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ABSTRACT 

Details are presented of an approximate analysis which yields 
expressions for the components of the distant electric field,  radiation 
resistance,  loss resistance and efficiency of a small,  circular loop 
antenna«   The equations for radiation resistance and loss resistance are 
then generalized to the case of a small multiturn loop antenna of arbitrary 
shape*     The basic assumption used in the analysis is that the current is 
sinusoidally distributed on the antenna. 
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RADIATION RESISTANCE AND EFFICIENCY OF 
MULTITURN LOOP ANTENNAS 

I. INTRODUCTION 

Because of space limitations,  an aircraft antenna at HP must be 
relatively small electrically.   This generally implies an undesirable 
impedance characteristic and low efficiency.   A new HP antenna system 
has been proposed1 in which an attempt is made to overcome these pro- 
blems by purposely exciting currents on the aircraft structure in order 
to make use of a larger radiating surface.   Currents on a conducting 
surface are associated with an external tangential magnetic field that is 
maximum at the conducting surface.   Such a magnetic field can generally 
be established more effectively by a loop element than by a stub or dipole 
element.   Hence a loop antenna has been chosen as the basic element of 
the new HP antenna system. 

The small single-turn loop antenna is too inefficient to be used as 
the basic radiating element in a feasible HP antenna system.   However, 
the efficiency of the basic loop element can be greatly enhanced by 
increasing the number of turns. 

The small multiturn loop antenna has turns which are electrically 
small in area but sufficient in number such that the total wire length 
may be a significant portion of a wavelength.   The geometry of the multi- 
turn loop antenna is illustrated in Fig. 1 • 

The basic assumption used by most authors2'9 in the analysis of 
the small single-turn loop antenna is that the current on the loop is uni- 
form and in-phase at all points on the loop.   In the case of the multiturn 
loop, the assumption of uniform in-phase current is not valid if the number 
of turns is such that the total length of wire in the loop is a significant 
portion of a wavelength.   For this reason, the results of the usual analyses 
of small loop antennas are useless for predicting the behavior of the type 
of small multiturn loop antenna discussed here. 

A more realistic description of the multiturn loop antenna is ob- 
tained if the current on the loop is assumed to be a superposition of two 
oppositely directed uniform traveling-wave currents of equal amplitude 
(i.e.*  sinusoidal current distribution).   An analysis based on this assumed 
form of the current distribution has been performed and the far-zone 
electric field,  radiation resistance» loss resistance,  and efficiency have 
been calculated.   The details of this analysis are the subject of this report. 



TERMINALS 

Fig. 1.    Geometry of a multiturn loop antenna. 
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II.       ANALYSIS 

A.    Distant Electric Fields 

The far-zone magnetic field from a ring source is given by 

(i) H = £Lr.-Jkr J W)* S'.*" inBcosM)-*') 
d«'     . 

For   a current distribution of the form     3{<\>') = J(<M<)>'i  it is found, with 
the usual far-field approximations,  that 

W) X r'   ^ J^') x r = J(<j>,)$,   x $ 

or 

0 

Fig. 2.   Geometry of a ring source 



(2) J^') X p' ~ Jt^') [eco8(<j>-<|>,) - «j> coBeBtn(<t>-<t>,)J    . 

Substituting Eq. (2) into Eq. (1) and introducing the notation z ■ ka sinÖ 
gives 

(3) H-i^_ e-jkr rj^'lL^cosl^-«') -$cosesin(<|,.(t>')Jejzc08(<,,■,,,,U, • ' 47r r «J 

The far-zone electric field is given by 

Ee = Jl   H* .     E^ = - A  He 

or 

(4) Eö=  -J^e-Jkr cose    C J((n 8in(<|>-<nejZco•W,-<^>')d^)•   . 

and similarly 

(5) Ed, = -p£ e-Jkr   f J(V)co»{4-*V zco'M-*') dij)' T        4irr J 

It is assumed that the multiturn loop antenna is fed from a balanced 
source«   Thus,  the current along the wire will be symmetrical about the 
midpoint of the loop.   With the midpoint of the wire in the loop located 
at <t>' s 0,   (see Fig. 3), the current distribution is assumed to be 

I(<t>') = locoska^)' 

where 

(6) - (2N+l)ir < 4»'   < 12N+1)IT 

The limits for V in Eq. (6) correspond to a multiturn loop antenna 
consisting of (2N+1) turns. 

