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THE THEORY OF PROPELLERS 

HI—THE SLIPSTREAM CONTRACTION WITH NUMERICAL VALUES FOR TWO-BLADE  AND 
FOUR-BLADE PROPELLERS 

By THEODOBB THEODORSEN 

SUMMARY 

As the conditions of the ultimate wake are of concern both 
theoretically and practically, the magnitude of the slipstream 
contraction has been calculated. It will be noted that the con- 
traction in a representative case is of the order of only 1 percent 
of the propeller diameter. In consequence, all calculations 
need involve only first-order effects. Curves and tables are given 
for the contraction coefficient of two-blade and four-blade pro- 
pellers for various values of the advance ratio; the contraction 
coefficient is defined as the contraction in the diameter of the 
wake helix in terms of the wake diameter at infinity. The 
contour lines of the wake helix are also shown at four values of 
the advance ratio in comparison with the contour lines for an 
infinitejmmber of blades. 

INTRODUCTION 

Since reference is often made to the wake infinitely far 
behind the propeller, it is desirable to establish certain 
relationships between the dimensions of the propeller and 
those of the wake helix at infinity. The present paper con- 
siders the relationship of the propeller diameter and the wake 
diameter, or the problem of the slipstream contraction. 

The discussion is restricted to a consideration of first-order 
effects, that is, to the determination of the contraction per 
unit of loading for infinitely small loadings only. It will be 
seen that the contractions are indeed very small, of the order 
of a few percent of the propeller diameter, and that the 
high-order terms are therefore not of concern. The inter- 
ference velocity accordingly is neglected as small compared 
with the stream velocity. The wake helix lies on a perfect 
cylinder and the pitch angle is everywhere the same. It is 
noted that the assumption of zero loading corresponds to 
that used by Goldstein for a different purpose. 

SYMBOLS 

B        tip radius of propeller 
r radius of element of vortex sheet 
Ar       contraction 

Ar0      total contraction or contraction at I
B=0 

T angle between starting point of spiral line and point P 
H       pitch of spiral 
0 angular coordinate on vortex sheet 

advance ratio 
\2TRJ 

x ratio of radius of element • to tip radius of vortex 
sheet (r/R) 

vB        radial velocity 
V        advance velocity of propeller 
w        rearward   displacement  velocity   of  helical   vortex 

surface 
_    w w=v 

p number of blades 
K mass coefficient 
C,=2Köö 

r circulation at radius x ( T=—! K{x) \ 

K (x)  circulation function for single rotation ( 2~V~ ) 

w angular velocity of propeller, radians per second 

yt        radial velocity at point P due to a doublet element at 
6,x except for a constant factor 

(*. 
[0 cos (0+T)-sin (9+T)] [1—2xi+X2B2+x cos (0+T)] 

2/*=-^rS 2/i where »=0, 1, 2, 
JJ      n 

[l+x2+X2Ö2-2x cos (0+T)]« 

p-1 

) 

Ti= I y% ax 

Yt       angle of contraction, except for a constant 

factor (V5= PF,«») 

Y3       contour line of contraction,  except for a constant 

factor^(r3=JV^) 

-B2      total contraction in terms of radius ( — -rY3) 

-s2 —  contraction coefficient (-j- Yt) 

Zl=sin Atart<fi(x~*-x]^)E(k)+2x*[F(k)-E(.k)] 

*=[(!-*) TO-!*»)]" 
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THEORY 

The radial velocity is obtained by using the Biot-Savart 
law and integrating over the entire surface of discontin- 
uity. If Ar0 is the total contraction, the problem is to deter- 

mine the ratio -^ for various numbers of blades at several 

advance ratios.    Simple expressions referring to zero load- 
ing are used throughout. 

The radial inward velocity dvB at the point P is calculated. 
(See figs. 1 and 2.)    This velocity results from an element 

FIOUBE 1.—Geometric relationships of wake belli. 

