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MATHEMATICAL PCRMULATION OP BODIES OF REVOLUTION

8 . by
L. Landweber and X. Gertler
ABSTRACT

Various methods of defining bodies of revolution are considered with the con-
clusion that the most satisfactory method is one which deflnes the sectional-area curve
by means of 2 polynomial The polynomial form possesses certain advantages in easc
of computation and ready application to ‘hydrocynamlcal problems, such as the computa-
tion of theoreticaliy derived préssure distriputions.

The degrece of the polynomial fixes the rumber of parameters that may be pre-
scribed to determine a form. In order to generate the sixth-degree polynomlal forms
. the dimensionless parameters chosen are the nose and tall radii, r, and T the pris-

matic coefficlent, Cp. and the position of the maximum section at x = m. It i8 shown
that the polynomial expression for the sectional-area curve is a lincar combination of

e

Tor Tin and Cp, with polynamials of the sixth degree as coefficients. Formulas and
tables for these polynomial coefficlents are provided, so that when Tor Tps Cp' and m
are given, the offeets of a form may be rapidly computed.

Not all combinations of these parameters give practical or desirable forms.

T! range of seable forms may be limited by imposing the restrictions that the
wectional-area curve have no maximum or minimum other than at x' = m, or thai the
body have no inflection points. These criteria are formulated mathematically and a
method of computing boundary curves delineating permissible ranges of parameters is
developed.

Formulas for gencrating seventh-degree polynomlal forms are also derived and
applied to compare sixth- and seventh-degree formns with the same values of Ty Ty Cp,
and m. I is found that practical seventh-degree forms with the same values of those
parameters may differ appreciably from the sixth-degree form. Thus these parameters
! do not ‘suffice to fix a form, although they serve to develop the entlre class of sixth.
degree poiynomial forms.

Bodies of revolution with useful application derived from polynomials not of the
sixth dcgree may be fitted (by the method of least squares) very closely by means of

sixth-degree forms. From this point of view the usefulness of a series of sixth-degree

polynomial forms is greatly enhanced.
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INTRODUCTION B N T

- " When the David Taylor Model Basin became interested in makihg stud- . ‘
ies of the hydrodynamical tehavior of streamline bodies of revslution, it was ] : " f‘
decided that such work could be most satisfactorily accomplishea with families i E

of bodles of revclution for which certain parameters could be systematically

varied. Accordingly, prior to the testing, a program to establish a procedure '

. for the development of such familles was initiated. -
H

© wemey e aa

) It was determined that the best approach would be to define these
families by a general mathematical equation. The maln advantages of the use
of a mathematical expression over the empirical or "fairing by eye" method
are: The geometry of the hody can be precisely defined, fairness between
E gliven offsets is assured, and the geometrical parameters can be directly and
4 . accurately varied. ° )

A search of the literature reveals that various methods for obtain-
ing mathematical defiaiticn of forms have been tried but generally only for
application to single forms rather than tc families of forms. Among these . i
have been comtinations of known analytical curves such as an ellipse with a . - ,f T4
parabola, an ellipse with a hyperbola, ete.,'’? polynomials of various de- ' : :?’
grees,®’* and trigonometric series.
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o The polynomial metnhod was selected ¢s the basis for the development Er
duseribed herein since it appeared to have distinct advantages in ease of han- .
dling and furthermore because of its ready agplicativn to hydrodynamical prob- i )
lems such as computations of theoretically derived pressure distributions. U ‘
It provides a simple method for evaluating the constants in the general equa- B
tlop once a glven set of parameters has been selected, and supplies data for
readily computing the offsets of a wide variety of forms. ;

oy [l

-

THE GEOMETRIC PARAMETERS . . Fr
. R t

.. or the various geometric properties that may be employed to chér-
acterize the shape of an elongated body of revolution, it has been convenient
to choose, for practical reasons, the following primary quantities to define
the body:

!'is the length.
d 18 the maximuh diameter.

oo te g nm agns ey m e
2oy =
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xm is the distance of the maximum section from the nose. s .
Ro i{s the radius of curva‘ure at the nose. i'
¢
[ P,
_xRo.’orong:os are listed on page 6h. ) ] %
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R, 18 the radius of curvature at the tail.
" ¥ 1s the volume.

Other characteristics, such &s the surface srea, the position of the center of
gravity, the radii of gyration, etc., sre of interest for vgyious purposes.
These are considered 8s derived quantities in the present report, and are in-
cluded in Appendix 5.
It is convenlent to employ the following dimensionless combinations
. of the primary geometric quantities: ’ ’

L n - 2 - -
x-d' o= 1’ ro d?' rl d?

. .
and the prismatic coefficient Cp = o

The question as to how well ithe foregoing parameters define the
shape of a body is discussed in a subsequent section.

. CHOICE OF MATHEMATICAL PORM

For both mathematical and physical reasons the development has been
based on the secticnal-area curve of a form, rather than & meridian section
of the form itself. Thus it will be shown that the slopes of the sectional-
area curve at the ends of a body are proportional to the radii of curvature
at the ends, a8 relation which greatly simplifies the determination of the
equatlion for a hody. The physical reason is that the sectional-area curve is
propertional to an axial doublet distribution which, to 8 good approximation,
generates the desired body in a uniform stream.® Consequently it 1s desirable
to have simple mathematlcal exprescions for the sectional-area curve of 2 body
for the purpose of computing the potential-flow field about it, and its pres-
sure distribution. .

The question remains as to the most convenient mathematical form in
which the equation of a sectional-area curve can be expressed. Let us con-

- sider for a moment the converse of the present prodlem; i.e., the determina-
tion ¢f the geometrical characteristics of a given body, rather than the de-
velopment of an equation for & body of given characteristics. The geometrical
jcharacteriatics can be ccmputed directly from the equation for & body. To ob-
_.o-tain its equation, a2 given body may be curve-fitted with any complete set of
orthogonal functions, each of which can give a "best" fit in the least-aquare
sense! Practically, however, it is convenlent to employ, for tnis purpose,
either the trigonometric functlions or Legendre polynonials. The former fit
the equation of given form by means of a finite number of terms of the Fourier

-
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expahsicn; the latter by means of a polynomial. In eitier case it 15 possitle,
for the direct problem, to solve for the ccefficlients of the expansion for 3
body of prescribed geometrical characteristics by means of sets of linear
equations. This 18 ifilustrated for the polynomial in the following section.
The direct application of the method of linear equations is tediocus, however,
and anotiner method—in which the equation of the sectional-area curve is given
directly as a linear combination of tabulated functions--1is develioped. As
will te shown, the determination of the latter fun-<tions i1s simplified in the
case of the polynomial form because of the property that its zeros sppear as
ractors. Purthermore, the polynomial form appears to be more suitable for the
purpose of computing pressure distributions. Because of ite advantages, the
polynomial representation 1s used in the succeeding developments.
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EQUATIONS FOR POLYWOMIAL COEPFICIENTS

e Au AN w

The equation of a meridian section of a body of revolution will now
bz expressed in terms of rectangular coordinates (X,Y) with the X-axis taken
along the ax1s of the body and the origin at one end (the nose) of the body.

R
.

- o
23

o i L L B Y T I L R et M6

. 4
Assuming a polynomial for the equation of the secticnal-area curve, then . X ,3
; N
AV w A X+ BRE 4 L4 AKD (1] Lot
' . L H
It will be convenient to operate with this equation in dimensionless : i
form. For this purpose put x = X/l, y = Y/d. Then Equation {1} may be writ- f . P
ten a ? N :
F¥oeax+ax+ .o+ax’ {2 § . 1
i3 ¥
wheoe i . }_
a = h L2 5212 ..n {3} ] S
8 73 g2’ o ;o s P
) f

Sketches of & sectional-area curve in dimensional and dimensionless forms are
shown in Piguces 1 angd 2.

The coefficlents a,, a,, .... are to be determined in teras of pre-
scribed values of the geometricai parameters m, roTy and C_. In the dimen-
sionless form the length &nd maximum diameter are unity so that A 1s elimil-
nated as a parameter. The length and diameter conditions are then that y = 0
when X = 1, y = %-when X =, and g% = 0 when X = m. .These respectively give
the equations: .
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8, +8, 485+ ...+a =0 - (4]

) . 2 n
. ) a,m+am +...+am =

(51-

35f

e, +2am+ ...+ nanm"'1 =0 _ (6]

The radius of curvature R may be evaluated frcm the formula

. . -+ 1 gz 8/2
: . R "ﬁb +(dY)]
dy?

which may be written in the dimensicaless form

T 1k 1|
dy*

But differertiating Equation [2] successively with respect to y gives

2y = (a, + 28,X + ... + na x ) dy _18}-
and
. n-1, dx [ n‘-z] dxy?
‘2= (a; +23,x4 ... +nax ) 5;5 +]2a, + ... + n(n-1)a x (Ei) [9]

If 3, ¥ 0, it 15 seen r"om hquation [8] that when x = 0, -~— =0,

and'hen e, from Equation [9], that 9 —;5 o g-. Consequently, substituting these
values into Equation {7], we obtain t

a, =2r [~01

1f, on the other nand, a = 0, the body has a pointed nose and r, = 0. Fence
Equation {10] is valid for both cases.

Sinmllarly when x = 1, y = 0 and from Equation (8] dv = 0, unless

8, +2a, + ...+ na, = 0 [11]

Hence Equations (7] and (9] give

8y + 2, + ...+ = -2 [12)
e -Q,.’ % "'7'""‘“"?"" . =y g s e ...,,.?.--;, LRI v - ewe \..-_-‘-,..f...,*..;.a}‘
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(A4

‘The positive sign is taken in [10] and the negative 1in [12] because r, and r,
u are tsken intrinsically positive; but a, is the slope of the sectional-area
28 . curve at x = O, and hence 1s positive, and a, + 2a, + ... + na, 13 the slope
of the sectional-area curve st x = 1; and hence i3 negative. If [11] i3 sat-
isfied, the bodi_nas a pointed tail and r, = 0, so that {12] 1s valid for both
cases. )

The volume of the body miy be expressed as

] 1
L : ' ¥=[xy2dx-nd21£y2dx,
p :

or, substituting for y° from Equation {2],

SOLUTION OF EQUATIONS FOR POLYNOMIALS OF SIXTH DEGREE

Correspondirg to the parameters Mo Too Ty and C_ there are the six
8 o ‘-:equations (41, [5), (€], [10)], [12]), and [13]). Conseguently a polynomial of
< ,;,;he sixth degree is, in general, determingble 80 that we choose n = 6 in these
«+.r equatlons. The solution of these equationz by the determinsnt rule is tedlous
" and consequently an alternstive procedure 1s developed.

The form of the solutlon by the determinant rule shows that the an's
‘are linear functions of r,, r,, and C . Hence ¥% 1s also a linear function
of Por T2 and Gp and may be written in the form

A3
Vo e e e mem s mE T e camart e m s AAeen - e rems mrmis e Sem——a =~
W‘ (Y 3T . - - - VT T s s meass e e Rt At

WA ViR ".‘wmu S R, I
N AR i‘ i N - . PR Y
NG ¢‘~1\'\z§,~\_bf.tv . “ - . . Lo .

PN L EL T RCRIV LIRS WRIN ORI PRI CRRTRT A GUPSPereT § SURSPCSI R RIRRRYS ICT WAL NS S QRN

NGV WL

wepeasmnm

.o

L 1 1 U DU I )
Zh t3L .ty =g e [13]
. ’ . For convenience, the foregoing linear equations in the an's are
assembled here:
1
8, +8,+ ... +8 =0 (4] :
am+ anm + +an® )
: nt =% (5] i
. . n-1
8, +2a,m+ ... + nam %0 (6]
8, = 2r, [10]
N 8, +2a, + ...+ na, = -2r, {12} :
1 1 X e -
28 t3o g e 0 (13]
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Corresponding to Equations {4], {5], t6], {10}, 112} and [13] the polynomial

y2(x) satieries the following corditions identically in Tor Fye and Cp:

(a) F#(0) =0
() & 200) = 2r
(c) f(‘) =0
(@) L5201 = -2r,

(e) y¥(m) =7

. _ y* = 2rgRo(x) + 2r\R, (x) + C_P(x) + Qlx) (14] )
" where Ro(x), R,(x), P(x), and Q(x) are polyiomials of the sixth degree ln x. .
(f) —gjy’(m) =0

E and
3 1 1
b[ Flxlox = ¢,

Since conditlons {a) through (g) are satisfied identically in Tor Tys and cp,
their application to [14] has the following consequences:
Since y°(0) = 0, regardless of the values of rye Ty and Cp. we must have

R,(0) = R, {0) = P{0) = ¢(0) = O (5]
Simllarly we obtain the followlng equatlions: : . ‘ y
Prom Condition (b}, : i
N . ! )
R'(0) =1, R '(0) = P'(0) = Q'(0) = 0 - [16) . i 3

where the prime deno‘es differentlation with respect to x. PFrom Condition {¢)

R( =R (1) =PI} = (1) =0 . (17] :
. .. d
from Condition {d), . f }
A A
RyH(1) = =1, R(Y) = PH1) = QM) = 0 (18] :
- R [?
. : o ¥
) 3
b
N 1
. : i
‘7 ] .\\,* z m“’:‘.\'- o - .' ) : ’ . .‘ N ) - ’A ‘:'(“' . “’: T '.‘ g:: .
-, &h ”-‘1\‘_‘“._‘“‘ s ot e meom e N .. . P T O N - SO '%E-

——— g
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From Condition (e},

\
B (n) = R,(a) = P(n) = 0, Q(a) -3 9l
Prom Condition (),
R '(m) = R,*(m) = P'(n} = Q'(m) = O {20]
and f:om Condition (g),
IP(x)dx - Iko(x)u - Iﬁl(x)dx - {atx)ex = 0 (211
4 5

The values of Rov(x)-, Rx(x), P(x), and Q(x) will now te derived on the tasis of
the relations in Equations [15] through {21]:

EVALUATION OF R (x)

Since R, (0) = R (1) =R, (1) = R, (n) = R, *(m) = 0, and since R {x)
is a polyr.omial o; tne suth degree, it nay be written factorially in the form

Ro(x) = (a, + alx)'x (x-1)?(x-m)*® {22} '

The coefficlents a, and a, Ay be eveluated as follows: Prom Equation [16]

Ro‘(o) = 1; whence, from [22],

(23]

a *—
o 2

Equation [22] may be rewritten as
ﬂo.(x) - ao[xs - 2x%(1 + @) + x3(1 + Um + m®) -2mx*(1 + m) + m’x]

+ “x[". - 2x3(1 + @) + x*{1 + Um + n®) -2mx3(1 + m) + m"’x’]

Hence, from. {21},

1 . B :
Jﬂo(x)dx » ao[%- - %(1 + r) +,—&(1 + Um + n®) - —m('l +m) + -ém"’]

a,[% - 30 4 m) + 201+ m 4 ) - Lal1 + m) +.—;-m2] =0
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1

Then, simplifying, substituting o,

100 - k; 4+ 5m®)
2n?(2-Tm + Tm?)

