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NATIONAL ADVISORY COMMITTEE FOR AERONAUTICS

. --ATVANCE RESTRICTED REPORT

STRESSES AROUND RECTANGULAR CUT-OUTS IN SKIN-STRINGER °
PANELS UNDER AXTAL LOADS =~ II
By Paul Kuhn, John E. Duberg, and Simon H. Diskin
SUMMARY

Cut-outs in wings or fuselages produce stress con-
centrations that present a serious problem to the stress
analyst, As a partlal solution of the general problem,
this paper presents formulas for calculating the stress
distribution around rectangular cut-outs in axially loaded
panels. The formulas are derived by means of the substltute-
stringer method of shear-lag analysls,

In a prsvious papsr published under the same title as
the prresent one, the analysis had been based on a substlitute
structure containing only twc stringsrs. The present
solution is based on a substitute structure contalning three
stringers and is more complete as well as more accurate than
tlie previous one. It was found that the results could be
used to ilmprove the accuracy of the previous solution
wilthout appreclably reducling the speed of calculation.
Detailé are glven of the thres-stringer solution as wsll as

of the modifled two-stringer solution.




In ordier to check the theory against experimental
results, stringer stresses and shear stresses were meas-
ured around a systematic series of cut-outs. In addi-
tion, the stringer stresses measured in the prevlous in-
vestigatioﬁ were reanalyzed by thé new formulas. The
three-stringer method was found to give very good accuracy
in predictiﬁg the strlinger stresses. The aheér stregses
cannot be predicted with a comparable degree of accuracy;
the discrepancies are beliesved to be caused by locﬁl
deformatlons taking place around the most highiy loaded
rivets and rellevling the maximum shear stresses. '

- INTRODUCTION

Cut-outs in wings or fuselages constitute one of the
most troublesome problems confronting the ailrcraft deslgner.
Because the stress concentrations caused by cut-outs are
locallzed, a number of valuable partial solutions of the
problem can be obtalned by analyzlng the behavior, under
load, of slmple skih-stringer panels. A methéd for
finding the stresses in axlally loaded panels without cut-
outs was éiven in reference 1, which also contalned sug-
gestions for estimating the stresses around cut-outs. In
reference 2, these suggestions were put Into more definlte
form as a set of formulas for analyzing an axlally loaded

panel with a cut-out (fig. 1).
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Skin-stringer penels, although simpler than qgmpleto

“ahells, are highly indeterminate structurea. . In ordepr ta

reduce ths labdbor of nnalyzing such panels, simplifyins__
assumptions and special devices may be 1ntroducad. ﬂhp
most important device of thls nature usod in rererenoes l
agd e 1;_a;redgct;qn oq the nuyper,pi atringe;g‘ which is
effected by combining a number of stringers inﬁq a sub-
stitute single stringer. In referenve 2, this reduction
yas carrled to the extreme.or using only two substitute
stringers, one for the cut stringers and one for the uncut
stringers, to represent one quadrant of the p&ne} with a
cutfout. The two-stringer structure can be analyzed very
rapidly but, being somewhat over-simplifled, cannot give
an eqtirely_sgtisractory picture, In partleular, the two-
atringﬂr_strucpure doeg not ineclude the.reqion of the net
pectlon; and consequently this atructure nelther shows the
effect of length of cut-out nor gives a solutlion for the
maximum stringer stresses, Tpesp maximum stresses must
be obtained by separate assumptions. ,..In addition, there
is no cbvious relatlon between the nhear stresses in the
actualnsﬁpgcpure and the shear atreﬁées iIn the substltute
two=stringer stzuetura a8 qud,;n,fprerance 2.

In order to obtain a mqre satiafactory basis of analysis
then that of reference 2, formulas were developed for &
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skin-stringer structure containing three strihgers. At the
same time, & new experimental investigation was made con-
slsting of strasln surveys around a systematic serles of
cut-outs. - Stringer stralns ss well as shear strains in
the sheet were measured 1n these teats, whereas only
stringer stralns had been measured in most of the tests of
reference 2. A study of the three-stringer method and of
the new experimental results indicated that the accuracy of
the two-stringer method could be improved by introducing
gsome modlfications which have no appreciable effect on the
rapidity of the calculatlons.

The main body of the present paper descrlibes the ap-
plication to a panel with a cut-out of a simplified three-
stringer method of analysls as well as a modifled two=-
stringer method. Comparlsons are then shown between
calculated and experimental results of the new tests and
of the tests of reference 2. Appendixes A and B glve
mathematical details of the exact and of the simplified
three-stringer methods, respectively. Appendlx C gives
a numerical example solved by all methods.

THEORETICAL ANALYSIS OF CUT-OUTS IN AXIALLY
LOADED SKIN~-S3TRINGER PANELS
General Princlples and Assumptlons
The general procedure of analysls 1s simllar to the

procedure developed for structures without cut-outs
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(reference 1), The actual sheet-stringer structure is
réplaced-by an 1dealized structurs in which the sheet
carrles only shear. ‘The abillity of the sheet t6‘carry
normal stresses 1s taken into account by adding a suitable
effective area of sheet to the cross-sectional area of each
stringer. The ldealized structure 1is then simplifled by
combining groupa of stringers into single stringers, which
are termed "substitute stringers"; this substitution is
analogous to the use of “phantom members" in truss analysis.
The substitute stringers are assumed to be connected by &
sheet having the same propertlies as the actual sheet., The
stresses In the substlitute sheet-stringer structure are
calculated by formulas obtained by solving the differentlal
equations governing the problem. (3ee appendix A.) Finally,
the stresses in the actual structure are calculated from
the stresses 1n the substltute structure.

It will be assumed that the panel is symmetrlical about
both axes; the analysis can then be confined to one quadrant.
It 1s furthermore assumed that the cross-sectional areas of
the atringers and of the sheet do not vary spanwlse, thatl
the panel 1s very long, and that the stringer stresses are

uniform at large spanwise distances from the cut-out.



