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TECHNICAL NOTE NO. 762 

THE FLOW OF A COMPRESSIBLE FLUID PAST A SPHERE 

By Carl Kaplan 

SUMMARY 

The flow of a •compressible fluid past a sphere fixed 
in a uniform stream is calculated to the third order of 
approximation "by means of the Janzen-Rayleigh method. 
The velocity and the pressure distributions over the sur- 
face of the sphere are computed and the.terms involving 
the fourth power of the Mach number, neglected in Rayleigb'i 
calculation, are shown to be of considerable importance as 
the local velocity of sound is approached on the sphere. 
The critical Mach number, that is, the value of the Mach 
number at which the maximum velocity of the fluid past the 
sphere is just equal to the local velocity of sound, is 
calculated for both the second and the third approxima- 
tions and is found to be, respectively,  Mcr = 0.587  and 
Mcr = 0.573. 

INTRODUCTION .". 

The irrotational flow of .&   compressible fluid past a 
circular cylinder and a sphere was first calculated by 
Janzen (reference l) and by RayLeigh (reference 2),  T,heir 
method consisted in obtaining -a correction term to the in-• 
compressible-fluid solution, but the results were limited 
to the terms involving only the square of t'he Mach number« 
Recently, the author (reference 3/ and Imai (reference 4) 
extended the calculations for »the circular cylinder by in- 
eluding the terms involving the fourth power of the'Mach 
number.  These higher-power terms, neglected in the ear- 
lier calculations, were found to, be of considerable impor- 
tance as the local velocity of sound is approached on the 
surface of the cylinder. .It has therefore been thought 
worth while to extend the calculations ' in a similar manner 
for.the flow past a sphere. 

'''•''<-{'., 
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•V ANALYSIS 

PZ-§2i.5i.?l.§J!2„,4e.7elo]2rneritj. - The flow is assumed to be 
uniform at a ^reat distance from the sphere and the mo- 
tion to he everywhere irrotational and steady.  Then, with 

2   dp 
c  = -— 

dp 
(If 

the equations of motion reduce to 

dp 

P 
dCv2) (2) 

where  v  is the fluid Telocity;  c,  the local velocity 
of sound;  p>  the pressure; and p,      the density.  Then, 
assuming the adiabatic relationship between  p  and  p, 
it follows "by integration of equation (?.) that 

1 ~2 , r 7  + 
2 Y ~ i 

Y   p 

1 p 2      V - 1 Pn 
•:(•?) 

'V 
and from.equation (l) that 

1 + -2~ M  V 
1 - J 

U'V ! (4) 

where U  is the velocity of the undisturbed stream.; . :
',PQ.,' 

•?*.• 
and 'o' the corresponding quantities in the undis- 

turbed stream;  M (•= u/c0),  the Mach number; '.and 

ratio of the specific heats of the fluid. 

::the 

Since the fluid motion is irrotational, there exists 
a velocity potential  ^  and the equation of continuity 
may be written as 

-2  . ^2 , 3 

i.2 + £_i + 9 
'x Bve ——j-g*     — 

3z2       2c 
1 (ill *£ + ii! 3£ + 'iil MY :.,v.-(5) 

\3 x   3x       By   3y       3 z   3z/ 

Let  r, 8, and  9 denote space polar coordinates and sup- 
pose the origin of  r  to be at the center of a sphere of 
radius  a  and the initial line of  8  to be parallel to 
the direction of the stream»  Then, designating by  r  the 
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f  * ratio     r/a,     by     f     the   ratio     ^/Ua     and,   "by     v     the   ratio 

v/U     and  taking   into   account   the   fact   that   the  flows   in 
all  meridian  planes    cp   =  constant     are   similar,   equation 
(5)   "becomes 

1  + 1-ZA  M2   (1   -  y2) f      -2 \Br 8r r^  39   80  /   ^6; 

where 

rd   8r   V       ar/        r^  3|j, 
2S .9/ (1  -  |i2) |^ (7) 

and 
M-  =   cos   9 

...    It   is   now  assumed  that     £     can  he   developed  as  a  T5ower 
series   in     M        (reference  4)   so   that 

= jrf0   +  j^M2   +  ^2M4 >   ... (8) 

} 

i41' 

Since 

\ar/      r^ vae/ 

I-, • • 

^ 

then 

where 

70
a-+  vx

aMa   +   V/M4  +   .... 

