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SUMMARY

The first phase of this investigation was concerned
primarily with the determination of a suitable aerody-
ngmic setup. When the final flow arrangement was achieved,
attention was turned to the measuring equipment. -

In order to permit a thorough investigation of the
mechanism of the spread of free turdbulence, a new four-
wire, two-amplifier hot-wire set was constructed. Auto-
matically recording mean velocity and temperature instru-.
ments also were made and were used in the initial stage of
the research in the final jet setup. The preliminary runs
consisted of measurements of mean velocity and temperature
distributions along diameters of several sections normal
to the axis of the heated air Jjet issuing from a convergent-
straight nozzle with & mouth diameter of 3 inches. The
sections ranged from the nozzle mouth to an axial distance
of 12 diameters, or 36 inches. Preliminary measurements
also were made of the axial component of turbulence in
the center region of each cross section.

The preliminary results displayed serious asymmetry
at relatively low axial distances. Since the effect ap-
peared to Be due to external disturbances, the change to
a smaller Jjet size was indicated to permit measurements
at greater axial distances. All the final measurements
were carried out by the author in the Jjet issuing from a
nozzle 1 inch in mouth diameter.

In this l-inch heated jet, lateral diametrical )
traverses of mean velocity, temperature, and the axial
component of the turbulence were run at several stations
between the end of the potential cone and an axial dis-
tance of 40 diameters from the mouth. At an axial
distance of 20 diameters, measurements also were made of
the radial component of the turbulence, of the correla-
tion between axial and radial components of turbulence
at the same point, and of the correlation between the axial



turbulent velocities at equal—speed points on opposite
sides of the Jet axis o

Oscillograms ‘were taken of the axial velocity fluc-~
tuations at several points along the jet radius at 20
dlameters. These oscillograms together with the correla-
tion measurements indicate that completely turdbulent flow
exists only in the center region of the Jet, forming a
turbulent core. It is found that the flow in the ex-
.tremely low veloclity region at tlé edge is apparently
laminar, corresponding to a sort of laminar collar; while
between these is an aniaular "transition® region where the
flow fluctuates between the laminar and the turbulent A
states. : : - : =

}

The temperature was found to spread more rapidly .-
than the velocity, as has been recorded in all previously
published results. . _ Do =

The diametrical distridbutions of mean velocity and
temperature are compared with the results of three theo- -
ries for fully developed turbulent flow in & free heated
Jet ‘with constant density and viscosity. It is found »
that, in each case, either the veloecity or the temperature
distribution (depending upon the scale of abscissas) can
be made to give a fairly good check between theory and ex-
periment in thé turbdbulent Jjet core, dbut never both veloc-
ity and temperature ‘simultaneously.

An oscillogram also wag taken of the regular fluc-
tuations existing in the region of the jet before the end
of the potential cone. This type of fluctuation was first
observed in the 3-inch Jjet by Mr. Thiele in 1940.

INTRODUGTION

The work done under this contract falls essentially
into two parts: The first part was the design and con-
struction of the equipment and the running of preliminary
tests on the 3-inch Jet, tarried out by Mr. Carl Thiele
in 1940; the se¢ond part, consisting of the measurements
in the l-inch Jjet and the preparation of this final re-
port, was carried out by the author,

For a complete 1hvesfigation;of the general charac-
teristics of a turbulent flow, some rather complicated



measurements are necessary. Because of this and because
of the increasing difficulty in odbtaining electrical
supplies, it was decided in 1941 that any new equipment
needed in the further investigation of the general tur-
bulence problem should be constructed immediately.
Accordingly, a very complete hot-wire set was designed
and built in the fall of 1941, and was first applied in
this research project. S

In an approach to the general problem of free tur—

" bulence, aniinvestigation of the flow in a free jet is

of particular interest, Up to the present time, it has
been assumed that the flow in the free jot issuing from

a circular orifice into a stationary medium of the same
density and viscosity reaches a fully developed condition
at about 8 or 10 diameters from the orifice — that is,
fully developed in the sense of attaining a configuration
which is maintained with similarity downstream. In an
axially symmetrical Jet it has been found that the "poten-
tial cone," in which the velocity is equal to that at the
nozzle mouth has its apex about 4% diameters from the
mouth, but that the final (dimensionless) velocity pro-
file is not reached until the distance of 8 or 10 diam—
evers previously mentioned.

Ruden (reference 1) and Kuethe (reference 2) have
bothemade measurements in jets -with axial symmetry.
Ruden measured velocity and temperature distributions
out to an axial distance of about 15 diameters in a
heated jet; while Kuethe measured detailed velocity dis-—
tributions and made some turbulence measurements out to
9 diameters in an unheated jet. Both investigators
found that similarity of velocity profiles was reached
before 10 diameters, which ledé to the general belief
that complete mechanical similarity in a jet was reached
there. It was thought, however, that the turbulence dis—
tribution in a radial direction might serve as an indica-
tion of a fully developed state. Furthermore, it was
felt that the limit of 15 diameters, which appeared to
be the greatest axial distance included in any previously
published results, might be insufficlent to give a com-
prehensive picture of the nature of the flow. The inves—
tigation program, therefore, was set up to include complete
measurements of at least the axial component of turbulence

and sectional traverses out as far as 40 diameters from
the nozzle mouth,. .

All turbulent-jet analyses published up to the present



time are dased upon the fundamental assumption that the
flow is completely turbulent across the entire width of
the jet. 'The two turbulent jet thecries most widely ace
eepted at the present time are Prandtl's momentum trans-
fer theory (reference 3), and the modified worticity
transfer theory of 6. I. Taylor (referemce 4). 1In this
report there also are included the resulis of a third
method of attack on the general turbulence problem, pre-
sented by P. Y. Chou (reference 5). The particular
application of this theory to a jet has been made by C. C.
Lin, eurrently at the GALCIT, This approach is equiyalent
to the assumptions suggested by T, von Karmsn (reference 6}
The application of the momentum ¥ransfer assumptions to
this problem was carried out by W, Tollmien (reforence 7),
the calenlation of the modified vorticity tramsfer prin-
ciple applied to & jJet was made by Tomotika (refevence 8),
and the results of the two theories were summarised dy