FIQDBK 2,—.Plan view of wake helix showing geometric relationships. 

of circulation / ds, which is located on a spiral of radius r 
that starts in a plane perpendicular to the axis and contain- 
ing the reference point P. The angle between the^tarting 
point of the spiral line and the point P is designated r. The 
spiral extends below the plane to infinity. If the pitch of 
this spiral is designated H, the element at a projected angle 0 
from the starting point of the spiral is then at a distance h 
below the reference plane where 

h=H. 
e 

2TT (i) 

By introducing the nondimensional quantities 

~2irR 

r 
(2) 

in the Biot-Savart law, the following expression is obtained 
for the radial inward velocity dvB due to an element on 
the wake helix of strength/: 

A« '     i-/^-     6cos (fl+r)-sin (fl+r) f . 
CWR

 ~±V B hX[l+xa+\sff'-2x cos (0+T)P W 

By differentiating equation (3) with respect to x, the field 
of a doublet element on the helical vortex sheet is obtained, 
the doublet element consisting of two neighboring singlet 
elements each of strength /. Setting / dx equal to r and 
dividing through by the stream velocity V gives 

Tdd   [flcos (0+T)—sin (fl+r)] [l-2xt+\s63+x cos (0+r)] 
Wx [l+a?+W—2x cos (0+T)]« 

(4) 

where vB is the radial velocity at the point P. 
Equation (4) may be written in the form 

4>B_      1   Tdd. 

where 

2/i = 
[8 cos (fl+r)—an (0+T)] [l-2x>+\s0i+x cos (fi+r)] 

~~ [l+a?+\'0*—2x cos (fl+r)]** 

(5) 

(6) 

The function 2/1 is plotted against 6+r for four values of X 
and various values of r and x in figures 3 to 6.   With 

TJ^K{x) 
pea 

2irVxw 
po> •K(x) 

•KVB\C, 

PK 
'K{x) (7) 

where 
2«w 

=2icw 

substitution in equation (5) gives 

V 4 K   p     " 

(8) 

(9) 
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If the point P is at a distance A=fl'^- below the propeller, 

integrating equation (9) over the wake yields 

MtfW***      • 
It is noted that, with equally spaced blades, the function 

2 </i 
n 

is an odd function of 0 and 

Equation (10) can therefore be rewritten as 

(11) 

(12) 

4 KJD JO   J)    »  S V   ' 

Let 

#(x)^ 
3» 

Yxde F2= 

(14) 

Values of Yt and !FS, multiplied by a constant factor for 
convenience in plotting, are given in tables I to IV for two- 
blade and four-blade propellers for which X and 0 take on 
various values. These functions are plotted against 0 in 
figures 7 and 8. 

Equation (13) becomes 

Now 

Therefore 

whence 

VR X2 C,~r 

vB_ dr__B_l dx 
T~RH~ j,h~\de 

dx_Vn_    X3c>v. 
dS~hV       ~l~K

Xi 

(15) 

(16) 

(17) 

^i/>=I>=-W>^ • 

If Rt is the radius at the propeller and Bi is the ultimate 
radius of the wake (02=O, 01=°°), 

Ar, 
B 

where 

fi=£f2i3ra 

K 4 Jo Fs^0=cx^r3 (19) 

•=r Ytde 

Values of Y3 are given in tables V and VI and are plotted in 
figure 9 for two-blade and four-blade propellers for which X 
and 0 take on various values. 

After all substitutions are made, the complete multiple 
integral for the total contraction is obtained as 

(See figs. 10 and 11.) 

INFINITE NUMBER OF BLADES 

For purposes of comparison, it is useful to obtain the 
contraction for the case of an infinite number of blades. 
By resolving the circulation into components parallel to and 
perpendicular to the axis of the wake, the helical vortices 
can be replaced by a system of vortices parallel to the axis 
and another of ring vortices having centers on the axis. 
Only the ring vortices contribute to the radial velocity. 

