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R. 
RüiüvJÄY 

Hitherto the complicated problems of the underwater ballistics 
of long cavitating projectiles have been met only by a conception of 
steady state motion known as "dynamic equilibrium",  associated with 
trajectories of constant curvature.      Yet experiment shows that, 
except as a first approximation, this simple representation is not 
sufficient. 

The present Note deals with the non-steady motions which 
actually occur in practice,  and the associated variations  in lift. 
In thesu phenomena,  a predominant role la played by the tail forces, 
-and the fLrst requirement is to put these on a quantitative basis. 
A theoretical method is given which shows how these forces can be 
accounted for by a "virtual mass" theory,  and good agreement is 
obtained .with experimental towing-tank results for the steady planing 
condition.       The theory is readily extendable to more general modes 
of motion,  and the Note demonstrates how it accounts for both 
stabilising and damping forces. 

The development proceeds to the general motion of a cavitating 
projectile,  and it is shown that dynamic equilibrium if  achieved 

only through an "adjustment phase", during the  lrji^ing-out of the 
initial oscillation:     this phase has  a substantial effect on the 
trajectory.       The criteria for stability are also discussed in detail, 
and it is shown that close agreement is obtained with experiment 
for such cases as have been investigated practically.      The theory 
also provides the explanation of various effects which have been 
found to occur in cxperiinent.      Preliminary consideration is given 
to rotated projectiles. 

The report provides a basis for future design of underwater 
projectiles, and for the interpretation of model experiment.       In 
particular it is shown that the adjustment phase can be exploited to 
give a "skimming trajectory",  and proposals are made for tail shaping 
in suitable cases.      Finally it is urged that the body of basic data 
on nose and tail forces be increased by oavitation tunnel experiment. 

V    boj + 3EC 
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1    Introduction 

Knowledge of the tail forces on a planing cylinder is essential 
to two main aspects of the underwater ballistics of cavitating 
projectiles.      First,  since such forces provide tho bulk of the lift, 
there is the effect on tho curvature of trajectories.      Secondly, 
since such forces  fire a powerful source of stabilization, there are 
the effects on dynamic characteristics  and on dispersion.      The 
nature and distribution of the tail load are also of importance to 
design, in connexion l/ith the internal stressing. 

Experimental investigation (Ref.1) has provided towing-tank 
measurements of lift, drag and pitching moment over a range of 
draughts and incidence.       Tho present study links these results by 
a theoretical basis  and deduces the forces for other nodes of 
motion (viz. vertical.entry and rotation).      This in turn enables 
treatment of the problems mentioned above, and the direction of 
design towards optimum performance.      Throughout, the application 
mainly borne in mind is that to long projectiles which make a 
shallow entry into water, -and travel submerged, at small angles of 
tail-incidence (up to 10°). 

Before proceeding to this,  it is necessary to consider how the 
tail lift force arises.      Bearing in mind that the phenomena 
concerned take place in the tempo of impact on water, we seek the 
origin of lift partly in a virtual mass effoot and partly in the 
spray formations which as noted in Ref. 1  are of considerable 
importance.      Other forces such as buoyancy and surface tension are 
negligible. 

2   Virtual mass effect 

2.1      General considerations 

The conception of "virtual" or "added" mass arieos  in classical 
hydrodynamics in connexion with the motions of completely immerr-ed 
bodies.      It has been extended by a number of writers  (sue Hcf. z) 
to symmetrical bodies making a vertical entry into water.       The form 
usually assumed for the added mans is the quantity of water contained 
within an imaginary hemisphere  (or semi-cylinder)  on tho wetted 
perimeter as base.       The variable lift obtained from tho imparting 
of doA.-nward momentum to this virtual mass  is found to accord well 
with experimental measurements  (Ref. ?). 

As a starting point for the present  investigation, wheru the 
relative vertical speeds are of tho some order as in ir.pact, the 
conception of virtual mass  is made USJ of, subject to tho proviso 
that it shall not be regarded as  a given quantity, but will be 
determined from the experimental results. 

Consider a horizontal cylinder, of any cross-section symmetrical 
about a vertical plane (Fig. 1), and of maximum width d, v/hich has 
entered the water with initial speed v0 and is presently submerged 
to depth zd with remaining downward velocity v. Then if m bo the 
added mass per unit length of tho cylinder and *- the lift per unit 
length derived from thn change of momentum of the added mass, 

T-(mv) 
dt 

v"1 dm     lirlv 
d   dz    • -It (D 

The added volume is a single-valued function of the 
so that 

umrurgenco, 

- 5 - 
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maximum for a small value of s, f/illing away rapidly as a approach?." 
0.5. 

2« 3  Planing of a circular cylinder 

Consider now a eiroular cylinder of diameter d planing at 
constant draught, at constant speed V and angle of incidenoe a. 
We define 

draught 
dig-ratio =   = o 

diameter 
(9) 

The vertical sections are ellipses of the type described in the 
previous section.  At any particular point in the path of the 
cylinder, the history of the motion in the entry of an elliptic 
section at speed Vtarw down to a depth öd.  It is proposed to 
apply (6), with the assumption that there is no interference 
between the flour in successive transverse sections, or, more 
strictly, that there is no such interference which cannot be allowed 
for by adjustment of the function f(z).  This assumption is made 
for simplicity in the analysis and its final justification lies in 
the fact that the form of f(z) will be determined from results of 
experiments on planing conditions. 

Take the origin as the point i«i the surface vertically above 
'the lowest point of the cylinder (Fig. 3)«  Por the section 
distant x forward of 0, the submergence is öd - x tan a, so that 

a a ö - 3 tana (10) 

Every section between the origin and tho separation point A 
(x = öd cot a) is subject to lift.      The lift on sections for which 
x is negative oan easily be verified to be negligible in comparison. 
Then 

I = p(V tan a)2 d. f'(6 - | tan a) 00 

and the total tail lift 

födeota 
LT = pV2 tan2** d. / f' (ö - •£ tan a.)dx 

Jo 

i.e. 
.    Lj = pv2d2 tarn f(ö) • (12) 

Also the total moment' (positive in the :;ense of increasing a) 

Mm a pV2tan2, 
födoota 

« d. / f'(ö - £ tan «)x dx 
Jo 

i.e. 

where 

%. = "V2d3 f.,(ö) 

p (z) = r dz 
Jo 

) dz 

03) 

04) 

- 5 
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it must be borne in mind that such part of the spray effect, if 
any, as is expressible in the forin tanaf(ö), i.e. is equivalent 
to an addition to the virtual mass, is included in the first term. 

Lift calculated from (is)  is shown, for typical values of a 
in Fig.5,and the experimental values compared.      It will be seen 
that agreement is very close for angles of incidence up to 10°; 
there is an indication of agreement at 12°, except that the 
discontinuity between ö = 0,1 and 0.4, which is due presumably to 
some incidental effect,  is not revealed.       Over the range a = 0 to 
10°, the present analysis may be applied with confidence;    this 
covers amply the requirements for long underwater projectiles. 

3» 2     Examination of moment 

Formula (13) for the moment about 0, together with the values 
of f*  given in Table I, enables the virtual mass moment to be 
calculated.      It is still necessary to make allowance for the spray 
term.      In order to do this, values of tail moment were oomputed 
from the experimental results of Ref.1, excluding the small 
contributions arising from the drag.      i'rom these were subtracted 
values calculated from (13)  and it was found that the excess was 
olosely accounted for by addition of a term 0.0160ö2oos'eca to 
f.)(ö) i     this represents the effect of spray on moment, so that 
now 

Mp = pV2d^ [f.,(ö)  + O.Ol6062coneoa] (17) 

and 

centre of pressure distance 
f., (ö) + 0.016CÖ coseca 

tan«f(ö)+ 0.002£ö2coseoa 
.d (18) 

The moment coefficient iv^/g-pV d-  ha-? been graphed in Fig. 6: 
the experimental values  (minus drag contribution«)  are shown compared 
with curves computed from (17).       It is seen that the agreement is as 
close as tho experimental scatter permits.       The small discrepancies 
remaining are of little importance for "our projectile applications, 
since moments are generally required about centre of gravity positions 
distant from tho tail, and tho term My is small compared with the 
contribution from Lq,.       The centre- of pressure distance shows the 
same general tendencies as the experimental values of Ref.1.      Close 
agreement is not to be expected hero, owing to the critical dependence 
on measured values.       (The figure 1,45 for tho C.P.  ratio, when 
a s 3° and 6 = 0.225 given in Ref.1  is a computational error). 

3*3     General picture of the force system 

We have nov,' obtained a detailed« picture of the system of lift 
forces on a planing cylinder.       The bulk of the force can be 
accounted for by the virtual!, mann effect.       The associated velocity 
component of liit distribution i^ 

•6 = oV2 tan2« d.f •   (ö-~ tuna) 
d ' 

leading to total tail lift 

LT u pV2d2 tan* f(6) 

(19) 

(20) 

i 
i 

and total moment about tho trailing o.if.e 

TZI3 Idfj. - pV^d-* f., (6) (21) 
7 - 
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"I    Introduction 

Knowledge of the tail forces on a planing cylinder is essential 
to two main aspects of the underwater ballistics of cavitating 
projectiles.      First, since such forces provide the bulk of the lift, 
there is the effect on the curvature of trajectories.      Secondly, 
since such forces are a powerful source of stabilisation, there are 
the effects on dynamic characteristics and on dispersion.       The 
nature and distribution of the tail load are also of importance to 
design, in connexion vith the internal stressing. 

Experimental investigation (Hef.1) ha« provided tovving-tank 
measurements of lift, drag and pitching moment over a range of 
draughts and incidence.       The present study links these results by 
a theoretical basis  and deduces the forces for other nodes of 
motion (via.  vertical,entry and rotation).      This in turn enables 
treatment of the problems mentioned above, and the direction of 
design towards optimum performance.      Throughout, the application 
raainly borne in mind is that to long projectiles which make a 
shallow entry into water, -and travel submerged, at small angles of 
tail-incidence (up to 10°). 

Before proceeding to this,  it is necessary to consider how the 
tail lift force arises.      Bearing in mind that the phenomena 
concerned take place in the tempo of impact on water, wo seek the 
origin of lift partly in a virtual mass effect and partly in the 
spray formations which as noted in Hof. 1  are of considerable 
importance.       Other forces üueh «s buoyancy and surface tension are 
negligible, 

2   Virtual mass effect 

2.1      General consideration? 

The conception of "virtual" rr "added" mans arises  in classical 
hydrodynamics in connexion with the motions of completely immersed 
bodies.       It has been extended by a number of lvriters  (sue Hef. 'i.) 
to symmetrical bodies making a vertical entry into water.      The form 
usually assumed for the added mans  is the quantity of vater contained 
within an imaginary hemisphere (or somi-oylindcr) on the vetted 
perimeter as base.      The variable lift obtained from the imparting 
of downward momentum to this virtual mass is found to accord well 
with experimental measurements (Rcf.£). 

As a starting point for the present investigation, whore the 
relative vertical 3peeds are of the a ans order an in ir.pact, the 
conception of virtual mass is made use of, subject to the proviso 
that it shall not be regarded as  a given quantity,  but will bo 
determined from the experimental results. 

Consider a horizontal cylinder, of any cross-section symmetrical 
about a vortical plane (Fig, 1), and of maximum width d, which has 
entered the water with initial speed v0 and is presently submerged 
to depth ad with remaining downward velocity v. Then if m be the 
added mass per unit length of the cylijiuer and '- the lift per unit 
length derived from the change of momentum of the added mass, 

A 

dt d   da +  dt 0) 

The added volume is a single-valued function of the s-.ibinjrgencu, 
so that 

- 3 - 
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m = pd2 f(z) 

•where p is the density of water, and f(z)  is a function to be 
determined. 

w 

Then 

I =pv2d.  f'(z) + Pd2 ifW 
dt 

(3) 

so that the lift consists of two parts:- 

(1) dependent on the instantaneous value of v;    this will be 
referred to as the velocity component: 

(2) dependent on the instantaneous value of —• ;    this will be 

referred to as the acceleration component. 