-• -" ^ ■ -  -   ■ 



TERMINAL I 

CURRENT ALONG, 
UNFOLDED 

WIRE 

.MIDPOINT 
4>'-0 

TERMINAL 2 

Fig. 3.   Current distribution for a multiturn 
loop antenna. 

Alternatively Eq. (6) can be written as 

(7) 1(4,') = ^ [ eJ^«t>' + .-jk^'j. . (2N+1)ir < ^ < (2N+l)i 

i.e.»  consisting of a left and a right traveling wave«   In the following, 
the left and right traveling waves will be kept separated throughout the 
calculations.   Thus,  substituting the left traveling wave from Eq. (7) 
into Eq. (4) gives 

ELsMiaIo   e-jkr coie PjkaV .^..^ ,J»co.^-♦) ^   , 
SlfT J 

Substituting ij)1 - <t) a <|)" + '    yields 

(8) Ee " Sir 
iL0

e-JkreJka^+7Jco,e ^eJka<|>"cos<t)Me.jzsin^d<|).. 

-     -      -     - > i « i ■       - '- - 
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The limits for the integral in Eq. (8) are such that the total coil 
is "scanned". More specificly, the integral in Eq. (8) may be written 
as the following sum (where the integrand is eJkof" co8<j)" e-^8"1*'^^"): 

(9) ^^"cos*" e'iZBin*"d*"- 

r-(2N+l)w r-(2N-l)ir 

p-w        pir       p3ir p(2N+l)ir     pi r(2N+l)ir     pL^cj)) 

'[ZN+llir 

The first and last integral in Eq. (9) will have limits depending on the 
position of the field point P,   i.e.. will depend on$.   However,   since 
their sum corresponds to the field from a portion of a wire smaller than 
1/2 loop and since the present problem deals with the multiturn loop, the 
contribution is assumed to be negligible and will be ignored in the following. 

The   'center" integral in Eq. (9) may be written as 

(10) f ejka<,>Mcos<|."e-jZsin4>"d<t." 

s   |   p    rej(ka+l)^+cj(ka.l)<."je.jzsin<|,"d<|)1 

From the definition of Anger functions (see Appendix for details) it is 
seen that 

(11) T   •^•♦,,cos^«-J"i,*,V-trf J   (z)+   J   {*)]      . 
J.ir Ua+1 ka-1     J 

As shown in the Appendix, making the simple transformation <j>" = (j)"' + w 
gives 

...       . .       I ...„Ml      . ,_ ^ ^ •      •      ' ^ -^^J,  _.        _      ^ .. _ . . 
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(12) f3irejka<,,,,co.<|,"e-JZ8in<,>Mdr = .eJ2lrkarjr    (z) +   JT   (z)l . 
Jir Lka+1 ka-1      J 

and in general 

(IS) f        '.^"co.+".-J"ta*".,.i»J»,»r,    ,.,+    0,    ,.,1 
J(2n-l)ir Lka+1 ka-1       J 

By application of Eq. (13) it is found for Eq. (9) that 

(14) reJka<,,ncos<|>,,e-JZ8in,*,,,d<t>"=7r [jj    (z) +   J    (z)l 
J Lka+1 ka-1      J 

• p^V.^ e-
j2,rka + 1 + e^^ +—- + e^^l 

- w [ J    (z) +   JT    (z)l Bin[(2N+l)kair] i 

lka+1 ka-1     J      8inkaff 

Substituting Eq. (14) into Eq. (8) yields 

.      j^alo       .kr   ^•(♦+|) sin[(2N+l)kair] 
(15) Ej^-gT-  e jKre      V    ^cosS 8> kair 

JT   (z) +  j 
ba+l ka- 

Similarly,  for the right traveling wave 

H 
ntkX „R      Jh)'iaIo     -jkr        ö   f  -JM»'   . jzcos(<|>'.<|>) 
(16) Ee =   8nr      e J      cosO   \e sin(<t>i-<>) e ^i 

By substituting <j)l-<J>=-(j),' + yin the integral of Eq. (16) there results 

leil^MiM—id^a^iiy>^iM*^Mi^—^M— i   r- i   i      ' 



-jka*' (17) ^e'^^   sin^'-<t))eJ"     Vi     r' JzcöB(<t>,-4))  ... 

