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The Tail Foree System on Cavitating Projectiles

S/L_dr. Mo Simmons, MeSce, PheD.

ReAsE. Ref: Arm.S.1345/N5/127.

R.
SUNMMARY

Hitherto the complioated problems of the underwater ballistics
of long cavitating projectiles have been met only by a conception of
steady state motion known as "dynamic equilibrium", asssociated with
trajectories of constant curveture, Yet expcriment shows that,
except as a first approximation, this simple represcentation is not
suffiocicnt. :

The present lNote deals with the non-steady motions which
aotually occur in practice, and the associated variations in 1ift.
In these phenomena, a predominant role is played by the tail forces,
-and the £irst requirement is to put these on a quantitative basis,
A theoretical method is given which shows how these forces can be
accounted for by a "virtual mass" theery, and good agreement is
cbtained with experimental towing=-tank resulte for the steady planing
condition, The theory is readily extendable to morc general modes
of motion, and the Note demonstrates how it accounts for both
stabilising and damping foreces,

The development proceeds to the general motion of a cavitating
projectile, and it is showm that dynamic equilibrium is achieved
only through an "adjustmont phase", during the darping-out of the
initial nscillation: this phase has a substantial effect on the
trajectory. The criteria for stability are also discussed in detail,
and it is shown that olose agreement is obtained with experiment
for suoh cases as have been investigated practically, The. theory
also provides the explanation of various effccts which have been
found to occur in cxperiment. Preliminary consideration is given
to rotated projectiles.

The report provides a basis for future design of underwater
projectiles, and for the interpretation of model experiment. In
particular it is shown that the adjustment phase can be exploited to
give a "skimming trajectory", and proposals are made for tail shaping
in suitable cases. FPinally it is urged that the body of basic data
on nose and tail forces be increased by cavitation tumnnel experiment.
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1 Introduction

Knowledge of the tail forcus on a planing cylinder ic essentisal
to two main aspcets of the underwater ballistics of cavitating
projectiles, rFirst, since such forces provide the bulk of the 1lift,
there is the elfeet on thue curvature of trajecctorics. Secondly,
since such forces arc a poucrful sourcc of stabilizatien, there are
the ¢ffeets on dynamic characteristics and on disporsion. The
naturc and distribution of the tail load arv also of importancc to
design, in eomnexion with the internal stressing.

Bxperimental investigation (Ref.1) has provided towing-tank
measuremcnts of lift., drag and pitching moment over a range of
draughts and incidencc. . The prescnt study links these results by
a theorvticsl basis and deduces the forces for other modes of
motion (viz., vertical entry and rotation). This in turn enables
treatment of the problems mentioned above, and the dircetion of
design tovards optimum performance. Throughout, the appliocation
mainly borne in mind is that to long projectiles which make a
shallcw entry into water, .and travel submerged, at small angles of
tail-incidence (up to 100).

Before proceeding to this, it iz nccessary to oonsidcr how the
tail 1ift forece arises, Bearing in mind that the phenomena
concerned take place in the tempo of impact on water, we seck the
origin of lift partly in a virtual mass effvot and partly in the
spray formations which as noted in Rcf.1 are of oconsiderable
importance. Other forces such as buoyarcy and surface tension are
negligible,

2 YVirtual mass effect

21 Gemeral considerations

The conception of "wvirtual" or "added" moss arices ir classicel
hydrodynamics in connexion with the motions of completely immersed
bodies, It has been extonded by a number of writers (sce Rofe?2)
to symmetrical bodies msking a vertical entry into water. The form
usually assumcd for the added mess is the guartity of water contained
within an imaginary hemisphere (or somi-cylinder) on the wetted
perimeter as basec, The variable lift obtained from the imparting
of downward momcntum to this virtual mass is found to accord well
with experimental messurements (Ref.?).

As a starting point for the present investigation, where the
relative vertical speeds are of thu same order as in irpact, the
conception of virtuel mass is made usze of, subjeet to the proviso
that it shall not be regerded as a given guantity, but will be
determined from the experimental results.

Consider o horizontal cylindcr, of nny cross—section symmetrical
about a vcrtical plane (Fige1), and of' maximum width d, which has
entered the water with initial spred vy and is prescntly rubmerged
to depth zd with remaining downward velocity v. Then if m be the
added mass per unit length of the cylinder and 4 the lift per unit
length derived from the schange of momentum of the added mass,

R d ve dm dv
Lo o) = e s e . 1)
dt( ) 4 dz - At : (1)

The added volwme is a single-valued function of the submergency,
so that

AL T YA wiee g s

[T TR




SECRET
Toche Note Noe Arme 3.

maximm for a small value of z, falling away rapidly as z approachers
0050

2e3  Planink of a circular cylinder

Consider now = circular cylinder of liameter d planing at
constant draught, at constant speed V and angle of incidence a,
We define '

draught
diameter

=90 (9)

iig_-rat io =

The vertical sectinns are ellipses of the type described in the
previous section, = At any particular point in the path of the
cylinder, the history of the motion is the entry of an elliptic
section at speed Vtana dewn to a depth®d. It is proposed to
apply (6), with the assumption that there is no interference
between the flowr in successive transverse sections, or, more
strictly, that there is no such interfercnce whick cannot be allowed
for by adjustrent of the function f(z). This assumption is made
for simplicity in the analysis and ite final Justification lies in
the fact that tho form of f(z) will be determined from resulis of
experiments on planing conditions.

. Take the origin as the point im the surface vertically above
the lowest point of the oylinddr (#ig.3).  For the scction
distant x forward of O, the submergencc is dd = x tan a, s0 that

z=6—-§tanm ' (10)

- Lvery section betwecn the origin and the separation point A

(x = &1 cot a) iz subject to 1ift. The 1ift on sections for which
x is ncgative oan easily be verified to be negligible in comparison,
Then

, 2
¢ = o(V tan @) du £1(6 = % tan a) . (1)

and the total tail lift

’ - ddcota _
Lp = oV2 tanx d. | I - :;'t' tan «)dx
)
i.e. .
Ly = oV2d2 tam £(5) : . (12)

Also the total moment’ (positive in the sense of' increasing «)

i

o o odeote
Np = oV tan“e 4. £1(5 = £ tun a)x dx
"Jo a

je€e .
Ny = ov2a3 £,(0) (13)

where

ln
—~

13
S

3]

-/'a £(z) dz (14)
o >
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it must be borne in mind that such part of the spray effect, if
any, as is expressible in the form tanaf(d), i.e. is equivalent
to an sddition to the virtusl mass, is included in the first term.

Lift caloulated from (15) is shown, for typical values of &
in Fig.5,and the experimental values comparcd. It will be seen
that agreement is very close for angles of incidence up to 10°;
there is an indication of agreement at 12°, exocept that the
discontinuity between & = 0,1 and 0.4, which is due presumably to
some inoidental effect, is not revealeds Over the range o = O to :
10°, the present analysis may be applied with confidence; this .
covers amply the rejuirements for long underwater projcctiles.

i e I i B

32 Examination of moment

Formala (13) for the moment about 0, together with the values
of £4 given in Table I, enables the virtual mass moment to be
calculated, It is still necessary to make allowance for the spray
terms In order to do this, valucs of tail moment were computed
from the experimental results of Ref.1, excluding the small
contributions arising from the drag. irom thesc were subtracted
values oalculated from (13) and it was found that the oxcess was
olosely accounted for by addition of a term 0.,01605%odeca to
f1(¢5); this represents the effeot of spray on moment, so that
now )

My = v2a3 [f1 (8) + 0.01608%0neoq] (17)

£4(6) + 0.01606%o0sec a
centre of pressure distance = 5 «.d (18)
tanaf(8)+ 0,002286%coseca

The moment coefficient va/épvzd—‘ has been graphed in Pig.6:
the experimental velues (minus drag contributions) are shown compared
with ourves computed from (17)s . It is seen that the agreement is as
olose as thie experimental scatter permits. Thie simall discrepancies
remaining are of little importance for our projectile applications,
since moments are gencrally required about centre of gravity positions
distant from the teil, and the term My is small comparcd with the
contribution from Ly.  The centrc of pressure distance shows the
same gencral tendenoicvs as the experimental values of Ref.1. Close
agrecement is not to be expected herv, owing to the critical dépendence

- on measured values. (The figure 1,45 for the C,P. ratio, when

a= 3% and 6= 0.225 given in Ref.{1 is a computational crror).

e > enspienees orlliie o it Sl

343 General picture of the force system

We have now obtainud a detaileds picture of the system of 1ift
foreces on a »laning eylinder. The bulk of the force can te
accounted for hy the virtual mass cetffect. The associuted valoeity
component of liit Aistribution is

£ o= pvz \ta.n‘r’za d. Lt (b - é_(- troa) (19)

leading to total tail 1lift

Ly = pVA27 tans £{0) (20)

and total moment asbout the trailing cipe
. 2:3% N .
p = pV<a- £,(6) (21)
-7 -
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1 Introduction

Knowledge of the tail forces on e planing cylinder is esscntial
to two main aspccts of the underwater ballistics of cavitating
projectiles, First, since such forces provide the bulk of the 1ift,
there is the cffect on the curvaturc of trajcctories. Seeondly,
since such forces are a poucrful sourcc of stabilization, there are
the effuets on dymamic characteristics and on dispursion. The
nature and distribution of the tail load arc¢ also of importancec to
design, in conncxion with the internal stressing,

Bxporimental investigation (Ref.q1) has provided towing-tank
measurements of 1ift, drag and pitching moment over a range of
draughts and incidcnce, . Thc prescnt study links these results by
a theorctical basis and deduces the forces for other modes of
motion (viz. vertical entry and rotation). This in turn cnables
treatment of the problcems mentioned above, and the dircotion of
design towards optimum pcrformances Throughout, the application
mainly borne in mind is that to long projectiles which make a
shallew entry into water, .and travel submergod, at small angles of
tail~incidencc (up to 109},

Beforc proceeding to this, it is necessary to consider how the
tail 1if't force arises, Bearing in mind that the phenomena
concerned takc place in the tempo of impact on water, wo scck the
origin of 1lift partly in a virtual mass effeet and partly in the
spray formations which as noted in Ref.? are of oonsiderablc
importance. Other forces such as buoyancy and surfacc tension are
negligible,

2 Virtual mass effect

241 Genoral comsiderations

The conception of "virtual" cr "added" masz arises ir classiocal
hydrodynamics in connexion with the motions of completely immersed
bodies, It has been extended bty a number of writers (sce Ref.:)
to symmetricsl bodies making a vertical cntry into water. The form
usually assumcd for the added mens is the quantity of viater contained
within an imaginary hemisphero (or semi-oylinder) on the wetted
perimeter as base.  The variablc 1if't obtained from the imparting
of downward momcnbtum to this virtual masz is found to accord well
with experimental measurements (Ref.?).

As a starting point for the present investigation, where the
relative vertical spceds are of the same order an in irpact, the
conception of virtual mess is madc uzec of, aubject to the proviso
that it shull not be regarded zs a given gquantity, but will be
determined from the experimental results.

Consider o horizontal cylindur, of any cross-ssction symmetrical
about a vortical plane (Fig.1), and oif maximum wildth d, which has
entered the water with initisl spoed v and is prescntly cubmerged
to depth zd with remaining downward velocity v. Then if m be the
added mass per unit length of the oylinder and 4 the 1ift per unit
length derived from the change of momentunm of the added maxs,

.oa ©Am
i = =-(uv) = v.im L : n
at 4 dz - At ’

The added volums is a single-valued function of the submergence,
so that '

s e Dl s,
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m = pa? £(z) ' ; (2)

where p is the density of water, and £(z) is a function to be
determined. ’

Then ;
¢ = pva. £1(z) + pd® %‘f £(=) .. (3)

so that the lift consists of two partes:-

(1) dependent on the instantaneous value of v; this will be
referred to as the velocity component:

(2) dependent on the instantaneous value of %.‘ti ; this will be

referred to as tho acceleration component.