Symbels and Sign Conventions

Ay - effective cross-sectlional area of all contlnuous
stringers, exclusive of main stringer bordering
cut-out, square inches (fig. 2)

Ao effective cross-sectional area of main éontinuocis
stringer hordering cut-out, square lnchnes (fig. 2)

Az eflective crosa-aectionai area of all discontinuous
stringers, square inches (fig. 2)

Apty cross-gectional area of rib at edge of cut-out,

square lnches (flg. 2)

K12 + Kp° + 2K

B =
- KX,
11'12+K22+2K-~—§-11"
. LS
c "stress~concentration factor (fig. 7)
Co streas-excess factor for cut-out of zepo length
(f1g..3)
D=h1+kg=\/1:12+1:22+2?5
B Young's modulus of elasticity, kips per square inch
G shear modulus, kips per square inch
Gt2 ,
Ee = l 2
Boz i1 + Az 7 K3
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R = \jKFK;Z- KzKg,

L half-length of cut-out, inches (fig. 2)

12 (K12 - MoP)

Py =

17 A (MR - AgB)

P = Kskq

Y (AM® - A9

Py = K2 (K2 - M%)
a2 (M2 - A22)

X
B, = K=K,

Ao (7\.12 - }\.22)

Q; force AiE acting on atringer 1 at rib, kips
Qé force Aéa acting on stringer 2 at rib, kips

=

stress-reduction factor to take care of change in

length of cut-out (fig. 4)
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re

rs

difference between actual force in A; (or Ap) at
the rib and the force Q; (or Qp), kips

width of net section, inches (fig. 6)

half-width of cut-out, inches (filg. 6)

distance from A, to centroid of A, (fig. 2)

distance from Apg to centrold of Az (fig. 2)

hz0q

Togte = Tigh

ho(ogp - %)

GCo
~R

ZbpTop.

thickness of continuous panel, inches (fig. 2)

thickness of discontinuous panel, inches (fig. 2)

spanwise dlstences, inches (For origins, ssee
figs. 2 and 6.)

chordwise distances, inches (For origins, see fig. 2.)

[

Klz + K22 + \/(K12 + K22)2 - 4:]22

|

2

2 . .2 V[ 2 o\ =2

Kl + I\.B L) (Kl + Kz )17 - 4K
2
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O, . average stress in the gross sectlon, kips per square
. g . e
oy stress 1n continuous substitute stringer, kips per

square inch

Oo stress in main continuocus qtringer, kips per square
inch .
oz stress ln discontinuoug substitute stringer, kips

per square lnch

Opib stress in rib, kips per square inch

o average stress in net sectlon, kips per square inch

Ty shear stress ln continuous substitute panel, kips
per squafe inch

To shear stress in discontinuous substitute panel, kips

per square inch

Superqcripts on stresses denote forces producing the
stresses. Subscript R denotes stress occurring at rib
statlon. .

Tensile stresses in stringers are positive. If the
center line of cut-out 1s fixed, positive shear atresses
are produced by a tenslle force acting on Aj.

Simplified Three=Stringer Method

A princliple for the effectlive use of substitute

stringers was stated in reference 3 substantlally as fol-

lows:
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Leave the structure Intact in the region of the stringer
about which the most Important actions take place, and
replace the stringers away from this;region by substitute
stringers. In a panel wlth a cut-out, the most important
action takes place around the maln stringer bounding the
cut-out. In accordance with the foregoing principle, the
three-stringer method is based on retaining the main
stringer as an individual stringer in the substitute
structure; one substitute stringer rerlaces all the renainhng
continuous stringers, and another substitute stringer re-
places all the discontinuous stringers, The three—stringer
substitute structure obtalned by thils procedure 1s shown in
figure 2, which summarizes graphlcally the salient features
of the method. The flgure shows the actual structure, the
substitute étructure, and the distribution of the stresses
in the actual strueture.

The maximum stringer stress as well as the maximunm
shear stréés occurs at the rib-station. The formulas glven
hereinafter for the stres=zes at the rib station and in the
net section are based on the exact solution of the differ-
entlal equatlons presented in aprendix A, The formulas
derived from thls exact solution for the stresses in the
gross secfion are somewhat cumﬁersome and are therefore

replaced here by formulas that are based on matheratical
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agp?ox;ggy{ons of sufficlent accuracy for design work
(appendix B). Néhe.use of fhese aﬁproxi&aéfoﬁé 15 %ﬁe
reason for calling this method the simplified three-
stringer method.

Stresses at the rib station in the substitute

structure.- The stringer stresses at the rid statlon are

- RCyAo
013_0(1- Al)

(1)

ogp = o (1 + RCy) (2)

where the factor C,, for a cut-out of zero lengph, is
obtalned from figure 3 and the factor R, which corrects
Co for length of cut-out, is obtalned from figure 4.

For practical purposes, the parameter B appearing in
figure 4 may be assumed to equal unity. (See appendix A.)
The length factor R depends, therefore, chlefly on the
parameter K,L. This parameter 1s roughly equal to L/a
for usual design proportions; ln other words, the length
effect can be related more directly to the length-width
ratio I1/a of the net section than to the proportions of
the cut-out 1itself.

The running shear in the continuous panel at the rib

station 1s




12

Tigby = - ORC,ApK; tanh KyL . (3)

The rﬁnning shear in the discontlinucus psnel at the rib

statlon 1is

' . K4 Ky @
Topte = - Ohz 7 |1 + RG, + =) _-(4)

in which the factor D may be obtalned from figure 5.

The stresses OZR and TZR are the maximum values of
Op and Tg, respectlvely, and are the maximum stresses 1n
the panel. The strass oy reaches lts maximum at the
center line of the cut-out. The stress T3 reaches its
maximum in the grosa section at the station where
01 = Og # 60.

