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TIMNE-VELOGCITY—-ALTITUDE RELATIONS FOR AN AIRPLAVE
DIVING IN A STANDARD ATHOSPHERE

By H.-A, Pearson
SUMMARY

The present paper supersedes Technical Hote No. 599
for determining the time—velocity—altitude relations for
eirplanes diving in a standard etmosphere and the Advance
Confildential Report entltled "Time—Velocity—Altitude Re—
latione for an Airplane Diving in a Standerd Atmosphers."
The charts of Technicel Note No. 599 have been extended
to include altitudes up to 36,000 feet and "nominel" termi—
ngl velocities up to 800 nmiles per hour. In addition, the
present naper correctse an error in the factor that was
used in both superseded papers for converting the original
basic charts to the case of the inclined steady dive and
glves a sicple method for taking into account the effects
of compressibllity on the time—veloclty—altltude rela—

tions. Two examples ere included to illustrate the use
of tke charts.

INTRODUCT ION

The velocity—altitude relations for airplanes in a
dive have been treated by several writers. Diehl (refer-—
ence 1) assumed a constant—density atmosphere. Wilson
(reference 2) and Becker (roference 3), who have taken
the variation of density into account though using dif-
ferent approaches, have glven no method for determining
the time to dive. Regardless of the manner in which, the
density 18 taken into account, the velocity—altltude equa—
tiona become too lengthy and complicated for general use
vhen a relatively quick answer may be desired. Charts
showlng the time—~velocity—altitude relations have there-—
fore been constructed.

Such a serlies of charts was glven in reference 4 for
determining the time-veloclty—altitude relations for an




airplene diving in a standard atmosphere. When thess
charts wero first prepared (1934), the range of initial
agltitudes extended to 32,000 feet and the range of alr-—
plane "nominal®" terminal veloocltles extendod to 550 miles -
per hour. These limits, for both the altitudes and the
terninal velocitles, were mailnly determined by the per-
formance of the airplanes avallable at that time, al—
though tlie difficulty of includling compressibllity effects
and 2ltitudes above the tropopause was recognized,

At the »Dresent time, however, tlie nomlnal indicated
terninal velocities of a large number of airplanes, that
is, the terminal veloclty based on a constant ninimum
profile—~dirag coefficient and standard sea—level conditions,
are found to be consideravly in excess of the speed of
gsound (763 mph) and altitudes above 32,000 feet are quite
ordinary. The original charts are thus lasufficlent to
cover the possible range even though the effects of com—
pressibility on the profile—drag coefficlent could be
neglocted.

The present paper extends the original charts to
nomingl terminal velocities above the speed of sound and
to an eltitude of 36,000 feet. The extension also in—
cludes g relestively simple method for determining tho erf-—
foot of conpressibllity on the time-veloclty—altitude
relations. The use of thils method requires a knowledge
of the noaninal terminal velocity of the alrplane and cf a
terminal Hach number for the alrplane profile—drag coef—
ficlent.

In addition to the extensions made to the time—
veloclty charts of reference 4, the present peper corrects
an error that was made in the factor of this reference,
which was also used in reference 5, for converting tho
original basic charts to the case of the inclined steady
dive. In order to make the presant paper complaete and
indeperdent of references 4 and 5, the necessary original
derivations given therein are firat repeated and the ox—
tensions and modifications are then introduced.

TIME-VELOCITY—ALTITUDE CHARTS WITE

COHPRESSIBILITY EFFECTS NEGLECTED

‘The time—-veloclty—altltude charts, whlch are given
in figuresl to 14, cover a range of nomlinal terminal
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velocitles from 150 to 800 miles per hour 1n increments

‘of 50 miles per hour. ' The startilig altitudes vary from

8000 to 16,000 feet in intervals of 2000 feet and from
16,000 to 36,000 feet in intervals of 4000 feet. The
terminal velocity U, by which each chart is deslgnated,
ls the veloclty that a body would have in an atmosphere

of constant ssa—level density and with a constant profile—
drag coefficlent such as would be obtalned at relatively
low speeds. The absclssns of the curves are the true,

not the indiceted, velocitles.

