp -
T T [r-q*r'r];: (4-26)

Hence, by integration

ivg e-¢y W,
V--Tloge_‘l-?loge'fC (4-27)

The constant is evaluated as before with the boundary condition that at em~1,

e e IT L I LEATIm ST ¢ @ T I T ® e aer o i L e, ot i e s e = o e

, v=Re(V)=v,
|
1 since .
; '1 - el
) Re -iiog:TT;'-l
i : and :
: ,‘ Re(log-1] =logl-1/=0
? Yo
z E C'T[""'M (4-28)
' %\- Therefore
. " VO e~ f.'l wo y
; : Vg tiloggmg +n Al - Floge (4-29) C

Thus, the complex perturbation velocities, as far as their contributions to the
physical or real components are concemed, have been determined by Lagerstrom for -
v freestream Mach number of /2. These components are further reduced to real velocity
componenis by a geometrical argument.
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Consider a general point ¢ = Re!? within the circle of unity radius as shown in
Figure 36.

Re[-ilog (¢, - €)] =arg(e) - e)=¢
Re(-ilog (e, - )] marg(ey - ¢) = ¢, (4-30)
Therefore from Equations 4-19, 4-29, and 4-11

Yo
umReU) =" (¢, - ¢+ +A]
M %o
v=Re(V) = = [¢; - ¢, +7+A]- == log R
d)
W-RG(W)'TIO"(¢1 +¢2)] (4-31)

Pawlikowski employs these perturbation components to determine the amount
of sidespill and the additive drag coefficlent. He considers only the crosswise velocity
component v,

Yo.. )
veor (e, -9, +r+A] - —logR (4-32)

FIGURE 36, Geametrical Intsepsetatien of
Portunbation Volnaty Compensats,
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Pawlikowski first considers the simple case of an inlet with no leading edge
sweepback. For this cass, the two-dimensional spanwise velocity component v, is zero.
Hence, Equation 4-32 reduces to:

W,

ve--ZiogR (433)
In physical coordinates this equation may be written as:
w 1=y/1=
ye- '-Q log —=5 2 (4-34)

The average velocity ¥ between any two radii r, and r, may be written as

)¢

2
f vdr
3

V= ——-—--q (4-35)
f “dr
I
From this equation, Pawlikowski obtains:
. I (4-36)
iy -1 tlog ot .
ERVARE o r i

For the case where the Mach cone intersects the cowl of the inlet, integration
is performed from r, =0 to ry = 1. For this case,

Yo
V-T
To determine the mass flow rate of spillage, Pawlikowrki assumes that the
density is conatant and may be evaluated from oblique shock relationships. This
assumption is questioned in view of the wide variation in crosswise perturbation
velocity as demonstrated, for example, in Figure 24. Although this. figure is for a ramp

with sweepback, there is a singularity at r=0 for any value ¢f v, including v, =
1 /45 deg which represents the ramp without sweepback. Thus, a fnme varlatlon in

local density is expected.

With the assumption of constant density, the mass flow, ni, may be written as!
M=oV A, g, (4-37)

where A, , it the area bounded by the Mach cone and the cowl, as defined in Figure
K/ ¥
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In keeping with standerd inlet nomenclatute, the spillage mass flow may be
expressed as an area of streamtube at freestream condition .

th * Pue VeeAss

where Aygg is the streamtube area.

Thus
A -
08s .2 ¥ .
e Per Vo (4-38)
From gas dynamic relations across an oblique planar shock,
(y+1)M2ain? 6
L. s (4-39)

Pe (y-1)M38in? 8, +2

In the more general case, where the Mach cone does not Intersect the cowl, as
shown in Figure 37b, the area of spillag: is separated into two regions, The first
region, A, is bounded by the Mach cone and ls equivalent to the case already
described, The second region, A, is bounded by a streamtube parallel to the ramp
surface. The average velocity between each ray may be determined by Equation 4-36
and the average over the area A is calculated by numerical integration. Thus, the

mass spillage for this case may be written as:

Agss _p [ WAL YAl
Kide ~ Pos[VenAgide ~ VeeAyigo

(440)

Altnough Pawlikowski uses the spillage area. A 4., 88 @ reference, any reference
area could be employed.

This portion of Pawlikowski's analysis is considered to be in error. He has
made an a priori assumption concerning the shape of the captured streamtube. He has
assumed that the spillage effect is a small perturbation to the two-dimensional
analytical model. Thus, the density is assumed constant and the area of sideapill is the
yame as the side of the two-dimensional streamtube, The analysis already presented
herein has demonstrated that the streamtube resulting from spillage has a complicated,
three-dimensional shape. It is difficult to identify the region at the side of the inlet
through which spillage occurs. Thus, the assumption of the two-dimensional streamtube

is considered to be incorrect.

Pawlikowski then evaluates the additive drag. He states that the additive drag,
D,, may be written approximately as

D. =(py - Peo) Aoss (4-41)
74
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This result assumes constant static pressure. The area Aygg Would be the i

: ! cross-sectionsl area at _freesiream conditions of the spilled streamtube and under these B
\ assumptions,
) 2 D, -f(p ~ P) dA = (p, ~ p..)fdA = (D) = Pee)Agy, (4-42) _\
1.. J 3
i These assumptions are questionable for the same reasons previously discussed ,
k) when a conatant density was assumed. There s a large variation in local velocity which b
K | implies variation in local physical properties. 1
1 ; Pawlikowski expresses the sdditive drag in coefficient form: 3
3 | | ;
|| D, !
» Co, " 3A (443) .
f where A, is the inlet area,

From Equation 4-42

‘ Py = Pw Aygg
CD. = -'-q"~' B v (4-44)

l‘ "

The fimt term p; - pw/q is the pressure coefficient behind che planar shock p
wave. Thus, Pawlikowski writes: ]

A0.‘18 Alh‘.h
CD' Cr Kllde T (4-45)
Pawlikowski continues to consider more general inlets, specifically those with
leading odge sweepback and yawed side edges. This involves more difficult
determinations of the average velocity. However, all of his unalysis assumes constant
properties and knowledge of the stroamtube shape and thus is considered too
simplified for correct application,

Chapter 5, APPLICATIONS OF COMPUTER PROGRAM

The computer progran for tracing the streumtube and determining the additive
drug has been applied to several cuses to dotermine the effect of various inlet
configurations and conditicns.

\ . A LI et U IE LIl Do Ll et
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COMPARISON WITH EXPERIMENTAL DATA

This computer program has been applisd to the analysis of an inlet
experimentally investigated by Kemper (Ref. 14), This inlet is illustrated in Figure 38.
The inlet is a two-ramp design with an initial ramp angle of 9 degrees and 4 tecond
ramp angle of 19,75 degrees. A streight sidewall extends from the cowl lip to a point
just forward of the sscond ramp. The inlet mass flow was determined for this case and
compared with measured data, To model the inlet analytically, only the first ramp was
considered, Above the design Mach number of 2,3, the planar shock from the second
ramp is contained wholly within the sidewalls, At Mach numbers below 2.3, the regicn
of the second shock forward of the sidewall is small relative to that of the first shock.
Thus, the contribution of the second shock is assumed to be small and haz been
neglected. The actual inlet employs both sidewall and throat bleed. To account for the
bleed mass flow, an estimate of the bleed was determined by means of the automated
procedure of Ref, 8 This value was subtracted from the analytical determination of
streamtube crosssectional area to yield a net mass capture areu ratio for comparisan 1o
measurements with both spillage and bleed. The compurison of capture aren ratic is
presented in Figure 39, The upper curve is that which would be predicted “y
two-dimensional analysis without spillagc or bleed. Above the design Mach number, t1e
two-dimensional capture areu ratio is unity or full capture, Bloed and sidespill reduze
this value, The capture urea ratio predicted by the present mothod, modifled tor blecd,
is compared with measured flow rates for two inlets. The two inlets have the satie
aerodynamic shape but are manufuctured by different procossos. Inlet 4 is machinsd
from an investment casting while inlet 5 {s formed from sheet metal. The agreement of
the present method with the data is reasonuble, The capture area ratio predicted )y
Pawlikowski's method is also presented in Flgure 39. The value of spillege in addition
to the bleced flow was determined by the automated procedure of Ref. 8. The logic of
this automated procedure does not permit calculation of spillage ut or above the design
Mach number of the inlet. Hence, the comparison is limited and no conclusion may be
drawn. No determination of additive drug was muade in the test, and, hepce, 10
compatison is possible for the predicted value of udditive drag.

