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FOREWORD 

This report was prepared under contract with Brown University 
in the Division of Engineering and Lefschetz Center for Dynamical 
Systems. The work was carried out under Exploratory Development, 
Project 1F262203AH86, Control of Gliding Parachute Systems, for 
the u.s. Army Natick Research and Development Command, Natick, 
Massachusetts. Mr. Arthur L. Murphy, Jr., of the Engineering Sci­
ence Division, Aero-Mechanical Engineering Laboratory, was the 
Project Engineer for this effort. 
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--~-----------·-- --------·-·-··--·----·---------------

Determination of Trajectories for a Gliding Parachute System 

I. INTRODUCTION 

The problem of determining trajectories for the automatic guidance of a 

gliding parachute system is considered. Uses for such guidance techniques 

include delivery of cargo in military operations. Basically, the objectives 

are to control the motion of the parachute, subject to wind drift, so that 

it lands as close as possible to the intended target and that its ground 

speed on landing is minimized to protect the cargo from damage. The latter 

condition requires that the parachute head into the wind at touchdown. 

The trajectory of the parachute is controlled by variations of the bank angle, 

which can be accomplished by a servo motor that pulls on the shroud lines. 

An analysis of the optimal control problem is presented in which a 

* measure of the expenditure of control energy is to be minimized (see [5] for 

somewhat different formulations of the optimal control problem). The opti-

mal control, as a function of the state vector of the parachute, is dis-

covered to be parametrized by three constants1 methods for determining these 

constants are discussed. Also, a non-optimal guidance scheme is given 

which has simple computational requirements. 

* [5] A. E. Pearson, "Optimal Control of a Gliding Parachute System", 
TR-73-30-AD, U.S. Army Natick Labs., August 1972. 
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II.  DYNAMICS OF PARACHUTE MOTION 

The forces acting on the parachute consist of the resultant aerodynamic 

force F, and the weight Mg. The bank angle o is the angle between the veetor 

F and the vertical (see Fig. 1). The parachute is considered as a point 

particle acted upon by these two forces, as shown in Fig. 2 below. 

7., 

F 

Mg 

F = F cos o 
v 

F. = F sin a 

Vdt 
*. 

Kii6 \ 

V R 
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Rde - Vdt 
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Figure 1 Figure 2 Figure 3 

It is assumed that the terminal descent speed has already been reached, 

so that the vertical velocity U is constant.  Hence 

F cos a = Mg . (1) 

It is also assumed that the horizontal airspeed of the parachute, V, is con- 

stant.  If the instantaneous radius of curvature of the horizontal flight 

path is denoted by R, then 

F sin o 
MV 
R  * 

(2) 
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Dividing (2) by (1), the bank angle and radius of turn are  related by 

V2 
tan c = -=■ . (3) 

PR 

The above assumptions of steady aerodynamic flight require that the bank 

anpl» be restricted to angles less than thirty degrees, approximately. 

The horizontal flight path during an infinitesimal time interval dt is 

shown in Fig. 3.  If 6 is the angle that the horizontal velocity vector V 

makes with a fixed direction, the infinitesimal arc traversed has length 

V dt and subtends an angle d8.  So V dt = Rd8, and 

P = V/6 (U) 

which yields tht equation 

6 = £• tan o (5) 

as the relationship between 6 and o. 

If the parachute is launched from an initial height h at time t = 0, 

the touchdown occurs at time T = h/U. At some time t , intermediate between 
o 

launch time and touchdown, assume that a constant horizontal wind W = (W ,W ) 

is present. Consider just the horizontal motion of the parachute in a co- 

ordinate system whose origin is the target, as shown in Fig. U.  Letting 

(r.,r„) be the coordinates of the position vector in the horizontal plane, 

the dynamics of the parachute motion are described by the eouations 

- V cos 8 + W 

= V sin 8 + W„, t n ?T 
i        o 

= £ tan o 

(6) 

fcjtt 
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Define the normalized coordinates 

r1  ♦ (T-t)W1       r2 + (T-t)W2 
Xl =  V(T-t_) »     X2 =  V(?-t_)  > *3 V(T-t ) o 

v(?-t ) o 
= e (7) 

and the normalized control variable 

(T-t> 
u =  n tan o (8) 

and the normalized time 

n = 
t-t 
 c 
T-t 

(9) 

The equations of motion of the system in non-dimensional form become 

dx. 

dT= cosx3 
dx2 
-— = sin x- ,   0 $  n f  1 
dn      3 

(10) 

dXg 

dn 
= u 

For the remainder of this report, the variable t will be used to denote normal- 

ized time instead of the variable n, and (•) will indicate differentiation 

with respect to t. 

There are two desired conditions on the motion of the parachute at touch- 

down; that it land on target and that it approach the target in the upwind 

direction in order to minimize the horizontal speed relative to the ground 

on impact.  Since the orientation of the coordinate system is arbitrary, 

assume for convenience that the wind is out of the east (W = -W,W = 0). 

Then the landing constraints are that r = r = 0 and 6 = 2nir (n is any 

integer) at touchdown, or 

x.(l) = x-(l) = 0 and x,(l) = 2nn  . (11) 

.- .- v «• 

U 
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The initial conditions for Equations (10) are assumed to be known from 

measurement. Thus, the basic control problem is to find a function u(t) 

such that the trajectory from (10) satisfies the given initial conditions 

and desired terminal conditions (11). Optimal control would do this in a 

manner which minimizes some measure of control effort. 

Some general observations may be made for any control u(t) (optimal or 

otherwise): 

1. The speed of the parachute in the (normalized) x-,-x« plane is unity, 

2    2 1/2 
since an element of arc length is ds = (dx.. + dx )   and the speed is 

ds 
dt 

dx 2   dx~ 2 ni/2 
= (cos x- + sin x )   = 1 .       (12) 

Thus, a trajectory from t = 0 to t = 1 must have unit length and it is 

necessary that the initial conditions x (0) and x„(0) be inside the unit 

circle in order to satisfy the terminal conditions. 

The control -u(t) results in a trajectory that is the mirror image in the 

x axis of the trajectory given by u(t).  This follows if the substitu- 

tions y. = x , y_ -  -x , y„ = -x^ are made in (10), corresponding to 

which the equations of motion become 

y1  = cos y3 

y2 = sin y3 (13) 

y3 = -u 

Therefore, it is sufficient to study initial conditions in the upper 

half x -x- plane only. 

10 
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III.  OPTIMAL CONTROL 

The dynamical equations of motion of the system in stat. space notation 

are 

xl e cos x3 

*2 = sin x3 

ft3 = u 

t c [0,1] (1U) 

The specific optimal control problem to be considered is to minimize the 

"control energy" expended 

(t)rdt (15) 

subject *o the terminal constraints 

x±(l)  = x2(l) 
(16) 

x3U) 2nw 

Using optimal control theory to find the optimum u(t) (see, for example, 

[1] ), form the Hamiltonian 

• > 

V 
V 
V 

"«".'X' 
' . • f. • 

H(x,p,u) = u + p.cosx3 + p2sinxg + p3u 

The necessary condition for an extremum is 

(17) 

£-*«*P3"° (18> 

together with the system equations 

[1] A. E. Bryson, Jr. and Y. 
Waltham, MA., 1969. 

cos x. 

x = sin x3 

x3 = u 

(19) 

C. Ho, "Applied Optimal Control", Ginn and Co., 

11 
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ard the adjoint equations 

j      on    A 3H_ 
3x, 

3H_ 
3x„ 

.       OP 3H_ 
3x, 

p^sinXg ~ p2co8x3 

(20) 

The boundary conditions are 

x^O) given ,  XjCl) = 0 ,   i = 1,2,3 . (21) 

This is a system of six differential equations and one algebraic equation 

for the seven variables u(t), x.(t), p.(t), i = 1,2,3. Since the boundary 

conditions are split between t = 0 and t = 1, this is a two point boundary 

value problem, which presents considerable computational difficulties for 

its solution. 

