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NATIONAL ADVISORY COMMITTEE FOR AERONAUTICS
TECHENICAL NOTE NO. 1047

CLAXPED LOIG RECTANGULAR PLATE
UNDER COKBINED AXIAL LOAD AND NORMAL PRESSURE

By Ruth M. Woolley, Josephine ¥. Corrick, and Samuel Levy

SUMMARY

A golution is presented for the buckling load and load
carried after buckling of a clamped rectangular plate having
e width-length ratio of 1:4 under combined normal pressure
and axial load. The calculations are carried out for two
vaelues of normal pressure and a range of axial loads con-
gslderably in excess of those required to buckle the plate.

The results indicate that normal pressure causes a
gemaller increase in the buckling load of plates with clamped
edges than of plates with simply supported edges. They also
indlicate that neglecting the effect of lateral pressure on
the sheet buckling load and on the load carried by the sheet
after buckling is conservative design in the elastic rangs.

INTRODUCTION

The sheet in airplane wings, fuselages, and hull bottoms
constructed of sheet metal reinforced by stringers frequently
is subjected to normal pressure as well as forces in the plane
of the sheet. It is important, therefore, to determine the
effect of normal pressure on the ability of a long rectangular
plate, which approximates the sheet between stringers, to
withstand forces in its own plane.

Zxperimental results on the behavior of a reinforced flat
sheet under combined normal pressure and axial load are given
in reference 1. Theoretical resulss for the extreme case of
a plate with simply supported edges ars given in reference 2.
The theoretical solution for the other extreme case of a plate
with ¢lamped edges is given in the present paper. The plate
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considered will have a ratio of width to length of 1:4, This

ratio is the same as that chosen in reference 2 as typlcal of

both hull-bottom plating and monocoque wings, .
This investigation, conducted at the ¥etional Bureau of

Standards, was sponsored by and conducted with the financial
assistance of the National Advisory Committee for Aeronautics,

SYMBOLS

a length of plate

P = a4 width of plate
h thickness of plate

w deflection of plate

x,¥ coordinate axes with origin at corner of plate,
x—-axis in direction of longer side

E Young's modulus

B =4/0.1 = 0.316 Poisson's ratio

D = EBh3/12(1-p2) flexural rigidity of plate

yol uniform normal pressure on plate

e average compressive strain at edges y = O and b

€oy critical strain for buckling
P axlial load on plate

Wp,n deflection coefficients
kp,tn edge moment coefficients

Dy, Oy edge moments per unit length along the longer and
shorter sides, respectively
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DEFLECTIOR EQUATIONS

An initially flat rectangular plate of uniform thickness
will be considered. The edges of the plate are assumed to be
clamped in such a manner that they remain straight under load
and that there is no rotation of the plate in the clamps. The
loading consists of a uniform normal pressure combined with
axial loading in the direction of the longer side of the rec-
tangle. S T

By use of the method outlined on page 2 of reference 3
and page 4 of reference 4, it can be shown that, if the lat-
eral deflection of the plate is approximated by T

(=)
<

w o= ZJ Wp,on siz Egi sin E%z- (1)
m,n odd

and if the edge bending moments necessary to maintain zero
slope at the edges are given by R

o ~
a T
4b°p nTx
By = “73 2; kp sin -4
n=1l,3...
4 (2)
o
am
my = 4a3p ? tn sin urs
™ — kel
n=1,3... v

where Wy p, kp, and %, represent undetermined constants

whose values are to Pe determined to satisfy the boundary con-
ditions, then a series of equations holds, whose terms are
g&iven in table 1. For example, the first half of the second
column of table 1 ie equivalent to the equation:
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0 = 16h%w, ; - 9.562(256pb*/n®Eh) - 9.562k, (2656pb* /m®Eh)

- 9.562%,(256pb*/n®Eh) + 0,5980w, , (16Pb3/n3E)