EFFECT OF INLET DESIGN VARIABLES

The effects of various design variubles were examined theoretically by he
method described herein, For these studies, a simple single rump two-dimensional irlet
was considered, The baseline Inlet s shown i{n Figure 40, The inlet consists o’
10-degree ramp which s 10 units in length, Since in both conical flow :nd
two-dimensional flow, the flow depends only on direction, the units of length are not
essential, only the ratios of lengths. The cowl i § unite high and the Iniet is 10 units
in width, The baseline inlet has no leading v ;e sweepback or sidewalls,
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Effect of Sidespillage

The resalts of {he three-dimensional analysis described herein were compared to
those of A two-dimensional analysis based ow linearized theory, The effect of
sidespillage on tho captured streamtube is illustrated in Figure 41, The case of a
10-degree ramp with ihe freestream Mach number of 2.5 was considered for this
example. The streamtube determined from the three-dimensiona!l analysis is the
irregular arca ABCD. The upper portion of the streamtube, line AB, results from

trucing the streamlines upstream from the top surface of the cowl. Freestream flow . -

lq OF INLET

>

]

| | | | ]
0
-8 -4 -3 -2 € 0
DITANCE FROM INLET TDOE, UNITS

FIGURE 41, Comparison of Captured Stssamtubes, M » 2.5, & = 10 Degrens,
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which is above this line is spiiled over the top of the cowl and is not captured by the
inlet, The side portion, line BC, iy determined from the side of the inlet. Flow to the
right of this line is spilled to the side of the inlet. Corner B originates at the cowl of
the inlet and thus divides the flow over the corner from the sidespillage. The rectangle
ACFD is the captured streamtube for the two-dimensional model, Note that since the
flow is two-dimensionel at the midplane of the inlet for this case, the heights of the
streamtubes at this point are identical. The excess spillage over the two-dimensional
cage is the difference between the spillage of area GEFC and the gain of area ABG. It
is obvious in this case that there is a loss in capture area due to sidespillage. The
difference in capture area ratio is presented for the various Mach numbers in Figure 42
for a ramp angle of 10 degrees. In this case, the net sidespillage is an almost constant
10% over the Mach number range considered. The net sidespillage will vary depending
upon the Mach number and inlet geometry,

The effect of sidespillage on the additive drag coefficient for the same case is
shown in Figure 43, The effect of sidespillage as revealed by the three-dimensional
analysis is a significant decrease in inlet additive drag as compared with that predicted
by two-dimensional theory. This results from a combinatior of three eoffects.
Examination of the pressure forces has revealed that the upper surface of the
streamtube is the major contributor to the total drag force, The presence of
sidespillage reduces the surface area on the upper surface since some of the flow is
spilled. In addition, the deflections on the upper surfuce of the streamtube are less for
conical flow as evidenced by the upper region ABG in Figure 41. This results in
reduced local pressures and hence, reduced drag. Finally, the presence of high velocities

1.0
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MACH NUMBER, M
FIGURE 42, Comperison of Captwse Ama Ratio, a = 10 Degreos,
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near the side edge of the ramip can result in negative uicssure coefficients, In many
cases, the side of the streamtube is found to reduce the total drag. The net effect of
these three factors is a decrease in additive drag resulting from sidespiflage as compared
with the two-dimensional model. This result causes doubts about the method of
Pawlikowski in which it is assumed a priori that the spillage drag is an additional term
to the two-dimensional additive drag.

Effect of Ramp Angle

"} The first design variable examined was the angle of the inlet ramp. Deflections
g of §, 10 and 15 degrees were considered for Mach numbers of 2.0, 2.5, and 3.0, The
G effect of ramp angle on the inlet capture area ratio is presented in Figure 44, As
o ‘ expected, the capture area ratio decreases with increasing ramp angle for all Mach

1.0
M=3.0
Mw28
Me 20
:‘; 08 |-
g
3
g
']
§ 08 p—
b
od 1 |
0 s 10 "
RAMP ANGLE, @, DEG *
FIGURE 44, Effect of Ramp Angle on Inlet Capture Area Ratio.
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numbers, The freestream shapes of the captured streamtubes are shown in Figure 45
for a freestream Mach number of 2,5. Similar trends are observed at the other Mach
numbers. As may be noted from the figure, both the spillage over the cowl and the
sidespillage are increased with ramp angle, decreasing the capture area ratio,

The effect of ramp angle on additive drag is presented in Figure 46, The
additive drag coefficient increases with increasing ramp angle. The additive drag as
defined in Equation 2-8 is the integral of the static pressure over the projection of the
streamtube exterior. As demonstrated in Figure 45, the capture arca decreases with
increasing ramp angle or the axially projected area of the streamtube increases, The

q OF WNLET
]
a=8 DEG
a = 10 DEG
d =
a = 18 08
3 e
P
[
RAMP ANBLE, @
0 | | ] |
~8 -4 -3 -2 -1 0

BISTANCE PACM WAV EDQU, UNITS
FIGURE 45, Shape of Captumd Sweamtubes for Various Ramp Angies, M = 2.3,
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FIGURE 46, Effect of Ramp Angle on Inlet Additive Drag.

increased ramp angle causes greater deceleration or more compression of the flow,
increasing the static pressure, Thus, both increased pressure and area combine for an
increase in additive drag.

Effect of Mach Number

These same results have been replotted to demonstrute the effects of freestream
Mach number. The effect of Mach number on inlet capture area ratio is shown In
Figure 47. At a constant ramp angle, the capture area ratio increases with Mach
number. As the Mach number increases, the shock wave angle decreases, and the
influence of the ramp is exerted over a smaller region. At Mach numbers above the
design or “shock-on-lip” Mach number, the shook wave is within the cowl, and there is
no spillage over the cowl, only sidespillage. The shapes of the captured streamtubes are
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presented in Figure 48 for a ramp angle of 10 degrees. Both spillage over the cowl
and sidespiliage decrease as the Mach number increases.

The effect of Mach number on additive drag is shown in Figure 49, Additive
- drag decreases with Mach number. The increasing capture area ratio mcans that the
R axially projected area of the streamtube is decreasing with Mach number. Although the
pressure behind the shock wave increases with Mach number, the pressure coefficient
A which is defined as the difference from freestream pressure divided by the freestream
¥ dynamic pressure, decreases with Mach number. Thus, both contributions to the
g , additive drag coefficient decrease with Mach number resulting in a decreasing additive
k| i drag coefficient (not necessarily decreaning additive drag).