For the case in which the cylinder is falling freely under
its own weight, we have the additional ejuation

av _ -
MIE =g -4 ' _ (%)

whers M is the mass of the oylinder per unit length: then
pv2 d.f! +'pd2g,f

g 7 (5)
pd“t
1+ =
K
Again for the case of contrained entry at conztant speed,
¢ = pv2a.£(z) (6)

The form of f(z) depends on the shape of the cylinder.

2,2 Immersion of an elliptic cylinder

A necessary preliminary to the discussion of planing cylinders
is the case of entry of an elliptic eylinder of minor axis d
(horizontal:) and major axis d secx (Fig.2), constrained to cnter
at speed v. Then (6) applies, with the appropriate form of f£'(z).

The usual assumption of added mass (semi-oylinder) gives

£(a) = 73: cosa (z - z2cos ) (7

so that on first contect (z = 0),

£ = ZEEP- v4d. cosa (8)

Since this implies infinite prossure, it is, strictly, impossible,
unless in faot the flow is spread by spray over a firitec area.

: The form of £'(z) to be anticipated from experimental work on
impect of spheres (Ref.2) is a function which attains a pronounced

-k =

L B e o A e b R . s I b b i G s i A 1 it A
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maximum for a small value of z, falling away rapidly as z approaches
0-5-

2;3 Planing of a ciroular cylinder

Consider now a circular cylinder of diameter 4 planing at
oonstant draught, at constant speed V and angle of incidence a.
We define '

dig-ratio = M =9 (9)

o diameter

The vertical sectinns are ellipscs of the type desoribed in the
previous rection. At any particuler point in the path of the
+ oylinder, the history of the motion is the entry of an elliptie
seotion at spced Vtanax down to a depth &d. It is proposed to
apply (6), with the assumption that there is no interference
between the flowr in successive transverse sections, or, more
strictly, that there is no such interfercnce which cannot be allowed
for by adjustrent of the function f(z). Thiz assumption is made
for simplicity in the analysis and its final Jjustification lies in
the fact that the form of f£(z) will be determined from results of
experiments on planing conditions,

Take the origin as the point im the surface vertically above

‘the lowest point of the eylinder (Fige3). or the scction
distant x forward of O, the submergencu is 6d - x tan a, so that

z=6--§-tmm ' (10)

- Every section Letwecn the oarigin and the separation point A

(x = 04 cot «) is subject to lift, The lift on neotions for which
x is negative can easily be verificd to be nepligible in comparison.
Then

¢ = o(V tan ct)2 de £1(0 = -i—i- tan o) . (1)

and the total tail 1lif't

’ . bdcota .
L = 0V2 tana d. | £1(0 - £ tan «)ax
0

o+
i.e.

Lp = 0V2a2 tam £(9) : . (12)

Also the total moment (positive in the sense of increasing «)
Odootu

Mp = V2t ana d.f £1(6 - .E tan «)x dx
Jo .

i.e.
Ny = oVaa3 1, (0) - (13)

where

£ (2) = f: £(z) dz (1)

Rl R SN e A 1o 5 " ARt TR
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Ve take the opportunity of defining, in general, for later
use, - . . .

£, (z) =‘];z foq (2) az (n =1,2,3,00000) (15)

| With the aid of formulae (12) and (13) we cen now turn to
the experimental results for 1lift and moment on planing cylinders
and proceed to determine the function f.

3 Determination of virtual mass from experimental results

3.1 Examination of 1ift

. : .
Experimental values of 1ift on planing cylinders sre available,
from work done in the R.A.E. towing tank _(Rcf.1). The following
tabulated values of Lqg/pV2d2 are taken from Fige9 of that.report:

6 0.1 0,2 0.3 0.l 0s5 0.6 0.7 0.8

a = 3° | 0.0049% 0.0091*

[0.0139% 0,0185 | 0,0248 | 0,0311] 0.0381 | 0. 0458
a = 6° 0.,0120 10,0192 | 0, 0240 | 0, 0282 { 0,0337] 0.0390( 0,0450 | 0,0513

@ = 40°| 0,0209 | 0,0308 | 0.0373 | 0. 442 | 0,050} 0.,0573| 0.06L3 | 0.0709

These figures do not show the simple proportionality to tana indiocated
“by (12): 1lifts for small angles of incidcnce are relatively too high.
* The cause for this must be sought in the fact that so far no explieit

allowance has been made for the forward blister which accompanies the

motion (Rof.41)s The effeet of this spray is uncertain and not
amenable to analysis, but it is likely to increcase with wetted

length. Trial and error shows indeed that the discrepancy is

accounted for by the term 0.0022 62 cosec @,  On subtracting this

from the above figures and dividing by tan a, the following results
are obtained:

6 0. 1 0.2 0.3 Oudy 0e5 0.6 0.7 0.8

a = 3% | 0,086 0,141] 0,993 | 0,225 | 0,273 | 0,305 | 0. 334 | 0,363
a = 6° | 0,112 0,174 | 0,210 | 0,236 | 0,270 | 0.259| 0,331 | 0. 356

@ = 40°] 0,118 0,172 | 0.205 | 0,238 | 0,270 { 0,298 | 0,329 | 0, 355

B R T U D

dican 0.105{ 0.1 62| 0,203 | 0,233 0,271 | 04301 | 04331 | C. 358

Agreement is now quite good, and we adopt these mean values, after
slight smoothing, to define the function f. This is graphed with
its derivate in Fig.4: its values over the range O = 0 to 1 are
shovmn in Table I, which also gives the values of the functions fy, .
f, ete,, as found by numerical integration.

With £ and £' so defined, the formula for lif't becomes
Ly = pv2a2 [?annf(b) . c.oozzézooscca"] : ~(16)

The scoond term will be referred to as the spray oomponent, though

.- o i b e a2 o

*  Interpolated valucs.

- mwrrm . o i -
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it must be borne in mind that such part of the spray effect, if
any, as is expressible in the form tanaf(0), i.e. is equivalent
to an addition to the virtuel mass, is included in the first term

Lift caloulsted from (16) is ‘shown, for typical values of «
in Fig.5,and the experimentel velues compared. It will be seen
that agreement is very close for angles of incidence up to 10°;
there is an indication of agreement at 12°, except that the
disoontinuity between &= 0.1 and 0.4, which is due presumably to
some incidental erfect, is not revealed., Over the range a = O to
109, the present analysis may be applied with confidence; this
covers amply the requirements for long underwater projectiles.

32 Examination of moment

Formula (13) for the moment sbout O, together with the values
of £, given in Table I, enables the virtusl mass moment to be
calculated, It is still necessary to make allowance for the spray

. terms In order to do this, values of tall moment wore computed
from the experimental rosults of Ref.1, excluding the small
contributions arising from the drag, IFrom thesc were subtracted
velues calculated from (13) and it was found that the excess was

$ closely accounted for by saddition of a term 0.01608%0deca to
£y (8); this represents the effect of spray on moment, so that
now

My = pvéal [f1 () + 0.016062cosec<;_]' : (17)

. £4(0) + 0.01606%c0sec a
| centre of pressure distance = 5 .d (18)
tanaf(8)+ 0.00220“coseca

' The moment coefficient MT/%pvzdj has been graphed in Fig.6:

the experimentel velues (minus drag contributions) are shown compared
with ourves computed from (17)s . It is scen that the agreement is as
i . olose as the experimental scatter permits. The small diserepancies

i remaining are of little importance for our projectile applications,
since moments are generally required about centre of gravity positions
distant from the tail, and thc term Mp is small compared with the

- contribution from L,. The centrc of pressure distance shows the
l samo gencrel tendencies as the éxperimental values of Ref.1. Close
agreement is not to be expected here, owing to the oritioel dépendence
¢ on moasured values. . (The figure 1.45 for the C.P. ratio, when
C a= 3% and 6 = 0,225 given in Ref.1 is a computational error).
L
i 3.3 General picture of the force system
i We have now obtained a detailedepicture of the system of 1lift
forees on a planing eylindcr. The bulk of the foree can be
accounted for by the virtual mass effecte The associated velocity
component of 1ift distribution is
¢ = pV? tan%e d.f' (6 -(21‘- tana) (19)
T leading to total tail 1ift
f
g Lo = pV232 tana £(5) (20)

and total moment about the trailing edge

Ny = pv2ad £, () (21)
o 7 e
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There is also a spray effect which, accosd%ng to our a.pproyimat(.
analysis, results in the add:.tion of a term pvéas (0,00226%a0scc a)
to the total 1ift and pv2a3(0.01605°cosco o) to the ‘total moment.
We have no information on th¢ distribution of this effect, but it
will sppear that this is unnccessary for projectile a.ppl:.ca.tions.
It must be emphasised that the spray correcotions quoted arc most
probably not correct even in mathematical form, but- are merely
roughly fitted to the experimental data in order to obtain some
quantitative measurc of the e¢ffect.  Thoy do indicatt that tho
relative magnitudes of 1ift and moment oorrcctions arc such that
there must be both positive and negative spray 1lif't over the.
wettod area. X

Now the spray pattern is subject to a severc scale effect.
It is shown in Ref.41 that at a certain critical speed the forward
blister breaks away completely. Certainly in the applications
which aro the concern 6f the present Note, such extensive spray is
not observed. The circumstance of rcduced pressure in the cavity
‘essists the break-away process in two ways: first, dircetly, by
bringing the entire spray ncaror to the cavitation point; scoondly,
sincc the froe streamlines aro isotachs of a speced slightly in
exoess of the relative speed of the body. to the water, the spray
is moving faster, and therc is a larger radial pressure drop on
aoccount of the increased centrifugal force; but this is a small
cffect.s Hence it is very probable that, for the applications in
mind, the forward tlister which proved so troublesome in the towing
tank experiments is absent. In what follows, the spray term is
therefore neglected., This does not however entirely disposc of
the matter, since as noted above, it iz possible that the blister
may act, in part, to incrcase the virtual mass term. If this
should be so, we have no means here to disentangle the, true virtual
mass component from the added torm vhich, although valid in the
towing tank, would be irrelcvant to cavitating projectiles. The
best way to obtain unauestionable values for the virtual mass
function is by oavitation tumnel experiment, but this is not yet
possible,  Our present procedure, though not as infallible as oould
- be wished, is the only possible one in the circumstances. The
close a,greemnt with experimental results for cavitating pro.jeot:.'l.e
“whioh appears later (sece 5.1) indioates that our procedure is more
reliaolo than might bc oxpected.

Turther experiment would be m,cessary to scttlc whether £(6)
changes appreciably with much. inereascd speed: the suggestion of
Refe1 to this effect is strongly cndorseds. Mearwhile we can only
assume that £{3) does not change appreciably (as theory indicates),
and the further-analysis nrocoeds: on this basis

Wo are now in a position to consider the accceleration component
of 1ift, where the speed of the proaect:lo is not constant. With
the aid of (3), this scen toebe

4. p%% tand e (6 - £ tana) (22)

The corresponding total 1ift and moment are easily found:-

Ly

av I
P ¥ (0)
3)

RN T
—
L]

av
My = oS a¥cota £,(0)

It is not part of the present objecet to study the drag forces

A
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For projectile applications, o is small enough for fuese
formilae to be s:.mplif:.ed as fo;.lows.

Velocity component:-

4 = o0 + Va)? (6 - Ea) %
o g2
Ly = p(U + Va)© 5~ £(5) !
' ) (27)
Vo = p(U + Va)2 £, (8) ik ;
0) )
. 5 ( a .
C.P. d.J.stancc'.. T (o) @ ;
Acceleration component:
= 530 . 2 1
&—p(dt+dta)d.f(6 doz) )
AU L ay o\ &
Lp = elGE* It a) T f4 (0)
y I ) (28)
= oG F OGO
r, (8)
2 4
C.P. distance = f1 O o

The function 1y (6)/ £(6) is given in Table I.

Substitution of representative values for projectiles shows
that in general the acceleration effects are small compared with the
velocity cffeets.