.   e■jka(*+^Jejka•*>,cos«t>■ejz-i"<*,, d*'   . 

where the direction of integration is from negative to positive values of 
<t>' •    Thus,  since the only difference between the integral in Eqs. (17) 
and (14) is the sign of z,  it is readily seen that for Eq. (17) 

(18) f e-J^*' sin(*■.♦)ej^co•(♦'■*, df 

^-Hl JT    (-z) + 
Lka+1 k 

/   vl     liä 
:a-l       J 

n[(2N-H)kaTrJ 
in kair 

Substituting Eq. (18) into Eq. (16) gives 

(19) 
j^alp     .jkr    -^»(♦♦f)        e   sin[(2N+l)kair] 

8r sin kair 

.      JT    (-z)+   JT    (-z) 
Lka+1 ka-1        J 

Equations (15) and (19) give  ,   for the cosinusoidal (standing) wave: 

(20) 
c     jwualo      -jkr         _    8in[(2N+l)kairJ 
ii = —   e cos 9    -.—;  

8r sin kair 

jkaf<|>+|V \ 
e       V      2>f JT   (z) +    JT   (z)) 

\}ca+l ka-1     / 

-jka(4.+l)/ v 
+ e V (   J   t-z)+   J    (-z)] 

Vka+1 ka-1      / 
- ir < 4> < ir 

8 
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For small loops i.e<.  a < < X the phase term can be ignored and by 
formulas in the Appendix,   Eq. (20) eventually reduces to: 

(21) 
c     jwual0       IU,   sinr(2N+l)kairJ 

Ef 2: ^^T2   e J sin kair L   ^otgej J(2) 
.ka 
\l{z) -   JJ (z)|     a<< 
Lka -ka    J 

X   . 

of jr(z) -   jr(z)| it 
Lka -ka     J 

Substituting the left traveling wave -y e^    ^   into Eq. (5) yields 

The expansion of| Jr(z) -     Jr(z) |   is given in the Appendix 
.ka -ka 

(221 EL=-i^a (22) %       T^ 
ilo Ä-jkr f Jka^' , j^cos^'-^) 
  e ^      \ e cos(<b -9) e d<|>     , 

where as before the integration is extended over all turns of the loop. 
Substituting 

4,'  .^V+I 

into the integral of Eq. (22) gives 

(23) JeJ^'cos^'-^eJ^^^'^Ucj.' 

jkafo+l)    n    jka4," .jzsin«(>"      „ 
= - e       \     £/    \   e sin<|>"e d<|> 

e
+^(*+f) rr(2N+l)n p-(2N-l)ir 

I M) J-(2N+l)ir -r J-3ir 

(*       p3ir r(2N+l)Tr        r 

\      + \        +----+  \ .  \ 
J-ir     Sr 42N-l)ir        J( (2N+l)ir 

---       -■->       _ ■—      .      .      ->._> _..■.-.•- ^  - .'- 



As shown in the Appendix 

(24) C eik^    8in<t."e"Jz8ln<,,   d<j," 
J(2n-l)iT 

jeJ"2 *k»ir I   J    (z) -    JT   (z) 1 
Lka-H ka-1      J 

Application of Eq. (24) in Eq. (23) yields, by neglecting the terminal 
contribution as previously, 

(25) feJka,<,,cos(<t.'.<|,)ejzC08(<t,,-<,,)d<J>' 

= jeJka(*+4   ^tUmDkan]    [,(.,.,    (2)]     . 
sinkair Lka+1 kmml     J 

Finally,  substituting Eq. (25) into Eq. (22) gives 

t      "lialo    .ikr    M»^!)   sin[(2N+l)kaiTJ r "I 
(26) E^-^e^'e      V /      8in kaiT       JT   (z) -   JT    (z) 

Lka+1 ka-1     J 

or by application of the recursive relationship given in the Appendix. 