Stresses in the net section of the substitute structurs.-

‘The formulas for the stresses in the net section are ob-
tained from the exact solution (appendix A). At a dis-
tance x ffom fhe center line of the cut-out, the stresses
in the contiruous stringers are

- RC, A cosh Kjx
o] -
(1 Al cosh KlL

' - éOSh le
02 =¢ (i + HCq cosh XL

ks the length of the cut-out - or, more precisely, the
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length of the net section - increases, the magnitude of the

" parameter K;L 1increases and the stresses o, and 62

converge toward the average stress G in the net section.

The running shear in the net section 1s

T = - 0 ————

1%1 Wole®1 Soan Ty T,
and decreases rapldly to Zero at the'center line of the
cut-out.

Stresses 1n the gross section of the substitute

structure.- The stresses in the gross section can be obtained
from the exact solution given 1n appendix A, but the for-
mulas are too cumbersome for practical use. A simple ap-
proximate solution can, however, be derived {(appendix B)
that glves good accuracy in the i1mnedliate viclnlty of the
cut-out and reasonable accuracy at larger dlstances from the
cut-out, The approxlmate solution assumes the differ-
ences between the stresses at the rib statlion and the
average stresses ln the gross section to decay exponentlally
with rate-of-decay factors adjusted to glve the Initiul rates
of decay of the exact solution.

The stress in the cut stringer by the approximate

solution 1is

oz = 0,(1- o T1%) (5)
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The stress in the mein stringer 1s

I‘zx

(6)

Og = Og + (ogR - Og)e

The stress In the continuous stringer 1 follows from

statlics and 1ls

Az Az
0y = Oy + IIT. (6o - O2) +.K-i- (05 - 03) (7)
The running shears ln the sheet panels are

X

rlx =ro
- §T2Rt2 - T].Rtl)e (8)

- ‘rsx
Toty = TZRt2 e (9)

Stresses 1n the actual structure.- By the basic prin-

ciples of the suwbstitute structure, the stresses in the main
continuous stringer of the actual structure are lidentlcal
with the stresses in stringer 2 of the substitute étructure;
the total force in the remaining continuous stringers éf
the actual structure l1s equal to the force in stringer 1 of
the suﬂstitute structure, and the total force in the cut
stringers of the actual structure is equal to the force in
stringer 3.

In the shear-lag theory for beams without cut-outs
(reference 1), the force actiﬁg on & substitute stringer

1s distributed over the corresponding actual stringers on
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the assumption that the chordwlae distribution follows a

h&ﬁgfbéiic cosine law. " Inmspection of the test data for
pranels with cut-outs indicated that neither this nor any
other simple assumption fitted the data on the average as
well as the assumption of unifprm dlstributlon. It 1a
therefore recommended, for the present, that the stresses
in all continuous stringers other than the maln stringer be
assumed to equal o0, and that the stresses 1ln all cut
stringers be assumed to equal 0. (See fig. 2,) The
valldity of these assumptions willl be discussed in con-
nection with the study of the experimental data.

Again, by the principles of the substlitute structure,
the shear stresses Ty in the substitute structure equal
the shear stresses in the first contlnuous sheet panel
adjacent to the main stringer. In order to be consistent
with the assumptlion that the chordwise distribution of the
stringer stresses 1s uniform, the chordwise distribution
of the shear stresses should be assumed to taper linearly
from T3 to zero at the edge of the panel (fig. 2).
Similarly, the chordwlse dilstribution of the shear
stresses 1n the cut sheet pansls should be assumed to
vary linearly from tg adjacent to the maln stringer to
zero at the center line of the panel. Inspection of the

test data 1lndlicated that this assumptlion does not hold very
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well in the immedlate vicinity of the cut-outs. The dis-
crepanéy 1s of some practical importance because the maxi-
mum stress in the rib depends on the chordwise dlstribution
of the shear stress at the rib. By plotting experimental
values, it was found that the law of chordwilse distribufion
of the shear stress To at the rib station could be approxi-
mated quite well by a cubic parabola. The effect of this
local variation may be assumed to end at a spanwise distance
from the rib equal to one-fourth the full width of the cut-
out. A straight line 1s sufficlently accurate to repre-
sent the spanwlise varilation within this distance (fig. 2).

If the stress To 1s distributed according to cublec
law, the stress in the rib caused by the éhear in the sheet
is

Tn_ bob
2r°2 4
Orib = 4Arib [1 = (%)] (10)

Modifled Two-Stringer HMethod
The two-stringer method of analysls given in reference 2
1s more raplid than, but not so accurate as, the three-
stringer method previously described. It was found, how-
ever, that some Improvements could be made, partly by in-
corporating some features of the three-stringer methéd,

partly by other modificatlons.
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The maln features of the modified two-stringer method
are summarized 1n-figure é. The cut stringers are re-
Placed by a single substitute stringer; and all the uncut
stringers, 'including the main one, are also replaced by a -
single stringer. Contrary to the usual shear-lag method,
however, the gtringer substituted for the continuous

stringers 1s located not at the centroid of these stringers

but along the edge of the cut-out. The substitute structure

1s used to establish the shear-lag parameter K, which
determines the maximum shear stress, the spanwise rate of
decay of the shear stress, and the spanwise rate of change
of stringer stress. The maximum stringer stress must be
obtained by an independent assumption, because a single
stringer that 1s substituted for all continuous stringers
obviously cannot give any indlcation of the chordwilse
distribution of stress in these stringers. No solutions
are obtalned by the two-stringer method for the shear
atresses 1n the continuous panels, elther in the net
sectlon or 1n the gross sectilon.