In the establishment of the veloclty—altitude curves
(full curved lines in figs, 1 to 14), the type of equation ‘'
develoned in reference 2 was used with slight modifica—
tions to the constants to give better agreement wlth the
recozgnized standard atmosphere of reference 6. These
modifications consisted in replacing the factors 3 and
1200 occurrirg in the original equations of reference 2

by the factors 2.7 and 1254, respectively. The new equa—
tion is

. [
. 185-:\ 1084 N\

/. 2.9BN\T.4880/ / ( 27h\ (1 <660/
vB = ——
%6 (1 * Biooo/ 64000/ wow

where

V trve airsmpeed, feet per second
acceleration of gravity (32.2 ft/sec2)
eltlitude, above sen level, feet

starting altitude, above sea level, feet

d &H B ®

terninal velocity of ailrplane in eilr at standard sea—
level density with constant proflle—drag coefficlent,
11les per Lour

Tho placing of tho time network on the chartes, showa
by the full lines running diagonally across the varilous
curves, was accomplished elther by the use of the equatilons
applying to a body falling in a vacuum or by the use of a
step—by—step process of integration. ZEach of the fore—
going methods had a particular reglon in which it was more
0a8lly appliod than tho other for the same degree of ac—
curacy. .




The acceleration of an airplane 1In a vertiocal dive,
at any inetant, can be given by

a = 32,2 ( - JL) (2)
Ay
where
a acceleration, feet per second per saecond

q dynamic pregsure, pounds per sguare foot (% pvi)

Ay dynamic pressure at the nominal terminal veloeity,
pounds per squure foot

P mase density of alr, slugs per cnblic foot

Eaquation (2) indicates that, during the early nart of the
dive before appreciable velocity 1s gained, tlhe accelera—
tion differs only slightly from gz; for this range of the
charts, therefore, tte vacuum foruula is arplicable within
the plotting accuracy. The range within which the vacuun
formula ccn be applied for deternining the tine incresses
with either the startinsy altitude or the terminal velocity.
Host of the timing lines below 6 seconds were computed by
using the vecuum formuls and, in some cares, the range was
extended to 8 seconds., At values adbove 3 seconds, the
tine lines were estnblished by a step~by—sten integration
of the velocity—altitude curves.

The charts (figs. 1 to 14), although derived for a
vertical dive starting from rest, may be used with vari-
ous diving angles ancd starting velocities. .If T 18 the
teruinal velocity of an airplane in a vertical dive, the
terninal velocity in e dive in which the flizht path makes
a constant angle Y with the gronnd is .

3 (sin v)¥

The new nonlnal terminail velocity to be used in selecting
the approprilaste chart ?or determiring the veloelty-—
altltude relations in an ineclinod d4ive is therefore

Ut =T (ein '{)%,- - (3)
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Although the veloclty—altitude relations for the inclined

dive are correctly given by the new ‘chart, the-time— -
altitude relations that are obtained must be divided by
the eine of tho dive angle. The treatment of the inclined
dive used in references 4 and 6 has been found to be in
error.,

Values of U (ain Y)% are tabulated on each of the
charts and it willl be noted that, when these factors are
used, Interpolation between charts will alimost always be
necessary to obtain the necessary relations. The effect
of an initlal diving speed is taken into account by con—
sldering thet the airplane started to dlve from rest at
a somewhat higher altitude.

The only errors in the charts that need be consldered
are those due to plotting and to the discrepancies that
wlll occcur in any step—by—step integration. The error in
the time llines due to the last source is believed to be
wlthin 2 percent; the plotting error 1n the veloclty—
altitude curves is considered negligible.