The field due to a vortex ring of strength / and radius 
r=Bx, located at a distance h below the reference point P, 
is given by Lamb (reference 1, p. 237). In the notation of 
the present paper it is 

where E(k) and F(k) are the complete elliptic integrals and 

4x 
ft*= 

"(J)'+(l+x)> 
As before, a doublet ring is obtained by differentiating 
equation (20) with respect to x.   By setting 

fdx=^ 

the following expression is obtained for the field of a doublet 
ring: 

-K  ft* '^Efä+x   \_2F(k)-l^E(k)jj   (21) f r   B7 

In order to obtain the effect of the entire vortex system, 
equation (21) is integrated with respect to h/B and x as 

<!)=/.'/: 
TB*, -% ft« 

''j=pE(®+x [2 TO-r=p#(*)]}4 <& (22) 

The radial velocity 
_ 1  bf 



so that 

Now 

a 

(23) 

Ar 
B 

(24) 

ChlRVn   ,h 
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Equation (22) may be written in the form 

P"==-8^Xlr$(-|'a;)dx 
By substituting 

-d^X^G^K*     <?« 
r=2rixra£:(a;) (26) 

where iT(a:) is the horizontal component of the circulation 
coefficient, which may be expressed as 

*W-(ra?)* (27) 

the following equation is finally obtained: 

AT      C,   CY   X2
   \% ,   f-,f-K  A8   —- •   ^ 

For convenience in using the Legendre tables, the second integral is written in the form 

h 

where 

and 

or 

/>a> 

Zidk 
JhIR       a 

=sin ^tan^aT^-a^)^)+2xK[F(k) - E(k)]} 

& 
4x 

sin2<£ 

<l>=sw~lk 

(l+*)s 

(See fig. 12 for plots of zt against A/B.) 

The final expression is 

§=i^/„TÄ)Mw> *(^^^ 
(See table VII and fig. 13.) 

(28) 

(29) 

INFINITE NUMBER OF BLADES FOE DUAL ROTATION 

The contraction for a dual-rotating propeller with an 
infinite number of blades is next obtained. In this case 
K(x)=l, and the radial velocity is 

vB=- 2TTH 
[**{(§-*><*>-! **>rn 

Since the value at the lower limit is zero and K(x) = l for 
an infinite number of blades, it follows by substituting the 
value of r that 

Ar c, C"      ,h 
-R-=~TTrJm

WldR 
where 

H!(!-*)*w-§**>r1 

(See table VTH and fig. 14.) 

CONCLUDING REMARKS 

The contraction coefficients are given for two-blade and 
four-blade single-rotating propellers at four specific values 

of the advance ratio. The calculations involve triplo inte- 
grations and are therefore somewhat laborious and susceptible 
to numerical errors. Until more convenient methods are 
devised to perform this integration, it is hoped that the 
values given in this paper will serve the purpose. It is well 
to notice the small magnitude of the contraction. A four- 
blade propeller with normal loading and advance ratio is 
shown to have a total contraction in terms of the radius of 
less than one percent. The first-order treatment embodied 
in the paper is therefore adequate for all technical purposes. 

LANGLET MEMORIAL AEBONAUTICAL LABORATORY, 

NATIONAL ADVISORY COMMITTEE FOR AERONAUTICS, 

LANGLEY FIELD, VA., October 10, 1944- 
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TABLE I.—FUNCTION -.Yi  FOR TWO-BLADE PROPELLER 
4 

e 
(dog) 

-4r' e 
(deg) 

3* 
X-X x-H X-l X-l« 

50 
100 
130 
160 
170 

-0.000291 
.000148 
.001966 
.004813 
.006679 

1 
2 
3 
4 
6 

-0.000138 
-.000213 
-.000293 
-.000382 
-.000488 

-a 000683 
-.001088 
-.001367 
-.001232 
-.001283 

-0.000282 

200 
220 
260 
300 
360 

.005062 

.002008 

.000730 

.000450 

.001306 

6 
7 
8 
9 

10 

-.000670 
-.000882 
-.000789 
-.000898 
-.000984 

-.000923 

1  
1  

1  
1  

1 
8

8
8

8
8

 