Effect of Sidewalls i

sidespillage. An analyais was performed to investigate the effects of various sidewalls on

I
‘ Sidewalls are often added to two-dimensional inlets to reduce the amount of
inlet capture area ratio and additive drag. In initialization of the computer program,
{
l
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FICURE 49, Effect of Mach Number on Inlet Additiw Drag.

points are specified along the leading edge of the sideplate for tracing back to
freestream, The number of points, spacing, and incremental change in the X direction
are determined by the program such that new points are introduced at each data
printing interval, and the planar relation of cach printing is maintuined, As in the case
without sidewalls, two points are specified in the vicinity of the side edge of the
ramp, one slightly above and one on the ramp surface. The determination of
perturbation velocities and the streamline trace are calculated in the same manner as
without sidewalls, The analytical model requires that the forward portion of the ramp
is not bounded by the sidewall. A portion of the ramp is necessary to establish a
conical flow regime originating from the comer of the ramp leading edge. The model
does not consider the corner flow resulting from the intersection of the sideplate und
the ramp. The complicated shock intersections and corner flow occur downstream of
the cow! and sideplate leading edges and thus huve no effect on a streamline trace
upstream to determine mass capture area ratio and additive drag. A simple sidewall
with straight cutback, as illustrated in Figure 50, was assumed. Other sidewall shapes
could be accomodated with slight changes to the computer program, Various ratios of
the sideplate length to inlet length were assumed. The effect of sideplate geometry on
inlet capture area ratio is presented in Figure 51 for the case of a 10-degreoc ramp. As
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! b=~ expected, increasing the sidewall area reduces the spillage, thus increasing the capture

' : area ratio. The shapes of the captured streamtubes are illustrated in Figure 52 for

Mach number of 2.5. All of the effect of sidewalls is shown by the distortion of the

: side of the streamtube. Since the cowl was not changed, the upper portion, which was

| traced from the cowl!, remains undistorted. As the sidewall area is increased, the
| sidespillage is reduced, and the capture area increases.

The effect of sidewalls on additive drag is shown in Figure 53. The upper
portion of the streamtube provides most of the drag, The forces on the side changes
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this value only slightly. Both positive and negative pressure coefficients are found in
the side of the streamtube. Near the edge of the ramp, the lateral perturbations
increase, resulting in local pressures less than freestream. This tends to decrease the net
drag of the streamtubo. Depending on the amount of lateral spillage and the area of ,
J the streamtube, the contribution of sidewal~ may he an increase or decroase in :

additive drag. This is indicated in Figure 53, At a Mach number of 2,0, the prosence :
of sidewalls reducea the latoral spillage and increases additive drag. At the higher Mach
numbers, a minimum drag occurs, In all cuses, the effect of the side is small relative
| to the greater contribution of the upper surface of the streamtube,

Effect of Leading Edge Swespback

In general, two-dimensional inlets are constructed with the leading odge .
perpendicular to the sides, l.e,, with no swespback. The computer program was
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employed to examine the effects of leading edge sweepback, The derivation of the
perturbation velocity componcnts was  general, not limited to the case of no
sweepback, An inlet with sweepback is illustrated in Figure 54. The inlet cowl is also
swept such that the cowl {s parallel to the leading edge. To consider an inlet with
sweepback, two sides must be considered separately with supplementary sweepback
angles. The Individual solutions must be combined to obtain the solution for the full
Inlet,

The effect of leading edge sweepback on the capture area ratio of the baseline
10-degree ramp inlet ls illustrated in Figure 55, There is no change in the capture area
ratio at any of the Mach numbers considered for sweepback angles of up to 20
degrees. This may be explained by examining the captured streamtube shown in Figure
56. This was determined for the case of 20-degres sweepback at a Mach number of

/
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2.5. The effect of sweopback is to shift the flow laterally., Thus, the centerline of the

] streamtute is aisplaced from the centerline of the inlet. Comparing the streamtube
with sweepback to that without sweepback, it appears that lateral displacements on
one side ave approximately matched by similar displucements on the other side. Thus,
little effect on capture area ratio is anticipated. Similarly, sweopback has no effect on
additive drag as shown in Figure 57, Incrouses in drug on one side of the streamtube
are counteracted by decrenses on the other side.

'é."g s M=20
{ 1N
i g
| EEW-
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FIGURE §/, Eftfect of Swespback Angl on Inlet Additve Drag,
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Chapter 6, SUMMARY AND DISCUSSION OF APPLICABILITY

The problem of additive drag of two-dimensional inlets has been examined. The
theory of homogeneous conical flows as described by Milne-Thomson was expanded to
determine the three-dimensional perturbation velocity components within a region of
conical flow as formed by the edge of an inlet. A computer program was written to
trace streamlines upstream from an arbitrary inlet cowl to freestream conditions. This
technique is used to determine the shape and area of the captured streamtube. The
local static pressures, as computed from the velocity field, are numerically integrated
to determine the inlet additive drag.

The computer program was applied to a baseline injet configuration to evaluate
the effects of various inlet design parameters: freestream Mach number, ramp angle,
sidewalls, and leading edge sweepback. Further application of the program to other
configurations such as both sidewalls and sweepback is simple,

Consideration must be given to the range of applicability of this technique. One
limitation is the small perturbation assumption which is the basis of the method of
homogeneous conical flows, It is assumed that the perturbation components are small
relative to freestream velocity or u;/V < 1. For two-dimensional flow,

u
ye-atany

and

vEa (6-1)

For Mach numbers greater than \/T or 1.41, the tangent of the Mach angle is
less than unity and the vertical component w is the limiting condition,

If, for example, it is assumed that w/V =03 is a reasonable limit of the
assumption of a small perturbation velocity, the theory may be applied to ramp angles
of up to 17.2 degrees, independent of Mach number. Other choices of the definition
of a “small perturbation” will result in different limiting ramp angles,

An alternate approach is to compare the perturbation velocities obtained by
oblique shock theory and by linearized theory for two-dimensional flow. These
perturbation velocities in the vertical and axial directions are compared in Figures 58
and 59, respectively. As has been previously observed, the vertical perturbation velocity
in two-dimensional linearized theory is independent of Mach number. Since the
perturbation velocities by both theories are less than freestream velocity, the magnitude
of the differences in perturbation velocity divided by freestream velocity was
considered to be a valid criterion in determining the range of applicability of the
additive drag analysis, The range is presented in Figure 60 for various differences. This
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flgure was controlled by the longitudinal perturbation velocities. The vertical velocities

» demonstrated smaller differences for the same conditions. As can be seen from the !
figure, this method may be applied for rcasonable ranges of Mach number and inlet
ramp angle. l
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Appendix A ]
DERIVATION OF COMPATIBILITY RELATIONSHIPS '

The complex velocity components U(e), V(e), and W(e) are not independent
{ since their real parts, u, v, and w, are velocity components of an irrotational flow,
{ Since u, v, and w are homogeneous functions of degree zero in coordinates x, y, and
o z, the velocity potential from which they are derived must be homogeneous of degree
(. :} one, Let f(x,y,2) be a homogeneous function of degree n. Euler's theorem states that

! ‘ xfy +yfy +2f, = nf ' (A1)

where subscripts indicate partial differentiation. For the velocity potential @, n= |

i : xb, +yd, +20, =@ (A-2) '~
Since {
: 3 _ !
] a—x‘; - llk
' b=- xu-~yv-2w (A-3)
Therefore !
dd = - udx - vdy - wdz - xdu - ydv - zdw (A<4) |

But by chain rule of differentiation,

db =P dx + d)ydy +¢,dz = - udx ~ vdy - wdz (A-5)
By subtracting from Equation A4

xdu +ydv+wdz=0 (A-6)

Since the complex components u*, v* and w* are also perfurbation components of
some conical flow, it follows that

xdu® + ydv® + wdz* = 0 (A7)
By multiplying by i and adding to Equation A-6
x(du +idu*) ¢+ y(dv + idv®) + z(dw + idw*) = 0 (A-8)
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Since

du +idu® = dU = U'de
where ' indicates differentiation with respect to e, Equation A-8 becomes

xU'+yV W' =0 (A9)
Partial differentiation with respect to x yields

U'"‘(xU"+yV"+zW")¢x =0 (A-10)

or
Ule, wo(xU" +yV" +2W'") (A-11)
Differentinting Equation A-10 with respect to y and z ylelds