Stresses in the substltute structure.- Throughout the

length of the net section, the stress in the maln stringer
is
o2p = 6 [1 + 2R(C - 1]] (11)

where € 1s the stress-concentration factor derived in
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reference 2. Values of C may be obtained from figure 7,
which 1s reproduced from reference 2 for convenience. It
may be remarked here that reference 2 placed no explicit
restrictlion on the use of the factor C; whereas the use in
formula (1l1l) of the correction factor 2R, which varies from
2 for short cut-outs to .1 for long cut-outs, implies that
the factor C by itself should be used only when the n;t
sectlion 1s long.

In the gross sectlon, the stress in the maln stringer
decreases wlth increasling distance from the rib according

to the formula
Og = O + (ozR - oo)e'Kx (12)

The stress in the discontinuous substitute stringer 1s

ox = Oo(l - ¢ Kx) (13)
The stress ¢C] mnay be obtalned by formula (7) when Oy and
0z &are known.

The runnling shear in the dlscontlinuous panel 1s given

by

Toty = = Oy AzKe KX (14)

Stresses 1n the actual structurse.- The stresses in the

actual structure are obtalned from the stresses in the sub-
stltute structure under the same assumptions as in the

three-stringer method.
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BXPERIMENTAL VERIFICATION OF FORMULAS AND
COMPARTSON' OF M®THODS
Test Specimens and Test Procedure

In order to obtajn experimental verificatlon for -the
formulas developed, a largs skin-stringer panel wad bullt
and tested. The panel was similar to the one described in
reference 2, but the ascope af the tests was extended in two
reapects: Very short cut-outs were .tested in addltion to
cut-outs of average length, and shear stresses as well as
stringer streswes were measured arpund all cut-outs,.

The general teat setup is ahown In figure 8. A setup
of strain gages is shown in filgure 9. - The panel was made
of 243-T aluminum alloy and was 144 inches long. The
cross section is shown in figure 10(a); figure 10(b) shows
for reference purposes the cross section of the panel tested
previously (reference 2). Strains were measured by
Tuckerman straih gages with a gage length of 2 inches,

The gages were used in palrs on both sides of the test panel.
Stralns were measured at corresponding points in all four
quadrants. ?he fingl figures are drawn as for one quedrant;
each plotted point represents, therefore, the average of
four stations or eight geges.

The load was applled in three equal increments. If
the straight line through the three points on the load-stress
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plot did not pass through the origin, the line was shifted
to pass through the origin; however, 1f the necessary shift
was more than 0.2 kip per square inch, a new set of read-
ings waa taken.

in effective value of Young's modulus of 1%.16 x 10° Lips
per square inch was derlved by measuring the strains. In'all
stringers at three statlons along the span before the firat
cut-out was made. This effective modulus may be -con-
sldered as including corrections for the effects of rivet
holes, average gage callbration factor, and dynamometer
calibration factor. The 1indlvidual gage factors were
knowmn to be within i% percent of the average..

The average atrain at any one of the three stations
in the panel wlthout. cut-out 4id not differ- by more than
0.05 percent from the final total average.. . The maximum
deviation of an Individual stringer straln from the
average was 5 percent; about 10 percent pf the points-
_deviated from the average by moré-thanvs-percent. A
survey was also made of longitudinal and transverse sheet
strains at one station nearlthe center, The average
longltudinal sheet‘strain differed from the average
stringer straln by 0.0S percénp.-! The -avarage transverse

straln indicated a Polsson's ratio.of 0.523.
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_ Discussion

The -results: of the-tests are shown in figures 11 to 33.
Calculated curves are given both for the exact three-
stringer method and for the simplified three-stringer method.
It may fe recalled that elther method assumes that the
stresses in all continuous stringqrs except the main stringer
have the magnitude 07 eand in all cut stringeras, the magni-
tude 0Oz, Because the values of 07 and 0z do not dif-
fer very much for the two methods, the curves for them com-
puted by the simplified method are drawn only once in each
figure.

A qualitative study of figures 11l to 32 indlcates that
the stress distribution calcuwlated by the theory agrees
sufficlently well with the experimental distribution to be
acceptable for most stress-analysls purposes - in particular,
the maximur stresses in each panel agree falirly well with
the calculated ones. The most conslstent discrepancles
are chargeable to the simplifying assumption that the
stringer stresses are ldenticel in all the stringers repre-
sented by one substlitute stringer. As a result of this
assumption, the calculated stresses tend to be too low for
the stringers close to the maln stringer and too higb for
the stringers near the center llne and near the edge of the

panel. The fact that the calculated stresses for some of




the cut stringers are lower than the actual stresses is of

l1ittle practical importance because these stringers would

o
the actuanl stresses. On the uncut stringers, however,

probably be designed to carry the stress o rather-ﬁhan
1t may be necessary to allow some extra margin 1n the
stringers near the main one. Aside from the consistent ;
discrepancies jJust noted, figures 11 to 32 show that the
stresses 1n the main stpinéers gometimes decrease spanwl se
more rapldly than the theory indicates. It is belleved
that this-discrepancy also will seldom be of any conéequence
in practlcal analysls.