4.2 General symmstrical motion

Suppose now that in additdion to the translatory velocities U,
V, of the trailing edge, the body has angular velocity 1 in the
pitching plane (measured positively in the sense of increasing

piteh). Then at the seetion distant x forward of the trailing edge,

the effective dowrward velocity is U + Va - (.
Thus, for the velocity component,
&= p[(U«n-\{a)z =2(U+Va)x + Q2x2:l du£1(0 - %;-a)

2 3 Y
Lo = p(U+Voz)2 .d._. £(6) —-2o(U+Va)q -d-é- £4(6) +2en 34;: £,(8)
: o a

(29)

e N

3 L 2 45
Vp = p(U+Va)2 2 £4(8) =bo(U+Va)q 2l £,(6) +6on L 2 (5)
a?- a} a_l‘. P

while, for the acceleration coiponent,

s i i i 5l

¥ ox -?l-g- if the drag contribution be approximately allowed for.

- 40 -

s i e Sk M G # 20 B

o




SECRET
Teche lote No. Arme 54

on tails, since such forces play only a minor role in the problems
to be discussed:; owing to the prepcnderance of nose drag, and for
other reasons, it is sufficient to regard the retardation of an
underwater projeotile as being strictly proportional to V2 the
constant of proportionality being independent of pitch. 'l‘he only
way in whioh we shell be concerned with tail drag is in respect of
the small contribution it makes to the total tail moment about the
centre of gravity (see Fig.9). . For this purpose a rough approxima-
tion will suffice: this is provided by the results of Ref.1, in
which we note that the drag/lift ratio is spproximately independent
of &, but varies with «, as follows

|

! 30 €° | 40°
,—arag/lift } 1.3

whioh can te fitted by

Lo
= Ts-a . (2’!")

This relation implies that the moment of tail drag about a distant
point in the projectile is 4/45th of that due to tail lift, so that
drag can be sufi'iciently allowed for hereafter by multiplying
noments due to lift by the factor 16/15. ,

4 Other modes of motion

4e1  Iranslation

A general trenslatory motion cf the cylinder involves a
downward velocity U in addition to the forward velocity V (lateral
motions ‘excluded ). Then each vertical section has effective dowmward
velocity U + V tan a, and the resultz of (3.3) apply provided we
replace V tana by the new expression, Then, for the veloecity
conponent,

£=p(U + V tana)© duf! (6 = X tana)
Lp=p(U + V tana)? a”cotas(d)

=p(U+V tana)? adcot 2 £y (0)
£1(8).d coia
2(5)

C.P. distance =

and for the acceleration oomponent,

au , 4av 2 - X
7/ p(dt e tana) ac,.f (6 T tana)

)
P('g’g + ?1{' tana) acota f1(6) §
)

du  4v
prtar -— tan d t’- &
p(:n ~ tana) d¥eota £,(0)

£, (6)
distance = -<%e—= , d cota
£y (6)

xi-?- if the drag oontribution be apg meximately wllowed for.

15 .
=HoN




il e i SECRET
Tech. Note Noe. Arme 34k

.& = ( dt a . -g__i}".x)dz'f(é _,%.C_q') . _' i g; :

I ='p(-g'—g- . :‘B’.a)%ﬁ £4(6) = p-g—‘_z-‘%h £,(6) (30)
: )

X = Pl + 3 aod £2(6) - 20 %5 r,(a) )

In underwater ball:.stlc appl:.cations , the angular velocity
and acceleratfon terms are generally small.

L.3 Tail impact

Consider. now a cylmdcr of masa n., ‘diamcter d and leng'bh 14,
impacting on water at angle of inclination ¢. . In order to simplify
the mathematics and enable the fundamentals of the motion to be
more readily a.ppreclated it will be’ assumed that, during impaot,

a vertical force is applied at the front end of the cylinder of
such a magnitude as to ensure that a remains unchanged throughout.
This is a rather artificial device, which divorces the case from
practical spplicaticns, but it does help in elucidating the basiec
characteristics of the impact motion.

* If the relative horizontal 5pccd of cyl:.ndcr and watcr be V,
the tail 1ift is given by

= p(8a + va)? %. £(6) ‘. i (31)

the initial value 50 being erbitrary. The nose 1ift Ly follows

from the consideration that moments about the trailing edge must
balance, so that

£ &2 v)2 a2 £,(8) : (32)

t The equation of vertical motion is then
E o= (34 Y0E [1e,0)-ar®)] - (53)
B where X
3 ‘ o= s ) . i
prs ( (34)

- & the specific gravity coefficient, The solution of this equation
is readily obtained by standard methods as

. S
log(1+ %1-) + (1 + 3-3) ! e 1(_)_ _.__sz(é) )

. o v oL (55)
6.4 5 a, -1 )
=log(1+-_v—a-)+(1+v%) )
. When & = 0, (35) gives
: ] - . ol 6 (1
s Sa -1 0 d -1
log (4 +'ﬁ')+ (1+ﬂ' = log (1+Tr--/+ (1 +"‘") (36)

of which the solution & =& oorresponds to entry: the other
o .

- 1] -
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solution, which gives a negative value of O and corresponds to
exit, may easily be obtained.by the aid of an auxiliary greph of
the expression log(1+x) + (1+x)~1.  The maximim value of & is
 given by :

£1(8)  £2(8) VR
= ;—E =v log(1 + 7;-) +J (1 + T’o;') (37)

+
o

Further, for any particular casc, when O,, V, 4, a, o, L are
known, 8 oan be plotted for the entire period of immersion with
the aid of the auxilisry graph, and the behaviow (6, t relation,
acoelerations, ete,) deduced. : :

By woy of illustration, we have taken the case whore
M = 1000 1lbs,, d = 0,85 ft,, L = 10.4, ¢ = 26,1, a = 0,07 rad.
corregponding roughly to the rocket projectile "iincle Tom", and
with god/Vq: 0.25, 0,50, 0,75. The values of 04/« obtained
from (35) :are plotted in Fig.7. The graphs .show that the trailing
edge enters to a depth which increases rapidly with entry velocity,
.rebourds, and finally emerges with considerably reduced speed. In
all cases, powerful lifting forces arc invoked, with substantial
danping. 3 A A me . :

For the reason cxplained above, these results are not
direotly applicable:to-the tail impact of a projcctile on its
cavity wall, where there is appreciable rotation of the body, and
moreover the curvature of the trajectory implies a oentrifugal
. foroe tending to stabilize the cylinder at a dig-ratio greater
than zerc. Nevertheless it has been thought wocth while to
develgp one of .tho cases of Fig.7.to a completec solution. The
case od./Va = 0.5 has been séleoted and the 6,t rélaticn deduced
by nurerical evaluation of . :

o i o
t = f -‘1—6-@ Ty \ (38)
o I

Graphs of O and OV against Vt for thisvcasc. are shown in Pig.8.
It is scen that & decays to 0,575 of its initiai value in the
"half-period" of immersion, and that.both fiequcncy and darping
constant increase proportionally with V. The waximum value of O
is 0.0011 V2, amounting, at 900 £/3, to 28g. This is of the same
order as that indicated in tank firings of medels.

An analysis which takes account of projectile rotation and
trajectory curvature is given in the following cections.

5 Trajectory analysis

5.1 Dymamic equilibrium

The notion of "dynamic equilibrium" was introduced by Blackwell
(Rei‘.j) in order to give a simple explanation of the underwater
bchaviour of rockets. It is a state in which the projectils moves
at oonstant piteh and dig-ratio, iu a path which would, apact from
gravity effeot, have constant upward curvature, the nosc and tail
forcecs providing a couple just sufficient to account fer the rotation
of the projectile due to trajectorv cwrvature; he shovs thut s toa
sufficient order of approximation, these forces may be regerded as
balancing statically about the centre of gravity. :

Though motion of this type i nol.conformed with in practice A

S
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" the conception does provide a very usefu.l besis on which to build
an investigation of the actual motions. TWe set out here to study
dynamic -equilibrium in a more complete manner, in the light of the
closer reprosentation of the tail form system which has been
developed sbove.

Consider then a long cylinder, of diameter 4 and length 14,
maintained in cavitating.motion with tail incidence a and dig-ratio
5 (Fige9)« It is presumed that L is great enough for the nose and
tail forces to be considered as two separate .systems and that Ld is
measured to the centre of pressure of nose forces (assumed, with
sufficient accuracy, to be a fixed point). ZLet z denote the
centre of gravity ratio viz. the distance from nose C.P. to the
centre of gravity, divided by, total length Id.

It will be assumed, with Bladkwell, that cavity shape over
the region of tail contact, and cavitation number, are independent
of the attitude of the projectile, provided the piteh angle is,
‘a8 here, small, Then the cavity is, presumebly, symmetrical with
respect to the path of the nosé (Fig.9). These assumptions are
reasonable enough for the present state of underwater ballistics,
but the future is likely to demand that the laws of cavity
behaviour should be studied in detail, so that a closer represen-
ta.tlon, if necessary, may be obtaincd. With the assumptions, it
is permissible to imaglne the round p:l.voti.ng a.bout the nose centre
of proessure, so that -

=L (a~p) . - (39)
where P is the value of « at which ta.ii contact is first made;
further, owing to the irrelevance of cavity prfessure, the results
of (4.15 may be applied. The effect of the transverse curvature
of the cavity is ignored (see 6.2).

Then, putting U = O in (27), we obtain for the tail system

Ly = e £(0) . _
. . . (£0)
_ w213 (s 16
Mp = pV4d f‘1(6) res g

Eence the tail moment about  the oentre of gravity is

My = '3'56' ov2a3 [f1 (8) - (6:26) (1-2)2(8) 1)

Next we must give some consideration to the nose system.
Apart from a few drag measurements, these forces have had no direct
experimental investigation in this country, The method of
integration of wind tunnel pressure plots has however been ocarried
out for a few nose shapes (see Ref.3), and although these figures
are not likely to be reliable, we make use of them as the only
available datas. For our purpose, it is sufficient to note that for
a long body placed at rest at angle of pitci: i in a uniform infinite
stream of gencral specd V, the nosc foree can be resolved into an
axial component, independent of i for smnll angles of pitch s and a
transverse force, in the sense such us to increns. piten {aga il
we have a liivt-producing =hape): over the practic'ﬂ range of
cavitation numbers (C — 0.0. und possibly up to C.05), this transversc
force is expressible as

~

e~
)
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Ly = %pvz_d2 vi (h2)

where V is a oharacteristio oonstant for the head shape. . The
following results .are adeptzd from Ref.3:~ i ‘

Full oone, 45° v = 0.63 g
il ooxie, 75° : v = 0,40 ; (43)
OgiVL‘, 1.[;. CeTrahe ‘ Vo= 0037 ) S

The velucs for reduced heads diminish as the square of the diameter.
In the futurc it should be possible to get more relisble figures
from cavitation tunnel experiment; in The mean-time we use
ostimates based on the above.

For the noée moment about the centre of gravity, since the
forward wetted ares is concentrated, and at a considerable distance,

Wy = $pv2a> Lavi- (1)

Now the angle of incidence at the nose differs from that at
the tail since the cavity surfacc at the rear is inclined to the
axis of the cavity (direction of motion) at an angle Y (Fig.9).

Furthermorc, the angle of incidence at thc nose is, in effect,
reduced by the rotation of the projectile about its centre of gravity
by amount Lzdc, where ¢ is the upward curvature of the path of the
cantre of gravity. Hence

i=a+¥ = Lzdo . ey (45)

The angle Y will, ultimately be obtainable from an adequate theory
of cavities, and must meantime be estinmated: e is oalculable in
terms of the total 1lift force, and mess and speed of the projectile.
In practical ceses Lde is of the order of 0.01 while (a + Y) is of
the order 0,1 and z is of the order 0.5, so that the last term in
(45) is in the nature of a small oorrection. ‘hen for the nose
. 1lift and moment about the centre of gravity, wo may write

Ly = $ov4a2v (¢ +Y - Lzde)

)
)
M lz'pV.2d3I_;z.v (@ + ¥ = Lzdo) % (46)
)
)

= -?gpvijz v (6 + I + I¥ -L2zdo)

‘ The equation of nermal motion is then, assuming the trajectory
inclination to the horizontal small enough fox neglect of oosine
effects, )

gd} ’ C:- L

al(®) + zvla +Y - de_c)] 7

where o is the speoilic gravity cocfficient, as defined in (3#), and
not to be oonfused with the averag: npecifio sravity., Hence

T
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'(',3 +,I_l4a)f('5) + 30 @+ Lg + T7) - LodgA2

- 8)

o+ Ty Lz

glving the equ:.llbrlum curvature ¢ in terms of 5, the e']_U.llle‘lum
dig-ratio, and known constants. If we define a gravity correction
by . , R .