. » L • k » * 

9*--? 

Using an algorithm based on dynamic programming [4] f a region in the 

x.-x- plane has been mapped out for which the optimal controls and trajec- 

tories have been computed regardless of the initial condition x.(0). This 

region is shown in Fig. 5. Outside this region, the convergence of the 

algorithm depended upon x-(0) and was frequently very slow. See [6]  for a 

complete discussion. 

14 

The solution to the two point boundary value would yield the optimal 

control as a function of time (i.e., open loop), but the form of the optimal 

control law in terms of state feedback can be deduced as follows. 

[4] K. Martensson, "A Constraining Hyperplane Technique for State Variable 
Constrained Optimal Control Problems", ASME Transactions, Journal of 
Dynamic Systems, Measurement and Control, Vol. 95, No. 4, December 1973. 

[6] K. C. Wei and A. E. Pearson, "Numerical Solution to the Optimal Controls 
of a Gliding Parachute System", TR-75-017-AMEL U.S. Army Natick Develop- 
ment Center, October 1974. 

12 
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From the adjoint equations (20), 

p. ■ constant 2a. 

p_ = constant - 2a. 

£3 = p^sinxg - p2cosx3 = -2(a.cosx3 + a.sinXg) 

(22) 

But from the system equations (19), 

cos x. 

sin x. 
(23) 

and from the necessary condition (18) for an extremum of the Hamiltonian, 

it follows from time differentiation that 

Hence 

-2Ü (24) 

'•>"'•: 

or 
U = alXl + a2X2 

u = a.x + a x + a      (a is a constant) 

which is in the form of a state feedback control law. 

(25) 

■f    s    ■ m 
A different expression for this feedback law can be obtained by noting 

that the Hamiltonian does not explicitly depend upon time. Therefore, the 

Hamiltonian is a constant of the motion, i.e., the value of H is constant on 

the optimal trajectory (see [1], p. 49 ). On the optimal trajectory then, 

-2u 

and 

u + Pjcosxg + p2sinx3 + pgu 

= PiCOSX lCosx3 + p2sinx - u' 

= 2a.sinx3 - 2a?cosx, - u . 

Ä -C . 

(26) 

[1] A. E. Bryson, Jr. and Y. C. Ho, "Applied Optimal Control", Ginn and Co., 
Waltham, MA., 1969. 
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Thus 

u    = 2a.sinx3 2a?cosx, + C 

or 

u = ±(2a.sinx3 - 2a?co8x. + C) 1/2 (27) 

where the sign is not known from the above information. 

Comparing the two expressions (25) and (27) at the terminal time t = 1, 

it is necessary that 

[OjX (1) + a2x2(l) + a3] = 2a1sinx3(l) - 2o2cosx3(l) + C 

or 

a3 = -2a2 ♦ C (28) 

This means that the optimal control satisfies 

u - ±/2a.sinx3 2a cosx3 + 2a. + a3 

Comparing (25) and (27) at the initial time t = 0, 

2 2 
[a.x.(0)+a x2(0)+a3] = 2a.sinx3(0)-2a2cosx3(0)+2a2+a , or 

(29) 

(30) 

2alSinx3(0)+2a2[l-cosx3(0)] - [a^O+a^Or - 2a3[a1x1(0)+a2x2(0)] = 0 

If a.x.(0) + a x2(0) i  0, Eq. (30) can be solved for ag in terms of a. and a. 

yielding 

a1sinx3(0)+a2[l-cosx3(0)] - ^Ca^^Ha^fO)] 

0^(0) + a2x2(0) 
(31) 

Thus, one equation has been obtained which provides a relationship among the 

threo parameters a., a_, a, corresponding to the optimal control. 

15 
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IV.  DETERMINATION OF OPTIMAL CONTROL PARAMETERS FROM ALGEBRAIC EQUATIONS 

In this section an attempt is made to proceed further analytically with 

finding the values of the parameters in the optimal control law from alge- 

braic equations. 

Using an unsubscripted notation (x,y,6) instead of (x.,x_,x3), the 

optimal trajectory is described by the equations 

x = cos 6 x(0) = x o 

y = sin e y(o) = yQ (32) 

6 = u = a.x + a2y + t»3   6(0) = 6Q 

It remains to choose a.. , a», a. such that x(l^) = y(l) = 0, 6(1) = 2nn. 

By differentiating the last equation once, the variable 8(t) can be de- 

coupled from x(t) and y(t) resulting in the equation 

*e = u = c^x + o2y 

or 

6 = a, cos 8 + a. sin 6 (33) 

for 0(t).  Let 

a1 = a cos ß   x = p cos <{> 
)■     (polar coordinates) 

a. = a sin ß        y = p sin <J> 

a3 = y e = * + 0+~       (a * 0, p * 0) 

(34) 

Then 

u = ap cos(<J>-ß) + y (35) 

and the relation for y in terms of a,ß from (31) becomes 

16 
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Y 8 
sinß - sin(8-8 ) - iap 2co»2(* -B)  o z     o o 

Pä cos(* -8) o o 

In terns of ♦ instead of 6, Eq.  (33) is reduced to 

♦ * -asin* 
*(0) ■ 8 - (£♦ B) o 

♦ (1) <§■♦ B) 

(36) 

(37) 

which is the well known general equation of motion of a simple pendulum, 

that is, the equation of motion without the usual linear approximation. For 

a pendulum, a is replaced by g/1, where I is the length of the pendulum. 

>s 
'•-/-•.'.".' 

The solution to Eq. (37) would yield <|i(t;a,8). To determine a and B, 

and hence y through (36), it is necessary to apply the terminal conditions 

x(l) s y(l) = 0. Now 

x(l) - x(0) 

y(l) - y(0) 

■i: 
■i: 

cos8(t)dt 

(38) 

sin6(t)dt . 

Applying the terminal conditions and substituting for 6(t) in terms of 

i|>(t;a,B) results in 

cos(i|i + B + ;r)dt s "x~ = -P-cos*« 2. O     O    O 
'O 

fl 
(39) 

sin(* + ß + 7r)dt = -y = -p sin* T     2     Jo o   o 

Expanding the trigonometric functions in the integrands will yield the 

equations 
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cosB  sin*(t)dt + sinß  cos(j/(t)dt = p cos4 
<o >o °  ° 

cosB  cos<((t)dt - sinß  sin*(t)dt « -p «in* 
l0 J0 t 

•\yvws 

«yi-u 

or 

'o 

f. 
cos*'(f,a,ß)dt = p sin(ß-+ ) o     o 

(uo) 

sin^(t;a,ß)dt = p cos(ß-# ) . o     o 

These two equations would determine a and 0. 

In order to solve the pendulum equation, multiply both sides of (37) 

by ty: 

or 

if» ♦ = -aji sin t|) 

1 d ,:2*   d ,       . % 
2 dt (* } = a dt (cOS *) ' (41) 

Therefore, 

1 :2 — ^    - a cos ij/ = constant (42) 

which represents the statement of conservation of energy for the pendulum. 

Evaluating the left hand side at t = 1, and noting that *(t) = 6(0 = u(t), 

we find that 

.<*.-.- 

fe 

* i 

Z    = i [*(1)]2 - a cos «.(I) o  / 

= j Cu(l)]2 - a cos [6(1) 

1 2 = |T y    + a sin ß . 

.-$ (43) 

/ 
.'.V. 

bcpcL.' 
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Note that the constant value of the Kamiltonian for the optimization problem 

is H = -C, and 

v>: 

2        2 
C = a„ + 2a„ « V ♦ 2aslnß « 2E 

3     2 O 
(44) 

This relationship is not surprising, since the kinetic energy of the pendulum 

is a homogeneous quadratic function of the generalized velocity and the 

potential energy is independent of the generalized velocity. This implies 

that the Hamiltonian of the pendulum is, in fact, the total energy of the 

pendulum, which is characterized by E (see [2] , p. 54). 