"(J)  ~ ~    4r ' sin kair 

For the right traveling wave _£ e'J  "^ ,  Eq. (5) gives 

(27) t^ 
J . .i^il£e-JKr  C,-Jk^'co,(+..w ^co.W-4.) ^ 

8irr 

where the integration is extended over the whole multiturn loop.   Sub- 
stituting 

10 
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f.*. .(I."+I 

into Eq. (27) yields for the integral alore 

(28) f e-^^'cos^'-^eJ2008^'-^' 

jk jkaU+I)   p jka<j)M jisin^" 
V Me sincj)"    e"^ d^" , 

where the integration goes from negative to positive values of <{>".    Thus 
by application of Eqs. (23) and (24) in Eq. (28), 

(29) jV-^'cos^) eJ^08^'"^ d^ 

= _  e-jK>(* ^ gsin[(2N+1)kaff]   r ^      1 
stnkair Lka+1 ^^       J 

Substituting Eq. (29) into Eq. (27) yields: 

* 8r sinkai. Lka+1 ,,,.,       J 

and finally by application of the recursive relationship given in the 
Appendix, 

(30) 
R     ^alp     .jkr    -jkaU •>• y ] sin[(2N-H)kaiTJ       | 

^  "   4 sin kair (-z) 
ka 

From Eqs. (26) and (30),  the total field for the cosinosoidal (stand- 
ing wave) distribution is 

/,,.     FS        "^o    -jkr «""[(2N+l)kaTr] 
(31)     E4,= -    4r   'e " sinkair 

jkaf«t>+y] .jkaU+j] 
2       V      ^/jr,(z)+e V      ^/JTH ») 

ka -ka 

•IT  < 4>   < "w 

11 
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For a <<\ Eq. (31) reduces to 

.. S wjjialo     .jkr    sin(2N+l)kaTr 
(32) EA ~ -  —T    e  J —:—:  

T — 4r sin kaw 
.ka -ka 

[jT^z) + r(z)\ 
[ka -ka    J 

The expansion of    JT^z) + JT^z)      is given in the Appendix 

Equations (20) and (31) give the total B-polarized and <)»-polarized 
components of the far-zone electric field of a multiturn loop antenna of 
arbitrary size. These equations reduce to Eqs. (21) and (32) for small 
multiturn loop antennas,  i.e..  loops for which a < <X . 

B.    Radiation Resistance RR 

In regard to calculating the radiated power it it interesting to note 
that Eg and EA are in phase quadrature.   Thus,  no cross-products be- 
tween the two fields occur,  and calculations can be performed very 
simply.   In the present work,  special attention will be paid to the case 
where a < <X .    From the expressions for E^ and E^ in Eqs. (21) and 
(32),  respectively,  and utilizing the expansions Eqs. (82) and (84),  it 
is clear that in this case 

due to the sin kair/2 and cos kair/2 factors.    Thus,  in the following,  only 
the radiated power due to E$ will be calculated. 

Equations (32) and (84) yield 

S wualn       iVr   8in(2N+l)kair kair 
(33) E. = - S—-2 e JKr  —r-r     cos -5- *    ' 9 2r sin kaw 2 

1 (-1)' 
m     /z\2m-l HI 

m = 1   r(m + i-^)r(m + i+^) 

12 
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Taking only the first term in Eq. (33) and using the approximations 
cos kan/z ^ 1 and r(2 - ka/2) r(2 + ka/2) ^ I gives 

IE^I2        i   W^VIQ«     sin'^W-Ukan       z2 

1                   2Z0       - 2 4r' Z0           sin* kaw 

and by substituting z ■ - kasinö,   Eq. (34) becomes 

,..,   f.i {akfl0
l     f     8ina(2N+l)kan 

16r*       ''0      sin* kaw 
in*e . sin 

The total radiated power is 

(36) PR =     r    d<f> C      LS—   r*sinbde 
Jr. wn 2Z0 

i ^(akiV ,   .i-'uwiik»     r" iin.9 „e 
2 8 0      sin^kaw Jn 

PR - JL  (ak)4I0
l Z0 «inM2Nfl)kair        # 

12 »in  kaJT 

From the definition of the radiation resistance»  RR*. with respect 
to a current maximum,   i.e., 

(37) PR = i    RR' I0* , 

and using Eq. (36) in Eq. (37), we obtain 

°      TT .  . .4   -     sin*(2Ntl)kan 
RR    ^(ak)    Z0    ^^^  

or alternatively 

13 



(38) RR   . _ 640  »*  ^ j     ,in
V| kaTr 

(39) 64ir6   ,,,.7   A 4   •inI(2N+l)kair ^     with reipect to 
= TsT10     ^Hz»     .ini k]lir f 

32ir*.  10-7  .A 4   •in1UN+l)kair 
81 lMH«a       sin2 kair 

current maximum 
I« 

Since a < <X,  sin kair   ^ kair .   Thus,  from Eq. (39) 