V3r y Vs \3Q. 7 

(9) 

(9a) 

?--•- , 

=   2 

ar 3r 
-f 

>2 ae~* ae 

a*0 
ar 

a/ 
_L2 
3r 

+ 1 
r^ 

^0 

ae ae 

_\a ̂  
+ 

1 
r* ^ae •)'] 

(9b) 

(9c) 

& :< 

*     *     * 
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?& 

'When   these   expressions   for     f-and'   v2     are   inserted  into 
equation   (D)   and  the   coefficients   of  the   same  cowers   of     J 
ou  botn   sides  are   equated,. 

Wo =  0 

2 V3r     3r r3"   39     36    / 

(10a) 

(3.0b) 

Ajfe    = 
2 (r0   - l )A^ + - -^_ -— + -* — T--; 

2V3r       3r r^   36      36   / (10c) 

V 

I- " 

f.-: 

:U. 
•  <i 

*-.;A 

-,4 V 

From these equations, any siren approximation  ^n  clearly 

depends only on the preceding approximations of which the 
iirst one is the soltition of Laplace's equation Ad     = 0 
for an incompressible fluid. 

^^e—f ir.lt _..approxi motion . - Equation (10a) is the dif- 
ferential equation for the Telocity potential f0     for the 
flow of an incompressible, nonviscous fluid and may he 
written as 

3r \  3r )  +  3y,  < 1 - H ) --- 3 JJ» 
= 0 

The solution of this equation is known to he 

CO  ./ ..•/..       r> 

n=0 V n     rn+i 
y n^; 

where  Pn(|j,)' is Legendre's polynomial of order n  and 

An  and  Bn  are arbitrary constants.  In the case of a 
sphere of radius  a,  supposed fixed in a stream of uni- 
form velocity  IT,  the boundary conditions to be satis- 
fied are as follows! 

3r normal velocity = 0,  at the surface of the 
sphere 

6;"-; 

m 
r - ^ 

i »' 'X: 
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and 

3r 
cos 8»  at infinity 

These conditions limit the form of the solution to 

to   =  (^r + ~t) cos 6 

where  cos 8 = P. (n).  Inserting the "boundary conditions, 

and, therefore, 

Ax = 1  and  Bx = l/2 

to   = (* +ip) ?x^) (ii 5 

The..sejgond approximation.- From equations (ll) and 
(9a), it follows that 

v 2 = 1 + r -3 x I «-6 (-3r-3 + | r-6) M,
£ 

or since  P0((J,) = 1  and P2 (p,) = | (ia - -| 

V = (l + \  r"8) P0(^) 
+ (-2r-3 + | r~6) P2 <n) 

Then, "by a simple calculation,. it is found from equation 
(10b) that 

&fix   =(-M r-7 +| r-
10) P^) 

+ (3r-4-^ r-+| r-°)p3(,)      (12) 

where 

PS(H) = | M-S - | V 

Now,   a  par-tic'uiar ..integral   of  the.  equation 

1      3 
-3 ~   ir' 
r     dr dr/       r     (3M- L BM« 

=  rm?n(M-) 

li"^' 

je«»* 

hrV3 

r," ^ 
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rm+a   Pn(M.)         