. 1]
%-{;«:-E: ma(xU' +y V" 4 2W") (A-12)

This is the compatibility equation for irrotational flow. It may be reduced further for
application. From the definition of e,

tiz
xtan;.m-li2 (A-13)

where
R, = (x? tan? p- y* - 22)1/2

By logarithmic differential of Equation A-13

de  dy +idz tanudx-o-dRz

¢ y+lz " xtanu+R; (A-14)
Differontiating R3 = x? tan? p - y2 - 22 yleld

2R,dR, = 2x tan? pdx - 2ydy - 22dz (A-15)
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By substituting into Equation A-14

de dy +idz tnHdx+ /R (x tan? wdx - ydy - zdz)
§. e " y+tiz ~ xtanp +R,

(A-16) ‘

9 Xgx+ Loy + a2 (A-17)
By collecting terms of dx .

: tan u dx + 1/R, (x tan® p dx)
T ¢ " Xtanp+ R,

(A-18)

b ¢, Rytnp+xtan®y
' e T TRxtang ¥R

tan u (R2 + X tan p)
R,(x tan u + R,)

| IS

Cx  tan €x |
S ..R..B of - E'ﬁ-n'ﬁ'ﬂ; (A-19)

By collecting terms of dy in Equation A-16
.- e 1/R,(~ ydy)
; b L ) AR AR A Al .
1 e yIE T Kt K, (A-20)

Since
+1iz
"xunu+K,
y+lz=e(x tanu +R,) (A-21)
Thua,
e "elxtanp+ R " Ky(xtanu +K;) ]

: 4. Rty *'
e " eRj(xtanu +K3) (A-22) ’
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or

R, +ye
¢ " R (x tan u + R,)

or

€ |
— -
R;+ye "R,

xtanp + Ry

By collecting terms of dz in Equation A-16

‘2 idz . l/R:(“ ZdZ)

?d"yﬂz'xtannﬂi'z'

Similar to the y components,

¢ |
W'R’{
xttmiﬂ-ﬁz

Thus, from Equations A-19, A-23, and A-2§

¢ ¢ ¢
x Y %
Tetang T Kty R, ¥7

Xtanug+ Ry xtanp+K,

From Equation A-12

v R, +y*
U o, xtanp +R)X="¢ tan p)

Consider each term separately

R,
Term | = e an s +R,)- ¢ tan p)
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From Equation B-5 in Appendix B
Ri=x?tan p (1-1%)

- x tan p(l ~ £)!/2

Term | = TR
(xtanpu +tanp (1= r<)*/~)e tan u)

- (1~ 1'2)”2
[1+(1=r2)!2)etanp

Term | =

From Equation B9

I-Rz- 2!1"]’2
1 +y/1-12

Thus,

e 1 =L RY)
Term 1 ¢ anp

The second term in Equation A-27 is

- e
Term 2= G tan u + K¢ e tan @)

From Equation B-2

. .
s-rcono-xmn“

y = (rcos 0)(X tan p)
By substituting for y and for R, from Equution B-5

e(r cos 0)(x tan p)

Term 2=
[x tan u + x tan u(1 - r3)1/2)[- ¢ tan p)

- ercosf

Term 2=
' e tanu (1 +(1 =)/
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From Equation B-8

\/l-r“’—--l-R2

1 +R?

and from Equation B-10

2R
1 +R?

r.
Equation A-29 becomes

2R
-'co‘ol-o-R: - - ¢ cos b 2R

1-R* eunup(l+R3+1-RY
1+R?

Term 2=

etanu 1+

- 2eR cos @
Term 2= e tan j
Combining the terms A-28 and A-30, Equation A-27 becomes

V' % <(1-R% 2¢Rcosd
L_/"if" detany - Jetanp

V' ooy SR 2¢Rcosf- |
T e, Zetan

Since

e=Re' =R cos 0 +Risinod
¢/R=cosf +isind
Rie=e"1% = cos0-{sin 0
¢/R+R/e=2cos 6
¢ + R? = 2Re cos 6
2 = 2Re cos 6 ~ R?
- (1 +e¥)m- |- 2Re cos 6 + R?)

By substituting into Equation A-31

V& - (]+¢
e e Ty
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or

U v
Zewnp (] ey (A-33)

In o manner similar to the above deviation for ¥, from Equations A-12 and A-26

v.w

ex el

W e iR, +ze

U e, " tanp# RO e tan gy (A-34)

as before, in Equation A-28, the first term becomes

- i(1 - R?)
Term | = e tan 4

Since s* = r sin 0 = z/x tan u, the second term of Equation A-34 becomes

28
Term 2 = ren i F R, e tan )

- dersin @
Term 2= ¢ tan &

and Equation A-39 hecomes

W € - j(l-R?%-~ 2ersing
7 e, " 3¢ tan u (A-35)

Again,

¢/Rmcos0+isind
Rie=e 1 miosf-isind
e/R- Rle=2isiné
e? = 2Reisin 0 + R?
1-¢?=]- 2Reisinf~R?2
~i(1 - €)== i(1 - R2)~ 2Resin 0
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From Equation A-34
%’; . :,}&1'_-_932
€y € tan
Combining with Equation A-33

vV W
eunk . (1red) -i(1-e?)

which are the compatibility relationships for irrotational flow,
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Appendix B

: . DERIVATION OF SIMPLIFYING RELATIONSHIPS 3

: FOR THE BUSEMANN TRANSFORMATIONV p

) The following relationships are useful in deriving the compatibility relationships E
2 described in Appendix A, Consider Busemann’s complex variabie
{

+ iz ) "‘
X tan u + §2 (B-1) 3

i where R2 = (x2 tan? u- y2 - 22)”2 3

s re

€

The x, y, and z symbols are Cartesian coordinates and u is the Mach angle
b sin™! 1/M. The dimensionless variables r, s, and s* may be employed in mapping from
P the physical plane to the e plane, where

s=rcosf = 'ﬁ'zi'ﬁ (B-2)

; z
b L] e———s.
! S -rSina'xtanp

8 + is™ 3
= b

14+(1 - s2 - 8*2)”2

n HeROHiSN0) o g (B3) |
L+(1- )72 !

where

» R= r =!:-Q-rz)l/2
: 1+(1 - r3)l/2 T

(B-4)
| Proof 1: R2 =x? tan? u (1 - 1)
R% = x? tan? p- y2 - 22 = x2 tan? p- g2 tan? ji - ¢*2 tan? .