Integrating both sides of (42) from t = 0 to t = 1 yields an expression 

for the control energy E in terms of the control law parameters: 

E = I u2dt = [ +2dt =2 I [E + acos*(t)]dt 
'o     'o       'o 

= 2[E + a  cos*(t)dt] = 2[^ y7  + asinß + ap sin(ß-i )] 
O     I 2 o      o 

y    + 2a[sinß + p sin(M )] 
o     o 

a3 T 2a2 ♦ 2(a2XQ - a^)  . 

(45) 

(46) 

The solution to the pendulum equation can be written in terms of 

elliptic integrals. However, it is necessary to consider two separate cases. 

In the first case, the values of a,ß,y are such that E (a,B,y) > a. This 

case corresponds to the pendulum having sufficient energy to execute com- 

plete revolutions about its axis, resulting in a non-oscillatory motion. 

In the second case, EQ(a,ß,Y) « a, and the pendulum executes oscillations 

about the position iji = 0. 

ft 
[2] H. Goldstein, "Classical Mechanics", Addison-Wesley Pub. Co., Inc., 

Reading, MA., 1950. 
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Case I:    E    > a o 

From Eq.   (42), 

rr: 

||« ±/2(Ee + acosj)    . (47) 

d* In this case -rr- always has the same sign and we can use either 

<|>(0) = u(0) « op cos(ß-*  ) + y o o 
or 

(48) 

*(1) s u(l) = y (49) 

tc determine this sign. Using the latter for convenience, we can write 

Q = sgny/2(E + ocösTS   *(0) ^ i>    = 8 - (J + 6)      (50) 
uT O O    O    2 

v>: 

where, from (43), 

1 2 
E = ■?■ y    + asinß . 
o i 

(51) 

(y cannot equal zero, otherwise E = asinß * a . Hence sgn? =11). 

Thus 

sgny J> " I d+' 

* /2(E + acosiTHT 
o   o 

o   o   z 
(52) 

W::: 

2 *' *' Using the identity cosi|;' = l-2sin   ^— and letting K - h- leads to 
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■ — CF(| , k) - F(^ , k)] (53) 

COS ♦( t)dt = pÄ sin (B - * ) o        o 
(56) 

&tf 

(sgny 

*/2 

H,  } 2dC 

* .- /2(E ♦ a - 2asin2C) ro/2   o 

♦/2 

s — — . where k * / r ° 

♦o/2 /l - k sin C 

< 1 

vte 
ft 

where 

F(*,k) = f g 
J« 7 5" 

»O^ k2sin2C 

is the elliptic integral of the first kind. This relationship implicitly 

determines ♦(t;a,ß,y). We also know that 

* •_•. *. * 
ft*."»«•." 

sin B - sin (B - 6 )  . 
Y(a,0) =  — - j apo cos (*o - B) 

p^ cos (* - B) o     o 

*(1) Ä ^ « - (J+ 6) 

(5U) 

(55) 

,__, 

and applying these relationships will determine a,B,y. To express the last 

relation (56) in terms of elliptic integrals note that dt = d*/jt so that 
»i 

tts? 
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i: coi*(t)dt * 
«gnY    J 

COB » d» 
agnY    i    /2<E   ♦ a cos ♦) 

sgmr 

'1/2 

ITS 
- 2 sin C)2dC 

/,; *   ._ /2(E    + a - 2a sin O 
0/2 o 

vl/2 
_ _1 k       [    JL 

8gDT    r      J       /• 
- 2 sin C 

o/2 
u2     *   2r k    sin K 

dt 

C = */2 

*l/2 

,J*[(i     2)     f 
SgnY /a" k2     .  J 

*o/2^ 

dC 

2      2 k sin € ♦? 

Kl/2 

1 - k2sin2C dC3 

"o/2 

SgnY •a" k2        2 2 

2- {E(Ak) - E(Ak)}] 
k 

where E(i|» ,k> = f JT~ 

(57) 

2      2 k sin £ dC is the elliptic integral of the second kind. 
frtt 

•ACV. 

Applying the three relations (5«0,  (55),  (56), and using Eqs.   (53) and 

(57), the algebraic equations that determine the parameters a,ß,y are: 

_± 1 TF(-i k)  - F(— V)l s 1 
sgny ^ m2  >K}      U2   'K'J      X 

(1 - JT> + iinT ~ CE(^k) " E(iT'k)] = po sin « " V (58) C£NM; 

sin 6 - sin (0 - 6 )     . 
Ol /    A 

 *-r 5-t -z- ap     COS   (♦ 
p    cos  (?    - ß) 2      0 o 

o o 
ß) 
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where 

*o * "(2 * B) + 6o) 

;• ■ ■■i 

♦l * -<T * •> 

1     2 
E   ■ x Y   ♦ a sin ß o      / 

/a + I 

.•/.V'.-\ 

Case II:    £    * a o 

Again, 

~ * ± /2(E    + a cos *)    . 
ut O 

(59) ^% 

However, in this case the sign of ~ changes each time the motion of the 

pendulum reaches its amplitude.    The amplitude, A, is reached when 

d* 
TT = C, therefore 

E    ■»• a cos A = 0 o 
(60) 

and 
,       E 

A = cos    ( )    . a 
(61) 

The period of oscillation, t, can be calculated through 

i.fA       *    _.[ 
4      'o /2(E    + a cos ♦)      ' 

■1 

d# 

o /2a(cos ♦ - cos A) 

d* 

° /ua(sin2 £ - sin' £) 2 

(62) 
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Let K ■ sin y and sake the transformation (since K (  1) 

Then 

sin |» r sin C » 

y cos *• d# ■ K cos C dC 

(63) 
•V *"%1 

and it can easily be established that 

d* 

so 

T a 

2 dC 

/r    - sin * 
2 /l. 2 

-   K sin2C 

.if 
£ 

d* 

! - »in2 t 

_ _4 

~ /a" 

w/2 

I. A. 
d* 

■ K    sin C 

= — K(K) 

(6«*) 

(65) 

'Ä 

where K(K) ■ F(y,r) is the complete elliptic integral of the first kind, 

and where 

2   . 2A  1 - cos A  ] *  Va  ° + Eo 
r = sin y 5 =—5 *-5T- 

Thus, K is the reciprocal of k from Case I. 

(66) 

Since the period is now known in terms of (O,6,Y), the times when -nr 

changes sign can be determined, and it is conceivable that expressions can 

be formed to which the terminal conditions at t = 1 can be applied. 

It should be remembered that it is not known in advance which case 

applies, since the triple (a,f$,y) is precisely what is to be determined. 

Therefore, it is necessary that the solution of both cases be found, and 

* «r *■ V 
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solutions not compatible with th» condition of that case be eliminated. In 

v>ew of the fact that elliptic functions are InvolvJ, and in view of the 

complexity that would be necessary to express the relations needed to com- 

plete Case II, it is felt that the results of this section are not practical 

for numerical computations, although they are of theoretical interest. A 

more practical method for computational purposes is developed in 

the next section. 

u -1 

m   -    A. «    * 

* - " * * »    * 

, y. -r, 

_ ■ t. ■• 
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V. PARAMETER OPTIMIZATION THROUGH MINIMIZATION OF TERMINAL ERROR 

Using the form of the optimal control law 

u = a^ + o2x2 + a3 (67) 

the optimal trajectories are governed by the equations 

ft     *  COS   X« 

x2 = sin x3 x(o) = x . te[o,l] 
«o 

(68) 

r::::vm 

V *- '« "• 

S'/V 

x3 = W+ a2x2 t a3 

where the vector a = (a.,a2,a„) is to be chosen to satisfy x(l) = 0. Let 

the solution to (68) for a given a be denoted by x(t;a), and define the 

terminal error to be 

2 Xg(l;a) 
F(a) = x*(l;a) + x2(l;a) + sin' (69) 

The terminal error serves as a penalty function which penalizes undesirable 

terminal states by the extent to which they deviate from the desired 

terminal state x(l) = 0. Since x. is physically an angle, a trigonometric 

function of x, which measures its deviation from any multiple of 2ir was used, 

rather than x.(l;a). In this way, the resulting computations will be the 

same if an arbitrary multiple of 2tr is added to x,.  Of course, F(a) = 0 

only if x.(l;a) = x-(l;a) = 0 and x.(l;a) = 2nw. 

