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Jhe problem of radiation from a thin 

wire anteHrra--is^cast in a variational form. 

The input impedance~~-ia_uaed as the stationary 

parameter and the currentalostg^the antenna as 

the wave function. Using a suitable~-b*4al 

function an approximate solution for the case" 

of a symmetrical cylindrical antenna is deter- 

mined. This solution is shown to be in good 

agreement with the one obtained by King and 

Middleton for the same problem. 
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Introduction 

The problem of the thin wire antenna was first treated by 

Pocklington, who obtained a one-dimensional integral equation 

for the total current along a wire excited by an external field. 

Using this same type of formulation, Hallen derived a similar 
equation for the current in a driven wire antenna. The prin- 

cipal difference between these equations is the addition of a 

boundary condition to represent the influence of the generator 

on the system. 

Prior to Hallen's work, this rather complicated integral 

equation had been solved for only one special case, that of 

a^simple loop antenna. Here the solution is expressed in a . 
complex and"slowly convergent series. By investigating the . 

properties of the kernel of the integral equation, Hallen 

derived an asymptotic expansion for the current. Although this 

expansion yielded complicated integrals, Halle'n obtained some 
approximate numerical expressions for the current in a cylin- 

drical antenna. Later, King and 'liddleton,' using a modified 

fo*w of the Hallen technique, comprted some fairly accurate 

solutions for the current and the input impedance of a cylin- 

drical antenna. 

The error in the Hallen-King and Middleton solutions would 

be very difficult to evaluate as the succeeding integrals are 

extremely complicated. Therefore an independent check of these 

* Atomic Energy Commission Fellow. 
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results would be worth while. It is the purpose of this paper 
to present a new solution to the thin wire antenna, that of 

the variational principle, and to demonstrate by comparison 

that the King and Middleton results are indeed very close 

!       approximations to the true solutions. 

II 

H&llln's Equation 

The Hallen/King-and-Middleton analysis of the thin cylin- 

drical antenna begins with the derivation of an integral 

equation for the current on the antenna. As this equation is 

also the starting-point for the variational analysis, an out- 
line of its derivation will be given below. 

For the purposes of the analysis, the antenna is assumed 

to lie along the z-axis, centered at the origin.  It is assumed 

that the antenna is driven by a so-called "slice generator" 

or discontinuity in scalar potential at the origin. This is 

obviously a simplification of this actual situation where the 
antenna is driven by a two-wire line (see Fig. 1) or by some 
other means. The error resulting from such a simplification 

has been calculated by King and corrections to the final results 
can be applied if desired. 

The z-compcnent of electric field due to the current in 

|       the wire lying along the z-axis may be calculated by means cf 

' S 

a Helmholtz integral. Assuming harmonic .time-dependence of 
the form eJ  for all electromagnetic quantities, and the 

dimensions of the antenna to be those indicated in Fig. 2, 

the expression for the z-component of the electric field > 

becomes 

Z^JSZjSi, AS*«W >£v,^s." v" '-"* • 
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n«*«fs«*£ to.**** soaa:.«rätaptlim* aW.Vfcj*.? /ftl^fcjfer «ü ~    4ll 
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, .j&^vä&ttf of f$ tWUkt 0« of the sias#']?Ä'^:^^i^lr'ö--     gH 
,' triVütl&i .in the »ttlÄ.'«ffeet5*7. „Ala ia net *»&i4 a«a& tä» ' jJL 

tiig.&Hl* for» of fe It is poaalKLe-'t©. gh«wP'fflke6tJfcft'   *$P 

^W'^y14^^/ ?oL*C;/    - -1Ä»-»*) **' 
^*3Ä* 

•^i^^lCis-'Ooi^   iaIv*fce::,*o#a$ ••^^mP:m$-:m polst äßl; ife'\th*-' aur 
toitoai- 

^1   -. 

•*J  :-^,^^tel^"field7al©iig -tue s«T^$r ot" tfe« jtfrtt« 3„t, 
w»t _f(|u«xVl<Oi^*f^..#'0r-^HKP* «^ $u «»'4atfraja-'/«: ' 

>i»pe<&ta«t#'' At .»•« 0j .be«»©..»©?! • tter •'stiea .geaetate^' is >resaiit 
^«'•»,4iseoatiiiui% ia tho aoalw? ;.poteatial ox^sts*    Tß« m&&- 
vflÄ&Ö^'. iJt.ft diacoutinuiti- ia.aqii&a to ttea driving ^©its.f*   .-. 

.^:¥ 

-'Äfö|iS# 

ÄiSSÖTftt'?*».*^ 

"< . 'it 

'• --i• •••••' -.'VJ" 



pfrf^:  •"•;~V;V^H'i;i; : ?.PSV£?l^^l*B^^v 

•#•. '.>. ,'r 

!?<• •    "*° 

~-.TP*T': 

Sfcte^aj'.'    ^ 

FA«• '; 
if—•'*•• 

«•4.«. 

»Oft 
Äffii? **V »WS ~*ZL' 

y"^5Ä«tiSs&t^^S 
•"•        :   ••' —sft'.'•• *V:-..t?<4-"  w^n 

» *.£v     '•'•'X' ~"V G 

^ 

fij^^- 

I s r,-  --••• 

mmm^m 
•e 

>.'• 

>3*. i#.^et*»ftf *^h*t ^^l^ii^SM^Il^^SM 
of an impulse function, In tera^ of the ÖIra« d^JM 
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Hehoe, at any place along the antenna 
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»•••ifv. • , 

8, •*-'.:« 

:-»•;•»*.-• h. 

;jifflblning..tW8 equation and equation (1* the; flowing 
rala^finsMj*:la obtained: ,. ;..:,,. -j...cO-7:>S;>- 

»2 5 ."^o VU^f)z*a- 

..:^.;.:-*.na 

lllÄÄÄ^ pa* a» |». 
lifaj&ti.. t »>' Pi? 111 -5" 

--Ä 

-h £ I ^ h. 