L. Howarth (reference 9). Also, the prodlem of ths
velocity é&istribution in the annular region argund the
potential cone of an axially symmetrical jet has Bpeen
solved on the dasis of the momentum tramsfer assugpilions
vy A. M. Kuethe. Shortage of time has precluded the con~
parison of the 3-inch jet measurements with Kuethe's
salution,

A comparison of the distridutions of mean velocity
and temperature in a free jJet the inftial temperature of
which 1s slightly different from that of the receiving
medium presents an excellent opportunity for comparison
of the rates of diffusion of the twoe quantities, momentun
and heat, without introduecing the complexity of variadble
‘wiscosity and demsity. . :

This investigation, conducted at the California ‘
Institute of Technology, was sponsored by, and conédueted
with financial assistance from, the National Advisory
Committee for Aeronauvties, The work was earried out
under the general supervision of Dr. T, von Kirman and
Dr, €. B. Millikmp, whose interest and advice are
gratefully acknowledged. Particular thanks are dune to
Mr. Carl Thiele for hie splendid job of designing and
constructing the equipment and getting the research under
way and t¢ Dr. Hans Liepmann for his invaluadle counsel
and adviee throughout the researeh. Theoretical discuse
sions on many occasions with Mr, C. €. Lin wete also of
gread assistaence, L v



SYMBOLS
d diameter of nozzle mouth
x  axial distance from mouth
T radial distance from jet axis
U axial component of mean velocity,®* .

N

a3

radial component of mean velocity

w tangential (rotational) component of mean velocity
 a — . i

Uy = maximum value of U at a2 section (i.e., on the axis)

U, maximum value of U 1in the jet (in potential cone)

To the value r at any section for which U = % Up

u axial component of instantaneous velocity fluctuation
v radial component of instantaneous velocity fluctuation
w tangential component of instantaneous velocity

fluctuwation

' ' T :
Y Y. Y_ ‘turbulence levels
U U U
P pressuré
p air density

*Mean values of velocity and temperature referred to
in symbols are time means.



! aip viscosity coefficient

v = % air kinematic viscosity

T shear

T mean temnerature measured above room temperature

Tm maximum value of mean temperature at & sectzon
(i.e., on the axis) : P ‘

To maximum value of mean temperature in the jet (at the
mouth)

t 1nstantaneous temperature fluctuation-

t! =J t2

1 T_"mixihg'iength" in momentum transfer theory

A "micro-scale" of turbulence

— e

AR correlation between any two fluctuating quantities

4 and B
Ryy = —2¥_  correlation coefficient

Ry = uzgg correlation coefficient
. u

T total kinetic energy crosaing a section of the jet
in unit time

EM kinetic energy of mean flow crossing section in
unit time

B! turbulent kinetic energy crossing section in unit
time



I. PRELIMINARY MEASUREMENTS ON A JET 3 INCHES IN DIAQETEB

‘BEQUIPMENT AND TESTING PROCEDURE

Aerodynamic Betup

Figure 1 is a schematic diagram of the wind-tunnel
and installed jet units. The four-blade steel propeller
is driven by a three-phase induction motor rated at 15
horsepower and run from a variable frequency generator.
In all this work, the unit was run at oaly a small frac-
tion of rated power.

The 64~foot square "pressure box!' was adapted from
the former GALCIT calibration tunnel. The air is heated
by means of 16 Calrod heating units mounted in the primary
contraction (fig. 2), and there are two screens mounted
between the heaters and the final jet contraction, which
was a spun aluminum convergent nozzle. In an effort to
obtain a uniform temperature distridbution across the mouth
of the nozzle, part of the heated air was ducted along the
outside of the large circular pipe leading to the nozzle,
so that this pipe and the bPeginning of the nozzle coantrac-—
tion were immerged in hsated air. That this scheme was
not completely successful can be seen from the temperature
distribution measured at the mouth. It did represent,
however, a distinct improvement over the wooden noszzle
first tried, Possibly this inaccuracy in one of the tem-
perature boundary conditions had an éffect upon the tem-—
perature profiles in the region of the jet upstream from
the end of the potential cone, as will be discussed later.

All tests on the 3-inch jet were run at a mouth ve-
locity of 20.5 meters %er second and a maximum temperature
difference of about 13Y C.

The platinum hot wires used to measure u' were
etched Wollaston, 0.00025 inch in diameter and approxi-
mately 2 millimeters in length., Mean velocity,was meas—
ured with a small total head tube, and temperature was
measured with a small copper—constantan thermocouple.

The amplifier output for turbulence readings was
put through a thermocouple into a critically damped wall
galvanometer with a 3-second period and a full scale de-—
flection of approximately 20 centimeters.



Both mean speed and temperature were photographically
recorded by means of an automatic-traversing arrangement.
The total-head pressure line was run into a smell copper
bellows which tilted & mirror, thereby deflecting a narrow
light beam upon g uniformly noving sheet of sensitiszed
paper.

The recordinz of temperature on the s?nelt+zed paper
utilized directly the l1ight beam reflected from the mirror
of the wall galvanomater. ‘ .

”he traversing was accomnlished by means of 8 8crew-
driven carriage running horizontsally along a steel track.
The screw was rotated by a reversibdble electric motor and,
during the photographically recorded runs, the sensitized
paper was mechanically counnected to the hot—wire carriage
s0 that the abscissas of the recorded curves would be ex-—
actly equal to the true lateral distances, "Figures 4 and
5 ghow an over—-all view of the traversing unit and a close-
up of the carriage and metor. Photographs are of the l-
inch jet installation,which was identical with that for the
S-inch jet unit, except for the wall in the plane of the
nozzle mouth in these pictures.

Measuring Egquipment and Procedure

' This new Hot-wire set (photographed in fi 6) con—
sists of the following element s;

l. Tour hot-wire heating circuits and potentiometer

<., One bridge circuit which can be used with any of
the four heating circuits

3. Two compensated amplifiers with very nearly the
game phase shift and gain characteristica

4, One amplifier in which the outputs of the other
two amplifiers can Ve added

With this instrumant the following flow properties
can be measured:

1. Mean speed, U

' 2, The three principal turbulence componentg,
V' W'

E. y_
Uy v’ vu



3. The correlations at a point, UV and uw

4, The correlations between turbulent velocity com-
ponents at two points, in flows with or without
a gradient in the mean velocity

The bridge circuit is so arranged that the hot-wire
"time constant" can be determined by superimposing edqual
alternating-current voltages at two frequenciles upon the
balanced direct—current bdbridge circuit. .

