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ABSTRACT

Details are presented of an approximate analysis which yields
expressions for the components of the distant electric field, radiation
resistance, loss resistance and efficiency of a small, circular loop
antenna. The equations for radiation resistance and loss resistance are
then generalized to the case of a small multiturn loop antenna of arbitrary
shape. The basic assumption used in the analysis is that the current is
sinusoidally distributed on the antenna.
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RADIATION RESISTANCE AND EFFICIENCY OF
MULTITURN LOOP ANTENNAS

I. INTRODUCTION

Because of space limitations, an aircraft antenna at HF must be
relatively small electrically. This generally implies an undesirable
impedance characteristic and low efficiency. A new HF antenna system
has been proposed! in which an attempt is made to overcome these pro-
blems by purposely exciting currents on the aircraft structure in order
to make use of a larger radiating surface. Currents on a conducting
surface are associated with an external tangential magnetic field that is
maximum at the conducting surface. Such a magnetic field can generally
be established more effectively by a loop element than by a stub or dipole
element. Hence a loop antenna has been chosen as the basic element of
the new HF antenna system.

The small single-turn loop antenna is too inefficient to be used as
the basic radiating element in a feasible HF antenna system. However,
the efficiency of the basic loop element can be greatly enhanced by
increasing the number of turns.

The small multiturn loop antenna has turns which are electrically
small in area but sufficient in number such that the total wire length
o may be a significant portion of a wavelength. The geometry of the multi-
turn loop antenna is illustrated in Fig. 1.

. The basic assumption used by most authors® 3 in the analysis of

: the small single-turn loop antenna is that the current on the loop is uni-
form and in-phase at all points on the loop. In the case of the multiturn
loop, the assumption of uniform in-phase current is not valid if the number
of turns is such that the total length of wire in the loop is a significant
portion of a wavelength. For this reason, the results of the usual analyses
- of small loop antennas are useless for predicting the behavior of the type

of small multiturn loop antenna discussed here.
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A more realistic description of the multiturn loop antenna is ob-
< tained if the current on the loop is assumed to be a superposition of two
oppositely directed uniform traveling-wave currents of equal amplitude
i (i.e., sinusoidal current distribution). An analysis based on this assumed
’ form of the current distribution has been performed and the far-zone
1 electric field, radiation resistance, loss resistance, and efficiency have
i been calculated. The details of this analysis are the subject of this report.
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I1. ANALYSIS

A. Distant Electric Fields

The far-zone magnetic field from a ring source is given by‘

(1) Hefm ks Sm') x &1 Jkasinfcos(e-¢]) .o,

For .a current distribution of the form J(¢') = J(¢)$' , it is found, with
the usual far-field approximations, that

A
r

To)x B o~ T x =308 x

or

Fig. 2. Geometry of a ring source.
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(2) J(¢") X r' ~ J(¢') [Bcos(d-4') -  cosOsin(¢-9")] .

Substituting Eq. (2) into Eq. (1) and introducing the notation z = ka sin®0
gives

(3) Hefa ik SJW) [8cos(6-6') - § cos Osin(e-¢')] 2 OB(E-0Ngqr .

The far-zone electric field is given by

Ee=$ Hg » %:-ﬁ}{e

or
(4) Eg = -%Ef. e-JKT cos 0 g J(¢') sin(¢-¢')ei2cO8(d-¢'Mapr ,
and similarly

(5) Bo = -J82 ooikr (1 3¢’ )con(g-0)e 208001 ggr

It is assumed that the multiturn loop antenna is fed from a balanced
source. Thus, the current along the wire will be symmetrical about the
midpoint of the loop. With the midpoint of the wire in the loop located
at ¢' = 0, (see Fig.3), the current distribution is assumed to be

I(¢') = lo coskad'

where

(6) - (2N#1)w < ¢' < (2N+1)w

The limits for ¢' in Eq. (6) correspond to a multiturn loop antenna
consisting of (2N+1) turns.
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Fig. 3. Current distribution for a multiturn
loop antenna.