(40) *R   = ö   '   '   10'    fiiHz a1 sin,(2N+l)kair   (with respect to current 
maximum I0) 

Since the input current according to Eq« (6) is 

(41) lT«rminali * lo co8(2N+l)kaw. 

it is found from Eqs. (40) and (41) that the input resistance is 

(42) R^P = —S RR* 8 . lir1 .lO-'A.^    aItan*(2N+l)kair 
cosl(2N-l-l)kair        9 'MHa 

(with respect to input current) 

C.    Loss Resistance RL and Efficiency Eff. 

Denote the conductor resistance per unit length by RQ«   Then the 
total power lost in the multiturn loop antenna is 

p..A 
p(2N4'l)i n Ro I1^') a d^' 

(2N+l)ir 

| p(2N+l)ir 

T ^o ^o        \ 
V ■ - (2N+l)ir 

cos^ka^'da^1 

14 
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RoIo 
PL  =Tk ak«l»' + itinZak^' 

(2N+l)7r 

(t»'  = - (ZN+l)» 

= ^ RoIo" U^N+Mwa+l  .in[(2N+l)2irkaJ 1 

Thus 

(43) PL = ^RoIo*(2N+l)2ir« 1 + 
gin[(2N-H)ZirkaJ 1 
(2N+1) 2nka 

From the definition of loss resistance: 

PL = | RL- lo2 

and from Eq. (43), 

2 
(44) RL* = ^ R0 (2N+l)2ira 

sin[(2N-H)2ykaJ 1 
(2N+l)2irka J 

with respect to current maximum 

For a copper wire,   according to Schelkunoff, 

Rs 2.61  .  Iü-T^f 
Ro = 

ird m An 
ohm/ m 

or 

(45) 
8.32 . 1U- 

*m 
"^MHz     (^m = wire diameter in meter) 

15 



Substituting Eq. (45) into Eq. (44): 

,AIX B   '     4.16.10"»    ,,„,,.,,,       ./?    fi   .   •in[(2N+l)2irkan (46) RL   =        dm (2N+l)2na>^r  [l ♦   (2N^)2irka J 
(with respect to current maximum) 

For the input current,   as mentioned previously,  (see Eq. (41)) 

iTerminals = ^o cos(2N+l) kair. 

Thus,  for the loss resistance as seen at the terminals 

RL (47) RL = 
cos'UN+Ukair 

4.16.10'*      (2N-H)2ira'y/fMHl     F,      sinf (2Nfl)2wka] 1 
""d^ cos-UN+UkaiT       L   + (2NVl)2wka        ^J 

(For a copper wire antenna) 

The radiation efficiency of an antenna is customarily defined as 

PR 
(48) Eff. = 

PR + PL 

The radiated power ami loss power are related to the radiation resistance, 
loss resistance and ten    nal current as follows: 

(49) PR = j  RR I* 

(50) PL = 1   RLIa 

16 
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Using Eqs. (49) and (50) in Eq. (48) yields 

Ef£. = 
I**»1 

TRR^iRLl» 

or 

(51) E£f. = KR 

RR + RL 

When the values of RR and R^ from Eqs. (42) and (47) are used in Eq. (51), 
the efficiency is obtained. 

D. An Example Calculation 

To illustrate the type of behavior predicted by Eqs. (42),  (47),  and 
(51) for the small multiturn loop antenna,  a set of calculations has been 
made for a particular model.   The parameters of the model are as follows. 

N = 2 (5-turn loop) 

a = 0.2 meters 

dm = 0.00159 meters (1/ 16 inch)   . 

The calculations were made for a model with the given parameters 
at frequencies between 0 and 150 MHz,  and are presented in Figs. 4, 5, 
and 6.   Figure 4 shows the radiation resistance and loss resistance 
separately, while Fig. 5 depicts the total input resistance.   Measured 
input resistance for this antenna is shown in Fig. 6.   Measured and cal- 
culated efficiency for the 5-turn loop is shown in Fig. 7.   For a descrip- 
tion of the impedance and efficiency measurements,   see Reference 7. 

E. Loops of Noncircular Shape 

Equations (42) and (47) can be generalized to the case of noncircular 
loops by recognizing that 

2ira = perimeter of one turn of the loop in meters = pf 

17 
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. 