3

EVALUATION OF R, (x)
' Since R (0)

x -1-—. and solving for a_, we obtain
n® 1

{24]

= R,*(0) = R (1) = R,(m) = R, '(m) = 0, and since R,(x)

is a polynomial of the sixth degree, it may be written factorially in the form

.Rl(x) = (B, + 8, x) x* (x - 1){x - m)""

G SR VAR ber; S0l
e . .

At
i
4

wt

[25] . R
The coefficients B and 8 are evaluates 8s follows: ‘ ‘
Prom [16], R,'(1) = -1; whence, from {25}, { '
-3 ‘
I z
- 2 3 K
(ﬂo +8,)(1 - m) [26] in };
Equation [25) may be rewritten as: i ‘s e
R (x) = po[x" -x%(1 + 2m) + x3(m® + 2m) - m"’xz]
+8, [x‘ - x°(1 + 2n) + x*(n* + 2m) - max’] 0 .
. -
. . . i 4
But, from {21], i R,(x)dx = 0. Hence, integrating the above expression for .
Rllx) and simplilying, gives o
78,(2 ~ 6m + 50%) + B (10 - 28m + 21n%) = 0 [27) ..
Solving for [26] and [27] simultaniously, we obtain
¥
10 - 28m + 21n? ¢ ;
0 2 2 [28] R
2(1 - m)2(2 - Tm + Tm?) . s
.
7(2 - 6m + 5m2) [29] ff.
\‘ By = "2l - wF(2 - im + 7a0)
; |
“? « e 1N
; i
‘(:
v
<
;\
~Lt
, F |
1 E
] . ‘.
;
! : .-
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3
EVALUATIGN OP P(x) L
» Since P(0) = P*{0) = P(1) = P*{1)} = P(m) = P'(m) = O and since P(x)
4 is a polynomial of the sixth degree, it may be written factorially in the form ‘i
P(x) = x*(x - 1)3(x - m)? ) J
2 ) 3
3 To evaluate the coefficient y, we have, from [21], IP(z)dx al . dence, :
3 woiting N
3 ) )
P(x) = 7[x'-~ 2x35(1V + o) + x*(1 + U + n®) - 2x3(n + 0®) + l’x‘]
] and integrating, we obtain
7[%— --}(1 + m) +-%(1 + Um + 2%) - %{uu» r?) +-;:i"’] --}:—
) . or
3 ' 105 '
: : L] PR PR (3]
EVALUATION OP Q(x) ! i
[ 4 -
: Stnce Q(0) = Q'(0) ~ Q(1) = Q*{1} = 0 and {(x) is a polynomial of the i 1
sixth degree, it may be written in the form ' :
Qx) = (3, + &,x + 8,x*}x°(x -~ 1)? - {32} :
. {
The undetermined coefficients sre evaluated as follows: PFrom [19], Q(m) = ﬂ-—. |
1 and hence .
1 N
$ +mé +m28 = (33}
E ° : 2 un2(1 - m)?
Prom {20}, Q'(m) = 0, and hence i
{
(6, + 6,m + 6,0°) 2m(m - 1}(2m ~ 1) + (8, + 2md)) n*(m - V)% = 0 f . ,
. ‘v, dlviding by m(m - 1) and simplifying, we obtain i ) ,
T k 3
do(llm -2) + ém(Sm - 3) + 62m2(6m -k)=0 [34) 5‘
3 it P *
' ;
| B
: % b
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From {21}, IQ(x)dx = 0. Hence, writing i 3
1 .
R 4 ;
QUx) = (8 + 8,x + $,x2){xt - 22 + xF) “ ' ]
and- integrating, we obtain . : i 1 :
) . - ;
1.2 .1 1.2 .1 12,0\, 2
-t ralg-seg)r a(7-5+3) -0 ; .
or 1 y
W + 78 +4s =0 _ (35] .

FIyo

Solving Eq\;ationé [331, [34], and [35) simultaneously for 8, 8, and 62 gives

- 3(7‘32 - 8m + 2) [36] ;:
° u?(1 - )37 - Tm+ 2)
o - 5
s - ) - \:I“ h.
‘1 -~ s?lu ;Umaa uﬂ + 2 [)7] :Q &
221 - ) (m® - Tm + 2) . PR ?
' ' ' 7(50° - 5m + 1) -
3 § = 38] :
’ . L oupd(r - m)3(7m® - m + 2) [ ;m
. P
The results of the present section will now be summarized. It has been shown that a ’;

body of revoliution whose nose and tall radii, position of maximum section and prismatic coef-
ficlent are prescribed may be represented by a polynomial of the sixth degree in the form
"= 20 R(x) + 2r, R (x) + C,P(x) + Qx) [14]

where

Ry(x} = x(x - 1)}(x - m)}a, + o)

R,(x) = x*(x - 1)(x - m)*(5, + b,x)
(30}
P(x) » x*x - )¥(x - m)® 7

72

Qx) = x}(x - DYy + 4% + §,xY)
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x
B R R < h s men e - . -

.1

- and 1
Gyx ¥ h
vé X .
e = M- 4m 4 Sm?)
- ! 2m’(2 - Tm + Tm?)
o 10 : 28m + 21m?
By= 2 7
2(1 - m)*(2 - Tm + Tm®)

(2. - 6m + 5m?)
201 - m)%2 - Tm + Tm?)

AV LE AT ge Svpe ye -

. N ) 105 S
] 2(2 - Tm + Im?)

(40)

s L oe. 32 8mym?)
. ° ‘! 3 2
3 m({l-m(2-7ms4+Tm’)

2 - 4m - 14m? + 21m?
' - m*2 - m 4 )

- 5m + 5mY)
4m’@ - m)*2 - Tm + M%)

<
b

The coefficients a, through 3, are tabulated for values of m from
0. 10 to 0.50, in intervals of 0.02, in Appendix 1. Appendix 2 contains tables
of the polynomials R (x), R (x), P(x), and Q(x) for values of x from 0 tv 1,
in Intervals of O. 02 and ror the same values of m. Graphs of these functions,
for selected values of m, are shown in Appendix 3.

The numerical example in Table 1 illustrates how the tables of Ap-
pendix 2 can be used to calculate the offsets of a given form. The figures
apply to a body whose geometric parameters are ro= 0.50,.1'1 = 0.10, Cp = 0.65,
and m = 0.40. The calculations for y* and y, shown in Table 1, are based di-

/i rectly upon the tables for Ro(x), Rx(x). P(x), and Q{x) corresponding to

'7 . m = 0.40. The resulting body and sectlional-area curves, in dimensionless form, )
; . are shown in Pigure 3. :
f X 3; The graphs of the basic polynomials given in Appendix 3 are useful i_ §
143 . ¢ dn that they provide a visual means of showing how each geometrical parameter f H
i
1.

féftects the shape of: the body. Thus, if a body with certain prescribed param-
‘ "éters 1s not suitable for the intended purpose, the graphs will indicdte the

LY

parameter changes that are necessary to produce a desired volumetric dlstribu-
tion or contour.
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TABLE 1
Caleulations of y° and y for a Typical Si»'4 Degree Polynomial Porm
4 ' x ZrORO(x) 2"13;(") CpP(x) C(x) ¥ y
0 0 0 0 0 0 )
0.02 | 0.01658 -0.00010 | 0.02592 -0.0016 0.02073 | ©0.1439
0.0k L0072 .50035 .02038 .oou8 .ol240 .2059
.06 .0332 .00C68 .03921 .00746 .06435 2537
.08 .03575 .00101 .05915 .0078% .0860 .2934
.10 .03560 .00132 07774 -0.0049% .107 ©.3272
a2 .03358 .00187 09323 | +0.00182 .12706 ,3363
4 .030%5 .00178 .10450 .01265 L4575 ,381
: - a6 .02642 L0186 11035 L0274k 16297 .03
1 .18 .02220 .00185 .11245 .04580 - .17800 | . .u22
.20 .01809 .00178 .1092¢ .06713 .19255 (- .4388°
S .22 0106 L0064 01T .09066 20482 1526
3 .2l .01054 .00145 .09033 .11552 21544 LU
.26 .00752 .00122 .02737 .1uo7g .e2ly2 4737
.28 .00506 .00097 .06241 L1653 23188 4815
N .30 .00316 .00072 04703 .188u2 .23789 .4878
.32 .00178 .00049 .03232 .20894 .2u252 4928
. 34 .00085 .00029 .01933 .22607 .2489 4959
3 .36 .00031 .00013 .00906 .23904 .2uB28 4932
f .38 .00006 .00003 .00237 24719 .24959 .4996
4o .0 0 0 .25000 .25000 .5000
b2 .00003 00004 ,00253 .2u£09 2961 .-931
Rt 0.00205 L0004 .01036 .23826 24853 49
.46 | -0.00002 .000N .02369% 22345 L2468 4968
8 .00026 .00054 .ou252 .20280 .ouus52 4oy
.50 .00073 .00082 066565 17661 2mmn 4917
.52 .00148 L0014 .09567 14534 .2383 ;.ugsz
.54 .00254 .00148 .12897 .10963 .23&58 usul
.56 .0C%90 .00182 16575 .07027 .23030 .u729
.58 00557 .00213 .20503 +0.02817 .22550 L47h9
.60 .00750 .00240 .2u570 | -0.01562 22018 b6g2
.62 .0096 00260 .286%0 .05998 2427 L4629
.64 .0319 .00271 .32607 .10368 20774 .uas
.66 .01430 00271 .36301 14548 .20052 R g
.68 .01663% .00258 .39587 .18410 .132 0 4388
.79 .01883 .00230 .uz;zé .21832 L1838 4287
.12 .0207 .00186 Ll382 24696 AT423 | LT
78 0223 .00126 45634 . 26895 6377 40U
.76 02349 -0.00050 45981 .26339 .15243 .3905
.78 02106 +0.00040 L53uy .28956 4022 L3744
.80 .02400 .00142 143680 28704 A28 .3566
82 .02325 .00252 40982 2756 L113%0 .3368
.8y .02179 .00364 .37293 .2557 .09300 346
.86 .019 3 .oouzz 32 .2280 .084 .2901
.88 .0168 .00565 .27399 .19360 .0691 .2630
.90 01362 .00633 .21595 15436 .05430 2330
.92 .01008 .00661 .15620 11276 03997 .2000
KT .00651 ,00633 .09892 .07201 02673 1635
.96 L0033 .06530 Jolgn .03616 .01514 L1230
.98 | -0.0005% 40.00528 0.01378 -0.01017 0.00595 0.01N
1.00 0 0 0 0 . 0 00
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: o *  LIMITATION OF RANGES OF PARAMETERS

e e e o

- : Not all combinations of the parameters Tor Ty cp, and m give desir-
able forms. Por example, sincs for arbitrary values of the psrameter, the
right member of [14] may be considered as an arbitrary polynomial of the
sixth degree, (sublect to the restriction that y° = -% at X = n) it could very
well become negative {which would be meaningless) or assume several maxima
and miniwa and inflection points in the interval 03 x 5§ 1. Indeed maxima
greater than the desired one at x = m may oceur.

The term "desirable" remains to be defined, but for the development
of forms which may be considered as streamlined bodies, simple geometrical
restrictions may be imposed. The simplest conditions for ensuring a desiratle

o form appear to be that the polynomial remain positive in the range 0 3x 8

a oo and that the body have no inflection points. Since the form has a maximum of

3 y --%-at X = m, and crosses the x-axis at x = 0 and 1, ?hese conditions alone

preclude the occurrence of minima or of more than one maximum in the form of

the body. )

There may be occasions, hoviever, where bodies with inflection points
near the tall are permitted or desired. Por example, such forms have been
proposed a3 lamina: -flow forms. In this case a suitatlz condition is that the
sectional-area curve have no stationary value {msximum or minimum} other than
gt x ~ ;.

The aforementioned conditions may be formulated mathematically and
employed to determine permissible ranges of the parameters. First, let us
consider the maximum or minimum condition.

.
.

et

P

.

4 R e m v g g -

MAXIMUM OR MINIMUM CONDITION

Put y* = f(x). The derivative r'!(x) is known to be divisible by
{x - m) 8fnce £'(x) = O when x = m. Removal of this factor leaves a polynom-
1al, T(x) for example, which must not pass through zero over the interval in
o order to avold a minimum of f{x). Indeed, since f'(x) is positive near the
_nose, when x - m 18 negative, it is seen that T(x) must be negative. Hence
the condition may be expressed in the form .

S Tix) = L2 <0 [41)

et

“f}or all values of x in the range 0 s x 5 1. Put

'ix) ' :
. Ro'(x) s R, '(x) Pix) = __L_l Ux) = Q'(x) 2]

o X-m " x-n
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Then, also,

T(x) = 2r % (x) + 2r R (x) 4 CFlx) + aUx) (43}

It is seen that T(x) is a function of five variables, 1.e., explicitly,

T(x) = Tlx,m; r . 7, Cp) <0
Now consider the equation

Tlx,m; vy, 1y, Cp) = 0 ' (44)

Por fi.ed x and m, it is seen from [43] that (44] is the equation of a plane
in &n (ro, r,¢ )} rectangular coordinate system. This plane divides the

(ro. r,, C ) space into two parts, in one of which T{x) > 0, in the other

F(x) < 0. Hence Condition [41] is satisficd on oaly one side of the plane.