P   ~   (m  +~2)   (m  +   3)   ~  n(n  +   l7 

Hence,   the   solution  is  <;iven   "by 

Anr
n   +   :nT,r""(n+'1)   + 

except   when 

no 

n = 0 

,m+a 
'n- (m+2)   (m+3)   ~n(n+l) V^> 

(13) 

m   =  n   -   2     or     m   =  -   (n  +   3) 

Accordingly,   the   solution   of   equation   (12)   is 

fx   =   (Axr  +  B1r"*2)Px(|j,)   +   (A5r3 +  33 r"" 4)P3 (^) 

+ (~  5   r"*5 +   -   r~Vi^> --^-   r 
24 / 

_3_ 
10 

+  ( _ —_   r   " - -_   r 
10 176 

_.   r 
9X (+*) 

Since     ^0     already   satisfies   the   necessary  boundary  condi- 
tions   of   the   problem,   the   higher   approximations, j^ , 
4Q ,      ...      must   satisfy   the   conditions 

3r 
=   0, ?4 

3r 
=   0,       ... 

for both  r = 1  and  r = a>.     Hence, after a simple calcu- 
lation, x 

t        27 
kx   =  A3 = 0  and  Bi « |,  B3 = 3-5 

Therefore, 

h r - + --  r~°)  Pi (|i) •= r~s - | r~5 + -i -r-"8 

3       5       24 

+  - — r" 1  10 55 TO r"5 + 176 ^8)P3^)    <14> 

5he_third_approximat_i on .-* Substituting from equations 
(9a), (9b), (11), and (12) into the right-hand side of 
equation (10c), it follows after a straightforward calcu- 
lation that 

* t-. 
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A*3=(7-l)[(-f|r~7+9     ~10.351r._13+ll7    _    , 

+ {- i r-7+ la   -i0- 57    -13 , 23    -leN- ,  s 

+ f_  i0 r~7 + 3     -10     1.-13.   5      -i-6\B  ,    y 
V      7r      +2r "I4r        +56r       ;P5^^ 

+ ^'|47"   -7_ 1944  r-9+28323  r^10      m78    -13     27443.        ln     23367    -V^ 
V    25    r- 3-85   r    ;•    1540    r + 1925- . r        " lEW~ T        + 616*" r       i / Pi.<V-) 

+ 53 
15 

4     244     - r_4_ 
75 

r   7 _ §36 ^.-9 j. 112 r~y +. .12    -lo,   3411     ,la     12631    _13,929     --.^„-„v 
SS"*       •••—r        +275~r        ~ -66Ö-r     3+330r    X7P^^ 

+  L ^-HMr-^
2lr-^ 720 r-9+?53     -io+261        12_ 997    -13.   1 

V    3 U 3 77 28 77 231 '* 5" 
1615. -16\f^ 
3696    ;P^M 

(15) 

The complete solution of this equation is obtained by means of equation (13) together with the 

boundary conditions ^— =0 for both r = 1 and r = » and is as follows: 

(A     70 24 r 560 r +2800r       jMtf 

s +   15      - 
V   io 

+  (lr-5+Ar-3_ _?__r-i: 
V7 52 1120 

8_    57 -n+ 23       r-i4\p ([x\ 
1960   . 6800 ;p3^ 

+ r-i4 ^(^ 
1120 * ' B512 

+  L ü_r-5_ _243  r-7+ 1049-8      5589      _10_ _3049        x x        7789    _- 
V    150 1925 3080   • 84700    ' 18480 369600 

S3 

o 

1-3 

Q 

O 

o 
CD 

O 

+ 3S5Ö *"")*<» 
 r-5^ 156 r-7+2 
150 375 e 

+ /I 53_ r-a „ §1 
V   150 15 

\42 11 r 3 r 77 728 154 

+   Bir~3PL(u-) +B3r-
4P3Cvi) + B5r-

6P50i.) 

28       a 1137            _ 1263],                 _929_ X~XA\     () 

55 r 7150                  64630             + 56100 r       J^W 

-7 + 253 -8+ ,87.,r-10_.    997    ^^       1615      r-14V A.X 
728 1540                 18480                 561792              J**'**' 

(16) 

5 v«F3S'R-fi4*1?^'»^M^s^iÄ>^if^^*^^r^i.'^sLi. ^"^^SlSl^WS^!^ 
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where 

\ = 0,03566(7-1) + 0.32614 

B3 = 0.02268(Y-1) + 0.7410? 