‘ = x2 tan? (1 - 8% - $*2) = x2 tan? p (1 - 12 cos? 6 - 12 sin? @)

TR ST I T AR T T T

RY =x? tan? u (1~ 1?) (B-5) :
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Proof 2: \/(1- ) TR

from Equation B4

pulz =)

r

p2alo2i=f)2et-g
2

12 _ g2
R2_2-2!l-::[/ =t

2-2(1-)i2- ¢
")

1-R%m1-

p2alo282-l2 42 2 -2+2(1- A2

- P r

B2- 2122
r

1+R?=

- - 23112
| +R? 2220

2
1-R?_2-2+20-HYd 2-1+(1-eH)i2
L+R? 2-2(1- )3 1-(1- )2

I (el T O o Bt ] | R € R M
1-(1-r)

I RN R T (8 o MALN o o WART ¢ Hek o WA T el

rc

LB A

r

LR

| +R?
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i 2/1- 2
{ Proof 3: . =1-R?
S \ 14+/1= ¢ |
S L
; ‘ From Equation B-6 3
‘\ : i i ;
. - R w2B2420 -2 (272 - 24201 AR (14 (1= )12 |
| o Pl +(1- )17
L | Q2222420 - U222 - 22220 - V24 g1 &)
1 ‘J } 2+ (1= 2177
= 280 2R
} ! } P21+ (1- )12
-] ; —e
. -. . 2/1- 1
- : ]-R!w . (B-9)
| 1412
, 2R
Proof 4: r-mg ]
From Equation B4 3
palc gl'-rrz)”’
From Equation B-7
= 2-21- )2 21~ 1- Al 1
1+R* = - ;
l l‘2 . X‘z .3
, ‘ | By substitution for R 3
' . l + R2 -3:3. i f
| i "rhu" ;‘
B 2R v‘
';I rs r;—ii- (B"lO) ;
‘\ 109
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Appendix C _
LISTING AND SAMPLE PRINTOUT OF COMPUTER PROGRAM 1

I Program Listing
THIS PROGRAM TRACES YHE STRCAMLINES FROM THE COML
OF AN INLEY USING THE METHOD OF HOMOOENEOUS COMICAL
FLOWS = MILNE-THOMBOM e
COMPLEX EPS,ANV,AL ,B) ,CU,CV,CH]I ,CHR.CPFNY
COMPLEX CVEL1.CVELE.CVELD
COMPLEX 71,72,73,Tw,78,78 1
OIMENSION X1300,30),Y(300,30),2(300,30),P{300,30) '
HRITE(B,138)
138 FORMAT( 1 HY)
¢ INITIALIZE PRONLEM
CRAD = 3.14159R684/180.
% ACAD(D,110) AMACH ;
. 110 FORMAT(OF10,3)
IF LAMACH .LT,0.0) 0O TO 98
WRITE(8,511) AMACH
110 FORMAT (/ .20M FACESTREAM MACH NUMBER » ,F10.3)
VASTAR=SGRT (1, 8*AMAGHOAMACH/ (| , ¢, RSANACHP AMACH ) )
PZERO=1. /(] .+,BAMACHSAMACH) °3,8)
QZERO=, 72 AMACH® AMACH*PZERO
AMUABINI |, /AMACH)
TANMUSTANTAMU )
VINF=] .0
VINF=0.0
< OCSCRIBE INLET AND INITIALIZE ORIO ,
READ (B, 110)ALPHA XCOWL . ZCOMWL XS IOE ,HIDTH, DELTA
HIDTHENIDTH/R. 0
2810K=X8 10K * TAN{ ALPHA®CRAD)
AREF ol {DTH® ZCOML
NBIDE=8¢ 10, 0% { XCONL ~X8 10K ) 7 XCONL
N INE= | | oNS 1OE
OZ=(2COWL~281DC)/NSIOE
120 FORMATIR110.F10.4)
l WRITCIG, | I8)ALPHA, XCOML , 2CONL X8 IDE ., 28IDE
LIR FORMAT (' [INLEY RAMP ANOLE = ', Fl10.3,./,
1° CONL COORDS = *,2/10.3,/,' SIDE COORUS » °*,2F10.3)
; NAITEIS, L IZINIDTH,OELTA
f 113 FORMATL{IBH INLET WIOTH » ,ri10.3,/,
. . 1RIH INLET SWHEEP ANOLE = ,F10.3)
! ! WRITE(S, 1 18)
) i WINF=-ALPHA*CRAD
1 1F(OELTA.C0.90.0) 00 TO B0
s £32).0/(TANIDELTASCRAD) )
| COBLAM®=TANMU/ ( TAN{OELTA®CRAD) )
‘ : ALMBODASACOS (COSLAM)
| THETA= , §0ALMEDA
. ] 00 T0 81
S0 THETA=4YS.00CRAD !
[ ALMBDAS90, 0 *CRAD
v C3=0.0
81 DI=COBITHETA)

ooo
i
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DR=SINILTHETA)
Al=CMPLXID) ,OR) v
! BISCONVBLAL)
! UICROR<ALPHACCRADSTANMU/ S I Nt ALMBDA)
| OYSMIDTH/ IO,
te)
WRITE (0, 13%)
o ! 139 FOMMAT (X, LHE MX, THY B BHXET  J) (X BHY L D) 4N,
T f 1BHZ T U0)
! ' DO 20 Jsi, it
R ] KT JIenCOML
P : YL, Ui eidm i) o0y
ER v ZU1, 0 e200M, '
v : 0 MRITE (R, 11801, 9,%0E, 00, ¥E1,0) 201,00
50 : 11 FORMAT (218,8X,3F10.3)
; §F 1XCONL .NE . X8 1DEY00 TO &1
NO SIOEPLATE
WRITELS, 1))
121 FORMAY(/,1MH NO SIDEPLATE )
K4 I0R=0
NXXe2C
=0
! DX=XGONL /800,
i : NO=NL INE -1
v . 00 &2 JUs1R,NO
Xit,J)eNCON
Yil,J1=0,0
¢ ; 201,J1eZCOM=tJ~11)D2
H * 80 MRITE(S, A1) 1,0, %00, U0, Y01, 2¢0,J)
; ’ iXe)
00 YO &%
¢ INLET MITH SIOEPLATE
&1 OXe (XCOWL~-X81DE)/NSIDE k
WRITEC (S, 182)
. 18R FORMAT L7, |4M SIOEPLATE )
| : K8 108w |
st }
NXX® | QoNCONLZOR & |
, ND=NL INE= 1)
. ' 00 23 JUni2,ND
Inl0o(J=t1)e}
RV, aXCONL=tY=1 1) 20X
Yil,9120.0
ECL, LI nZCOML=tJd=1|])*D2
23 MRITEIS. 1141, %01,9), YL, 28,
IN=1e10
ND=1}
OX=OX/10.
2% JeNL INE
1=1%
Ml JI=XSIDE
Yi1,J190.0
2i6,J)n2810L+ , 80DE
IR I NILHIS O I IO T L
JeNL INE |
i1, J)exX8108
Yi),Jie= 00002

[P,
[}
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ZU1, a8k
X v WAITE(B, 1% ), J X018 ,0), YT, J), 200 ,4)
| WRITE(S,150)
b ! HALTE (8,1 18)
. ¢ CVALUATION OF CONSTANTS
: . C1nCOSIALPHASCRAD)
: | CR=S INCALPHA*CRAD)
3 : CU*=UZERO*CHALRI0.0.1.01/3, 14 100208Y
& ' CVR=CU/ { RS TANMY)
CHI==UZKAOICHMALXI1.0,0.0)/7(R. 053, 141 S0RE 54 * TANN)
Chie~2.05UZERO0D | *DR/ TANNY
: ¢ STRCAMLINE TRACE
| NO=NL INE* | =JX® (NS IDES | )
; KXaND*® 10
00 31 fwi , NXX
00 30 Jsi.ND
ROTATE COORDINATES
XRSCION(T DI +CROZIT, W) ‘
IR-CROXIT,II4C )20 )
YReY (I, J)
IFIJ.CA.NLINES1)2R=0. 0 [
R IF(XR,LE.C.0} 00 1O 3%
k. CHECK® (RROXRETANMUS TANMU-YRSYR=ZN¢ ER)
; ‘ IF (CHECK.LY.0.0)100 10 3R
¢ POINT 1S WITHIN MACH CONE, USE CONICAL FLOW
! RE=SART (CHECK)
! DENDM =XNSTANMUSRR
, = . EPBaCMPLX (YR DENOM, 2R/ DENON)
3 | ANUSCSGRT (EPS)
b ¢ CONICAL PERTURBATION COMPONENTS 3
KTYPEe) i
CENUSLLIAISANU) P IBI*ANUI D2 LLAL-ANU)* (B -ANUY) b
3 CVEL | sCUSCLDO L CFNYY
i URSREAL ICVEL 1)
VIR, 7(ALOANUI ¢ R, /LB *ANU) iy
TREE. *AI PANUSER. *BI*ANY
TR (3. 2(AI°A)))IPCLOCILAI*ANUIZANUI® (L . 2(0I1°01)) N
19CLOO L IDI+ANV) 7 ANU) i
TUs i1,/ (AISAN I SCLOOT (AL=ANU)I 7ANUI e (1,2 181°81)) _ )
1°CLOG I tBI=ANV) 7ANV)
THaAI *AL*CLOO (A} SANU) 2 D1 S8 | *CLAG (B) ¢ ANY) X