We may now ccnsider x and m as parameters which define a two-parameter family
of planes in the (ro, Ty Cp) space and an envelope surface. As x and m are
varied, the region cf permissible values of Tor Ty and C_ becomes more re-
stricted as the successive planes intersect and reduce the space in which Con-
dition [47] 1s satisfied. Indeed, cne can readily convinee himself, by sketch-
ing an element of an uninflected curve and drawing & succession of tangent
lines to it (8o that the curve element 18 the envelope of these tangent lines),
that the side of the envelope cwrve towards the center of curvature of the
element remains on the same side (plus or minus) of all thie tangent lines to
the element. Similérly, in the three-dimensional (ro. Py Cp) space, the en-
velope surface delineates the region in which Condition [4#1] is satisfied.
Since the envelope surface may have inflection points and may intersect itself,
the permissible region may become further restricted. 'The equations of the
envelope surface, in parametric form, are

e

X

f{x, m; Tor Ty Cp) =0 1

' .o [45)

Por each x and m Equations {45] are three linear equations which may be solved

simultaneously for Ty» ry C_, giving a point in the (ro, Ty Cp) space corresn-

poading to each palr of values {x, m}.

.
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'_ Because of the graphical difficulty of presenting a surface in three
dimensions the foregoing analysis will he illustrated in a two-dimensional
case. We wlll'éuppose that both m and C_ are prescrited. Then, considering
x as a parameter, Equation {U4] represents a one-parameter family of stralght
lines in an (ro, ’z) plane. The envelope of this family of lines has the
equations

Tix; rp» r,) =0
fu6]
orT
ox = 0
Por eich x, Equations [46]) are linear equations which may te solved simultane-
ously for r, and T, giving a point in the (ro. rl) plane. By computing the
pairs of values of (ro, rx) for a sufficlent number of values of x in the
range 0 & x £ 1, the envelope curve of r, against ro may be graphed. Pigure
4 shows two envelope curves of r, against r  for m = 0.40 and cp = 0.55 and
m = 0.40 and cp = 0.65. The corresponding values of x are marked along the

curves. Proceedirg aleng the curve in the direction of increasing x, the neg- -

ative or permissible slde of the tangent line at each x (representing T{x) =0}
is on the right, so that the right sile of the envelope curve is the permissi-
le side. Conaider the curve for C_ = 0.65. For a point (ro, rl) to be per-

. missible 1t must be on the right side of all possible tangent lines that cah be
drawn to the envelope curve for 0 Sx S 1. It is seen in Pigure # that tan-
gent lines for x > 0.68 begin to eliminate reglons which previously were on
the right side of the envelope curve. PFurthermore only points (ro, r,) in the
first quadrant need be considered since negative radii are mezningless. In
this way the permissible regions for Tor Ty bounded by .segments of the r, and
r, axes and by arcs of the envelope curves, shown shaded in Figure 4, are
obtained.

INFLECTION POINT CONDITICN

If the body is to have no inflection points, its slope must be mono-
tonically decreasing as x increases from 0 to 1, l.e.,

2
. %%' <0 47

for all velues of x in the rangs 0 S x s 1. Again put y2 « £(x). Then, dif-
ferentiating successively with respect to x, we get ’
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2yy! + £'(x) _(MBl » :
2y'? + 2yy" = £"(x) (49}

TS Y I T Ty T )
ot e -am-x‘r"wig.v,' e, -
-2 LRI A wraniomaan ~ad¥ s T e TaR e WM s

or, elirinating y' between [UB) and {49], we odtsin

. 7L - 12 (50}

’ ye¥t

We must also suppose that y* > 0, or

£(x) >0 for 0< x <1 {51}

Then also, froa [¥7) and {50],
20" - 012 <0 ' 1521

Both Conditions [51] and [52) can be shown to determine envelope surfaces
bounding regions in an (ro. ro Cp) apace, and the region which is common to
both 1s the permissible one.

. In cases where all the porameters but one are prescribed and it 4
deslred to detarmine the permissible range of varistion of that paraneter, a
procedure sonewhat simpler than the envelope method may be employed. Por ex-
asple, suppose Por T, and m are prescribed and the limits of peraiscible vari-
ation of C_ are to be found. Then the equiiion f(x) = 0 may be solved for €
s a function of x and plotted against x. The reaulting curve is the doundary
separating positive from negative values of f{x). A value of cp for which
Condition (51] is not satiasfled for any x mu.: be discarded. Hence the per-

- miasidble range of C_ would be defined by the ordinates of the horizontal tan-

gent lines, at the maxima and miniwma of the curve of C_ egainst x, whizh do
not otherwise intersect the curve. Similarly the equation 2ff" - £'% « 0 can
be solved for C_ plotted as a function of X, and the ordinates of these tan-
gent lines, at the maxims and ainima, which do not again intersect the curve,
obtained. The range of cp which 13 comron to the ranges satisfying {5-] and
{52) separately then gives the detired rarge which satiasfiesa the conditions
81:dltaneou§1y. This procedure will be 1llustrated in a later section in the
case of a seventh-degre; polynoaial, where the purameters m, Por Ty and'cp
are prescribed, and a new parameter a,, to be defined, is varied.
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SEVENTH-DEGREE POLYNOMIAL PORMS

After the work in connection with Lhe aixth-degrce polynomial had
been completed, it was of interest to dsteraine how well a form was defined
by the parameters m, r/
duce an additional degree of freedom and to develop the equations for the
class of forms represented by polynomials of the seventh degree. For then,
by holding the original paraxeters constant, sllowing the new parsmeter to
vary, and comparing the form determined by the polynomial of the sixth degree
with those of the seventh, an anawer to the above questicn could be obtained.

DERIVATION OPF BASIC POLYNOMIALS

The new parameter was chosen to be 3., the coefficient of 2% in
Equation {2]. Then y* 1s a lincar function of Ty Tys £y, and cp and may be
written in the foram

Y = 2rgS,(x) + 2r.S,(x) + a;0(x) + CVix) + Wix) {53}

where So(x), S,(x). U(x}, v(x), and Q(x} sre polynomials of the seventh Jegree
in x. To determine y*(x) w2 have the same conditions for tnese polynomials
as (a) through (gj, tabulated on page 7 and, in addition, the equation

. 2
2z ¥*(0) = 2a,

Cn the basis that these conditions must te satisfied ia- .cally in

For Ty 850 and cp. we obtain, as for the polynomials of the sixtnh Jegree, the

ralations

5,(0) = 8,"(0) = §,(1) = 5,'(1) = 5 (a) = §'(n) = Iso(x)dx .o
| S,'(0) =1 ‘
8,(0) = 5,1(0) = 5,"(0) = 3,(1) = S (m) =S, '(n) « Jsx(x)u -0
Sz'(\) w <)

U(0) = U¥(0) = U{V) =« V(1) = U(;) = Ui(m) = I U{x)ix = ©

: U*(0) = 2

» P, and cp. Por this purpose it was decided to intro-
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V(0) =» VI{0) = V*(0) = V(1) = V(1) = V(m) = V!(n) = O
1
Jv(x)dx -1
1
%(0) = WI(0) = N"(0) = W(1) = W!({1) = W{n) = Iw(x)u -0
W(m) ~ ~:..

The procedure for deteraining these basic polynomials 1s similar to
that used for the iixth degree. Omitting the details of the calculations, we
have

¥* = 2rgSy(x) + 2r,8,(x) + a,U(x) + C Vix) + W(x) [53)
' whare
So(x) = fa, +ax + ax®)x(x = 1)2(x - »)* )
S, (x) = (B, + B, x)x3(x - 1){x - m)?
U(x) = (7, + 7,x)x¥(x - 1)%{x - m)* > 5]
Vix) = 8x3(x - 1)*{x - u)?
Wix) = (e, + €,x + X )x(x - 1)? P
N
and L1
% o
2{1
a, « 2l n:_.'ﬂ
a, .. 2(8 - 13m - 280° 4 6307
n’D
g w15 - U0n + 28a°
° {1 - m)D
B, . .2000 - 2tn + 2157)
(1 - =)%
N 1
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! > S k{2 - = + Tn?) > [95] (Coora.)
S . ’ =" Z “:‘
. . aD 3
210 E.
$ ="

_10 - 35m + 28a°

‘ : € :
3 . an®(m - 1) :
3 ’ 15 - 25 - 70m® + 9%a® .
3 : €, " r ) '
- n*(m - 1)°D
¢ = - 3(2 - 8m + 7m°)
2 .‘(n - 1)30 ) J
where ; ;
D«5 - 16m+ Wn® ' ' ' ‘ 5
5 h:
LIMITATION OF RANGE OF a, BY THE "NO-INPLECTION POINT" CONDITION S

lLet us again assume the values of the geometrical parameters which
were used to illustrate the sixth-degree polynomial form, viz. m = 0.40,
ro = 0.50, r, = 0.10, and cp = 0.65. When m is substituted into the Formulas
(55] for the coefficients in the seventh-degree polynomials {54}, the follow-
ing values are obtained:

ey = 6.25 a, = 43.75 a, = -B1.5 8, = 11.5079 .
* ' B, = -W.2857  y_ = 6.25 7, = -9.5238 & =250 3
‘. . ) 3} E.
€ = 20.668 € = -3.8752 €, = -51.67 D=0.84 i
Put y° = f{x), and ! )
° 4
; ) . gix) = ZrOSO(x) + ZrXSL(x) + cpv(x) + W{x) % 3
Then : i.
}
£{x} = a_U(x) + glx) (56] i
| t o
- where U{x) snd g(x) are given polynomials. . . % ;
! : B
L. |
e !
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The border cwrve for Condition {51}, fix) = 0, can now be expressed

a, = - §l2L [57)

and graphed with az as ordinate and x as abacissa, for 0 2 x £ 1. The curve
is shown in Figure 5, where the nonpermissiole side of the curve is cross-
hatched. The values of a, for which the lines a, = constant 1ntersecp the
. curve [56) must be excluded since, for these values, Condition [51] is not sat-
] . isfied for all values of X, In this way it 1s seen from Figure 5 that only
L values of a, in the range -26 £ a, S 11 satisfy Condition [51].
Sinilarly Condition (52)] defines the boundary curve

Z[azu(x) + g(x)] [azu"(x) + g"(x)] - [aZU'(x) + g'(x)]z = 0

or

a2 (2uy" - U1?) + 2a,(gV" - g'U' + g"U) + 288" - g'® =0 (58]

from which &, may be graphed as ordinate against x as abscissa,for 0 Z x 1.
This curve is also shown in Pigure 5, and its ncnpermissible side is also in-
dicated by shading. The curve shows that the limits of a, to satisfy Condi-
tion [52] are - o < a, $ 158, and -2 = a, = b. Hence Condition {51] and (52]
are satisfied simultaneously only by values of a, in the range -2 = a; = 6.

4 <

COMPARISON OF SIXTH- AND SEVENTH-DEGREE POLYNOMIAL PORMS

The rlass of bodies represented by polynomials of the seventh degree,
¥? =a,x +a,x%+ ... +ax" includes as a subclass, when a, = 0, those of
the sixth degree. As a check on the formulaz for the coefficients occurring
in the basic polynomials [54], the example shown in Pigure 3 to 1llustrate the
polynomlal of the sixth degree was also applied to the seventh degree. The
form was assumed to have the same primary geometrical characteristics as be-

“rore, viz, m = 0.40, r, = 0.50, r = 0.10, Cp = 0.65, and a, was chosen to
+ .: have the value in the resulting sixtn-degree polynomial, a, = 2.1497, as given
I"in Pigure 3. Now if these values of the parameters and the values of the co-
" efficients listed in the preceding section are substituted into Equation (53],
the resulting polynomlal obtained is found to be identical witn the original 1
sixth-degree polynomral, with a., reducing to zero.
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Figure 5 - Boundary Curves Defined by the No-Inflection-Point Condition

Useable values of ay are those for which the lorizansal lines ap = constant do not intersect
the shaded arens.
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] By assuming other values for u, it i3 now possible to obtain new
forms having the same values of the primary geomeirical quantities r, r°) r,
and C_. 'The range of cholce of a2 13 limited, however, wnen inflection points
on the tody are not permitted. Wi:h the values of =, ryr Ty and C_ as
above, 1t was shown in the previous section that a, is restricteé to the range
258, = 6. Porms corresponding to values of 8, near the limits of this
range, a, = -1, and a, = 5., are shown in Figure 6, together with the original
sixth-degree polynomial. It is seen that there is appreciable variation be-
tween these forms. It must be concluded that the geometrical parameters m,
r and Cp alone do not suffice to fix a form.

Prom a practical point of view, however, the useable forms generated
by polynomials of the seventh degree can be fitted so closely by polynomials
of the sixth dégree that no essentially new forms are introduced by the in-
crease in the number of degrees of freeaom. As an illustration of this the
seventh-degree polynomials shown in Pigure 6 have been fitted by sixth-degree
polyncmials by the method of ieast squares, and, as 18 shown in Pigures 7 and
8, the fits obtained are excellent. The method of curve fitting employed
here 1s described in Appendix 4.

It is further believed that practicaily all streamlined forms satis-
fying the no-inflectfon-point condition can be well-fitted by sixth-degree
polynomial forms. From this point of view, although the parameters m, Por Ty
‘and C_ alone do not suffice to fix a form, by their variation they detecmine
2ll the desirable forms generated by sixth-degree polynomials, and thus, in
the above sense, all the desirable stream forms.
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APPENDIX 1

TABLE OF COEPFICIENTS POR BASIC SIXTH-DEGREE POLYNOMIALS

The cqerficients for basic sixth-degree polynomials occur in the
following formulas:

y - ZrORO(x) +2r R (x) + cpP(x) + Q(x) [14])

where

: . " ‘ Rol,x) = x(x - 1)%{x - m)z(ao + ax)

" R(x; = x¥(x - 1{x - w)®(8, + B,x)

. > [39)
Plx) = x%(x - 1)3(x - n)2y

3 2
Q(x) = x®(x - 1j8{g, + 8,x + 8,x%)
and .

1 h
a, »—

0 2

_ 101 - ba + 5a®)
20*(2 - Tm + Tm®)

10 - 28 + 2im?
2{1 - m)3(2 - Tm + Tm?)