For the case in which the cylinder is falling freely under 
its own weight, we have the additional equation 

Mfr = Mg - £ tit w 

where M is the mass of the cylinder per unit length:    then 

6 m 
pv^ d.f  +pd"gf 

1 + 
cd2!" 

(5) 

Again for the case of contrained entry at constant speed, 

I  = pv2d.f'(z) (6) 

The form of f (z) depends on the shape of the cylinder. 

2.2      Immersion of an elliptic cylinder 

A necessary preliminary to the discussion of planing cylinders 
is the case of entry of an elliptic cylinder of minor axis d 
(horizontal)  and major axis d 3eci(    (Fig. 2), constrained to enter 
at speed v.       Then (6)   applies, with the appropriate form of f'(z). 

Th# usual assumption of added mass  (semi-cylinder)  gives 

f(a)  = — cosii  (s - z2cos tt) (7) 

so that on first contact  (z = 0), 

•6 a —E v2d.  cosa (8) 

1 

Since this implies infinite pressure,  it is, strictly, impossible, 
unless in fact the flow is spread by spray over a finite area. 

The form of f'(z) to be anticipated from experimental work on 
impact of spheres  (Ref. 2)  is a function which attains a pronounced 

-4 
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maximum for a small value of z, falling away rapidly as z approaches 
0.5. 

2.3     Planing' of' a oiroular cylinder 

Consider now a circular cylinder of diameter d planing at 
constant draught, at constant speed V and angle of incidence a. 
life define 

draught 
dig-ratio = ö 

diameter 
(9) 

The vertical sections are ellipser. of the type described in the 
previous section.      At  any particular point in the path of the 
cylinder, the history of the motion is the entry of an elliptic 
section at speed Vtana down to a depth öd.       It  is proposed to 
apply (6), with the assumption that there is no interference 
between the flow- in successive transverse sections, or, more 
strictly, that there in no such interference which cannot be allowed 
for by adjuntnent of the function f(z).       This  assumption is made 
for simplicity in the analysis and itr- final justification lies in 
the fact that the form of f (z) will be determined from results of 
experiments on planing conditions. 

Take the origin as the point in the surface vertically above 
the lowest point of the cylinder (Fig.3).       J?or the section 
distant x forward of 0, the submergence; is öd - x tan it, so that 

z = ö - 4 tana (10) 

Every section between the origin and the reparation point A 
(x = öd cot a.)  is subject to lift.       The lift on nectionn for which 
x is negative can easily be verified to bü negligible in comparison. 
Then 

<L = p(V tan a)2 rt.   f' (ö - i tan a) (11) 

and the total tail lift 

rödoota 
Lr, = pV2 tan2a d. / i" (Ö - •£ tan cc.)dx 

->o 

i.e. 
LT = pV2d2 tarn f(ö) • (12) 

Also the total moment' (positive in the :;onse of increasing ct) 

M_ = py^tan' P 
"« d. / 

Jo 

ödoota 
f'(6 - £ tan a)x dx 

i.e. 

where 

% = nv2d3 f.,(ö) 

*,(*)  = J    Hn) da 

(13) 

(14) 

- 5 - 
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We take the opportunity of defining,  in general, for later 
use, 

'• <">  ' [Z fn- 
<Jo 

(z) dz (n- 1,2,3, ) (15) 

With the aid of forroulae (12) and (13) v/e can nor/ turn to 
the experimental results for lift and moment on planing cylinders 
and proceed to determine the function f. 

3   Determination of virtual mass from experimental results 

3.1      Examination of lift 

Experimental values of lift on planing cylinders are available, 
from work done in the R.A.E. towing tank (Ref. 1).      The following 
tabulated values of Lj/pV^d2 are taken from Fig.9 of that.report: 

6 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 

a  • 3° O.OO49* 0.0091* 0.0139* 0.0185 0.0248 0.0311 O.O38I 0.0458 

a  . 6° 0.0120 0.0192 0.0240 0.0282 0.0337 0.0390 O.C450 0.0513 

a  = 10° 0.0209 0.0308 O.O373 O.O442 0.0510 0.0573 0.0643 O.0709 

These figures do not show the simple proportionality to tana indicated 
by (12):    lifts for small angles of incidence are relatively too high. 
The cause for this must be sought in tho fact that so far no explicit 
allowance has been made for tho forward blister which accompanies the 
motion (Rof. 1).      The effect of this spray is uncertain and not 
amenable to analysis, but it is likely to increase with wetted 
length.       Trial and error shows indeed that the discrepancy is 
accounted for by thj term 0.0022 Ö2 ooseo a.      On subtracting this 
from the above figures and dividing by tan a, the following results 
are obtained: 

Ö 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 

a m 3° 

a = 6° 

a • 1-0° 

C.O86 

0.112 

0.118 

0.141 

0.174 

0.172 

0.193 

0.210 

0.205 

0.225 

O.236 

0.238 

0.273 

O.270 

0.270 

0.305 

0.299 

0.298 

0.334 

0.331 

0.329 

0.363 

0.356 

0.355 

Mean 0.105 0.162 0.203 0.233 0.271 0.301 0.331 C358 

Agreement is now quite' good, and we adopt these mean values,  after 
slight smoothing, to define the function f.      This is graphed with 
its derivate in Fig.4:     its values over tho range ö = 0 to 1   are 
shown in Table I, which also gives the values of the functions f* , 
f 2 etc. , as found by numerical integration. 

With f and f  so defined, the formula for lift becomes 

LT = pV2d2 |~tannf(ö)  + 0.0022ö2ooseoa~| (16) 

The second term will bo referred to as tho spray component, though 

*      Interpolated value's. 
~    Ü    - 
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it roust be borne in mind that such part of the spray effect, if 
any, as is expressible in the forin tanaf(ö), i.e. is equivalent 
to an addition to the virtual, mass, is included in the first term. 

Lift calculated from (16)  is shown, for typical values of a 
in Pig.5, and the experimental values oomparcd.      It will be seen 
that agreement is very close for angles of incidence up to 10°; 
there is an indication of agreement at 12°, except that the 
discontinuity between ö = 0.1 and 0.4, which is due presumably to 
some incidental effect,  is not revealed.      Over the range a = 0 to 
10°, the present analysis may be applied with confidence;    this 
covers amply the requirements for long underwater projectiles. 

3» 2      Examination of moment 

Formula (13)  for the moment about 0, together with the values 
of f.i  given in Tablo I, enables the virtual mass moment to be 
calculated.      It is still necessary to make allowance for the spray 
term.      In order to do this, values of tail moment were oomputed 
from the experimental results of Rof.1, excluding the small 
contributions arising from the drag,      i'rom these wore subtracted 
values calculated from (13)  and it was found that the excess was 
closely accounted for by addition of a term 0.0l60ö2cos'eoa to 
£•1(0) ;     this represents the effect' of spray on moment, so that 
now 

lip = pV2d3 j/i(°)  + O.Ol60ö2cosecaj 

. 

(17) 

and 

centre of pressure distance = — 
tanctf(5) + 0.0022Ö coseoa 

f., (6) + 0.0l6062ooseoa -Jli _  .d (18) 

The moment coefficient %/jpV d3 has been graphed in Pig. 6: 
the experimental values  (minus drag contributions)  are shown compared 
•nith ourves computed from (17).      It is seen that the agreement is as 
close as the experimental scatter permits.       The small discrepancies 
remaining are of little importance for "our projectile applications, 
since moments are generally required about centre of gravity positions 
distant from the tail, and the term Mm is small compared with the 
contribution from Lm.      The centro of pressure distance shows the 
same general tendencies as the experimental values of Ref. 1»      Close 
agreement is not to be expected hero, owing to the critical dependence 
on measured values.       (The figure 1.45 for the C.P.  ratio, when 
a = 3° and 6 = 0.225 given in Ref.1  is a computational error). 

3,3      General picture of the force system 

We have now obtained a detailed« picture of the system of lift 
forces on a planing cylinder.       The bulk of the force can be 
accounted for by the virtual mass effect.      The associated velocity 
component of lift distribution is 

I = pV2 tan2a d.f•   (Ö - *• tana) 

leading to total tail lift 

Lj = pV2d2 tana f(ö) 

and total moment about the trailing edge 

Up = pV2d3 f., (6) 

- 7 - 
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There is also a opray effect which, according to our approximate 
analysis, results in the addition of a term pv4l^ (0.00225zcosoc a) 
to the total lift arid pV^^O.OIßOc^coseo a) to the total moment. 
We have no information on the distribution of thin effect, but  it 
will appear that this is unnecessary for projectile applications. 
It must be emphasised that the spray corrections quoted arc most 
probably not correct even in mathematical form, but are merely 
roughly fitted to the experimental data in order to obtain some 
quantitative measure of the effect., #   They do indicate that the 
relative magnitudes of lift and moment corrections  are such that 
there must bo both positive and negative spray lift over the 
wetted area. 

Now the spray pattern is subject to a severe scale effect. 
It  is shown in Ref.1  that at a certain critical speed the forward 
blister breaks away completely.      Certainly in the applications 
which are the concern 6f the present Note, such extensive spray is 
not observed.      The circumstance of reduced pressure in the cavity 
assists the break-away process in two ways:    first, directly, by 
bringing the entire spray nearer to the cavitation point;    secondly, 
since the free streamlines are isotachs of a speed slightly in 
excess of the relative speed of the body to the water, the spray 
is moving faster, and there is a larger radial pressure drop on 
account of the increased centrifugal force;    but this is u small 
effect.      Hence it is very probable that, for the applications in 
mind, the forward blister which proved so troublesome in the towing 
tank experiments is absent.      In what follows, the spray term   is 
therefore neglected.      This does hot however entirely dispose of 
the matter, since as noted above,  it  ic possible that the blister 
may act,  in part, to increase the virtual mass term.      If this 
should be ao, we have no moans here to disentangle the true virtual 
mass component from the added term which,  although valid in the 
towing tank, would be irrelevant to cavitating projectiles.      The 
best way to obtain unquestionable values for the virtual mass 
function is by cavitation tunnel experiment, but this  is not yet 
possible.      Our present procedure, though not as infallible as could 

•  be wished,  in the only possible one in the circumstances.       The 
close agreement with experimental results for cavitating projectiles, 
whioh appears later (see 5*1)  indicates that our procedure is more 

.reliable than might be expected. 

Further experiment would be necessary to settle whether f(6) 
changes appreciably with much, increased speed:    the suggestion of 
Ref. 1 to this effect is strongly endorsed.      Keanwhile v.o can only 
assume that f(5)  does not change appreciably (as theory indicates), 
and the further-analysis proceeds on this bar. i::. 

IVe are now in a position to.consider the acceleration component 
of lift, where the speed of the projectile is not constant.      Tfith 
the aid of (3), this seen to»be   . 

= pä tanad2f (Ö - 2 tana) 
it a (22) 

The corresponding total lift and moment are easily found:- 

LT=  p.ga3ri  (6) 

Ej, =   ,i |£ d4cot« f 2(6) 
(23) 

It is not part of the present object to study the drag forces 

- 8 - 
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For projectile applications, a is small enough for these 
formulae to be simplified as follows:- 

Velocity component:- 

%   = p(U + Va)2 d.f'(ö - *«) 

I»p • p(U + Va)2^-f(ö) 

1L, = p(U + Va)'- L-tAb) 

*i W a 
. " f (6)    a O.P.  distance = 

(27) 

Acceleration component: 

f« (a) d 
C.P. distance = -——r - 

f^ (Ö) " 

(28) 

The function   f., (ö)/ f (ö)  is gi,ven in Table I. 

Substitution of representative values for projectiles shows 
that in general the acceleration effects are small compared with the 
velocity effects. 

^. Ü      General syianstrioal motion 

Suppose now that in addition to the trannlatory velocities U, 
V,  of the trailing edge, the body has angular velocity 0 in the 
pitching plane (measured positively in the sense of increasing 
pitch).       Then at the section distant x forward of the trailing edge, 
the effective downward velocity is U + Va - !}x. 