(-]

) TO=AI A1 *CLOOCA) =ANV)I ¢B1 *81 5CLOOID ! ~ANY) 3
- CVELRSCVE(~T | =~TR+TI=TH+T8-TH)
g l UYSREAL {CVELR)
g CVELESCHIS (=T 4TRTI=TY=TH¢T8) ¢CHE '
/ UZREAL ICVELD)
: 00 10 38
[ THO OiMENBIONAL FLOW )
b . J¢ TANA = ZIR/XR
1 : IF (TANA.OL. TANMUIOO TO 3% L
i ¢ THO DIMENSIONAL (PLANAR) FLOM i
- RKTYPE=B
\ UX=UZERO :
4 ' uysuzEaoecs ) X
4 - UZeALPHA SCAAD
; 00 10 8
+ § < UND | STURSED FLOM .

i ' 113
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v RYYPLe 3
Uxe=0,8
Uveo.0
uz=0.0 )
3 [ SIREAMLINC TRACKE Y0 UPSTREAN POSITION
3 { 38 VELXoUINFeUX
3 i | VELYSV INP oLy
‘ ! ' VELZaNINFoUR
.4 OVeDXOVELY/VELX
! DZ=DXeVELZ/VELX
{ VVER0RT IVELX*VEL X VELYoVEL Yo VELT O VELZ)
: H VPeVVeVASTAR
I ; PPu(| =VPIVR/Q, )1 003,8
? PLL,J)oPP-PIERD
R 30 NTYeXR-DX
. Vo YTeYR-DY
b . IVeIn-02
¥ : ’ AMex?
F : YRyt

L : wo Ime3Y -
S ' IS0 FORMATIR1S,4710.8) |
. ; Nlel,J)uCloxT=CReTY :
A . RO1e) MIuCRONTICIO2Y k.
- Yile),Jhayy ’ ‘
30 CONYINUE !
] , 118 FORMATIZID,?F10.%) :
1 KXmKXoIN : .
- NOeKX/ 10 !
i IF IND.NC.NLINEIOO TO 3¢
ND=ND+JX :
Kxexxe 0 o %
Jx=g
31 CONT INUE
] 184 FORMAT(S1S)
JXaxS10C
3 NOONL INE® ) =UXs INRIOKS | )
y 00 74 l=i,NKX,10
¢ HRITE(S, 1300 3
; 130 FORMAT (3, 1M1 (X, §HY 0N, BMN( ] oI J0H,BHYLE LU X,
1OMZU1 () R, BHPLT V) ) R
00 T2 JYui,ND . : :
TR OHRITCUO, 18011 (U, X1 UD VUL, 200,00 ,000 3} < ,
NO=NDeJX i
IFIND.NC.NLINEIOO TO 7)
NOSNO e UX ) [
| Jxe0 ; '
: Th WRITES,. 118 K
118 FORMAY { 1HO)
. . ¢ STREANTUBE AREA CALCULAYION
. AREA » 0.0
00 %8 Jm i, M. INE
DARTA® . B0 LYINKN J*1 )= IMNR DI DS LR INKK (Je 1 DR INKR U )
8 AREA = ARKACDAREA
ADAC=ARCA/ ARLP
WRITE(B.138) AREA,ACAC
138 FORMAT(/,10H STREAMTUBE AREA » ,Fi10.3,7,8N AO/AC »
‘ 1.710.0)

; 114
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[ ADDITIVE ORAO CALCULATION
. DRAG=0.0
ATOT=0.0
DYOT=0.0
ND®NXX =}
JaXel)
0O 81 i=),ND
DO 00 Jv=),10
PRARS (P (] JIeP 10|, JIPL| Jeol)ePilol , Jol) i,
ADI®, QetY ], Joldavi] D))ottt ,JelreZil, )
ADB® . B0 (Yilo) Jold=Yil ,Jdel))OiRifed JolioZtl Joel)
ADB®  BoiYLIs) JiaYilol  Jel ) (2t el , JieZt]o) Jed )
ADM® B (Ve JievVilel )0 tRtT JIetle]l WD)
ADRAGHADY| +ADR+ADI+ADY
DTOTsDYOT*ADRAOD
ATOT=ATOToADRAO
OORAD=PBAR®ADRAO
90 DRAO=ORAO+DORAD
81 OYOT«0.0
WRITE(8, 437
137 FORMAT L/, 1M UPPER SURFACLE)
CDRAOGSDRAO/ | ARKF *QZCRO)
WRITE(G,131)DRA0,CORAG ,ATOTY
00 &) =1 ,ND,IO !
00 80 Jei | ,NLINC
IriKSIDE.£0.0100 7O @8
IPL1.0C.NLINKE=1OIUO TO 8¥
‘ IPLJ. LT X)) OO 10 69
IFiv.0r . ux) 00 10 &7
PRARS (P (), JIoP [0, J)eP([+10,Je1)1)/3,0
. ADI= . B2 (Y Ii010,Jo i)=Y, J))0iZtle)10, o021, D))
ADRE . B8O (Y1410, J)=YI1e10, Vo)) In1ZtIe10,JI0201010,Ve1))
AD3e Be (Y], JInYl1e10, U 1211, W)eZi10)0,JU)D
ADRAG=AD| +ADR+ADY
o0 10 88
08 PRARSIP{ |, DIePLI¢10, MIePIlJo 1P (1410, J01))/%.0
ADI® 8o tYLL, Jo b)Yl WO IRIL Jol)eRt),J0)
ADR= . B (Y(1210,0eB)=Y L, JelD)OIZLI010, JeldeTil ,Jo1))
ADB® B0 (Y 1s10,J1=Yi1¢l0, V12121 2(tei0, M1 e2tl0)0 Vo))
ADWE B (YL, JIY(I210,J0)0(200,J)e2ile10,U))
ADRAG=AD | *ADB*AD3+ADY
88 OTOT=DTOT+ADRAOG '
l ATOT=ATOT+ARRAC
OORAG=PRAR®ADRAG
60 DRAOC=DRAO*DDORAO
87 CONTINUL
' JRARe YRR |
8! DTOT=0.0
' T MRITE(S, 12
‘1350 FORMATL 1 TH TOTAL STREAMTUBE)
CORAO=DRAG/ { AREF * Q2RO
WRITELS, | 3)IDRA0 ,CORAO ,ATOY
131 FORMAT(ON ORAQ » ,F10.8,7,84 CORAG = ,F10.9,/,
181K TUBE SURFACE ARRA » ,FlO0.W)
WRITE (S, | 10} ]
00 10 o8 ‘
98 WRITE (S, 130
svoP
L )

i 115 '
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Sample Printout
‘s . . PRECSTREAM MACH NUMBELR = 2.800
I . INLET RAMP ANOLE 10,000
- . COM. COORDS = 10.000 s.000 {
b , S10C COORDS = 10.000 1.703 i
. : 1MLET WIDTH = $.000 £
% ' INLET BHEKP ANOLE « 0.000 !
1 ]
1 4 1
] "I X1, YL YL !
fi ' 1 10,000  -8,000 8,000 1
i! ) ' [ 10,000 -4 ,800 ®.000 :
L | ! 3 10,000  =%,000 8.000 ;
L \ 1. 10.000  -3.800 s.000 ;
‘ : e 10,000  -3.000 %.000 _
! 1 ' 10,000 -2.900 8.000 |
f R 10,000  -2.000 ».000 !
! : 1 ] 10.000 «1.800 %.000 '
; ‘ ' ) 10,000 -1.000 8.000 !
" ‘ Y ) 10.000 -.800 8.000 ,
g (T 10.000 .000 8.000 ;
NO 810CPLATE :
Y 10,000 .000 .. 383 '
] . Y 10,000 ,000 1.708 .
: ; 1 i 10,000 .000 3.088 -
, T ) 10.000 ,000 a0 |
'Y ) 10.000 000 1,003
T 10,000 T 1.703