'3K 

^ -,^;' (&)•.. i.4. treatedlas an inhomogeneous equation and ipte- 
grated to rennte the    tl+CVß^X^z^^ OJ>eratop, then the 

---" •"•  .'<•!  .•""  *' 

ijitegrcal ^quati^n is obtained« It is more convenient..'.- 
to^ i?3 *^ the st4?ting-pöint f^the variational treatment 
than 'the pyigiaal Eallea equation. 

^^^^^^I^'^^^fc the input im^äanee, the 
ofv^he equation is obtained! 
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fcftf»^ 

to yanj.sh' at a » ,^v.' ;      .';_• --..>,. 

= Yaflatlonal M&M&S&L& ^J^g^^äSSS ^^ife 

- -•-•-.>•;•• the varlational expression is obtalfte*.br ^&^^^t^^^j 
tlon (3)vb7-t(a>.^::inte|grat4ng betweeß;t^-l^f^#:':!*^|j^ 

then dividiag t&ough 'hy ''^^.rM^^^^:$im^W^^^ 

%. ids. 
I2(o) 

|EtMf>M^(?*^||»f?: 

•v^.     ..t -.-C rlA   '^-2i. 

K*afi&t« es 

-h -h 

where 

%(z  - zM * KC«4- *) 
'^^••vji'ifft1 

!'?S^4 

'o ei 4-I5%->^.;•;>••• ••••»^•- v    w - 
a2 »a2  VW2* (z - z«)z 
öo ** 

Equation (4) may be showh to have many of the Usual varia- 
bioDal properties. Obviously, if the current is mtatiplied by- 
some constant, it in no way'&f?^.5ts the value ef Zc  as given by 
(4). It is lso passible to sho^r that the first Variation of 5d 
vanishea. Thus, if in (4> an approximate value of the currant, 

^('witf-Tiw.';'. 
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IU)-»fciCz>, were used instead of the actual currentj If«)iV:;fche 

following expression results. 

v  SM&   J z1 /   Ll(z)<*I(z)32dz * —* / / KU-V^XU) + 
LtCo)^i(o)]2L   4 S? 44 "V'".' 

.'••'•"'•- •. »•   . -v Lfj ..'•••.*•;• . _        • "I ".-.Ali-- 

MCzPUUO^I&'ÜdJBdz« j 

Cl(6)+AX(o) t(o)32L     -h -«" 4 *h 

+ 2z1/   I(z)AI(z)dz + 2 —£.'    y   K(z-z:)I(z)£l(z«)dzdz' 
•; -si«?,. 

•i-h^h 

h 

V 

+ z1/   CAl(z)]2dz +     ~2     7   "/'KCz-zOAKz^KzOdzdz 

^ 4* 4 
Using equations (3) and ^4-), this reduces to 

'.-..., L.J.,,,: ':' r h 
. .. ,., .   "1,,,;H,_    Z I2(o) * 2   /   AI(z)dz (z^I(o)6(z)l 

tl(o)^ICo);32L   ° 4 l 

+ z1/  tAl(z)32dz•+ vfnf  /  K(Z"Z')AlCz)Äl(z»)dzdz' 
4 4 4 J 

Upon performing the delta-function integration and adding 
and subtracting Z [AI(o)3^, this becomes 

r     h .      h   h 

C6) 

It is apparent from (6) that if AI(z) is small, 2   differs 

AlCsOdzdz'-Z^AlO 
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tram-Z^ only by tew» of second order ;'^^ä^^fj^^|^^^^^^ 
first variation iia aei-tn She fB*fe$j|iÜ^^ 
versed and'it is possible to show that ^^jHpl^^^ftl^BK^I 
is • require^*©, l^^a^onary -i^^y^^^ß^^^^^^^^^^ 
changes -H-ihö'. jpp^jw^ S^¥SÄ?^^!^ÄS^^p^|^S^6^^SM 
obtained. | Htf&c«, reqttij^ijigiihV $ir*t^rial^ 
to bo aero i^ both a necessary arid flttj^oi«nt^öli»^^l«!n:T^.-:Jr, 
solution of the original integral aquation.  ...  ^0Mi".'••«^••^v-v 

it is apparent that this problem is.-jäifferÄnt f?6Ä 'äl| . . 

usual variation&X problem in.that a single complex eigenvalue, 

2^, is involved instead or a denumerable set of real ones, ts 
this respect the problem is similar to the7recent work öf 1 

Levine cad Schwinger' on the diffraction of it plane wa^;^| ? 

an ap£rture> It is worth while to see whether or n^t spm#^T 

the variational properties present with real eigenvalues can 

be extended to the case of a complex eigenvalue.      ':\U;rS.:;L 

In particular, suppose tQ  is a function of a parameter 
\ = x^+ iX.1, and it is dcsirSd to find the value of. X, tbaib ;; 

produces the optimum value of 2 *; In the case of real ei^sat*. 

values this value of X is obtained by setting the derivatives ^ 

with respect tc X. equal to zero, and .solving the resulting equa- 

tion for liv« Ji- 'ever, with complex eigenvalues, Xr is also in ^ 

general complex ^"d there are in effect two constants to deter- 

mine, the real and imaginary parts* Assuming ?Q to be an 

analytic function of X,, then "2Q- XC^,?^) + Sj(X»,,X»g) and the 

Cauciiy-Eifc^ian eolations are 

' ••-•;.<w,': »   - iW••'.'•-'••' ~ .-"•• ftt) 

The problem is to determine the optimum value of X.. It 

would be logical to demand that the absolute value of the dif- 

ference between lZ and 2„ be a minimum. Hence, o    o '... 
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:  ^ i|*,-\\i - o     ?% t| V 20j] - o.        (8) 

It can readily be shown that equations (7) ana (a) load to the 

Conditions •-.> •'; ;^^^ir 

'^»H'^5 -^X»a,V •j^-Xfta.V -rf;X»i«»*> "°- 

These may be combined to yield 

In the above equations it is understood that the real and 

imaginary parts are to be equated to zero separately, Since Z 

is assumed to be explicitly a functkn of V, these equations could 

be written as 

A \  = °° (9) 
Symbolically this is the same equation for K as obtained 

in the case of real eigenvalues, The complex nature of it, 

however, is quite evidente It must be emphasized that in order 
to obtain this result it was necessary to assume that Z was an 

analytic function of &. and that equation (9), when solved, will 

yield a complex value for X. 