B =

7(2 -~ 6m + 5m®)
2(1 - m)3(2 - Tm + Tn®)
105 . [ [40]
7 =
2(2 - m + Tw®)

B, = -

3(2 - 8n + Tm®)
4mZ{1 - m)3(2 -~ Tm + Tm®)

o

RS . 4 mo 2= lm - W4n? + 21
! Va1 - m)?(2 - Tm + )

. o 41 - 5m + 5m%)
L. 2 umd(1 - m)3(2 - m + Tm?)
The coefficients are tabulated for values ot: m from 0.10 to 0.50 in
intervals of 0.02.
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APPENDIX 2

The polynomials are defined by:

Ro(x)

R, (x)

P{x)

Q(x)

;?ﬁﬁﬁﬁﬁﬁg?gfmﬂQCT

St

i

x(x - 1)%{x - m)z(a0 + a x)

x2(x - 1)(x - m)2(B, + B,x)
x¥(x - 1)%(x - n)?y

20y . 112 2
x(x - 1) (60 +8,x + 8,x )
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35

= 0.10

x R, (x) R, (x) P(x) Q(x)
0 0 0- 0

0.02 ©.011385 | -0.000008 | 0.0C0094 0.031089
.0% .612368¢ .600017 .00020% | 0.099172
.06 -007678 .00001 } .00065 0.172898
.08 .0023u8 .000007 .000083 | 0.228723
.10 . 0 0 0 0.249999
.12 002976 . 000014 L0001 0.226100
Y o1c§u3 . 000073 .000839 0.151602
16 .029 .060202 .C02492 c.ozsugg
.18 . gu;or ,000428 .0053%43 0.1 9g
.20 5489 .00077 .009810 0.367834
.22 .122327 .001268 L01€6249 0.621383
.2u .16319 007923 . 024939 o.9oou32
.26 L2077 .002753 .036315 1.1940
.28 2516?& .003764 050162 1.14906k
.30 .295074 . 004956 .067599 1 778399
.32 .335605 . 006320 .087822 2.0u5754
.34 .371u33 . 007339 L111159 “817&5
.30 . 400905 . 009489 137f16 ° 476352
.38 422557 L011237 1667bo 2. 620794
RiD) 135155 L0130 .19865 2 707776
A2 LU37735 .014856 22?860 31687
Ly 129631 . 016625 5802 2
Lu6 .H10495 .01828a .306ul2 2 7 21u
.18 38038 019784 ATy %t 3w27
.50 .320420 .021042 383<13 2.15118¢%
.52 . 288477 .02199% B21in 1 8435?8
.54 228636 022571 A571T 1. %0982
.56 1607 58 022705 .492308 1.069316
.58 .036307 .022338 .523034 0.62121L
Lo | v.008765 L0214 .551826 | -0.147082
.62 1 -0.071559 .019879 5751 +0. 340402
.6u .151821 .017788 .;9;158 0.827558
.66 .229653 014879 | .G05148 | 1.300052
.68 .302628 .011393 6105ag 1.743255
.70 .368337 .007272 .60838 2.142665
.72 Jouubs | -0.002564 538( 3 2. u8us76
T4 L688(7 +0. oozésu 1065 2.75557
.76 190581 008271 5536l 2.9k513 '
.18 515408 .014139 221786 3.01%072
.80 .515032 . 020065 80702 | 3.0u6u26
.82 1198130 025811 1432790 2.94%9723
8y 165003 .031087 .379055 2.155 12
.86 416798 -03554L .320863 2871616
.68 33 o=u .038772 . 259900 2. 10993
.90 010292 198657 1.690389
92 .2089*& 03055? . g9580 1.240163
.oy .133940 g L0660 2 0.795121
.96 .067498 672 .0k1793 0.400T 0

0.98 | -0.0190U4 +0. 01700% 0.011400 | +0.113066

1.00 0 0 0 0
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ns= 0,12
x Ry () R, (x} P(x) Qix)
0 ) ¢ 0
0.02 0.012900 | -0.000014 { 0.000160 0. 0231L6
.04 .015307 .000033 .00039% | 0. 07 37¢
.06 0110LZ .00G0LO0 .o000477 | o. ,925
.08 .GODgg .0C0030 .06036% 0.196184
.10 .oo1 . 00001 .000135 0.2356n
.12 0 0 0. 250000
Lt .002?15 .00.01¢ .000242 0. 214(
16 .009223 .c00096 | .oor20% | 0.187
.18 L0213 000257 .003266 + o, 1102}7
.29 .038191 000530 .006822 | 0.004197
.22 934l .U009%0 .012262 1| -0, 1262uo
.2l 39u9 .001508 .019949 0.2 3
.26 2110986 .002250 .€30212 | 0.} 805
.28 2139306 .oo31§7 .043326 | 0. 608&07
.36 167683 .00U2 .059497.  0.777943
.32 194870 005583 .078866 | 0.9%0654
.34 .219 8 oosguu 1(7>1 486 1.ocogga
.gg g;o?7g .83 g; Ja2732 }.5;9938
. 1 01037 . 1
o | 5Heds .012167 13804* 1.uog71
42 23544 013903 .222388 1.&&306£
Ritl} L271703 015795 .258278 | 1..4bL3k2
A6 . 262781 .017513 .29701 1.118146
A8 . L6670 .019081 33620 1.348714
.50 .223493 020432 375803 | 1.201789
.52 .193593 2021495 | 15071 | 1.099166
.54 157589 .022197 153226 | ©.023536
.56 116163 .022470 .iBalin 0.7'9?u4
.58 .070L0% .022250 .5228 8 0.492L01
.60 0.021442 .021476 .552610 | -0.247245
62 -0.0293 0 .020098 .577835 |+0.005770
iy 12 .018079 5577 3 0. ?68°Zu
.66 130,75 .015396 .611 30 0.523401
.68 2178200 .012045 ,618311 0.76511
.70 ,221323 008043 617743 | 0.988306
2 .258600 | -0.003433 .609252 | 1.182146
T4 .288504 | +0.001709 | .592525 | 1 3uo*13
.76 .310032 '00727Z 567su4 1.456 g
.18 3m8@ 01312 534116 | 1.52u4870
.80 3233 .019059 ﬁ9291u 1.5#2156
.82 314238 | ,02uBu6 | .4uus51 30630u
.84 J29u525 .030102 .389922 1775
8€ . 26104 L03k7h .330545 1 27 m
.86 .22679% .03809 -268206 Z8u
.90 182162 039753 .203205 o 8 uligy
.92 .133966 .039158 44361 0.651789
.54 . 086085 .03 c62 .080064 | 0.319554
.06 oush7y .02 u .043325 | 0.212207
0.98 | -0.012292 | +0.01 0.011831 | +0.060073
1.00 v o 0 0
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s 0.4
x R, (x) R, {x) P(x) Q(x)
0 0 0 0 0
.02 ] 0.013653 -0.000021 | 0.000251 0.018042
.04 0175 . 000055 .000669 .060930
06 F  .015621 .000075 .000924 114369
08| . .010818 .000072 .00088 67185
.10 .005536 .000047 .00058 .210951
RY: .001526 L0000 & .000202 ,239857
R 0 0 0 250000
.16 .o0170Y .00r 226 .000328 .239li95
.18 006986 .000122 .001582 .2og?93
.20 .015859 .000318 .00 8 .156l57
.22} .028060 . 000643 .008550 .086923
241 .ou3106 001120 | 015094 | 0.002266
261 .060348 L001758 | .02418% | -0.09H019
28] .079018 1002602 { 036140 ] 0.19800%
.30 .098273 .003627 051219 | 0.305526
.32 117235 00842 .069601 0.412336
S8 135032 . 006236 .091381 0.514264
.36 .150823 .067799 .116563 0.607343
38| .163837 L009476 | 1450521 0.687550
40 .173391 .011257 175653 q.752§67
42 178913 .013089 2110681 0. 599'41 0
Ay 1 179962 014918 | .247900 |  G.825481
A6 176239 .01668 286652 1 0.820%25
.48 167602 .01832% .326?38 - 0.811072
.50 151064 .019787 367483 0.7€9758
.52 .135802 .020940 408139 0.506333
.54 .112150 .021751 .uu78§u 0.622156
.56 .686513 .022186 4185834 0.51926?
581 .056817 .022118 |  .521209 | 0.%0035%
.60 | 0.02u540 021504 | .552956 | 0.268681
.62} -0.0093%1 .020288 .880210| -0.128036
Lou  L0u3811 018430 | .602084 | +0,017368
.66 077843 .015901 .61g738 q.162993
68 [ .110328 012692 | .626408 | 0.30410
.70 140155 .008817 H27u32 )1 0.435883
.12 166239 | -0.004316 .620282 | 0 553606
T4 .18755 +0. 000744 . 604595 0.652793
.76 .20319 .006256 .580210] 0.729396
.18 .212398 .012077 547200 0.780001
.80 . 214609 .018019 .505918 1 0.807038
w2 209540 .0238u5 4570281 0.794012
Lul 97219 .029262 .uo1ssz o.zgggss
86| .178060 .033916 34003 0. 17
.88 152924 .037389 277080 o.zgéooe
L0 L123192 .039189 2122581  0.483346
.92 .0908'%1 .038746 495191 0.358432
.94 .058517 . 035403 .092361 0.232021
.96 .029620 028y .0W49821 0.117948
0.98} -0.008392 | +0.016930 | 0.012298| +0.033542
1.00 ° 0 0 0
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n=0.16
x R,(x) R, (x) P(x) Qx)
0 0 0 0 0
0.02 | 0.014232 | -0.00C050 | 0.C0037% | 0.014530
.ol .013308 .000535 | .001052 .049929
.06 .018706 .000126 .001577 .095675
.08 L0Tu7kY .000136 .001719 L143402
0} .009554 .00011% | .001445 166678
.12 .oouc8u .000069 .000884 .220789
L1y .001253 .000022 .000238 242527
.16 0 o . 0 - . 249999
.18 .001342 .000033 . 000432 .2u2kny
.20f  .005420 000151 .£02030 L220040
.22 01214 .0c0337 .005255 .183769
L2u) 0 .02124 .000758 /010553 .135235
.26 .032298 .001316 L0183k .076531
281 .ouuy83 .002049 | .029008 | 0.C1010%
.30 .058101 .002978 .042843 | -0.08,772
.3 .C71615 L0041 04 .060031 ,135103
51 .084675 .005421 .080867 .205289
.36 .095630 .000912 .105247 .278209
.38 .1069%2 .008554 123161 342304
4o 115015 L0103 .1654k7 .398255
42 .120408 .012140 .19883 yhonyy
RIE .122751 .013990 . 235623 478601
A6 21775 .015801 | .275250 |  .498850
.48 117522 .017508 316207 .302730
.50 .109352 .0190%1 .358113 .i98266
.52 097942 .020325 .500199 .476u80
541 ,083291 .021285 RUNYS J4kc8g1
.56 005712 021345 .uB1u8s .392861
°Zg .0l5033 .021935 516842 .332566
. .023578 021486 | .552726 .262996
621 0.00016 020440 .5382168 .185889
.64 | -0.02390 mw@ 606218 .103691
.66 .o47890 L01638% | .623975 | -0.0190G5
681  .07099u 013328 .§3u602 +0.065037
.70 .092412 .009590 .937394 LU5THY
.12 L111549 005201 6317 .220069
i 127051 | -0.000236 | .6172% .285156
61 138836 | +0.005714 | .5936 .338362
.gs 116128 .011004 5610 377383
.80 .148496 .016949 .519735 100385
.82 .145694 .022811 470373 .4o61u8
Bl 137706 028297 | .11 3998 394219
.86 124700 .033053 .332072 .365073
.88 .10&327 .026653 .2865332 .320296
.90 086879 .033601 .219852 .262762
.92 064237 .038315 .155083 .196827
.94 JLaRTis .035127 .095925 12851
961 L021085 .025275 .oheg76 .06 §57
0.98 { -0.005975 { +0.016891 | 0.012503 | +90.018860
1.00 0 0 0 0
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a=0.,18 .
x R, (x) R, (x) P{x) Qx)
0 0 1] .0 0
0.02 | 0.014691 | -0.000042 | €.000534 0.011976
.04 . 020873 .000124 .001569 .0u1728
06 | .om300 | .000i9% | .002688 | .o0812u5
.08 .018224 .000228 .oozguz .12L059
.10 013440 .000216 .002815 .165085
a0 .008343 . 000166 .002180 .200u72
O .003368 .000095 | .001259 227475 .
.16 001037 .0060029 .000393 244303
.18 . 0 0 0 .239003
.20 .001075 . 000041 .000556 .2hus32
.22 .00428 .000185 .002558 227647
.24 | . .0098 .000U63 .006504 200801
.26 .01642 .C0090% | .012865 165031
.28 .0272 .001528 -} .022070 121879
.30 .03397 .002356 | .034485 .073093
3 .32 043678 .003377 | .050396 | '0.020550
3 34 053356 . 004605 .070002 | -0.033807
3 .36 .062515 .006025 .09339g .0838057
. .38 .070633 .00760 .12055 L140335
ho 077429 .009330 | .151388 .188911
M2 .082373 LNy .185609 .232210
U .085280 .013001 .222869 .2688g§
46 .085669 .01135 .262689 297784
48 .083622 .016627 .30L476 .315¢80
.50 .078988 018247 | .3u7538 .329105
2 .52 .071786 L096u0 | .391083 .330854
5y 067129 .0207TH 334240 .322086
.56 050217 .0214439 .u76o§o .306221
, .58 L0363 .021690 515580 .280829
.60 .0208¢7 021113 551751 . 217962
3 62 | 0.00u238 .020544 583549 .20862
.64 | -0.0130LY .012032 | .609962 A 62n
.66 .030428 .01£838 .630014 .11640
X .68 047327 .013944 642306 .06682
.70 .063140 010352 L6u75H1 | -0.017330
.72 077267 . 006092 bu3562 | +0.030212
T4 .0 813 -0.001224 .630388 .073951
.76 .096218 | +0.004155 .607g5u 12119 g
.58 L104069 | . .009907 .575651 143119 y
.80 .106341 015849 | 53437y .165596 !
© .82 .10482 L0174 . 484568 178531 "
.84 .oqtuK .027§og .u27g76 .1§1§uo 3 !
.86 090877 .0521g§ 363993 73974 R
.88 .078212 .0358 .296720 157029 :
.90 . 063376 .037987 .228020 131867
.92 | .046082 | .037864 | .161080 | 100734 L 4
94 .030412 .034838 .083772 .066897 i
.96 . 015463 .028129 | .0fi8n6 034774 B
0.98 | -0.006399 | +0.016850 { 0.013351 | +0.010085 4
1.00 0 0 0 0 Y 4
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n= 0.20
x R,(x) R, (x) P(x) Q(x)
) 0 0 0 0
0.02 | 0.015063 | -0.000058 | 0.000743 | 0.0106025
. : .Cl .022092 .000173 .092252 .035345
8 .06 .023498 0002 .003720 .ow7gg
3 .08 .021274 .000352 .00U55Y .1080