Thus, for the velocity component, 

e • pftu+Va)2 -2(U+Va)Oic + n2x2] d.f'(ö - id) \ 

,2d2 d^ Lja   ptU+Va)* C f(6) -2o(ü+Va)n äd t^(fi) +2pff ~ f2(ö) 

/ d *k 2x5 
%=   ptU+Va;" ^- ^(ä)  -^(U+Va)Q-7f2(ö)  +6Pn   Sj. f (ß)       ) 

while, for the acceleration ooinponent, 

ok   $ 

(29) 

& x •** if the drag contribution be approximately alloved for. 
15 

1i 



——' *p 

\ 

SECRET 
Tech. llote No. Arm. 344. 

on tails, since such foroes play only a minor role in the problems 
to be discussed: owing to the preponderance of nose drag, and for 
other reasons, it is sufficient to regard the retardation of an 
underwater projectile as being strictly proportional to V , the 
constant of proportionality being independent of pitch.  The only 
way in which we shall be concerned with tail drag is in respect of 
the small contribution it makes to the total tail moment about the 
centre of gravity (see Pig. 9). . i'or this purpose a rough approxima- 
tion will suffice: this is provided by the results of Hef.1, in 
which we note that the drag/lift ratio is approximately independent 
of 6, but varies with <*, as follows 

a 3° 6° 10° 

drag/lift 1.3 0.6 0.4' 

which can te fitted by 

Dm    = — T      15« 
(24) 

This relation implies that the moment of tail drag about a distant 
point in the projectile is  1/I5th of that due to tail lift,  so that 
drag can be sufficiently allowed for hereafter by multiplying 
moments due to lift by the factor 1ö/15. 

4    Other modes of motion 

4.1      Translation 

A general tranrlatory motion of the cylinder involves a 
downward velocity U in addition to the forward velocity V (lateral 
motions excluded).       Then each vertical section has effective downward 
velocity U + V tan a, and the results of (3*3)  apply provided we 
replace V tana by the new expression,      Then, for the velocity 
c omponent, 

t = p(U + V tana)2 d.f •   (6 - - tana) 

LT = p(U + V tana)2 d2cotaf(ö) 

%«p(ü + V tana)2 d^cot2^ f 1 (ö) 

C.j?.  distance 
f-j(ö).d cotix 

f(G)      • 

(25) 

and for the acceleration component, 

I = p m + II tana) d2.f (6 - f tana)      ) 
dt      dt ' d ' 

It, = p(ä2 + -dl tana) d4cot2a f„(ö)        * 
^       p dt      dt *    ' < 

Cf.  distance = .   d cot a *    ) 
fl   (ö) j 

(26) 

x— if the drag contribution be n^a-reciinatcly ».IJjtrrod for. 

- 9 - 
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i 

VT „fdU   ^   W-\tf*   *«    /A\ n„ dfi   d5    -    /«\ 

(30) 

In underwater ballistic applications, the angular velocity 
and acceleration terms are generally small. 

4» 3     T^ijL iptwot 

Consider now a cylinder of mass iv, diameter d and length Ld, 
impacting on water at angle of inclination a.  In order to simplify 
the mathematics and enable the fundamentals of the motion to be 
more readily appreciated, it will be'assumed that, during iwpaot, 
a vertical force is applied at the front end of the cylinder of 
such a magnitude as to ensure that a.  remains unchanged throughout. 
This is a rather artificial device, which divoroes the case from 
practical applications, but it does help in elucidating the basic 
characteristics of the impact motion. 

If the relative horizontal speed of cylinder and water be V, 
the tail lift is given by 

LT - p(6d + V«)
2 äu f(Ö) 

a 

the initial value ö    being arbitrary.      The none lift L^ follows 

from the consideration that moments about the trailing edge must 
balance, so that 

% „.-£(& +V)2a2f1(ö) 

The equation of vertical motion is then 

(3D 

(32) 

^-(ö + ÄJ^lf^öJ-affo)] (33) 

where M 
aAJ (3k) 

the specific gravity coefficient.      The solution .of this equation 
is readily obtained by standard methods as 

1°S(1+ ^) +  (1  + ?-d-) 5dr1 + £i£5   f^ 
+ ' er <T ~  a- ,2L 

6„d 6 d -i 

) 

(35) 

When 6 a 0,  (35) gives 

(36) 

of which the solution ö B ö    corresponds to entry:    the other 
0 

- 11 - 
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solution, which gives a negative value of ö and corresponds to 
exit, may easily be obt-ained.by the aid of- an auxiliary graph of 
the expression log(1+x)  + (1+x)"1.      The maximum vain« of 6 is 
given by 

1 + 
0" a a\ 

log(l 
Va 

(1 
Va 

(37) 

Further, for any particular case, when öQ, V, d, a, <T, L are 
known, S can be plotted for the entire period of immarsion with 
the aid of the auxiliary graph, and the behaviour (ö, t relation, 
accelerations, etc.) deduced. 

By way of illustration, wo have taken the case where 
M s 1000 lbs., d = 0.85 ft., L = 10,4, 9 • 26.1, a =  0,07 rad. 
corresponding roughly to the rocket projectile "uncle Tom", and 
with 00d/Va =0.25, 0.50, 0.75.  The values of &d/V't obtained 

from (35)  are plotted in Pig. 7.  The graphs show that the trailing 
edge enters to a depth which increases rapidly with entry velocity, 
.rebounds, and finally emerges with considerably reduced speed.  In 
all- cases, powerful lifting forces are invoked, with substantial 
damping. 

For the reason explained above, these results are not 
directly applicable to the tail impact of a projectile on its 
cavity wall, where there is appreciable rotation of the body, and 
moreover the curvature of the trajectory implien a centrifugal 
foroe tending to stabilize the cylinder at a dig-ratio greater 
than zero.  Nevertheless it has been thought worth while to 
develop one of the cases of Fig. 7. to a complete solution.  The 
case oQd/Va = 0.5 has been söleoted and the ö, t relation deduced 
by numerical evaluation of 

Jo 1 
(38^ 

Graphs of 6 and 6/ty against Vt for tUa case are shown in Fig. 8. 
It is seen that & decays to 0.575 of its initial value in the 
"half-^period" of immersion, and that both frequency and dairying 
constant increase proportionally with V.      The isuÄAjmm value of 6 
is 0.0011 V2, amounting,  at  900 f/j, to 28g.       This  is of the same 
order as that indicated in tank firings  of models. 

An analysis which takes account of projectile rotation and 
trajectory curvature is given in the following L-.ections. 

5    Trajectory analysis •' 

5»1!      Ijynamio equilibrium •..    - 

The notion of '•'dynamic equilibrium" was introduced by Blackwell 
(Ref.3)  in order to give a sickle oxplanatiou oi' the underwater 
behaviour of rockets.       It is a state in, v/hleh the projectile moves 
at constant pitch and dig-ratio, in a path which would, apart from 
gravity effect, have constant upward curvature, the iioec and tail 
forces providing a couple just sufficient to account for the rotation 
of the projectile due to trajectory cm-vature;    he shova that, to a 
sufficient order" of approximation, these forces may be regarded as 
balancing statically about thu centre of gravity,. 

Tbough motion of this type is not. conformed rath in practice, 

- 12 - 



SECRET 
Tech. Note No. Ann, 344« 

the conception does provide a very useful basis on which to build 
on investigation of the actual motions.  We set out here to study 
dynamic -equilibrium in a more complete manner, in the light of the 
closer representation of the tail form system which has been 
developed above. 

Consider then a long cylinder, of diameter d and length Ld, 
maintained in cavitating.motion with tail incidence a and dig-ratio 
6 (Fig. 9).  It is presumed that L is great enough for the nose and 
tail foroes to be considered as two separate .systems and that Ld is 
measured to the oentre of pressure of nose forces (assumed, with 
sufficient aocuracy, to be a fixed point).  Let z denote the 
centre of gravity ratio viz.  the distance from nose G.P. to the 
centre of gravity, divided by.total length Ld. 

It will be assumed, with Blackmail, that cavity shape over 
the region of tail contact, and cavitation number, are independent 
of the attitude of the projectile, provided the pitoh angle is, 
as here, small.  Then the cavity is, presumably, symmetrical with 
respeot to the path of the nose (Pig. 9).  These assumptions are 
reasonable enough for the present state of underwater ballistics, 
but the future is likely to demand that the laws of cavity 
behaviour should be studied in detail, so that a closer represen- 
tation, if necessary, may be obtained.  With the assumptions, it 
is permissible to imagine the round pivoting about the nose oentre 
of pressure, so that 

ö = L (a - ß)- 09) 

where ß is the value of a at which tail contact is first made; 
further, owing to the irrelevance of cavity pressure, the results 
of (4.1) may be applied.      The effect of the transverse curvature 
of the cavity is ignored (see 6.2). 

Then, putting U = 0 in (27), we obtain for the tail system 

»T 

pTTd^a f(ö) 

PV2d3 f^Cö)^ 
(40) 

Eence the tail moment about- the oentre of gravity is 

HJ * J| ?V2d3 [f.,(ö) - (c+Lß)(l-s)f(ö)J (41) 

Next we must give some, consideration to the nose system. 
Apart from a few drag measurements, these force? have had no direct 
experimental investigation in this country.      The method of 
integration of wind tunnel pressure plots has however been   carried 
out for a few nose shapes (see Ref.3),  and although these figures 
are not likely to be reliable, we make use of them as the only 
available data.      For our purpose, it is sufficient to note that for 
a long body placed at rest at angle of pitch i in a uniform infinite 
stream of general speed V, the nose force oan b«; resolved into an 
axial component, independent of i for small angles of pitch,  and a 
transverse force,  in the sense :such UP to incro.-v;is pitch (aosümiiiy 
we have a iirt-producing shape):    over the practical range of 
cavitation numbers  (0 - 0.0,:    and possibly up to 0.05), this transverse 
force is expressible as 

1J5 
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where v is a oharaoteristio oonstant for the head shape, 
following results are    adopted from iief.3:- 

Pull oone, 45 

x^ill oone, 75° 

Ogive, 1.4 c.r.h. 

v =0.63 

v = O.40 

v = O.37 

•) 

. ) 
1 
) 
) 

(42) 

The 

(43) 

The valuos for reduced heads diminish as the j,iuare of the diameter. 
In the future it should be possible to get more reliable figures 
from cavitation tunnel experiment;    in the mean-time we U3e 
estimates based on the above. 

For the nose moment about the centre of gravity, since the 
forward wetted area is concentrated, and at a considerable distance, 

MjJ = ipV2d3 Lzu-i • (44) 

Now the angle of incidence at the nose differs from that at 
the tail since the cavity surface at the rear is inclined to the 
axis of the cavity (direction of motion) at an angle Y (Pig. 9). 

I'urthermore, the angle of incidence at the nose is, in effect, 
reduced by the rotation of the projectile about its centre of gravity 
by amount Lzdc, where c is the upward curvature of the path of the 
centre of gravity.  Hence 

a. + V - Lzdc (45) 

The angle Y will, ultimately be obtainable from an adequate theory 
of cavities,  and must meantime be estimated:    c is calculable in 
terms of the total lift force, and aiass  and speed oi' the projectile. 
In practical cases Ldc is of the order of 0.01 while (a + Y)  is of 
the order 0.1  and z is of the order 0.5, so that the last term in 
(45) ia in the nature of a small correction.      Then for thu nose 
lift and moment about the centre of gravity, we may \/rite 

LJJ • |pV2d2 v (a + Y   - Lzdo) 

J% m ipV^^Lz v (a + Y - Lzdc) 

B £pV2d3z v (6 + Lß + LY -L2zdo) 

(46) 

The equation of normal motion is then,  assuming the trajectory 
inclination to the horizontal small enough for neglect of cosine 
effects, 

cr(V2c + g)  =   • = L [af(6) + £ u (a + Y - Lzdc)]   (47) 

where c is the specific gravity coefficient,  as defined in (34),  and 
not to be confusud with the average opecifio gravity.      Her.oe 
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(6 + Lß)f(ö) + if» (ö + Lß + LY)  - Lodg/V2 

Ldö - ; • (48) 

giving the equilibrium curvature c in terms of 6, the eiuilibrium 
dig-ratio, and known constants.      If we define a gravity correction 
by        • ... 