B5 a ^0.18261(7-1) •+ 0.21216 

From equations (11), (14), and (16), it may be easily 
calculated that the velocity of the fluid at the surface 
of the sphere is divert oy 

r,- 

>f' i 
j 
'i 

;v] ldü    3 . n.      . 1 /    .   /•>     , r,,,-   ,,.  „Q \„2 fc - 1^ = I sin e + —i— (989 sin 0 - 1215 sin 30 )MJ , 
r 30   2         7040 b" 

j.; 
*   (0.10572   sin 8 -   0.16008   sin   38+ 0.06434   sin   50 )M4 \ ' 

f   (Y-1)(0.01158   sin 6 -  0.02475   sin  36+0.02582   sin  56 )M4 [ 

The   appropriate   value   of     V     for   air   "being     V   =   1,408,   this „ 
equation   can   he   written ; 

- - If   = I   sin  6   + —i—   (989   sin  0   -   1215   sin  30 )M3 '    " r 30        2                       7040 

f   (0.11048   sine-   0.17018   sin   38 + 0.07489   sin  50 )M     +   ... [.' 
i 

(I?) . ; 
J?h§_cri ti cal_value__of._the_Mach_numher_f or_thj. I 

sphe re." When the velocity of the fluid equals the velocity $/ 
of sound at any point in the field, a change in the type V   - 
of flow occurs and potential flow may no longer exist.  It £,.;' 
will, therefore, be of interest to determine the >alue of p,''". 
U/c0  at which the velocity of the fluid just equals the ^•'">" 
local velocity of sound in the field of flow pasta sphere. p" t 
This velocity is first attained on the sphere at the point  • k ]1 
of minimum pressure or of maximum velocity.  According to f~!. | 
equation (17), with  0 = TT/2 ,  the variation of the maxi- ;<. ' 

1          mum velocity with the Mach number M(= U/c0 )  is given by y \ 
•')     • V* 
j*               Tmax = 1.5 + 0.31307M2 +.0.35555 M4 + ... ,.'•    (18) t ' 
1 
^ •        • . 

Now, designating by  c*  the velocity of sound at a - • 
point where the velocity of the fluid is equal to the lo- 
cal velocity of sound; that is, at a point where 
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it follows from equation (4) that 

2c 2 

ZZlL ( 
~ Y +.iA 

. , . Y-- 1  a 1 + „__— M 
•) 

(19) i. - 

It is to be noted that this equation is essentially 
Bernoulli's equation and does not depend on the shape of 
the "body immersed in the fluid. 

In conformity with the usage in this paper,  c*  is 

replaced by £-• (= v*)  and the equation (19) "becomes 

.•^ -  2  
Y .+ 1 M 

Y_-_l 
Y + 1 

(20) 

)  for the 

max = •*. 

The so-called critical value of  tf/c0 (~  Mcr 
flow past a sphere is then obtained by putting  v. 
Tables I and II show, respectively, the values of  v-aax 
and , v*  calculated from equations (18) and (20) for vari- 
ous values of the Mach number.  These values are also' shown 
in figure 1, and the points at which the curves intersect 
give the corresponding values of the. critical Mach number 
Mcr,  The critical values are, respectively, for the sec- 
ond, and the third approximations,  Mcr == 0.587  and Mcr = 
0.573.  The corresponding critical values of M  for the 
case of an infinitely long circular cylinder are  Mcr = 
0.420  and  M cr 0.409  (reference 3). 

ffÄg-velocity and the pressure distributions.«» If  p0, 
. v. and c0  are the pressure* the density, and the veloc- 
ity of sound in the undisturbed stream, then the density 
p  of the fluid at a point where the velocity is  v  is 

'o* 

given  by 

1  + Y  -  1 M2(l  -  Vs) 

1_ 
fY-X 

(21) 

and  the  pressure     p     at: this  point   is 

2. = /p N7 

Po 

Y   -   1 
1  + ~-p— M2(l   -  v2) 

_Y_ 
1Y-1 

(22) 

or 

P   -   P0 
i             ä 
2   Ko 

1   + JLTJ:  M2(l   -  va) 
JL. 