Alternatively Eq. (6) can be written as
I 3 ' 3 !
(7) ) = 3 S T il (2N#1)7 < ¢' < (2N#1)w

i.e., consisting of a left and a right traveling wave. In the following,
the left and right traveling waves will be kept separated throughout the
calculations. Thus, substituting the left traveling wave from Eq. (7)

into Eq. (4) gives

Eg" = jwpalo e-jkr cos O ngka¢. sin(¢'-9) ejzco'(¢' -9) do'
8nr

Substituting ¢' - ¢ = ¢" +lz'. yields

: ™
(8) Eé-l = Jupa Iq e-jkrejka(¢ + E)CO. 0 S‘ijaﬁ' cos ¢|le-j2'in¢" d¢"

8wr
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The limits for the integral in Eq. (8) are such that the total coil
is ''scanned'. More specificly, the integral in Eg (8) may be wrtt}'en
as the following sum (where the integrand is eJko?" cog ¢!t e-jz8ind d¢")

(9) gejka¢"cos ¢ e-jzsin¢"d¢., =

-(2N+1)m -(2N-1)n
S’; + g A
1($) -(ZN+1)m

- " ™ (ZN+1)w L.(9)
e e +S g :
Y-3n - ™ 2N+1)n ZN+1)n

The first and last integral in Eq. (9) will have limits depending on the
position of the field point P, i.e., will depend on ¢. However, since

their sum corresponds to the field from a portion of a wire smaller than
1/2 loop and since the present problem deals with the multiturn loop, the
contribution is assumed to be negligible and will be ignored in the following.

The "'center' integral in Eq. (9) may be written as

(10) KA (g g1t @ IZ8INOY o
-w
1 w . ' q i ) : "
s 3 S‘ [ej(kmw”nka 1)é ]e jzeine" Lo,
Yemw

From the definition of Anger functions (see Appendix for details) it is
seen that

(11) S:"

w

ejka A co.¢l| e-jzein¢'.d¢" = W[ J (z2)+ J (z)] ¢
ka+l ka-1

As shown in the Appendix, making the simple transformation ¢' = ¢'' + n
gives

s
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(12) SJ X2 gy emIZBINO" gou L o eJZ"‘“[ T (2)+ JF (z)] ,
. n ka+l ka-1
and in general
(2n+l)w | " I ' .
- (13) S eJka¢ cos¢"e"’zsm¢' =7 ean"ka LJI (z2)+ T (Z)] .
4 (2n-1)n a+l ka-1

By application of Eq. (13) it is found for Eq. (9) that

(14) Sejka "cos gl e IE8INE" gyn 2 4 [k-n (z2) + T (z)]
1

atl ka-
-jNarka -jenk jemka N2wka
2 '[eJ R L T $oo-itie ]
- x| T (2 + T (2) sin [(2N+1) kaw]
. atl ka1 sin karw
Substituting Eq. (14) into Eq. (8) yields
. ™
E L dopale i, Jka("’*z) sin[2N+1)kar]
(15) Eg =" 8r e e cos® sin kaw
[: (z)+ T (z)] 5
' +1 ka-1
e
; Similarly, for the right traveling wave
R _JoBalo  _gp -jkad’ jacos(¢ - ¢)
= (16) Ee ="8mnr © IXT cos0 \ e sin(¢t-¢) e d¢' .
By substituting ¢' - ¢ = - ¢" +% in the integral of Eq. (16) there results
B




(17) Se'jka¢' sin((b' _¢) ejo°'(¢'-¢) d¢'

-jka (¢ +Z o L
Ja(¢ 2)§°Jka¢ co.¢.e_]zsm¢ do' ,

where the direction of integration is from negative to positive values of
¢'. Thus, since the only difference between the integral in Eqs. (17)
and (14) is the sign of z, it is readily seen that for Eq. (17)

(18) ge'jka¢' sin(¢'-¢)ejzc°°(¢'°¢) d¢'

-jka (¢ + % in[ (2N+1)k
= e ( 2)11 [ J (-2)+ 73 (‘Z)] E ."iix ka'rr) 2zl
ka+l ka-1

Substituting Eq. (18) into Eq. (16) gives

' G -jka(é +3 sin[(2N+1)kar]
R _Jwwalo _jkr 7V ( z)
(19) Ej="g;— ¢ e cos® — i kan