G=£228 
V"    (ö + Lß)f (ö) + £ v (o" + Lß + LY) 

ve have the alternative form' 

Lde = f(ö + Lß) f (5) + £v (6 + Lß + LY)] Jl^2 
vLz 

(49) 

(50) 

This equation' enables c to be calculated when 6 is known, and vice 
versa. 

The equation of rotational motion is, as noted above. 

(51) 

JSO that    «  , 

• pi(ö) - (ö't Lß)(l-z)f(ö)]  + ^|'vs [ö + Lß + LY - L2zdoJ.= 0      (52) 

To exhibit the dependence of ö on z, we bear in mind that the term 
involving "ö" is a small one, and solve first with o"= ü (corresponding 
to a projectile whose density is such that the weight exactly 
balances the total lift):    we then obtain directly 

(6 * Lß)f(ä) - tA  (6) 

(ö + Lß)f (ö) + J| v (ö + Lß + LY) 
(53) 

Then, for the general case, the polution can bo found by simple 
algebraic approximation as 

15 *i 
=• aM + 

32£. 
*I7L 

(54) 
14 z0 

if, as i3 generally the case in underwater ballistic applications, 
the velocity is high, or more generally, 

Z«,+ 
15. 4, 0-P) 

Jk*_ 2J14-30G) 
v L 

(55) 

The added term, to which we shall allude'an the  "density correction", 
is small:    its magnitude is such that correcting terns? of higher 
order need never,  in practical cases, b» considered.      In fact, tho 
density correction is really of importance only when z.„ in near itr. 
critical value (see ^elow). 

15 
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Equations 50, 53, 55 provide all necessary information 
concerning dynamic equilibrium.      The last two enable dig-ratio 
to be calculated for any given oentrc of gravity position, and 
the first then enables trajectory Curvature to bo deduced.      It 
in found that the theoretical results obtained in this way agree 
very olosely with ouch experimental data as  are available. 

.In order "to elucidate the properties of relations  (53)- and 
(54)  we have plotted in Fig. 10 and 5,  z^, relation for two example« 
of practical importance:    those arcs average Uncle Tom shapes 
(reduced cone noses) of lengths 10 and 15 diameters respectively. 
The values of the constants takenvwere 

(i) L • 10, v = 0.25,    10  • C.?>6,    LY = 0.12 

(ii) L • 15, v = 0.25,    10 = 0.43,    LY a 0,12 

The values of |3 and Y wer* obtained by measurement of G.P.R.S. 
arditron photographs of cavities:    the value of v was estimated 
from (43).      The graph shows Ö as a function of z^;    the ft, z 
relation can be obtained by applying the density correction given 
in Pig. 11  for the appropriate value of 2c/Lv.       (The density 
correction for case  (ii)  is not shown - the values are 50>c greater 
than those for case  (in. 

It i3 apparent from Tig« 10 that a critical value z* exists: 
if z exceeds this, dynamic equilibrium is impossible:    for the 10 
diameter case, z* • O.436;    for the 15 diameter case, »* « 0.472. 
Wille z remains appreciably smaller than z*, o is a single-valued 
function of z and so a single projectile attitude corresponds to a 
given centre of gravity position.      But as z- approaches its critic? J. 
value, "5 increases very steeply;    theoretically, when z is nearly 
critical, there is a 3eoond solution for 15;    in practice 3 ie 
indeterminate.      Similar properties are evidenced by the dynamic 
equilibrium curve, for all practicable values of the constants. 

The existence of a dynamic equilibrium position is a 
necessary (though not sufficient)  condition for the stability of a 
long underwater projectile, in the loose sense that, unless such a 
position exists, the pitch will increase indefinitely.      The 
condition 

15(z*)2 

• <•*«*& + 7Z  (56) 
i|2 - 14z* 
v L °° 

where zjj, is the maximum value of a*, shown on the "5, zx graph, may 
therefore be adopted as  a practical 'criterion of stability.      The 
figures given above for z" in the cose of the two Uncle Tom models 
agree very  closely with those deduced from G.P.E.S.  experiments 
(Eef.4) and thereby afford quantitative verification of the force 
system we have employed, and especially of the procedure criticised 
In (3'3)*      It must be remembered in this connexion that z here is 
measured from the nose centre of pressure:    practical value;-, measured 
from the tip of the projectile :±re up to-0.025 greater. 

The position of dynamic equilibrium ir* oasil- proved to be 
always statically stable:     If there !>re tv/o positions, this applies 
to the one of small dig-oratio, •   Por the total static moment iC  is 
positive at  0=0 (restri^Mnr, ourselves to lift-producing shapes), 
and zero at   o a "5; . thus ?&- must be negative at fi, though small. 
The possibility of neutral stability is ruled out bcoause 9 ld,', can 
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easily be shown to be positive, up to the critical position.      By 
the same token,  if 2 is nearly critical and a second position of 
dynamic equilibrium exists, it will be statically unstable.      If, 
owing to high initial angular velocity, the tail passes this 
second position, the round will turn to large angles of pitch. 

The plotted examples  (Fig. 10) show that when c is fixed, 
stability may be increased by lengthening the projectile, or 
alternatively that longer projectiles oan be stabilized with 
greater O.G.  ratios:    this is a well-known experimental effect 
(Ref.4).      Another, but less important, effect is that of projectile 
density.      This does not influence z*,, but it does affect the 
density correction.      In praotioal oases this is only of order 0.01 
or 0.02, but if an assigned shape be given an artificially low 
density, the correction -will take on a very inflated value,  and 
substantially increase the critical CG. ratio.      This effect has 
been observed in experiment;    thus Duncan (Rdf.5) found that an 
unduly light projeotilo with the following characteristics: 

L = 10,    z = 0,47 (from tip), specific gravity O.58 

nose 30° cone  (estimated v = 0.8); 

was stable, tot that a projectile cf about six times this specific 
gravity and otherwise identical, was quite unstable.      In Pig. 11 
are plotted the correction curves  (iii) for the heavy projectile 
(2ff/Ly = 8.5) and (iv)  for the light projectile ^o/Lv = 1.28). 
It is quite evident that here the light projectiles is stabilized 
by the abnormally high density-correction.      However, such a 
bonus is not available to the designer of high sp^ed underwater 
weapons, for which the density must normally be high,  although the 
advantage would be secured with projectiles of the torpedo type. 

It may be noted that,  apart from the small gravity effect, 
the position of dynamic equilibrium is independent of speed V:    but 
although the actual value of V is  irrelevant,  it in assumed that 
the value chosen is maintained constant.      On the actual trajectory, 
we have retardation proportional to the square of speed:    hence 
even though c remains constant, the angular velocity of the 
projectile decreases,  and the equations of normal and angular motion 
are affected.       This is easily allowed for as  a modification of the 
preceding analysis, as follows. 

Let h be the travel parameter appropriate: to the retardation, 
so that 

at h 
(57) 

In any position of dynamic equilibrium, neglecting the small gravity 
effect, o imst remain constant: hence 

2— 
V c angular acceleration =s — (Vc)  = - 

dt ' h (58) 

Then if M be the mass of the projectile and nd its transverse radius 
°jf gyration about the centre of gravity, the inertial term 
-Mn d'-V c/h must appear on the right hand side of (51).      This equation 
must also be modified so as to include thu acceleration terms from 
(4.1).       ¥e do not give the algebraic details here, but the results 
are as follows.      Thu formula for z^ is unchanged, but the density 
correction It: modified so that now 
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20^-1 2ff 

? '<$f + 1^X1-11) - 30ZJ1-G-U) - 16II< 
(59) 

-./hero 

and 

H = La 

H»   • 

*!   (6) 
h   (ö + Lß)f(ö) 1ÜÜ (~ 

32 
(ö + Lp + LY^ 

Ld f2 (&) - (ö + lip) (1-ajfc,®        ) 

h (6 + Lp)    (6~+ Lp)f(ö) + ^ (G + tP + LY) ) 
J2 

(60) 

A similarly modified value of zv follows.      Thua dynamic equilibrium 
is still a possible modo of moticn under conditions/, of retardation, 
and the shifts  in the values of ö", "ö and z-- rre small and 
oaloulable. 

One assumption that v;e have tacitly made in the whole of the 
foregoing analysis deserves mention, via.  that the viscous lamping 
couple associated with the rotation of the body is negligible. 
We have not taken this into account since no quantitative data are 
available:     it may however be reasonably expected to be small since 
the cavity rotates .with the projectile.      It is very desirable that 
relative data should be obtained from cavitation tunnel experiment 
in the near future. 

We conclude the present section with a few notes on design 
consideration;!.      Frovided that the study of cavities has advanced 

•to the point where it will be possible to assign values of p, Y, v. 
which can at the moment only be roughly estimated, one will be able 
to plot the 'S,  ZQO relation (53)  for any proposed shape,  and 
determine the value of z<*:    the necessary corrections can then be 
applied so as to obtain z*.      The designer however has not . 
discretion to place the centre of gravity so that z is nearly equal 
to z*, for there is a sub-critical zone of values of z in which, 
although the round is stable,  it  is" only just so, the equilibrium 
dig-ratio is virtually indeterminate, and the lift developed is 
consequently unpredictable.      This  is the basic reason why excessive 
lift requirements .are found expcriiDentally to load to high dispersion:.. 

Thus for reproducible performance,  z must fall short of some 
lower oritioal values    this point la not easily fixed with precision 
since it is conditioned by 

(a) the fact that the tail mist be prevented by restoring and 
damping forces from reaching the second equilibrium position, 
which is virtually indeterminate; 

(b) the necessity for preventing thu pitch anglu reaching such a 
magnitude that the projoctile make» undesirod contact with 
the cavity at points  intermediate between nose and tail; 

(c) the acceptable degree of dispersion, (see 5.3); 

(d) the desirable initial oscillatory characteristics  (see 5.2). 

Then provided z is made less than the lower critical value, 5 will be 
determinate, and the behaviour predictable.      The actual values of 
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5 and o can be obtained by an inverse process: 
solved as a quadratic in z^ giving 

first (54) is 

**>=*- 
15 z 

I2£- 14 z 
(61) 

(a similar but more general form being obtainable from (59))» then 

Ö is given uniquely by the ö, z^ graph, and o by (48). 

There is, of course, no guarantee that scale effects will not 
intervene if the values of ß and Y are taken from observations on 
model cavities.  A detailed study of oavities both at model and, 
if possible, at full scale is therefore necessary. 

5.2  Oscillatory Behaviour 

The considerations of the preceding section are essentially 
static ones.  But a projectile must attain the equilibrium 
position starting from a state where 6=0 and reach equilibrium 
by a more or less damped oscillation; while this is happening, the 
lift foroes vary, with resultant effects on the trajectory.  It is 
necessary therefore for us to consider the oscillatory behaviour 
of the body.  We assume at the outset that the centre of gravity 
is placed forward of the lower critical position; so that this behaviour 
is determinate» 

These oscillations may conveniently be studied, simultaneously 
with the stability, as a small perturbation of the (retarded) 
equilibrium motion, by putting 

ö - 6 = e (62) 

where e is small;    then 

* •• * ö = e Öse ssf (63) 
L 

Let u denote the corresponding small increment in trajectory 
curvature, so that 

o = o + u 

,1 

(64) 

We will use f', f, f^, f2, to denote the equilibrium values of 
corresponding functions:    since it is supposed that the analysis 
of (5.1) has been performed.for any given case, 5", "a, f, f, etc. 
are known constants. 