-.001792 

400 
600 
660 
600 
650 

.000622 

.000270 

.000400 

.000146 

.000031 

20 
40 
60 
80 

100 

-.001139 
-.000999 
-.000802 
-.000339 

.000460 

-.001671 
-.001286 
-.000862 
-.000324 

.000312 

-.001367 
-.001080 
-.000769 
-.000364 

.000084 

700 
760 
800 
900 

.000149 

.000175 

.000068 

.000079 

120 
140 
160 
180 
200 

.001730 

.003131 

.003361 

.002668 

.001644 

.000709 

.000809 

.000740 

.000492 

.000237 

.000274 

.000347 

.000321 

.000132 

.000100 

-. 
220 
240 
260 
280 
300 

.000626 

.000160 
-.000066 

.000049 

.000213 

.000093 

.000014 

.000003 
-.000013 
-.000004 

.000073 
-.000015 

.000008 

.000036 

.000047 

320 
340 
360 
380 
400 

.000383 

.000390 

.000343 
.000232 
.000113 

.000004 

.000008 

.000031 
.000008 

-.000003 

.000036 

.000030 

.000001 
-.000003 

.000004 

420 
440 
460 

.000027 
-.000011 

.000014 

.000020 
6.000011 

.000007 

TABLE II.- -FUNCTION ^ FOR FOUR-BLADE PROPELLER 

0 
(deg) 

XV 
e 

(deg) 

x'v 
4Yl 

x-K X=M X=l X=l« 

0 
10 
30 
60 
65 

70 
76 
80 
86 
00 

96 
100 
110 
120 
160 

200 
260 
300 
360 
400 

460 
600 
660 
600 

a 000500 
-.020680 

.097700 
1.261120 
1.858120 

2.870450 
3.849270 
4.694600 
4.987600 
4.638300 

3.649380 
2.685010 
1.330660 
.821610 

1.017160 

.902770 

.436960 

.323630 

.217700. 

.164190 

.164010 

.119570 

.038450 
-.029600 

1 
2 
3 
4 
5 

6 
7 
8 
9 

10 

20 
40 
60 
80 

100 

120 
140 
160 
180 
200 

220 
240 
260 
280 
300 

320 
340 
360 
380 
400 

420 
440 
460 

-0.000273 
-.000250 
-.000088 

.000083 

.000261 

.000501 

.000704 

.000905 

.001263 

.001432 

.002984 

.005328 

.003108 

.001577 
.000532 

.000298 

.000224 

.000214 

.000166 

.000078 

.000101 

.000066 

.000057 

.000048 

.000037 

.000026 

.000002 

.000004 

-0.000001 

-a 004211 

.000002 

-.ÖÜ374 

.006160 

.137004 

.363018 

.342609 

.218648 

.112736 

.091686 

.076117 

.068218 

.040881 

.030023 

.024839 

.021139 

.017093 

.014048 

.011174 

.000069 

.007762 

.006439 

.004660 

.003748 

.003884 

.004428 

-.000013 

.001786 

.006466 

.006423 

.004174 

.002161 

.001281 

.000866 

.000636 

.000346 

.000224 

.000176 

.000130 

.000100 

.000062 

.000042 

.000032 

.000016 

.000032 
-.000018 
-.000041 

-.000003 
-.000004 

X' 
TABLE III.—FUNCTION ^Yt FOR TWO-BLADE PROPELLER 

e 
(deg) 

> a 
(deg) 