The gain of each amplifier is constant to within +3
percent ofer a frequency range from 5 to 9000 cycles per
second. .

RESULTS OF THEE PRELIMINARY MEASUREMENTS

The measured results are plotted in figures 8 to 186.

Figure 8 shows the distributlion of mean velocity, mean
temperature, and turbulence along the axis of the jet.
The velocity is plotted both uncorrected and approximately
corrected for the effect of turbulence upon the total head
tube readings, Assuming constant static pressure through-
out the jet, the average pressure at the mouth of tube in
a turbulent flow is:

i o

P:gv(U?u)a

where U 18 the axial mean velocity and u is the in—
stantaneous axial velocity fluctuation. Therefore,

———

-
(]
wlo
Eh
+
e

since

and the dynamic pressure corresponding.to the mean ve-
locity is )

2

-EU N e i
2 ===

1+ 82
ki

*Neglecting the effect of lateral fluctuations.
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Figures 9 to 16 give the measured mean velocity and
temperature distributions across sections normal to the
jet axis. All of these velocity and temperature distri-
butions were continuously recorded photographically, and
the plotted results are curves faired through the photo-
graphic data. Since this continuous recording method
tends to give instantaneous fluctuations in the gquantity
being measured (unless donsiderable .overdamping is em-—
ployed), the scatter of the photographic curves is appre-—
ciably greater than that of point—-by-point measurements
which involve a process of mental tlme—averaging in the
recording of the observed data.

The distributions of turbulence level along the axis
and in sections normal to it are also given in these fig-
ures, Unfortunately, since the transverse measurements
have been made in only the central part of the jet, a
complete picture cannot be gotten from them,

DISCUBIION OF RESULTS

Velooity and Temperature

Asymmetry in the velocity profiles becomes appreci-
able at an axial distance of about 4 diameters, and ap-
pears even sooner in the temperature curves, The nature
of the velogity asymmetry, a high region on the left side

of the axis for éL < 0,4, seems to indicate that the
m .
flow condition actually existed, due perhaps to external
disturbance or to misalinement of the nozzle relative to
its circular duct. On the other hand, the temperature
agymmetry consists of an apparent change in the gero-
ordinate level between opposite sides of the jet, and it
appears more likely that this is due to the method of
measurement than that it is representatlve of a true con-—
dition of the jet.

Ong of the theooretical boundary conditions for this
Jet problem is n<t precisely satisfied: The temperature
profile at the - * mouth deviates appreciably from a rec-—
tangular shape . . spite of the ducting system for heating
the walls of the channel leading to the nozzle, ZXven so,
this temperature profile represented a considerable im-
provement over that existing in the jet emerging from the
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wooden convergent nozzle with which these experiments
were first tried.

It has not been determined whether the nature of the
deviation from this particular boundary condition has any
appreciable effect on the difference in the relation of
the velocity and temperature profiles in the two regions
of the jet separated by the section at an axial distance
of about 7 diameters from the mouth. TFor x <74, the

curve of I is lower than %L in the central part of

m m
the jet, while for =x = 74 the temperature is everywhere
higher. It is possible that the existence of a definite
temperature gradient in the main body of the jet at x = 0
where there is no corresponding velocity gradient, has
accentuated the condition.

L

It seems probable, however, that this change in rel-
ative shapes of the velocity and temperature profiles is
a true characteristic of a heated jet. In the region up-
stream of the potential cone the flow may be approximated
by the two-~dimensional case of the single mixing region
between a gemi-—infinite moving body of heated air and a
semi-infinite body of stationary cooler air. In this case
it seems evident that,if the effective heat-transfer
coefficient is assumed greater than the effective shear
coefficient, the dimensionless plots of temperature and
velocity across a section normal to the flow (i.e., curves
of U/U, and T/T  against the same abscissa =r/r )

witilsshew temperature lower than velocity in the region
of higher values of the two variables; conversely, they
will show temperature higher than velocity in the region
of lower values. For the fully developed jet with axial
symmetry it is obvious that the same assumption of heat-
transfer coefficlient greater than shear coefficient leads
to dimensionless temperature profiles everywhere higher
than the corresponding velocity profiles.

It should also be noted that these velocity and tem-—
perature profiles check the measurements of Ruden fairly
well,

Turbulence

The principal item of interest connected with the
turbulence measurements is the extremely rapid spread of
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turbulence into the potential cone. It will:be noted
that the turbulence level on the jet axis beging to rise
at an axial distance of only 1 diameter from the nozzle
mouth; while the velocity defect does not reach the axis
uatil about 44 diameters. This result was observed by
Kuethe and hes been recorded in the l-inch jet described
later. Its significance with respect to open~throat

wind tunnels is apparent. :

The quantity u'/U loses some of its usefulness
for high values; so u'/Up has also been plotted for

each section, The full benefit of plotting either u'/Uy
ar u'/U, will become evident in the l-inch jet where
turbulence has been measured out to the edge of the jet.

I, FINAL MEASUREMENTS ON A JET 1-INCHE IN DIAMETER
EQUIPMENT

| iha experimental apparatus employed in this part of
the work ias basically the same as that used in the pre-
liminary tesis, witd the feollowlng modifications: :

1, A l-ineh spun-—alumiaum convergent nozzle was sub-
stituted for the Z~inch nozzls. The jaternal flow-
arrangement ‘vas. the samg, ; :

2. A wall was aet up in the plane of the jet mouth,
perpendicular to the.axis, in order to reproduce more
precisely the boundary Qqnditiona asaumed in the theories.
A check run was made without the wall in pesitiop, and
although no appreciabls difference wag' found in the {19w
characteristics in the "fully developedl” region pf the
Jet, it was daci¢ed Yo rup with the vall ip pggitipn.