Of paramount interest to the analyst are the maximum
" valuea of the stresses. The quantitative study of errors
in the maximum stresses 1ls facllitated by table 1. -The
highest stresses occur theoretically at the rib station
but, for practical reasons, measurements had to be made at
‘'some’ small distance from this'line. The comparisons are
made for the actual éage locations. The calcuiated values
for thé three-stringer method are based on thé exaét solu-
tion but, in the region of these gage locations, the exact
-solution and the. simplified solutlion agree withln a fractiqn
of 1 percent. - -

The errors shown by table 1 for the maximum stfinger

stresses computed by the three-stringer method are but
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little larger than the local stress variations that were
found experimentelly ﬁb exlist 1n the panellwithout cut=-
out. Presumably these varlatlions are caused largely by
fallure of the rivets to enforce integral action of the
structure. - ' .

fhe errorsin the maximum shear stresses computed by
the three-stringer method are consiétently pésitive. The
discrepancies are posslbly caused by the sheet around the
most highly loaded rivets deforming-and thereby relieving
the maximum shear stresses, The errors are higher than
those on the stringer stresses and corrections to the
theory appear desirable ln some cases. The criterion that
determines the accuracy of the theory cannot be deflnltely
established from the tests. A rough rule appears to be
that the error Iincreases as the ratlo of width of cut-out
to width of panel decreases.,

The errors gilven in teble 1 for the.two-stringer
method show that this method 1s decldedly less accurate
than the three-stringer method for computing maximum
stringer stresses but that there 1s little difference
between the two methods as far as the computation of the
maximum shear stresses 13 concernsed. A general study
of the two theorlies indicates that this conclusion drawn

from the tests 1s probably generally valid. It may be
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recalled here that the two-stringer method gives no solu-
tion for shear stresses in the continuous panels.

Comparisons of the maximum observed rib stresses and
the computed stresses are given in table 2, Two values of
computed stress are shown. The smaller value was.obtalned
on the assumptlion that the filler strips betwsen the ribs
-and the sheet were effective in reslsting the load applied
" to the ribs; whereas the larger-velue was obtained on the
assumption that the flller strips were éntirely lneffective.
In filgure 33, the chordwise variation of the observed and
computed rilb stresses 1s shown for three cut-outs. Because
the chordwlse distribution of shear stress in each sheet
panel between two stringers is essentlally constant, ridb
stresses computed by forrmla (10) will be too small when only
a few stringers are cut. The computed values of rlb stress
were therefore determlined by calculating the shear sfress
at the center of each panel according to the cublc law and
assuming this shear stress to act In the whole panel.

The agreement between calculated and observed. rld
stresses 1s not all that could be desired. The dlscrepancy

may be attributed to the approximatlion used for determlning
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the shear stresses and the uncertainty of the effectilve
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Langley Memorial Aeronautical Laboratory,
Nationul Advisory Commlttee for Aeronautics,
Langley Fleld, Va. i
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APPENDIX A
FXACT SOLUTION OF THREE-STRINGER STRUCTURES
For a two-stringer panel conetlituting one half of a
symmetrlcal structure, the application of the baslc shear-
lag theory ylelds the dlfferentlal equation

2
4T 2 _
—TE -X*tT =0 (A-1)

which 18 given in slightly different form 1n reference 4.

In the analyrls of a skin-stringer panel with a cut-out,

a three-sgstringer substitute structure is used. (See fig. 2.)
Application of the basic equationa of reference 4 to a
three-stringer structure yields in place of the single equa-

tion (2-1) the simultaneous equations

2 —

d"71 2
-ng - Kl Tl + KSTZ =0

> (A-2)
2
a*1a g -
5 - Kg"Tg + Kyt = 0
Ax~< B

On the simplifylng assumption that the panel 1s very long

and that 1t is uniformly 1loaded by a stress Go at the

far ends, the general solution of the equations (A-2) 1s

~\qx -AoX
Ty = cje + co6 2 (A=-3)
€ (o]
K2 - A2 B K2 - A2 A
Tg = \—/—/——— L)oo ¥F o (22 - E_ ) ene 2% (a-4)
3 3

in which ¢y and c,; are arbltrary constants.
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Because “the ‘structure 1s assumed to be symmetrical
about the longitudinal as well as the transverse axis,
the anaiysis may be conflned to one quadrant as shown in
figure Z4(a). The snalysls can be simplified somewhat by
severing the structure at the rib and considering separately
the ne£ secfion and fhe gross section. The solutions for
the two-stringer structure representing the net section can
be obtalned frorm reference 4. The solutlions for the
three-stringer structure representing Lhe gross section are
obtalned conveniently by consildering two separate cases of
loading. In the first case, stresses 0, are assmed to
be applled at the far end, and the stresses at the rlbd
statlon are assumed to be uniform and equal to the average
stress ¢ necessury to balance the stresses oy. The
forces at the rib statlon ~exlstling in the stringers are
called the Q-forces (fig. 34(b)). In the second loading
case, a group of two equal and opposite forces 1s assumed
to load the stringers 1 and 2 at the rlb statlon. These
forces are called X-forces (fig. 34(c)).

In the net sectlon the boundary condltions are as
follows:
At x =0,

T, ¥ 0 (from symmetry)
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At x=1L,
XR
0, =~ %7
X
(o) =-—R
2 Ao

The substlitution of these conditions in the solution of
equation (A-1) ylelds

X XpKy 8lnh K4x
= - RA 1 (£-5)
tl cosh KlL
= AR cosh ¥ix
9t =5 cosh FlL (A-6)
A1 608 &
- Zn cosh K4x
0gR = AR 2o0h Kux (A=)
2 cosh KjL

The supersecript X indlcates that the stresses are those
caused by the action of the X-forces. In order to obtain
the total stresses, the average stress 0 must be added
to °1x or Ozx. The shear stress Tlx is the total
stress because the uniform stress O 1s not accompanied by
any shear stress.