It is desired to minimize F(a) numerically, where the functional rela- 

tionship between F and a is defined through the solution to (68) at t = 1. 

In view of the already established relation among the optimal values of the 

V 

26 
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components of a given by equation (31), it is natural to attempt to elim- 

inate a. in favor of a. and a«, thereby reducing the dimensionality of the 

parameter search by one. However, if a,x,(0) ♦ a2x_(0) « 0, Eq. (31) cannot 

be solved for a. in terms of a. and a_. Instead, the following relationship 

holds from (30): 

c^ oin x3(o) + a2Cl - cos x3(0)] = 0. (70) 

This could be used to eliminate either o. or a?. If sin x.(0) = 0 or 

cos x.(0) = 1 or both, the consideration of further sub-cases is necessary. 

Of course, the vector a is not known in advance and hence it is impossible 

to know beforehand which case applies.  In a numerical method, difficulties 

would occur not only when the solution lies on the line a.x.(0) + a.x (0) = 0, 

but also anytime a particular iteration producedvalues near this line of 

singularity. Therefore, reduction of the search to two parameters does net 

prove advantageous. 

A popular method for the minimization of a function is Newton's method, 

where the value of a at the (n+1) iteration is computed according to 

»*- ■*. -*. 

'.-.v.\\ 

a(n+l) = a(n) - H""L[a(n)]7F[a(n)] (71) 

and where H[a(n)] is the Hessian matrix of F(a) whose elements are the 

2 
second partial derivatives of F, i.e., H., = 3 F/3a.3ou. Newton's method, 

however, requites the evaluation of the function F(a), its gradient vector 

and its Hessian matrix, all of whose values must be calculated by solving 

three differential equations per component. Each iteration of Newton's 

method would therefore require the solution of 30 differential equations 

(note that the Hessian matrix is symmetric). 

fr-* 
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The gradient of F(a) is calculated as 

A quasi-second order technique, such as a so-called variable metric 

method, is one which attempts to preserve the desirable convergence prop- 

erties of Newton's method without the actual evaluation of second order 

partial derivatives. In such a method the iterations are computed 

according to 

a(n+l) = a(n) - \  H 7F[a(n)] 
n n 

(72) 

I 
where H is not the Hessian matrix, but a symmetric positive definite matrix 

computed internally through a recursion formula.  In general, H   is a 

function of H , a(n) - o(n-l), and VF[a(n)] - VF[a(n-l)]. The scalar X is 
n . » n 

chosen to minimize F(a(n) - X H VF[a(n)]). Further details of variable 
n n 

,       r -i* 
metric methods and other minimization techniques can be found in [3] . 

% = 2xi(1'?) TTL 
(ll!) + 2x2(ll») ^ (1J?) + 1 8in x3 (li?> 1«7 (1'«) r .</•.. 

or 

VF(a) =  [2x1 2x2 ± sin Xg] 

3a, 

3x, 

3x. 

3a, 

3x, 
3    3 

3a,  "5Ö7 

8X3 

3a, 

3x2  8x2  3x2 

*°T  ^7  *°3 
3x„ 

2  0(t3 

(73) 

t = 1 . 

Define g..(t;a) = -s— (t;a). To develop equations for g..(t;a) it is necessary 
13  .   da.   _ 13 

to differentiate (15) with respect to a. and interchange this operation with 

the differentiation with respect to time. This leads to 

IS; 

t • V* Ai * ■ 

[3] S. L. S. Jacoby, J. S. Kawalik, and J, T. Pizzo, "Iterative Methods for 
Nonlinear Optimization Problems", Prentice-Hall, Inc., Enplewood Cliffs, 
NJ, 1972. 
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d    3X1 , 3X3 
at ^ s " sin x3 iöj 

3xJ 

3«r e 0, i e 1,2,3 

t  s  0 

d    ^2, 
dt 3er, cos x 

3Xj 

3 3a, 
(7U) 

d    3x3 3xx 3x2      j x^   ,  j  = 1,2 

•.'/■■ 

or 

glj 8 - g3j  Sln X3 gij(0) = 0,  i = 1,2,3 

52j 

53j 

g3j cos x; 

alglj  + a2g2j + 

(75) 

Xj   , j  = 1,2 

1     ,  j  = 3 

h? 

Together with (68), these form a system of 12 differential equations whose 

solution at t = 1 is then used to compute F(a) and VF(ct): 

x.    = cos x_ 

x2    = sin x3 x(0) 

x3    = a^ + a2x2 + a3 

gll = ~ g31 Sin X3 

g21 =      g31 COS X3 

'31 Vü + °2g21 + Xl 

g12 = " g32 Sin XG 

s22 g32 cos x; gij(0)  = 0 

(76) 

332 alg12 + °2g22 + X5 
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*13S- " 833 sin x3 

*23S g
33 C08 X3 

«33* °lg13 + a2g23 + 1 

£ 
Numerical Results: 

A FORTRAN computer program PAROM was written which finds the minimum 

of F(a), starting with an initial guess a(0), using a variable metric method 

known as the Davidon-Fletcher-Powell algorithm. At each iteration Eqs. (76) 

are integrated via a Runge-Kutta routine. The subroutines used are found 

in the IBM Scientific Subroutine Package (they are FHFP for the Davidon- 

Fle'ccher-Powell method and RKGS for the Runge-Kutta integration). After 

the optimal value of a is computed, the program TRAJ is used to compute 

the resulting trajectory. 

The minimization of F(a) was considered to converge when F(a) < 0.0200. 

For some initial conditions the process did not converge, even for a large 

number of iterations. The results of the parameter optimization are shown 

in Table 1. The values of a and F(a) shown are those obtained after the 

number of iterations carried out. The speed of convergence varied widely 

with the initial condition x(0). The initial guess a(0) was chosen as 0, 

since it is not obvious as to how a depends upon x(0). If some information 

concerning this dependence were discovered, the speed of convergence could 

be greatly improved, since the optimal value of a is often quite different 

from 0. 

r V V '.• 
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Following Table 1 are Figs. 6-12, which consist of a graph showing the 

location of the selected initial conditions with respect to the unit circle, 

followed by plots of the optimal controls and trajectories for these initial 

conditions. The left side of each of these figures, i.e., Figs. 7-a to 12-a, 

show the trajectories for the function F(a) defined by Eq. (69). It is 

evident from these plots that the error in the angle x. was weighted too 

heavily in relation to the terminal errov in x1 and x_. Therefore, these 

runs were re-computed using a ten-to-one weighting factor in favor of x. and 

x-, i.e., minimizing the function 

o       ? 9 x_(l;a) 
F(a) = li[x^(l;a) + x^U;?)] + sin  - ? - 

The corresponding trajectories for the minimization of this function are 

shown in Figs. 7-b to 12-b, A more acceptable terminal accuracy is evident 

in these plots. 

The cost of these computations is approximately IOC per iteration. 
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Table 1 

Optimum Values of a 

2(o) x3(0) 
no.  iter. 
carried 
out 

no.  iter 
to 

convg. 