For the present V is taken as constant, neglecting the 
retardation:    this will be justified later.      Then the incremental 
forces and moments to which the projectile is subjected,--due to 
the perturbation of the motion, oan be obtained by first-order 
expansions of (27),  (23)  and (46);    they are:- 

- 19 - 
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Velocity component: 

ALT =-2pV-.d3f£ + pV2d2Ff + a f»| 

pVd^e      ., 
1(65) 

Alt'  = 21   ELjt. [f.,- L ä(l-z)fj e+ i| pV2d3[zf - L a(1-»)f • | e) 

Acceleration oonponent : 

15     or u -* 

(66) 

Nöse forces: 

% = ipV2d2 i£ - ^pV^v L z u 

(67) 

Then, for the incremental normal motion, 

•s-pd^u =£L.t.e + 2pVd-5fe + £T*-f (f + Laf • + ^v)e - £pV2d3i/Lzu   (68) 
iT L 

whence 
2 • 9 

L ffb Xr- u = £ f.e + 2Lf I e + (f + Laf + &) 1- e d -   1 d d2 

where for oonvenienoe we have written: 

b a 1. + v Lz 
2cr 

(69) 

(70) 

In practical oases, b « 1» .-...., 

Again the angular velocity = Vowt = Vo+s/L, so that the 
incremental angular acceleration a Vo+e/L and the equation of 
incremental rotation reduces to 

cm2(vu + g)>_ J2_ ^ _.üT(lMB)fj J J + 16 J^zf .jj^^jf,] V2. E    ) 

15«^ *- 1* d2 d 

In forming this equation, we have, as in the previous seotion, 
neglected a small viscous damping term for which there are no 
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quantitative data available. 

The next step is to eliminate u with the aid of (69):    this 
leads to the equation. 

2» 3 
As+<B |e.+ cJ^ + p 2JEC 0 (72) 

where 

A 
n2f< 

^.        Lfi 4£ bf2 
„2 (2f+ Ä) + —- (i6b-bz-i5z) - Jf r? 

L        15ct 15  a * 

2 ' 32bf, 
C = i- (f + kf  + iv) + ^ (I6b-bz-15a) J- 

• L     • ;• .     • 15 15a 

D a (I6b-bz-15z)' £££.''- (1 + •r)zf - iwi 
15.15 

(73) 

Since A is essentially positive, the conditions for dynamic stability- 
are: '    •      • '   " 

BtO,D  > 0 BC - AD > 0 (74) 

It trill be found, by substituting representative values for the 
constants, that 

(i)      B is always positive and large; 

(ii)  :.G is small but positive and increases with z; 

(iii) D is always very small, in prtictical oases.      But we have 
already shown that the position of dynamic equilibrium, if 

... it exists, is statically stable.      Hence, since 

Da-, at1 

pv2a3 

we always have D > 0, provided z < z*. 

(75) 

(iv)    Owing to the small value of D,  (BC - AD)  is always positive: 
it increases with z. 

Now oonsider the auxiliary equation. 

AV3 + B\2 + CX + D = 0 (76) 

Since B is large, while C and D are small, this equation always 
has one large negative root, approximately equal to -E/A.      Hence 
we may divide out the corresponding factor and express  (76)   as 

(AX+ B)  (x2 + 3-=Jßx + £) (77) 

The large negative root corresponds to a rapid subsidence with 
decay time  (to 1/e th disturbance)  equal to Ad/FV.       The quadratic 
factor corresponds to a slcr.7 oscillation or a slow subsidence, 
according as the roots  are complex or real. 
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Before developing this theory further, we consider an 
example.      Take the case of an average Uncle Tom projectile for 
which 

L = 10     n = 3     cr = 25 v = 0.25     z = 0./».2     t = 1.02     Lß=0.36 

6 • 0.20   Ja m O.56   f> = O.47   f • 0.162   f^'s 0.0192   f2 = 0.00151 

Then computation gives: 

A = 3.08      B = 27.5     C = 1.82     D • 0.0431      EC-AD = 50.0 

The stability conditions are all satisfied, and the auxiliary 
equation (77) becomes 

(\ + 8.93)  (\   + O.O66OA + 0.001565) = 0 (78) 

The decay time of the rapid subsidence is 0,11  d/Vj    this is of a 
much lower order than the time taken (first) to attain the 
equilibrium value of ö:    the subsidence is. therefore so rapid that 
it can be ignored from the point of viev of the external ballistics. 
The quadratic factor yields roots  (-O.O33O _+ i 0.0218), corresponding 
to a damped oscillation of period 288 d/V.      During this phase, 
taking typical values V = 800 ft./sec. . 6Q = 50 sec""1, we have 

e = exp (-0.0330 23.)   [2.132 sin(O.C218 %$•) - 0.2 cos" (0.0218 3tt.)J    (79) 

from which it can be shown that the projectile overshoots the _ 
equilibrium position when Vt = 4. 28 d, and oontir-ues with ö > 6 
until it ceases to be of practical importance  (e  n 0.01  say) when 
Vt = 132 d;    the subsequent oscillations are ujgligible.      In 
other oases, the quadratic factor loads tb small negative real 
roots, corresponding to a oombinatijn of subsidences. 

So,  in general, within the limits *.vo have set, the perturbation 
dynamics of the body arc governed by the differential equation 

+ BC__-^DV' + DVlf 

B2      ä        E d2 
(80) 

or 
d2e      BC - AD 1  de      D 1      "' 
—- +       i • — + — ->, e =0 
ag^ gZ - d ds<    B^ 

.   (81) 

where s  is the aroual travel of the centre of   'ravity from its 
position at the instant of tail contact.      In practice it is likely 
that the oooffioient of the middle term will bo greater than here 
indicated, owing to tho viscous damping. 

Two oases now arise,  according to i;he natui-e of the roots  of 
the auxiliary equation corresponding to \80)  and (81)'. 

Oase I.      Real roots -r, -r' 

Here the motion is a combination of subsidences, governed by 

(82) 
rVt. 

v. 1;. • 
; = K exp ( - äp + K> exp.   (- ESS.) 
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where the constants K, K' are given by the initial conditions as 

6 ö-      ,•        ö * K =  (r' - -a-) 
r - r' 6v 

K' 
r - r'    ay <3£-> (83) 

For practical values of o^d/oV, this always gives K, K'  of opposite 
signs, the positive amplitude being associated with the smaller 
root r.     .Hence the motion is always a difference of subsidences; 
of such a type that the projectile overshoots equilibrium at an 
early stage, recovering aperiodioally thereafter:    this behaviour 
we shall; for brevity, describe as ''semi-aperiodic".      In any given 
oase, the duration of the adjustment phase, i.e. the period, during 
\rhich the disturbance is of practical importance, can be deduced 
from (82):    it is always of substantial length.      Over such ranges, 
it ist of course pt'rictly not permissible-to"regard V as constant, 
as we have done.      However, the indirect effect of velocity changes, 
by introducing acceleration components into (69)  and (71)  is a 
second-order complication of which account need not bo taken in the 
present state of underwater ballistics:    the direct effect can easily 
be allowed for by taking the differential equation in the form (81) 
with solution ...... 

e=Kexp (-ffi) +K'  exp (-*£l) 

where 

K = 
Ä öd 

_£_ (r- - -a.) 
- r1 ÖV„ 

K»  = 
ft        öd 

r - r' . 5V, 
(_£L-r') 

(84) 

(85) 

)    (86) 

and V0 is the speed of the centre of gravity at the instant of tail 
contact.      This form avoids explicit mention of the variable 
velocity V,  and, more conveniently, relates the 'disturbance to the 
independent variable s. 

During the adjustment phase, we have 

e =* - 2 TrK exp(- ») + r'K« exp(- El*)] -) 
d L (j- -   d   J ) 

* = ~ [r2K «p(- f) * r• 2K-  exp<~ 2±2.)j I 

crbdu = f£l r2 - 2fr + t+JJkL+J&l K exp(- S)" 
La L -J o. 

+ )"£i r.2 _2fr.  + iLi^iiSJK.  exp(- E±) 

from which all necessary details follow..      For extonplc,  it is 
possible to determine the maximum acceleration.      On acoount of the 
exponential terms,  (86)  indicates maximum value at contact:    this 
does not precisely represent the exact state of affairs, since at 
the instant of contact, deceleration due to tail forces is zero. 
The discrepancy is reconciled by the rapid subsidence which we have 
neglected.      This however quickly decays JO that wo have the 
maximum,  in practice, shortly after contact.       Thun,  apart from a 
very short-term deceleration,  immediately after entry, the maximum 
value of -e ir>  approximately obtained by putting t = 0 in (86)  .is 

- S3 - 
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~n 
A 

o    o (87) 

This is additional to the "equilibrium" deceleration of the centre 
of gravity,- sothat --;•. 

max.  transverse acceleration a V^c + (1-fc) I (r+r')ö.V„ -rr'-£l 

it being understood that this gives a "long-term" value. 

(88) 

Again   A$, the total (incremsntal) ohangeof trajectory angle 
during the adjustment phase, can be obtained by integrating u 
between limits s = o to °°;    wo find, after reduction, 

o-Wty =» 2f3 - -1 •#- + 
f1 aod     f+Läf'+4i> 

•£•> (89) 

This is additional to the change $ on account of the "equilibrium 
trajectory". 

Case II.      Complex roots  (-k .+ ip) 

Here the motion is a sloi.', damped oscillation in accordance 
with 

where 

exp (. ££) ["K sin p I* + K'cos p ^] 

P     6 
K'  = - ö 

or, in the form independent of speed variation 

e = exp (- M) j K sin ES- + K« cos J2S.J 

where 

Also 

P 

Tfö.a 
- k 

-öVn 

K'  = - 6 

(90) 

(91) 

(92) 

(93) 

E  - | exp (- M) ^(pK-kK«) oos £S _ (kK+pK») sin E&7   (Ä) 

After a distance given by 

eot*B&«l(,5al-ic) (95) 

the tail overshoots equilibrium and then recovers in oscillations 
of wavelength 2rol/p:    the damping iirposes a factor exp (-2%k/p) on 
the amplitude, per wavelength.      It is easy to decide in any 
particular case whether the tail will leave the water on the second 
half-period. 

The duration of the adjustment phane also follovs from (92), 
e.g.  in the example above the oscillation is effectively damped out 
before the end of tho first half-period,  i.e.  is virtually semi-aperiodic. 
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During this time, 

„ - r* -szE£ii -L 
L B2     a J °T> ds 

f+Laf'+i-v £l_D 
-   E 

e 
ffbd (96) 

If necessary, this can fco expressed in terms  of s, by ma ans of (92). 
The total incremental change of trajectory angle  (A"#) during the 
adjustment phase can'be'found by integrating u between limits s  = 0 
andoos- 

In the example cited, this gives A$ 
effecti 

3.25  , representing a major 

Also, by a similar argument to that used in (3a*o I, the long- 
term 

max.  transverse acceleration V c + (1-z) [acö0v0 - (k2+p2) äL°]  (98) 

It is of interest to enquire h,ow tiie oscillatory behaviour 
depends on centre* of gravity position.      For this purpose, i/o have 
again taken the class of projectile for which 

L = 10 3      ff = 25      v = 0.25      Lß = 0.36 

and computed the values of the stability coefficient.« over a 
range of values of z.  Fig. 12 shows the resulting values of     r  :i 
damping constant k. = (BC-äDJ/SB^ and •frequency constant p = (p/D-k^)'1. 
Two conclusions emerge : 

(i). The damping constant does not vary greatly with C.G-. position. 

(ii) The frequency constant increases rapidly •:&  the 0.'',,  moves 
forward from the critical value: the •-..•ivolongth diminishes 
correspondingly.  With a very forward centre of gravity 
position, several periods may bu complete! before the oscillation 
is damped out*.  By way of Illustration, Fi:> 13 .".hows the 
oscillations for the case 7.  = 0.35, v/hen p = 0,1083, k = 0.0271, 
and with V0 = 1.,000 ft./sec. and ÖQ = 50  sec.""V  We therefore 
have the explanation of th-3 pronounced opoil'lationr which have 
been noticed experimentally (i<uf.6) in the u.-iao of models 
with forward C.G^'s.  In the example f,ivon, the projectile 
almost loses contact with the cavity wall on the first rebound. 
If the value of ^, be higher, as in ilcf.6,  the tail will 
execute oscillations; in and out of the water.  Such effects 
should be avoided in'underwater weapon design since they 
imply periodicity in thu curvature, and therefore Ions of 
total lift. 

