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UNSTEADY. ONE-DIMENSIONAL PLOWS WITH HEAT ADDITION 

OR ENTROPY -GRADIENTS. 

By 

A.. Kahdhe and Lester Lees 

SUMMARY 

Tho present interest in aerodynamic propul- 

sive devices such as the pulse jet and the ram jet has 

stimulated recent research in the field of combustion. 

One important aspect of the combustion problem which 

is considered heroin is the unsteady ga3-dyhamical ef- 

fects associated with the burning process. 

Non-linear differential equations of the 

Riemann type are derived for the solution of problems 

involving the prorogation of one-dimensional waves in 

flows in tubes of slowly varying cross section with 

heat addition or entropy variation. These equations 

can bo solved graphically or numerically with the method 

of characteristics5 the method is described in an ap- 

pendix. The transient flows arising when heat is add- 

ed to a section (as in a combustion chamber) of an in- 

itially isentropic flow in a tube have been calculated. 

The results of thi» calculation afford an insight into 

£•*..•>. • . »-• •- -•• '• •'-•> --..-- . . . \ ... ^—__•_•—s^_, •>—3—i • . -.. . 
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the gas dynamic aspects of Intermittent heat addition 

in a flowing gas, as veil as to the apparently anoma- 

lous behavior at sonic velocity of steady gas flaws with 

heat addition. The equations derived aro voll suitod to 

the calculation of the non-linear pulse jet cyclo with 

heat addition, once a suitable aiodel of combustion has 

been selected. 

.•>*•;• «-- .—. 
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iii. 

INTRODUCTION 

Hie present interest in aerodynamic propul- 

sive devices such as the pulse jot and the ram jot has 

stimulated recent research in the field of combustion. 

Gno important aspect of the combustion problem which is 

considered herein is the unsteady gas dynamical effects 

associated with the burning process. 

The propagation of plane \mves due to com- 

bustionwas theoretically investigated by MacDonald1 

{ 

and others with application to the pulse jet cycle. 

The Lagrangian form of the equations of motion were 

used; analytic solutions wero obtained by linoarizing 

through the use of the small perturbation method.  A 

disadvantage of the linearization, however, is that 

waves of finite amplitude are essentially non-linear, 

and with linearization phenomena such as the dißtojptiön 

of the wave form and the formation of shock waves are 

precluded,.  /In the present report, non-linear differ- 

ential equations of the Rieraann type are dorivod for 

the solution of problems involving the propagation of 

ono-dimensional waves in flows in tubes of slowly vary- 

ing cross-sectional areal with heat addition or entropy 

gradients.  These equations can be solvod graphically 

or numerically with the method of characteristics; the 
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method is described in an appendix. The transient 

flows arising when heat is added to a section (as in a 

combustion chamber) of an initially isontropic flow in 

a tube have boon calculated. The results of this cal- 

culation afford an insight into the gas dynamic aspects 

of intermittent heat addition in a flowing gas as well 

as to the mechanism of the readjustment of the steady 

flow in a ram-jet when the quantity of heat added to the 

flow is changed. 

The most complete analysis of the pulse-jet 

cycle up to the present time has been made by Schultz- 

Grunpv.   His analysis, however, does not. consider tho 

effect of heat input, the combustion process being sim- 

ulated merely by an isontropic pressure rise talcing placo 

in the combustion chamber;, with all the resulting wave 

propagation processes considered also as isentropic. 

Although those simplifying assumptions lead to a quick 

method of calculating the effect of various parameters 

on the pulse jet cycle, the method obviously cannot give 

any insight into the effects of heat addition on the cycle 

nor can values of thrust be calculated. The equations 

derived horoin make it possible to calculate the non- 

linear pulse jet cycle with a full consideration of 

hoa^t addition, and it should be possible to obtain 

values of thrust from such calculations. 

u 

I 
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SYMBOLS 

a     Velocity of sound, feet per second. 

A     dross section area of tube, square foot. 

C     Specific heat at constant pressuro, 

Btu/slug/op, 

Qv    Specific hoat at constant volume, 

Btu/slug/op. 

L     Lenßth of hoatins chamber, feet» 

p     Static pressure,^ pounds per square foot. 
p 

P    Rlemanh variable, P « u + v   a , feet per 

second. 

Q     Riemann variable, Q = u - v • T a , feet per 

socond, 

Q* Quantity of heat added per unit mass, Btu/slu£. 