.8 0° 85 50 

90° 135 - 

180° 72 51 

-90° 47 27 

.4 0° 105 99 

90° 153 - 

180° 45 30 

-90° 215 - 

.4 0° 98 - 

90° 122 - 

180° 5? 32 

-90° 84 - 

.2 0° 200 - 

90° 160 - 

180° 70 - 

-90° 150 - 

.2 0° 35 - 

90° 30 20 

180° 85 71 

-90° 20 15 

.2 45° 95 23 

135° 275 275 

-45° 200 - 

-135° 55 48 

21.029 

it 

8.449 

6.683 

34.045 

52.940 

-10.510 

3.984 

-26.323 

36.151 

-4.032 

-11.382 

15.977 

-5.401 

-8.073 

35.381 

3.250 

16.140 

-11.883 

-6.475 

24.632 

50.166 

-25.704 

ft 

0.038 

-11.001 

-33.851 

-60.875 

-3.748 

-47.794 

-31.920 

-1.361 

9.503 

-12.310 

-63.935 

-26.220 

-21.682 

-40.362 

-0.294 

6.037 

33.072 

:t.367 

-8.111 

-31.587 

-36.528     -12.387 

9.864 

:•( 

4.692 

5.964 

-12.987 

-13.218 

4.297 

8.210 

-2.152 

3.082 

0.787 

0.058 

-16.147 

16.377 

9.439 

-26.339 

1.079 

3.802 

-4.465 

-1.169 

-8.957 

-5.962 

-4.801 

F(a) 

0.0008 

0.1874 

0.0088 

0.0043 

0.0162 

0.0331 

0.0003 

0.0542 

0.0476 

0.0483 

0.0046 

0.0077 

0.0940 

0.0960 

0.0298 

0.0702 

0.0286 

0.0009 

0.0135 

0.0033 

0.0003 

0.0184 

0.4361 

0.0021 

kVlVjL. 

-63.05 

-22.23 

-21.41 

-98.94 

-162.80 

-9.47 

-94.72 

44.56 

-69.85 

-19.44 

22.67 

-133.01 

-57.21 

-45.20 

-108.07 

-1.91 

-30.17 

-69.71 

-8.99 

-65.61 

-124.52 

28.53 

tli 

10.29 

9.79 

56.78 

100.05 

14.75 

34.80 

18.63 

30.57 

14.69 

4.50 

64.52 

29.01 

20.65 

43.16 

0.84 

13.73 

27.77 

5.85 

55.98 

99.74 

-18.83       32.70 

e... m 

•■•SS-: 

*v: 

The value of F(a) is too large to consider the results obtained as meaningful, 

H = Value of Hamiltonian 

E = Value of Control Input Energy 
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TRAJECTORIES   AND  CONTROL   FOR  POifiT I 

POINT I   £ 

i  -i.    i     i     1  . i     i     L\A 

X,(0) * 0 
X?(0) « 0.8 

X8(0) 

-90°  

90°  
180' x  

1   . L   _L_«.  -J~—t——I 1 1 L L 
-08    -06    -04    -02\ij       0.2     04      06      08   ' "0.8      -0.6      -0.4     -0.2 

-0 2- 

0.2        0 4        0.6        0.8     * 

N   V  \   • 1 

.- /v • *J 

.'••.;-\v.' 

•v?.1 

-0 6 

£ 
v.- 

ONE  TO ONE   WEIGHTING 

Figure 7a 

TEN  TO ONE WEIGHTING 

Figure 7b 
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TRAJECTORIES  AND  CONTROL  FOR  POINT 2 

POINT 2 

X,(0)• 0.4 
X2(0) »0.4 

^   -90° — 
o» — X3(0) « 

90° 
180° 

i.Cl_ _J 1 L l_, 
T n * f\m not v_Q,2'' 0.4      0.6      0.»   ' 

10 

-0.8 

06 

Ji-ft** x »C\ 

 I_ L I L_J L LJs»_£._l L^^_l 1 1 1 
-0.8      -0.6      -0.4      -0.2        (\^ _^P?2/'0.4        0.6 

 1 : 
0.8 

CV-* 

J 1 I J t 

k 

urZ-.] 

ONE  TO ONE WEIGHTING 

Figure 8a 

TEN TO ONE WEIGHTING 

Figure 8b 
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TRAJECTORIES  AND   CONTROL  FOR  POINT 3 

POINT 3 4 

X,(0) »-0.4 
X2(0) » 0.4 

> -90»   

X3(0) - L     o«  
90»  

* 180* x  
«1 

(-1.0 

-0.» 

-I 1 I 1 I I J 1_ 
0.2        0 4        0.6        0.8 

ONE  TO ONE WEIGHTING 

Figure 9a 

TEN  TO ONE  WEIGHTING 

Figure 9b 

8E' 
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TRAJECTORIES AND  CONTROL  FOR  POINT 4 

POINT 4   A 

X((0) = 0.8 
X2(0) « 0.2 

-90° 
X3(0) • 0°  

90°  
180° x— 

0« 

06 

r 
0 4 - .• 

\ ! 
0.2 L J^ 

OS    -06    -04    -02 V0i     04 

■4 - 
-Of 

-08 

•"Sj  '        -I 
J_   1 1 L I I l_ 
OS     -06      -0 4      -0? 

no 

06 

04 

ONE   TO  ONE   WEIGHTING 

Figure 10a 

TEN   TO  ONE   WEIGHTING 

Figure 10b 
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TRAJECTORIES AND CONTROL FOR POINT 5 

POINT 5 A 

X,(0) • -0.8 
X2(0) • 0.2 

*><°"    ZZZ 

1 I'll 

 0.2      04      06      08 

-16 

ONE  TO ONE  WEIGHTING 

Figure Ma 

•90« 
o»  

90» 
180* —x- 

•1.0 

-o.e 

-04 

.J l      l 1 1 1 >.. 
02        04        0.6 08 

20 

15 \ 
10 

5 
"      \ 

X 

0 

•5 
0.2" ^0*4—' 

-10 

-15 ■ 

20 

TEN  TO  ONE   WEIGHTING 

Figure lib 
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TRAJECTORIES AND CONTROL FOR POINT 6 

POINT 6 ~ 

0.8 

0 .6 

-0.4 

- 0 .6 

- 0 .8 

u 

16 

12 

8 

4 

·-·" x,/-x-........ \ 
/ / X. 

/ X/ ~. 
i \-x.J 

- 12 / \ I 
I \ . 

- 16 .j .j 

ONE TO ONE WEIGHTING 

Figure 12a 
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20 

15 

-20 

u 
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0.8 

0.6 

0.4 

0.4 0 .6 0.8 ., 

TEN TO ONE WEIGHTING 

Figure 12b 



VI . A GEOMETRICAL APPROACH TO TRAJECTORY DETERMINATION 

x = cos e x(O) = X y(O) = y e(o) = e 
0 0 0 . y = sin e Determine u(t) to satisfy (77) 

. 
e = u x(l) = 0 y (1) = 0 e(l) = 2mr 

A geometrical approach for determining trajectories is to prescribe 

as a trajectory a given geometrical path that has three unknown parameters. 

These parameters can then be adjusted so that the three terminal constraints 

are satisfied. The control u(t) can be calculated if e(t), the variation 

of the slope of the trajectory with time, is known. 

The simplest geometrical path that, in general, can satisfy the terminal 

constraints consists of two circular arcs of equal radius of curvature sep-

arated by a straight line. The three unknown parameters are the radius of 

curvature and the distance (or time) travelled along each of the two circular 

arcs. Such a path that satisfies the initial and terminal conditions is 

shown below : 

y 

X 

t = 1 t = 1 

Figure 13 Figure 14 
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On a straight line path, e(t) is constant and hence u(t) = o. On a 

circular arc whose radius of curvature is r, we have u(t) = 1/r, where 

if r > o, the arc is traversed counter- clockwise (since e > 0) 

if r < o, the arc is traversed 
. 

clockwise (since e < 0) . 

To see this, note that if u(t) = 1/r, then e(t) = 1/r t + e . 
0 

x = cos <! t + e ) r o 
y = sin (! t + e ) r o 

x(t) = r sin (! t + e ) r o y(t) = -r cos (! t + e ) + b r o + a 

Thus (x-a)2 + (y-b)2 2 = r , which is the equation of a circle of radius r. 

