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UNSTEADY. ONE-DIMENSIONAL FLOWS WITH HEAT ADDITION
OR ENTROPY GRADIENTS.
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Tnc present interest in aserodynamic propule

‘8slve devices such as the pulse jet and the ram jet has

stimulated recent research in the field of combustion,
70ne 1mportaﬁt;a3pect of thercgmbustion,prgblem which
4s considered heroin is the unsteady gas-dynamical ef-
focts associatod with the burning process..

ﬁ0n~linear differential equations of the
Riemann type are derived:fggrfhe solution -of problems

involving therpropogation-of:one-dimensional waves in
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flows in tubes of slowly varying cross section with

{heat-additioﬁror entropy variaetion. These equations

 can be solved graphically or numericaily with the method

N TR .“‘:1..‘17 l'_.""_._l". RN =
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of cheractoristics; the method is described in en ap- ﬁ

pendix, The transicnt flows arising vhen heat 1s add- ;

Fi ed to & socfion—(as in a combustion chamber) of an in- E
? itially isentropic flow in a tube have boen celculated. %
Er* The results of this calculation afford an insight into :
| | :
-
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the gas dynamic aspects of intermittent heet addition
in & flowing gas, as well as to tho apperently anomee

lous behavior at sonic velocity of steady pas flows with

heat addition. The cquations derived aro well suitod to

: the calculation: of the non-linear pulse jet cycle with
! heat addition, once a sultable mode) of combusitlon has
e — .

5% been selected,
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INTRODUCTION

The prosent interest in aorodynamic propule-

" sive devices such es the pulse jet and the ram jot has

stimileted recent rosearch in the fleld of combustion,

One important aspect of the combustion problem which is
considered herein is the unsteady gas dynamical effccts
agsociated Qith the burning process.

The propagetion of plane waves due to come
bustion was theoretically investigated by M@cDonaldl
{ and others wiih applicetion to the pulse jet cycle.

The Lagrengian form of ‘the équations of motion were

¥ 7 —Qsed; enal¥tic solutions werc obtained by lincarizing
through the use of the smell perturbetion method, A

disadvantego of the linearization, however, is that |
vaves of finite amplitude are essentlaelly non-linear,
and with linéarization phenomena Fuchas the distortion
of the wave form and the formation of shock wavecs are
;precludéq, -In tho present report, non-linecer differ-
g  entiel equations of the Riemenn type are dorived for
:# - the solution of problems involving the propagation of |
! : -ono=-dimensional waves in flows in tubes of slouly vary-
;ﬁ V 7 ' 7 ing crbss-sectional,areaﬁ*withrheat éddition'or entropy ;
; gradicnts., These equations can be solvod graphically

or numericelly vith the method -of characteristics; the

4
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method 1is described in an appendix. The transient

flows arising when heat is added to & scction (as in a

combustion chamber) of an initially iscntropic flow in
a tube have been calculated. The results of this cale

— s ——— ———— e

culation afford an insight into the gas dynamic aspects

- T —

of intermittent heat addition in & flowing gas as well
as to the mechanism of the rcedjustment of the steady
flow: in a ran-jet when the quentity of heat added to the
flow- 18 changed.

‘The most complete analysis of the pulse=jot

cycle up to the present time hLas bcen made by Schultze-
ﬁ . Grunj:w.2 }is anelysis, however, docs not, consider tho

effect of heat inﬁut, the;comhuétion process being sime

-

ulated mercly by an iscntropic preossure rise taking plece

BT Wi e e (e < gt g Yy B R PRI R A T, e ar  are Semer arw  w w W N

in the combustion chambor, with all the resulting wave
propagetion processcs considered also as isentropic.
Although thosc simplifying assumptions leed to a quiclk
method of celculating the cffcet of various parameters
~on the pulse jet cycle, thc method obviously cannot give
any insight into the effects of hoat eddition on the cycle

AR Y Ewrew ey ey, -,

norfgan velues ofrthrﬁst,be calculated. The equations

derivod horoin make 1t possible to calculate tho non-

Y 4 Aast S SN Had SR IS SN

1;pear pulsc jet cycle with a full consideration of
host addition, and 1t should be possible to obtain

o« e a)

values of thrust from such calculations, ;