XV 

Approximate Solution of Hallen's Equation 

It is apparent that all that remains to be done is to se- 

lect a suitable trial function, insert it in equation (4), and 

calculate values of the impedance» By selecting a function 

with a number of parameters that can be adjusted (for example, 

a sine series with arbitrary coefficients) it is obviously 

possible to approximate the current as closely as desired., 
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Hcweirer, Home sort of compromise must be made between the cl.se- 

ne2.<r of approximation and the possibility of numerical evalua*| 

tion. V*-':'v • JfiSv 

It has been shows by King  that the current oh the antenna 
can be clossly approximated by a sine plus shifted cosin3 dis- 

tribution., Hence a logical choice for the trial function is 

I^(z) * (^ • C2 sin ßcUl + C^ cos P0-. 

The auaulute-value sign in the sine function is inserted 
to produce symmetry about z * 0. This trial function must 

satisfy either identically or approximately the condition 

1(h) * I(-h) « 0* It is convenient to make the trial function 

zero at the ends. To accomplish this the trial function may be 

written in the form 

IT(z) «A sin ß0(h » |z|) + B[l - cos 0o(h -|z|)]8 (10) 

Using this trial function in (4), the value of 2 becomes 

\ -:i&L?ü A2 * 2YABAB4YBB ß2^^T]» (11) 

•Mn V O / UT 
where 

|^- z1/    sin2ß0(h-|zj)dz + T4A 

/   j  K(z-z')sinß0(h-|z| )3inß0(h-|z«| )dzdz», 

*,,./. YAB e "37" z /   sinß (h- |z| )[l-cosß (h- |z{ )3dz + 

// KU-z*5slnß0(h-U|Hl-cos$0(h-lz1)jdzaz'  , 

ib. J-h 
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•••.• •' we 

"••*:u-?:,'gh*'-i-. 

•*j0*%ih ^ f H - eosß0(h-jzj)32isfe • 

Pi 
Ä   h 

s-s*)Cl-ooaßACh-|z| )3Cl-cosß^(h- UDlAads*  . 
•v -•• . .. .     - 
»"—••.• • •. 

Y     /*K(z-25» 

These integrals may be evaluated in terms of the gener^i- 
ired sine and cosine integrals (see Appendix 1). 

^0 is a function of the two parametersT A and B. Actually, 
£Äis independent of the over-all amplitude of the current and in - o <£''"• 
reality the two. parameters are not Independent as far as ZQ  is 
concerned« Hence it is convenient, to fix the amplitude of the 
current and thereby eliminate one of the parameters. Assuming 
that a unit voltage is driving the antenna, then the current at 
z * 0 is fixed by the following condition 

V - 1 = I?(o) Z0 U ) 

.% .l^(o) « Asinß0h+B[l-cosß0h2 « l/ZQ.        (12) 

Using (12) to eliminate B, Z becomes 

2 =   —*•  Cl/IL- A sinß hi 
l-cosß0h ° ° 

FWS 

P 1/ S - A sinßh 1/ Z -Asinß h    2] 
rU?* 2TABA        I9- cos*/- * TBB[    1 - cosß.g    3 J* 

1 
——~—35 . (1/V 

Now, 2 Is an analytic function of A. Thus, to obtain the 
optimum value of 2" , A is determined by the condition 

 2 =* o 
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To l^   A     ,.<?\nP  -'1/ $^vAaillg^hT^ia  • jE  tosl»«^^«---*-^ I*ft|! 

ÄTBB L    1 - cosß h•lLl-ecßß hJ 
o o 

•• - 

iibiJÜH£ffi*:f& ?focTu*fit*l?l)^p"?t^ö^.wnai;ii4S'ii>ir^ JSeftöi^netf-eWä£' 
CCßß   h £^;*V%i   asari^.   *>,-. 

..0   :-—^—   •••*-.   ..->,..-•=:••» 

*ij-.r Setting ^?J3 -.W3.   icrrsö' ;Wu7 --^ .A^tL:hia!iS*i* #fnc#ft' nA 

i; £•••;* i.:. ri.-.   a*"sii£ii   srfl";  sr'-vfl  V;ok*ö.^?.e  -Trt^rsr^^red  c t *r-5''-^n^^xiiiV-.^ 
the. parameter. A^can*;b$ tf|:|t|fÄC^a. the. f orm,tüi: 

^ 

A 
"c 
ir, ',,.:.,   -   ...A,-   ,, ^<       ^Ä^.^S 

•   -r- •  •.. JMS 

Using (12) and (14-5 together, 

Substituting these values ^to&^£quation (11), "Z becomes 

lülüg¥?p ^ 
• i" i. > • o;  4«r."i   6   :;:

;.ä;J:    'cüits^   ?T3W  eopx<ft*'iffti   wri;T 'TO 

"A, 3, etnd ^ fmay how oe «Valüated b^ numerical1 Calculation*. 
fh**dd?lfi£fi -of^tni^'^ocess- a^ ;le^t :^SMez appendix. ^tt^| 
however, appropriate at this time^to examine' the value of 1Z0 

and to determine over what range of ßQh it should yieldrtreason- 
tfrtaaCtiN^bcfe   Bi equation (11) l|(a> appears in the denomi- 
nator:,    gence for a value ^f ,BQh-such that I^o) • ©=, 1Q will; 
be-cinfiaitÄ.;  X<m Ij(o> « 0 atifit^ » 0,* 2^^ 4i», et».    At ^t^ 0 
the>:4nf4aitf JfÄla« rof ^:ifl; reasonable sinoe the^pl^raiöal 
antenna does have an increasingly large reactans« r£br 4Ws&tij& 
lengths.    Hqwever, *t flQh «2TT the a.ntenna certainly has a 
finite resistance end reactance.    This trial function, then, 
cannot possibly yield correct values in the neighborhood of 
30h - 2rr*    As a matter of fact, this divergence begins to 
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taioi 

affect the valuea of 1 
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o 
the values of S0 vs ßAh appears in Fig 

shortly after ß. h 

3. 

3it/2. A l&ot öf 
The King-Kid die ton 

computations appear on the same graph for voap9ri3on. The 
above-mentioned divergence is quite evident upon examination 

of these graphs. .....'•'     -• 

An accurate estimation of the error for any particular - 

value of ß h would be extremely difficult. However, over the 

range p£ ßh f 5.0, it should be possible to represent the 
current to 15 per cent accuracy by a sine plus a shifted 

cosine distribution. Hence the error in X& is of the order 

(.15>2 or 2 per cent. Therefore it is felt that over the 

range 0 £ ßh * 5*0, X0 should be accurate tc within 4 per 

cent* .  "•••--- 

Wm 

•-•:--.-.«i*.33««Slia 

as? ss 

Bvffl^ff 

Following other authors on the subject, the computations 

of the impedance were carried out for a fixed ratio of length 

tw radius of the antenna. For numerical reasons it was-d*-•-;— 
elded to choose a ratio of h/a of 904; Shis corresponds to a 

value cf the parameter XI • 2tn"J* of 15« 

Table 1 contains the computed values of fQ  and the cor- 
responding values' obtained by R. tt. P. Xing for comparison. A 

plot of these functions appears in Fig. 3* Perhrps the most 

satisfactory test of the agreement between these two sets of 

data is obtained by comparing the peaks and miniaums in the 

110 data. Hence 

ß0h * 2.85 RA(max)  H* W, P. King 

B (max)  Variational 

2,31 Difference 

2436 ohms 

2495 ohms 

• %• V 

mm ————- 

.' 
\ fgl .. 
•»« 

V ^8 
-...-, '..' \^.:. •< 
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Tafcle 1 
"''^;^niii 

Impedance of a Cjrlindrical Antenna * .;•- .•.-••;g*J§f| 

M   • a* 2tn^ *i5'8§8 ~:"^f • 

iag&S 

Wk 

00* yariational Kiftg-lfiddleton 
Second-Ordes Theory 

£     •  ~rXfrr?l 

o.5 
0.7 
0.9 

4.85 
10.03 
17.78 

-.11265. 
-j 815.6 
-3 538.1 

5.000        -31256. 
10.28          -3 809.3 
18.13        >3 533.2 

.TT :':.'. '" ~- 

1.1 
1.2 
1.3 
1.4 

2?Q? 
29.09 

45.65 
56.69 

-3  430,2 
-3 334.9 
-3 247.7 
-3 166.2 
-3    88.06 

29.36         =3 330.9 
36.73          -3 244.4 
45.62          -3I63.5 
56.38   ,.";';   -3    86.00 

:,'••--_.•, •7:.:-:. 

1*,8 

70.21 
06.97 

108.0 
134.6 
169,0   *-•• 

-3    11.60 
-»•j    64.89 
+3 143.0 
+3 224.3 
+3 31^6 

69.46        -3   10.23 
0?.?5             TJ      o?•?w 

105.7           +3 142.8 
131.5           +3 223.4 
165.0      ,   +3 309.1 

•     —'•;-; ; • 

2.0 
2.1 
2.2 
2.3 
2.4 

214.2" 
274.1 
358.6 
477.2 
650.1 

+3 403.6 
+3 505.3 
+3 617.5 
+3 740.5 
+3 870.6 

209.4            +3 401.7 
269.8           +3 503.3 
354.8           +3 616.3 
476.3           +3 740.3 
656.3       "   +3 871.2   , 

2.6 

1:1 
2.9 

908.0 
1291. 
1815. 
2341. 
2479. 

+3 991.5 
+31053. 
+3 933.2 
+3 443.4 
-3 388.9 

929.4          +3 988.5 
1330.             +31045. 
1878.             +3 860.4 
2361.             +3 278.9 
2362.          =3 570.s 

3.0 
3.1 
3.2 
3-3 
3.4 

2070. 
I486. 
1017. 
700.8 
494.8 

-31085. 
-31354. 
-31339. 
-31218. 
-31074. 

I870.             -31159. 
1312.             -31328. 
898.8           -31273. 
626.4            -J1H6. 
449.8            -3IOO8. 

1:1 
3:8 
3.9 

359.3 
268.3 
205.8 
162.2 
131.6 

-3 936.0 
-3 811.8 
-3 ?0le5 
-3 603.2 
-3 514.7 

332.8 -3 881.1 
253.2           -3 767.3 
IS 7,6           -3 666.1 
158.1           -3 574.7 
129.9 -3 492,9 

JL 

an 

•' :,"* 

•Impedances are measured In ohms. 

EttHB S3 
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:  ..      . 