In this connection, a control law is considered of the form 

1 
0 ~ t < tl r ' 

u(t) = 0 tl ~ t ~ t2 (78) 

± 1 
t2 r < t ~ 1 

i.e . , a "bang-zero-bang" control law, where r can be either positive or 

negative. Then 

1 - t + e ' r 0 
0 ~ t < tl 

e(t) = ! t + r 1 e ' 0 tl ~ t ~ t2 (79) 

±! (t ± t - t2) + eo r 1 ' t2 < t ~ 1 • 

To satisfy the terminal constraint e(l) = 2nn it is necessary that 

(80) 

To simplify the following calculation let z = x + jy. Then 

z = x + jy = cos e + j sine = eje. Integrating from t = 0 tot= 1 

results in 
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z(l) - z(0) f1    1»(*)^ e dt 

m,i i^i v * v^ y* v~* v^ T*" Y*3"**Y,,~ k^ürr.^ y> '.T^JT* v*\^* v ■» \T IT* '■ "^ 1 1 ' 

e dt + 
*2 K--t.+e ) 

e dt + 

r„ 1    ji- t,+e r 16        1 

j(± i [1 ± t.-t-]+e ) 
«_      /on\ r 1    2      o i2nir since, fron (80), e = eJ        = 1  . 

1 i<4rt±Vt2>eo) 
e dt 

2 

I0, 
(81) 

.«. ■ 

.<.< 

Applying the terminal constraint z(l) = 0 and multiplyinp through by j yields 

j(- t +6 )    je 
jxo - yQ + [r + r + j^-t^e 

r 1 ° - r(e ° + 1) = 0   (82) 

or, explicitly setting both real and imaginary parts to zero, we have 

-y    + (r+r)cos(- t +6  ) - (t.-t.)sin(- t +6  ) - r(cos 6 +1) = 0 (83) o rio /lrxo o 

x    + (r+r)sin(- t.+9  ) + (t„-t.)cos(- t,+6  ) - r sin 6    =0    . (84) 
o rlo 2    1 r    1    o o 

The upper solution (the one corresponding to the + sign in (78)) represents 

trajectories in which the circular arcs are both traversed in the same sense, 

while the lower solution represents trajectories in which they are traversed 

in opposite senses. 

A simplification results when the upper solution is used, as the second 

term in Eqs. (83) and (84) drops out. This simplification is essential 

for decoupling r from t1 and t-. 

Therefore, considering only the upper solution, Eqs. (80), (83), (84) 

form a system of 3 equations for r, t , t   ,  which can be written as 
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i [1 - (t2 - tx)]   « 2nir - Oo 

r sin 6    - x o       o <t. t.)cos(i t. + e ) 
X VI o 

(85) 

r(i - cos 6  ) - v    = (t„ - t.)sin(± t.  + 8  ) o o z       l rx       o 

A physically acceptable trajectory is any solution to (85) in which 

(i) t^fl 

(ii) t2 * 1 
(86) 

(iii) t, 

(iv) r / 0 

t^O 

r: - up 

■■.vV.v' 

'.', •.» 

The radius of curvature, r, can be decoupled as follows: 

Define the net angle traversed as \|» = 2nir - 8 and the angle of inclination 

of the straight line segment as 6* = — t. + 6 . From the first member of 

Eqs. (85), 

1 - r*n = t2 - h (87) 

!y*vs. 

Squaring the second and third members of (85) and summing yields 

[r sin 8 -x ]2 + [r(l - cos 6 )-y ]2 = (t.-t,)2 = (1-r* )2 
o o o  o     2 1        n 

or 

02-2(l-cose  )>2 - 2[> -y  (1-cose  )-x sin6 ]r + (l-x2-y2) = 0.   (88) n o no ooo o ^o 

In polar coordinates, x = p cos $ and y = p sin * . oooooo 

Defining 

2(1 - cos 6  ) o 

b = J,    -y(l- cose  ) - Xä sin a    = *    + p [sir  U    - e„) - sin $ ] rn       o o o on        o o       o To 

i2 (89) A  , 2 c = 1 - x o A-* 
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ft wvrnr:tfvy"^y;',yjTJwy:vr^r^/y^ 
tr-- TQ.-  ™, 

then 

av   -  2br T c » 0 (90) 

is a quadratic equation which r must satisfy, The coefficients a, b, c are 

determined from the initial conditions and the »pacification of the 

integer n in ♦ * 2nir - 6 . 
n       o 

Some observations concerning the coefficients nay be noted. First, 

for initial conditions within the unit circle, c > 0, Second, "a" ia a 

positive definite function of * , as shown in Fig. 15. 
n 

.<->„•■ „•«] 

;»*■»* 

* ■ °" k i  . 

2w    n 

Figure 15 

a = *2-2(l-cosfl ) - *2-2(i-cos* ) 
n      o   n       n 

|f- = 2(». - .1» *„> 
n 

.2 
—- = 2(1 - cos 1>  ) I  0 . 
d*2 n 

n 

(91) 

(92) 

(93) S\\ri 

The only critical point is at * «0 and it is a minimum. There is a point 
n 

of inflection whTO (i is a multiple of 2w. Hence, "a" must have the shap*» 

of a positive definite function of ij> . 

The solution to (90) is 

r = t±^ ac 
(94) 

As long as <{i    #0, then a j< 0. 

If 

-/ac < b < /ac ,  than two complex roots occur 

b * /ac ,  then two positive roots occur 

b * -v£c ,  then two negative roots occur. 

& 

-v 

4U 

'•'vv-W-'«'' 
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Of course, complex roots have no physical significance. Note that a given 

value of n determines two values of r. From (85) and (87), 6* must satisfy 

r sin 9 
cos 8* = 

p cos 4 
O      0 

1 - r* 

(95) 

sin 8* 
r(l - cos 8 ) - p sin * 

o    o    o _____ 

The value of 8* is unique to within arbitrary multiples of 2w. The times 

t1 and t- are th«n determined from r and 8* as 

t. = r(8* - 8 ) 
A O 

t = 1 - r(2nw - 8*) . 

(96) 

(97) 

Carrying out this procedure for all values of n will yield all possible 

solutions to (85). However, only those solutions which also satisfy condi- 

tions (86) are acceptable. A specific computational algorithm which enum- 

erates all acceptable trajectories is developed. 

The energy expended by a trajectory is given by 

rl 
E = u2 dt 

1-t, 

r 

r r 
(98) 

Of all acceptable trajectories, the one(s) with the smallest value of E 

can be chosen. 
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Bouds on the energy can be expressed by noting that i, ii, iii 

of (86) imply that 0 f  to^l * 1* ar  ° * r* * 1* fro,n *87^' Hence 

2     1 
♦n * E * T r 

(99) 

Computational Algorith m 

Restrict 6 to the interval -ir < 6 * IT. There is no loss in generality o o 

by doing this since n is variable. Assume p < 1. Then there cannot be 

any "straight line" trajectories, i.e., trajectories for which 

♦ 5 2nir - 6 is zero, since such a trajectory must start from p ■ 1 in 

order to have unit length (there is only one solution for an initial condi- 

tion on the boundary of the unit circle, which occurs when 

p = 1, * = if,  6 = 0). o     o     o 

1. Choose a value of n and compute 1>    -  2nir - 6 . It is not necessary 

to consider a value of n for which ♦ =0. Thus, a > 0. n 

,v. 

2.  Compute 

a = ♦ - 2(1 - cos 6 ) n o 

b = i>    + p [sin ( + - 6 ) no      o   o 
2 

c - 1 - p 

sin *o] 

and r = ±J? ac 

(a > 0) 

(c > 0) 
(100) 

'.V. 

J\.\ 

If b - ac < 0, eliminate that value of r. Since ac > 0, r i  0 and condi- 

tion (iv) of (86) is satisfied. From (87), we have 1 - vü    = to " ti and 

hence a physically acceptable trajectory must have 0 * rip t  1. If this is 

not satisfied, eliminate that value of r. Hence condition (iii) of (86) is 

now satisfied. 