Lodg SR (49)
Ve (8 + R)E®) + v (8 + 18 + LY)

we have the alternstive form

G =

(50)

r(6+Lﬂ)f(-)+dv(6+Lb+LY)] Q G)

0‘4" sz

This equatlon ena.bles T to be ca.lcula.ted when O is known, and vice
vVerso.

The equation of rotational motion is, as noted above,

W= a0 - (51
50 that l..'

. |_f1(") - (5 + Lﬁ)(‘t-z)f("ﬂ -j.vz. [a» +L3 + ¥ - L zao] 0 (52)

Te exhibit the dependence of S on z, we bear in ma.nd that the term
;mvolv:mg ¢ is a smell one, and solve first with 6 '= ¢ (corresponding
to a projectile vhose density is such that the weight exactly
balances the totsl 1ift): we then obtain directly

@ + Lp)£(®) - 74 (§) (53)
(«5 + LR)E(E) + 12 v(a +Lp + LY) '

Then, for the general case, the "olutlon can bc found by simple
algebraic approximation as

A
15 z5,
2 =zw+._..

B . (54)
vL fioo

if, as iz gonerally the case in underwater ballistic epplications,
the velocity is high, or more generally,

15 z.fo (1<) - (
Z_+ 55
= é.%sz'_ z, (14-30C) )

-

The added téz-m, to which we shall allurie as the "lunsity correction®,
is ‘amall: its ma,grutude is such that correcting terms of higher
- order need never, in practical cases, be considered. In fact, the

density correction is really of J.mportanm. only when 5 it nQar its
critical value (see "clow).

- 15 -
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Equations 50, 53, 55 provide all nccessary information
concerning dynamic oguilibrium. The last two cnable dig-ratio
to be calculated for any given oentre of gravity position, and
the first then enables trajectory curvature to be' deduced. It
is found that the theoretical results cbtained in this way agreo
very oloscly with such experimental data as arc available.

In order to olucidatc the propertics of relations (53} and
(54) we have plotted in Fig,10 and T, 7, relation for two cxamples
of practical importance: these arc average Uncle Tom shapes
(reduced cone noses) of lengths 10 and 15 diamcters respectively.
The values of the constants takcnTwere g

i

(1) L =10, v = 0,25, 1Ip = 0.36, LY = 0,12

(14) L =15, v = 0.25, 1§ = 048, LY = 0.12

‘Tho values of B and ¥ were obtained by measurcment of G,F.R.S.

arditron photographs of cavities: the value of v was estimated
from (43)s The .graph shows § as a function of 7., the §, z
relation can be obtained by applying tho density correction given
in Fig. 41 for the appropriatc value of 2c/lv. (The density
oorrection for caese (ii) is not shown - the values arec 504 greater
than those for case (i)). ;

It is apparent from Figc.10 that a ocritical value z* exists:
if z exceeds this, dynamic cquilibriwz is impossible: for the 10
diameter case, z* = 0,436; for the 15 diamnter case, s* = 0.472,
While z remains apprecisbly cmallor than z*, § is a single-valued
function of z and so a single projectile attitude corresponds to a
given centre of gravity position. But as z approaches its critiecnl
value, & increases very steeply; theoretically, when z is nearly
oritical, there is a sccond solution for §; in practice B is
indeterminate. Similar prope - ties are évidenced by the dynamic
equilibrium curve, for all practicablo vAlucs of' the constants.

The existence of a dynamic cquilibrium position is =
neccssary (though not sufficient) condition for the stability of a
long underwater projectile, in-the loosc sense that, unless such a
position cxists, the pitch will inerease indeéfinitely.  The

condition :
15(z;) 2

Lz.q.: ¥
vL hzss

¥ — ok
z(Z.—Zoo+

(56)

whero z% is the maximum value of %o ckown Oa the §,z_ graph, may
thereforc be adopkod as a practical ‘criterion of stability. The
figures giveon above for z* in tho case of the two Uncle Tom models
agroo very closely with those deduced from G.H.R.S. experiments
(Ref.4) and thereby afford quantitative vorification of the force
system we have employed, and especially of the procodure eriticised
in (3.3)s It must be remembered in this commexion that z here is
reasured from the nose centrv of pressurc: practical values measured
from tho tip of the projectile arc. up t0.0,025 greater.

The pozition of dynamic ogquilibrium is easilr proved to be
always statically stablo: if therc ~re twe positions, this applica
to tho one of suall dig-ratio. - For the total statie moment ' is
positive at & =0 (rcstr:‘ft,?',n:_; ourselves to lif't-producing shapos)
and zero at & = &; . thus Lh‘ mst be negative at §, though small. ’
The possibility of ncutral stability is ruled out bécause ;i.*."_!;'z can

GRS
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easily be shown to be positive, up to the oritical position. By i
the same token, if z is nearly critical and a second position of i
dynamic equilibrium exists, it will be statically unstable. If, i
owing to high initial angular velocity, the tail passes this |
second position, the round will turn to large angles of pitch. E

The plotted examples (¥ig,10) show that when z is fixed,
stability may be increased by lengthening the projectile, or

alternatively that longer projeotiles can be stabilized with {
greater C.G, ratios: this is a well-known experimental effect ]
(Ref.4).  Another, but less important, cffect is that of projectile 1

density. This does not influence z¥, but it does effeot the
density correction. In practical oases this is only of order 0.01
or 0,02, but if an-assigned shape be given an artificially low
density, the correction will take on a very inflated value, and
substantially inorease the critical C.G. ratio. This effect has
been cbserved in experiment; thus Duncen (R4f.5) found that an
unduly light projectile with the following characteristios:

L =10, =z = 0,47 (from tip), specific gravity 0,58
nose 30° cone (estimated v = 0,8);

was stable, btut that a projectile ¢f sbout six times this specifio
gravity and otherwise identioal, was quite unstable. In Fig. 41
are plotted the correction eurves (iii) for the heavy projectile
(26/Lv = 8,5) and (iv) for the light projectile (2¢/Lv = 1.28).

It is quite evident that here the light projectile is stabilized
by the abnormslly high density-correction. However, such a
bonus is not available to the designer of high speed underwatcr
weapons, for which the density must normally be high, although the
advantage would be secured with projectiles of the torpedo type.

It may be noted that, apart from the small gravity effect,
the position of dynamic equilibrium is independent of spced V: but
- although the actual value of V is irrelevant, it is assumed that
the value chosen is maintained constant. On the aetual trajectory,
we have retardation proportional to the square of spced: hence
even though ¢ remsins constant, the angular velocity of the
projectile decreases, and the equations of normal and angular motion
are affected. This is easily allowed for as a modif'ication of the
preceding analysis, as follows. : ;

Let h be the travel parameter appropriaté to the rctardation,

8o that .
2
V2
at h 67

In any position of dynamic equilibrium, neglecting the small gravity
effeot, 0 mwst remain constant: hence

a Ve
angular acceleration = = (Vo) = - -h'g' (58)

Then if M be the moss of the projectile and ni its transverse radius

of ation about the centre of grawvity, the inertial term

-in“a%%/h mst appear on the right hand side of (51). This equation
nmust also be modified so as to include the acceleration terms from
(1), We do not give the algebraic details here, but the results

are as follows., The formula for z, is unchanged, but the density
correction is modified so that now

4T
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152 B o 2°n S )(1-c.m + 16(3F + moH"
- B . (59)
il (i.cu 1.,%)(1_;{) - 30z (1-G-h) - 16H' 8

3]

where Re

)
‘ )
, G + Lp)r(®) + 15222 G+ Lp + Ly
oy L i : (60)
and G 3
5

=t
i
4

t
P R

a . £ (@ -G+ Lﬂ)(‘l-z)f O
"1 G+Ip) B+ L6)EG) + _2.". (G + Lp + LY)

s

A similarly modified value of z* follows. Thus dynamic equilibrium

is still a po.a51b1e modo of moticn under conditions of retardation, - o
ard the shifts in the values of §, ¢ and z* arc small and '
oaloulable. ) -

One assumption that we have tacitly made in the wholc of the
foregoing analysis deserves mention, viz, that the viscous damping
3 ocouple essociated with the rotation of the body is negligible. .
We have not taken this into account since no quantitative data are ;
available: ‘it may howcver be reassonably cxpected to be gmall since i
-the cavity rotates with the projectile. It is very desirable that !
relative data should be obtalnud from cavitation tunncl experiment

in thc near future.

Ve conclude the pre'sent section with a few notes on design
oonsiderations,s Provided that the study of eavities has advanced
to the point where it will be possible to assign values of g, T, v,
which can at _vhe moment only be roughly estimated, one will be able ‘
to plot the o, %o relation (53) for any proposed sha*:e, and
determine the value of gz¥: the necessary corrections can then be
applied so as to obtain z%, The designer however has not.. o
discretion to place the oentrc of gravity so that z is nearly equal
to z*, for there is = sub-crltlcal zone of values of z in which,
a.lthough the round is stable s ETET onlj Just so, .the e1u:.11br;Lum
dige=ratio is virtually 1nc1eterm:i.n'1to, and the 1if't developed is
consequently unpredicteble. This is the basie rcason why excessive
1ift requiremcnts are found experimentally to lead to high dispersions.

= Al e .

TR L -

i e I

=

R R S

Thus for reproducible perforimce, z mst £all short of some
lower critical value: this point iz not casily fixed with precision
since it is oonditioned by

(a) the fact that the tail must be prevented by restoring and
da.mplng forces from reaching {the seoond equilibrium position,

which is virtually indetcrminate;

(b)  the necessity for preventing the pitch sngle reaching such a
magnitude that the projsetile makes undesired contsct with
the cavity at points intermedinte between nose and tail;

i () the acceptable degfee of dispersion, (ree 5.3);
(a) the dc,'slrable initial oreillatory characteristies (sce 5.2

Then provided z is madc less than the lower critieal value, S wrill be
determnate and the behaviour predietable. The actual values of
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T and o can be obtained by an inverse process: first (54) is
solved as a quadratic in gz, giving

2 ; :
g - 15 Z . e e . (61)
229 _ 4y g
vL

(a similar but more genersl form being obtainable from (59)); then
T is given uniquely by the &, Z,, graph, and o by (48).

There is, of course, no guarantee that scale effects will not
intervene if the values of B and ¥ are tsken from cbservetions on
model ocavities, A detailed study of cavities both at model and,
if possible, at full scale is therefore necessary.

52 Oscillatory Behaviour

The considerations of. the preceding section are essentially
static ones, But a proaeot:.le mst attain the equilibrium
position starting from a state where 6 = O and reach equilibrium
by a more or less damped osoillation; while this is happening, the
1ift forces very, with resultant effects on the trajectory. It is
necessary therefore for us to consider the cscillatory behavieuwr
of the body. We assume at the cutset that the centre of gravity

is placed forward of the lower critical position, so that this behaviour
is determinates

These oseillations may oonvenieri"hly be studied; simltaneously
with the stability, as a small perturbation of the (retarded)
equilibrium motion, ‘by putting

6=8=¢ - : . (62)
‘where ¢ is small; then T
5=c¢ 8=¢ %=L
£ @ == (63)
Let u denote the corresponding small increment in trajectory
cuvature, so that _
c =0+ (64)

We will use f', £, f4, f2, to denote the equilibrium values of
oorresponding functions: since it is supposed that the analysis

of (5.1) has been performed. for any given case, 5, @, £', £, eto. .
are known constants,.

For the present V is takeri ‘as constant, neglecting the
retardation: this will be justified later. Then the incrcmental
forces and moments to which the pro,]eo'l::lc is subjected,-due to
the perturbation of the motion, can be obtained by f:i.rst-order
expansions of (27), (28) and (46); they are:-

- 19 -
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Velooity aomponent:

ALp = 2V:a32 + pv2a? [§_+ x fj € g .
del"f e
i = ';1 1? Vit 265)
€)

gy, = 12 ﬂ.ﬂi[ﬁ La(1-z)f]e+ 16 v2a3sz La(1-z)f'

Acceleration oomponent : - o :

ALy =£§‘.ﬁf1'5_

a

. 5 -
=-:—g- %fzﬁ

x

(66)

.