• •;•       —'• r':^l-^^,-v^ 
... • Table 1 

' —     •   • 

"-  •                     •''-'.•*•:•'".         ". *V--.•jtfv-tA&H 

• • . • 

:: •       •'     " 

(Continued) 

ßoh Vaxiational King- Mlddleton ..... ' *3$!S££n8 

•    '.' 

o L Second •= Order Theory 

4.0 110.3 -3 433.8 110.0 -3 417.0 
4.1 95.89 -3 358.8 97.25 -3 345.9 "'        '            '^»"£1 
4.2 86.<H -3 288.V 

-3 220.8 
89.70 -1 278.2 

;-..   :-J_212.5   : 
.-v^-&>:^ffi 

4.3 32.43 85.5^ 
:: ^3ä»»|§| 

•  •  . 4.4 81.76 -3 155.2 85.48 -3 148.5 
: .   . 

4.5 84.64 -3    90.46 89.91 -3   85.51 •,   jyS«i 
4.6 91.00 -3    25.51 99.14 -3    22.67 
4.7 101.0 +3    40.77 113.5 +3   41.25 

• • 7,".";Ai 

115.0 +3 109.6 133.9 +3 107.2 "..t-jJäii 

4.? 
158.0 

+3  182.4 161.9 +3 175.7 #*li$H( 
5.0 +3 260.9 199.8 +3 247.1 '•  - -           .   .„ ^*v"- 
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FIG. 3   INPUT IMPEDANCE OF A CYLINDRICAL ANTENNA 
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:-    ß0fc - 4,3*  B0(altt)  B..W. P. King  85.0 ohms 

R0(min)  Variational    8I06 ohms 

4.0# Difference 

It is felt by the author that the agreement between theses 

two solutions is extremely satisfactory. The question as to 

which one has the greater accuracy is quite difficult to Answer. 

It is known that for progressively larger values of ßÄh the o 
R. ?T. P. King solution, as well as the variational, becomes 

less accurate. Over the range ,5 ^vß h "^ 3.0, the two solu- 
tions appear to be of comparable accuracy.  Over the range 

3.0 *** ßQh ^5.0, the King solution is probably somewhat better. 

A discussion of the short antenna, ß h ^ .5, will be postponed 
until tho next section. 

The variational computation yields a simple and useful 
expression for the current. Repeating equation (10) for the 

purposes of the discussion 

IT(z) = A sinß0(h-)zj ) + BC1 - cosß0(h- |zj )]. 

The values af A and B were determined so as to obtain the 
best value of the impedance. However, it is immediately 

apparent that these values must also give a good representation 

of the current.  Table 2 contains the values of A and B in the 

range 0 * 3 h - 5.0. In this range the approximation should 

be satisfactory. A graph of these parameters appears in ?ij;» 4. 

It 13 possible to obtain an expression for the far fields 

in terms of A and B. Using a standard spherical coordinate 

system such as that shown in Fig. 5, the far field can be shown 

to be given by       *   . • 

E« - 0 Bv  = 0 

e"dß°H°  1.t 
Ee * f(S) A--  e***    Bft = 0 

*o 9      -Jß R 
E, - 0 B^ = f(0)^g  e*»* 

o o 

o 
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where 

f(0) * 

-14- 

3ß_cos© z% 

6 sin© I(z*)dz' 

using the approximation Ij(z) given above for I(z), this 

integral may be evaluated. 

f(©) i£ftB }  ej 
ß_COSÖ z' ( 0     sin9[Asinß (h-iz!) + Btl-cosß (h-jzindz« 

603 [A 
cos[ß0hcos©1-cos ß h 

slnd + B 
sinCß hco3©] - cosösinß^h 

sinöcos© -] 

•.. • y*vi 

w 

VI 

The Short Antenna 

The ease of an antenna short compared to the wavelength, 
2 2 iee., ß^h « 1, is of some physical interest. The value of the 

impedance may be obtained by taking the limiting form of equa- 
2 2 tions (11)-(16). Assuming ß*h <Kl, the various y-integrals 

become 

YAA s poht4 + 4^ri2 - 2^ + terms of order(ß0h)2 

VAB s Poh2tl + 4^n2 "^ + term3 of order  (ß0
h)3 

YBB = ß^h3[10/9 + 8/3£n2 - 2/3A] + terms of order 

ft = 2ta?f 
Setting AI^ 15, the limiting forms of A, B, I^Cz), and "Z 

become 
A = 3I.269C x lCT^ amp/volt + terms of order ß h 

B = +JAß4h^ x 10"3 amp/volt + terms of order (ß0h)
0 

<ß0
h) 
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Table 2 

The Current Distribution Parameters A and B 

IT(z) = A sinßö(h-|zl)..* Btl«o«?^(^|»1)J? 

4 = 2tn ^ .«-15 

Poh A(milliamperes/rolt) B(milllamp eres/volt) 

0.5 
0.7 
0.9 

l.o 
1.1 
1.2 
1.3 
1.4 

x. > 
1.6 

i:S 
1.9 

.0126 +3 1.499 

.0420 + 3 1.800 

.1340 + 3 2.299 

.2383 

.4325 

.8991 
2.135 
7.927 

15.74 
7.664 
3.146 
1.420 
1.042 

+ 3 2.724 
+ 3 3.332 

+3 6.038 
+310.42 

£3   .8847 

-3 5.868 
-3 4.479 
-j 3*604 

2.0 .7241 -.1 3.036 
2.1 .5247 -3 2.641 
2.2 .4003 -.1 2.361 
2.3 .3139 -.1 2.155 
2.4 .2506 -3 2S001 

2.5 .2022 -,1 1.884 
2.6 .1636 -3 1.796 
2,7 
2.8 

m  «b m  *fc 

.X3-L^ 

.1050 

M 1.731 
1.685 

2.9 .0815 1.656 

3.0 .0604 -,1 1.641 
3.1 .0407 -.1 1.641 
3.2 .0216 -,1 l-SP 
3.3 .0023 -3 1.684 
3.4 - .0180 -5 1.73C 