; ] v ] el ,J L XR I 1] 200, V) LI

] f §0.00000 -8.00000 8,00000 RLl1170]

] & 10.00000 ~4,80000 8.00000 .Ovaea

\ 3 10.00000 -4,00000 %.00000 . one ok

] ¥ 10.00000 -3.%0000 $.00000 . ONeoR

] % 10.00000 <«3.00000 9.004000 03081

p ] ® 10.00000 -2.90000 9.00000 ., 08989
‘ ' 7 10.00000 ~-2.00000 ¥.00000 YT ,
- ' ® 10.00000 -1.80000 ¥.00000 FYITY) ,

' ® 10.00000 =1.00000 $.00000 .01088
_ I 10 10.00000 ~-.80000 ©.00000 .01308 i
g I 14 10,00000 ,00000 ©,00000 L0100 ‘
L ' 12 10,00000 ,00000 4.39380 00780 :

;- I 13 10.00000 .00000 3.7083| 00390
I 1% 10,00000 .00000 3.U8788 -.00813 Co
- 119 10.00000 .00000 4&.%1088 ~.01%2® '

] ) 16 10.00000 00000 ) . 002 -, 00%1Y

]

17 10.00000 . JROWY? |. 70327 -.00308

. -
1 ] J L {0 YY) Yol , o 241 ,.J) el
[} ] 9.90780 -8.00000 “w. 91310 Nl
J ' (¥} [ 9.90780 =4,80000 V. 01310 N ill
! ’
; 116
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i 9.85780 -4.00000 “.01310 +ONeoR
(3] 9.%0760 -3.80000 “.913i0 . oveaen
1" 9.950882 ~3.01i29 4. 02430 Gvian
! i [} ] 9.80400 -&.81070 “.93300 + 03887
4 " 0.00888 -~2.083u% “. 090130 08B0

9.80127 ~).888v0 4.0v002 02843
B.4OUN3 -1, 0278% “. 004004 01034
9.4 0082 -. 9R700 “. 08407 01483
$.48740 -, 00637 ».87000 Diiay
8.98081 =.0381% “.Jhaee +00039
9.49831 -.0u810 3.00018 + 004D 3
9.403%0 . 08233 3.008168 -.00003
. 40048 -.00813 &.v2087 =.00830
. .40019 -.200%7 1.0%997 =, 0R8¢9
9,90799 =.3008% 1.87048 ~-. 00001

S -
il S -
-
-

-
-
- e o e - -
L BE O B BE NI B SRCIY . B ¥

- ] v Xil,J) AR Y 1] 2D AN Y ]
! | a 1 9.01819 -9,00000 v.92638 N TS
2 2  9.01819 «4,80000 “.02838 ,onseR

l a 3 S.01819 ~4.00000 4.0083% LoueeR
, a1 ¥  9.01819 -3,80000 w.eas3e .ouesa

- : a 5 0.01883 -3.01203 w.01mI8 NTYITS
3 T S 9.00003 -2.83838 .00a4| 03778
; ey T 0.00808 ~2.04279 4.9783Y 03037
: a 8  9.00308 ~1.3%9R0 w.08810 . 0RY98

! . el ®  6.00031 -~1.0820F 4.91078 .0R038
. 8 10  0.9978%  -.50283 4.ea887 NPT
: #1111 5.99818  -.0u88R 4.9198n N ITTT )

. : 21 12 9.993%1  -.087ue  w.30839 TITY
: " ®) 13 8.99117 -.c00a8 3.88707 00838
21 Iv  9.90772  -.1R108 3.04008 00188

n 18 0.901380 -, 180400 &2.4007) -, 00089 '
"n 18 0.97680 ~.384N9 |1.9307% -.017e8
1 ] 17 0.,018190 -~.82088 |.80982 ~.01073

1 ] Rt Yot 2l Pl

3 | 8.88279 -8.00000 . 73083 JoneeR

3 » 0.5887% -%.B30000 8. 73083 covese

J 3 3 9.92279 ~v.00000 . 73083 OveeR
3 “ 0.92279 -3.80000 4.73983 sOveoR

k " L] 8.82088 -3.01003 w.79237 +0vees
l n [ 8.81848 -2.03800 &,70113 il

. 3 ? 9.50807 -2.08707 Y.0laa0 103003

3 [ ] 9.50880 -1.88798 +0R003

3 ] 0.90183 ~1.07338 108304

31 10 0.90712 -, 87390 “.00807 o1008

n H 0.48300 -~. 07002 v.00879 +01 390

n 18 8.99078 -. 00887 &.2738) +0I08N

3 3 0.40788 =-. 18031 3.84%4ey 100700

3 (L) 0.4woen? =. 17818 3.08300 00384

3 1} ] 8.41%:12 - 80030  R.4wB047 =. 001010

»n 8 8.47300 ~. 40330 1.,90008 -, 00003

3 17 a.s207 - . 88300 1.80000 =, 00M00
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L]
“l
L 1}
[ ]]
L 2]
vl
“l
“li
il
L]
“l
L ]}
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Xet,Jd
9.03030
9.030389
9.03038
®.03030
8.080128
8.08300
8.01007
9.00890)
9.00803
7.99720
7.00109
7.98880
7.0044)
7.9707%
7.97008
7.97338
9.03030

LIRET L
7.93790
7.93708
7.93700
7.93798
7.8387)
7.9300%
7.98387
7.91819
7.90813
7.99009
7.99007
7.90087
7.%01080
7.47929
T.48091
7.47300
7,.93707

Xit,J)
7.04807
7.04897
7.08007
7.04887
T.09331
7.0308%
7.03180
7.088%0
7.01330
7.00080
8.90700
6. 8083%
8.97000
8. 97040
#. 80370
8.97%32

]
-%.00000
“4.,80000
-4 .00000
-3.80000
-3.01203
-2.93000
-g.08877
-1.80120
“1.08871
-. 80018
- . 00848
-. 12303
-.18818
-.20738
- 34840
-~ . 50009
-. 77939

Yit, o
-9,00000
=% ,.80000
=-%.00000
~3.,90000
-3.01203
«8.93000
«&. 00877
=i .90043
=). 10001

-.00319
=-.09703
- 1vsbe
=, 19980
=, 27487
=. viae0
-, 00%13
-, 0007

Yo,
-95.00000
=4,80000
=4.00000
=3.80000
~3.01003
-2, 93000
-8.00877
~|.50843
=l.j0008

-. 00019
~. 10003
., 18400
-, 28010
=, 31709
. NTERD
. 70833

118

L.
4.08870
4.68270
4.a8270
“. 88270
. 08804
4. 80%30
. 73300
8, 77301
“.80037
“. 84001
w.07.82
4. 24200
3.01089
3.00382
2.90431
1.88010
1 41897