3. Nu photographicnreaqrdlng taahnique was uped for
any of the quantitative measurements, sincde it was thought
that gome of the amsymmetry $n the F-—inch jet memsurgments
might have besn due to lag oy pgrmanant gt in the moying
parts of the recording qyatam.°'

4. Mean gpeed was maaauxed with g single hpt wire
instead of a total head tube, One eheck frun wap nade with
B total head tube, and the ggreemgnt waa satisfaqﬁoyy.
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__The héan'véibéify measured by the hot'wire was

U° + ¥° rather than gimply VU, Therefore the experi-
mental results have been lgbeled accordingly, with the

symbol Up to signify JUZ + V2. Over all but the edge
of the jet Uy = U, and in the comparison between the-—

ory and experimental results, U (theoretical) is
compared with Ug (experimental) As will be pointed

out later, the large discrepancy between experiment and
the most satisfactory. theory (fig. 30) at the edge of
the jet is not due to this comparison of different ve-
locity components. :

It should also be remarked that the turbulence com—
ponent measured by the single hot wire is the component
in the direction of Ugr. However, it is everywhere

written merely as u', singce in the turbulent core of
the jet the measured component of turbulence is probably
equal to the true axial component (u') within the limits
of accuracy of the measurements.

The lateral turbulence level is written as v'/UR

although the v-meter was always set parallel to the jet
axis. However, tests showed that the effect of small
deviations in alinement of the instrument from the mean
flow direction upon the output was negligible relative
to experimental gcatter.

5. The lateral component of turbulence and the tur-
bulent correlation wuv, were measured with a biplane X-
type meter composed of two platinum wires, each set at
an angle of about 45° to the mean flow, =nd therefore
perpendicular to each other. The W1res were stched
Wollaston, 0.00025 inch in diameter and approximately 4
millimeters in length,

6., & Dumont oscillbscope with 5-inch photographic—
type tube and a General Radio high-speed camera were used
to record the oscillograms.,

7. The scale of wu' turbdbulence on the jet axils was
measured by mounting a second hot-wire carriage on the
steel traversing track.

All runs were made at a nozzle velocity of 10 meters
per second, and a maximum temperature difference of about
10° C. 1In order to check the assumption that this temper—
ature difference has no appreciable effect upon the hydro-

o
Ay
oy
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dynamie jJet characteristies, one traverse was repeated
without the addition of heat. The Ug/U, and u'/Uy

curves for the two casos checked within the experimental

scatter.

Inclination of the jet axis due to free convection
was negligible. !

1,

TESTS AND GENERAL PROCEDURE

Mean velocity., Ut measured with.a single hot
wire by either constant current or constant
resistance method

Mean temperature, T: measured with a small copper-
constantan thermocouple across a wall galva-
nometer )

Axial turbulehce, w': measured with a sinzle hot
wire in the conventionel manner

Radial turbulence, v'! measured with a biplane
X-type meter composed of two hot wires the
outputs of which are subtracted before. being
put into the amplifier

Doubdle correlation at a point (turbulent shear),
uv: measured with the same meter as v'. The
outputs of the two wires are put through the
‘amplifier separately, and the correlation is
computed from these results,

y

" Doible correlation of axial turbulence at two

equal-velocity points on opposite sides of the
~* axis, u,uz: measured -with two single hot wires.
In order to get a measure of the scale of tur-
~ bulence, the u,u; was measured as a function
~of -the distance between the wires.

Oscillograms of the u~fluctuations were made,
using the single hot wire. -The amplifier out-
put was photographed from the screen of an
oscilloscope the sweep of which had been cut

out, The film motion supplied the continuous
sweep.
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RESULTS

Unless specifically described otherwise, all quanti-
ties plotted in this report are uncorrected for the ef-
fects of turbulence upon the measuring instruments. The
nature of these corrections will be discussed later.

Mean Velocity and Temperature

The measured velocity and temperature distributions
along the jet axis and at each station are included in
figures 17 and 22, As has been found by Ruden, the tem-—
perature spreads at a greater angle than the veloclity in
the region of =x greater than 8 or 10 diameters, It
will be noted also that at 5 diameters, the temperature
distribution is narrower than the velocity in the center
part of the jet, as recorded and discussed in the first
part of the report. ©No detailed measurements were made
in the l-inch jet for =X -less than 5 diameters, but the
temperature distribution at the nozzle mouth was checked
as being of the same nature as that in the d-inch jet.

The axial distributions show a crossing, or at least
a coincidence, of the velocity and temperature curves at
large distances from the nozzle, in spite of the fact that
the initial drop—off occurs much sooner for the tempera-—
ture than for the velocity.

Turbulence

a) Turbulence level.— The measured local turbulence
level u'/Up as well as the values of u'/Uy computed

from u'/Up and the faired velocity profile, are included
in figures 18 to 23. Probably the quantity wu'/Ug 1loses

itg significance in regions of extremely low velocity like
the edge of the jet. A better comparison of the turbu-
lence distributions at successive stations can be gained
from figure 23 where u'/U, is plotted against the radius.

This clearly shows the radial spread of the fluctuating
energy (really, the square root of the energy) as the flow
travels in the axial direction.

The only measurement of the radial turbulence compo-
nent v' is compared in figure 24 with the wu' at the
same station.
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b) Correlation betweasn ysglosity ¢ ntg at the
gape point.—~ The correlation and the correlation coeffi-
cient are given in figure 25, The coefficient is defined

by

v

the turbulent shear is, of course,;
T::..pﬁ-w;
and will be discussed in the next sectidn.

The tremendous scatter in R,, in the outer annulus
of the jat, as well as the sharp decrease in both 'R,y

and uv toward this region, seem to indicate a deviation
from the true turbulent state, a hypothesis which receives
especial support from the. oscillograms of the velocity
fluctuations.

¢) Correlation between velocity ‘components at differ—
ent points,— Figure 26 1s the onse measured distribution of
Ry between points symmetrical about the jet axis.” This

correlation coefficient is defined by

An important result shown by this curve is that there is
no whipping of the jet as a whole; whipping could result
from a general instability of the system. If such a con-
dition existed, the correlation would not go to zero with
increasing », Dbut. would increase negatively.

d) Opcillograms.— The series of oscillograms in fig-
ure 27 indicates a definite deviation from the fully tur-
bulent regime toward the edge of the jet. A completely

turbulent core exists out to approximately 'o» the

radius at which the mean velocity is one-half the maximum
mean velocity-at the section, which is, of course, on the
jeﬁ axis,

Figure 28 shows the type of regular fluctuations first
observed in a 3-inch Jjet by Thiele in 1940. These are
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oscillograms of the u-fluctuations in the l-inch jet at
an axial distance of 2 diameters. The bottom part is a
200 cycle—~per-—second timing wave, which epplies to both
figures/ 27-a8d®28; figure 28a was recorded on the axis
in the potential cone and figure 28b was recorded at a
radius egual to the radius of the nozzle mouth., This is
approximately the inner edge of the free boundary layer.
The layer is evidently turbulent, or the regular waves
would continue through it.