3* 
\-H X=J* X-l X-1M 

0 
20 
40 
60 
80 

8.138900 
8.169900 
& 210400 
8.291400 
8.351400 

0 
2 
4 
6 
8 

0.377250 
.377860 
.378680 
.3S0140 
.382320 

-0.004494 
-.004436 
-.004280 
-.003990 
-.003490 

-0.003136 

u 

100 
120 
140 
160 
ISO 

a 368800 
8.223900 
7.746900 
6.670900 
4.917900 

10 
20 
30 
40 
60 

.386170 

.402420 
-.002790 

.000595 
-.002466 
-.001861 
-.000376 
-.000139 

.000407 
.437620 .006366 

200 
220 
240 
280 
280 

3.412900 
2.612900 
2.232900 
2.202900 
2.245900 

60 
70 
80 
90 

100 

.467020 .010876 .000907 
.001302 
.001577 
.001717 
.001724 

.486770 .013075 

.486670 .013075 

300 
320 
340 
380 
380 

2.216000 
2.026900 
1.734000 
L404900 
1.103400 

120 
140 
160 
180 
200 

.453070 

.373160 

.267250 

.169400 

.102200 

.011070 

.003050 

.004870 

.002470 

.001070 

.001604 

.001129 

.000718 
.000444 
.000313 

400 
420 
440 
460 
600 

.890900 

.780400 

.745400 

.740400 

.674400 

220 
240 
260 
280 
300 

.087320 

.066310 

.063460 

.062810 

.048820 

.000470 

.000280 

.000270 

.000280 

.000290 

.000207 

.000178 

.000189 

.000162 

.000112 

640 
680 
620 
660 
700 

.604400 

.324400 

.246400 

.231400 

.189400 

320 
340 
360 
380 
400 

.040500 

.028830 

.016630 

.007810 

.002400 

.000290 

.000260 

.000160 

.000090 

.000080 

.000065 

.000026 

.000007 

.000007 

.000006 

740 
780 
820 
860 

.112000 

.030000 
-.006000 
-.004000 

420 
440 

.000420 

.000100 
.000070 

TABLE IV.—FUNCTION ^Y, FOR FOUR-BLADE PROPELLER 

8 
(deg) 

?* e 
(deg) 

XT* 

x-K x-K X-l X-lH 

0 a 024414 0 a 017268 a 007018 0.005175 
10 .024414 2 .017269 .007018 .005107 
20 .024416 4 .017261 .007018 .004728 
30 .024380 6 .017266 .007918 .004084 
40 .024266 8 .017278 .007918 .003214 

60 .023089 10 .017287 .007918 .002343 
60 .023338 20 .017317 .007008 .001099 
70 .021968 40 .016676 .006873 .001236 
80 .019333 60 .013809 .004520 .000902 
90 .016049 80 .000902 .002688 .000676 

100 .013640 100 .006845 .001604 .000641 
110 .012166 120 .005099 .001014 .000404 
130 .010889 140 .004010 .000644 .000314 
160 .009821 160 .003112 .000407 .000240 
170 .008444 180 .002383 .000266 .000173 

190 .006961 200 .001869 .000167 .000136 
210 .006703 220 .001488 .000091 .000102 
230 .004773 240 .001186 .000087 .000073 
250 .004082 260 .000949 .009049 .000062 
270 .003528 280 .000744 .000028 .000035 

290 .003036 300 .000508 .000010 .000020 
310 .002694 320 .000472 -.000002 .000009 
330 .002216 340 .000363 -.000010 .000003 
350 .001887 360 .000271 -.000019 
370 .001612 380 .000192 -.000021 

390 .001376 400 .000132 -.000013 
410 .001160 420 .000087 -.000001 
430 .000959 440 .000046 
450 .000764 
470 .000660 

490 .000367 
610 .000205 
530 .000076 
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-FUNCTION ^y, FOR TWO-BLADE PROPELLER 
4 

e 
(deg) 

^ e 
(deg) 

iV, 

x=K X-H X-l x=iX 

0 
20 
40 
60 
SO 

0.04S6I3 
.044739 
.040850 
.036926 
.03297« 

0 
2 
4 
6 
8 

0.015944 
.015800 
.015656 
.015911 
.015366 

a 002141 
.002154 
.002168 
.002180 
.002191 

0.000602 

100 
120 
140 
160 
180 

.029007 

.025056 

.021248 

.017800 

.015057 

10 
20 
30 
40 
50 

.015221 

.014474 

.012913 

.002201 

.002217 

.002111 

.000748 

.000865 

.000921 

.000950 

.000944 

200 
220 
240 
260 
280 

.013062 

.011670 

.010549 

.009501 

.003448 

60 
70 
SO 
90 

100 

.011197 

.009382 

.007525 

.001852 

.001490 

.001094 

.000910 

.000854 

.000780 

.000695 

.000607 

300 
320 
340 
360 
3S0 

.007392 

.006381 

.005483 

.004734 

.004139 

120 
140 
160 
ISO 
200 

.005732 

.004148 

.002927 

.002099 

.001594 

.000728 

.000437 

.000243 

.000138 

.000087 

.000439 

.000303 

.000208 

.000148 

.000111 

400 
420 
440 
460 
600 

.003664 

.003268 

.002903 

.002469 

.001882 

220 
240 
260 
280 
300 

.001277 

.001049 

.000837 

.000632 

.000441 

.000066 

.000055 

.000047 

.000039 

.000031 

.000086 

.000098 

.000048 

.000030 

.000017 

640 
680 
620 
660 
700 

.001318 

.000922 

.000651 

.000425 

.000232 

320 
340 
360 
380 
400 

.000276 

.000146 

.000066 

.000021 

.000005 

.000022 

.000014 

.000008 

.000005 

.000002 

.000007 

.000002 

.000001 

.000001 

740 
780 
820 

.000085 
-.000006 
-.000005 

420 .000001 

TABLE VI.—FUNCTION ^-Y, FOR FOUR-BLADE PROPELLER 

e 
(deg) 