L LR EY )
v . ues00
4, 00800
. 56880
v, 50800
N.07878
4. 80798
“.8%70)
“., 80810
N THEMNTY
4. 79114
Y. 03aM7
w.00n9
3,.808077
2.97938
&.30100
1. 8R200
130019

O
“.47908
w, 47908
w.47908
w. 47008
w.NB108
v, 88088
v. 98000
w.a0080
w. 00808
' 2 Tk
“. 01010
». 17330
3.e8010
2.90107
2.39401
1.77023

1

L)
+Cuaea
L ONeoR
.oveer
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Appendix D
DERIVATIONS OF TWO-DIMENSIONAL PERTURBATION VELOCITIES

This appendix presents the derivation of the two-dimensional perturbation
velocities to be used as boundary conditions for conical flow analysis. First, the
perturbation velocities are derived for an airfoil without sweepback. These results are
employed to determine the perturbation velocity components for an airfoil with
sweepback,

AIRFOIL WITHOUT SWEEPBACK

The small perturbation equation of velocity potential ¢ for supersonic flow in
two dimensions is:

3%2¢_  , 3%
-a-';-2~'tnn uo-a—z; (D-1)

This has the general solution
®=f,(z~ x tan ug) * f,(z + x tan py)
where f, and f, are arbitrary functions.
Now consider a velocity potential

¢ = Vx + Va(z + x tan p,) (D-2)

For @ = 0, u = - 9®/3x = -V which is a uniform velocity V in the negative x
direction, Note that in Milne-Thomson's terminology, u, =~ 9®/dx; which is opposite
in sign to most terminologies. '

For a small but non-zero o, the velocity components are - V(1 +a tan ), -Va,
Physically, this is equivalent to flow turned through an angle & The uniform velocity
V Is separated from the perturbed flow by a characteristic line inclined at the Mach
angle uy. Thus, the perturbation components may be written as

U, ™ tan ug

Weo = QV (D-3)
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AIRFOIL WITH SWEEPBACK

Now, consider a flat plate of infinite span with sweepback as shown in Figure
D-1. The leading edge Is swept back with an angle 8 between the leading edge and an
axis parallel to the freestream velocity vector V. The airfoil is at an angle of attack, a,

At point O on the leading odge, define two plancs, OAB in the plane of the
airfoll and OCD the freestream velocity vector V and the leading edge. From this,
draw three more planes; plane OAD through V and perpendicular to the airfoll, plane
OCB perpendicular to the leading edge, and plane ABCD perpendicular to plane OCD
and parallel to the leading edge.

Angle AOD is the angle of attack a, Let angle BOC be called «,.
tana= 8%
tana, = %%

Since AD = BC
tan a/tan a, = OC/OD = sin §

as Is apparent from the projection in Figure D-2
OC/OD = cos (6 - #/2) = 4in &
Since o is small and tan o ~ «,

a=a, sind (D-4)

The freestream velocity V may be resolved into components -V cos § parallel
to the leading edge and Viind perpendicular to the leading edge along OC. The
component parallel to the leading edge remains unchanged. The perturbation velocity
uj,, based on the component Vsin8 is found by the treatment of the unswept edge

Ul =aV sin 8 tan My (D-$)

where

sinu, = a5/(Vsin §) (D-6)
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The perturbation velocity ), is in the direction of OC. This velocity may be
resolved into components.

Ug ™ Uj, 8ind

Vo ™ U),, o8 b (D-7)
From Equations D6 and D-7,

sin p; = gin po/ein &
Since tun u, = sin u,/cos uy,

sin u, sin u,

{
tan py “dnT cosn, l'°°‘°"8cou.tl (D-8)
2. \l13
. 8in® g
In addition, since cospu, = (] = gin? :.a,)”2 - (l-m) , Equation D-8

becomes:

tan i, = cosec & un o = cosec 8 (cosec? u, ~ cosec? 8)"1/2 (D9)
i ( in “o) 173 0
s

The term (cosge?p, - cosec?8) may be rewritten:
(cosec?py, - cosec?8) = [(cot?uy + 1) - (cot28 + 1)} = (cot3uy - cot?8)
Thus, Equation D-9 becomes
tan 4, = cosec & (cot?u, - Ioot’ 812 (D-10)
Combining Equations D-4, D-S, and D-10 yields:
Uy, = @V cosec 8 (cot, - cot? 8)71/2 (D-11)

Introduce the angle N\ which is deflned;

cos A = tan uq cot 8 = cot 8/cot u : (D-12)
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¢ Note that this is identical with Equation 3-46 in the text. Thus, the

nomenclature is consistent between the two-dimensional analysis and the analysis of
the complex perturbation velocities in conical flow, This places a physical meaning to
the geometry in the complex e plane.

Using Equation D-12, Equation D-11 becomes:

Uy, ™ &V tan u, cosec § cosec A (D-13)

Thus, the perturbation components of Equation D-7 may be written

Ug = aV tan u cosec A
Vo ™ aV tan i cot & cosec A (D-14)

From the two-dimensional analysis, the vertical component may be written as:

Wo =aV (D-15)
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NOMENCLATURE

Area

Inlet mass capture area ratio
Speed of sound

Reat part of v, _
Imaginary part of »,
Constant

Coefflcient of additive drag

Drag force

Complete elliptic integral of the second kind of modulus k'
Force

Stream thrust = mV + A(p - py)

Acceleration of gravity

Height

Complete elliptic integral of the first kind of modulus k'

Length dlmgmlon

Length dimension

Length of inlet ramp from leading edge to cowl (Figure 50)
Length of inlet sidewall from cow! (Figure 50)

Identification of airfoll shape: one leading edge outside the Mach cone,
one axial edge

Identification of airfoll shape: two leading edges, both outside the Mach cone

Identification of airfoil shape: one leading edge outside the Mach cone,
one trailing edge inside the Mach cone

Mach number

Maws flow rate !
Pressure §
Inlet total pressure recovery
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q Dynamic pressure v,

Tachaplygin transformation = 1= :. i

W s Tim
+

P

Gas constant
Radius

ﬁ’tm’u- y? - 22
Radius

Dependent variable of small perturbation equation i
Transformed coordinate in physical plane
Temperature

Freestream velocity

Complex perturbation velocity

=

e T il

o —— e e T T T Sl T

e i e = TEE e e e A T+ e e . e L Yt = s ot m moe et e

Normalized perturbation velocity 1
Velocity A

Complex perturbation velocity ' j
Normalized perturbation velocity \ Y }

Width of inlet
Complex perturbation velocity )
Normalized perturbation velocity |
Weight flow rate

Subatitution variable = ix tan u
Linear dimension

Linear dimension

Linear dimension

Deflection angle

coty = \/Mi - |
Ratio of specific heats
Leading edge angle
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e Busemann's complex variable = E_ta%\:ﬁ%_ﬁ;
¢ Sweepback angle = |» - §|
0 Angle
A Angle (cos \ = tan u cot 8)

" Mach angle = sin™ ! (1/M)

) Transformed complex coordinate = /€
¢ Sideplate angle (Figure 12) '
L] Conatant = 3.1416

P Denaity

¢ Velocity potential

$1» ¢;  Angles (Figure 36)

X Subatitution varlable = log tan 1/2w
v Inlet rump angle (Figure 12)

W Coordinate angle

Subscripts

0 Freestream

1 Cow!

() Additive

c Cowl

d Drag

e Exit

i Internal

] Local

n Net

088 Sidespill

p Propuluive

ref Reforence

] Surface

t Total

w Wave
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a
B
=
9
g

Freestream
Sonic
Superscripts

Two-dimensional analysis
Imaginary component
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