3-5 - .0406 4 1.794 
3.6 - .0671 -,1 1.880 

1:1 - .1002 -,1 1.994 
- .1438 -.1 2,144 

3.9 - .2051 -J 2.343 

- .0244 +3 .6647 
- .0550 +3 .3712 
- .1153 +3 .1471 

- .1677 +3 .0553 
- .2522 -3 .0528 
- *3997 -3 .1668 
- .7081 -3 .3006 
-I.717 -3 .5909 

•1,982 
• .2123 

.2154 

.2768 

.2763 

.2642 

.2511 

.2390 

.2285 

.2195 

.2117 

.2050 

.1992 

.1942 

.1099 

.1862 

.1831 

.1806 

.1787 

.1776 

.1772 

.1778 

.1796 

.1830 

.1884 

+31.515 
+31.820 
+31.2IÖ 
+3 «8830 
+3 .6998 

+ 3 
+ 3 
+ 3 
+ 3 
+ 3 

.5823 

.5005 

.4395 

.3919 

.353* 

+3 .3215 
+3 .2943 
+3 .2709 
+4 .2504 
+3 .2323 

+3 .2162 

+3 .1886 
+3 .1767 
+3 .1658 

+3 .1559 
+3 .1468 
+3 .1384 
+3 .1306 
+3 .1232 
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Table 2 
(Continued; 

f>0b Mmilliamperes/*oit) B(mill ±amp6T99/r0lt) 

4.0 
4.1 
4.2 
4.3 
4.4 

4.6 
4.7 
4.8 
4.9 
5.0 

- .2972    -3 2.608 
_    .4459    ~3 2.972 
- -.6343    -3 3.4&2 
- 1.221       -i 4.218 
- 2.366     -3 5.245 

- 5.182      -3 6.111 
- 9.913     -3 3.195 
- 8.477    - + 3 3.133 
- 4.618      + 3 4.210 
- 2.732     + 3 3.606 
- 1.796     + 3 2.891 

.1968   *f *I£?7 

.2097   +3-1075 

.2296   +3 .0968 

.2609   +3 «0790 

.3103   +3 .0399 

.3711   -3 .0660 

.3036   -3 .2865 

.0377   -3 .3008 
- .0479   -3 .1646 
- .0518   -3  «0773 
- .0315   -3 .0469 
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FIGURE 5 
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ITU) « 5 pofctl.2690r(X - -^-> * .1718(1 • ^0*1*iilia*jw«* 
•"•:• 

&:•>;.£      ••v>-:^.:^-; 4 terse ©r -präsrt$Afc)^ AU:1 : K£| 

1''?; ^^^SSig^^;^     .. §J terms i|| 4|S;^^ß^. 

In the first-order theory of Xing and Äi*ä*tcj|4 the ;-X$äb&-•;-.-«-.• 
ing value of the impedance is 

YII 

. ^fhe variational method provides a new technique for solv- 

ing the antenna problem, from the point of view of numerical 

computations it was no more involved than that of the King- 

Kiddleton method.  It has the advantage of providing convergent 

series for the solution whereas the King-Middle ton solution has 

asymptotic properties« However, the author feels that its chMT 

utility will eome in its application to some of the more compli- 

cated antenna configurations and in yielding numerical results, 

it the present time it is being applied to the solution of the 

simple loop antenna. •'•']-^•..'^•^^ • 

Astaywisdggent 
The author wishes to express his thanks to Hiss Julie 

Klimas for her assistance in performing the numerioal computa- 

tions • 

ry 

It is apparent that there exist* a sizable discrepancy bo-^. 

.tween this result and that of the variational principle.  Proba- 

bly the limit of the second-order theory (to which previous 

comparisons in this paper have been made) would bring this into .-• 

closer agreement. 
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ISIfiJ  s$fe "litt III iSiSMi 
Bwlnfttiyp $1 tt» v-SntegraK gpi^J^ 

||     v. ^ First, a nseessary Id^l^^sr^Involving the 3hteg*al* wiifev 
ir.pi *•ynxscss 

then 

r K<a-z»)?Ca)dz « ß0 7 F(zHl • •% -Ajl Ä 

4 «4 ^o *s 

9     -J30 * iÜ^BI 
C2 • • •••''•«p»«w,y<»w» 

? ß* »ze 

« 

i- /   [F(z>*s * •*— a* F(z)3 dz 
**L *B        B B PS42 

'O 

-3ß0R 
ßo 7 * & " [1 * "b -^i3F(z)dz + 
°7D      " K Bil 

O w 

-3ß0H 2 

Jo     R ßö *z2 

a      -^oR        -^oH     f h 

-Jß0
R -3ß0

R •       - 
•» ÄV~" " "& *^" *    Lettiag Ro " V35'    4 * > Bh 

^h-z') * a , this becomes 



4. ^^^SÄÄiS^^^I 
/ K(z-z«)F(a)<U * fin / 

f   fr       tl*«^ -^3 F(z)d* 
4- ÄfiS^^äMBS^^)- 

Therefore, assuming F(«) * f (^ ^ ^C|sl^^|^, the Yrintegrals 
may be written as "*'~:'':^:/'-'V;^:;j >"'''^':-''--^-'v: 

f   f K<z-zf)F(z)G(zOd*dz»  j0^^'m^^^0^00ä^ 

+ 2 
lh 

h    h -Jß*9 2 

! /   G(z«)dz6 J1- FCe) & Ä-^- ^T*1/   *    r    S(g«)d«' 
*h ° ° **   *h h 

+ 2 Z^oj.   /* Q(Z,) %£,£ * to« 
h • 

Owing to symmetry the integral inyolvii^ F(o) as a faetor 
vanishes and the others may be reduced to yield 