=6 a2 £ o= Ta(1=z)f, |2
= 15 %a [2 (1=2) 1]5:
Nose f'orées:

ALy = $ov2a? '_’I.?. - 4véadv Lz u
C (67)

oM = Fov2ad v ze - $ov2at v 1222
Then, for the incremental normel motion,
. - - 2 - "
_'rpd}Vzu = -%_l-: £4E + 2pvaife + -EYLEG'— (£ + Laf'+ %_—v)s - &pvz_djuLzu (68)

whenoe

2 . 2
v Lpo v et Ly Y
ch-a-uaif1e+bea-.e+(f+Laf'+§'u){_135? (69)

where for oonvenience we have written:

b=t Llz S
= +. 20_. | L ..(70)

In praotioal oases, b =1,

Again the angular veloc:\.ty Vo+a Vo+e/L, so that the
incremental anguler acceleration = Vo-a-E/L a.nd the equation of
incremental rotation reduae.s to .

on?(Vu + 'E) = '}" E’1 Ul(1-z)f] § €+ _. zf -I:E(‘l-z)f'] Z—‘- &
16 i >y 0w 1 v2 v2
+ [fz La(1-.z)fﬂ Erwalie - a2 2y

In forming this equation, we have, as in the previous section,
neglected a small viscous damping term for which there are no
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quentitative data available.

E]
"
R
3
%
%
i
3
§
H
)
1
M
H

The next step is to eliminate u with the aid of (69): this
+ leads to the equation. . 1
2. 3 ¢
2. m Ve oV Y e=0 - : 2 NE
A£-+.Bde_.+c-—-§ed +Dd35=0 . . (72)
where N
n2f1 . : ’ . » : . ..
A= — 3
CHE o
B = n- (’7f+ -—) b — (16b-bz-15z) - lé ——2- )
15
15% (73)
' ' 32, .
¢ = n2 (f " Laf' + ) + &L (16b-bz—152) - ) '
- L C 15 R LT
. . .
‘D= (16b—bz—15z) PE"- (1 + .L)zf - -‘;‘-w . : o §

Since A is essentlally pos:Lt:we, the conditions for dyna.m:l.c stabillty
ares

BG,D >0 . . G - AD >0 ()
It will be found, by substltut:t.ng representative values for the
constants, that
(i) . B is always positive' and iarge;
(ii;)m-:hc 45 small but positive and increases with z;
(:L:L:L) D is always very small, in practical cases ﬁut .we' have

already shown that the position of dynam:w equ111br1um, ir
. it exists, is statically steble. ‘Hence, since

R - S - | o oo
D= o3 B (75)

we always have D > O, provided z < z*.

(iv) Owing to the small value of D, (BC - AD) is always positive:
it inoreases with z.

Now consider the auxiliary equation.
AN + BA" +CA+ D=0 _ (76)
Since B is large, while C and D are small, this equation alweys

has one large negative roct, approximately equal to -B/A. Hence
we may divide out the corresponding factor and express (76) as

(Ax + B) (7\2+—Bp-—;2—‘g7\+%) 0 " (77

The large negative root corresponds to a rapid subsidence with
decay time (to 1/c th disturbance) equal to Ad/RV.  The quadratic
faotor oorresponds to a slov ascillation or a sliow subsidence,
aeccording as the roots are complex or real,

-2 -
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Before devoloping this theory further, we conaider an
example, Take the caso of an average Unole- Tom projeectile for
which

L =10 n=3 o'=25‘ v =025 2z =042 .b=1.02 Lp=0,36

'8 = 0,20 Ix = 0,56 £

Ouli7 £ = 0,162 f£,°= 0,0192 f5 = 0.00151
Then computation gives:

= 5.08 B = 27.5 C 1.82 D= Ocoh-51 BC-AD = 50.0

The stability conditions are all satisfled, and the aux:.llary
equation (77) beoomos

A

°~

(n + 8.95) (A2 + 0,0660\ + 0.001565) = O (78)
{ R e . . o

The decay time of the repid subsidenco is 0.1% 4/¥; this is of a
much lower order than the time taken (first) %o attain the
equilibrium valuo of &: . the subsidence is. therefore so rapid that

it can be ignored from thé point of view of the external ballisties.
The quadratic factor yields roots (-0,0330 + i 0,0218), corresponding
to a damped oseillation of, period 288 4/¥. . During this phase,
taking typical values V = 800 ft./scc., 60 = 50 sec~1, we haye

e = exp (=0.0330 %})’[%.132 sin(0.0218 %;9 ~ 0.2 ovs* (0,0248 %;d] (79)

from whioh it can be showm that the projeetile ovérshoots the
equilibrium position when Vt = 4. 28 d, and contirues with & > 3
unt:.l it ceases to be of practical 1mportanc (e = 0.01 say) when

= 4132 4; the subsequent oseillations are n:gligibles 1In
other cases, the quadratic factor lecads td smail negative real
roots correspond:x.ng to a oomb:mat.hon of subsidences,

.. 8o, in general, w:x.thin the limits we have set, the pertu.rbat:x.on
dynamics of the body are governéd by the dn.f‘fcrent:.al equation

vy, -ADV:, DV" a O] . (80)
2 & Baz

=0 (81)

where & is the arcual travel of the centre of Jravity from its
position at the instant of tail eontact. ~ In praetice it is likely
that the ooeffioient of the middle term will bo greater than here
indiecated, owing to the viscous damping. = -

Two cases now ariso, aceording to the natwre of the roots of
the auxiliary eq_uat:t.on correspdnd:x.nb to '(80)- &nd (81).

3w

ja

Real roots -r, -rt!

Here the motion is a ocombination of subsidences, governed by

e =K exp ('--th) + K' exp, (-~ -r-a--

(82)
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where the constants K, K' are given by the initial corditions as

. & T 5,4
X = (r' —_Qd_) K' = (_.- - r) (83)
r-rv' 5V r-r' Jy -

For praotical values of'b'dd/gv, this alvays gives K, K' of opposite
signs, the positive ampl:.tude being associated with the smaller
root r, ,Hence thc motion is always a differcnse of subsidences;

of such a type that the projeotile overshoots nqulllbrium at an

. early stage, recovering aperiodicelly thereafter: this behaviour
we shall, for brevity, describe as "s¢mi-asperiodic". In any given
case, the dupation of the adjustment phgse, i.c. the period during
whlch the disturbance is of practical importance,can be deduced
from (82): it is always of substantial longth, Over such ranges,
it ix of course strictly not permissible. to regard V as constant,

a5 we have done, However, the indireet effcct of velocity changes,
by introducing acceleration components into (69) and (71) is a
secornd-order complication of which account neoed not be taken in the
present state of underwater ballistios: the direct effcct can easily
be allowed for by taking the differential cquation in the form (81)
with solution

¢ =Kexp (-2) + X' exp (- Z8) (8s)

where - o éd - 5d
Kool (- 2) K =2 (S -p) (85)

re-r oV r-r'.%v

(o] .0

and V, is the speed of the centre of gravity at thc instant of tail
contact, This form avoids explicit mention of the varisble
velocity V, and, more conveniently, relateés the disturbance to ‘the
independent varla.ble Se

During the ad.justment phase, e have

£ = -g- rK exp(~ I8) + r'K! ex'p(- ?—‘;45-)] _ =)
a : )
v2
2= ;E-[rZK exp(- & ) + g exp(- & )J
) (86)
abdu —[:— r - 2fr + &—Iim%—l- K e).p(- —-
1 42 _opy , £+ Laf'+ cv] r's
+ [-_ rt 2fr! & —_—— K.' exp( d—-)

from which all neccessary details folloy. For example, it is
possible to determine the maximum acceleration. On account of the
exponential terms, (86) indicates maximun value at contact: this
does not preone]y represent the exact stante of affairs, sincc at
the instant of contact, deceleration due to tail forces is zero.
The discrepancy is reooncllcd by the rapid subsidence which we have
neglected. This however quickly decays so that we have the
maximum, in practice, shortly after contact. Thus, apart from a
very bhort-term deccleration, immdiately after cntry, the maximum
value of —£ in approxiumatcly obtzined by putting t = O in (86) as

~
- -
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.—Vg 6V . o

(87)

This is additional to the "equillbrlum" deoelerat;on of the oentre
of gravity; so: tha.t b

max, transverse acceleration = Vzc- + (1-%) [(r+r')6°V° 3 2} (88)

it being understood that this gives a "lohg-tcrm" value.

Again /.\¢, the total (imrem.nta.l) ohange.of trajectory angle
du.r:.ng the adjustment phase, cen be obtained by integrating u
between limits s = o to o we find, after réduction,

£, 8.a 1yl :
= 1 Y% filaf +_2y_ K- K% g
abAg _‘2r'§ = - T &+ ) . (89)

This is additional to the change ¢ on account of thc "equilibrium

trajectory", !
Casc II. Conplex roots (-k + ip)’ |
Herc the motion is e slow, darped oscillation in accordance g

. with ’l
€ mexp (= kVt) LK ain p Y-‘-’- + K'cos p ~= Vt (%0) i

where SR gl a o i
k=2 -9 ®=-3 5 (91) "

or, in the form indepondent of specd variation
-5 [k sin BS 4 k' cos P.&J d
e = oxp ( d)‘_Ksmd+K cos & (92)

where >

o éd .
8| o = .

K == :—._k, Kl=~6 9
P[ov ] : 22)

€ m g- cxp (- %ﬁ) [(?K-kxl) 005 Pa‘-‘- - (M{+qu) sin %s_x_] (94)

After a distance given by

[o7]
1

oot B e L 2ed 1y ~ 9
4 P EVO : (b)

the tail overshoots equilibrium and then recovers in oscillations
of wavelength 2mi/p: the damping imposes a factor exp (~27k/p) on
the amplitude, per wavelength, It is ecasy to decide in any
particular oasc whether the tail w:L'l.l leave the water on the second
half-period,

The duration of thc adjustment phase also follows from (92),
eegs in the example sbove the oscillation is effectively damped out
beforc the end of the first half-period, i.c. is virtuolly semi-aperiodic,

.-2)4_-
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During this time,

-AD T . [ravwteiv £4D
u=[2f—-13—c——?@—-—1-]l-di+[—.?—--—-§-§]°%§ (96)

If nccessary, this can be oxpréssed in terms of z, by means of (9¢).
The total incremental change of trajectory angle (A@) during the i
adjustment phase can’be found by integrating u betucen limits s = €
and oo =

oy T ] (3 (1
= filaf'+v BC-AD |z _ { %1 _ f+L~lf +V 'S‘i____ 9
oue = Ef "1 B |° [u T 5] 1

In the cxample cited, this gives A¢> 3. 2) s representing a major
effect:

Also, by a simila¥ argument to that used in Sosc I, the long-
term

max. transverse acceleration = v + (1=2) ‘21{6 v, - (k +p2) 3 __] (98)

It is of interest to enquire how the oscillatory behaviour
depends on centre of gravity position. For this purposeo, we have
again taken the cluas of projectile for which

L=10 n=3 o0=25 v'=0.25 3 = 0,36

and computed the values of the stability courficients over a

range of values of z.  ig.12 shows the resulting volues of o
damping constant k.= (BO-AD)/2B¢ and froquency constant p = (n/B-k<)®.
Two conclusions emerge @

(i). The damping constant deces not vary greatly with Cai. position.