10 .017028 .000363 .00u833 146202

.012030 .000317 .00u258 .181169
LA .0072113 .000229 003114 .21033L
.16 .003366 .000125 .001724 .232124
.18 .000864 .000038 .oogszo .2U5506

[i%
.
-
[aM]

.20 . 0 ] 249997
22 1 .000870 . 000050 .000703 | © .2u45570
.24 .003428 .000221 .003176 232596

.26 007514 .0oo547 | .007950 211761
.28 .012879 ,001052 .015518 184012
.30 .019210 .001756 .026310 .150483

.32 .026150 .0026M .040678 1243
34 .033317 .003797 .058882 L0243
.36 040327 .oos12l 081074 | 0.028270
38 .Cl46790 . 00661 107293 1 -0.015098
40 .052364 .008318 L37554 .057¢ .4

1 U2 056727 L0101 JTIZNT I 09779
uy 05900 .011975 | .208032 3475
A6 .06079 .013852 | ,2u8843 6742y

A8 .060129 015677 | .291394 194972
50 | 057520 | o738 | 33ssf2 | L216750

.52 .052977 .0l 8873 .380597 .232303
64 .0l6532 .020003 | .425537 L2W1373
.56 .038%20 .020956 469k .2u300k
.58 .028511 L021373 .511208 .2k003
017455 .021273 549817 .230m

60

.62 0.005384 1020588 584151 L214673
22 -o.oofzg .0192261 .%13131 .19uugu
68

. .020180 .017250 .635678 170161
. .0328}‘2 L0526 | .650863 142928
] .70 .ouuy .011093 51N 137187
.72 .055503 .00696 .655638 .083892
. ;1: . 0622147 -0. cozaw? . 2?3932 . osuu93

761 071760 | +0.003088 | 62246 026585
.18 .075u87 008794 .590971 | ~0.001 tgz
,.80 1 .or85u5 | .ovuyey | .5G9Bi7 | +0.019835

.82 .073756 .020652 | .499611 .036626

.GT4067 026274 | .4hiho2 018109
.86 .oogsau L031233 | 376719 .053971
.88 .05859 .035096 | .307625 .oauzoz
.90 04760 .037350 .236787 .olg21y

.92 .035379 037395 167532 039915
.9y . 022953 J034537 .103920 027799
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m= 0.22
: X Ry(x) | R (x) P(x) Qlx)
0 0 0 0 0
0.02 | 0.015371 | -0.000076 | 0.001010 0.00846%
.0y 023112 .00023 .003140 .030168
.06 .025373 .00039 .005352 .060222
.08 L0239 .00051 .006978 . 094550
; .10 .020277 .000561 .007666 .129811 ;
2 a2 .0155U6 .ooo;32 .007329 163332 4 ’
1 RN .01065 -000039 | .006098 .1950li5 .
1 .16 .006266 . 000305 004274 L2117
.18 .002859 .000162 .002291 .235332 )
.20 .000722 000047 .000673 ,2463
W22 0 0 0 .250000
.24 .000710 .000060 .000875 .2L6yey
.26 .002766 .000262 | .003893 .23887é .
.28 | -.006002 .000638 | 009616 .218937 -
.30 .010189 .co12n .018550 .196289 ;
. .32 .015055 .002000 031120 168772 .
L3y .020301 .003009 .02§638 .137320 )
1 .36 025617 . 00423 ,068332 .102926
.38 .030694 . 00566 .093303 ,066613
RIT .035238 .007280 L122656 | 0.029403 .
1 42 .038980 .009034% | 156004 { -0.007709
Rl .041686 .010887 .193129 Lou377h
U6 L0831 62 0128 .233586 .077929 :
.48 043264 .mu%3 L276794 .169363 .
.50 LO%1960 .G16428 . 322045 137422
.52 .029035 .018031 368512 .16153
524 .032689 .0193§8 .u1526u 181268
.56 . 028942 . 020335 AL61275 .1963¢2
.58 .021929 .€20969 | .505U53 .206u83
.60 .613840 .021051 | 50653 L2NTTT
.62 | 0.008913 .020 .58376G2 .212289
.64 | -0.004571 .mggz .&shB 208255
.66 014296 .01760h 640725 .200032 .
.68 023918 .015065 | .65840 188096 i
.70 .033076 .011795 667733 173018 .
¢ "L
.72 .04140 .007822 .667793 L155453
.%u .ousscz -0.00;186 .65;866 .13215? {
: 276 .05u188 | +0.002023 | .0376iY 1115786
.18 .058016 , 007675 , 606920 .095232
.80 .059808 .013592 | .566000 075229 :
.82 .059108 .019510 .?15u61 .056511 )
.84 .056761 .025225 .;56325 .039739 v
.86 .051934 030284 390242 025167 .
.83 045139 .034230 319254 .0111099 .
.90 .036759 . 036692 246104 , 005853 .
921 .o2r375 |  .036910 | .a7uus1 | -0.coom ¥
.94 L017795 .034224 .108379 +o.oo1g1é :
.96 .009083 027518 .053070 .001767 ¥
0.98 | -0.00259% | +0.016762 | 0.014584 | +0.0007hk !
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P m = 0.24 ]

T x R, (x) R, (x) P(x) Q(x)
0 ) 0 0 0

0.02 | 0.015628 | -0.006099 | 0.001350 | ©.007160

.0l .023675 .000313 .004282 .025786

.06 .02698 .000542 .007432 .052051 .
.08 .026253 .000724 010067 .082705 :
.10 .023187 . 000823 .011525 115023 {
.12 .018807 .oooSzg 011657 L146763 .. v
4 .013981 .0007 .010523 176124 :
.16 ,009358 . 000583 .008393 .2c1zou

.18 .005403 . 000392 .0C5694 .222u62

.20 .002427 .000202 002974 237671

.22 | .o000605 | .000058 .000855 L2ou6917

J2u . 0 0 . 0 .230000

.26 . 000581 000071 .001075 .2k6962 :
.28 .002240 . 000306 .oou721 238030 =
.30 .coub12 .000735 .011525 .223585 :
.32 .008090 .001382 | .021999 .204139 '
W3k .01183 .002257 .036555 .1803og

.36 .01579 .0033263 .osg 92 .15278

.38 .019723 .001692 .075978 .122327

R .023363 .006222 .10704Y .069709

42 . 026489 .007922 | .139573 .055730

| 028805 .oog 47 .176296 0.020186 .

U .030410 .011644 .216795 -0.013153 1 -
LUt .030897 .013549 . 260503 .04555 t
.5¢ . 030265 .015590 306710 .078228 _
.52 . 028466 .01508 .35U4573 .107854 .
.54 .02549 .01855 L40313) 138575

.56 021400 .019711 451318 .158025

.58 .01625¢ . 020163 .u?7981 I8

.66 .010275 . 020730 581911 .193660 .
.62 | 0.003551 .020432 .581860 .205262

L84 1 -C.003670 .019502 616575 .212825

.66 .011140 .017882 .6un8zn .216056 1

.68 .018588 .015?37 665163 .215156 ]

.70 .025729 .012h50 L6775 210324

.12 .032270 008634 .679§7u .201850

.4 .037923 | -0.00M131 L6781 .190108

.76 .ouzing +o.oooqgs . 65306 .175553

.58 . 045517 . 006503 62333 .13 706

.80 .ou7o24 .0120i54 .58279 .1ho149

.82 . 043807 018118 1 .s32022 .120506

.8y LOuL810 L0211 61 72065 100435

.86 041076 .029317 RITLING .080611

.88 935766 .03345 .331580 .061706

.90 L029175 L0360 7 .256138 .0u4372

.92 .021762 .036M0 | 181834 .029222

.oy L0168 .033901 .113150 .01680

.96 . 007242 .02705% | .055492 .00758
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R=0.26 1 ]
x Ry (x) R, (x) P(x) Qlx) .y 3
0 0 0 e 0 3 )
0.02°{ 0.01584% | -0.000127 | 0.001772 | 0.006018 S 3
.0l 024708 0004 005736 .021910 .
.06 028355 .000721 .01022 .okL47R0
‘ .08 . 02830 .000988 | .01410 071949
s : .10 025777 001158 | .016666 101360
4 ) a2 .021781 .001210 '01E567 131043 ' b
’ : o .017126 .001146 L01E777 -.139 02
.16 .o12u3L .000982 .014518 .185kn2 r
.18 .008165 .000751 011207 .207354 .
.20 .00k640 .000U91 .007407 .225967 1
.22 | .002055 | .000248 | .003787 |  .239234
.24 .000506 .000069 | .001070 - 247302
.26 0 0 "0 . 250001

.28 .ooou7s .000083 L001307 | . .247323
«30 .001813 .000353 .005671 .239393

.32 .003854 .0008L0 .013701 .226u82
.34 .00€409 .001562 .025902 208037
.36 .009274 . 002526 042568 187215
.38 .012236 .003731 L06Lzy3 ,1618::3
40 .015085 .005158 .090739 133407

3 M2 017623 .006782 | .122008 | ".102537

< il .019570 .003560 .158103 .069831

L6 021072 .010542 38370 .0361La
&

.1
. .u8 .021704 .012365 242353 0.091604
4 .50 .021475 L0V4257 .289345 | -0.031903

52 .020330 .01€038 .338492 06433

.54 '01825? 017622 1 388805 .09631 S
.56 .01527h .01 310 A39175 125624 3 E
.58 011451 .019538 | .uB83a1 152200 .
.60 .0068é7 .020291 .535172 75743
- .62 owmyq .020193 578187 .195659
64 | -0.00388

.01gugo .61€051 .211663
.66 .009726 .018061 .6u7558 223491
.68 . 015589 015926 .651320 " .230993

.70 ,021211 .013025 686210 .233959

.J2 . 026444 .€09380 .621210 .232378 . R
T4 .03005 005024 .6835k37 .226335 ’
.16 .03U569 | -0.002031 .66§502 .216970 1
.78 .037067 | +0.005478 | .639962 .20329 i
.80 .038291 011352 599985 18023

.82 .038126 .017303 .guq113 L166318
.8l .036520 .02309 48830 4187
86 | .033501 .02834 .u19u3g .120592
.88 028194 .032600 | .3hks52 .09639
.90 .023835 .035330 . 266660 .07255

.92 .017795 .035900 1189652 .050162 :
.94 .011593 1033570 118220 .030381 )
.96 .00593 .02 4é6 .058072 .014u66
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m= 0.28
¥

x fip (%) Ry (x) P(x) Qi)
0 ) 0 0 )

0.02 0.016026 { -0.000161 | 0.002216 | 0.060970
.ol .025332 000523 .00757 .018326
.06 .02955Y4 . 000917 01372 037910
.08 .o3coz8 001315 .019320 .061782
.10 .028062 .001580 .023400 .088211
.12 . 028456 . 001705 .025u5Y .115673
14 .020026 001682 .025334 .142837
.16 .015372 .001526 .023193 .168557
.18 . 010945 .001266 .019428 91 gz
.20 .007070 .000983 | 014609 .211985
.22 .003960 000603 -000452 .228264
.24 .001731 . 000209 .00u746 .240228
.26 . 000421 . 006082 .001321 . 2475L0
.28 0 0 0 . 250001
.30 .000386 . 000095 .001573 247536

’ .32 001457 .000kU0Y .006752 .240185

.34 . 003062 .000950 .01616 228097
.36 . 005031 .001750 .0302a3 .211519
.38 . 007184 002605 | .0YU9u95 199787
.10 .009343 . 001 05 .073957 66314
W2 .011336 .005627 103706 .138570
Ly .013003 .007335 , 138584 108122
A6 .014205 .009180 .176254% .075?32
.48 .C14827 L0101 .222199 Louih3u
.50 L4783 .013026 209723 0.0066480
.52 L1406 .012876 .3199%6 | -0.028658
.5l 012503 .016552 3713 -, 063308
.56 .0106252 017963 | bzt .09¢301
.58 .007308 .019373 476200 .125478
.60 | 0.003748 019710 | .52591% 57712
.62 | -0.000323 .61981L .572138 183915
04 .00U769 .019304 .013426 .20¢551
.66 .009L32 L018170 | .Eu83%3 | 225138
.68 it .016183 .675507 .2302¢9
.70 .018682 L0134 .693632 248628
.72 .022879 .010032 .701582 .252099
T4 .026526 .005835 .628322 - 2522 5
.76 029436 | -0.000071 | 683477 .2k6382
.78 L021437 | +0,005446 .65629 +23555¢
.Bo .032391 .010250 NShE .2200%9
.82 032196 016215 566438 209302
.8u .030807 022047 .? 5088 17500
.86 .028243 .027379 1304812 .15073%
.88 .02u403 .051%58 .357950 .122706
.90 .020¢85 L034652 .277626 .094G53
.92 .01499¢ .035386 .1975837 L0620
.94 .009774 .033235 123509 .G4%0825
.96 . 005002 .027315 .060726 .01953)
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) m= 0.30
x R, (x) R, {x) P(x) Q(x)
6 0 0 0 0
0.02 | 0.016180 | -0.000201 [ 0.002984 | 0.003 64
Lol .025360 . 000661 .00957Y4 L0111862
.06 .030569 .001207 .018149 .031253
.08 .031605 .0C171 .025971 L0517
.10 .030057 .00210% .032094 .075128
a2 .026826 .002327 | .035789 100124
Ak .022645 .002370 .036760 .125652 1
.16 .018092 0022 .035070 .150702
.18 .013610 .001967 .031075 74387
.20 .009526 .001590 .025359 .195847 1
.22 .006061 .001158 .018668 .21kkys
.24 .003348 .000728 .011864 .22957
.26 .001445 .000356 | .005867 . 240773
- .28 .000347 .000096 .001611 .2u7655
: .30 0 0 . . 0 .250000
.32 .000310 .000109 .oo18§6 . .247633
.34 .001155 .000U57 .0079%1 210526
.36 .002393 .001065 | .018930 .228749
.28 003671 .001943 | .C35190 .212u35 .
; .o 005534 .003087 .057057 .191859 .
‘ A2 .0069% .o04l79 .08LEu5 .167385
S Ay .008221 .006088 117874 .139403
L6 .0097 .007868 | .156460 108425
.48 .009%9 .009760 .1?99u9 .075014
.50 .009696 .011696 2li7oi .039792
.52 .009117 . 013594 .298688 | 0.003427
.54 .007934 .015366 | 352054 -0.0333§7
.56 005146 .016917 | 1068 .069885
.58 .CO378Y4 .018149 L4603hY .105360
.60 0.000906 .018963 .513509 135081
.62 | -0.002402 .018266 .563032 170254
b .00£030 .018969 .60&863 .193242
.66 .009847 .017997 . 6u6LYy8 222368
.68 .013702 .016290 .677280 .2h2030
.70 LOTTHIY 013811 . 698943 .256739
: .12 .020875 010549 | 071 . 266047
- . .023856 .006527 .%09902 .269659
\ .76 026216 | -0.001307 .6973i6 267401
- .§8 .027808 | +0.003503 .6720L8 .259260
.80 028512 | .009242 | .633962 | .205295 ‘8
.82 .028239 .015185 .583523 226165 N
.84 0269149 .021043 I .32175 .202150 N
.86 .02L6 .026445 50311 a7N76 R
.88 .o21kk .63093%5 .351393 .143336 " 8
90 | 017591 .033966 | 288849 | 131021 8’
.92 .013049 .03u878 | .206263 .078942 - ¥
.9y .008500 .032903 .129063 .049160 S £
.96 .004348 L027145 .063626 .024109 g - &
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n= 0.32
x R,(x) R {x) ?(x) Q=)
0 0 0 ) 0