"dm ■ perimeter of the conductor in meters ■ p^ 

rra.*   = area of one turn of the loop in (meters)' = Aj 

'i ^N+l = number of turns = n . v 

If the antenna is constructed of some metal other than copper, the 
loss resistance is modified by the factor* 

ITr" 

where crr {s the relative conductivity of the metal and \iT is the relative 
permeability of the metal,  it*», 

_   conductivity of metal 
conductivity of copper 

_ permeability of metal 
permeability of copper 

When these generalizations are made in Eqs. (42) and (47), the 
results are 

(52) RR = 2.79 . 10-* ffcmz AT tan f-^M    « 

^r fMHz 

(53) RL= 1.31.10"* ^1  i       r 

PC 
cos 

[t  r + sin(knpT) I       n 

/knpxN      L        knpT       J 

where 

pip ■ perimeter of one turn in meters 

PC " perimeter of the conductor in meters 

AT = area of one turn in (meters)2 

n     ■ number of turns 

22 



ii; 

k        ■ free space propagation constant in radians/meter 

^MHz = fre<luency in MHz 

o-r      = conductivity of loop material relative to that 
of copper 

|x        = permeability of loop material relative to that 
of copper. 

III.      SUMMARY AND CONCLUSIONS 

The present work has dealt with a theoretical investigation of the 
multiturn loop antenna.    Proceeding on the assumption that the current 
distribution on the loop antenna is sinusoidal,   expressions were developed 
for the components of the far-zone electric field of a circular multiturn 
loop antenna of arbitrary size.   These expressions were then specialized 
to the case of a multiturn loop antenna of electrically small radius and an 
approximate expression for antenna radiation resistance at the antenna 
terminals was obtained.   The assumption of sinusoidal current distri- 
bution was also used in calculating the loss resistance at the antenna 
terminals,  for an antenna constructed of copper wire.   The radiation 
resistance and loss resistance were then used to calculate the antenna 
radiation efficiency. 

A comparison of theoretical and experimental results for a 
circular 5-turn loop antenna demonstrated the validity of the analysis. 

Finally,  the expressions for radiation resistance and loss resistance 
were generalized to apply to small multiturn loop antennas of arbitrary 
shape and constructed of wire of arbitrary cross section and arbitrary 
material. 
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APPENDIX 
FORMULAS FOR ANGER AND WEBER FUNCTIONS 

Since the Anger and Weber functions are used in the previous 
calculations, it is pertinent to state here a few facts about those functions. 
The principal reference sources are: Watson,9 Bateman,     Bernard and 
Ishimaru, 11 and Nielsen.12 

Anger and Weber functions,  respectively,   are defined by 

I     r* if*       itvA-zsini) 
(54) jrv(z) = i    \   cos{v<|>.zsin<t>)d4> «i- \      eJV y ^'d* 

and 

(55) Ev(z) = —    \      sin(v(t>-zsin4>)d4) 
IT    J0 

From Eqs. (54) and (55): 

1    P       A j(v<t>-zsind>) , 
(56) jrv(z) ± i mv(z) = - j    e   " *       ^;d<t.  . 

For v equal to an integer n,  it is seen from Eq. (54) and the well 
known formula for Bessel functions 

j   (Z) = il!L   f eJ(n<l»+*co8<t))d4) = i    f   cos(n<|».zsin(l>)d4> 
n 2ir   J ^   ^o 

that 

Jn(z) 5 JnU) 

i.e.. for integer order.  Anger and Bessel functions are identical. 

Some functional relationships for the Anger and Weber functions 
are 

(57) jrv(-z) = JJJz) 
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(58) Jr_^-z) = jrv(«) 

(59) BU-z) = - B.U«) 

(60) E.^-z) = - EUz) 

(61) sin vn jrv(z) « cos VTrKv(z) - B.v(z) 

(62) sin vnSv(z) ■ Jr.v(z) - cos vir Jv(z) 

From Eqs. (61) and (62), the following relationship! may be derived: 

(63) jrv(z) - j B:V(Z) = e"jv,r[ jr.v(z) - j m.v(z)\ 

(64) jrv(z) + j B:V(Z).= ejvir[jr.v(z) + j m.v(z)]    . 