THEORETICAL ANALYSES

Velocity

For a free jet of this type the usual turbulent
boundary layer assumptions are applied to the general
Navier—Stokes equation. The simplified squation must be
solved with the boundary conditions V = 0 and

ol _
or

and their derivatives must vanish as r Dbecomes infinite.
Since the axial pressure gradient is neglected, the rate
of flow of axial momentum across all sections 1s the same:

at r =0 (on the axzis). Also the velocities

o

21 PJf U° r dr = constant
§

Since viscosity is neglected,
T = —p uv
a) Momentum transfer theory.— The assumption that

momentum is the transportable quantity with a mechanism
analogous to the kinetic theory of gases leads to

T=—p—i;_a_g

or

which gives the equation of motion:

sy W12 (5,
ox dr r dr or
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Prandtl further suggested the assumption of v = | ou

dr
or, since %g is intrinsically negative in an axially

symmetrical jet, v = —} [%%]¢ This leads to ‘ ”
T =p1? i ] ( U), and ;he equation of motion may be
written °
u_a_zf.w,a.}z:z_a_{a [ ( )‘]
dx or r or
or '

g+ W .12 i}ar( oY]

0x d9r T ar L

Tollmien assumes similarity at different sections
of the jet and assumes that ; is constant across any
section and proportional to the radii r, of the sec-

tions. Having found experiméntally‘that r°'~ X, he
assumes ] = CX. ' o

b) Modified vorticity transfer theory.— Taylor
assumes that vorticity is the transportadle guantity and
is carried unchanged from one layer of fiuid to another.
This, with the assumption of isotropy of turbulence,
yields the equation of motion

UéE+v___ <_.._+E.5_E>

O.X r or/

= 2 [y |

Assuming with Prandtl that (v = 1} %E} , Howarth and
r
Tomotika have
2
Uép— é.E:._Z bU(——-—-—Plég)
ox or r or

and they alsec agsume | = CX.
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c) A third approach to the calculation of the veloc-—
ities in turbulent flow was presented by P. Y. Chou,
The equations are obtained by constructing correlation
functions from the equations of turbulent fluctuations.

In the application of thig theory to the jet, Lin
has employed, in addibion %o the boundary layer approxi-
mations:

1. The assumption of mechanical similarity of mean
quantities extended to include all the double
fand triple) correlations

2, Certain considerations bYased upon similarity of
fluctuations, and the microscale of turdulence

3., The assumption that the triple correlations of
the turbulent fluctuation whick vanisk at the
center of the jet are negliglble throughout
the Jjet

These" assumptlons result in an expression for the
shear which is identical to the form subgested by Von
Karman in 1937‘ ‘

2 -]
T=z_§_é§

w or

In addition, Lin assumes

4, That v and N are constant, This final
assumption amounts to a constant shear coef-—
ficient,* and the form of the solution is the
same as that for a laminar jet:

*Since the writing of this report, copies of two new
theoretical papers on the problem of free turbulence have
been received. Both authors adveocate the assumption of
a constant shear coefficient for the calculation of the
flow in a free jet. The papers are:

Prandtl, L.:!: - Bemerkung zur Theorie der freien
Turbulenz., Z.f.a.B, M, , vol. 22, Oct. 1942,

Gortler, H,: Berechnung von Aufgaben der freien
Turbulenz auwf Grund eines neuen NZherungsansatzes.
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-p-— =2 -;——c—w»v-‘vwo-—v—

U £\ 3
n (1 + Q‘)
where 4
~ X
£ x
Temperature

With the dsual boundary layer approximations, the
equation for the temperature T is

— m
GO, g3 1 [ @3—_,)
o x or r dr O #

H

The same general boundary conditiong apply to the temper-—
ature as were applied to velocity, '

a) Momentum transfar theory.~ Since the above equa-—
tion in T is the same ag the equation of motion (in U)
corrgsponding to the momentum transfer theory, it follows
that the temperature distribution is the same as the
velocity distribution,

b) Modified vorticity transfer theory.— The previously
obtained solutions for U and V are put into the tem-
perature equation, along with the mssumption that

v o= —ex” &
. ‘dr

as before.

This leads to a solutign for T/T as an exponential

function which converges much more rapidly than the veloc—
ity U/U

¢) In solving for the temperature distridbution, Lin
uses a constant coefficlent of thermal diffusion, analogous
to the use of a constant shear coefficient. This leads to
a power law relationship between the veloc1ty and tempera-—
ture distribution; which 1is written

/
T . /u\ "t
Tm

where €4 is not given by the theory but must be deter-
mined experimentally.
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DI3CUSSION OF RESULTS

The Nature of the Flow

Figure 27 is a series of oscillograms of the axlal
velocity fluctuations at various radial positions on a
section 20 diameters from the nozzle mouth. This series
" ghows that the flow in a "turbulent jet" is fully tyrbu-
lent only out to approximately r = ry. For T > vy,

there exists first an annular "transition region" in
which the flow alternates between the turbulent and the
laminar regimes. The fraction of the total time during
which the turbulent state prevails decreases as the
radial distance is increased. Then, near the edge of

the jet and extending to zero velocity is what might be
termed the annular "laminar collar." Of course, this
laminar collar differs from the usual concept of a lam—
inar boundary layer or a laminar sublayer in a turbulent
boundary layer next to a2 wall; the difference is that
there exists an appreciable radial (V) component in the
mean velocity. The dissppearance, however, of uv-corre—
lation toward -the edge of the jet can be taken as a clear
indication that the momentum trensfer here is essentially
laminar. B

The cause of the Jeterioration of the turbulent flow
toward the edge of the jet is not immediately apparent,
since there is no solid wall to damp out the v-fluctuations
as in the conventional turbulent boundary layer.

The similarity between this entire flow condition and
the history in the mean flow direction of the flow in the
boundary layer along a wall is striking. The principal
difference is that the sequence of flow regimes extends in
a direction perpendicular to the mean flow, while in the
latter case it extends in the mean flow direction. The
oscillograms of the jet—transition region are identical
with some of the oscillograms of the transition from a
laminar to a turbulent boundary layer.