MQTTc 

•v-w.y 
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3.  If rip = 1, then we have a "circular" trajectory, i.e., a trajectory 

which consists solely of a circular arc. For such a trajectory, u = — = * , 

0 ( t ( li and E = ♦ /r = ♦ (the values of 6*, t, and t„ are unimportant). n    n i     i 

If r\|> i  1, solve n 

■J^rffl ' 

r sin 6 - p cos * 4 «*        o   o    o A r cos 6* = = = f. 
1 - ri> 1 n 

r(l - cos 6 ) - p sin $ , 

(101) r: 
Vv Vs 

simultaneously for 6*, There will be a solution for 8* since (90) guaran- 

2   2 tees that f. + f,. * 1.  The value of 6* is unique to within arbitrary 

multiples of 2ir and can be expressed as 

6* 
(sgn f2)co£~ f1 , fx 1  -1 

IT ,  fx = -1 
(102) 

where the value of the function cos f. is taken in the principal value 

interval [0,ir].  Hence, we have -ir < 6* * w. 

4. Consider the range of possible values for B* by adjusting 6* via 

b 

V.V.V 

6* = 8* + 2irk   ,    k an integer (103) 

and compute the switching times 

tik) = r(ek " 6o)>    t2k> = 1 " r(2TiV ' 6V (10t) * A.* 

(k)        (k) Check that t.  * 0 and t   $ 1 for each k.  Because of this restriction, 

it is necessary to examine k only in the interval [0,n] if r > 0 or [n,0] 

if r < 0. Now conditions (i) and (ii) of (86) are satisfied, and solutions 

to (85) have been constructed which satisfy all conditions of (86). 
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5. Choose another value for n and repeat steps 1 through 5. 

6. Compute E = * /p for all acceptable trajectories and select the one(s) 

with the smallest value of E. 

Numerical Results 

A FORTRAN computer program named GEO was written which enumerates all 

physically acceptable trajectories using the above algorithm. 

It is not apparent as to what range of values for n should be examined. 

The numerical results given for the program GEO used the interval ["-2,2] as 

the range of values for n. From the computational experience it seems that 

this range is sufficient, since all minimum energy trajectories corresponded 

to n in the interval [-1,1]. 

f. - . - . r. 

The minimum energy trajectories, computed for the same set of initial 

conditions as in Table 1, are given in Table 2. Plots of the trajectories 

in the x-y plane and the contrDl variables are depicted in Figs. 16-21. 

For some initial conditions, there were two or more trajectories that yield- 

ed the same minimum energy; only one of these is shown in Table 2.  It is 

interesting to compare the data in the energy column fcr Table 1 and Table 2. 

For most initial conditions, as expected, parameter optimization resulted 

in trajectories having smaller control energies than the geometrical method. 

However, there were two cases in which the reverse was true.  This may have 

occurred because parameter optimization led to a local minimum of F(a), or 

because the numerical procedure was not carried out to a sufficient number 

of iterations. 
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The largest absolute value of the control on the t5me interval 0 U < 1 

is perhaps a more meaningful index of performance than the control energy. 

Except for the initial condition p *  .?, t ■ 90°, 6 ■ 135°, the trajectory 
o     o      o 

with the minimum value of E also had the minimum value of |u|. In this case, 

there was a trajectory beside the one given in Table 2 with a slightly higher 

value of E (E = 113.14), but a slightly lower value of |u| (u = 11.08). 

* 

At. 
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FILE: GEO FORTRAN Pl BROWN UNIVFRSITY COMPUTING LABORATORY 

DIMENSION RC21,EC21,GC21,FC2J,TSTARC2J,TSTARKC2,20J,T1C2t20J,T212,GE000010 
C20I,UC21 

WRITEI6 0 ll 
READI5,21 RHO,PHI,THETA 
TWOPI=2.*ARCOSC-1 . 0) 
WR ITEI 6,3 I 
N1=5 
DO 1 9 N N= 1 , N 1 
N:~NN-Il+N11/2 

FN=FLOAT( N I 
PSIN=TWOPI*FN-THETA 
IF(PSIN.EQ.Q.O) GO TO 19 
tFISTNITHETAI-PSIN*RHO*C OS(PHI J. NE.O.OI GO TO 1 
lFC1.0-COSITHETAJ-PSIN*RHO*SlN(PHII.NE.O.OI GO TO 1 
IFIIABSINI.GE.21 GO TO 19 
Rlll=l.O/pSJN 
Ulli=PSIN 
EC li=PSIN**2 
WRITE(6,251 N0 PSJN,RI11 0 UI11 0 EI11 

25 FORMAT(1H ,5Xo12o5Xo2(F9<4o5XIol7Xo 1 T1=T2'o20Xo21F9.4,5X)) 
GO TO 19 

1 A=PSIN**2-2.0*11.0-COSCTHETA)) 
B=PSIN+RHO*ISINIPHI-THETAI-SINIPHIII 
Czl.O-RH0**2 
D=B**2-A*C 
IFI D.l T .0 .0 1 GO TO 19 
RC11=1B+SQRTIDII/A 
RI21=1B-SQRTIDII/A 
IFCD . NE.O.OI GO TO 15 
J= l 
GO TO B 

15 J1=0 
J2=0 
IFC RI11*PSIN.LE.O.OI GO TO 5 
IFIRI1l*PSIN.GE.l.OI GO TO 5 
J1=1 

5 TFIRI21*PSIN.LE.O.OI GO TO 6 
IFIRI2l*PSIN.GE.1.0I GO TO 6 
J2=1 

6 J=J l+J 2 
IFIJ.EO.OI GO TO 19 
IFCJ .EQ.2 1 GO TO 8 
IFIJ1.EQ.11 GO TO 8 
R I li=R I 21 

8 DO 9 l= 1, J 
Ulll=1 . /RIIl 
El 1 I=PSIN/RI I I 
F(I)=(Rili*S!NCTHETAI-RHO*COSIPHTJ)/11.-R(IJ*PSINI 
GIIJ=IR!Il*I1.-COSITHETAII-RHO*SINIPHIII/11.-R(IJ*PSINJ 
IFCFIII.EQ.-1.01 GO TO 10 
TSTARIII=SIGNC1.0oGIIII*ARCOSIFIIII 
GO TO 11 

10 TSTARIII=ARCO SI FIIII 
11 Kl=IABS!NI+1 

DO 12 KK=l,Kl 
IFIRIIll 16,16,18 

16 K=KK-1+N 
GO TO 20 

18 K=KK-1 
20 TSTARK(f,K)=TSTARIII+TWOPI*FLOATIKI 

T1Cl,KI=Rili*ITSTARKCI,KI-THETAl 
T2(!,KI=1.o-RIII*ITWOPI*FN-TSTARKII 0 KII 
IFIT1CI,KI.LT.O .O I GO TO 12 
IFIT211 1 KJ . GT.1.0I GO TJ 12 

17 WRITE(6,4) N,PS!N,RIIIoTllloKioT2(1,KJ,TSTARKII,Kl,UIII,Eill 
12 CONTINUE 

9 CONT!NUF 
19 CONTINUE 

STOP 
1 FORMATC1H0 0 2X 0

1 RH0(0) 1 ,4X 1 1 PH1(0) 1 ,3X, 1 THETAtOI'I 
2 FORMAT(3F10 .5) 
3 FORMATI1H0,6X,'N 1 ,9X, 1 PSI N',11X,'R 1 ol3X,'T1',12X, 1 T2 1 ,6X, 'THETA 