/ /*<*-«• )F<a)G(s')dzd*«I*2f   fO(»s)^^Cl+-4-Ä-lFCi^zdz' 

This formula may now be used in the Y-integrals.    It is 
apparent that both sin|_(h- Izj) and [l-ces|rt(h~ |zD3 ere symmetric 
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functions ©f z and vanish at z •« h.    Haiice    "^    . 
•&••«**'•• 

ss^>o. 
^ 

tÜfif 
»£*&$ 

r- ^-|n^i ? si^ch- ,zj )dz.+ 2 p%pi.;^||g||^|| 
'0 

•^ 

%m /> ••—•'*  .   *"'0**(? 
-4 cosßQh   /   sinß^h-z1) ä-JK^-— ££& 

«/« iSßS*   • Is      y'Vü-J' 

;-».-• 

Y^ß  :    F(z)  ^ sin ß0(h-|z.| )        G(z«) =1 - cosß (h-|zix£ 

a > 0 El + ±~ -2-1 sinßfh- jzj ) * 0 

, i  ~ 

YAB = jf" z   /   sinß0(h- ls| )El-oosß0(h- fzj )]dz + 

>sto, 
e oo 

R. [1 - cosßo(h-|h>-Tz1)3dz' 

^              >                                        -Jß0
Ro 

. -4 eosßoh/   El...-- co3ßn(h -Izln^-g     dz' 
do ° 

|?^ilM|^J^Jö||^||rtei^;       G(z')  = 1 -  qosßn(h-*zD 
v. 

s >.G IX * -4   «**Jtl. ~ cpfß- (& - |z|>]  •• 
Jo    *z 

;ife 
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ooeßA(h~|*l )a2d* • 

20 27 -h    o 

-4 sinß0h 
fe 

mm 
ooago(h ->*|VT%^   ^. ^gt 

ö    •:•** 

The double Integral in this expression may be reduced by Sote 
manipulation and an integration by parts. Setting t - s-z', 
dt * dz, 

28, 
5   * 
/     /[l   -  COSß0(h-|z1)iÄ- 

I 
h~z* 

dzdz i =-. 

2ßQ/   [1 - eosß0<h -UD3   / ;J¥a 
dt+ dz1 

*fc JÜ - cosß0(h-z»)3|    7 

az2' "3ß0R0 

hr dt + 

h+z*  -JO„ o o 
R dt   /dz« 

2ft, fix.- cosß0(h-z»)3 '   /    e^f dt 
-h-z' 

h-z1 

2[ß0z*-,+. sinß^JCü-z»)]     /     e 

b. 

~^oBo 

-ff-z1 "5" dt 

dz' 

£ «eh 

z'=o 

-/ 
2[ß0««*sinß 0Cb-*»>31 - 

-«A "^oE-h •^os-h] 
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>'sfeWtittat'tng this. Integrall&ack Into 
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Appdndl* j3_.^ 

Numerical Compntatioas 

3$» 

sag"^§ 
It isi apparent that -fe'o ?<JMic%e^Ä:|c^Ni^^'»*jr'.ii^ --"^^4t^^^^l^

a^%1$^^^^^^^^^^B 
ove* ranges of 8 a and ß h would be too large i.^faffk. >?bllo'ii|';,.-g|5S 
irlg" the "procedure" of previous sauthprs-5:-t; -$r wnvewiefft^to^--^:%•-f^-?^ 

define a parameter ii as follows        - •--..;:S*T*^ v>-\ .'::••.:'^.?_:? fSHSHs 

S. tf. P. King has tabulated values of the input impedajro* 

and current for 11= 10, (h/a = 74.2),XI = 12.5 (h/a * 259)? #v?|f 

£1* 15 (h/a » 904), andXL» 20 (h/a<* 11013). An antenna with ••• 

parameter ofXV* 20 is top thin to reproduce phys^oally although^ 

the others -are not» As this paper is intended only to check 

this wprk^|t is convenient to select one of these values and   Vc 

perform Computations on it. Since for larger values of£i the 

computations are simpler, the value XL = 15 has been chosen. For 
simplicity ^I.Cs taken to be zero, i.e., the antenna-Is a per- ^ 

feet conductor« 
SettinglSil5 the various ^iatftg'rals given in Appendix I 

may; be evaluated numerically f or different values of P^hv The 
E-j S*v and ^i^tagrals provide the only difficulty. In terms 

of some functions recently tabulated by- the Harvard Computation 

Laboratory12 they are given by 

S(ß0z) = sinh"
1 | - C(ß0a,ß0z) -_J S(30a,fr0») 

S(ß0*y ~ Cs(ßöa,ß0z) -j Sg(ß0a,ßöz) 

öt^s) '•'- sinn"1 f - G(ß0a,ßoz) - Ce(f.a,p) -3 $cCf0ä,ß0z) 

where • • •' ~"   • 
ß 2S  _._, 1/ x2. p2 "2 
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delta-terms may be neglected as they contribute less that 1 
part in 10* to the values of the integrals«* ^    - 

tÄflSiSv ",'. 