(ii) The frex;u:.ncv constant increases ripidly & the G0 moves
forward from the critical valuc: the - avelenstl diminiches
correspondingly. With a very i‘or\:.vurd cuntru ol gravity
position, several periods may bu complutil hefore the oseillation
is damped out*. By way of 1llustration, Fined) shows the
oscillations for the casc z = C.35, vhen p = 0,1083, k = 0,0271,
and with ¥, = 1,000 ft./sec. and Gy = 50 sec. ”.' We therefore:
have the explane.t:l.on of 'the prohonnced opalllationt whiel have
been noticed experimentilly {(wufe6! in the cuse of models
with forward C.G,'s. In the oxample siven, the projectile
almost loscs oontaet with the cavity wall on the first rebound.
If the valuc of §, be higher, ns in Ref.6, the tail will
oxecute oscillations in and out or the \'qter. Such cffects
should be avoided in underwater weapon desisn since they
imply periodicity in the curvature, and therefore loss of
total 1ift,

5.3 Irajectorics
Hitherto, the trajectories of long models projected at shallow
a.ngles (up to 20°) and high speed have been gurerally m"umd ta be

capable of representation as

(a) a (nearly) ,’cralght portion during which only the nose io
wetted; and

(») 2 circular arc ocommencing at the position of tail contuet, the

* The discovery of thir efieat is due to lutterworth,

- B -
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ourvature remaining constant until the gravitational effect
predominates. , The time of tail contaet is given by
Blackwell .(Ref.3), who also deals with the conditions during
phase (a) and gives a first-order treatment of phase (b),
sssuming dyna.mle equ:..l.l'brlum.

The analys:Ls given above (5.1 and 5.2), hOWeVeI', shows that
this s:mple picture is.not adequate. The following phases may
now be distinguished:-~

(a) a nearly straight portion; with this we have no concern in
the present report (for details see Ref.3).

(b) an adjustment phaso.commencing at the instant of tail contact
and lasting for a substantial time, during which the ‘projectile
settles down to dynamic equilibrium, Typically, the tail
overshoots the equilibrium position’ and recovers either in a
slow subsidence or in a slow, damped oscillation. In the
latter event the period is related to the distance of the
centre of grevity forward of its critiecal position (z* = z)
so that, if the C.G. is very forward, a number of complete
oscillations will occur, while if the C.G. is nearer its
oritical position, thg cscillation will be damped out on
the first halfw-period and the motion is virtually semi-
aperiodic. The adjustment phace connotes rapidly varying
curvature; it must be taken into account in an aceurate
description of trajectories, and in their tactical exploitation.
The existenco of this phase also stultifies experimental
determinations of avérage curvaturc over the early part of the
traJeetory, if the end-point is arbltra.ry, and no doubt
aceounts in part for the observod scatter (Kefil).

(). after a time which can be ascertained in any given -casec,
the initial oseillation is damped down to insignificance
and the projectile continues in dynamic equilibrium. :
During this time, it is likely that the velocity will have
fellen so as to render consideration of gravity neoessary:
this is easily done. Eventually the curvature is reversed.

The foregolng descr.l.ptlon of the behaviour is well borne out
. by such experimentel evidence as is available. Closc verification
.must awalt the development of sequence ardltron—photpgraphy.

Yo proceed to oonsider phase (c) fu‘qt.‘ Equation (48) can
be writton in the form £

: -;zd__sé.;c'_—a-exp( . (99)
1 pvo : »
where
(8 + 18)£(5) + 3v(d + Lp + LY) '
Co = Ld(G‘ 7 %‘l'LZ) (100)

the ecurvature corresponding to zero gravity effect. The sccond
term in (99) represents the gravity correction, and shows that
gravity is, in cffect, diluted in the ratio 1/b Then by
intogration of (99), the intrinsie equation of the trajectory
(path of the C.G.) is

b = ogp - 2y (axp 2 1)
: 2V

-

- 2 -
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where the trajectory angle ¢ and src s are measured from the
position of the C,G. when tho teil makes contact. JFrom this
equation, any "dynamic equilibrium" trajectory can be plotted.
In practico, it is simpler, and suffioiently accurate, to plot
by adjusting the eircular trajeetory for (diluted) gravity drop
at each instant, the tra.]ectory always having small inclination
to the horizontal.

The increases of curvature o on increacing v or z (w:rth o,
consequent increase of 5) can easily be demonstrated from (100):
these effeots sre well-known in.expariment (Ref.l).

Now consider phase (b), which we have studied as a
pertur‘bation of dynamic equilibrium (5.2). The added curvature
. u'is given by (69), and total 1lift coeffieient varies proportionally.
By successive integration, the added trajectory anglc Ag& and added
ordinate Ay are found as

8 . 3¢ . ! )
A¢ =P(d "‘v—) Q—(c*'-é) e A g
' -‘ B (1c2)
by = P(r+.5-——)+c'[°"——(—-——-‘2) -@%DAE(E+3)]
where
£4  paaralv B | d _ £4Laf ' +3v EC-_AD] a
P=[;—"'——L__L'T55' Q= |2f - = kT (103)

Hence A¢ and fy can be evaluated for_ any point in the adjustment
phase and applied as a .oorrection to the equilibrium trajeetary.
This oorrection is substantial: " afier the oscillation has
disappeared, the trajeotory has been rotated (A7) and lifted (Ay) P
where

- 8 -
A¢=-PV—2+Q§1 )
E . ; (104)
- - 55, Bd % _ BC-iAD -
&y = (8 )+Q(d+D.V0 ) R )

in which 8 denotes tho total travel at this point. These two
effects combine to increase the effoctive path of the projectile,
The proper exploitation of this phase is therefore important in the
design of underwater projectiles.

By wey of illustration, we take up again the numerical
example oonsidered in (5.2). For this case, e, = 1/1230 £t.~1;
and assuming V, BOOft/qeo.a.nah—BOOi‘t.,c:.snsshonm
Fige14; the fall-off is due to gravity. Thir fipure also shows
the actual curvature (0 + u) devoloped during the adjustment phase:
It atta;ns a maximum valué about 23 times thot of &; the average
value is also oonsiderably higher. Due to this oauso, there is s
total rotation of the trajectory AF = 3.25° during the ad.)u.;tment
phase. Pig.15 shows two trajectorics corresp'md.mg to ¢ = ~12° 4t
the origin (position of ocntre of gravity at the instant of Zail
gontaot) : =~

(a) the trajectory as it would be if the equ'librium dig-ratio
were maintained throughout;

- 27 -
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(v) " the aotua.l traaeotory, allw_.ng for thy q.d*ustment effects. .
The inadequacy of: dynamic equllibr:.um as a cc,q:lete representation
of the mot:.on is apparent.

Ve have now to consider how o1l this be:.vs, on the design of
weapons for underwater attack. Teke first the considerations in
so far as they aro revealed by .the concept of dynamic equilibrium.
Then the design problom is the provision of edequatc equilibrium
1ift, for the.minimum total drag. To minimise drag with a 1lift-
producing head, the obvious and hallowed expudient is to place the
head on a baso of reduced diamecter, so that the :.rontal arca of
the ‘wetted nose is cut.dowm as much as vossit g, without wetting
the shoulder of the projectilc. Then, for a hesd . given shape,
drag is rcduced proportionally to the sauare of vhe decmasud
diameter. However, v is reduced ia similar cotio.  To maintain
the same 1ift, (46) shows that ¥ must be-incrcascd ¢ ad the .
projectile travcls at incrcased eguilibrium yaw.  Simtaneously
$ is increased, so that there is pisk of instability: this is a
well-knowm exporimentsl effect. The practical 1means of sceuring .
the ‘same 11ft are:- . G

(2) moving back the centre of grav;ty in aceordancs with (53);

(b) sceking a basic head shape for which v is higher: from (43),
it would secm that qhm con~s are the m..a&‘» efficient, in
this respect.- .

Thus the foreing of the minirum drag requiremsnt to cxtremes
is bound to lead to the C.G. entering the sub--critical zone. In
this condition, as we¢ have seen, § is wirtually ‘rdeterminato, a
random element enters, and dispersion is the resclt: * Up to'a
point, this is aocoeptable:. the dezision as 1o how fexr ‘e may
trespass on the sub-critical zone rests, in sny given case, on a
statistical calculation of efficieucy in terys eof &rag, litt and
dispersion (see Ref.7); but such figures moy aiier in the
Jtransition from model to full scale. ’

The foregoing cons1derat:lons s strictly, = ly only to phaose
(¢)e The analysis of (5:1) and (5.2), howmrcr, inlicates that
design should also make tho best use cf the aljustment phase.
Assunrlng given overall 1lift qualitlcq, the boast type of trajoctory
is one in which the projoctile is held at lethal depth for the.
maximm possible distance. To achicte thls, the d;..,trlbutlon of
ourvature should be fuch that a hirh level is r.mntalm.d ot an
oarly stage, to secure rotation of the +raJcc Loy te a nearly
horizontal path followed by a modorate walue acproxlmtcly sufficicen.
Just to offsct gravity: this is ti¢ ideal "=izmeading trajec tory".
The method of achieving this would be to induce a2 "semi-aperiodic!
adjustment phase loading to the ap, ropriate ~alv.s.of 4F and 4F.
This we have scen is largely a mattcr of centrd of gravity position:
for any given shape, the C.G., for somi-apericdin vibration, is
restrictod to a quite narrow zone forward of the lowsr aritical
position (because of rapid inertssc of p)s  Where z is restricted
by structural considerations to low VaJ.u.S o tihe order of 0.3 and
less, the ideal is moro difficult %o atta:m. in such cases), the

-1deal trajectory can only be obtained by moving the critical positien

forward: means of achieving this are discuss-d in (6.1). For
favourable oscillatory characterisiios, there is an upror limit to
(z* - z): this can be determined in arr given case from « p, k praph
of the type exemplificd in Fig.12.

To recapitulate, the forward limit +o ine :er’rc of rravity

P
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position is set by the necessity of avoiding any a.ppreclable rebound
above the equilibrium’'position. The rearward limit i= at the
point where increasing dispersion oommences to outweigh the
advantage of increased 1ift. In practicé, the location of these
points would be deduced from model experiment rather than theory.

- However it should be expected that these limits would alter on
passing to full scale, since closed cavities do not, in general,
scale up according to the Froude law. The theoretical formulae
might enable the scale effects to be forecast, when the necessary
ocavity data arc available.

5.4 Rotated projectiles

The underwater behaviour of axially spun projectiles is a
problem of growing importance because of its applicability to
both shell and spinning rockets. Since, however, experimental
study of this aspect of underwater ballistics is still in its
infancy, a detailed treatment, such as that given above for
unrotated projectiles, would be out of place at present. The
discussion which follows is intended merely to deal briofly and
simply with fundamentals. ihen somc practical data are available,
it will be desirable to extend this theory further,

The problem can be treated by the ordinary method of gyro
dynamics, together with the principles laid down in the earlier
part of this Note. Apart from the viscous couple damping the
rotation, the force system may, in a first-ordcr treatment, be
assumed to be the same as that detailed in (5.1) for a non-rotated
projectile, (Some experiments carricd out in the Admiralty
water-tunnel at Haslar indicated that the shapc of the cavity is
not affected by the spin). The nose and tail forces combine to
creatc a moment about a transverse axis through thé centre of
" gravity: this results in precession, so that the tail circulates
round the cavity wall. We shall consider only steady precession
(i.e. no mutation), nob because this type of motion mecessarily
cceurs, but because it is physically evident that, as with a
nearly vertical top, thc possibility of such a mode of motion
implies stability in the actual oscillations which occur, and vieo
versa. The associated motion of the C.G. iz heliecal.

In steady precession, in spite of motion of the cavity
relative to the centre of grav:.ty, the dig-ratio remains constant
(= 8, say): this results in consideratle simplifiication of the
Eq_uatlon:* of motion. Likewise & retains the small constant value
oy, and

=&+ Lp (105)
vz‘her;: L and B have the same significance as in (5.1). Then, as in
5.1},
Ly = pv2a® T £(3) g
_ 16 2.3 2 )
Ses i £4(5) ) (106)
_ 16 o203 - k! g
1 = 12 vl [£,8) - L@(1-2)£(3) |
Also

o2
i

pvzdju(a' + 1) _ . (107)
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where M is a constant, and the small effects on the nose incidence
due to the curvature and torsion of the trajgctory have been
neglected. For lift-—producing heads, ¢

) U = $yLle (108)

agreeing with (46): but (107) also incluies no-lift (and small
iift) heads for which y is approximstely independent of z, and
usually negative, . It is urgently necessary that some prectical
determinations of y, for such types of.head, be made.