A more significant aspect of the verification of this
flow pattern in the turbulent jet is that this may present
an insight into the nature of the flow ‘in a fully developed
turbulent boundary layer next to a solid wall., It is well
known that a2 thin laminar sublayer exists immediately ad-
Jacent to the solid boundary, and that there is no sharp
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point of demarcation, but a narrow region of transition,
The flow in this region-i% probadly: ¢f the same nature
as the flow in the annular transition region of the
turbulent jet. : T osy U

It will be noted that the general location of the
transition reglon in the jet zis more or: Less the .same as
thewlocation of the maximumms:of the ‘/UR curves at

all sections (see figs. 18 to 22). This may mean ithat a
part of the "turbulence" is dug not to the usual turbu-
lent velocity fluctuations, b¥t-to actual differences in
the local mean velocity at a point, as the flow ogcillates
between the turbulent snd the. laminar states. fhla ex—
planation wap first given by Liepmann in connection w1th
the studies reported in referencenll to explain the hlgh
apparent turbulence level in the-transition. region.pof 'a
boundary layer adjacent to a solid wall., I, should :
however, be recorded that no definite one*sided turbulent
burgts on the oscillogram were seen in the case of the
Jet

_ 4
Comparison between Theory and Experiment

a) Velogity.- On figures 29, 30, and 31 are, plotted
the results of the three theories brlefly discussed and
the experimentally observed pointg. For purposes of com-
parison, the theories and experiment have all been matched
at r = ry. This secems to be an especially suitable method

in view of the fact that this radius is approximately the
boundary of the completely turbulent Jet core.

In 1nspecting these figures, it mdst be reﬁembered
that the experimental points have not bsen corrected:for
the effect of turbulence upon the -hot wire:.' This correc-
tion would appreciably decrease the measured velccity
_everywhere but near the axis. Qualitatively, such,a-cor-
rection, followed by proper refitting of the' experimental
points at r = r/ would primarily widen the profile

peak. Slnce the problem of correcting hot- wirc measure-
ments for the effect of very high turbulence levels

(utf/U above about 20 percentd.is still under considera-
tion-at the GALCIT, the results are presented as observed
"an'd without correction. The. question of turbulence*cor~
rections is taken up briefly in appendix I1., '
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It should be mentioned also that the mean speeds at
stations 10, 20, and 40 were measured by the constant—
current method. In this method, the values at extremely
low speeds are too high because of convection cooling,.
when sufficient current is uscd to give reasonable sensi-
tivity at the higher speeds. The constant-resistance
(and, therefore, constant—sensitivity) method is much
more satisfactory when a wide velocity range is to be
covered, and was employed at stations 5 and 30, The ob~
servations by the two methods diverge perceptibly only
at the extreme edge of the jet, In figure 30 the scatter
everywhere but at the extreme edges is ordinary experi-
mental scatter,

As mentioned before, similarity in the velocity
profile is reached at about x = 10 diameters.

Since the three theoretical analyses assume a tur-—
bulent state across the full width of the jet, the degres
of agreement between theory and expetiment in the region
for r > r, is evidently of secondary importance. In-

spection of the (theoretically) significant region of
Y <« Ty indicates a satisfactory ¢heck between the ob- .

served points and the curve based upon a constant shear
coefficient, It is obvious that the large discrepancy

in the outer part of the jet between experiment and con-
stant shear coefficient theory cannot be due to the method
of velocity measurement (hot-wire measures Uy instead

of U); correcting the experimental points to be U in-
stead of Up would increase the discrepancy.

The physical requirements of constant flux of momen-
tum across all sections of the jet plus the usual assump-
tion of velocity-profile similaripy lead to the requirement
of a hyperbolic decrease in the mean speed along the jet
axis. A plot of the axial velocity distribution on loga-
rithmic cross~section paper (fig. 35) shows that the de-
crease approximates a nearly hyperbolic power law from 10
to 30 diameters, but deviates markedly at greater distances.
This deviation may indicate either that the velocity de-—
crease does not follow a simple pdwer law or that external
disturbances have begun to be felt. A check run of the
axial velocity distribution for Uo more than twice as

large as used in all these measurements gave an identical
deviation from the hyperbolic distribution. From the ex-
perimental setup it appears unlikely that external
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disturbances would bde felt before x = 50 diameters. If,
then, it is assumed that external effects are negligidle,
this deviation seems to deny the existence ef'éxadﬁ'éimi-‘;,
larity, since the constant flux of momentum is a simplée ‘
physical requirement.  The only remaining possibvility i
that the axial ‘pressure gradient cannot be negleeted,_- -

The simila?ity property, however, of the Jet as- rep-='
resented by a linear increase in the width of the velocity”
profiles with downstream distance ig well checked out to-

= U0 diameters:in figure 36, Surprisingly,.the line
passes very nearly through the nozzle mouth when extrapo-
lated to zero Jet width. :

All tha thedretical analyses assume mixing length
increasing linearly with axial distance: 1 = ¢cx. A cal-
culation of ¢  at 'x = 20 diameters, based on the momen~
tum transfer theory 1eads to, e = O, 0166 Tollmien gives
a valueﬁof +18 01580 ) . . ' R

b) Temperature.— Since Lin's analysis does not ex-
plicitly give the temperature profile as a function of = .
the velocity profile, dut leaves one constant ;b0 be deter-
mined by experiment, oaly the results of the other two
theories have been plotted in figures 32, 33, and 3h for
comparison with ‘the experimental résults, .