5*3  Trajectories 

Hitherto, the trajectories of long models projected at shallow 
angles (up to 20°) and high speed have been generally assumed to be 
oapable of representation as 

(a) a (nearly) straight portion during which only the nose is 
wetted; and 

(b) a circular .arc commencing at thu pot! it ion of tail contact the 

* The discovery of thi:; effei-.t is due to .-.utterv/orth. 
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curvature remaining constant until the gravitational effect 
predominates.   .   She time of tail contact la given by 
Blackwell..(Plef,3), who also deals with the conditions during 
phase (a)  and gives a first-order treatment of phase (b), 
assuming dynamic equilibrium. 

The analysis given above (5.1  and 5.2), however, shows that 
this simple picture is.net adequate.      The following phases may 
now be distinguished:- 

(a) a nearly straight portion;    with this we have nö concern in 
the present report  (for details see Ref.3). 

(b) an adjustment phase •commencing at the instant of tail contact 
and lasting for a substantial time, during which the-projectile 
settles down to dynamic equilibrium.      Typically, the tail 
overshoots the equilibrium position' and recovers either in a 
slow subsidence or in a slow, damped oscillation.       In the 
latter event the period is related to the distance of the 
centre of gravity forward of its critical position (z* - z) 
so that, if the C.G.   is very forward,  a number of complete 
oscillations will occur, while if the O.G.   is nearer its 
oritioal position, the. oscillation will be damped out on 
the first half-period and the motion is virtually semi- 
aporiodic.      The adjustment phaco connotes rapidly varying 
curvaturej    it must be taken into account in an accurate 
description of trajectories, and in their tactical exploitation. 
The existence of this phase also stultifies experimental 
determinations of average curvature over the early part of the 
trajectory, if the end-point is arbitrary, and no doubt 
accounts in part for the observed scatter (Ref.4). 

(o)       after a time which can be ascertained in any given   case, 
the initial oscillation is damped down to insignificance 
and the projectile continues in dynamic equilibrium. 
During this time,  it is likely that the velocity will have 
fallen so as to render consideration of gravity necessary: 
this is easily done.      Eventually the curvature is reversed. 

The foregoing description of the behaviour- irr, will borne out 
by such experimental evidence a« is ayailablp.      Closq verification 
must await the development of sequence arditron-photography. 

We proceed to considur phaoe  (c)  first.      Equation (US) can 
be written in the form 

bV2 p exP m (99) 

whore 
(3 + Lß)f(3)  + £i>(ö + Lji+LY) 

Ld(cr + A-vLz) (100) 

the curvature corresponding to zero gravity effect.       The second 
term in (99) represents the gravity correction, and shows that 
gravity is, in effect, diluted in the ratio 1/b.      Then by 
integration of (99), the intrinsic equation of the trajectory 
(path of the C.G.)  is 

gh I';.- *.0o3 --t(«p£.1) 
ZtiVr 

(101) 
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where the trajectory angle <f> and arc s arc measured from the 
position of the C.G-. when the tail makes contact.      From this 
equation,  any "dynamic equilibrium" trajectory can he plotted. 
In practice,  it is simpler,  sind sufficiently accurate, to plot 
hy adjusting the circular trajectory for (diluted)  gravity drop 
at each instant, the trajectory always having small inclination 
to the horizontal. 

The increases of curvature c on increasing v or z (with 
consequent increase of 3) can easily be demonstrated fi*om (100): 
these effects are well-known in experiment  (Rcf.4). 

Now consider phase  (b), which we have studied as a 
perturbation of dynamic equilibrium (5.2).      The added curvature 
u is  given by (69),  and total lift coefficient varies proportionally. 
By successive integration, the added trajectory angle A0 and added 
ordinate Ay are found as . . 

C^-fe + QiU + S) £'/' vds      Vo' 

Av=P(R + 3-k)+Q[|-M cg-jg) BC-AD 
BD <« .*]} 

1(102) 

where 

.[ü.a^ifc.j]4.   ,.[*- f+Lof'+5V BO-AD 
L HD J ob (103) 

Hence A0 and Ay oan be evaluated for.any point in the adjustment 
phase and applied as a correction to the equilibrium trajectory. 
This correction is substantial:     after the oscillation has 
disappeared, the trajectory haa been rotated (A?)  and lifted (Ay), 
where 

6. 
o v„ !-:•; 

(104) 

Ay"  =  p(ö  - If.)    +   Q(Ü_  +   Bd  ^O   _   Dg-ffi   0) j 

in which 3 denotes the total travel at this point.       These two 
effects combine to increase the effective path of the projectile. 
The proper exploitation of this phase is therefore iaportant  in the 
design of underwater projectiles. 

By way of illustration, we take up again the numerical 
example considered in (5.2).      For this case, ca = 1/1230 ft.~1; 
and assuming V0 = 800 ft./sec.   and h = 300 ft. , c is as shown in 
Fig, 14;    the fall-off is due to gravity.       Thiii  figure also shows 
the actual curvature  (c + u)  developed during the adjustment phase: 
It attains a maximum value about 2^'times that of c;    the average 
value is also considerably higher.      Due to th:'.ts cause, there is  a 
total rotation of the trajectory A$" - 3.25° during the adjustment 
phase.      Fig. 15 shows two trajectories corresponding to <f> = -12° at 
the origin (position of centre of gravity at the instant of tail 
contact):- 

(a)      the trajectory as it would be if the equilibrium dig-ratio 
vrere maintained throughout; 
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(b)      the actual trajectory* allowing for the adjustment, effects. 

The inadequacy of dynamic, .equilibrium as a complete representation 
of the motion is apparent. 

We have now to consider how oil this beivrs on the design of 
weapons for underwater attack.      Tfke first the considerations in 
so far as they are revealed by the concept of dynamic equilibrium. 
Then the design problem is the provision of adequate equilibrium 
lift, for the.minimum total drag.      To minimise drag with a lift- 
producing head, the obvious and hallowed expedient ia to pHace the 
head on a base of reduced diameter, so that the .routal area of 
the wetted nose is cut. down as much as \ossiu_o, without wetting 
the shoulder of the projectile.      Then, for a.head <-." given shape, 
drag is reduced proportionally to the square of v-he decreased 
diameter.      Itowever, v is red\;eed in similar ratio.      To maintain 
the same lift,  (46)  shows that 3" must be • increased End  the 
projectile travels at increased equilibrium yev/.      Simultaneously 
"5 is increased, so that there is risk of instability:    this  is a 
well-known experimental effect.      The .practical means of securing 
the same lift are:- 

(a) moving back the centre of gravity in at.?r>rr.anoo with (53)» 

(b) seeking a basic head shape fur which V is higher,    from (43)» 
it would seem that sbarp non^s are the mo^t efficient, in 
this respect.- '-••'.   

Thus the forcing of the mini: um drag requirement to extremes 
is bound to lead to the G.G.   entering the 3ub--crit?oal zone.       In 
this condition, as we have seen, "5 is Virtually  -ndeterminate, a 
random element enters, and dispersion is the result«1      Up In a 

, point, this is acceptable:    the decision as to how far we nay 
trespass on the sub-critical zone rests, in any civen case, on a 
statistical calculation of efficiei^ey in ten;Vj cf di-ag.. lift and 
dispersion (see Ref.7);    but 3uch figures may ciier in the 
.transition from model to full scalu. 

The foregoing considerations, strictly,  oj-jly. orJy to phase 
(c).       The analysis of'(5..1)   and (5.2), however,  indicates that 
design should also make the best u?e ci the adjustment phase. 
Assuming given overall lift qualities, the buat type of trajectory 
is one in which the projectile is hold at', lethal depth for the 

•maximum possible distance..      To achieve this, the distribution of 
curvature should be'such that a hlrh level Is naintainod at an 
early stage, to secure rotation'of the trajet IOT tc a nearly 
horizontal path, followed by a moderate valu.   approximately sufficion.. 
just to offset gravity:    this is t'.-e ideal "SciitaLng trajectory". 
The method of achieving this would be' to" indu'-e a "send-aperiodic" 
adjustment phase leading to the ap, ropr late valy.;s .of A"? and Ay. 
Thi3 we have seen is largely a mat'.jr of centra of gravity position: 
for any given shape, the G.G., for semi-aperiodin vibration, is 

; restricted to a quite narrow zone forward of the lower critical 
position (because of rapid increase of p).      Visiere z is restricted 
by structural considerations to low values, or? the order of 0.3 and 
less, the ideal is more difficult to attain:    in suth cases*, the 
ideal trajectory can only be obtained by movinp, the critical positif-n 
forward:    means of achieving this are discussed in (G.i).      For 
favourable oscillatory characteristics, there is an up-^er limit to 
(z* - z):    this can be determined in an;,' given case from a p, k graph 
of the type exemplified in Pig. 12. 

To recapitulate, the forward limit to tue   !enJ.-re of gravity 

. 
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position is set by the necessity of avoiding any appreciable rebound 
above the equilibrium position.      The rearward limit is at the 
point where increasing dispersion commences to outweigh the 
advantage of increased lift.      In practice, the location of these 
points would be deduced from model experiment rather than theory. 
However it should be expected that these limits would altar on 
passing to full scale, since closed cavities do not, in general, 
scale up acoording to the' Froude law.       The theoretical formulae 
might enable the scale effects to be forecast, when the necessary 
cavity data are available. 

5.k     Rotated projectiles 

The underwater behaviour of axially spun projectiles  is a 
problem of growing importance because of its applicability to 
both shell and spinning rockets.      Since, however, experimental 
study of this aspoot of underwater ballistics is still in its 
infancy,  a detailed treatment, such as that given above for 
unrotated projectiles, would be out of place at present.      The 
discussion which follows is intended merely to deal briefly and 
simply with fundamentals.      7/hen some practical data are available, 
it will be desirable to extend this theory further. 

The problem can be treated by the ordinary method of gyro 
dynamics, together with the principles laid down in the earlier 
part of this Note.      Apart from the viscous couple damping the 
rotation, the force system may,  in a first-order treatment, be 
assumed to be the same as that detailed in (5.1)  for a non-rotated 
projectile.       (Some experiments carried out  in the Admiralty 
water-tunnel at Haslar indicated that the shape of the cavity is 
not affected by the spin).       The nose and tail forces combine to 
create a moment  about a transverse axis through the centre of 
gravity:    this results  in precession, so that the tail circulates 
round the cavity wall.      lYe shall consider only steady precession 
(i.e.  no nutation), nor because this type of motion necessarily 
occurs, but because it is physically evident that,  as with a 
nearly vortical top, the possibility of such a mode of motion 
implies stability in the actual oscillation:: which occur, and vice 
versa.       The associated motion of the G.G.   is helical. 