In the application of these charts to diving air—
planes, however, several uncontrollable sources of erxror
wlll exlst, namely:

l. Varlation of gtmospheres from standard

2. Manner of ehtry into the dive

3. Varla*tion of the dive angle from the value assumed
4, Propaller effoct on drag

5., Scaie and compresslbility effect on the airplane
draog

The error due to the first source is believed to be negli-
glble and need not be considered. The mannoer of entry into
the dive, although relatively unimportant in the determi=-
nation of the time~velocilty—altitude relations for the
longer dives, may become important in the shorter dives.
The effoet of using sn erroneous dive angls is likely %o
cause appreciable errors in the determination of the time—
veloclty—aititude ralations only when the dive angle 1s
small. An orroneous evaluatlon of the propeller effect

on the drag 18 another source of error that is likely %o
occur. In the selection of the proper chart, it is necos—
sary that the propeller effect be taken into account.



The charts as given do not consider any variation of
proflle—drag coefrflicient with either Reynolds or Hach
number} whereas it is known that, at certailn cecritieal
speeds, large variations will occur because of compressi-—
bility offects. Before this region of rapid 1ncreanse 1s
reached, however, the profile-drag coefficient may be
conslderod constont and the charts may be used up to this
point to obtain the time—veloclty—eltitudoe relations.
Because the point at vhich the drag coefficlent increases
cannot bPe establishod 1n advance, varlous dashed lines
have dPsen placed on figures 5 to 14 to reprcsent a aunber
ef values of the Mach number M from 0.5 to 1.0. These
lines were determined for the chart by the equation

v = 53,54y 519 — 0.00356h (4)

vhich expresses the relation between the velociiy in
rniles per hour, the lach number, and the altitude in a
standard atmosphere. Vglues of i from 0.50 to 1.00
were first csssumed, the points of the varlous curves that
satlsfied the foregoing relation were then obtained by a
‘trial—and—error 1mrocess, and ali points for o given value
of H were Joined.

ESTIMATION OF COHPRESSIBILITY EFTECTS

In order to use the charts that are given (figs. 1 to
14), it is necessary to determine or to define & point in
terms of the Mach number beyond which these charts snould
not be used. OCb¥Tiously, no simple determins tion of this
quentity is possible because the alrplane 1ls mndo up of a
nunber of pserts, each of which may have a different
Teritical®™ speed and a different rate of change of profile—
drag coefficlent in this critical reglonm.

The rate of increase in the over—2ll airplane profile-—
‘drag coefficient beyond the point at which the first .part
reaches 1ts critical speed may vary within rather wide
limitas, depending upon the shape and tare resletive size of
the part .and als¢ upon whether a number of parts reach
thelr criticnl speeds simultaneously or in succession.

In order to estimate the varilation of the over—all
profile—drag cosfficient with Mach number from results
obtained at speeds for which compressibility effects are
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small, as in the ordinary wlnd—tunnel test, the lncrements
of profile—drag coefficient of the various parts must be
added to the initidl over—all valie, whick is assumed %o
be reasonably constant, Then, inasmuch as the drag coef—
ficlent 18 generally based on wing area, it 1s necessary
to correct the increments to the wing aree by multiplying
the drag—coefficient increments of each part dy the ratilo
of the area on which the drag—coefficient increments are
based to the wing area.

The variatlion with Hach number of profile—drag coef—
ficlent near zero l1lift for somo well-known profilles 1s
shown in figure 15; the variatlon with Hach number of
drag coefficlient for various cowlings on a typlcal wing
nacelle is shown in flgure 16. These data, which are re-
ported in references 7 to 10, are typical of results ob—
tained in the IACA high—apeed tunnels. The drag coef—
ficients given for the cowling—nacelle combination (fig. 16)
are based on the frontal area, that is, on mnD2®/4 where
D 1ie the largest dilameter. Data are included for only
the wing and the cowling because these surfaces appear to
be the most critical factors in setting the final terminal
veloclty, although the control surfaces, the fuselage, the
windshield, and protuberances will contribute to the over—
all effect.