P . »

In spite of the considerable scatter, rt is evident
that theoretical and experimental temperature distribu-
tions do not agree if the velocity distributions are
matched at »r = r,., If, on the other hand the tempera-.
tures were fitted at the radius where = 1/2 Tpe then

the experimental and theoretical velocity profiles would
"exhibit A wide divergence; while the temperatures would
check reasonably wellav

Since there is no method of. détermininé which fite
ting procedure is more nearly correct, the only permissi-
ble conclusion is that none of the existing theories
gives a satisfactory quantitative relationship between
the spread of velocity and the spread of temperature in
a turbulent heated jet, . ‘

It woul& seem that a be%ter underatanﬁing of the
basie rélation between the mechanisms of the diffusion
of veloclity and temperature could be gotten by measure-
ments of the temperature fluctuation (t%;, say, and
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perhaps t,%t, correlations) and by the comparison of
these measurements with the corresponding kinematic
quantitiee. ' :

It should be noticed: (fig. 35) that the axial tem-.
perature distribution ie approximately hyperbolic in
form and that the temperature jet—width. (fig. 36) in-
¢reases very nearly linearly with axial distance.: A
glance at figure 22 or 34 will show that the point at
40 diameters is extremely Lnreliable. :

- Turbulence

The quantity wu'/Up can scarcely be useful in a
flow where instantaneous values of u are often greater
than TUgp. This is certainly the case at the sdge of the

jet, and therefore it was felt that a dimensionless
quantity wu' /U, proportional to u', plotted as a func-
tion of radius, would give a more useful picture of the
velocity fluctuatlons in the jet. - Further, when ‘the
turbuletice dlstributzons at various axial p051tions are’
to be compared, the quantity '/U, is plotted (fig.-ZB)

It can be seen from figure 23 that the local minimum
at the center of the turbulence distributions does not
disappear before an axial distance of about 20 diameters.
Thus, although similarity of veloc1ty profiles is effec—
tively reached at 8 or 10 diameters, real kinematie simi-
larity is not reached until about 20 diameters.

It is also interesting to note that the local maxi-
mums in the curves for =x € 20 diameters remain at about
the same radius independent of axial position and that
this radius is approximately the nozzle mouth radius. Of
course, the rather arbitrary curve fairing determines the
exact location of the peaks. However, this matter is re-
lated to the problem of the evolution from a rectangular
velocity proflle with very low turdulence’ to the fully
developed turbulent jet, which still awaits an adequate
basic experimental investigation.

The axial distribution of u'/Uy is plotted on fig-
ure 35, and although a straight line has been drawn ten—

tat1vely through three points, the points do not 1nd1cate
a simple power law.
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- As mentioned previously, the curves of figure 23
give a clear picture of the spread of the turbulent
kinetie energy. Of course, there is a continuous gener—
ation:of turbulent kinetic energy from the kinetic energy
of the mean flow., A gquantitative picture of the kinetic
energy history of the jet is gottem by integrating the
squares of the velocity profiles and the squares of the
curves on figure 23. The turbulent kinetic energy 1n
the lateral fluctuations (v) is gotten from the v' "dis-—
trivution measured at =x = 20 diameteérs. It has then
been assumed that at all the other stations the v-energy
is in the same ratio to the u-energy as at 20 diameters.
Also, the total w—energy at a section is taken as equal
to the v-energy for the nurnose of this caleculation.

The results are. plotted on figure 57 The total
kinetic energy Egy and the kinetic energy of the mean

flow By -crossing a section in unit time are plotted

against-axial position. The difference between these
two curves Ais the kinetic energy of the turbulent fluc-
tuations E'. The third curve gives the fraction of the
total kinetic energy that con51sts of turbulent energy,
at a section., This curve seems to apnroach a constant
value approximately where the jet achieves complete
gimilarity. At large axial distances, however, it ap—
parently begins to drop off. It is possidble that this
is merely experimental scatter. The deviation at =x = 40
diameters is also clearly visible on figure 38.which is
a logarithmic plot of the total, the mean flow,and the
turdbulent kinetic energies, '

Shear

The turbulent.shear is proportional to the TV cor-
relation at a point, whichis plotted in dimensionless
form at the bottom of figure 25. TFrom this it is seen
that the turbulent shear drops off more rapidly along a
radial line than does the mean velocity. The ratio of
turbulent shear to laminar shear is of more practical
signiflicance, and this is plotted on figure 39, 1In the
. computation of the laminar shear -the velocity profile
slopes have been determined graphically so that a sizable
probable error has been introduced, particularly near the
center of the jet. In faet, it is poss1ble that the max—
jmum located off the-axis 1s merely due to scatter.
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From figure 39 it can be seen that in the radial
direction the turbulent and laminar shears reach the
same order of magnitude before the mean velocity reaches
zero, This is one of the indigcations that the flow is
not completely turdbulent out to the edge of the jet, The
correlation coefficient Ryy, ©plotted on figure 25,
reaches a maximum value of about 0.42, Wattendorf's
maximum of 0.33 and Reichardt's maximum of 0,24, both
computed by Von KArmin (referencell) for pipe flow, are
valueg of 'E;/ua instead of uv/u'v'. The maximum value
of wuv/u® at this cross .section in the jet is 0,3k,

The extreme scatter near the edge of the jet appar-
ently is due to the fact that in this region one factor
in the calculation of Ryy 1s a small difference between
large quantities each of which already has the normal
amount of experimental scatter. This excessive scatter
may be taken also as an indication that the flow in this
region is not continuously turbulent. The dotted part
of the curve has no significance and is put in only for
completeness,

: Mr., Lin has given a method of calculating the total
“shear at a section from the velocity profile. The method
is presented in appendix I, and a comparison between the
total shear computed in this way and the experimentally
determined shear is given in figure 40. For the latter,
only the turbulent shear need be plotted, since the lam-
inar component is negligible in the range for which the
points are given. The curves agree very well in shape,
although the reason for the discrepancy in magnitude
toward the edge of the jet is not ewvident.

It is worth remarking here that the radial mixing-
length distribution, computed from the measured turbulent
shear Ly the assumptions of the momentum transfer theory,
shows a maximum deviation of only %25 percent from the
average value for the range 0,2 ro < r < 1.8 ry. The
curve is plotted in figure 41, As in the case of figure
39, the apparently complex nature of the curve, with two
extremes on one side of the axls, may be due to the
method of obtaining the results, which includes a graph-
ical determination of the velocity profile slopes.



Scale.of'Turbulenée

The measurement of the wu. ug/u correlation—coef—
ficient curve, symmetrical about the jet axis at 20
diameters (flg. 26), served a double purpose. First, it
gave the scale of turbulence at a "point" in the aet
Second, it showed that there existed no instability of
the jet as a whole, such as would cause whipping and
thereforean addittonél negative correlation between
points on opposite sides of the jet.

C ONCLU SI ONS

1. In g fully developed turbulent jet with axial
symmetry, a completely turbulent flow exists only in the
core region ont to the radius at which the velocity is
about one~half the maximum velocity at the cross section,
Outside of this core is a wide annular transition region,
and from the outside of that to the edge of the jet the
flow is in the nature of a laminar collar.