CSTAR K 1 ,7X,'U'ol3X, 1 E1 o/l 
4 FORMAT(lH ,5X,I2 1 5X,7CF9.4o5XII 

END 
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GE000020 
GE000030 
GE000040 
GE000050 
GE000060 
GE000070 
GE000080 
GE000090 
GEOOOlOO 
GEOOO 110 
GE000120 
GE000130 
GE000140 
GE0001o;O 
GE000160 
GE000l10 
GE000180 
GE000190 
GE000200 
GE000210 
GE000220 
GE 000230 
GE000240 
GE000250 
GE000260 
GE000270 
GE000280 
GE000290 
GE000300 
GE000310 
GE000320 
GE000330 
GEOOO 340 
GE000350 
GE000360 
GE000370 
GE0003BO 
GE000390 
GE000400 
GE000410 
GE000420 
GE000430 
GE000440 
GE000450 
GE000460 
GE000470 
GE000480 
GE000490 
GE000500 
GE000510 
GE000520 
GE000530 
GE000540 
GE000550 
GE000560 
GE000570 
GE000580 
GE000590 
GE000600 
GE000610 
GE000620 
GE000630 
GE000640 
GE000650 
GE000660 
GE000670 
GE000680 
GE000690 
GE000700 
GE0007l0 
GE000720 
GE000730 
GE000740 
GE000750 
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Table 2 

Miniirum Energy Trajectories For Some Initial Conditions As Table 1 

e e, 

.8            90° 

(xo-0, yo..8> 

0° 

90° 

180° 

1 

1 

1 

360° 

270° 

180° 

0.032 

0.053 

0.175 

270° 

274° 

270° 

0.150 

0.171 

0.275 

0.950 

0.920 

0.725 

31.42 

18.74 

5.71 

197.39 

88.31 

17.93 

.5657      45° 

-90° 

0° 

1 

1 

450° 

360° 

0.029 

0.069 

268° 

225° 

0.182 

0.271 

0.953 

0.837 

34.36 

14.47 

269.90 

r90.90 

r: im 

r .»V V 
r V  ."  Jf 

(xo=.U, yo..l») 90° 1 270° 0.132 225° 0.310 0.690 7.59 35.79 

180° 1 180c' 0.191 183° 0.009 0.409 5.24 16.46  A- 

-90° -1 -270° -0.089 -122° 0.050 0.630 -11.21 52.82 

.5657    135° 0° 1 360° 0.069 315° 0.380 0.946 14.47 '90.90 

(XQ=-.4,  yj.k) 90° 1 270° 0.089 328° 0.370 0.950 11.21 52.82 

180° 1 180° 0.191 357° 0.591 0.991 5.24 16.46 ."  ••  «- 

-90° 1 450° 0.067 315° 0.477 0.947 14.83 '116.46 
:.;.-.^ 

:&;& 
.821*6      14.04° 0° 1 360° 0.028 194° 0.094 0.919 35.82 '225.08 

(xo=.8, yo=.2) 90° 

180° 

1 

1 

270° 

180° 

0.050 

0.063 

191° 

185° 

0.088 

0.006 

0.853 

0.809 

20.05 

15.99 

94.49 

50.22 

•'.--'. y-' 

-90° -1 -270° -0.044 -162° 0.055 0.849 -22.95 108.14 
■-   ^    %   • » 

.8246    165.96° 0° 1 360° 0.028 346° 0.169 0.993 35.82 ! 225.08 

<x0.-.8,  y0-.2) 90° 1 270° 0.032 349° 0-145 0.994 31.17 146.90 
V '.• V "»* 

180° 1 180° 0.063 355° 0.191 0.994 15.99 50.22 

-90° 1 450° 0.026 347° 0.201 0.994 37.91 T297.78 
•.% - ■ > • 

.2             90° 45° 1 315° 0.148 304° 0.666 0.855 6.77 37.24 

(xo=0, y0=.2) 135° _ 1 -495° -0.077 -99° 0.314 0.650 -13.01 112.36 
i • . • . > . « 

-45° 

-135° 

-1 

1 

-315° 

495° 

-0.135 

0.107 

-68° 

193° 

0.055 

0.612 

0.313 

0.689 

-7.41 

9.37 

40.73 

80.91 
•\\-vv: 

'Trajectory with minimum energy is not unique. 
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VII. SUMMARY AND CONCLUDING REMARKS 

The problem of guiding a parachute to a target under the influence of 

a constant horizontal wind, and having it land against the wind, has been 

considered. Optimal guidance implies that a measure of the expenditure of 

control energy is minimized. 

Optimal control theory requires the solution of a nonlinear two point 

boundary value problem, which presents computational difficulties. However, 

the form of the optimal control in terms of a feedback control law with 

three unknown parameters is deduced. Nonlinear algebraic equations for 

these parameters which involve elliptic integrals can be written, but their 

solution must be broken up into different cases and is tedious. 

A method for computing the optimal control law parameters has been 

developed which consists of parameter optimization through minimization of 

the terminal error. This method requires the integration of a system of 

twelve ordinary differential equations at each iteration of the minimization 

procedure. Computationally, however, the convergence of the method is 

somet'mes slow. 

A non-optimal guidance scheme is also developed, in which a given geo- 

metrical path involving three unknown parameters is prescribed as a trajec- 

tory. The parameters are then computed by applying the terminal constraints. 

The computational requirements are simple and computing time is negligible. 

EJ 

.\i 

k *. - „ *. 
r • ■ - ■ , 

r\"VV 

.-VA 

Both parameter optimization and geometrical trajectory prescription 

require knowledge of the initial condition vector x . In physical terms, 

this involves the measurement of the horizontal position, velocity, and wind IE 
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vectors, as well as the altitude ar.d rate of descent, at the time t . Para- 
' o 

meter optimization results in a control law requiring continuous measurements 

of the position vector and trajectory direction, whereas the geometrical 

method yields a completely open-loop control law. In practice, though, the 

initial time t would be updated as new estimates of the wind become avail- 

able, and the open-loop control becomes, in effect, feedback control with 

the sequence of initial conditions serving as the current state. The major 

advantage of parameter optimization is, in general, lower control energies, 

whereas the advantage of the geometrical method is its computational 

simplicity. 

Stt 
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A 

a,b,c 

c 
E 

E 
0 
E(~,k) 

F 
~ 

F(~) 

F(~,k) 

fl,f2 
G(t;~) 

~ 
H 

H 
n 
H(~) 

h 

K(K) 

k 

M 

n 

r 

u 

v 
w 

Nomenclature 

amplitude of oscillatory motion of pendulum 

coefficients of quadratic equation 

negative of constant value of Hamiltonian 

control energy 

nondimensional quantity representing total energy of pendulum 

elliptic integral of the second kind 

resultant aerodynamic force on parachute 

terminal error function 

elliptic integral of the first kind 

constants in solution for a* 
matrix of partial derivatives of x with respect to ~ 

acceleration due to gravity 

Hamiltonian 

symmetric, positive definite matrix in variable metric method 

Hessian matrix of F(a) 

initial altitude of parachute 

complete elliptic integral of the first kind 

modulus of elliptic integral 

mass of parachute 

number of multiples of 2~ in terminal value of x3 
adjoint variables 

instantaneous radius of turn of parachute 

radius of curvature of circular arc 

coordinates of position of parachute in horizontal plane 

time at touchdown 

time, normalized time 

initial time 

switching times 

vertical velocity of parachute 

normalized control variable 

horizontal velocity of parachute (relative to air) 

wind vector 

state vector (x1 ,x2,x3) of dynamical system 
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a,B,y 

K 

>. 
n 

p,~ 

T 

C1 

normalized coordinates in horizontal plane 

nngle of horizontal velocity vector 

complex variable denotin~ x + jy 

vector (a
1

,a
2

,a
3

) 

optimal control parameters 

optimal control parameters 

normalized time 

anP-le of horizontal velocity vector 

angle of inclination of straight line 

modulus of elliptic inte~al 

scaling factor in variable metric method 

integration variable 

normalized polar coordinates in horizontal plane 

period of oscillatory motion of pendulum 

bank anP-le 

angle of pendulum 

net angle traversed for a given n 
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