0.02 0.016307 | -0.000249 | 0.003807 0.002958
.04 .6263M .600826 .012730 .011375
.06 031423 00152 .023 7E .024503
.08 .032899 .602199 .o3k32 .041532
.10 L0376 .002742 .0U3167 .06160y
.12 .0288382 .003096 .0u911y .083858
S . 024951 .003233 .051716 107400
- 16 .020533 .003155 .050917 .131368

.18 L0160 .002 ob7017 .15U92

.20 .011869 .002L6 . 040591 17727
.22 .008174 .001951 .032u24 .197688
.24 .005123 .001395 .023446 .215485
3 .26 .002789 .000863 | ".o1i6 .230076
e .28 .001186 | .000K16 | .00TI61 240952
‘ .30 .000281 L0001 .001942 247700
.32 0 0 0 .2?ooou
.34 .00024Y .000123 .002218 .2li7648

.36 . 000891 000511 .009352 .24052

. .38 .001812 1 .001181 .022003 . 22862
3 ] .002869 .002136 . 040591 .212066
3 A2 .003920 .003364 .085340 .19104
Ay .00u86k | .oou840 .09%2 .1%587;
A6 005561 .004522 L133163 .136964
U8 .005923 .00835% 75611 .104805
.50 .005873 .010272 .22297 .069980
.52 -005355 .012192 .274393 0.033147
.54 .0043k0 .014026 .328830 -o.oou97é

.56 .002824 .01567Z .385059 . 043621
.%8 0.000827 .01704 697 .081269
! .60 | -0.001603 .018625 497235 .119192
k .62 004397 .018518 .55006 154440
N .007460 .0183 1 .23853§ .136880
; .66 .016680 017681 .640933 .215704
I .68 .013923 .016199 675687 | .2u0153
) .70 L0170 .013911 L7079 . 259539
: 12 .019949 .010888 L716018 .273266
74 .022326 007054 .;}9oou .250829
.76 .02u35g -0.002493 709215 .281985
.gg .025616 |+0.002693 .685317 .2g6u86
. 026094 .0083h7 . 6494li9 . 265400
.82 02571 014251 599702 . 246003
.84 .02 .020116 .237 09 .221833
.86 022301 .02557 RSN .192724
.88 .019352 .030158 . 385059 .159842
.90 015751 .033320 .300030 J2h72n
.92 011732 .034390 L2175 .089310
.5l .007633 .032581 L1304 31 .055990
.96 003901 .026978 . 06650 .0276%5
0.98 | -0.001116 {+0.016522 | 0.018424 | -0.0076UT
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m= 0.3%
x R (x) R, (x) P(x) Q(x)
0 0 0 0 0
6.02 0.016410 | -0.00030% | 0.004812 0.001916
N .026659 .001019 .016233 .007743
.06 .032120 .001903 .030506 .017426
.08 .033965 .002774 .Oul793 .C30714
.10 .033185 .003509 .057070 .Gh7202
Ja2 .030608 004628 .066020 .066342
4 .026911 . 001292 .0706928 .087496
16 .0226u2 .004295 | .071588 100954
.18 .018226 . 004050 .068221 .132955
.20 .013086 .003614 061376 155757
.22 .010152 .003023 .051863 177561
.24 . 006875 .5023U6 .Gh0696 .197637
.26 .004239 .001651 .028979 .21528&
.28 .002270 .001007 .o1g897 .22986
.30 .€00950 .000479 .0086%1 . 24081
.32 . 000221 .000127- | .002317 247654
o34 0 0 0 .249999
.36 .000184 .000138 . 002597 .24758%
.38 .000556 .000566 .016863 249230
Lo .001295 .001295 .025365 .227593
A2 .001982 .002322 | .0Ld455 .210672
L .0026C0 003626 07426 .183729
46 . 003045 .005172 | .10868 162350
L8 .003223 .008968 | .119363 132047
.50 .00307¢6 .C08769 L165713 658264
.52 .002538 .010676 . 246908 .061657 )
.54 .001583 L0125 .301639 | 0.022947
.56 | 0.000203 LOTL264 | .3594L0 | -0.017065
.38 | -0.001585 .015743 418096 057515
.50 . 00371 .018370 476287 097593
.62 .006205 .017539 1532312 .136065
.o . 008895 .017552 .584395 .172266
.66 L011713 .017118 .630732 .205158
.68 .015513 .015861 .669537 .23383%
.70 .017263 .013828 .69910% L25745
.72 L0197 .010991 .717873 .275261
T4 .G21846 .007357 .72uu55 .2%6616
.76 .023u32 -0.002972 'E17873 .23103
.78 .o2utlis | +0,00207 .6973% .28822
.80 .024729 .007620 . 662605 278113
.82 .02U2318 013463 .61393 .260875
.8u .022911 .019311 .552380 .237002
.86 .020851 .02'79§ L9u67 2073222
.88 .018051 . 02945 397755 73050
.90 L0146u8 .032730 .31071ﬁ 135837
.92 .010889 .033939 .222991 .097613
.9y .007072 032281 .1&0072 06164}
.96 .003609 .026822 .06933 .030577
0.98 | -0.001031 | 40.016477 | 0.019247 | -0.008501
1.00 0 0 0 0
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m = 0.36
R, (x) R, (x) P(x} Q(x)
0 0. 0 0

0.016489 | -0.000368 | 0.006022 | 0.000810
. 026937 001282 | 020473 .003865
(032665 | 002340 | .038618 | .00982k

.034800 .0030u7 .057583 .01901
. 034306 .00k 2 .074243 L0319
.031983 .00513 L0870 047074
.028u91 .oogsé .095131 .0653g6
.024352 .005681 .097967 .085839
.020018 .005500 .ogggo7 .107847
.015776 . 005058 088860 .130638
L011689 004409 .07825 .153450
.008452 .003620 .ogugsg 75478
.005613 .002765 .050192 .195917
.0033 .001919 .035268 21405
.001780 .001156 .021526 .229061
.000728 .ooo5u4 | ,010272 240420
.C00165 .0001 42 .002731 247546
0 0 0 .230003
.000129 .000152 003010 .2l7us9
.0004H .000618 | .012u96 .239720
. 000825 001401 .02896€ .226mu
.001177 .002491 .052684 .208507
.001349 .003855 083662 .185704
. 001466 . 00550 121640 .157439
.001133 .007211 .166096 .125380
0.000528 . 009064 .216248 .089720
-0.000577 010920 | .271064 .051167
.001770 .012679 .329280 | 0.010531
00358 014236 | .385L25 | -0.031290
. 005465 . 015481 .4l9851 .073325
.007738 .016303 .508770 114546
.010207 .012596 .5642¢3 .153901
012764 016265 | 614483 .190327
.01532 .015225 L6571 3 .222783
017764 1 0.013115 691226 . 25028
.019966 .01079 18y L271931
.021811 .00737 .72u7g1 . 286926
.023181 | -0.003178 721761 . 294643
.023972 | +0.001702 .%ou298 .2gu651
.025099 .007121 .672000. . 266755
0234 .012859 . 625047 L2T1044
..0221 .018633 561293 . gsuz
.020060 .024169 491379 .218255
01730 .028873 40885 .183227
01401 .032227 .320255 1411590
.019397 033557 .230333 .104630
.ooGﬁgo .032017 .145090 066243
.003 gu . 026683 071976 .033000
-0.0089 0 +o.018U36 L.‘28023 -0.008212
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- § £ n= 0038 - 1
-
2? x R, {x) R, {x) P{x) Qx)
0 0 0 0 0
0.02 | 0.016544 | -0.000439 | 0.007452 | -0.0003%
.0l 027133 .001494 .028511 | -0.000332
.06 .033050 .00283? 048748 | +0.001550
3 .08 .035398 oou21l .072963 . 006206
: .10 .035115 L005450 .095029 OTTY
= g2 | .032982 .c06420 | .112817 .02564Y .
: : 4 . 02954 .007053 .124962 .0Uu0518
A6 .02563 .007322 | .130842 .058458
1 18 021364 .oogg}g 3087 .078932
1 .20 .oy 00681 24132 .101264
. .22 .013208 006134 | 112817 124672
] 2u .009713 .005249 L0975N 148306
X .26 L0067 .o0h2u1 .0%8577 AT291
i .28 .004380 .003194 . 060826 192707
] - 30 | .002576 .002189 | .o422u0 | .211830
B . : .32 .001310 .00130% | 025511 .22775%
! .34 .000517 000607 | .012058 -239506
‘ .36 .000112 000157 .003 77 .247386
L ' .38 0 0 .0 .249939
E 40 . 000077 .000164 . 003448 .247289
2 . 000240 .000663 04210 .239038 [
A g .000%90 .001492 L0321 L225177
3 16 .00043Y 002628 .059106 . 205792
A48 1 0.000263 .004G30 .093237 18023
.50 | -0.000095 005662 | .126692 .151561 i
.52 .600T81 L0073 18274 117647
.54 .C01 89 .009183 .2363q .08c056
.56 00212 010037 | .29U362 | +0.039597
.58 . 00578 .012529 355234 | -0.002811
.60 .005733 .013852 L7223 044152 | 1 .
.62 .008912 L0187 .u78u20 .08a33¢€ :
6 a3z2k

.64 011255 L015237 1 .5370
.66 .01367% .o1§o§u .295829 L7¢6hs
.68 .01€078 ,01&2u 637765 . 206446

.70 .018352 .01264 675832 237500 |
2 .020384 .0102t0 .703122 . 262766 .
T4 .022062 .007036 JTJ179R 231315 :
.76 .023276 | -0.00300 .718980 ., 292370
.18 .02302 +0.001 661 10510 . 295369 .
.80 023936 .00€932 675852 . 259990
.82 .023246 .012576 631216 .276225
.84 .021835 .018296 .a7202u . 254421
.86 .019720 .ozz7h? RTINS .225342
.88 01697 028450 | Lu17223 .190235
«50 013716 .031851 .327187 150387
.92 010156 .033244 .236308 .109699
.94 006571 .031807 .149241 .wxa
.96 .G03345 .026570 L07h236 .03