R Gas constant* Btu/slug/op. 

S Entropy Btu/slug/op. 

t Time* seconds. 

T Absoluto tomperature, ,*!*• 

u Particle velocity, feet per second. 

x Distance along tube, foot. 

Y Ratio of specific heats, Gy^y • 
f> Mass density of fluid, slugs/ft?. 
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1. 

DBRIVATIOH OP CHARACTERISTIC EQUATIONS 

The characteristic equations for the propa- 

gation of waves in flows with heat addition or entropy 

variations will now he derived. The flows will he as- 

sumed to tako place in tubes of slowly varying cross- 

section and will therefore be assumed one-dimensional. 

It will further be assumed that the gas constant, R , 

and the specific heats C  and Cv are constants. 

The equations of motion are; 

Dynamical equation 

-$ • *^$ • £ 3i **       «* 
Cdn.tinuity equation 

Energy equation 

-S3* - T 45 = cv2£ - Z*M -Ö)- 
dt    at   V dt  "2 dt 

Equation of state 

;p » pRT (4) 

Prom equations 2 and 4 the relation between the pres- 

urc and density can be found to be 

Y  S/Cv 
p « constant x p  e (5) 

-""•'• -••>'»• -—r .>'.,....,-i.a-., —v-.v.,>.1t-.y.J.; ,^„ 
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2. 

and by defining* 

equations 1 and 2 can bo transformed to 

a 
P 

Ju,.u x)u  ...  2  „  ^a , a2,  3s ... ^ /..„* 

Y - 1 dt       Y - 1   3x    d~"* 

where 
dS  3s    -^s 
dt   dt    ^c 

is the rate of change of entropy foil wing a fluid 

particle,.  Addition and subtraction of the above equa- 

tions givesI 

a2    3s 7 Y   adS . ua dA  n //-\ 

The above= equations aro essentially wave equations and 

indicate that disturbances are propoßated downstream 

*3fcp quantity " a" is equal to the value of the 
velocity of sound if the compression and expansion 
processes occurring in the sound wave are; lsentrouic. 
If ifche passage of the sound wave in itself causes heat 
addition, so that the compressions and expansions of 
thei sound? wave= arc non-adiabatic, then "a" is not 
exactly, the velocity of sound. 3 
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P. 

and upstroara at tho velocity »nit relative to the 

stream velocity (tho upper and lower signs denote down- 

stream end upstream wave motions respectively). 

It will be noted that for isentroplc uavos 

in constant cross-section tubes, tho eouations reduce 

to that of Riemannj    because of heat addition and 

area change therefore, a single progressive wave will 

be continually transmitted and reflected as it passes 

down the tube, and of course its reflections will in 

turn be transmitted and reflected. For steady flow, 

the equations can bo reduced to those of Char,ibro arwi 

Lin. 

Since in most cases analytic solution of 

equation 6 is extremely difficult, the numerical or 

graphical calculation procedures; of the well known 

characteristic method must be used. Such calculations 

ere carried out on the time-distance or t - x plane. 

The equations of the characteristic lines are 

w 

<&>* 

u + a 

u - a 

If the variables P and Q are introduced 

(Ricraann and others used the symbols "r" and "s" ) 

^.'t« «."»"«.'«-.^'."»'.v, ?. •",  •"« * . 
• Jf'Jll -~-   <•.-*-•. '• ••'- 
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such that*** 

P 5 ü + 

0 - u- - 

T"=T a 

Y - 1 

then the; total change of these variables with time as 

one proceeds alone characteristic lines is 

41 _?  .     c>P /dx* 
" "ft + -^ (**)- x Wi 

dt        dt      2x vdt 2 

and fron? equation (6) 

S? ,,       a2 £s _,_   Y a   dS ua    dA 
A     Sx 

£Q;        -     aS dS       Y       a    dS  . ua dA 
W ~ (,Y -l)Cp     "Jx " Y~=T c    dt     A"33f 

(7b) 

Thus for a given tube the characteristic not- 

\iov\i may "bo constructed so long as the entropy variations 

are '-knows..   A roothod that may be used in constructing the 

network is described1 in the appendix.    The rnethqd of char- 

acteristics is also described in the Shock "Wave Manual' 

=and-by Sauor> 

«•^•»•«^^•••••»»»•••••||<iM«»»Jl"    II   ll__l  I • • •" II II • I» HI! •!»•• M_   I    II •• • I 

*    s 
m-     indicates the total derivative along a 

characteristic line. 