LR s AN



Ve

9 SYHDOLS
o Veloelty of sound, feet per—sgcond.
A Cross scetlon area of tube, squarc foct.
Cp Specific heat.-at constant pressuro,
Btu/alug/ch
Q§ Specifie hoat}at constent volume,
Btu/slug/qF. .
L Ilength of hcating chamber, feet,
Statlc pressure, pounds per square fcot.
R Riemann verisble, P = u + Yf = &, feot por
s : - sccond,
. Q -Riemann variable, Q@ =u = Y—é;1[ a , feet per
sccond,
Q¥ Quantity of ncat added per unit mass, Biu/slug.
R Gas constent, Btu/slug/on. .
s Entropy Btu/slug/ops
t Pine,; seconds,
T ‘Absolutc tomperature, T
u Particle volocity, fget.per second.,
b < Distance along tubc, foet.
RS Ratio of specific heats, CE/OV,.
P Hess donsity -of fluld, slugs/ft3.
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i . DERIVATION OF Q?‘IARACTERISTIC EQUATIOHS
Ei g
i The characteristic cquations for the prope-
& getion of waves in flows with hcet addition or entropy
variations will now be dcerived., The flows will be es-
sumed to tako place in tubes of slowly verying crosse
sqgtion.and;will therefore be assumcd one~dimensional,
It—wiil furthcr be assumed that the gas constant, R ,
and- the specific‘heats Cp and CV are constants,
The cquations of motion are!
nggmicalrggpation
- . -:%,c-+u ?“-l-% -%%ao ’ (1)
K ,7, kCén;innity'ggpation
-%% + %.3;%‘%1-"“_)- = 0 (2)

Energy cquation

agr _ p as aT _p d {3)
at Tsw= vat xf%??ﬁ%

- Bouatlon -of statc

"p = pRT (4)

i e ey - a e are e g
TWPTY, TR o, NI ST s D

> From cquations 3 end 4 the relation between the pres-
? urc :and density cen be found to be
: Y S/Cy

p = constant x p ¢ (5)
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and by -defining*

&= ‘\E . .
P

equations 1 end 2 cen be transforned to

du ou 2 ., Qs 25 {14
m.—u -—-;E’Pma axma:. (1)

u 2z + 8 2u u
1 ox x

a & d4a
T GRE & (2e)

o 2, 28, _2
L . ¥-1 ot ¥-

7 vhere
, : as as
- . ce—— $3- ——— + u - \
ot *

. &' is tho rate of chenge of cntropy following & f'luid

verticlc.. Addition and subtrection of the above cqua-

tions wi‘ves: 1’-3
_a.(u + 2a )-'.(u +a)-§(u+7—1-a) ?

E

2 ,.

s e 245, ua E=0 (0) L
(-1, 'W Y-10 Ef -2 ’ i

The -above: oqua’tions— erc cssentially wave equatlons end

 indicate thet dlsturbances orc propoge ted -dovnstrean

= *Tho auantlty " e." is equal to the valuo of the
- veloeity of sound if the compression and -exponsion
'processo.. occurmnz, in the sound vwvave are: lsentropic.
If the peossege -of the sound weve in ltself causes heot
 addition, so thet the comprecsicns and cxpansions of

~ the-sound wave erc noneadlebatie, then g ! is not
sac ul}]‘ the volocit,r of sound,
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¢nd upstroem at the velocity "e' roletive to the
stroam velocity (thoe woper and lower signs denotc downe
streen end upstream wave motions respectivoly).

It will be noted that for isentropic waves
in constant cross-scction tubes, the esguations recducc
to thet of Riémanq;u’s becausc of heet eddition and
arce change therefore, a single progressive wave will

be continually troansmitted and rcflected as it passcs

"t r‘:’:i;’rs 'y,
L)

down the tube, end of course its reflections will in
| turn be transmitted end refloctod, For steedy flov,
tho oquatio_u can be roduccd to thosc of Cnambro and:
. 1.0 ’ ’
N 7 ) Since in most ceses enalytic solution of
oqugtioﬁ,é is extremely dirficult, the numericel or
3 o | grapnical caleulation procedurcs of the well known
: charactoristic method mst be used, Such calculations

ere cnrrlcd out on tno time-dlgtance or T - x planc,

Thé equétions of the charecteristic Yines arc

( ) = u+4a

)?’é=u~& o

If the varlebles P and Q aorc introduccd

(Ricwonn and others used tho symbols "r" and "s" )

"""' ’v'._' e ‘ = ™ . te R y L A R i R e S A L s - - - A - -
x’*‘v‘« ‘ “r ITe .‘\ \ RV y “.1_ ~\~ '”.“.1_‘ ".q'.f .-‘ ...-.,.-' RS R AVt -. T, P T R
s o l 5 o Iy P e i e o A A e e e
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such thot-e
PE u+ T.%-‘- a
= U~ 2 a
’ ¥ -1