In steady precession, in spite of motion of the cavity 
relative to the centre of gravity, the dig-ratio remains constant 
( = "5, say):    this results in considerable simplification of the 
equation?, of motion.      Likewise a  retains the small constant value 
ö",  and 

La = 6 + Lß (105) 

where L and ß 
(5.1), 

have the same significance as in (5.1).      Then, as in 

L-r = pV2d2 ~ f (Ö) 

%=^pv2d3
fl(ö) 

Ity = J| pvV'fV^ö)  - Lä(l-Z)f(3)] 

(106) 

Also 

N^ = pV2d^(ä + Y) 
(107) 
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where f is a constant, and the small effects on the nose incidence 
due to the curvature and torsion of the trajectory have been 
neglected.      For lift-producing heads, 

V - "k i/Lz (108) 

agreeing with (46):    but (107) also includes no-lift  (and small 
lift) heads for which y is approximately independent of z, and 
usually negative.   .  It is urgently necessary that some practical 
determinations of /<, for such typen of-head, be made. 

by 
Hence the total moment about the centre of gravity is given 

M« DV2d^J (109) 

where 

J   • vG + Y) when a < ß 

- uG + Y) + •!£ ff-l(ö) - Lä(l-a)f(ö)j    when a > ß 
15 

If 4) be the angular velocity about the longitudinal axis-of the 
body, A the moment of inertia   about a transverse axis through 
the C.£., and C the moment of inertia about the longitudinal axis 
of symmetry, then fi, the preoessional angular velocity, is given 
by 

(110) 

Afi2 - CwQ + pV2d3 i = 0 (111) 

For the precession to exist, i.e.  for the roots of this equation . 
to be real, the condition is 

C2fc£ö >4ApV2d3J. 

which reduces to 

or 

o>J|te+r)--2Ä] j 
16 L 4ApV2d3J

; 

I^1-z)f(ö) -f., (6) >ll[fl(7+Y) --SJ^I 
1° L UoV^d-SJ 

(112) 

(113) 

aocording as a £ ß.      If ß is negative, this condition can always be 
satisfied either with the tail, in contact or not.      If u is positive 
(lift-producing heads), we may write the seoonu (and more lax)    . 
condition as 

L*a(l-z)f(6) - f,(ö)   >$\vLz (a + Y) - 
32 

0
2

CJ% "I 

2ApV2d3-' 
(114) 

In this expression, the term involving w is, for practical values of 
the constants, a small one.      Hence the effect of spin, although it 
does assist in the maintenance of stability, is very slight. 
Physically, this corresponds to the fact that the body now finds 
itself in a medium about 800 times as dense as air.      The spin 
effect would be made appreciable if shell could be spun at 20 or 30 
times the prevalent angular rates, but this is not a practical 
possibility.      For rotating rockets, where the spin is usually very 
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low, the stabilising effect is quite negligible. 

Now, for a given value of ft, the left-hand side of (114) 
decreases with increasing z, while the right-hand side increases. 
Thus,  as the centre of gravity is moved backwards,  the inequality 
becomes more difficult to satisfy, until when 

Ll(l-z)f(ö)  - fl(ö)  = g |i-L2(ä + Y) - -^-—T] (115) 
2ApV2d3" 

wo have the limiting case in which procession is only just 
possible:' then (111) has equal roots and 

2A 
(116) 

corresponding to a processional rate much slower than the spin. 
Further, if we nsgloet the very small o;jin term in (115)» we 
recover equation (53), governing the dynamic equilibrium of the 
unrotated projectile: the properties of this relation and the 
existence of a critical value of a have boon discussed in (5.1). 
W9 therefore roach the following general principle:- 

Subject to a slight marginal effect on account of spin, a 
cavitating projectile will bo stable undor rotation, if it is 

stable under the same conditions without rotation, and vice versa. 

For shell, this condition is a very onerous one.  Tho 
comparatively rearward CG. 's necessitated by structural 
considerations can be counteracted in air by provision of spin. 
This is of no avail in water-, whore also", owing to tho short 
length, stability cannot be obtained from the toil forces.  For 

, example, consider a conventional (1.4 c.r. h. ) shell for which 

0.37 Lß = 0.25 LY = 0.08 

Then calculation from (115)» neglecting tho spin term, gives the 
following table: 

z 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7     0.6 0.9 1.0 

lim z 0 0.279 0.325 O.336 0.335 0*341 0.342 0.343 JO. 344 0.345 0.347 

Centre of gravity positions of this order are infract icable in shell 
design.  Hence the impossibility, observed in experiment, of 
stabilising conventional shell shapes under water.  It follows that 
with neither spin nor tail forces available as a source of 
stabilization, types of head must be eniployed which provide a 
restoring moment, or, less stringently, for which n,  if positive, 
docs not greatly increase vith z.  Fortunately, the requirements 
arising from the satisfactory entry of shell into water, at the 
shallow angles demanded, point in the same direction.  Tho condition 
whioh ß must satisfy follows from (112), if the effect of spin be 
discounted, as 

U <       I6  fe(l-z)f(0) - f., (0)1 
15(a+Y) L J (117) 

This implic-3 loss of lift» but, owing to the helical nature of the 
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trajectory, lift is applied in all transverse directions and is 
of no great advantage in any event. 

Thus rotated projectiles fall into two main classes, from 
the point of view of underwater ballistics:- 

(a) 

(b) 

Rocket type: L is high enough to secure stabilization by 
the tail forces.  The stability consider at ions are effectively 
those of the unrotatod projectile, as described in (5.1) and. 
(5.2).  Hore, owing to the precession, the lift is developed 
in part laterally, with consequent loss of efficiency, unless 
the spin bo sufficiently reduced.  Equation (116), interpreted 
roughly as the mean rate of precession, permits an estimate of 
the loss of efficiency in any given case. 

Shell typo: stability is obtained from a flat or nearly 
flat head.  The path is a narrow helix., the axis of which 
has no upward curvature.  The diameter of the head may bo, 
up to a point, reduced, so as to diminish drag and obtain 
the maximum length of efficient underwater trajectory.  If 
H   is negative, the round is then stable oven without tail 
pontact.  If U is positive (but small), stability can bo 
achieved .for the most rearward centre of gravity positions, 
at light draught.  For example, talcing a case for which 

L = 5 Lß = 0.25 

and   0 having such a value that the right-hand side of (109 b) 
is negligible, we obtain: 

6. 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0 

lim z 1.000 0.859 0.738 0.66k. 0.612 O.583 O.558 0.539 O.526 0.513 0.504 

There is, also the class of projectile which receives accidental 
spin, e.g.  smooth-bore models fired experimentally.      There will be a 
very slow rate of procession, which may possibly account for lateral 
deviations,  accompanied by loss of lift,  observed in experiment. 

The treatment we have given hero for the rotated projectile is, 
as. explained above, not intended'to bo'complete.    'In particular, 
no account has boon taken of the lift forces due to rotation (Magnus 
type forces).     -But tho need at the moment 13'for further experimental 
rather than theoretical investigation. 

6   Miscellaneous effects 

6.1      Effect _of tail shape 

The need for obtaining optimum lift  and oscillatory characteristics 
in an underwater projectile raises the question as to whether 
performance can be improved by judicious shaping of the tail.       (By 
this term we refer to the rear of that part of the projectile which 
travels undcr.vator).      Such action might be directed to/ards: 

(a) improvement of the dynamic equilibrium trajectory, i.e. providing 
an increased lift not conveniently attainable by modifying the 
nose shape; 

(b) improvement of the adjustment phase where this would otherwise 
be insufficiently favourable. 
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Tail shaping acts.in two vrays:- 

(a) it alters the value of |3, i.e. the angle of yaw at which 
tail contact is first made; e.g. tapering the tail 
increases ß; 

(b) for a > it,  it provides an increased or diminished moment 
Mj-, according to the shape employed. 

The method given in (2.3) for the unmodified cylinder can 
clearly be applied under the more general circumstances, allowing 
for variable d and a, and taking the value of f (6). as defined in 
(3.1).  For any given shape, the determination of lift and moment 
involves only computational difficulties: (l'aole I gives the 
necessary functions).,  For this reason no detailed examination is 
undertaken here, but we rest content with certain general 
observations. 

Consider first the case where a protuberance is added to "the 
tail of the uniform cylinder, u.g. the inclined circumferential 
flange on the tail of the German 3T. 14-00.  This has the effect of 
(a) reducing ß, so that lift in developed sooner, and (b) increasing 
the lift at any given value of a (because of increased diameter of 
the relevant sections).  Hence in (52) there is an increase of 
tail effect relative to nose effect, and equilibrium will be 
achieved at a smaller value of cT.  This leads to smaller values of 
nose lift and of the balancing tail force, i.e. to an overall loss 
of lift.  Here may possibly be the explanation of the deterioration 
of performance believed to be associated with retention of portions 
of tail assemblies on underwater rockets.  Further, referring to 
(53)» the replacement of (St-Lß)f (3), by some function of greater 
value, means that, for any value of 5", the value of 2Mis increased. 
An increase in the critical value, of a therefore occurs, and hence 
stability is possible for more rearrard O.G. positions: this is, 
fundamentally, why the tail flange was found to stabilize the B.T. 
1400. 

Conversely, if the tail bo reduced by shaping it to a contour 
within that of the uniform cylinder, without altering overall 
length, tail contact i3 delayed, ü" is increased, and a greater total 
lift is developed.  But this is achieved at the expense' of reducing 
z*.  Thus it has been confirmed experimentally that Uncle Tom models 
which are .iust stable with a cylindrical tail beco'nts unstable when 
the tail is tapered slightly.  However, in the case of projectiles 
with a very forward Co. position ^e. 3. the L.A.IJ./ii.P.)» 'this 
risk does not arise, and a very considerable increase in lift should 
be obtainable by tapering, or otherwise reducing the tail.  The 
amount of reduction necessary is slight. 

The above discussion relates to dynamic equilibrium: but we 
have also to consider the effects on the adjustment phase.  The 
oscillatory behaviour is considerably influenced by the consequent 
movemont of critical CG. position.  Thus tail increase, if the 
centre of gravity is unchanged, increases the natural frequency. 
Conversely, tail reduction, if stability is still maintained, tends 
to reduce the natural frequency: this -nay be a groat advantage in 
the case of a projectile with very forward C.G. position, since the 
adjustment oscillation may be converted from the periodic to semi- 
aperiodic type. 

Similar considerations apply to rotated projectiles. For 
very slowly spun rockets, the considerations are practically the 
same as those outlined above for unrotated rounds.  For shell, which, 
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as we have seen, should be designed as no-lift shapes, there is 
no advantage, from the point of view of underwater ballistics,  in 
reducing the tail:    if this is-done- for air-ballistic reasons, 
the effect on underwater performance «ill in fact be unfavourable. 

6.2     Residual problems 

Among the laost impertant of the problems left unresolved by 
the present Note is the effect of the transverse curvature of the 
cavity on the system of tail forces.   •  Since the ratio of cavity 
diameter to projectile diameter in practical oases is of the 
order of 2 or 3» tt is likely that this effect is an appreciable 
one.      Eroliroinary 3tudy of this question has shorn that accurate 
theoretical treatment would require & lengthy analysis out of 
place in the present context.      It is recoumuniod instead that 
the effect be Measured by appropriate experimental investigation. 
This could easily be undert:ikon in a cavitution tunnel, which 
must in any event bo employed to determine experimentally iroro 
accurate values of the virtual mass function f(ö), valid for the 
spray conditions of cavitating notion, to replico those of Table 
I based on towing tank measurements.      Indeed,  it is one of the 
major aims of this Note to urge that a quantitative knowledge of 
underwater behaviour can be attained only through comprehensive 
cavitation tunnel experiment, and that such work must be pursued 
if underwater projectiles are to be confidently designed. 

It is perhaps worth mentioning that the apparent dig-ratio 
in arditron photographs exceeds the true value (!'!>9)  and that, 
in photo-analysis,  allowance should also be rade for the optical1 

distortion caused by the cavity acting as a cylindrical air-lens. 

The longitudinal curvature of the cavity at the position  • 
of tail contact is, in comparison, snail (see Piß.9), and allowance 
for this effect would be merely a refinement. 

Another problem to which we have paid no attention is the" 
effect of the tail-loading on the (non-rigid) iirojectile. This 
has two aspects:- 

(a) flexure of the. body, as a loaded tube, with resultant 
effects on tail incidence, critical 'J.G. position, etc: 

(b) strength requirements in the projectile body. 

Both these matters.are easily.dealt with, since the distribution of 
tail load is now known fror.. (11).      It is understood that the 
first of these is under investigation at G.F.j.{.ü.:    the second 
lies outside the scope of the prescht paper. 