Uiiö »J^^VIMWA^*^^^ •? 

5. 

APPLICATIONS 

The equations derived in the preceding section 

have many interesting applications in the field of gas dy- 

namics. Some possible applications include the calculation 

of the pKLse-jet cycle., once a suitable model of combus- 

tionhas-been assumed, and studies of the stability of 

the flow pattern in the ram-jet.  A study of the stabi- 

lity of the ram-jet opcratirai.might include the gas-dyna- 

mical effect of a wave disturbance upon the initial 

steady flow combustion pattern, or the effect of dis- 

turbances generated by »rough burning* (simulated by 

small variations of the quantity of hoat input) on tho 

motion of the diffuser shock wave in a supersonic ram- 

jet. 

A problem that is? treated in this report is 

tho effect of addition of heat to an initially lsen- 

tropic flow in. a tube« The processes occurring in such 

a configuration are similar to those that occur during 

intermittent combustion in a flowing gas, as weil as be- 

ing similar to those that occur during steady flow com- 

bustion when the quantity of heat addition is suddenly 

changed. 

/ 

a." .__  
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6. 

The Addition of iloat to An Initially Isentropic Flow. 

Of interest is the transient phenomena occur- 

ring when heat is suddenly added to an initially isen- 

tropic flow in a constant area tube of infinite length. 

Consider a  tube in which the flow initially is at a 

Ilach number of O.uO. Heat will be assumed to be added 

between stations A and B , at a rate such that 

dQ* 
dt 
T 

- S| - constant « IC 
dt 

dS within the heating chamber.  The value of -=£  was 
dt 

chosen as a constant to simplify the calculations. 

The transients: can now be calculated with the 

characteristic method utilizing equations (7a): and (7b). 

The entropy may bo determined in the following manner? 

a plot of the actual particle paths can be constructed 

along with the characteristic calculation on an x - t 

piano (the equation of a particle path lines is dx/dt •- u). 

The entropy at any point is found by performing the 

following, integration along the particle path 

t 

S - S, 
r    dQ* 

Once the entropy distribution is known, values of 

Bs/ 7)t   and  2s/ c)x at a given point pan be esti- 

mated. 

_.\ ... «."»•,..-• * 
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r. 
A great simplification in the present cal- 

culation can "bo made by tho following observations. If 

the characteristic x - t plane is divided up into re- 

gions bounded by the lines x = A and x » B (the en- 

trance and exit of the heat chamber) and tho particle 

path linos of the particles which are initially at 

x « A and x = B at the time t = 0 (sec Figure l), 
dO* / 

tb.cn for tho prescribed heat addition —* /Q? » IC it 
dt 

can be ascertained that the entropy variations in the 

various regions are approximately 

II 
K 

= 0 

= 0 
(3) 

I* 

d-S 

as 
= 0 

K 
u 

I 
T. 5.» * * « . 

',-y- - 1 .. • .. * „ v.u. t. - «^ *_.. »- 



f7SSE3SES2SE!£*SSSSS^«1&^^ 
r- röi-rr.V/—,T,-r3 -~'~i •'. > .'••': •"".•.• '•*"! -"."-'. -" 

0. 

The- above formulae were obtained by 

assuming that all the particle path lines in the 

x - t piano deviate only slightly from straight 
s 

lines all parallel to each other. As an example, 

consider the region numbered II. Since the heat is 

first added at t » 0 , at any given constant value 

of t within region II, each particle has increased 

its entropy by the same amount under the assumptions 

7)  S 
wade. Thus clearly  r ?,  •» 0 . Then since 

dS  x) S .  „ "d S ,, 
dt   eft     £x 

i;t follows that 

A similar reasoning applied to the other regions 

will give the remaining equations. 

These approximations to the entropy varia- 

tions wore- used in calculation of the transient flow. 

Use of the approximation may also be regarded as egui« 

"valont to slightly varying the addition of heat dur- 

ing the- transient phase so that the expressions (8) 

are satisfied. 