- then the total change of these variebles with time as

oné oroceeds elong charecteristic lines is

-ani from cquation ;5(6)

' 5?, &2 ds .Y & a5 ua dr
WA, FETTTI @ r ()
§o ___a® 23 Sopl S, e g ()
T T T e, oxCYTIT TR X

Thug i"or a ‘,_von tubc the charactoriotlc nct-
work mey bo constructud $0 Yong os the entropy varictions
' _ore known. 4 mothod thet may be used in constructing tho
*'*tvork iv doseribed in the eppondix. The method of cher-
nctcristics is also described in the Shock Wave Ivbanu:sa;!.7

:anc}: by Sgucr,ris'

s 8

Ly ~:mdicato., tho total der-vamvo along ¢

c:y r;.cter L Jtic line,
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The equations derived in the preceding section
have many interesting epplicetions in the field of gas dy=
nemics. Some possible applicetions incldude the calculation

of the ‘pulse~jet cycle, once & suiteble model of combus=

= -GE0 hEs: ‘veen assumed, end Studlés of the stabllity of

7 the flowv pattern in the ram=jet. A study of the stabl-

lit;y of the rame=jet opcratim might include the gas-dynae

micel effect of & wave distupbénce upon the initiel

steady flow combustion pa’twi;n, or the effect of dis-

- turbénces gencrated by rou[,h burning* ( simulated by

" small veristions of tho quant;.ty of hoat input) on tho

" motion of the diffuscr shock wave in a supersonic ram-
et | -

: L& problem that is: treated 1m this: report l1s

‘the effect of eddition of heet to an initislly isen-

- tropic flov in & tube. The pfocosscs odcurring in such

"’e}configuz"aiti;gp— are similar to those that occur during

ji::!.ﬁi;‘errn.’r.1'.!;en‘c :é,oz;Jbustion in & flowing gas, &s ucll as be-
ing similar to tho_se that occur during stecedy flow cotie.
:rbustion wvhen j1;11(3; quantlit;: of heat sddition is suddenly

" -chenged,




~ The -entropy mg'iy be deternined in the following menners?

- The -entropy et any point is Xound by performing the

6o
The Addition of Ivat to An Inltially Isentropic Flov.

-

Of interost is the transient phenomens ogcur-
ring vhen heat is suddeilly added to an initlally iscn-
tropic flov in a constent arce tube of infinitec length.
Consider 2 tubs in which the flov initially 1s 2t a
Mach number of 0,00, Heet vill be assumed to be added
betwoen stations A and B , at a rate such that

5_1_@*
dt _ as TR
...T =" constant = X

within thc hcating chawber, The value of %—% vas

chosen &s a qohsﬁanﬁ to simplify the calculetions,
The- transienté: can nov be calculated with the

charecteristic method utilizing cquations (7e) and (70)-.

a plot of the actual particle ,paths:: cen be constructod
glong with tho cheracteristlic celculation on an x - t
plono (the equation of & porticle path lines is dx/dt = u).

- following intogretion along the perticle peth .

—F—

7 F 40
S - sl = j ) a.‘s d’t
&

Once the entropy dlstribution is known, valucs of

08/ Dt ond IS/ Ox et a given point can be estl-
mated.
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A greatv simplificetion in the present eale
culavion can be mede by the follouing obscrvations., If

the characteristic x -« t plane is divided uwp into rc-

' gions bounded by the lines x =A and x =B (the cn-
EE trence ond cxit of the hoot chamber) and the particle
' peth~11no§ of the particles vhich arc initially et
x=A end x =B at the time & = 0 (sec Figurc 1),
then for theo prescribed heat addition %%?/T- X it

can be ascertaincd that the entropy variations In the

verious regions arc approximatcly

(8)

.- .
..............
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The ehove Cormulee were obteined by
assuming that all the pdrticlc pats lines in the
% = % planc deviete only slightly from straight
11ne§ gll vper2llel to cach othor. As en cxemple,
consider: the reglon numbered II. Since the heat is
first added 2t t = 0 , et any siven constont veluc
of v within rcgion II, cach perticle has increascd
its cntropy by the scme amount under the assumptions

Ds,o.

" 3 lry ) a e 3
made, Thus clearly =% Then since

ds . 08 PE
at au ox

it followe thuat

—s }
ot

wimll r rcosoning applicd to the other reg 1ons

will gilve the romeining cquetions,

-

These: épproximations to thc cntropy veric-

tIions were uscd in cclculation of the trensicnt {You.

Use of the ecpproximation may also be regarded os equi-

‘valent to slishitly verying the eddition of heat dure

ing the trensicnt phose so that the cxpressions (8)
ave sutisficd.