Figures 15(a) and 15(b) show that the thinner the
section, the later the occurrence of the compressibility
effocts. Because tall surfaces usually employ thinner
profiles than wings, compressibility offects ere not likely
to occur on tall surfnces operating near mero 1ift (tail
1ift coefficlent <0.l) as 1s usually the case in the dive.
Although they may show comparatlvely early compressibllity
effects, protuberances are not of partlcular lmportance
in limiting the alrplane dive speed unless numerous and
conmperatively large. BReference 1l gives the drag of two—
dimenslonal cylinders of simple shapes such as mlght form
protuberances. It must be remembered in using these data
that important end effects are omltted; thls statement
also holds for wing tips wvhere the air 1s not constralned
to twvo—dimensional flow.

Ingsmuch as the induced velocltas are, 1n general,
lower on streamline surfaces of revolution, such surfaces
show later compressibllity effects than cylinders of simi-
lar proflle, On a prectical fuselage, however, the wind-—
shield and the various Junctures may be sources of local
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conpresslbllity effects that are difficult to evaluates.
Data are glven in reference 12 for determining the com—-
prossibility effects for a anumber of windehields on a
typlcal fuselage.

0 IKE-VELOGITY—ALTITUDE RELATIONS IN THE

COMPEESSIBILITY RANGE

As previously mentloned, the charts of figures 1
tc 14 cannot be used beyond the point at whilsh tkre
profile—drag curves bogln to deviate from s constant
valuw withouwt in%roducling some error in the relations
sought, Bocause the rates cf doviatlon may vary widely
betwuoer alrplanes, no single chart can be devised to rep—
resent the relatlons beyond the point of deviation. If
an exact solution 1s required, it 1s therefcre necessary
to evaluate by a step—by—step mrocess the equation

2
&E e f1- DofT_ (5)
at3 2 w/s

wvhere ¥ is the weight in pounds and S 1is the wing
area 1ln square feet. This type of solution need not,
hovever, be lengthy, as the steps may be taken at inter—
vals as large as 1 second and st1ll give accurate results.

An approximgilon to the time~veloclty—altitude rela—
tions may be quickly obtalned, however, by the following
procedure, which employs the terminal Mach number that
would exist under standard atmospherilc conditlons at 1000
feet and the norminal terminal velocity on which the
previous charts were based. The method to be outlined
assumes that the profile—drag coefficlent 1s constant up
to the time that the terminal Mach number s reached, at
which point the drag coefficlent immediately increases %o
the value necessary to satisfy the equation

W = cDO% v3s (6)

The rate of increass is obviously more graduesl than the
method lmplies and some error 1ls therefore introduced.
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This procedure, however, has been found to introduce only
small percentage errors in the tlme—altitude relatlons
and somewhat larger errors in the velocity—altltude re—
lations.

The terminal Mach number for standard condltions at
1000 feet is determined by plotting the relation

N = 0.0264 %15 (7)
DO

in the same figure (fig. 17) as that giving the variation
of airplare proflle—drag coefficient cDo with Mach

number., The abscissa of the intersectlon of these two
curves represents the assumed terminel Hach number My

that is required in the simprlified method.

The results gilven by figures 5 to 14 are now used
untll the aosumed terminal Mach number is reached and
the values of the veloclty and the altitude odbtalned at
this point are denoted by Vg and Hy. Beyond this point

the time—veloclty—altitude relations are obtained from
filgure 18 by locating the values of Vi and It and

interpolating between the appropriate Mach number curves
to the altitude at which the results are recuired.