0.98 | <0.000953 +0.016502 | 0.020698 | -0.00977,

1.00 0 0 0 0
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¢ ’ . m= 0.40 \ g' 3
- x R, (x) R, (x) P(x) Q(x) ;
0 o - 0 0 :
0.216577 | -0.000517 | 0.009101 | -0.001666 £
.0272u7 .05.770 .031352 .00u&80 )
.032277 .003382 .060329 .007464 |
035752 .005066 | .091006 .00783 ;
.035596 . 006609 .119602 | -0.00L9k :
.033582 .0078 .1u3435 | 40.001815 :
.03035¢0 . 00874 160772 .012649
.026418 . 00920 .170699 .027440
.022196 . 009242 .172993 04580
.018000 . 008889 .165000 .067130
.014066 .00819 .15652 .090663
.010535 00723 .13973 .115520
.007522 .00€094 .119036 140752
.005062 . 004855 .096018 165375
.003158 .003609 | .072352 | .18BWIb
.001§76 .002ul5 .04971 8 .206938
. 000854 .001440 L0297 . 226069
.000313 .C00664 .013934 .239041
.000062 .00M 70 .003642 lyal
0 0 0 .250001
. 000929 .000175 .003855 24706k
0.000052 .000699 .015937 .238259
-0.000019 .00155 .036Lit3 223451
.000260 .o002n 065115 .202800
.000732 .00 23 .102539 175606
001185 .005711 | 147184 145302
002537 007391 19812 L109€33
.003903 .009076 | .2549Q4 .07021
.0C5565 .01085C | 315435 | +0.028171
.007500 .012000 .373600 | -0.015C2%
.0096U8 013010 | .Lyo76Y .059977 .
.0119hY 013566 | 50166 .1036§o -
L014304 .013328 558472 145477 !
016633 .02 .609036 18410 L
.016826 .011484 .65116U .218323
.020773 .009289 .682795 . 246960
.027363 .006286 .70206 .268931
023401 | -0.00249 0739 .283335
.024062 { +0.0020% 97607 .289561
.C25000 .007IN 672000 .287038
023250 .012603 :| .630Loy L275691
0217 08214 573138 .255730
019645 .021584 503244 .22§o1o
.01(879 . 028251 .3215?1 .193600
.013623 L0316l .332227 .154358
01007 .033059 L2403 112756
L0065 L0N6N .152180 .072008
.003312 .026493 .075866 .036160
-0.0000u3 | +0,016378 | 0.021202 | -0.010169
0 ) 0 0
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m = Q42
x R,(x) R, (x) P(x) Q(x)
0 0 0 0 0
0.02 | 0.€16587 | -0.000599 { 0.010947 | -0.063034
.04 .027282 .002061 .037?20 .009749
.06 .035346 .003963 L0736 017167
.08 .035860 .005977 111518 .oz3oua
.10 .C35744 .007857 Jaumne .02578
12 .033768 .009432 .178732 .024353
a4 .030568 .010501 .202396 .018208
16 .026663 .011?g9 .217458 -0.035223
.18 .022460 .011483 .223474% | +0.008381
.20 .018275 .011226 .220657 .028099
.22 .01433 .019559 .209761 .05120
2L .o1ogog .00 225 .191967 .07680
.26 .007779 .oosgoo .168§6u .103899
.28 .005298 . 006888 RENE.Y) 131406
.30 .003366 .005416 .113092 .158232
.32 .001951 .003929 08324 .183303
.3y .000992 .002666 .057392 . 205595
.36 000811 .001554 .031033 .e2u67
.38 .000117 .000709 .01?816 .228195
.bo 0.00CH73 .000180 .00%4103 .246987
42 1 -0.000000 0 0 .250010
Ay 00001 . 000181 .00U326 .2lisBgy
RIS .00012 .000718 017581 .237h62
.48 .CO0U00 .001583 L0399m1 | . 22171y
.50 .000303 .002732 .071235 .1998
.52 .001678 oo .110948 172227
.54 .002752 .005610 .158234 . 139843
.56 .00t 32 .007164 216 .102223
.58 .005305 . 008656 .270537 .061473
.60 .007740 009974 332353 | +0.018229
.62 . 009885 .010998 395404 | -0.02634L
.64 01272 0810 157553 .070987
.66 .014520 L011697 516535 114385
.68 .016832 .011160 .570027 .155185
.70 .019005 .009913 615724 .192055
.72 .020930 . 007699 651411 .223702
T4 022496 .005090 '653059 .2u8g40
.16 .023600 { -0.001500 .684418 .266732
.58 LO2u148 { +0,002808 .679627 .276246
.80 024062 007715 .658323 .276912
82 .023292 013032 .620761 . 26849
.8k 021816 .01844¢0 567452 251130
.86 .019655 .023734 .ﬁ99793 .225465
.88 .016879 .028306 420219 .192€45
.90 013617 .031633 332353 154401
.92 .010067 .033019 25172 113402
.k .006507 031625 .153178 .072&33
.96 .003307 .02644 .o76§7u .036687
0.68 | -0.000941 | +0.016367 | 0.021454 | -0.010357
1,00 0 0 0 0
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m = 0.4 3
x R,(x) ( R, (x) P{x) Qlx) " -
0 0 | 0 0 0
0.02 0.016576 1 -0.0005%1 | 0.012029 -0.004l5Y
04 .0272k42 .002355 .0U5006 .014829
.06 .033267 . 004552 .087627 .027352 !
.08 .035735 . 0069 .133928 .039106
.10 .035571 .00913 178630 .0l79y2
a2 .0335%9 .011052 217841 .052381 ;
Ay | J030%08 | oi2 ?7 .21888g .ogzszs ]
16 .026368 .013462 .250163 .olygol :
18 .022138 .013663 280951 .032809 3
.20 017934 L013737 .281302 | -0.015261
.22 .013988 .013132 .271888 | +0.006685
.24 .010t57 012118 | .253875 .0324L6 ;
.26 .007439 .010786 .228806 .060876
.28 .004977 . 009232 .198487 .090832
.30 .003072 . 007560 .16u89Y 121115
.32 .001689 .005872 | .1300 . 150524 ' :
.3y 000760 .ooazzs . 0960 2 .1;7 91
.36 | 0.000232 .002826 | .064812 .202118 .
.38 | -0.000014 .001630 | .035122 .222220 i -
40 .060069 .000736 |1 .017582 237337
42 .000032 .000185 004529 .2u6772
R 0 ) 0 . 250004 !
A6 .000050 . 000183 004708 . 246695
.48 .0C0289 .0007 .019014 .235706
.50 .000750 .00155 .0L2623 .220133
.52 .001488 .002655 .07606k u1gzz28
.54 .002529 .003930 J177 .16348Y
.56 002882 .605293 16 585 134566
.58 .00553 L0066 221881 '096536
.60 .00745H -007859 | .281302 -054825
.62 .0095%1 . 008831 343089 { +0.011138
.64 011576 -009457 | - 405076 | -0.033391
06 014228 -009562 | .4ghgus .077428
.68 .016549 L0091 01 520297 .11956
.70 018737 .007968 568717 158386
.72 .020680 . 00669 .€07867 2192517
.;u .022268 .oosusg .635570 .220662
.76 023397 | -0.000052 { .642920 -2m 673
.78 .023977 | +0,004059 . 649386 . 254596
.80 025912 .008766 | .632930 .258736
.82 .02%3169 .013584 .600137 .253231
.8y 021719 019156 .331353 239616
.86 .019582 .024229 A4iB7823 .216904
.88 016827 . 028652 11854 186666
.90 .013583 031856 326073 .156616
.92 010016 .033146 .23809 111204
.94 . 0061196 .031686 .15170 .07 70?
.96 .003303 .026482 076064 036324
0.98 | -0.000940 } +0.01637 6021370 | -0.010297
1.00 0 0 0 0
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m = 0.46
x & (x) Rl(x) P(x) Q(x}
0 0 0 ) 0
0.02 | 0.0165u7 -o.ooogss 0.074948 | -0.005870
.0l L0271 .002633 .052281 .019925
.06 .033062 .005113 .102297 .037631
.08 035410 .007796 157221 .055425
.10 .035119 .010375 .210997 .070620
.12 .032972 01262 .259103 08123
Y .029616 L0150 .298360 .086188
16 .025575 .015625 .326759 .084€Y5
A8 .0212 018246 | .3u3300 .076L93
.20 L017602 .016279 347835 .001973
.22 .013020 015769 380913 o672
.o .009478 .01378u .323655 | -0.016LLQ
.26 GOoUT3 L0133 Y 4.2%61 6 | +0.012670
.28 .00UOL7 .011760 .264675 .Ohliy ol
.30 .002)99 .009929 .226916 .077668
.32 . 000894 .008028 186536 -110974
.34 | 0.000060 .006162 145746 143039
.36 | -0.000360 . 00UL25 106 97 A72781
.38 . 00086 002900 071404 .193609
o L0003 .001654 041 €79 .220463
42 .000242 .000759 .012085 .236584
Ly .000074 .00018Y 004862 .2le392
A6 0 0 0 -25003
A48 .000099 .000177 .005009 256535
.50 . 000435 . 000684 .020100 .236130
.52 .001058 . 001409 045079 ,218043
.54 .001996 . 002464 079373 .105346
.56 .003258 .003582 L1220 165924
.58 . 00U83Y .oou72L 71753 a31857
.60 .006693 .005781 226916 .002907
.62 .008765 .00663g .285613 .051k08
L6u L011043 .0071€ .3u5603 | +0,008203
.66 .013384 .007266 | .uQkB4y | -0.035329
.68 L015710 . 000822 46062 077767
.70 017916 .005747 .510561 17651
.72 019895 .003?g3 .532223 .153543
N .021530 | -0.c01462 583327 .1884073
.76 .022717 | +0.001783 | .60183 .207907
.78. 023357 .005712 .60606 .225259
.80 .023372 .010219 .504318 .. 232047
.82 .02270 01512 567407 .230875
. .84 .021333 .020183 .52u267 220650
- .86 .019274 . 025054 16418 201754
.88 .016592 .02927 .39537 A751 30
.90 L0134y .03230 315193 42370
.92 . 009936 L033440 | .23038 105809
oy . 006433 .03185Y .1u73o§ .068626
.96 .003274 .026537 074095 .0349ub
0.98 | -0.000933 | +0.015389 | 0.020880 | -0.009954
1.00 0 0 0 0
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n = 0U48
x R, (x) R, (x) P(x) Qlx)
0 0 0 0 0
0.02 0.01650 -0.000825 | 0.016382 | -0.007206
.oy .02699 .002876 .059285 .02U766
.06 .032768 .005607 .116530 .047466
.08 .1  .034939 .008587 .179993 .071163
.10 .0354¢€0 .0111483 .24290% .092669
a2 .032124 .014054 .300135 "} . .109644
R .028590 .016132 348012 .120l498
a6 .ozu3§? .015623 .38u133 .124290
.18 .019944 L0184 L1o7191 .120640
.20 .015575 .013674 L16810 2109635
.22 .011520 .018285 43394 .091755
24 007940 '017365 ..397974 .oég7g3
.26 .004931 .01599 .372081 .038783
.28 .002536 L0then .337616 | -0.00593
.30 | 0.000752 .012350 .296733 | +0.02952
.32 { «0.000458 .010289 .251732 .065925
3 .001160 .008215 .204968 g0
.36 0014 .006229 .158748 .136818
.38 .001398 oo g 152714 168600
RN .001139 .002862 L076557 | . 196367
A2 .000771 .001613 . 04l366 .219120
Ay .000396 .000717 L0201 74 . 236029
46 .000111 L0001 75 .005126 256465
A8 0 0 o . -250001
.50 .000132 . 000163 .005192 . 246435
.52 . 000553 . 000620 020701 235791
.5l 001311 . 001308 .046131 218316
.56 .002405 .002146 080694 L194487
.58 . 003832 .0050g9 123236 .164980
&0 .005563 . 003883 .172253 L130677
.62 . 007551 001563 225937 .092635
.64 .009729 . 0049%; .282219 . 052061
.66 012016 .oourgg .338822 | +0.010288
.68 .014315 .ooud .39333% -0.031275
.70 .G16522 .003113 JA326 .07116C
T2 01852k | -0.001682 | .}8616 .107907
LU .020709 { +0.00074k .51908 .140104
.76 021467 . 003867 .5u168g 160443
.78 .022200 . 007642 .52037 .185785
.80 022324 .011966 | .5hukos 197221
.82 021780 .016670 .523013 . 200146
.8u .020540 .021508 486167 L191332
.86 .018618 L0261 4y A3y .180014
.88 L016078 .030139 .370536 15797
.50 .f13029 .032043 .296733 .129619
.92 .009673 .033876 217792 .097119
.9y .00€276 .0321zu .139783 .063128
.96 .003200 .026680°} .070555 .032501
g.gg —0.00891u +o.o1gu22 c.o139h5 -0.008309
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m = 0.50
x R, (x) R, (x) P(x) (=)
; Qe 0378 | 0.018 ;
0.02 | 0.016463 | -0.000 0.018537 | -0.00837
.04 .026533 .oo§0g8 .065524 .029ou§
.06 .032u34 . 005001 .129324 .036250
.08 . 034400 . 009223 200666 .085384
.10 .033696 .012384 272160 112752
12 .031132 .015224 .338155 .135743
Y .0273g5 L017564 | 304527 152430
.16 .022960 .019290 438505 AB1617
.18 .018313 . 020350 4168487 .16221u
.20 .013824 . 020736 483840 .155648
.22 . 009654 . 020482 484808 .1uo§¥8
.2y .005997 .019649 | 472299 118
.26 .002952 ,018326 4147706 .0907%
.28 | 0.000562 .016611 413001 .057752
.30 | ~0.00117% .014616 .37048480 | -0.021368°
.32 . 002301 Lo12454 | 322167 1 +0.017576
.34 . 002882 .010235 L2701 .057043
.36 .003006 .00c8063 | .218u95 .095806
.38 .002776 006033 | .167855 .12220%
.40 . 002304 . 0ok224 .120960 .165E8
L2 .001700 . 002698 .079754 .194828
iy .001073 . 001499 035900 .218372
6 .00052 . 000651 L0207 .235753
,u8 . 0001 i1 . 000157 .005233 240470
.50 0 O 0 .250000
.52 .000157 00011 .005233 .2u6810
.54 . 000551 . 000524 L0207 .235753
.56 .001499 .001073 . 045900 .218372
.58 .002698 .001700 | .07575% 194828
.60 .00h221 .00230U .120960 .165888
.62 . 006033 .00277 L1678 132507
.64 .008063 .00300% z1£u3§ 095806
.66 .010233 .002882 .270M1 ,05703
.68 .01245 . 002301 .322167 | +0.01 7526
.70 .014616 | -0.001176 .370840 | -0.021168
.72 .016611 | +0.000562 300 .05774
.;g .018326 .002052 | 47766 .ogcgjg
.76 .019649 .00599 72299 L1183
.58 .020482 . 000651 481808 14077
.80 .020736 .013824 | 483840 155548
.82 .020350 .018343 463481 162
.84 .019290 .022069 438505 Jd61617
.86 L0150 .027375 .394527 .152430
.88 .015224 .031132 .338155 135743
.90 .012384 .033696 .272160 112752
.92 .009223 . 034400 .200666 .08535Y4
.ol 006001 032434 129324 .0562?0
.96 .003068 026833 .o6gseu .02g0148
0.98 | -0.000878 | +0.016453 | 0.018567 | -0.008377
1.00 0 0 0 0
LGRS AN T :
eSO AR AR A

ey

=~ v o

3

N Ly
T
w :

s
i ' }..
i 1
:.'
! h
¢ th
\r R
% ? .
[ 3N
ol
At
F




TS TRV T = - T
I - bl o o® ol G..., 7
- e S, ¢ e R T
I e s L L I e ames e A s e s n es e e - - eerene s ey e whe e - wrmgemeemse
- . (M
. P 1y - B - . ~ - rredtl
; )t LB . X - P A e T
JEVR - LN TP U UL SV TP U L R PR D limd” Fa cvmed s s s ek e - wh -

.
-
a».;..m_q

»

doevin X mn

—

Lalns

Yy

atn o el wfe daln .

.
Amsner suAvy mimamgerest 2 sy mesmden —
S [N
Thand e

‘-

ey

PRPYL IS

-

-ee -

A2 wn e wa e . o

-

o ve oty -

L, Ban S

TR

SN

-
i
Al

55
APPENDIX 3
GRAPHS OF BASIC SIXTH-DEGREE POLYNOMIALS FOR SELECTED VALUES OF m

RO SR
R N 7 S




fr aTe sameRadis theem e T e
.

