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MAXIMUM LIKELIHOOD ESTIMATION
OF THE
DISTRIBUTION OF RADIAL ERROR

INTRODUCTION: Unlike most methods for determining the distribution of
radial errors, the method presented in this paper makes no assumptions
concerning the means, standard deviations, or distribution functions of
the individual channels (latitude and longitude) nor of the correlation
existing between them. The calculations required to estimate the radial
error distributions are trivial. In addition, the method is sufficiently
general to cover both the two and three dimensional cases.

GENERAL APPROACH: A complete derivation of the solution is presented in
Appendices A, B, and C; however, the general approach is as follows:

(1) Assume that the probability density of (rz/az) can be approxi-
mated by the chi-squared (x2) distribution where "r" is the radial error

and "a" is the normalizing factor, then the probability element for
(rz/az) is given by:

2,2, _ 1 22t 2 2B o
dp(r©/a®) m) e (r°/a%) d(rc/a")

(2) Estimate by the method of maximum likelihood, the two parameters
of this distribution ("n" and "a"); that is, the values of these para-
meters for which the probability of obtaining the given set of observa-
tions is a maximum. It should be emphasized that there is no relationship
between n (degrees of freedon) and the number of observations for the
analysis being discussed. "n"as used in this paper is strictly an arbi-
trary parameter to be determined in the maximum 1likelihood sense.

(3) Integrate the assumed distribution for all possible combinations
of "a" and "n" to obtain percentiles as functions of these parameters.

The results of these calculations are shown in Figure 1, which gives the
best estimate of the percentiles as functions of only the geometric mean,

SR ot
R o™ T s WSt by o

s R N

e

5 » v GG e

.




T e v v e e e R L e e me e

.Ia‘

un f !'

. .',' ! [‘! 'm. X

¥ M Y e ¥ ‘“"(' G
‘ sy h .’cl" sl N e
.1;?-.!1 I.!:FH lnl‘ I"Tf lh'] 'll I ". 'n! i 1 1 i i

il .l.u i I] ||. A ihz
! J"i’pu!q'll ,‘l“l"l‘ﬁllllllll,dg!{:lll'” i s i _J_’I.!

i N L‘. cl[: L
i |.ih I||Ivmllh A Nl
HUMI R

' l‘l "1 4| 'L Bt ['l' .||| m i ity I‘ ':, ;]" ]J
vii',.,l';z.l. i ORI

-
| ] 1

e " l"-ul'll"l :
B i '1.23’ ,’l |l"‘|7v Iv:I "f-’ A |ll'|||' il : . hL ‘."‘ i -'.".“" . ‘:. I
...nl R G G .ui"'-'"'jﬂ i N
gl -u o e h?‘u R LI i "4.’,.' K
",",| ' Ty S G .“j nn-n, e Tl 0
|Il'i| !h IL:: I‘:' At 1| I ‘;l .{. fl ([l i '9”5"! !:1:'] ,[I '*' "!’ !')' i ‘;;t !
R B :. . 'l ‘l‘ lll tu i "II | i i.l—ii M L :I'-:T: ST ?r‘ ;‘;' o i 1'. ‘.' :
N W | ||n' |l.n.v|t~!=..-"|v. S 5!l:l'~.!i| il
Ry "! |! i' W vl ::;I R |II« l.v ‘ il "' ;'. " : i Al ': ' :l' il | ‘:|' T
" 'ﬂ W ?“l A .;4, ANLOS ” iy l ” "1 | ! u 'u' “u ;':' i::i B Al h“ li: "" 'l
T e "!wul bl 'l" Ty
. ‘J{“!‘ i ': | n' ::!7. ‘fZ' i "'L| !h: !f‘ .f ‘! 1 "" ‘ I"l= l-' “' '.II . ’" i
L g Lol L At
""y . " I’ g
* ‘um 1 i ,’!,I‘!‘. e :‘-' i
i Ijl"" e
R

| ...“:.. e :.:’i..“a FIGURE ] FH:I"..'.'.J_ UL b ‘1-::[,_’.“[1!' ]

PERCENTILES OF THE MAXIMUM LIKELIHOOD ESTIMATE
OF THE DISTRIBUTION OF RADIAL ERROR _
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GM, and the root-mean-square, RMS, of the observed radial errors, where

GM

* E RMS

=
n

Number of cbservations of radial error g

Note the simplicity of the method. To obtain an estimate cf any desired
percentile of the distribution, only the two quantities: the geometric ;
mean and the root mean square need be calculated. 3

e wnoven

EXAMPLE APPLICATIONS: The data of Tables IA and IIA were taken from
actual flight tests at AFMDC. A1l units are nautical miles.