. [ J (-2)+ T (-z)] .
ka+l ka-1

Equations (15) and (19) give , for the cosinusoidal (standing) wave:

j I -j i 2N+1)k
(20) Eg _jwpalo  -jkr cos sm.[( )kar ]
8r sin karw

ika (¢ + 2
e’ a( th (2) + 3 (z))
at+l ka-1

-jkalo + 3
+e ( 2)(;(1 (-z2) + T (-2) : -r<é<mw
atl ka-1
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For small loops i.e., a < <A the phase term can be ignored and by
formulas in the Appendix, Eq. (20) eventually reduces to:

s Jjwpalo _jkr Sin[(2N+l)kan]
(21) Egoe =37 ¢ ke sin kaw cotg® kJ(z) - .ll; (z)] a<<\ .
a -ka

The expansion of[J(z) - J(z)] is given in the Appendix.
ka -ka

q q Io 'kaq)' .
Substituting the left traveling wave 3~ eJ into Eq. (5) yields

(22) E¢ - 8wr

L - j“’l"'alo e'jkr gejka¢' COS(¢"¢) ejo°°(¢"¢) d¢l ,

where as before the integration is extended over all turns of the loop.
Substituting

1 - L
o' -9=0"+3

into the integral of Eq. (22) gives
@) [ con(el-0) ef2e0n®-) gy

jka(¢ '.\1—’) ikad' Cizaind!
-e 2 S eJ a¢ sin¢' e JREiDS "

C r (ZN+1)w -(2N-1)w -
] i

1) Z(2N+1)w Z3n

-+~

ul  § (2N+1)w La(¢)
S + +---- ¢ S : y
ZN-1)n 2N+1l)w

-1 m (
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As shown in the Appendix

(2ntl)m . ., e
(24) S kAt gingn omIZ8INeT qun :
(2n-1)w

=-J.ejn7-"kan[.n (z) - O (z)] :
ka+l ka-1 m

Application of Eq. (24) in Eq. (23) yields, by neglecting the terminal
contribution as previously,

@) (eI cosler-g) 3290 g

o [T
y eJka(‘P +3)ﬂ sin[(.?_N+1)kaﬂ] J (z)- T (z)] .
sin kaw a+tl ka-1

Finally, substituting Eq. (25) into Eq. (22) gives

. b
L whalo _jkr Jka("’ "z) sin[(2N+1)kar]
(26) E¢ =8r © * sin kar

J (z)- T (z)]
katl ka-1

or by application of the recursive relationship given in the Appendix,

] n
L wpalo -jkr Jka(‘1> + E) sin[(2N+1)kan]
e

(26) E =-—J2e8¢ : J'(z) 5
¢ 4r sin kaw ka

I -. . 3
For the right traveling wave 70 e Jkad » Eq. (5) gives

jopale . , , ,
(27) E}; = - J‘;’:ar° o-Jkr (_'e-Jka¢'co,(¢._¢) oJzco8(9'-9) 44
o

where the integration is extended over the whole multiturn loop. Sub-
stituting

10

AR . & . - . .
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' = -4+ T
o' -0= 0"+ 3

into Eq. (27) yields for the integral alore

(28) S‘ e Tk o5 (01-g) &2 CO8IP -O)yy

-jka(¢ +E) ikad"! . : "
= e 2 S'e'] 8 sin¢'" eﬂsmd) do" ,

where the integration goes from negative to positive values of ¢''. Thus
by application of Eqs. (23) and (24) in Eq. (28),

@9 (eI cos(rg) f200"-0) 4y

-jka(¢+1’- : )
<o je -’-)";‘i[ffl:; Jean] [Jr (-z)- 3 (-z)J :
ka+tl ka-1

Substituting Eq. (29) into Eq. (27) yields:

T
N 'jka(¢ +‘-) » Z l
Egh_‘f’_"_ﬂ‘zeﬂkre 2 s"‘,[(kN* adl | 5 (o). T (-2)
8r sin kamw atl Kka-1

and finally by application of the recursive relationship given in the
Appendix,

m
wpal : -jka(¢ +—) sin[(2N+1)kan
"r S eikr 2 [ ] J'