Cm e es eam

‘ ’

1.0

P
‘/

0.8

Pix)

o7

N \/ﬂo(x)

~

A

[}
!
0%

™
-
\ -L
-
~
-~

[
0.5

me 0.10

/
\
.
\
)
\
\
\
AN
AN
\
0.4

g
\
\
Y
\
\
s
0.3

\.-"1/
\
Y
\
0.2

] -
1/ (-]
N\
N
\
o <] © ) ° ) ° o =) o°
] ] 3 8 3 2 ] ] 8 2 3
" " o~ ~ - =] = - o~ 6 "
] ¥

o' tx1d 0y (%

Yt as

Y e ;
N awt A e e mmmmbvan o dn Aoy e vecm dowam o fo b ok ywd e mansan Aebede

.
.

B

P Y S

Y
s
N
PR

L e i e I LN

-
.
P

»
»

-
!
.
:
:
s
.
.




PV PP

rote

[ . . L. . . .

;

1
e

(vt
3

o T TP AT,

10

4+~

os

4%
L]
’
1]
!
)
Z.
7
l\

-
x

N

)
I}

- Illl
\L\ w IJAJ. “ .”
3 // ) \ .MP \. w
4 ln, H
7‘»)0 }/ \ \\\ - 1-]

\\‘L

v

<
o N\ *\\\ -]
- -
/\A
o 1.-= ‘ H
N Pttt //4 " .
° 1= o t
& -7
\\
a4 ~
II o
2 4.
o ~—— -
el ’ o
-
~t. ]
Q a [5] © o 3 Q 0 [ o o © Q [ m o n F «°
~ - - )] © A b4 " " M o~ - - o < = o
o =3 o © L] o (-] (-] (-] o (-] -3 < -4 ° < © o
o ne '’y 1%
'
y v .
A . “
. ,
. .
ﬁ!«i , B R . e ——— -
L Lt . ik . iak Z - P e daalico

s,

P LI VEL AN J & 7)

!A ax Uy g

v e

-

ke




> T TSI, O3 " - LA} e v -
? - TR SR N

35 «
.

[N i e . « . e e eh mrmtovn Ve e < “eid.s N ..,».ef;.. Tt e Mt o .lw.”uuﬂ....v\hr s wiae .,hl s s G miews AVeirenmmen ..l.r-.!“hn\?lurou.n!lwl.lut a.\.huﬁ
L) : ’ l_
. . 3
amve o - > i
A ;,
s L .
ks
;.
v 7
L .
- N ’ hu
i
. 4
- \10
[y
4 K
o HA T
B "7 m../ ' .u
I'
I et [ / (T- * o
N \:—/ 5 et - ¢ b ,,.
\\lﬁ\\- hly / Treand . § N
' \\v\\l\ & N : ) 3 m i
\\ N } - Ry v
N \!uo ) L
\ ~ .
\\A o m 1
e / ) 1 \\.\ - \m
s e ] __ o 25 -4 I,
- s
. l./L/ ! \.s\\.\ ,/\h m. o
. 7’1 u..h. .\*\ > M " {
T — R -
” N /[A\. _- \ f .
- e
el o~ / s (SN
7 /, jo
7 s
2 / ” Pos ]
o o " b
W X A b
l' M
4 ] /lv . M o
$ ~<T 7 [
~d . A \ pe N
lo:ol } £
bees / 3 wp.. 1
.4 h
) v
R L a
g ) 3 2 © Q v =) g Q [ e a wo m.»w”.w
: ﬁ () ub.. (1) [«] L1 [~} nc =2 3 ~N Ly
5§ .8 8 8 % § 72 38 .8 8§ 8 o & 8 g ° ° & & 3. ¥
1 Mo 9a 'y '’y :
g .
. ] .
- .




.
IS NN " .. N . Xoer, | 3
T . Yy N I AT CX VI - 1S A S ORI S . DA

“e :‘/ Y . . [ [l » ey . a7 {
. o 1 2. 1. , . - ». "y ., e SV ey <. . <
N 2% 2. A b JUNRE PV D PA IR PR TR GIy VO Pk Bt~ ¥ /B L S-S YR SO fodd e

. . v
"

i
%
v
g
]
]
J
3
N

- e e

oA

e
»-
L% St
WL

L

i

T Rttt

0 o0

\ £ it N

[} Seea

.- g we

I

m

2
-l
os

/l\
L

\

-

|
[
/-G(I)

oS

vy e - o

B
]

[t}

59

0%

Y
1Y
.
R L T )
* ~

nQ.40
II‘
\
\
—=h
o3

-

02

Qi

//
ey
¢

ettt s = SN, S

PRATR) TN T

~03s}-
700
~015

g §.8 8§ § 8 8§ § °

B SRS PRCVRUNIN

P

i

kS

1

A
(I
Trw e Ses

4

o (=] '
0 e ‘we % M.m.u.

A A

- -
ar Sord Wb

LR T
LT Ze Y Y Y

2
F]
1

» ‘.- AL
P

- N ..
L el aan ot

e

o,

ad




e NS — - " . @ PP JE N .- .t e T, meites s G2 s ¥ « PR DR e . R P - N I, TP [ VUSIpRp O .‘.E‘l&.
. H
. . . . ... *
o R R SR s s et )
Lo Cons ,
X -.
8 ¢
b 7
m
k-
(=4 .
~ - a.
1 S (3 {
~ :
r / o ,
o] 11 ~—— A
{ \ ~~1 @ 5
\\‘\l\. - / q e o L
N :
N i 1
\Y N O' / " FN E -
(Y [
) H
“ \ _ / — P =< :
AN P ° {
' _ . I
/ 4 - d _ :
\ g i
et ~ b
o i o Lo

/
-
/

"

~ oo oa

.
LY
\
\
1
\
0.8

v mey

05
L3

60
m:0.50

-~
. -

Qfx} ’
Y
,
]
’
[
[
[}
[}
]
1}
; \
X
04
'?lo.n E

Ve oy

L )

03

>

0.2

L
Aes

F &R T
R (x}
.
S e e
1
1]
L
M
’
]
¢
4
]
.
¥
v
..
g ISP e -
¥
LY

3
\

\
Qa1
”

>

\
1
1]
Y
A
Y
\
3
NG o
HAXA

e —]
7”/

!
S
\Y
3
.
.
A
\
A}
1
1
\
A ]
RS

L

o 0 723 oy ["s) o0

Q < S E 3 Y b~ 2 =1 8 ° s Q o S m.nn

°© ° ° ° °© ° ° 1 oo © © < e o «

()0 “(x)g (0 9 *(x)%u ' Jm..
i 3
4 4

i %

L }
e . : &
ol L] WU - X o A 1 e "y




by

é

AFPENDIX U

LEAST SQUARE PIT OF A SEVENTH- BY A SIXTH-
DEGREE POIYNCMIAL PORM

RS-ty

1ie seventh-degree polynomial y¥° = f(x) may be written in the form

£{x) = x(1 « x)gl(x) (1]

; where g(i) is a polynomial of the fifth degree. It will be shown that a least
' square fit to g{x) by a fourth-degree polynomial g(x) 1s given by

AT

glx) = g(x} - cs(x5 -%x‘ + g-gx:’ —%x"’ +-ng - -2—,155) 12]

where Cg 1is the(qoerrlcient of x® in the expansion

ey

glx) =C, + Clx'+ veo # Csx5 (31

Also [2] may be written as
Bx) = (6 + 38) 4 (6, - woalx ¢ 0 +30)°

+ (C{ - ggcs)x° + (c‘ + ;cs)x‘

-

(4]

At

&

The corresponding sixth-degree polynomial form will then be given vy y° = T(x)
where '

it

T(x) = x(1 - x)g(x) _ {5]

a S

Proof: Since g(x) is a polynomial of the rifth degree, it can be expressed as
a linear combination of the first five Legendre polynomials. Furthermore, ;
_8lnce uere the range of x is from 0 to 1 and the Legendre polynomials are or- i
thogonal over the range -1 to 41, we express g{x) as :

g(x) = y P, + P (&) + ...+ y P (8) 16] !

!

whére 70; Yy» ... ¥  8F€ coefficlents and P, P‘(e) ... are the Legendre poly- ] -f
nomials, and * . . {
§=2x -1 {7] ;

A theorem on ortaogonal functions (Reference §) then states tna* the

. .
AT = r

; " . best least-square fit of & fourth-degree pciynomial to gii) is ) g
. | ’ 3 j
¥ I A
} R : J ¢
o WOLEL XL T e aniel sl i nic A e bvieia it N T y T e &
ke R S I VS S ALY AR N
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3 - Ly
g X Elx) « v P+ v, P(8) + oo+ v P (E) F )
< or ' : - 3
] Blx) = glx) - v ,Pylt) (8] S -
% Now, from Equation [6], : ;
. :. i
' !s(x)P,(e)dz -7, ! P2{¢)at - v 19l f :
f . i.. :
and, froa {3) and {7}, - : oy |
+ 119 c i :
L gix) c,(‘—z——) + ... . 3%("‘ 4+ ... {10] ; E
f , R
] where only tho coefficient of ¢ is shown since, by a well-known property of if i
. legendre polynomials, the terms in the powers cof § less than the fifth give f; !
. zero when substituted into {9]. Also : §
s 1., :
4 Psle) = 5(634° - 708% + 15¢) (11) :
J < . 4
1 Hence, substituting from {10] and {11] into {9], gives R i
3 a ‘ i'. i
s .
: Yy = 753 2] ’
‘ Also, from 7] and {V1]}, :
. !
P {x) = %[b}(?x - 1)% - 70(2x - 1) + 15(2x - 1)] :
20,s | - e 1
X - 252(x gx + x. %x + 55x 25“) C[13)

Hence, subatituting from [12] and {73] into [8), gives Equation {2] as we
wished to prove.
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5 ' QECMETRICAL PROPTRTIES - - !
X The geometrical properties of sixth-degree polynomial forms can be . 4
§ : obtained from the following equations when the linear dimensiocn is chosen: 5
| , Dismster: 4« 4 (1] i- :
. Distance of maximum section from nose: X« ml {2} ;
vl ‘
Nose radius: R a —y (3} i
I\ i
3 . . o
r,! .,
Tail radius: R = -:\‘,— ) :
i Lz
A ) ' : " a4
! Volume: ¥ac I 15] b
; 4l -
A Longitudinal center of buoyancy: X = R xy*dx (6] IR
‘ ’ ) P b
* Volume moment of inertia about the verticsl axis through ] e
the longitudinal center of buoyancy: ]
. . 1 0
¢ 2 3 >
.o In"ifl [fljy‘dx +'§56fy’x’dx-i;cpx] I
O ! . (7] 4 {
| where X .% -
. 9 -
! e 1 et | -
; . Surface area: S = !tALf[uy* + a-iy‘) ] dx [8) ; S
‘ - :
The integral in Equation [8) may be evaluated numerically using ; >
M P " g
3 Gauss's formula ] s
g I
zf(u)du = R#(u,) + Rodtuy) + ... + Ro#lu ) {9} 3 A
: t . ]
The numericul values of the u's and R's for n = 7 are: { . -
. - 3 [
u, = 0.02544604383 R, = R, = 0.06474248308 i LK
u, = 0.1292344072 : o
uy = 0.2470774243 Ry =Ry = 0.1398526957 “ g
u = 0.5 {‘ s
u, = 0.7029225757 R =R, = 0.1909150253 . ;‘: :
" u, = 0.8707655928 N ¥
u, = 0.9745539562 R, = 0.2089795918 R |
RN -
l -
X
S T ST et I v dekic s a2 kB i
mﬁ:&:&mi:a.? wread Caml el $ "-" 2:'.’..; Wi A ,v.'..s'»\n"':'\h-"'l}.h‘:;'u :m'ai...».-. '-~:-:¢<;;{:1A'i'~£bm.' y RN ;
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* The evaluation of Gsuss's u's for pclyncmials of high degree using synthetic : » :

divizion i3 quite tedlous. The calculation may be simplified by linear inter- . s
: polation between the closely spaced crdinates obtained from the table in Ap- s il X
pendix 1. The maximua error introduced by this simplification is only approx- J > f
imately +0.2 percent. :

ACKNCWLEDGMINTS

P G mste eyt s o
o~

-Thé authors are grateful to I. Goldman, J.L. Beveridge, E.J. Adanms,
and J.D. Zonars for their assistance in carrying through the tedious and some-~
times difficult calculations which were necessary for this report. The tables
in Appendix 2 were computed with the ald of the IBM equ! pment at the Taylor
Model Basin. :

AT 2 e e v m s
MR PN " -
. " .t .

REFERENCES

1. Cox, H.R. "The External Porces on Aireraft Structures,” Journal of
the Royal Aercnautical Scciety, Volume 33, Appendix 1V, 1929,

™ sy
. L oLt

2. Freeman, H.B , "Calculated and Observed Speeds of Cavitation about
Two- and Three-Dimensional Bodles in Water,” TMB CONFIDENTIAL Report 495, )
November 1942. ;

3. Lyon, H.M., "The Effect of Turbulence on the Drag of Alrship Models,"
A R.C. ‘Reports and ¥emoranda No. 1511, 1932.

4. Taylor, D.W., "Calculations for Ships' Forms and the Light Thrown
by Model Experiments upon Resistance, Propulsion, and Rolling of Ships," .
Transactions of the International Engineering Congress, September 20 - 25, *
1915, v

5. Murk, M.M., "Pluld Mechanics," Part II, Chapter V, Section 6, of
“Aerodynamic Theory," edited by W.P. Durand, January 1943,

o

6. Courant, R. and Hilbert, D., "Methoden der Mathematischen Physik," ! ! f; J
Voiume 1, Second Edition, page 43, published by Jullius Springer, 1931. -

LIRS

R et i ettt
.

.
5
TR S gy MYy aotn oo,

RATEOHPE POV WALK W C

oy
P

S e e e e ——--mm,w‘“ ‘7“‘"

> % -
MMQEM{%“ REY L St ey ey PN ST

Pk et b R AN, et S ree ve WAL