S» e 
(deg) 

x> 
1Y' 

X-X x-M X-l X=1K 

0 
10 
20 
30 
40 

60 
60 
70 
SO 
00 

100 
110 
130 
ISO 
170 

190 
210 
230 
250 
270 

290 
310 
330 
360 
370 

390 
410 
430 
450 
470 

490 
510 

0.067786 
.063525 
.059264 
.056008 
.060757 

.046549 

.012420 

.038460 

.034833 

.031732 

.029167 

.026S92 

.022885 

.019263 

.016069 

.013358 

.011148 

.009303 

.007765 

.006435 

.006288 

.004300 

.003461 

.002748 

.002138 

.001621 

.001181 

.000823 

.000532 

.000306 

.000163 

.000052 

0 
2 
4 
6 
8 

10 
20 
30 
40 
50 

60 
70 
SO 
90 

100 

120 
140 
160 
ISO 
200 

220 
240 
260 
2S0 
300 

320 
340 
360 
380 
400 

420 

a 033572 
.032969 
.032387 
.031764 
.031182 

.030668 

.027637 

a 010513 
.010238 
.009960 
.009684 
.009407 

.009131 

.007750 

0.005286 

.004389 

.003632 

.002768 

.002131 

.001660 

.001297 

.001040 

.000866 

.000722 

.000618 

.000485 

.000343 

.000243 

.000173 

.000122 

.000080 

.000049 

.000029 

.000015 

.000006 

.000002 

.021584 

.016211 

""."012055" 

"."009157" 

.007100 

.005512 

.004266 

.003314 

.002574 

.002003 

.001645 

.001165 

.000363 

.000634 

.000462 

.000307 

.000196 

.000116 

.000061 

.000023 

.006168 

.003156 

.001916 

.001185 

.000738 

.000463 

.000267 

.000161 

.000086 

.000062 

.000022 
-.000000 
-.000012 
-.000019 
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TABLE Vn.—CONTOUR LINES—SINGLE-ROTATING 
PROPELLER 

Ar 1 Ar 1 Ar 1 Ar 1 
R c R c R c R c, 

h/R h/R h/R hIR 

x-K \-H X-l \"1H 

4.0 0.00045 4.0 0.00060 4.0 a 00058 4.0 a 00032 
3.0 .00263 3.0 .00228 3.0 .00188 3.0 .00148 
2.0 .00747 2.6 .00360 2.6 .00292 2.6 .00220 
1.6 .01148 2.2 .00545 2.2 .00424 2.2 .00332 
1.2 .01796 1.8 .00838 1.8 .00626 1.8 .00487 

.8 .02888 1.4 .01286 1.4 .00937 1.4 .00720 

.45 .04733 LO .01963 1.0 .01446 1.0 .01107 
.8 .02499 .8 .01812 .6 .01708 
.6 .03247 .6 .02312 .46 .02330 
.4 .04312 .4 .03063 

.2 .05997 .2 .04233 

.1 .07388 .12 .04985 

TABLE VIIL—CONTOUR LINES—DUAL-ROTATING 
PROPELLER 

Ar      1 
h/R -R-   ~ 

10.00 a 000060 
9.60 .000141 
9.00 .000244 
8.50 .000368 
8.00 .000613 

7.60 .000680 
7.00 .000867 
6.60 .001074 
6.00 .001472 
6.60 .001898 

6.00 .002365 
4.60 .002873 
4.00 .003716 
3.60 .004671 
3.00 .006183 

2.60 .008889 
2.00 .013390 
1.75 .016370 
1.60 .020350 
1.25 .025820 

LOO .033490 
.75 .044930 
.60 .062340 
.45 .066120 
.40 .070340 

.35 .075070 

.30 .080400 

.25 .086370 

.20 .093230 

.15 .101230 

.10 .110680 

.05 .123220 
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