R
(30) Ey =3 sin kanm (-2) .

ka

From Eqs. (26) and (30), the total field for the cosinosoidal (stand-

]

[~
ing wave) distribution is
[ 1 jk ¢+") jka ¢+1r
. a — - —
S wpalg -jkr 8in (ZN+1)karw J 2 ' 2],
(31) E} = .—5—c¢e¢ - e J'(z) + e T z)
¢ 4r sinkanm Ka s
! -Tr<o¢é¢6<nm
~ 11
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For a <<\ Eq. (31) reduces to 3

I -j in(ZN+1)k
(32) Epn - hilo ook SIS Jhan [J'(z) + J'(z)] : %
ka -ka '

The expansion of [J'(z) + .]I'(z)] is given in the Appendix. ]
ka -ka ‘

Equations (20) and (31) give the total 8-polarized and ¢-polarized
. components of the far-zone electric field of a multiturn loop antenna of
e arbitrary size. These equations reduce to Eqs. (21) and (32) for small
k multiturn loop antennas, i.e., loops for whicha <<\. J
)

B. Radiation Resistance RR 3

i:--: In regard to calculating the radiated power it is interesting to note !
N that E§ and Eg are in phase quadrature. Thus, no cross-products be-

o tween the two fields occur, and calculations can be performed very
simply. In the present work, special attention will be paid to the case
E - where a < <A . From the expressions for Eg and Eg in Eqs. (21) and
(32), respectively, and utilizing the expansions Eqs. (82) and (84), it
is clear that in this case

Al aad

R4k

]-:,56<<£:g ,

a—did

due to the sin kaw/2 and cos kan/2 factors. Thus, in the following, only
the radiated power due to Eg will be calculated.

wildd

Equations (32) and (84) yield J

S wpalo _jkr sin(2N+i)kaw kaw %

(33) Ey=-27 ¢ sin Kan com—5 '
) (-l)m m(;)lm-l d

N k
m=1 P(m+l-k7a-)l‘(m+l+73)

4
3
.
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Taking only the first term in Eq. (33) and using the approximations ‘
cos kan/2 ~ 1 and I(2 - ka/2) I(2 + ka/2) ~ | gives

34 lEgl' 1 win?a? 1,2 sin?(2N+l)kar z2
St 2Z, ~—2 4rtz, sin? kan 4 '

and by substituting z = kasin6, Eq. (34) becomes

S F
45 | 5|
ZO

(akf' 1,2 ,  int(2N+ljkan

1
2 sind kan

The total radiated power is

” ' 4 H
(36) PR = Sz @S‘ |E.§| r? sinb do
0 0o %%

2

4. 2 Y w
1 n(ak) I, sin®(2N+1)kan 5‘ . g
il 0 do
=2 8 Zo sin® kaw 0 gin

ﬁ
sin? (2N+1)kaw !
sin® kaw !

4
PR = T‘% (ak) 1% Z,

From the definition of the radiation resistance, RR®, with respect 4
to a current maximum, i.e., 3

(37) PR =

and using Eq. (36) in Eq. (37), we obtain

s ) sin?(2N+1)kar
. RR :%(ak) Zo sin‘(kan)
-
. or alternatively
13




4
o _ 1 ¢ f2) sin?(2N+l)kaw
Rp = 2 S L (X) sin® kaw

64n® | _ ¢ sin?(2N+l)kar S  with respect to
£ 228 497 A pe
2.81 MHz @ —SiTay current maximum
Io
_32nt. 1077 4 4 sin?(2N+1)kar
= 81 MHz 2 " 4in? kar

=~

Since a < <\, sin kaw ~ kaw. Thus, from Eq. (39)

2

RR :%ﬂ

maximum 1,)
Since the input current according to Eq. (6) is
(41) ITarminals = Io cos(2N+l)kar,
it is found from Eqs. (40) and (41) that the input resistance is

. Rp* 8
42) RK'P = R = —w? 10302 a3 tan?(2N+l)kan
: K cos¥(2N+l)kar 9 MHz Sl

(with respect to input current)

C. Loss Resistance R], and Efficiency Eff.

Denote the conductor resistance per unit length by Ro. Then the
total power lost in the multiturn loop antenna is

1 S.(ZN-H):

Py = Ro I*(¢') a d¢'
-(ZN+1)r
1 (2ZN+1)»
=3 R, 1,2 S cos?ka¢'d a¢'
' - (2N41)w

14
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o (2N+1)n
= o |akers+ 2 -mzmp]
¢'

= - (2ZN+)l)n

r 1 I !
e Rolo? [2(2N+l)!a +E sin [(ZN+1)Zwka]] ]

2 ]
Thus -

)

1o 1a sin [(2N+1)2n ka] .