2. In a turbulent heated jet the temperature diffuses
more rapidly than the velocity, as also has been recorded
in all previously Dublished results,

3. None of the existing turbulence theories gives a
satisfactory quantitative relationship between the spread
of velocity and the spread of temperature.

4, If theoretical and experimental velocity profiles
are matched at the radius where the velocity has one-half
its maximum value at the section, the theoretical curve
regulting from the assupption of a constant effective
shear coefficient gives the best agreement with experiment
over the fully turdulent core of the jet, which is the
only region where turbulence theories may be expected to
apply.

5. Reasonably good similarity of velocity and turbu-
lence profiles in an axially symmetrical jet is not
reached until an axial distance of at least 20 diameters
where the profile of tutbulence u'/U, loses its local

minimum on the jet axis.

The non-hyperbcelic nature of the axial velocity dis—
tribution, however, indicates the possibility that even
then the similarity is only approximate.
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6., In a heated axially symmetrical jet, the dimen-
sionless temperature distridbution across a section near
the orifice is narrower at the top and wider at the bot-—
tom than the corresponding dimengionless velocity
distribution. At large axial distances, the temperature
profile is everywhere wider than the velocity. The com-—
mon boundary of these two regions is at an axial- distance
of about 7 orifice diameters.

This checks the known result that the effective
heat-transfer coefficient is greater than the effective~
shear coefficient.

California Institute of Technology,
Pasadena, Calif,, June 1943,

APPENDIX I .
CALCULATION OF SHEAR DISTRIBUTION FROM VELOCITY PROFILE

Consider the "boundary-layer form" of the Navier—
Stokes equation in c¢ylindrical coordinates:

U+ vl = L 2 (r7) - (1)
00X or Pr Jdr

The edquation is transformed in the convehtional
fashion, by assuming similarity, changing to an independ-

&=

-

ent variable n =X and teking & stream function in the
x \

’

form ¥ = AxP(n), where A is a constant. The velocity
components are then

v=_l§‘£=£‘{m.§.§}
r ox b4 i 7
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- Next, an expression:for the shear is assumed:
o [ n*—l .- .~ PO . . ) " :
T=38px . f£(n) o (3)

'Substituting equations {2),and (3) into (1) and
s8implifying the resulting equation gives

2 '2 . . : AN . —B . ;
%{.,&-Ei(&)} _mB -t & oy (4
x n® nodn \n n dn- _, .
and now n = — is chosen so that x disappears from

the equation, and the similarity requirement is satisfied.
Combining the two terms on the left side, and multiplying
through the equation by n¢

A,z .7..‘.1.. :E.F.._. = B -9'}- ('ﬂf)
an\ 0 an
which immediately infegrates aé

2 i . . ’
B n®

where the constant"bf(integration is zero.
This gives the shear in simplest form:
2

'r=p-1i-FI" ‘ (8)
r2 .

although for calculation purposes, a more convenient form
is ' ' ' '
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APPENDIX II

REMARKS ON THE CORRECTION OF HOT-WIRE MEASUREMENTS

FOR THE EFFECT OF TURBULENCE

If U 1is defined as the true mean velocity (neglect-—
ing ¥V and W), wu, v, and w as the instantaneous
components of the fluctuation velocity and gq as the
total velocity at any instant, then

q = ./QU + u33 + v2 o+ u® (1)

In using the hot wire as a mean—speed measuring device
it is desirable to know U, but the hot wire actuwally
measures g, and when the turbulaence level is suffi-
ciently high some correction must be applied.

The relationship between G and U may be obtained
by writing

VA R O RO N

or, by letting

e

v2 + w2 = (@ -~ 1) u®

E:U/l+2%+a<%>a - (3)

S ‘ | .
and expanding the radical out to terms in f(%%)'

q= U{l-!-%(cx,—-l) (%-35-— -%'(oc-—l) Eg)g-‘—%‘(ae—é‘aa,-l- 5) @5:} (4)

—

since u = 0,
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This expansion converges only for

2@

If equation (3) is rewritten in the form

——
€+~>/1+(a.~1) Ul
l + 2

U

an expansion convergent for

o \D

It must be xemembered that u/U is a fluctuating
gquantity with a distribution probadly similar to the
Gaussian and symmetrical about zero. This means that the
convergence requirements must be met by the main body of
the distridbution, if not by the edges.

——y

can be obtained.

The principal difficulﬁy.with such a theoretical cor-

n
rection is that the values of %) are unknown for the

integer Inj > 2., Therefore, the expansion cannot be
computed to any desired accuracy. If all powers of u/U
higher than the second are omitted, the expansions of
equations (3) and (5) give the same result, If, then, it
is assumed that o = 2

U= g - (6)
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which is plotted in figure 42. This must be considered
as a qualitative rather than a quantitative correction.

A similar attack on the prodlem of correcting hot-
wire turbulence-level readings for the effect of the tur~
bulence upon the instrument meets with even greater
difficulties. Thus, it would appear that an experimental
approach to both problems would be more fruitiul.

Up to the present time, no measurements have been
made at the GALCIT to determine the effect of turbulencé
upon mean-spsed readings, but some preliminary measure—
ments have been carried out on the effect of turbulence
upon hot-wire readings of the turbulence.

The procedurse was to vibrate a hot wire sinusoidally
in the flow dirgction of a relatively low-turbulence air
stream. The vibrating device was the GALCIT vibrator,
constructed by ¥. Kmoblock and €, Thiele in 1937 for the
purpose of determining hot-wire time-constants to permit
proper compensation for thermal lag. The hot-wlre circuit
was properly compensated and the true turbulence level
determined by measurement of the amplitude and frequency
of the oscillation and the speed of the air stream,

A ¢omparison between the true and the measured tur-
bulenwce levels is given in figure 43 for the same hot
wire and three different speeds. It is surprising to
notice that the gurve is ¢oncave upward for a range be-
fore the main drop-off begins. The appreciable deviation
of the points at the highest speed indicates that the
curve may be dependsnt upon the sensitivity or the temper-
ature of the hot wire; and, of course, the applied com-—
pensation for thermal lag was correct only for relatively
. low turwulence lewels.

It 1s hoped that teats may bhe made in the near future
to determine the effects of high turbulence upon the read-
ings of both mean velocity and turbulence level with the
hot~wire anemometer.
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Figs. 27,38
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Figs. 36,37
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Pigs. 40,41
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Figs. 42,43
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