TABLE 1-A
SAMPLE DATA SET #1

FLIGHT ERROR AT TIME = 1 HOUR Accessxn‘é'*«‘?"?
NUMBER ~ ; " s o
pTIC TAR 0 g *
. ] 0.81 262 275 |PUC N o |4
j 2 163 -1.01  1.92| | qustificat. © -
3 .76 -4.09 445 |4
4 .21 35 sas| | Detmbation/ |4
5 -4.63  -0.84  4.71 "”@“iabilit& cnos ‘
6 -4.99  3.03  5.84 B l‘”gifecfi, 2
7 -3.23 029  3.24 I
8 221 1.2 2.5 {I 3
g -2.47  -4.70  5.55 s
10 0.0 -2.47 262 | NN(}UV:} D
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X = -2.32 o, = 2.88 T
y = -1.00 o, = 2.82 i .
K s |
RMS(r) = 4.6 GM(r) = 3.81 :
GM/RMS =  .8265

From Figure 1 for a GM/RMS ratio of 0.826 the values of r/RMS (Column 2 below) §
associated with the percentage points (Column 1) are obtained. By multi-
plying the entries of Column 2 by the value of RMS (4.61) the value of the
radial error, (Column 3), associated with the corresponding percentage
points are obtained.

TR e A NN Yt

TABLE 1-B
PERCENTAGE POINTS OF THE THEORETICAL RADIAL

ERROR DISTRIBUTION

% r/RMS r

50 0.88 4.06 ;
80 1.22 5.62 g
90 1.42 6.55 :
95 1.60 7.38 i

Thus 50% of the time you would expect to have errors less than or equal
to 4.06 nautical miles at the end of 1 hour; 80% of the time you would
expect to have errcrs less than or equal to 5.62 nautical miles at the
end of 1 hour.

Figure 2 and 3 show the graph of the theoretical radial error distri-
bution as calculated from the sample along with the distribution of
the sample for data sets 1 and 2,

T T T R RS RL T TE T Ty e -




2o A
pra-c

TABLE 2-A
SAMPLE DATA SET #2

T
J Y Y

FLIGHT | ERROT_AT TIME = 1 HOU
NUMBER |~ y Y r
1 2.28  -13.39  13.60
2 0.18  -24.45  24.45
3 8.17 3.40  8.85
4 343 -2.76  4.40
5 4.43  -3.58  5.70
6 0.54 0.49  0.73
7 4.00  -1.3 4.3
X = 3.29 o, = 2.7
y = -5.90 o, = 9.73
RMS(r) = 11.52  GM(r) = 5.82
GM/RMS = 0.5052
TABLE 2-B

PERCENTAGE _POINTS OF THE THEORETICAL RADIAL

ERROR DISTRIBUTION

y4 r/RMS r
50 0.64 7.37
80 1.27 14.63
90 1.65 19.01
95 1.96 22,58
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CONCLUSIONS: A simple method of wide applicability has been presented for

estimating the distribution of radial error.
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APPENDIX A
DERIVATION OF THE MAXIMUM LIKELIHOOD ESTIMATE

Assume that the probability density of (rz/az) can be approximated by
the chi-squared (XZ) distribution where "r" is the radial error and "a"
is the normalizing factor, then the probability element for (rz/az) is

given by:
dp(rzllaZ) = ] e"' r‘2/262 (rz) né-g- d(rz) (A"])
22 11n/2) 32 a2

where "n" and "a" are to be determined so as to yield a maximum 1ikelihood
estimate. [Note that "n" which is usually associated with degrees of

freedom, is in this application cor *idered to be an unknown parameter of
the distribution.]

Let m = n/2, then the probability of obtaining the given set of N

observations, which is simply the product of the individual probabilities,
is given by P(¥) where:

) N 202 i
P(F) = TF _ﬁ_l_-eri/Za (rf/az)"”d(rf/az)
i=1 2 r(m)
LR 1 - v2/22 (2 d(rf)
= —pw ¢ i r;
i=1 (2a°)" r(m) ! r?
taking logarithms:
Ln P(r) = -mNLn (2a2) -NLn r(m) - 1 3 2

2a2 i

d(r?)
tm)lnry+)ln ——

I{ ri

1

i

T e et ma e

P

) o
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2
L e = -min (2a%) - n1 (m) -2-;7 I (A-2)
Ln r. 2
+ o z—f{—‘ + & Il %ﬁﬁ’
r
i

Since MS (mean square) = 7§ rf/N ,

N
GM (geometric mean) = \ /4; vy
i=]

and LG = g [ln vy,
it follows that

'% Ln P(F) = -m Ln(2a2)- Ln r(m) - géf (A-3)
a
d(r)
1 R
tamlnGM+ gl Ln -
r
i

Setting the partial derivatives of (A~3)with respect to (2a2) and with
respect to (m) each equal to zero: (The condition for obtaining maximum
probability.)

2 [ & nP(F)] = -0 M = 0 A-4
3(2a%) Ly Lo P 232 ' (2a%)2 -
Lo (g P = -ln2af-wm+2Lnan=0 (A-5)

where v (m) = %E'Ln [r(m)] , the psi function.