The characteristic x - t plane for this 

calculation is shown in Figure 2j the main results 

are illustrated in Figure 5, in which distributions 

i^a5^&S^^ 
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9. 

of —  and —  are slotted against ^ for sover- 
a0     a0 

to     L 
al values of the time parameter 

%** ^ 

These graphs indicate that with tho addition of hoat 

compression wave3 arc propegatod both upstream and 

downstream of tho heat chamber. It may be obsorved: 

that tho upstream moving compression wave is rapidly 

steepening into a shock wave. For the infinite tube 

the "flow would always be unsteady because of the up- 

stream anddownstream moving waves. The transition 

to a steady flow in a tube of finite length will be 

discussed: in a later paragraph. 

The calculation carried out.affords an 

insight into 'the processes- occurring during inter- 

mittent combustion In an initial steady flow.   It 

is evident -that in combustion of this type tho pressure 

is raised in the combustion chamber, this pressure in- 

crease causing the propagation in both- directions of 

compression waves.. The magnitude of the pressure rise 

An the combustion chamber is proportional to tho rapid- 

ity of combustion; i.e. the rate of release of energy 

0*  . Thus,,.- for largo values of &* the thermodynamic 

combustion process approaches the constant-volume 

process £p--« constant) obtained in the,Otto-cycle• 
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10. 

whereas for »mall values of Q* the burning process 

approaches the so-called constant pressure process 

obtained with stoady-flow combustion as in the raw- 

jet and turbo-jot. 

The Transition to the Steady Flow State. 

As pointed out earlier in this paper, no 

steady state flow -will ever occur in an infinitely 

long tube when heat is being added to an initially 

fisentroplc flow.^ Consider now that the tube is of 

finite length, such as a ram-jet moving at a flight 

Mach number of M * 0.8.  (Soe Figure 4), When the 

heat is added to the flow, the compression waves which 

are propagated upstream and downstream will be reflect- 

ed at the entry and exit of the tube and will con- 

tinually reflect and refract until a new steady flow 

is established. The now steady flow will depend only 

on the ram stagnation pressure, the quantity of heat 

added by the burner and the exit pressure, (assuming 

frictionlcss flow): and can easily be calculated by 

the equations presented by Chambre and Lin or Hicks-. - 

Since »the exit pressure is atmosphoric, and since the 

steady addition of heat causes a pressure drop across 

the burner, it is evident that the pressure upstream 

1 m   *  » •   -   * I . • . > . • , «V, ' . - . *« • -^-- . . »"• .> -1'-" : : --* <.*-.* - *" '-'•': 
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of tho burner is higher than that occurring in the 

completely adiabatic .flow. Thus, tho velocity ahead 

of the burner, and therefore, the mass flow through 

tho system is reduced. Also it may be observed that, 

since the stagnation pressure of the flow is reducod 

in passing through the combustion chamber, the exit 

Mach number is loss than that of the completely adi- 

abatic flow. A plot of flow parameters for steady 

state flows with several values of the quantity of 

heat added is presented in Figure lh    It is evident 

that increasing the quantity of heat added will cause 

a readjustment of the -flow with a further reduction 

of mass flow through the system. 

Consider now a ram-jet propelled at super- 

sonic speed with a supersonic diffuser at tho inlet 

(Figure 5). In: this configuration the mass flow is 

fixed once supersonic flow is established in the inlet 

of the diffuser, and a normal shock wave will be pre- 

sent in the diverging, portion of the diffuser.   If 

the quantity of heat added is increased, a new stoady 

flow will be established with the shock moved to a 

more forward position. 

The reason^ for this can easily be seen by 

considering the diverging part of the diffuser as 

analogous to the diverging part of a Laval nozzle. 
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Since tüio mass flow through the system is fixed, as 

long as sonic velocity exists at the throat of the 

exhaust nozzle, it follows that the Mach number at 

the burner exit must remain constant. Thus, increasing 

the quantity of heat added will reduce the Mach number 

Mß at the ontry of the burner. Since the flow is 

adiabatic upstream of the burner, the mass flow per 

unit area depends only on the stagnation density be- 

hind the shock, tho stagnation temperature which is 

constant, and the Mach number at the burner entry, 

i.e. m » pV^o f(nA)«    Therefore, a reduction in 

MA must be accompanied by an increase in p_ behind 
•"• s 

the shock, and the shock wave is weaker and occurs 

farther upstream.   Additional increase in tho quantity 

of heat added will finally move the shock to a more 

forward position until eventually it will reach tho 

convorging portion of the diffuser where it is un- 

stable-7 and it will move out in front of the ram-jet 

tube as a detached shock. Now- the internal flow is 

subsonic and the effect of further addition of heat. 

will bo the same as that of the subsonic jet. 