(43) PL = 7 Rolo (2N+1)2wa |l + (ZN¢1) 2rka g

v

From the definition of loss resistance:

Re .

RL. Ioz

[ T

PL =

(3 T . e
g ie ¢ e
P Iveres

8

and from Eq. (43),

g e
) ’
adha ol 4 a4 24 a4 4

o sin [(2N+1)2wka]
(44) RL® = 5 Ro (2N+l1)2ma [ (Z#-H)Zwka

v
51'

I with respect to current maximum . ]
: >
[_- .’g%
3 For a copper wire, according to Schelkunoff, 3 £y
.
§ _Re_2.60 L0070 ,i
L ro” mdm mdm ohm/m I
\ or -9
| ]
.32 .10°%

: (45) Ro * 8.3 a WMHz (dyy, = wire diameter in meter).

\ m

{

3 15

N
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Substituting Eq. (45) into Eq. (44):

c_4.16.10-8 sin [(2N+1)2rka]
4 il S e 1
(46) Ry, a (2N+1)2wa "RMHz [l + INtT)Zv ke ]

(with respect to current maximum)

For the input current, as mentinned previously, (see Eq. (41))

ITerminals = o cos(ZN+1) kar.

Thus, for the loss resistance as seen at the terminals

(47) Ry = — L
= cos?(2N+1)kaw
4.16.10°%  (2N+1)2na NIMHz sin[(2N+1)2wka)
T, cosT(2N+T)kar  |! ¥ ZN+T2vka

(Fur a copper wire antenna)

The radiation efficiency of an antenna is customarily defined al‘

PR

48 . T ————
(48) Eff P + PL

The radiated power ancl loss power are related to the radiation resistance.
loss resistance and ter::-:nal current as follows:

(49) PR3 RR I

(50) Py =

AR A as)

e



Using Eqs. (49) and (50) in Eq. (48) yields
1

5 Ry I?
Eff.=lz 7
-4 2, 2
or
RR
51 Eff, = ——%2 ___
(51) RR + R,

When the values of Rg and Ry, from Eqs. (42) and (47) are used in Eq. (51),
the efficiency is obtaincd.

D. An Example Calculation

To illustrate the type of behavior predicted by Eqs. (42), (47), and
(51) for the small multiturn loop antenna, a set of calculations has been
made for a particular model. The parameters of the model are as follows.

N =2 (5-turn loop)
a = 0.2 meters
dm = 0.00159 meters (1/16 inch) .

The calculations were made for a model with the given parameters
at frequencies between 0 and 150 MHz, and are presented in Figs. 4,5,
and 6. Figure 4 shows the radiation resistance and loss resistance
separately, while Fig. 5 depicts the total input resistance. Measured
input resistance for this antenna is shown in Fig. 6. Measured and cal-
culated efficiency for the 5-turn loop is shown in Fig. 7. For a descrip-
tion of the impedance and efficiency measurements, see Reference 7.

E. Loops of Noncircular Shape

Equations (42) and (47) can be generalized to the case of noncircular
loops by recognizing that

2wa = perimeter of one turn of the loop in meters = pT
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mdm = perimeter of the conductor in meters = PC

g area of one turn of the loop in (meters)? = AT

Ta
2N+l = number of turns = n .