A-2
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From Equation (A-4) ‘
MS
m =
2°
g 3
2_ M _ M I
I 2a” = m m (A'G)
ol _ ) ]
S since m = n/2. )
o
u?, ’é From Equation (A-5)
2
GM .
LN = y(m)
2 4
3! s
| WIS 0. w2 o
% Wz L
|
i
From which:
aM _ el¥(n/2)]/2 (A-7)
[ ——— i i}
(n/2)
4 ﬁ The solution of this equation is plotted in Figure A-1.
ﬂ By computing the ratio of GM/RMS and using the graph of Figure A-1, the
value of "n" corresponding to the maximum 1ikelihood solution is
A obtained.
Thus since the value of "a" is given by eq (A-6) and the value of "n" is
determined by Figure A-1 the most probable values of the parameters of
equation (1) are known. Consequently the distribution function for
radial range, equation (A-1) is uniquely determined.
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APPENDIX B
CONSTRUCTION OF FIGURE 1

T

] This appendix gives the procedure for constructing Figure 1. "Percentiles
‘ of the Maximum Likelihood Estimate of the Distribution of Radial Error as

i
| !
: SRS a Function of the GM/RMS Ratio." %
I3 2 |
i : Since by Hypothesis (-Ifﬂ follows a x2 distribution, then by substitution §
| ! from Equation (A-6) @

r? = Z n = a chi-square distribution }

22 o

But since the chi-distribution* with n degrees of freedom (xn) is defined
by

Xy = Vx“/n

it follows that ;

2
ren

n = a chi-distribution

S
rms

Where the percentage points of the chi-distribution for iniegrai values
*%k
of n (n # o) can be found in tables of the chi-distribution .

Thus the values of r/RMS corresponding to integral values of "n" were
obtained from tables of the percentage points for the chi-distribution,
whereas for degrees of freedom less than one, the technique developed in
Appendix C was used.

* See Page L-2 of Third Inertial Guidance Test S:mposium, 1966.
** See Page M-1 of Third Inertial Guidance Test Symposium, 1966,
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APPENDIX C
CALCULATION OF THE x2 DISTRIBUTION
FOR DEGREES OF FREEDOM < 1.

The cumulative distribution function for the x2 distribution for n degrees

of freedom is given by:

2
X
2 1 (n-2Y/2  _gy2
F6E ) = e S e % 4p (c-1)
772 (w2) 9
Making the substitution that 2 m=n, this expression becomes
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Integrating this expression by parts, where
u o= 1 /2 du = @' - 1/2) uep
v = @ dv = dp
Equation (C-1) becomes:
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But from Equation (C-2) the middle term of the expression on the right is
-(m - 1) F(xz, 2m). Transposing this term to the left side, Equation (C-3)
becomes :
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where the expression in brackets is the cumulative distribution function
of the x° distribution with (2m+2) degrees of freedom.
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or since 2m = n
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By interpolating between 2 and 3 degrees of freedom in a table of the

x2 distribution, and then applying the recursion relation above, the
distpibution can be calculated for DF <1, Then since the chi-distribution
in terms of the x2 distribution is defined by

x =V x2/n ’

the corresponding percentage points of the x-distribution can be readily

obtained.
Numerical example:

Given that F(xz, 2.5) = 0.5 for x2 = 1.88 (obtained by interpolation
from tables of the x2 distribution) find the probability associated with
F(x2, 0.5) for x> = 1.88.
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From Equation (C-4)
2
2 -x /2 ‘
F(Xzs n) = (%‘)nlz "‘%T"z"" F(Xzs n+ 2)
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Since for the example given ¢
n = 0.5 |
2 = 1.88
I and from tables
R34 =r(1.25) = 0.90640 '
F(x%, n+2) =F(1.88, 2.5) = 0.50 ;
4 it follows that %
25 e'094 i
F(].SB, 0.5) = (.94)' mm—"' 0.5 '
| = (.984650) (~333352) + 0.5 :
= ,424351 + 0.5
= 0.92435]
ll‘
In order to compare this with the value obtained from Figure A-1, it
is necessary to transform from the X2 distribution to the yx distribution.
Since by definition
r?
X =Vx%n

X ==+ = 1.939
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From Figure A-1 for 0.5 degrees of freedom, the probability of obtaining a E% .
x < 1.939 falls about halfway between the 90% and 95% probability ?ﬁ
% ‘ contours. Thic is consistent with the 0.9247. probability as calculated 5
| above.
S . . . s
u llote that the recursion formulas as given by the National Bureau of

“tandards, Equations 26.4.8 Pg 941, Handbook of Mathematical Functions,
AMS-55, 1964 would appear to be inconsistent with Equation C-4 as given
above. However, the values of the x2 distribution as given by NBS are

for the areas under the curve integrated from x2 to infinity. Whereas

15 ’f , the areas considered in this paper are from 0 to x2, This accounts for
‘ ! the discrepancy of the sign of the constant term.
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