The time—veloclty—altitude relations for an airplane
diving in a stendard atmosphere at a constant H#ach numder
are represented in figure 18. The velocity—altitude
lines of this flgure were computed from the equation

V = Mg(763.2 — 0,0027h) (8)

which is the blnomial expansion of equation (4) with the
first two terms retained. Integration of equation (8)
glves the relation for the time in the form

_ 247 [763.2 — 0.0027n
At = —— lo e
My \763.2 — 0.0027H

(9)

Equaetion (9) was employed to comnute the time relations

of figure 18. The time required in the new range is found

\
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by noting the time at 'Hy and sudbtracting that value
from the time read at any later altitude bh.

EXAMPLES

l. In order to 1llustrate the use of the charts
that are given, as well as to show how the results ob—-
talned with the sinple metvhod compare with the results
of a step—by—step computatioan, the following examples
are worked out for three hypothetical airplanes, A, B,
and C, for which the common ckharacteristics are:

Welght, 20undB. . + o + o o + = = « o« o o « « « » 60600

Wing arca, square feob., . . ¢« ¢« o + ¢ ¢« ¢ o o o . 240
Initial dive speed, riles per hour . . . . . . . 0
Initial Give angle, GB8TOGOE . « « « + o o o o o & g0

The initial starting altitude for A is 20,000 feet; for
B, 24,000 feet; and for ¢, 25,000 feet. TrLe over—all
Cp, curves both .have an initial value of cDoi = 0.0199

but begin to vary at ¥ = 0.4, "as shown in figure 17.
The rominal terninal velocitles of these airplanes are
conputed cs

-

v-=/ings
N
Y

Po cDoi

fﬁ 2 x 35
“\/ 0.00227 x 0.0189
\

= 1028 feot Der second, or

= 700 miles per hour

The values of My are seen to be 0.67, 0.75, aad 0.77
for sirplanes A, 3, and C, respectivel;.

By use of these valuoe of My 1in conJunctlon with
figure 12 (U = 700 mph), the following valuos are obtalned:
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Eg Vi Time to Hy
Airp}%gel_ o gft)L (£ps) ) (sec)
A ] 10,250 493 - 26.5
12,200 534 28.2
c 12,260 566 30.2

The foregoing valueg of Hy and Vy are located in

figure 8 and a curve 1ls interpolated to the ground, where ’
the velocities are found to be 512, 657, and 593 niles !
per hour for alrplanes 4, B, and C, respectively.

The time increments from the sltitude H; to the ground

are found to be 14, 16.3, and 14,5 seconds, regpectively.
The comperison between the step~by—step and the chart
methods 1ls shown 1n figure 19, in which 1t nay be noted
that, even though wide varisatiors in the rate of increase
of preflle—drag coefficlent heve been used, the errore 1n
the velocity curves at any point are less than 3 psrcent
and tend to be averaged over the whole range. The error
in the time to reach a gilven altltude is nmuch sualler than
3 percent because a constart difference of velocity as
great os 15 miles per hour can be applied fcr osver 20
seconds and still make a difference of less than 500 feet
in altitude.

The procedure for takling an i1nitiel diving speed
into eccount 1is also indicated in figure 12. If., there—
fore, alrplane A had started to dive at a veloclity of
150 niles per hour at 16,000 feet, the curve drawn from
point D to point B would hold.

2. The following example 18 included to illustrate
the use of the charts for an alrplane 1ln an ianclined dive:

Given:
Nominal terminal velocity, U, miles per hour, . . 752
Starting altitude, H, feet . . . . « + o« ¢ ¢« « » .« 16,000
Initial dive speed, miles per hour . . « o« = & = » 0
Initlal dive angle, A8ETreE68 . o« : « « o = o s o o @ 60
Terminal liach number, HMy c s = 5 s % s » e s o @ 0.75
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Figure 1. - Time-altitude-velocity relations for airplanes diving ina
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Figure 3. - Time-altitude-velccity relations for airplanes diving in a
standard atmosphere U=250mph
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Figure 12.- Time-altitude-velocity relations for airplanes diving ina
standard atmosphere. U= 700mph
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Figure 14.— Time-alt itude—velomty relations for airplanes diving in a
standard atmosphere. U=800mph
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