If the antenna is constructed of some metal other than copper, the
loss resistance is modified by the factor®

th

Tp

where 0y is the relative conductivity of the metal and p, is the relative
permeability of the metal, i.e.,

- conductivity of metal
o conductivity of copper

.. permeability of metal
permeability of copper

When these generalizations are made in Eqs. (42) and (47), the
results are

(52) RR = 2.79 . 10-% ff4Hz AT tan (knsz ) Q

Br IMHz

sin(kn
(53) Rp = 1.31.10-¢ 22Ty 7r 4 SintkneT) | o
PC z(knPT) knpT
cos®\——
where
PT = perimeter of one turn in meters
pC = perimeter of the conductor in meters

AT = area of one turn in (meters)?

n = number of turns

22
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k = free space propagation constant in radians/meter

fMHz = frequency in MHz

oy = conductivity of loop material relative to that
of copper
B, = permeability of loop material relative to that

of copper.

III. SUMMARY AND CONCLUSIONS

The present work has dealt with a theoretical investigation of the
multiturn loop antenna. Proceeding on the assumption that the current
distribution on the loop antenna is sinusoidal, expressions were developed
for the components of the far-zone electric field of a circular multiturn
loop antenna of arbitrary size. These expressions were then specialized
to the case of a multiturn loop antenna of electrically small radius and an
approximate expression for antenna radiation resistance at the antenna
terminals was obtained. The assumption of sinusoidal current distri-
bution was also used in calculating the loss resistance at the antenna
terminals, for an antenna constructed of copper wire. The radiation
-3 resistance and loss resistance were then used to calculate the antenna
. radiation efficiency.
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A comparison of theoretical and experimental results for a
N circular 5-turn loop antenna demonstrated the validity of the analysis.

Finally, the expressions for radiation resistance and loss resistance
were generalized to apply to small multiturn loop antennas of arbitrary
shape and constructed of wire of arbitrary cross section and arbitrary
material.
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APPENDIX
FORMULAS FOR ANGER AND WEBER FUNCTIONS

Since the Anger and Weber functions are used in the previous
calculations, it is pertinent to state here a few facts about those functions.
The principal reference sources are: Watson,? Bateman, 1 Bernard and
Ishimaru, !! and Nielsen.!?

Anger and Weber functions, respectively, are defined by

w T, )
(54) Jf2z) = 1 L cos{vo-zsin ¢p)d = 1 Y eJ(V¢'z"“¢)d¢
w ew .
and
w
(55) EWz) = l S sin(v ¢-zsind)do .
1) 0

From Eqs. (54) and (55):

n E .
(56) T (2) £ n,(z)=-1‘; S' ot v o-zsing)
0

For v equal to an integer n, it is seen from Eq. (54) and the well
known formula for Bessel functions'?

v

- . v
I (s =i Sd‘“*’“’“d«, =1 S cos(né-zsin¢)dé
n 2m 0

that

Jnlz) = Jn(z)

i.e., for integer order, Anger and Bessel functions are identical.

Some functional relationships for the Anger and Weber functions
are

(57) J(-2)=T ()
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(58) J_[-2z) = T (2)

(59) E/-2) = - E_J/z)

(60) E_[-z) = - Efz)

(61) sin vr J (z) = cos vnE (z) - E_v(z)
(62) sin vrE,(z) = T_,(z) - cos vrIy(z)

From Eqs. (61) and (62), the following relationships may be derived:
(63) T(z) - j Eylz) = e T[T _(2) - § E_y(2)]
(64) T,(2) +j Ey(z)= &[T _,(2) +j E_y(z)]

Recursive relationship for the Anger and Weber function are given

by

(65) Ty-1(z) - Ty +1(z) = 2 T',(z)

(66) 23 (2) +v I (2) =2 T, (z) + 20VT

(67) 2T(z) - vI(2) = - 2T 4)(z) - L2XT
2v 2sinvw

(68) B, (2) + T, (2) = == B (2) -

(69) E,_i(2) - E, 41(2) = 2 E}(z)

(70) 2El(z) + vE,(z) = z E,_)(2) +l‘—‘:r°ﬂ1
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(71) z E;(Z) = VEv(z) t ) Ev+l(z) - l-C:l vw