-,Y-1 
-l}    (23) 

t 

• si 
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For an incompressible fluid,. M = 0  and expression (23) 
reduces to 

P - P, 

1 
2 

= 1 - V; (24a) 

* Po U 

and,   for   a   compressible   fluid  with     Y   =  1,408     and     M 
0*57, 

P  ~ P0  1   -  4.372 

2   ' o 

1. +   0.06628.(l-va) 
3.45 

-    l\ (241)) 

The values of  v  to "be used in equations (24) are ob- 
tained from equation (17). . Thus, for the incompressible 
fluid 

v  = 75   sin 0 (25a) 

,  / 

and,   for   the   second  and   the   third  approximations   to   the 
compressible .fluid  with     M   =   0.57,. 

T   =   1.54564   sin   8   -   0.05607   sin   38 

v .=   1.55731   sin   8   -  0.07404   sin   38 

+ 0.00791 sin 5-6 

(25b) 

(25c) 

Table III lists the values of  v  computed from these 
formulas and table 17 ^ives the corresponding values of 

—-•-——-Ö  obtained from equations (24)i  Figures 2 and 3 

show, respectively, the graphs, of the velocity and the 
pressure distributions of tables III and IV. 

Langley Memorial Aeronautical Laboratory, 
National Advisory Committee for Aeronautics, 

Lan^ley Field, Ta., May 4, 1940. . 

s- 
?'; 
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TABLE M^ 

M 

Second, 
approximation 

0 1,5 

.1 1,50031 

.2 1.51252 

rr 1-. 52818 

.4 1,55 009 

.5 1.57827 

«ö 1,61271 

.7 1.6534 

max 

j     : Third 
approximation 

1.5 
+— 

I 
1.50317 

1.51309 

1.53105 

1.55919 

1.60049 

1.65878 

1,73 8 77 

r.- 
fb: 

>M 

V"' M 0.1 

9.1228 

0.2 

4.5 75: 

TABLE   II 

0.3 

3.0656 2.3152 

s • 

^ -4 ^ 
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TABLE-III 

13 

Incompressible 

0 0 

5 ,13074 

10 .26048 

15 ,3 8823 

20 .51303 

30 .75000 

40 .96419 

50 1.14906 

60 1.29905 

70 1.40954 

80 1.47722 

05 1.49429 

90 1*50000 

Second 
approximation 

0 

,12021 

.24036 

: .36039 

.48008 

.71675 

.94496 

1.15599 

1.3385 7 

1.48046 

1-.-57073' 

1.59392 

1.60172 

Third 
approximation 

0 

.11991 

.23946 

.35835 

.47630 

.70857 

.93420 

1.14851 

1.34183 

1.49903 

1.60285 

1.63005 

1.63925 

I 

«# 

hn 

mi 
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y "V 



m 
I '* $W?*V' 
'S *V^1Pf' '* • 

f 
•#•••' M 

&• 
x \<Vi ^, * n(lj 

*'Ä     ' 
t •'a ' 
6' . •If •' 
k V Mk  ' ' 

vilv V -'t» , 

-   i >, 

:;ffj 

Vfi 

1 • H: * 

I *5L-r'i 

1wl 

, ##8 
•«ff ' 

'Mi > 

lil 

14 

e 

(de?) 

;>. - '• • .-*    . 

N*A.C.A.   Technical  Note  N.o.   76 2 

TABLE• tt 

i  PÖ-ÜJ 

Incompressible 
_ 

0 1.00000 

5 .98291 

10 .93215 

15 .84928 

20 .73680 

30 .43750 

40 .07035 

50 .32034 

60 - .68752 

70 - .98679 

80 -1 .18216 

85 -1 .23289 

90 -1 .25000 

 ( 

Compressible 
Second 

approximation 
Third 

approximation 

, - 'A - 

®i 

ill'-, 

•"ivl 

,;.:o 
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Figs.1,2,3 
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Figure 1.- Critical value of the Mach number for a sphere. 
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Figure 2.-  Velocity distribution on 
the surface of a sphere. 
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Figure 3.- Pressure distribution on 
the surface of a sphere • 
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