+ 9.600wy 3 2 -28,70wy,18vw; 3 . . . (3)

The restriction in equation (1) to values of m and n
which are only odd, causes some error in the results, This
restrictlion was necessary in order to limit the number of
variables in the equations to a number which could be treated
in a reasonable length of time. It was estimated that this
restriction would cause errors not greater than about 5 per-~
cent since the buckling load of a 13 4 rectangular plate is
relatively insensitive to an increase or dscrease of one
buckle in the buckle pattern. (See fig. 5 of reference 7,)

By use of the method outlined on page 8 of reference 4,
the additional relstions in table 2 were obtained. For exam-
ple, the second column of table 2, 1s equivalent to the equa-
tion:

0 = -16,96(256pb*/m®Eh) ~ 9.562k, (256pb*/mSEL)
~ 13.27k;(256pb*/wBBh) - . . . + 0.5980w; ,(16Pb23/n2E)
+7.470ws 3 (16Pb2/w2E) + . . .,
- B3.67wy ;% + 0.78; 1%wa,, - . . . (4)

In tables 1 and 2, only those cubic terms involving Wi,1
Ws,1, Ws,1s Wo 3 and Wg 1 Were retained since the remein-

ing deflection coefficients were considerably smaller than the
largest of these and their cubic products were considered
negligible. o

EDGE STRAIN

The average compressive strain in the x-direction along
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the edges y = 0, ¥y = b, was determined from equation (11)
of reference & as:

. 2
e = P + T Z mgw 2 (5)
Ebh 12812 B, 0
m,n odd

Eguations (1) and (2) require the use of an infinite number of
terms. For the finlte number of terms considered in tables 1
and 2, errors are introduced into the solution. On ths basis
of work in reference 3, it is estimated that for plate deflec-
tions less than twice the plate thickness, these errors are
probably less than § percent. ' S

SOLUTICHE

The simultaneous equations in tables 1 and 2 were solved
for the deflection coefficients W. n 88 8 function of axial
load P and lateral pressure p, using the following steps:

1. The equations in table 2 were solved simultaneously

for the values of k,, koo o o Kgoy %1, %57 . . . %, as &

function of the pressure ratio pb%/EBh* and the deflection
ratios wy p/h.

2. Ths values of k3, kX _ . . , , t3, ts y « « ©OD=-
tained in step (1) were substituted in the equations in table
1, thus giving a new set of equations involving only the de-
flection coefficients Wm ono the pressure ©p, and the axial
load P. '

3. The resulting eguations were expanded in Taylor
gseries, omitting terms involving derivativee of higher order
than the first. '

4. Values of the deflection coefficient ratios w,,,/h
wl,%/h, and so forth, were then estimated corresponding to
chosen values of Pb/Bh3® and pb%/Eh4,

5., These estimated values were substituted in the Taylor
series obtained in step 3, and the resulting linear equations
were solved for the difference between the estimated deflec-
tion coefficient ratios and their improved values. Crout's
method was used (reference 5).
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6. The process was repeated until the estimated error was
less than 0.2 percent. One or two trials usually were suffi-"—
cient to give a satisfactory answer.

7. In the neighborhood ¢f the buckling load, the load re-
mained nearly constant while the deflection changed rapidly.
For such points, one of the deflection coefficient ratios was
taken as an independent variable in place of the load ratio
Pb/Bh3,

8. As the load ratio Pb/Eh® was increased, it was ob-
served that the deflection coefficients Yo, s became nearly

a constant proportion of Wm, 2 and that the deflection coef-

ficients w,;, i, LEW- became nearly a constant proportion
of w; 3. This result was taken advantage of, to reduce the

number of unknowns and thus simplify the solution. It was
also observed that deflection coefficients Vo on for which
’

m > 13 had negligible effect on the other variables. These
deflection coefficients were accordingly dropped subsequently.