Vihen the Q-forces are epplied to the grass section,

the boundary conditions at x = O are

QR . %
01=-A—1-=0' 02=-—2-=U 0'3:0
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Applying these cond.itions to -equations (A-S) .and- (A-4) gives

_the foIlowing solutiona ror stresses:

qu =. % (Pze-k.lx - P43-A2x) (A-B)

P KZ_}\Z . P Kz_;‘z
Tzq____:_ei[a( 11{3 1)6-7\1::_ o(E 2)e.xzx (A=9)

Kz
Pa A Py |
olq =0, - ;i— (x-i: o 1% xg- e 2’9 (A-10)

2 5 2 fe 2 4 2
Q- +1__ Pz[ tp (2= N )‘Je-xlx_iz_lg_ tg (K2 - A ]e-Kgx
t1Kg Ao tyKs

Qo 4 ebe [Pz ®° - M9 o-Mx ;g_ (x,® "‘22> _J

3° % %o T Raty (X1 K3 2 Kz

The superscript @ 1ndicates that the stresses are those

cauvsed by the actlon of the @-forces,
The boundary condltions due to the application of the

X~-forces are, at x = 0,
X X

01=-Ki- 02=I§ 03.—.0

and the corresponding eguations for stress are

X <\ -A
X ="FIE [(Pl + Pge * (B3 + Pg)e 2::] (A~11)
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For any length of cut-out,

1

X = 92Co T B tann KL~ tRCoR
where
K, + E° + 2K
b= 2 2 , oz _ KoKe
K1® + Ko + 2K = —-I_—z
A1

Values for Cqo can be obtained from flgure 3.

3l

In

figure 4, the factor R 1s plotted for various values of

K1L and B. The value of B may be assumed equal to

unity with 1little loas 1n accuracy in the determination of

stress; but, i1f a more exact solution 1s desired, the actual

value of B may be computed and the curve in figure 4 cor-

responding to thls value used.
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APPENDIX B
SIMPLIFTED SOLUTION OF THREE-STRINGER STRUCTURLS

fhe solutlons for the stresses in the gross section
given in apprendix A are too involved for practical use, and
a simplified method was developed. Thls method assumes
that the differcnces between the values of OZ#’ °5R’ and
T2R? obtained by the exact solutlion, and the corresponding
average stresses In the gross section decay exponentially
with rate-of-decay factors adjusted to glve initial rates
of decay equal to ﬁﬂose of the exact solutlon. These
rates can be written sirply 1In terms of theiétresses at
the rlb and the propertles of the panel. The solutions
for 07 and T3 are then derived from the solutions for
O and Ogz.

If it is assumed that the stresses 1n the cut stringer

can be expressed by

S
then
T = orie
but, from the basic shear-lag theory,
do Toty

dx Az

= Oyrie 1T (B-1)

Therefore, at x = 0O,
To t
%p 2

Pra = = meem————
1 Asoo
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The stress in the main contiﬁhéﬁéfsérinéérméan'ﬁé
approximated by

Og = 0y + (PQR - Gq)e.r2x

which ylelds

dog
-a:x—- = -(GzR - Oo)rze

-ToX (3-2)

but, from the shear-lag theory,
doz Tltl T2t2

—s = + = =(0s - G.)re

-

r2x

Therefore, at x = 0O,

fagte - T1t1)
T A?.(.GER = oo)

T2

The value of 05 can'be-obtalned by statles from Ogy
and Oz and is

A A

Oy =9 * K% (% -_02) * Ig ©o - 93) - (B-3)

If the value of To 1s assumed to decay exponentlally,
then
-r
\ Tz = T2Re 3

and_

ar

2 _ -PnX

= T ~Tegrse ©

but, from the shear-lag theory,

dxz

_ _g-_ - -I‘sx
ax - Ebo (02 = 03) - -Terse
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Therefore, at x = 0,
Go
oy = o — R
S EszZR
The shear stresses in the continuous panel can be
determined from the rate of change of 03;. From the shear-

lag theory,

do, T4t
Differentiation of formula (B-3) ylelds .
a0, k3 doy Ap dop - 55
dx ~ T A1 d&x T A dx B

Substitution of the derivatives (B-1l) and (B-2) already

obtained in (B-5) glves

do A A
1.2 -rox 23 -r1x
&= =5 (O2p - %o)Te - I; SoT1e (B-6)

Finally, substitution of (B-6) in (B-4) ylelds

rix X

T1by = TgRtge- - (jgﬁtg - 'r:,_Rt;p;)e_r2
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"APPENDIX €~

NUMERICAL EXAMPLE

Analysis by the Exact Three-Stringer Method

The structure chosen for the numerical example 1s the

l6-stringer panel tested as part of this investigation.

The particular case chosen is the panel with elght stringers

cut and with a length of

cut=-out 1s the one shown

of the panel

Ap, .

Az,
t1,
te,
bl,
bg,

L, in. .

sq in.
8q in.
83 in.
In. .
in.
in.
in.

1s shown in

cut-out equal to 30 inches. This
in flgure 8. The cross sectlon
figure 10(a). The basic data are:

0.703
0.212
1.045
0.0331
0.0331
5.96
7.56
15.0

These data yleld the following values:

K= 0.01295

Ko2= 0.00944
Kz = 0.00995
K4 = 0.00785
K = 0.00664

From these parameters follow the factore for the rate of

decay, which are

A =

Ao

\/Klz + K2 + \/@12 + K22)2

0.1421

\/Klz + Kzz -

\/(Kl2 + K22)2 -
2

0.0467
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The compﬁtations of stress may more easlly be made in
terms of the constants Pj, P2, Pz, and P4, the values

of which are

2 (g2
K2 %(K% - M%) _ 0.01205(0.01295 = 0.00218) _

= = 0.0545
P1 N (? 2 _ %> 0.1421{0.02021 - 0.00218)
1317 - re )
b = — K=K, _ 0.00995 X 0.00785 = 0.0305
2 - - - bt ]
)\1@12_ hzz) 0.1421(0.02021 - 0.00218)
P = %32 (%12 - M%) 0.01295(0.01295 - 0.02021). . 0.1117
3~ IERE - R 0y, o T
kg(klz K hzg)_ 0.0467(0.02021 - 0.00218)
o = Kk, . .0.00995 X 0.00785 - 0.0027
4 - . PR 2 - . R 2 o . 2 .'- .
ch}lz IRg?) O 0467(0.02021 = 0.002186)
The reduced stress-sexcess factor ig
RC, = Sl
"% Py + Py = Pg - Py + K; tanh K;L

=~ 0.0545 + 0.0305 + 0.1117 - G.0927 + 0,1065

With a force of 7.5 kiﬁs acting on the half panel,

7.50
9% = T.5gp = .3.82 kips/sq in.
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- PP -

and T SR -

5515, = 8+21 kips/sq in.
Therefore, _
XR = RCoOAg = 0.296 x 8.21 x 0.212 = 0.514 kip

Stresses in the net section.- The shear stress in- the

substitute panel of the net section is found by equation (A-§

XRKI sinh le
tl cosh KlL

T1=-

- Q.514 X 0.,1138 sinh 0.1138x
- 0.0351 cosh 1.