Hence the total moment about the centre of gravity is given

by
M = veads (109)
vhere
J = a+ ) when'a<{5 .
(110)
= (o +¥) + -:—g [:f1 (d) - L?(1—z)f(3)] when a » B )

If w be the angular velocity about the Iongitudinal axis-of the
body, A the moment of inertia about a transverse axis through

the CeG., and C the moment of inertia about the longitudinal axis
of symmetry, then 0, the precessional .angular velocity, is given
by 0

AP ~cu+ réad Lo
==

(111)
For the precession to exist, i.e. for the roots of this equation . 2
to be real, the condition is :
c?fa > haovia’s. , (112) .
which reduces to . h g
- 2 2=
[N 12 IJ(G. + Y) e _g._u_;]
16 L Lhov2a3-,
or i ' (113)
) 2_ 3
La(1=2)£(3) - £, (3 12,— ) S
! -3 =y )>-16 Mo + ) - -2t

~'+-A9V2d3
according as « $ B. If pis negative, this condition can always be
satisfied either with the tail in contact or not.

t t If 1 is positive
(lift-producing heads), we may write the second (and more lax)
condition as

~— 2 n
La(1-2)£(8) - £,(8) >332 [viz @+ Y) - ﬂ} (114)
32 ZApV2d3— g

o
In this expression, the term involving w is, for practical values of
the constants, a =mall one.

Hence the effect of spin, although it
does assist in the maintenance of stability, is very slight.

Physically, this corresponds to the fact that the body now finds
itself in a medium about 800 times as dense as air.

The apin
effect would be made sppreciable if shell could be spun at 20 or 30
times the prevalent angular rates, but this is not = practical

possibility. For rotating rockets, where the spin is usually very
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low, the stabilising effect is quite negligible.

Now, for a given value of O, the left-hand side of (414)
docreases with incrcasing z, while the right-hend sile increcases.
Thus, as the centre of gravity is moved backwards, the incquality
becomes more difficult to satisfy, until when

= T cWT ” .
La(1-§)-f(3) - £,(8) = %% I_ng(a +Y) - —ZA—pv—z‘;—}J (115)

we havé the limiting case in which precession is only just
possible: ' then (111) has equal roots and

=8y 116
=gt (116)

corrcspond:mg to a precessional rate mch slower than the spin.
Further, if we neglect the very small spin term in (115), we
recover cquation 53) s governing the dynamic equilibrium of the
unrotated projectile: the properties of this relation and the
existence of o eritioal value of z have been discussed in (5.1).
We thercfore réach the following gencral prineiple:—

Subject to a slight marginal effect on account of spin, a
cavitating projectile will be stable under rotation, if it is
stable under the same conditions without rotation, and vice versa.

For shell, this condition i= a very onerous one. Tho
conparatively r;,anlard CeGe '2 nccessitated by structural
oonsiderations cah be counteracted in air by provision of spn.n.
This is of no avail in water, where alsd, owing to the short
length, stability camnnot be cbtained from the tail forces. For

. cxample, consider a oonventional (1./ c.r.h.) shell for which

L=5 v = 0,37 LB = 0,25 L( = 0,08

Then calculation From (115), m.glc.ct1ng_ the spin ternm, g1veq the
follovung table:

T 10| 01} 0,2 ] 0,31 0’ 0,51 0,6 ] 071081 0.9] 1.0

1im 2} 0 0.279|04325|04 336] 04 335{0a 3411 O, 342 0.31;5;0.31;1!. Ce 345} 04 347

Centre of gravity positions of this order are impracticable in shell
design. Hence the impossibility, observed in experirent, of
stabilising conventional shell shapes under water. It follows thsat
with neither spin nor tail forces asvailablc as a source of
stabilizetion, types of head mist be employed swhich provide a
restoring moment, or, less stringently, for vhieh y, if positive,
docs not greatly inercase with z. Tortunately, the requirements
arising from the satisfactory entry of shell into water, at the
shallow angles demanded, point in the same direction. Tho condition
which 4 must satisfy follows from (1412), if the effuet of spin be
discounted, as

15(a+ ) [L (1-2)£ () - r, (0)—l (117)

This implics loss of 1ift, but, owing to ithe helical nsture of the

& BT =
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trajectory, Lift is applied in all transverse directions and is i
of no great advantage in any event. -

Thus rotated projectiles fall into two main ela.sse's, from
the point of view of underwater ballistics:-

{(a) Rocket type: L is high enough to secure stabilization by
the tail forces. The stability considerations are effeoctively
those of the unrotated projectile, as described in (5.1) and
(5.2)» Here, owing to the precession, the lift is developed
in part laterally, with conscquent loss of c¢fficioncy, unless
tho spin be sufficiontly rcduced. Equation (446), interpreted
roughly as the mean rate of precossion, permits an ¢stimate of |
tho loss of cfficicney in any given casce

(v) Shell type: stability is obtainod from a flat or ncarly
flat hoed. The path is a narrow helix, the axis of which
hes no upward curvaturce The diaswter of the hecad may be, ‘
up to a point, reduced, so as to diminish drag and obtain
the maximum length of cfficicnt underwater trajectory. If
g is negativo, the round is then stable oven without tail -
contact. If ¢ is positivo (but small), stability can be
achicved .for the most rearverd centre of gravity positions,
at 1light draught. Por cxemple, teking a case for which

Tim B _ LB = 0.25

and ¢ having such a valuc that the right<hand side of (109 b)
is negligible, we obtain:

3. 0 01 | 0a2 ] 0.3 | Ouli | Oy5 | 06 | Ou7 ! 0.8 | 0,91 1.0

1im z{1.000{0.859|0,738]|0. 664 |04 612] 0.583|0.558] 0.539 0.526_ 0. 513} 0, 504 k

e s fo ey e = -—

There is also the class of projcetilo which rceceives aceidental .
spin, e.g. smooth-bor¢ medels fired experimentally.  There will be a
very slow rate of precession, which may -possibly account for lateral
deviations, accompanied by loss of 1lift, observed in experiment.
The treatment we have given here for the rotated projeetile is,
&3. cxpleinod above, not intended to be' completo.  In particular,
no account has been tekon of the 1ift forces duc to rotation (Magnus
type forces). -But the necd at the momont is for further experimental
rather than theorotical investigation. 2 T

_6 . Miscellancous effcects

6.1 Effoct of tail shape.

. The nced for obtaining optimum 1ift and oscillatory charactoristics
in an undervater projectile raides the question as to whether
performanco can be improvod by Judicious shaping of tho tail. (By

this term we refor to the rear of that part of the projeetile which
travels underwater). Such action might be diroctod towards:

(a) impr..'ovemnt of the dynamic equilibrium traojectory, i.c. providing
an incrcesed 1if't not convenicntly attainable by modifying the
nosc shape; >

(v}  duprovement of the adjustment phase¢ wherc this would otherwise
be insufficicntly favourable.

=132 =~
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Tail shaping acts.in two weys:-—

it alters the value of B, i.e. the angle of yaw at-which
tail contact is first made; c.g. tapering the tail
increases B3

for « > p, it provides an increcased or diminished -
¥}, aggording to the shape erploysd.

(v)

The method given in (2.3) for the unmodified cylinder can
clearly be applicd under the morc general circumstances, allowing
for variable d and ¢, and taking the value of £(5). as defined in
(3.1)s Por any given shape, the determination of 1ift end moment
involves only computational difficultivs: (Table I gives tho
nccessary functions)., For this reason no dotailed oxamination is
undortaken here, but we rest content with certain general
observations. :

Considor first the case whero a protuberance is added to the
tail of the uniform cylinder, cv.ge tho inclined circumferential’
flango on tho tail of the German BTe1400. This has the effoct of
(a) reducing B, so that lift is developed sooner, and (b) increasing
the 1ift at any given valuc of a (bccause of increascd dlamoter of
the relevant scetions), Hence in (52) thero is an incresse of
tail effeet relative to nosc effect, and cquilibrium will be
aohieved at & smaller value of @. This leads to smaller values of
nose 1lift and of the balancing tail force, i.c. to an overall loss
of lift, Herc may possibly bc the uxplanation of the deterioration
of perfarmence belicved to be associsted with retention of portions
of tail asscmblies on underwater rockets, - Further, reforring to
(53), the rcplecerent of (Z+LE)F(5), by =oms function of greater
value, means that, for any valuc of §, the valuec of z_,is increased.
An incrcase in the eritical value, of .z thercefore occurs, and hence
stability is possible for more rearvard C.G. positions: this is,
fundamentally, why the tail flange was found to stebilize the B.T.
1400, ]

Convérsoly, ‘if the tail be reduced by shaping it to a contour
within that of the uniform cylinder, without altering overall
length, tail contact is delayed, @ is increased, and a greater total
1lift is devolopode But this is achioved at the cxpense of reducing
z*¥, Thus it has been confirmed experimentally that Uncle Tom models
which are just stable with a cylindricsl tail becomc unstable when
the tail is topered slightly. Eowever, in the caso of projectilos
with a very forward CeG. pocition (e.g. the L.A.P./R.P.), this
risk does not arise, and a very considerable increase in 1lift should
be obtainable by tapering or otherwisc reduoing the tails  The '
amount of reduction neceasary is slight.

The above discussion relates to dynanic c¢quilibrium: but we
have also to consider the ¢ffects on the adjustment phascs Tho
oscillatory behaviour is considerskly infiluenced by the conscequent
movement of critical CeG. position. Thus tail incroase, if the
centre of gravity is unchanged, increases the natural frequoncy.
Conversely, tail reduction, if stebility is still maintained, tends
to reduce the natural frequency: this way be a gecat advantage in
the case of a projectile with very forward C.G. position, sinece the
adjustment oscillation moy be converted from the periodic to semi-
aperiodie type.

Similar considerations spply to iotated projectiles. For

very slowly spun rockets, the considerations are practically the
samc os those outlined above for unrotated rounds.  For shell, which,

= 5E =
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as wo have seen, should be designcd a3 no-lift shapes, there is
no sdvantage, from the point of view of underwatcr ballisties, in
reducing the tail: if this is-'done for air-ballistic rcasons,
the effect on underwater performsnce will in fact be unfavourablece

6.2 Residual problcms

Armonz the most impertent of the problens lc.i‘t unrcsolved by
the present Note is the effcet of the transversc curvature of the
cavity on thc system of tail forces. * Since the ratio of cavity
diamcter to projectile diameter in practical coses is of the
order of 2 or 3, it is likely that this cffcet is an oppreeiable
one, - Preliminary study of this question has shovm that accurate
theorctical treatment would rcauire 2 lengthy annlysis out of
place in tho present context, It is recowmorided instcad that
tho effceet be mcasured by appropriatc cxperimental investigation.
This could essily be undertcoken in o cavitation tunncl, which
must in any event be crployed to deteridne experiuentally norc
accurate values of the virtual mass function £(&), valid for the
spray conditions of cavitating rotion, to replzce those of Table
I basced on towing tank mcasurcements. Indeed, it is onc of the
najor aims of this Note to urge that o q_umtitatwc knowledge of
underwater hehaviour can be attained only through comprehensive
oavitation tunnel cxperiment, and that such work rust be pursued
if underwater projectiles are to be confidently designed.

It is porhaps worth rentioning that the apporent dig-ratio
in arditron photographs uxcceds the truo valuc (¥iz.9) and that,
in photo-analysis, allowonce should also be rade for the opt:.eal
distortion caused by the cavity acting as o cylindrical air-lens.

The longitudinal curvaturc of the cavity at-the position .
‘of tail contact is, in corparison, small (see Fig.9), and ollowance
for this effcct muld be merely a refinerent.

Ancther problen to vhich we have pnid no attention is the
effect of the tail-loading on the (non-rigid) projectile.  This
has two aspcets:-

{a) flexurc of the. body, as & loadcd tube, with resultant
effcots on tail incidence s critical ¢ .G. poaition, cte:

(b) strength requirenents in the pro,;cr‘tu.le body.

Both these patters.are. os.slly dealt with, since the d:.stributibn of
tail load is now knovn from (11). ‘It is understood that the

first of these is under investigation at Ge¥.ie5e3  the sccond

lies outside the =copc of tho preseht paper.