Recursive relationship for the Anger and Weber function are given 
by 

(65) JTy-lU) - Jv+lU) = 2 .rv(z) 

(66) zJ ^(z) + v Jv(z) =: z Jv _ j (z) + ^Ll 

(67) zjr;(z) - vjrv(z) * - zjrv+1(z) - S1"vir 

Zv 2sinvir 
(68) lv-1{«) + jrv+1(z) = "- JJv(z) - —^— 

(69) Ev.i(z) - Bv+ltz) a2 KW 

1-COS VTT 
(70) z K;(Z) + v JKV(Z) = z JB:V.^z) + 
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(71) . ■;, (I) - v ■„(.)• -.K,,+1(r)-i^2»^*. 

The integral 

JL    r(2n+1),r    .J(v*-..in4.)d<() 
2ir    J(2n-l)iT 

may be evaluated by substituting 

«(> ■ «j)1 + 2ir n 

yielding 

J_   f^+^'jCv^-ssin«)^     _1_ JnZirv   f'  J(v ♦,-"in,>,,)d<<). 
2ir 

42n-l)iT 2ir *iir 

and by application of Eq.(54), 

p(2n+l)ir 

2«    ^(2n-l)ir 

Similarly,  from Eq. (56), 

(73) _i    f eJ(v1>-"^<|>)d4>.eJn2wvJ>)     . 

(74) i   f™1* ^*-™**W - .W[*¥M ±J EV(.)J 

Furthermore,  by application of Eq. (54), 
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;.r j(i/(J>-Z8in4)) 
co«<j) e d<() 

Thus 

(75) 1    f    co.<0 eJ(v,,,-"in^d<t>= Jv+1(«) ♦ Jf,  !(.)  . ,    j^ v-i 

which may be generalized to 

(76) i  J"     cosp« ^-""Vd* = ,vfp(.) + Jv_p(.) 
" If 

Also by Eq. (54) 

OP 

/77\ I    C j(vo-zsin^) . r _       .  .      _       .  . . 
(77) _j       sinp^e-" * - J L Jy+pt») " Jv-p(z) J    • 

-IT 

and by the transformation 

<j> s ^'  +  iit n 
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1   r(2n+1>ir        ^   Jlv^.-in^, - \ co» p^ e d^ 
w i2n.l)ir 

1[2n.l)ir 

or 

^n+l )ir 
i   V co« p^ 
ff   i2n-l)iT 

^(v^—in^)^ . ejn2wv [ ^ + ^       ^  ^ 
(78) -   \ co.p«|)e"T--       '09 «e- iJv+pi 

and similarly 

(79) i r(2n+1>W.mp9eJ^-"in^--J ^^[J^O-^pOj. 
* ^2n.l)ir 

Series expansions of Anger and Weber functions are given by 

% 2m 

(-«-(1) 
(80) Jv(z) = cos ^  2 

-0r(-.*i-f)r (.»♦.♦!) 

_   -   x2m+l 

'•"   (I) 
+ sii  —     "          i» 7 2 Z/ /        3.v\    /        3+v \ 

m=o   r^m+ —jr^mt-pj 

or alternatively 
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«in vir  f »' g* ■*  . 1 
vif       [*" i*.vM       (21.v«)(4l-v«)      (2l.v«)(4*.v«)(6».v'«) 'I 

■in wir   I    «  z       z*  I 
«        [l*.vJ  "   (iS.v^S^v*)      (l2.^*)(32-v'2)(52-v'«) J 

(81) EUz) 

00 

= .in --   > 

2in 
m' ' ' (-ir(f) 

Z    Li f 
m ̂ o     r (m + 1 - J j r (m + 1 + 7 j 

,8T   y 
m  ,_2m + l 

CO 

m = 

(-■r^f) 

o '(■»♦¥)■•(-¥) 

or alternatively 

l-cos v 

H-cos^ir   \      z ,Z>
J    .   t ,     .z8 .    ^        1. 

From Eq    (80). 

/   .im+l 

,    v. f    '-""'(i)  
^o <•(- + —jr^^ — j 

Nielsen12  denotes 

JvU) - J.v(«) s ^X^z) 

^9 



and has alio darived Eq. (82).u    SimiUrly 

u- f     
("ir(l! 

(83) jrv(«) + J.v(«) ■ 2 co« "" 
„|      '-"m(l) 

-0   r^ + i.^r^ti^] 

where Nielsen11 denotee 

Jrv(«) + J_v(«) = 2»  (j). 

By differentiation of Eq. (83): 
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