= - 0,620 slnh 0.1138x

At the rih station, x = 15.0 and
Tip = -0.620 sinh 1,707 = -1.65 kips/sq in.
The stringer stresses are found by substituting in

equations (A-€) and (A-7) and adding the average stress

5. =5 _ X cosh K3x _ .0.514 cosh 0.1138x
1 =9 - %] Gosn gL - 821 - G.vos R 1.707
1 cosh Kj . cosh 1.

B8.21 = 0.2587 cosh 0.1138x

- xﬁ cosh Xyx 0.514 cosh 0.1138x
g =0+ Kg cosh KiL 8.21 +

0.212 cosh 1.707

= 8.21 + 0.850 cosh 0.1138x
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The maximum stringer stress occurs in the main stringer at
the ridb, =x = 15. The nearest gage location was at

x = 13.5, where
Oy = 8.21 + 0.850 cosh 1.536 = B8.21 + 2.05 = 10.26 kips/sqin.

3tresses 1n the gross section.- The stressgses in the

gross sectlon are obtained by adding the solutions for the
8tresses due to the X- and Q-forces. The shear stress in
the contlinuous panel 1s obtained by adding equations (A-8)
and (A=-11). The final solution thus obtailned is

-0.1421x ~0.0467x

Ty = 2.92e - 4,576

At the rib station, x = 0 and

Tip = 2.92 - 4.57 = -1.65 kips/sq in.

-

This value of TlR checks the one previously obtained
for thils same station in the net section.
Substituting the constants in equations (A-9) and (A-10)
- and comblnlng gives
T2 - _2.159-0-142122 - 4.956-0.0467?&

At x = 1,50, the point of maximum observed shear stress,

To = (-2.13)(0.809) - (4.95)(0.931) = -6.33 kips/sq in.
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The stresa in the continuous substitute stringer is

found by combining equations (A-lO) and (A-12). The
final result 1s

0y = 3,82~ 0.976" 0 14B1X . 4 370+ 0467x

Simllarly, the stresses in the maln stringer and in
the cut stringers are found by adding the proper values of

the X- and Q-stresases. In the maln stringer,

op = 3.82 + 5.55e 0 T4RIE 4 pge=0-0467x
and, In the cut stringers,

03 = 3.82 =~ 0.466‘0014211 - 3.563-0.0467x

Plots of the computed stresses in the panel for this
cut-out are shown in figures 22 and 30.
Analysls by the Approximate Three-Stringer Method

The basic data are the same as for the exact three-

stringer method. Compute

Ky °Kgp? - 0.01295 X 0,00044 _ , ..
KzKs, =~ 0.00995 x 0,00785 ~ ~°

i 0.00664 _
KpE ~ 0.00944 ~ 0.704

From flgure 3,

Co = 0.600
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From figure 4 for K;L = 1.707 and the exact value of
B = 1,10, there 1s obtained R = 0.492.
The stresses 1ln the contlnuous stringers at the rib

are, by formulas (1) and (2),
c = 8,21|1 - (0.492) (0.600) Q.21 ) 7. 48 kivs/s in
lR . . . 703 1 q .

Oy, = 8.21[1 + (0.492)(0.600]] = 10.63 kips/sq in.

The running shear ir the continuous panel at the rib

is, by formula (Z),

TlRtl = =B8.,21 X 0.492 X 0.600 X 0,212 x 0.1138 tanh 1.707
= =0,0547 kip/i:.

The maximum running shear in the cut panel 1s computed by

forrmula (4). The value of D 1s obtalned from figure 5;

with ¥ = 0.00664 and K ° + Kp® = 0.02239, D = 0.189

and

_ 0.00785 o 0.01295 |
Togte = =8421 X 0.212 x 232208 1*'(0-49~)““6°°**o.0066;]

-0,234 kip/in.

To = - 2:254 . o g kips/sq in.

The stresses in the net sectlon are computed as for

the exact solutlon.
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The rate-of-decay factors for the stresses in the gross

section can now be computed ' ‘

_ _Tepfe _ o.23a-

LT R0, T T 82 x 1.045 = 0.0587

To_to = Tq_t
vo=oR® " IR -0,284 + 0,055 _ _ .1036
2 A2 (02 - 9) 0.212(10.63 - 3.82) .

G,0
pe = o L PR _ 0,380 x 10.63
5 BopTg,  7.56 X -7.08

= 0.07856
The stress in the cut stringers by formula (5) is

0-3 = 3.82 c- - 8-0.05873:)

and in the main stringer by formula (6) is

Oy = 3.82 + 6.03e 0 *1296%

The stress in the continuous stringer can be found by

formula (7).

The running shears are, by formulas- (8) and (9),

Tyt = _0.2348-0.0587x + 0.1793-0.1218x

T . = -0.2340 00755%

At x = 1.50, the point of maximum observed shear stress,
Totp = ~0.234 x 0.893
= =0,209 kip/in.
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and

= '0.209
2~ < 0.0331

= -6.31 kips/sq in.
Analysis by the Two-Stringerl§olution

The basic data remain as before. Corpute

9.3
4,0

w

om
u
(o))

3

1
= 0.66

aAz _'1.045 % 9.38
b(Ay + Ag) 14.06 x 0,915

0.764

Then from figure 7 1s obtalned
C=1.195

The meaximum stringer stress éan fhen be computed by

formula (11)

Opp = 8.21[1 + 2(0.492)(0.195)]
' = 9.85 klps/sq in.