_2v 2(l-cosvm) g
(72) Ev-l(z) + Ev+l(z) =< EV(Z) S y
The integral _i
-
1 clentlr g zeing) n
2w L d¢ 3
(Zn-l)w t
may be evaluated by substituting j
¢ =¢' +2nn i
yielding J
1 ) \
1 S‘ZM = ej(v¢-z-in¢)d¢ 1 JN2TY S" eJ(v¢'-um¢')d¢, K
4% 2n-1)w ox -
j
and by application of Eq.(54),
2ntl)nr . .
(73) _1 e)(vq)-zsmq’)«’ = eJnZwa. (%)
2% Ji2n-1)w Y 1
Similarly, from Eq. (56), i
ZN+l)w . . . ‘
| (74) 1 S e:kj(v¢-nm¢)d¢ o eiJNZw V[Jv(z) 2) E (z)] . 7
: v Nw 1
" - ]
r- Furthermore, by application of Eq. (54),
£
N -
.
4
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v

1 . e
= g’ cos ¢ eJ(vcb znn¢)d¢
tem
1 v . : =
= = [eJ(v-H)q: +eJ(V—l)¢] e-j28in¢ do
-n
= Dyi1(2) + Ty ) (2)
Thus
l " . .
(75) = S cos ¢ eJ(v¢-z"n¢)d¢= Dy+1(z) + T, _y(2) .
-1
which may be generalized to
1 (" )(vo-z8ind)
-zsin
(76) = S cos p¢$ e do = Jw,p(z) + Jv_p(z)

-

Also by Eq. (54)

¢

' i 3 ' . . . .
?lr' Y sinpe o)(Ve-E8inely, Elt_n S [SIVHP) | J(V-P)) -izsine,
-n

o-'

or

\ 4 n .
(77) il S‘ sin p¢ e_)(vcp-zl\ncp) = - [Jv+p(z) = Jv_p(z)] )

n
-

and by the transformation

¢$=¢'+ 2nn
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Es

cospd e

S(Zn‘l'l)w j(V¢-zlin¢)d¢
2n-1)rw

t R

1 2ntl)nw . . .
T Sy [JViPIe , (v-PI¢) e-Jllin¢d¢
n-i)w

= z_l" ejnl‘lrv o [.j(v+p)¢' + ‘j(v-p)¢l] e-j'.in¢.d¢l

-
or
2n+l)n . . )
a8 L S‘z Wik o Hve-58in) g 2 IOV (5, potn) + 3y pi0)]
n-1)w
and similarly
(2n+l)w . . in2
(79) % -gz 1) sinpo of(VO-28inelg . ; Jnéwv (Fysplz) - Ty ()]
n-1)rn

Series expansions of Anger and Weber functions are given by

2m

()
0 I‘(mi'l-%)l'(ml'l'l'%)

(-l)m ( )Zmﬂ

o
+nnz 3.v 34y
m=0 r(m‘l'_z— r(m+—z—-

[ ]
(80) J, (z) = cos ;—' z
ms=

™l

or alternatively
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[Ty

sin vu z? z4 z$

ST |E Ay T @daaaye)

sinve [ = z’ z'
w bl‘-V‘ - (12-v3)(32.v3) + (12.v3)(32.v2)(52.v}) ol
2m
(] 4
(-n™ (z)
-~ ain VW
81) EWz) = sm-z— Z .
m=0 l"(m +1.zv)r(m +1 +3)
2m+l
z
3

(-1y™ (
Ve
3-v

©

- COS8 53—
2 Z I¢v
m=0 f(m+ 3 )r(m‘PT)

or alternatively

_l-cosvrw -l z? z¢
BT PO ASTTRNCYY SRV ISR
l+cos vrw [ . 2 + z}
R A A M U T TE

From Eq (80),

2m+l

m(%

e & en™(3)

> -
m-=

(82) B (z) - J_(2) = 2sing : T
0 r(m+ 2 )r(m"’ 2

Nielsen!? denotes
3,(z) - B_,(2) = 2X (2)
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and has also derived Eq. (82). Simildrly

[ ]
(83) Jy(z) + J_y(z) = 2 cos VT"
m=0
where Nielsen'? denotes
v
T,(z)+F_,(2) =27 (z).
3 By differentiation of Eq. (83):
[ ]
(84) I (z) + J'(z) = 2 cos 1;—
,9

1
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(-l)m m(.; )Zm-l

+142

2

)

v
m=0 l'(m+l-z) l'(m'i-l'l-z
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