The conclusions of the present study also 

give an insight into the apparently anomalous be- 

havior at sonic velocity of a steady G^S flow in a 

straight tube with a steady rate of heat addition. 

!>". •% **4 *".***»*< *"-•*. "%*"- '\  *V'\'% ***-/. * . '*. •*=* •". *\ *\ *\ ""- "\ *' - **. *\ -*. ", -'. - 
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Prom the equations of motion for steady flow it is 

concluded that the gas cannot absorb hoat at sonic 

volocity; Chcmbrc'and Lin° conclude that a "sharp 

front" -will result if heat is added to the gas at 

or beyond the point at which sonic volocity is attain- 

ed. Prom the present study it appears that vhon a 

quantity of heat, greater than the "critical" amount 

that would bring the gas to sonic velocity, is added, 

compression waves travelling in both directions are gen- 

erated initially and a new equilibrium flow is establish- 

ed. 



APPENDIX 

A Graphical Calculation Procoduro 

ITic method of characteristics is a graphical 

or numerical procoduro for integrating partial differ- 

ential equations of tho hyporbolic type. It is assumed 

hero that all quantities including u, a, and S are 

known at tho points 1 and 2 in the x - t plane and tho 

valuos of those quantities are to bo found at a third 

point designated j5» The rate of heat release is also 

assumed known throughout the x - t plane, or 

Q* * Q*  (x,t) 

To calculate the point 3,  tho characteristic difforen- 

tic£ equations- (7a) and (7b) are written as difference 

equations and aro solved by substitution in them of mean 

values of the quantities between 1 and= 3 and 2 and 3, 

'        which are referrod to as the quantities at I and II 

respectively. Inasmuch as tho quantities at 3 arc un- 

known as yet, the computation is of necessity an itera- 

tive procedure;, tho first approjjimation of which is as 

follows: (sec Figure 6) 

1. The characteristic lines are drawn 

through points 1 and 2 at angles 

o^ m cot" (u^ + -a^)- 

aa-» cot -(a0 - u^j 
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2. 

The intersection of: thcso segments 

will be considered the first appro- 

ximation to the point ?. 

The values öf   SJ   and   «AS-  are to be St £X 
found at the points I and II vhich bi- 

sect the characteristic, segments !•;} 

and 2-3 respectively.: The valuo of 

-£• may be found from 
dt 

dS 
dt 

dQ* 

'""""•a«- 

Sinco the value of a  at I and II is 

not yet known? the valuos at 1 and- 2 may 

be used.       ";""-._   l-~--=-j 

The veluo of .£~ may bo ostimated from 

the definition of a partial derivative, 

vhich for the point I is 

Ax. * v  c, /..       Ax 

Ax; 

Stxj + ^^ - S(xj * -£|, tj>- 

In estimating -2- finite values of Ax 

must be used. The valuos of S used in 

the formula are determined by .integrating 

along suitable particle path lines using 

the equation 

' •"*•". ;** -*i'~*" -"" jJI'_"*"V^ 
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S - Sn = /  dT  dt o  '  

5. Equations -(7a) and (7b) are utilized to 

They may "be 

written as follows; 

determine Pr and o . 
p     P 

*2- x 1 
r a£ M (d~8>\     ,  Y £I/dS.      dloSAj,,    . 

0.,-CV. = [ (-li) .,,<- Y 
. Y-I;?4> 3^ .±T i> at:. i-f  Ij- U 33T I(tT,~t2) p 

Up + u7 
g O^ , G-tO-« Whore Uj = -a— -.-A, , uXI 

SinöG u« and a~ arc unknown äs yet, in 

the -fite'st approximation the values of u 

and a at I and 2   atfc substituted for 

their values at "I and XI -respectively« 

Values of ug and £u arc then found 

from 
K  * Q„ 

U5 - 
j JL 

a3 - X^ (P3 - o5) 
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The second approximation consists of construct- 

ing nov characteristic segments using mean values 

of u and a between 1 and 5 and 2 and 3, find- 

ing a bettor approximation to the. entropy deriva- 

tives, and recalculating P* and Q, using the 

moan values of u and a along the segments as 

veil as the more accurate time change.     The 

method usually converges very rapidly and for most 

application's the first approximation is sufficient- 

ly accurate. 

;••. A>> ;-^-,c-A<\:,y ;•••: • fc_*  ^.a .*. 
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