By statles,
Oy = 7.70 kips/sq in.

The rate-of-decay factor 1s computed from

_ 0.380 x 0.0331 1 1
K= TN ( 915+ 1.045)

0.00342

K = 0,0585
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In the net section the stringer stresses are assumed to
be constant and equal to the stresses at the rib. For_the

gross section, by formula (12), the stress in the main

stringer 1s.

Op = 3.82 + 6.03¢™0+0585x

and, by formula (13), the stress in the discontinuous
stringers 1s
o5 = 3.82(1 - e=0-0585x)
The stress in the contlnuous stringers may be found by
using formula (7).

The running shear in the cut panel 1s,by formula (14),

~3.82 X 1,045 X% 0.05856-0-05851

Totg
- _0.2546-0n0585x

At x = 1.50, the point of maximum observed sheur stress,

Totg = -0.0234 X 0,916
= -0.214 kip/in.
and
T = . D.214
2 T T 0.0331

~-6.47 kips/sq in.
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TABLE 1 =2
3
COMPARISON OF OBSERVED AND CALCULATED MAXIMUM STRESSES 5
Stringer stresses Shear stresses
Number of| Half- |Load Observed Three-stringer Two-stringer Observed Three-stringer Two-stringer
stringers|length | on maximun solution solution maximum solution solution
cut-out| panel Stress Calculated Error Calculated Error stress Cal
. 0 . culated Error Calculated Error
Total| Cut| (in.) | (kips' | (kips/sq In.M (y3pa/sq tn.) (pez('c;mt) (kips/sq in.) (per('ce)mt) (kips/sq 1n.)| (3400 /5q 1n.) (pe:('cgnt)‘ (kips/2q in.)| (percent)
. a a . . a) (‘
16-stringer test panel, length = 144.0 in.
16 P 1.5 15.0 6.82 7.02 2.9 7.76 13.8 -2.97 -3.91 31.7 «3.85 29.6
16 4 1.5 15.0 8.69 8.86 1.9 8.52 ! ~2,0 -4,19 «5.03 20.1 -4.71 12.4
16 6 1.5 15.0 10.71 10.49 -2.1 3.50 -11.3 -5.34 -5.90 10.5 ~5.47 2.4
16 8 1.5 15.0 13.20 12,33 -6.6 10.90 -17.4 -6.55 -6.68 1.9 ~6.47 -1.2
16 8 8.0 15.0 11,00 10.63 -3.4 10.00 -9.1 -6.00 «5.40 6.6 ~-6.47 7.8
16 8 | 15.0 15.0 10.37 10.26 -1.1 9.85 =5.0 -5.90 «5,33 7.4 -6.47 9.7
16 |10 | 15.0 15.0 13.30 13.14 -1.2 12,80 -3.9 -7.20 -7.62 5.9 -7.73 7.4
16 12 15.0 15.0 19.61 19.34 ~1.4 19.43 ~.9 -9.41 -9,77 3.9 =9.80 4.1
15-stringer teat panel, length = 141.6 in.
15 1 8.3 8.94 3.56 367 3.2 4,60 29.5 | emene | eeaea m——— | mmeee m——
15 3 8,3 8.94 4.74 4,78 -4 5.19 9.5 | = e-e-e ————— -———— s—av- ———
15 5 8,3 8.94 5.82 571 -2.0 5.72 =1.7 | emeee | emea- ——ae ] mmee- -
15 7 8.3 8.94 7.08 6.79 -4,1 6.70 ~5.4 [ eme-- -—————— - | mmee=- -==-
15 9 8.3 8,94 9.02 84,36 7.3 8.23 “88 | eemee | eeea- ——— | wemes ==
15 {bg | 8.3 | 10.85 5,83 5.92 1.5 6.31 Be2 | mmmem | emeee . aee-- -~--
7- and 8-stringer test panels, length = 62.5 in.
7 1 5.0 20,0 18.85 18.39 -2.4 21.40 13.5 19.20 19.70 2.5 19.40 1.0
7 ) 5.0 20,0 29,40 27,95 -5.3 29,00 -1.4 12.40 12.80 3.2 13.50 8.9
8 2 5.0 20.0 20,25 19,21 ~5.4 21.30 5.2 16.80 19,70 17.3 19.80 17.8
8 4 5,0 20.0 30,60 27.91 -8.8 29.60 =3.3 8.60 10,60 23.3 10.20 15.7 -
Average of absolute errors for all tests
T
l 3.4 8,3 11.2 9.8
aEfr r Calculated -~ Qibserved
ors are Obhserved X 100.
o
wn

Area of main stringer increased.
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TABLE 2

COMPARISON OF OBSERVED AND CALCULATED MAXIMUM RIB STRESSES
[Load on panel, 15 kips]

o Nuzber of stringers|Half-length | Observed | C3joulated

O cut-out stresses (Icd s/s 1n.)

ﬁi Total Cut (in.) (kips/sq in.) (n§ q(b)°
16 2 1.5 1.57 2.51 | 1.48
16 4 1.5 2.20 3.29 | 1.94
16 6 1.5 2.73 4.42 | 2.60
16 8 1.5 2.89 5.73 | 3.38
16 8 8.0 4.30 3.32 | 2.91.
16 8 15.0 4,77 3.28 | 2.88
16 10 15.0 5.49 4,48 | 3.94 .
16 12 15.0 6.75 6.49 | 5.70

8pi1ler strips 1neffective.
bpi1ler strips effective.
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Figure 9.-- Typical set-up of straln gages.
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Figure 11.-Stringer stresses in B-stringer panel with 1 stringer cut and L =8 3inches.
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