Deflection coefficients determined by this procesdure are
given for P = 15,02Bh4/b%¢ in table 3 and for p= 37.55Bh% /b4
in table 4, The average compressive strain e at the edges
computed from equation (5) is also given in tables 3 and 4.

Cubic equations like those in tables 1 and 2 frequently
have more than one real solution. The single solutlons given
in tables 3 and 4 correspond to a continuous change in the
buckle pattern from Zero axial load to the maximum axial load
considered.

The lateral deflection was computed from the deflection
coefficients w_ ., in tebles 3 and 4 and equation (1) to show
¥

the development of the buckle pattern. The results_argﬁshown
in figures 2 and 3 for pressures p = 15,02Bh%*/b% and

87.558h* /b%*, respectively. It is seen that the deflection

of the plate at the axial center line is & single long bulge
for low axial force P and gradusally builds up to a regular
buckle pattern at larger values of P. The shifting of the
buckle pattern is not accompanied by a drop in axial load. It
ig significant to note that the initial general downward de~
flection of the sheet due to normal pressure, tends to disap-
pear at high axial loads.

The axial load P in tables 3 and 4 is plotted azaeinst
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the average edge compressive strain e in figure 4. Curve 4,

correeponding to the lower normal pressure D = 15.02Eh* /b 4, )
shows a continuous increase in axial load P with edge strain
e, together with changes in the direction of the curve at

P = 6,880 /b and at P = 13,2Bh®/b. These loads corresponded
to changes in the buckle pattern. Curve 2, corresponding to
the higher normal pressure p = 37.55Eh4/b , changes direc-

tion at P = 8.3Eh®/b. There is only one change in buckle

pattern at the higher pressure. The axial load for a long

clamped plate without normal pressure (reference 6) is shown

as curve C in figure 4. OComparison of curves A, B, and ©

in figure 4 indicates that the effect of normal pressure on )

the axial load for a given edge strain is negligible. o o

The axial load at which buckling first occurs is
P = 6.4Eh® /b when p = O (reference 7), P = 6.8En®/b when
P = 15.02Eh*/b*, and P = 8.3Eh®/b when p = 37.55En*/p*.
The buckling load at the highest normal pressure is 1.3 times
the buckling load with no normal pressure. The critical buck-
ling strain is plotted against pressure in figure 5, together
with a similar curve from reference 2, for plates with simply
supported edges. It is evident from figure 5 that normal
pressure causes a much greater proportionate increase 1In the
buckling load of plates with simply-supported edges {curves 4)
than of plates with clamped edges (curve B), Curves ¢ and
D were experimentally determined (reference 1) for plates
riveted to stringers which provided a support somewhere be-
tween the extreme conditions of simple support and rigid
clamping. As might be expected, curve D, for thick sheet,
is closer to curves A 1in glope, while curve €, for thin
sheet, 1s closer to curve B in slope. . . . e

CONCLUSIONS o

At low axigl loads, the deflection of the plate is a sin-
gle long bulge due to the normal pressure. At high axial
loads, the deflection shows a regular buckle pattern, and the
initial general downward deflection tends to disappear.

The effect of normal pressure on the axial load for a
given edge strain 1s negligible.

The buckling load at the highest normal pressure studied
is 1.3 +times the buckling load with no normgl pressure, Nor-
mal pressure causes a much smaller proportionate increase in
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the buckling load of plates with clamped edges than of plates
with eimply supported edges. Experimentally determined curves
for the effect of normal pressure on buckling strain show

gslopes intermediate between those obtained in the present pa-
per for plates with clamped edges and earlier theoretical

results for plates with simply supported edges. o S

National Bureau of Standards,
Washington, D. C., October 19, 1945.
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Takle III - Deflackion cosffiolents as a function of sxial load P and sdge strain o for Isieral preasare p = 15,09 l:"'[h‘.
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rahls IV - Deflection cosfficimntn as a funoticn of axial load P and #dge evrain o for laveral presmrs p = 37.55 R
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