The characteristiec x - t plane for this
ccleculation is shoun in Figurc 2 the mein rusults

are 1llustrated in Pigure 3, in vhich distributions

e .
-x.
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These grephs indicate thet with the additlon of heet
compression waves arc prosegeted both upstrecm &and
downstroem of thue hcat chember. It mey be obscrved
thet the upstrcen moving comprossion wave is ropldly
steepcening inte a shoek wave. For the infinite tube
the flou would clwors be unstetdy beczuse of the un-
stroem ond douwnstreem moving vaves, The trensition
to a stcady flovw in ¢ tube of finite length will be
discussed Il a later pargpravh.

The caleulation carried oub.affords an
insight into tho processes occurring during intore
mittent combustion In en Initicl steady [low. It
is evidonﬁ/that in combustion of this %ype the pressure
is relsed in the combustion chamber, this pressurc, ine-
ereuase causing the propagetion in both dircetions of
compression waves., Th>;magnitudc»of tho pressurc risc
in the combustion chawber ig proportionsl to tho rapid-
ity of cqmbustion; i.ce the rate of releasc of cnergy
0 Thus, for largc velues of &* the thermodynamic
combustioﬁ—process epproaches the constant-voluine

Proce sy €p== constant) obicined in tho,otto-cyclgg

.......
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vherces for smell values of Q%  the burning process

A

epproachics the so-called constant pressuro proccess

-i Y )
W N )

AR

obteincd with stebdy-rlow conbustion as in the rane-

.
-

(L,

Jjet end turboejet.

«,"..‘q’-‘kv-n'

PrAA)

The Transition to thc Steady Flow State.

,‘
Verel
L)

st

LX)

As pointed out carlicr in this peper, no
stoody stete flow will ever oceur in an infinitely
long tube whien heat is being added to &n initiclly
_dsentrople flow. Consider now thet the tube is of
fiﬁite longth, such as a ram=jet moving ot & £light
licch number of M= 0,8, (Soc Figure 4). wWnhen the

hect 1s added to the flow, the compression weves which

tre propagated upstrcem and dounstrcam will be reflecte
od: at the entry énd exxit of the tube cnd will con-
tinuelly reflect end refrect until e neow steedy flow
1s esteblished, The new steady {Ylow vill depend only
;;on the ram stagnation pressurc, the -quantity of hoet
udded by the burncr an& the exit pressure, (asSuming,
Trictionless flow) and ecan casily be calculated by
‘the eguetions prescented by Chambré'and Lin6 or Higks19
Since the cxit pressure is atmosphoric, and since the
“steedy addition -of heet couses & pressure drop across

the burner, it is cvident chat the prossurc upstrcom

-----
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a0 . of the burner is higher than thet occurring in the i

‘ »

completely adiabatic flow. ‘Thus, the velocity ahoad
of the burner, and therefore, the mass flow through

tho system 1s reduceds Also 1t may be obscerved that,

LoE. J TR RY)

sincc the stagnetlon prossure of‘the £louv is rcduccd

in »negsing through the combustlon -chemover, the exit %

o - Mach number is less then that of the complotely cdie E
ebatie flow. A plot of flow peremcters for stcady %

state flows wlth several valuss of the quentity of g

heat added Is prescnted in Figure 4, It 1s evident g

that incroesing the quantity of hoat added will -causc %

. & roadjustment -of the flow with a further redgction E
of mass flow through the systen. ’ S

‘ Consider now & ramejet propclled at supcre E
sonic specd with a supersonic difﬁﬁser at the inlet g

(Figure 5)., In this configuration the mass flow 1s E

fixod onéo supérsonic flow is established in the inlct E

of the diffuser, cnd & normel shock vave will be prc- é

sent in the diverging portion of the diffuser,  If §

the quantity of hoat edded is inercased, ¢ ney stoady g

flow will be csteblished with the shock movod to a :

more forward position.. E

- The reason for this can caslly be scen by 5

considering the diverging pert of the diffuser es f

analogoﬁs*to the divorging pert of e Leval noézle. §
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Since the mass flow through the system is fixed, as

long e3 sonlc velocity exists et the throat of the

exhaust nozzlec, it follows that the Mach number ot

the burnor cxit must remein constunt. Thus, increosing
the .quantity of hcet added will rcducc the dach number
My et the ontry of the burncr. Sinee the flow is
adicbatic upstream of the burner, thc mass flow per
unit arce depends only on the stegnetion density bo-
hind tho shock, tﬁo stagnetion tempcrature which is
constant, and the Mach number at the burner entry,
1,00 =:p§JTS ﬁ(ﬁﬁ). Therefore, & rcduction in
My 7ﬁust be accompenicd by an increase in Pe. behind
thé;shock,,qnd the shock vave,isrwcakcrrand:occugs

farther upstreon. Additional increese in tho quentity

of heat edded vill finelly move the shock to -a morc

forward position until eventuelly it will rcach the

cbnvcrgingjportion of thc diffuscr vhere it is un-
stable? and 1t will move out in front of the ramejot
tubé as e detached shock, Tow tho 1nﬁornal fiov ls
subsonic and the effect of further addition of heat.
w1ll be tho seme as that of the subsonic jet.