7 Conclusions

It has been showm that the 1ift forees arising on a planing
cylinder, as messurcd by towing tank oxperinsnt, can be adequatoly
accountod for by a thoory of the virtual woss type, taken together
with a spray effcct. By incans of certain thooretical assuptions,
it is possiblc to discover the 1ift distribution ovor the wetted
arna, and thus to obtain generalised 1ift and woient results for
modes of mwotion other than planing, and for tcoil ,hape:, othor than
circuleor cylinders.

With the 2id of a sirple representation of nose forees, .it

has thercforc been possible to specify the force syston on a long
ccovitating projectilec with soie completeness.  Dedueing from this
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the type of steady motioh known as "dynamic equilibrium" we have
been able to discover how the tail immersion affects the motion,
“and alsc to demonstrate the importance of .centre. of gravity
position, The existence of a critical point is- established
thearetically, and found to agree closely with experimental . . :
values. It is alsc shown that there is a sub=critical:zone of* -
CeG. positions; .if the centre.of gravity encroaches too closely

on this zone, a degree of dispersion results. . - -

The quantitative as \veli as the 'qualitative agrement of the
results with experiment indicates that the fundamentsl theoretical
assumptions are reliable, :

Further, thc complete force system enables the dynamic
characteristics of the projectile to be studied. It isshown
that the longitudinal oscillations are governed by a differential
equation of thc second order; formulae are given which enable
the effects of the initial oscillation after tail-contact to be
calculated for every point until it .is damped out. This
"ad justment phase" has a substantial effect on the trajectory,
and means are considered whercby it oan be exploited to give the
ideal of high 1lift in the early stages, and low 1lift later,
Briefly, this consists of lessening the distance betwsen centre
of gravity and the critical point (by movement of either) and
thereby increasing the half-wave-length of the initial overshoot '
until this coocupies virtually the whole of the damping disfanco. °

‘The diffcrential equation alsc cnables maximam tail
decclerations to be evaluatcd.

For rotated projoctiles also, it is possible to demonstfate
the fuhdamental properties on the basis of the prescribed tail
farce system. A static condition analogous to dynamic ‘equilibrium
exists, provided the centre of gravity is forward of a critical
position: +this oritieal position is practically the same as for
the same projectilc unrotatod. Spin has only a very small
stabilizing cffoct, so that stability can be achieved only by

(a) sufficient length for tail stabilization (rocket type); or
(b)  nearly flat hcad for nose stabilization (shell type).

In the first case, the o_onsiderations are virtuully the same as

for the unrotated projectile. - .In the sceond ease, one is committed
to a virtually lincar underwater paih., The oscillatory (nutatory)
characteristics of rotated projcetiles could be investigoted along -
similar lines, but this work is defurred until more expcrimental
date are available, o

Theory should not proceed too fur, without parellel experiment.
In the present casc, towing-tank measurcments have been taken us a
basis. The conditions arc not strietly comperablu, owing te the
effeots of spray and abscnce of curvature in the water surface;
they werc used becausc they were the only experimental data extant.
An effort has been made to eliminate or reduce the spray effect, and
the agrement obtained on 1lifts and critical C.G. positions with thosc
found experimentally in the GeFeR.S. tanks, indicates that this may
have becn donc successfully. Nevertheless, it is urgently nccessary
that investigation be mede in the mor. ncarly comparsble conditions
prevailing in a cavitation tunncl. Such cxperiment should be
dirccted in the first instance to amassing comprehensive data on
(separate) nosc and tail forecs and moments, for a ronge of geometrical
nhapes, The cffcct o1 transverse cavity curvature thould be covered
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incidentally. Sooondly a firm experimental basis should be
provided for thc study of oscillatory charactcristics by investiga-
tion of the moment-rotary derivatives assooiated with pitching.

If possiblo, provision should be madc for similar study of the
complete force system on rotated projectiles. Rescarch inte
cavity forms, both theorctical and expcrimental, should progecd

at the samo time. Finally, the rolc of tank firings would be .to
confirm the complctoly spocificd forec system, and to.docide the
effects of underwater dcoeleration not convenicntly reproducible

in the cavitation tunnel.

It is anticipatcd that such experiment would cenfirm the
fundamental formulae omployed in the present peper, but with
rather different values for the virtual mess and associatod
functions from those in Table I.  With these more relinblo values,
it would be worth whilc o moke thc various extensions of tho
theory which have becn indicatecd uhove.

The uplioat:.ons of the present paper for design arc not
easily surmed up in a fow words. It is not possible te provide
the designer of an. underwetcer projeotile with precise requircments,
or with comprchengive and codificd data. The optimum placing of
the contie of gravity, espeoially,. involves fine considorations,
and is therefore vulncrable to scalec .offcets. Nevertheless, a
fow generalisations may safely be mado which will supploment tho
dosigner's background of undorwater ballistics, and porhaps
rotionalize the apparently arbltrary demands somctimes made upon
him; -

(a) Unrotatod projectiles:  the total 1ift, for a given shapc
and weight, inorcases with backward movcment of the C.G.,
until, at a ocrtain point, ‘instability results. Below this
critical point is a small sub-critical zonc in which the
projectile attains ncarly neutral stability, resulting in
dispersion. The concgptien which has been used hitherte,
of a projectilc riding at ncorly censtant yaw and in a path
of constant curvaturc, is not adecquate:; there is an
"ad justment phasc" resulting from the initial oseillation,
lasting for a substantial fraction of tho cffective underwater
path, and having an important influencc on the cfficiency of
the trajectory: the charactcr of this phase depends on the
distanco of the ccntrec of gravity forward of the critical
point, The phasc should be-expleited, by suitablu design,
in order te give a "skirming trajcctory".

(v) Slowly rotated projuctiles:  the.stabilizing offect of spin,
below watcr, is negligiblc. Honoc the stability criteria
are tho same as for mnrotuted projectiles. The spin, however,
results in prccession arcund the cavity w-ﬂl, and unless this
is sufficiontly rcduced, the effecct of lift will be nullifiecd
or roducecd.

(e) Shell: the stabilizing effect of spin is again wury small,
and since the contrec of gravity pesition and length/d:.ametc.r
ratio are norimally such as to render tail stabilization

- impossible, a flat or ncarly flat hcad must pe employcd.
Precossion is sé fapid that any lif't developed would be
nullificd in any cvcnt.

(a) Tail-shaping: . this artificc would have a woterial cffcot on
underwetor peiformancc. In gencral, increase of the Lail
scction results in loss of 1lift, but inercased stability,
Conversely, reduction of the tail scetion results in increased
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1ift, but the stability is compromised: it also has the
effect of increasing the wavelength of the initial oscillations
Tail-~tepering may therefore be recommended f'or projectiles
with very forward C.G. positions, which otherwise are liable

to suffer from insuffioient 1ift and too rapid oscillation in
the adjustment phase,

(e) Zail-bending: formulac are given which enable the flexure
of the tail to be caleulat.d, wnd nloo provide the basic for
standrrd csleulations ol matiruwa stress «nd bending moment.
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Table I

Virtual mass and associated funstions.

x [ 0] 2 (8@ [0 |50 {56 |50 [ | f/e

0 | 1.232 0 0 0 0 0 0 0 0
0e1| 0.792( 0.105 | 0,0056 | 040003 0 0 0 c 0,053
042] O4484] 0,162 0,0192 | 0.0015 | 0,0004 0 0 0 0,118
043{ 04370} 0.203| 0,0375 | 0s0043 | O, 0004 0 0 0 0,185
Ouly} 0.332] 0.236| 0,0595 | 0. 0099 | 0,0010 | 0.0004 0 0 0«252
0s5| 0.310] 0.271} 0.0848 | 0.0162{ 0,0023 { 0.0003 0 0 04313
0.6} 0.295| 0,301 041134 | 0,0260] ©.00L, | 0, 0006 | 0. 0004 0 0.376

0.7( 0,288{ 0,330 041449 | 0.0390 | 0,0076 ] 0.0012 | 0.0002 0 0,438
0.8} 0.288] 0.358| 0,1793 ] 0.0551 | 0.0123{ 0.0022 | O, OCO3 0 0.499
0.9] 0,288! 0,386 0,2165] 0.074,8} 0.0188] 0.0057 | 0.0006 } 0,0001 { 0.560

140} 0,288} 0,413 0. 2565 | 0.0984 ] 0,0275] 0, 0060 | 0.0044{ 0.0002{ 0,620

These functions are defined in (2.3) and (3.1)s The values are
based on towing tank meagsurements; ultimately more reliable values should
be obtainable from cavitation tunnel cxperiment.

The following general results assist in computation when functions
are expanded in series of powcrs of the horizontal distance x from the
trailing edge.

64 cota n+d
£1(6 = X tana)x™ ax = |n (d cota) " £,(3)
o

64 cota n nel
i £(6 - g- tang)x" dx {n (d cota)™ fr1(0)




Virtual mass theory:

4, o =

Unrotated projectile:

B
Y

2R

" time, measured from first contact.

.angle of incidence at the nose,

SECRET
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" Table XX
" List of Symbols.

(harizontal) diameter of oylinder,
nmass of oylinder (or mass per unit léngth).

density of water, - « -

dovmwerd velocity of cylinder.

value of v at tail contact,

added mass (per unit length of oylinder).
submergence/diameter, :

1ift force (per unit length of oylinder).

45 £y T3, £, 5, £g, virtual mass functions (see Table I).
gravitational acoeleration.

length/diametor ratic (measured from nose C.P.).
speoifio gravity ooeffioient -(= -%). :

downward velocity of trailing edge.

forward velooity of trailing edge.

angular velooity of, cylinder, in pitching plane.
angle of tail-incidence (radians),.

dig~ratio (trailing-cdge submergence/diameter).
tail lift foree (normal.to direction of motion).
tail drag force (direction of motion reversed).

tail moment about trailing edge.
tail moment about centre of gravity.

value of a at which tail contact is first made,

inclination of oavity surface to axis of oavity,

oonstant of proportionality for the nose 1lift,
nose lift force (normel to axis of projectile).
nose moment about the centre of gravity. ‘ R
total pitching moment about the centre of gravity.
centre of gravity ratio (measured from nose G,P.). %

a first approximetion to =z.
(cont.)
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o upward curvature of the trajcctory.

.-5, E, < oqu:.l:.br:.wn values of 5, a, ¢ respoctively.

z* oritical centrc of grav:.ty ratio.

z% a first approximation to z*.

h travel parameter in retarded motion.

n -transverse.radius of gyration ebout C.G./diameter.

arcual travel of C.G.

8

£ % £ C.C measured from position
x orwepd travel of G.Ge of CiGe at tail-contact.
y upward travel of CeGe :

forward spoed when s = Os

v
& . 'value o.f'a when 8 = 0,
G gravity correction. (see 49).

H, H!  rctardation corrections (see 60),
- . ©g . . ourvaturc in thc absenco. of gravity drop. '

perturbation incrcment. to S
u perturbation increment toe. - . .
b 14542 .,
20

¢ trajectory anglc (in dynamic equilibrium).
Ag perturbation increment to g, R
8, Af, &y values of s, Of, Ay oft“ttainmont of equilibrium.

4y B, C, D stability cocffioiénts,

X suxiliary stebility varidble, = ° "~ °
.k . damping -ccnstant, '

P frequency oonstant. -

.

Rotated projeot:‘.'l.g:- . R - R
constant of proportionality for noqc lift.
engular velocity of projectilo about longitud:.nal axis.
‘procossionel rato,

. momont of inortia about “transverse axis through the C.G.

Q > o e =

moment of .incrtia ebout iongitudinal axis of symmotry.

The above arc assumed to bc sxpresscd in any self-consistent
aystem of units. Ceses wherc the notation overlaps will be clear
from the context. S_ymbolﬁ uscd only transitorily have been omitted.

- l+1..._
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FIG. IWERSION OF A GENERAL CYLINDER.

.2 IMMERSION OF
LLIPTIC CYLINDER.
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FIG.3 THE PLANING CYLINDER.
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F1G.6.COMPARISON OF THEORETICAL & EXPERIMENTAL MOMENTS.
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