7   Conclusions 

It has been shown that the lift forces arising on a planing 
cylinder, as measured by tewing tank experiment, can be adequately 
accounted for by a theory of the virtual i.iass type, taken together 
with a spray effect.      Ely means of certain theoretical assumptions, 
it is possible to discover the lift distribution over the wetted 
orna, and thus to obtain generalised lift and moment results for 
modes of motion other than planing, and for toil shapes other than 
circular cylinders. 

With the aid of a sirpic representation of nose forces,  it 
has therefore been possible to specify the force system on a lonf, 
cavitating projectile with some completeness.      Deducing fro:.; this 

\ 
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the type of steady motiofa known, as 'Idynamic equilibrium" we have 
been able to discover how the tail, immersion affects the notion, 

"and also to demonstrate the importance of centre of gravity 
position.      The existence of a critical point is established 
theoretically, arid found to agree closely with experimental   . 
values,      it is also shown that there is  a sub-^criticalirzone of   ' 
CG.  positions;   . if. the centre. of gravity enoroaches too olosely 
on this zone, a degree of dispersion results. 

The quantitative as well as the qualitative agrement of the 
results with experiment indicates that the fundamental theoretical 
assumptions are reliable. 

Further, the complete force system enables the dynamic 
characteristics of the projectile to be studied.      It is shown 
that the longitudinal oscillations are governed by a differential 
equation of the second order:    formulae are given which enable 
the effects of the initial oscillation after tail-contact to be 
calculated for every point until it is damped out.      This 
"adjustment phase" has a substantial effect on the trajectory, 
and means are considered whereby it can be exploited to give the 
ideal of high lift in the early stages, and low lift later. 
Briefly, this consists of lessening the distance between centre 
of gravity and the critical point  (by movement of either)  and 
thereby increasing the'half-wave-length of the initial overshoot 
until this oooupies virtually the whole of the damping distance. 

The differential equation also enables maximum tail 
decelerations to be evaluated. 

For rotated projectiles also, it is possible to demonstrate 
the fuhdamsntal properties on the basis of the prescribed tail 
force system.    ' A static condition analogous to dynamic equilibrium 
exists, provided the centre of gravity is forward of a critical 
position:    this oritical position is practically the same as for 
the same projectile unrotatod.      Spin has only a very small 
stabilizing effect, so that stability can be achieved only by 

(a) sufficient length for tail stabilization (rocket type);    or 

(b) nearly flat head for nose stabilization (Eshell type). 

In the first case, the considerations arc virtually the same as 
for ^the unrotated projectile.     -In tho second case, one ia committed 
to a virtually linear underwater path.      The oscillatory (natatory) 
characteristics of rotated projectiles could be investigated..along 
similar lines, but this work is deferred until more»"experimental 
data are available. 

Theory should not proceed too far. without parallel experiment. 
In tho present case, towing-tank measurements have been taken us a 
basis.      The conditions are not strictly comparable, owing to the 
effects of spray and absence of curvature in the water surface; 
they were used because they were the only experimental data extant. 
An effort has been made to eliminate or reduce the spray effect, and 
the agrement obtained on lifts and oritical O.G. positions with those 
found experimentally in tho G.F.K.S.  tanks, indicates that this may 
have been done successfully.      Nevertheless, it ia urgently necessary 
that investigation be made in the more nearly comparable conditions 
prevailing in a cavitation tunnel.      Such oxperimant should be 
directed in the first instance to amacssing comprehensive data on 
(separate) nose and tail forces and momenta, for a range of geometrical 
nhapos.      Tho effect of transverse cavity curvature should bo covered 
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incidentally.      Secondly a firm experimental basis should be 
provided for the study of oscillatory characteristics by investiga- 
tion of the moment-rotary derivatives associated with pitohing. 
If possible, provision should b-e made for similar study of the 
complete force system on rotated projectiles.      Research into 
cavity forms, both theoretical and experimental, should proceed 
at the same time.      Finally, the role of tank firings \vould be .to 
confirm the completely specified force system, and to.decide the 
effects of underwater "deceleration not conveniently reproducible 
in the oavitation tunnel. 

It is anticipated that such experiment would confirm the 
fundamental formulae employed in the present paper, but with 
rather different values for the virtual mass and associated 
functions from those in Table I.      With these more rolinble values, 
it would be worth while to make the various extensions of the 
theory which have been indicated above. 

The implications of the present paper for design arc not 
easily summed up in a few words.      It is not possible to provide 
the designer of an underwater projectile with precise requirements, 
or with comprehensive and codified data.      The optimum placing of 
the centre of gravity, especially, involves fine considerations, 
and is therefore vulnerable to scale offccts.      Nevertheless, a 
few generalisations may safely bo made which will supplement tho 
designer's background of undorwatcr ballistics, and perhaps 
rotionalize the apparently arbitrary demands sometimes mode upon 
him:- 

(a) Unrotated projectiles:      the total lift, for a given shape 
and weight,  increases with backward movement of tho CG., 
until, at a certain point, instability results.      Below this 
critical point is a small sub-critical zone in which the 
projectile attains nearly neutral stability, resulting in 
dispersion.      The conception which has been used hitherto, 
of a projectile riding at nearly, constant yaw and in a path 
of constant curvature, is not adequate:    there is an 
"adjustment phase" resulting from the initial oscillation, 
lasting for a substantial fraction of tho effective underwater 
path, and having an important influence on the efficiency of 
the trajectory:    the character of this phase depends on the 
distance of the centre of gravity forward of the critical 
point.      The phase should be exploited, by suitable design, 
in order to give a "skimming trajectory". 

(b) Slowly rotated projectile's:      tho.stabilizing effect of spin, 
below water, is negligible.      Hence the stability criteria 
are the same as for nnrotated projectiles.    . The spin, however, 
results in precession around tho oavity wall, and unless this 
is sufficiently reduced, the effect of lift will be nullified 
or reduced. 

(c) Shell: the stabilizing effect of spin is again very small, 
and since the contre of gravity position and length/diameter 
ratio are normally such as to render tail stabilization 

• impossible, a flat or nearly flat head must be employed. 
Precession is so rapid that any lift developed would be 
nullified in any event. 

(d) Tail-shapinp:      this artifice would have a material effect on 
underwater performance.      In g"enoral, increase of the tail 
section results in loss of lift, but increased stability. 
Conversely, reduction of tho tail section results in increased 
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lift, but the stability is conpromised:    it also has the 
effect of increasing the wavelength of the initial oscillation* 
Tail-tapering nay therefore be recommended for projectiles 
with very forward C.G. positions, which otherwise are liable 
to suffer from insufficient lift and too rapid oscillation in 
the adjustment phase. 

(e)      Tail-bonding:      formulae are given v/hich enable the flexure 
of the tail to be calculat -<i,   uirt .-ilso provide tko basii: for 
utandro-d calculation.1: oi' muxinm-i atresn  v-nd bendinfi lnoinsnt. 
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Table I 

Virtual mass and associated functions. 

X f'to f(x) *iW f2(x) *y*) f4W f5W f6W Vf 

0 1*232 0 0 0 0 0 0 0 0 

0.1 0.792 0.105 0.0056 0*0003 0 0 0 0 0.053 

0*2 0*464 0.162 0..0192 0.0015 0.0001 0 0 0 0.118 

0.3 0.370 0.203 0.0375 0.0043 0.0004 0 0 0 0.185 

0.4 0.332 0.236 0.0595 0.0091 0.0010 0.0001 0 0 0.252 

0.5 0.310 0.271 0.0848 0.0162 0.0023 0.0003 0 0 0.313 

0.6 0.295 0.301 0.1134 0.0260 0.0044 0.0006 0.0001 0 0.376 

0.7 0.288 0.330 0.1449 0.0390 0.0076 0.0012 0.0002 0 0.438 

0.8 0.288 0.358 0.1793 0.0551 0.0123 0.0022 0.0003 0 0.499 

0.9 0.288 O.386 0.2165 0.0748 0.0188 0.0037 0.0006 0.0001 0.560 

1.0 0.288 0.413 0.2565 0.0984 0.0275 0.0060 0.0011 0.0002 0.620 

These functions are defined in (2.3) and (3*1).      The values are 
based on towing tank measurements;    ultimately more reliable values should 
be obtainable from oavitation tunnel experiment. 

The follov/ing general results assist in computation when functions 
are expanded in series of powers of the horizontal distance x from the 
trailing edge. 

öd oota n+1 f'(6 - i tana)xn dx = in (d cot«) +1 f (ö) d ^ n 

öd cota 
f(ö - - tana)xn dx    = |_n (d cota)n+1 fn+1 (6) 
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Table II 
• ••  •   . 

List of Symbols. 

Virtual mass theory: 

d (horizontal) diameter of cylinder. 

,       M . mass of cylinder (or mass p>er unit length). 

p density of water. •  • 

t ' time, measured from first contact; 

T downward velocity of cylinder. 

v0 value of v at tail contact. 

m added mass (per unit length of oylinder). 

z submergence/diameter. 

I lift force (per unit length of cylinder). 

f'l f, t%'% f2> f3f f^.» fc, fß,    virtual mass functions (see Table I). 

g gravitational acceleration. 
» 

L length/diameter ratio (measured from nose C.P.). 

o- speoific gravity coefficient •(= *-»-). 
Pd3 

U downward velocity of trailing edge. 

V forward velocity of trailing edge. 

0 angular velocity of cylinder, in pitching plane. 

a angle of tail-incidence  (radians). 

o dig-ratio (trailing-odge submergence/diameter). 

LT tail lift force (normal-to direction of motion). 

Dtp tail drag force (direction of motion reversed). 

Itp tail moment about trailing edge. 

Mj, tail moment about centre of gravity. 

- 

Unrotated projectile: 

ß value of a at which tail contact is first made. 

Y inclination of cavity surface to axis of cavity. 

i angle of incidence at the  nose. 

v oonstant of proportionality for the nose lift. 

LJJ nose lift force (normal to  axis of projectile). 

Mj^ nose moment about the centre of gravity. 

M1 total pitching moment about the centre of gravity. 

z centre of gravity ratio (measured from nose C.P.). 

sM a first approximation to z. 
(cont.) 
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o 

.6, 

z* 

z* 00 

h 

n 

s 

x 

y 

upward curvature of the trajectory, 

c      equilibrium values of Ö,  a, a respectively. 

oritical centre of gravity ratio. 

a first approximation to z*. 

trave.l parameter in retarded motion. 

transverse radius of gyration about CO./diameter. 

aroual travel of C.G. 
measured from position 
of C.G.  at tail-oontaot. 

forward travel of C.G. 

upward travel of C.G. 

V forward speed when s = 0« 

O       .   value' of ö when s • • 0. 

G gravity correction, (see 49). 

H, H', retardation oorreotions (see 60). 

o0   .     ourvature in the. absence, of gravity drop.    .: 

e perturbation increment to ö. 

u perturbation increment to 5". 

b 1 +JSLÄ.-.. 

<f> trajectory angle (in dynamic equilibrium). 

A0 perturbation increment to 0. 

"B, A?, Ay     values of s, btj>, Aj' ofi attainmoht of equilibrium. 

A, B, C, D     stability coefficients.      ' 

.X- auxiliary stability variabler,.   ••.'•'••••-• 

k damping constant. 

p frequency constant. 

Rotated projectile! i.i:   : > 

U constant of proportionality for nose lift, 

u angular velooity of projectile about longitudinal axis. 

0 .procossional rate. 

.A;   •  •   moment of inertia about transverse axis through the C.G. 

C moment of inertia about longitudinal axis of symmetry. 

The above arc assumed to be expressed in any self-consistent 
system of units. Cases where the notation overlaps will bo clear 
from the context.      Symbols used only transitorily have been omitted. 

- 41-- 
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FIGS. 1,2,3. 

FIG. I   IMMERSION OF A GENERAL CYLINDER. 

FIG.2 IMMERSION OF 
AN ELLIPTIC CYLINDER. 
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FIG.3   THE PLANING CYLINDER. 
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FIG. 4. 
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FIG .IQ. DYNAMIC EQUILIBRIUM: TWO EXAMP*S 
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FIG.II.    DENSITY CORRECTION. 
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FIGS. 12,13. 
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