‘The conclusions of the present study also
give an 1ngight into the apparently onomaelous be-
havior at sonlc vclocity of & stecady gas {low in a
straight tubc with ¢ stcady rate of hcat eddition.

=T AT e
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13.

From the equctions of motlon for steady flow it is
concluded that thc gas cannot absorb heat at sonic
voclocitys Chambrd and Lj.n6 concludc that a "sharp
front" will rcsult il hecat is -added to the gas at

or beyond the point at which sonic velocity is atteine
cd. From thc prcscent study it appcars that vhen a
-quantity of heat, greater than the "eritical" amount
that would bring the gas to sonlc velocity, is added,
corpression waves travélli'ng in voth dircctions are gen-
ereated inltially end & nev équilibrium— flov is establiche
ed,
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APPENDIX

o

3 A Grophieal Celculetlon Proccdure
3

The method of characteristics is a graphicel
or numerical proccdure for intograting pertial diffore
entielrequaﬁiOgs of thc hyperbolic type. It 1s assuned
here thet ell quantitios ineluding u, &, ond S are
¥nown et tho points 1 and 2 in the x = t planc and the

velues -of these quentities arc to bo found et a third

voint designated 3. The rate of heat releese 1s also

assumed known throughout the x « 4 plane, or

To calculatc the point 3, thc cheractoristic difforen-

- £18% equations (7a) end (7b) arc written as differcnce

cquations and erc solved by substitution in them of mean

velues of the quantities botwcon 1 and 3 and 2 and 3,

’ which ore referrod to s the quentities at I and II
respoctively., Inasmuch:as th01quantitios at 3 crc un=~
knoun as yet, the computation is of necessity an ltora-
tive procedurc, tho figst approximetion of which is as
follovsy (scc Figurce 5)

1. The characteristic lines are drawn
through points 1 and 2 at angles
Gy = cot‘liul +'aI)
Op = cot’1(a2 - u2§
»
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The interscetion of thesc segments
will be considered the first eppro-
ximetion tbfthc'po;nt>3;

Tho v51u6553f:?§%—'&ndl 22 ero to be

, o¥
found &t the points I and II which bi=-
scet the cheractoristic segments 13

‘The valuc of

g? mey be found fromzr -
*
a* (Y - aQ
as__m-:f( l)cpdt
T T

Sinco thc*#aluc of a' at I and IT is

not yot known, the valuos at 1 end 2 nmay

bG used. ~ " e ;77* - ] fjjtr i

%%g may be ost*mated from

the definition of & partial dergyetivo,

The veluc of

vhich for the point I 1B

S(x, + b)) - S(x
Yim T "'2"1 I '“’z'

e e AT ST AN AT T AT A

'5"’ b

bx=»0 -

Inestimating.%gg ifinite v&luasgof Ax

Tho vaiuos qf;pﬁ, uged in
the formule. arc deporﬁined by:intograting
along suitable partiélé peth liﬂes usingr

thc equation.
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Equaglons (7e) and (7b) ere utilized to

detormine PB end Q. , They may be

A3
uvritten as follows;
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{} . ,T>"‘Siﬁéc~'ﬁ3f*and &y aro unknouwn s yct, in :
S ';iif'r“’zi the first approximation the velucs of u 3
{ and & &at I and 2 ape gubstituted for i
f:, :;;; o ] thoir values at T and II ;eapeéﬁivclya g
%l~‘>> : g Values of u§ and a3 arc then found ?
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5§ The second approximation consists of constructe-

I ing nev characteristic segments using mcan values
of u and @ between 1 and 3 and 2 and 3, find-

‘ ing & better approximation to ‘the, entropy deriva-
tives, and recalculating P37 and Q3 using the
moan values.-of u and a along the scpguents as
well as the more accufatc t;mc change, The
method usually converges very rapidly and for most

' applicétioﬁS'tho first'approiimatibn is suificiente
’ 1y accurato.,
s
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