Appendix 3: o_i 

Since the second order King-Middleton solutions have 

never been published in tabular form, it was felt worth while 
to include them with this report*"  ?he' first table contains.....Ä? 

values of ijr, the Expansion parameter, the next tables contain 

values'of the-impedance, magnitude of the Impedance, admittance, 

and magnitude of the '•••admittance for various ratios of length 
to radius. The la3t table contains some additional values of 

the impedances near resonance. The impedances are tabulated  J" 

to four significant figures, "tee-last-digit- probably containing-— 

a small error. 
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K9 as 
0.5. 

i 0.9 

1.1 
•» -\.. 
i« ^ 

1-3 
1.4 
1.5 
tr/2 

1.6 

i:S 
1.9 
2.0 

2.1 
2.-2 
2.3 
2.4 
2.5 

2.6 
2.7 
2.8 
2.9 
3.0 

3.1 
t7 

3.2 
3*3 
3.4 
3.5- 

3.6 

3.8 
3.9 
4.0 

U* 10 

Um >»   ii   '>   •>•»• 1M1 

8*063 
8*108 
8; 167 

8.24? 
S._295_ 
8.34r 
8.409 
8.491 
80 550 

8.570 
8.534 
8.545 
8.468 
8.363 

§'3P 8.089 
7.931 
7.766 
7.597 

7.429 
7.268 
HF 6.98O 
6.861 

6.76** 
6.729 
6.688 
6.636 
6.6C8 
6.602 

6.618 
6.651 
6.698 
6.756 
6.819 

0,-» 12^5 
— fcä 

10.547 
10.589 
10.645 

10.7£1 
10.267 
10.821 
10.882 
10.952 

11.027 
11.033 
10.985 
1^.899 
10.785 

10.649 
10.498 
10.335 
10.172 
10.010 

9.849 
9.690 
9.543 
9.410 
9.296 

9.2O6 

9vl35 
9; 089 
9*108 
9.102 

9.086 
9.122 
9.173 
9.232 
9.296 

£k :'*"l5r •••:; ,-L A^-«8Sis 

j— 

12.436 

12.112 
11.967 
11.839 
li.730 

11.647 

11.583 
11,542 
11.525 
*$*&$£ 

11.554 
II.594 
11.647 
U.7O8 
11.774 

i7*99& 

18.077 

JLO,lo3 
18;227 
18.278 
18*324 

I8.398 
18.379 
18.305 
18.194 
18.054 

17*894 
17.723 
17.545 
17.402 
17.27? 

17.*08; 

16.956 
I6.816 
16,699 
16;599 

16.529 

16*478 
16*448 
I6v443 

16.491 
16.538 
16.557 
16.660 
16.728 
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4.1 
4.2 
4.3 
4.4 
4.5 

4.6 
4.7 
4.8 
4.9 

c  1 

5.2 

5.4 
5.5 

5.6 
5« 7 
5.8 

6.0 

6.1 
6.2 
6.3 
6.4 
6.5 

6.6 
6.7 
6.8 
6.9 
7.0 

6 = 885 
6.949 
7.008 
7.059 
7.098 

7.124 
7.135 
7.131 
7.110 
7.072 

7.019 
€.951 
6.870 
6,778 
6.678 

6.571 
6.462 
6.354 
6.250 
6.154 

6.068 
5.996 
5.940 
5.901 
5.881 

5.878 
5.893 
5.922 
5.965 
6.019 

Oi .•••*• 12.5 

9,: 
9.424 
9.483 
9.532 
9.568 

9-590 
9» 597 
9.508 
9.562 
9.519 

9.46I 
9*388 
9.302 
9*206 
9.102 

8.994 
8.885 
8.777 
8.675 
8.581 

8.500 

-8.382 
8.348 
8.334 

8.3^8 
8.357 
8.390 
8.435 
8.491 

Öfrr^V 
11.839 
H.899 
11.958 
12.005 
12.038 

12.056 
12.059 
12.046 
in   ni M 

•11.96.5 

11.902 
11.824 
11.734 
11.634 
II.527 

11.417 
11.308 
11.201 
11.100 
11.009 

10.931 
10.870 
10,823 
10.795 
IO.786 

10.799 
10,821 
10.857 
10.906 
10.963 

16;794- w*m 
16.907 
I6i|% 
16:9^ 

l§.9|r 
16.9ö3 
16.964 

" 16 r§59, 

16.786 

16,597 
16^.490 
16.377 

16.264 
16.153 
16.047 
15.950 
15.864 

15.794. 
15.7*3 
15.7IOH 
15.689 
15.695 

15*720 
15.750 
15.791 
15.846 
15.908 
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W# 

US 
":J.*'7' 

.2.3 
;2.4/: 

2.5 
2.6 
2.7 
"2.-8- 
2.9 

34 
3.1 
3.2 
3.3 

m 
3.9 

afe-fg« ^3704.8 
"" 1"  ^451.3 iMIöMi 

:;^m^ -3127*!-, 

59.11   -J 34.27 
• «».• 

93U' 
Il4v8^ 
T$5;2 

"   .5 

240.2 
314.8 
41&*1:- 
^47.5 
697.1 

820,4 
84*. 9 

62272" 
479.4 

364.5 
28Q.Ö 
212*6 

, » 
143.8 

n10.30 
+3 54.72 
+"3 99.6/ 
+3145,5 
+3191.8 

+3237.1 
+3277.6 
+3305,8 
.+3206.-8 
+3227.3 

*3 71.37 
-3l45.b 
-3339-9 
-3452.6 
-3489.4 

-<480,4 
-3450,6 
^3414.0 

103*9 
91.22 
61.84 
75.09- 

£2" 
-3339,9 

-3274.5 
-3244.7 
-3216.4 
-3183.4 

704.8 
451.5' 

•294,4.. 

XTQA 

68,36 

74.37 
106.8 
151*3 
205.3 
266.8 

337.5 
419.8 
515,2 
622.8 
73 3.3 ••; 

862.4 
837.5 
769.4 
685.1 

6n*?. 1 

530.5 
468.6 
415,2 
369.I 

329.1 
293.5 
261.2 
231.3 
202.8 

0VÖ1Ö0 +p^4l9 
0.0563 *Jfi$l4 
0.2110 ^3.390 

Q. §277= .4 35,483 
2,153'  +37.229 

12.66      +j 7*533 

.3*32 
8.040 
4.96/ 
3.437 
2.606 

2.109 
1.^87 
1.568 
1*412 

mwm%: 
-^4.äiö mm 

ftS) 

^¥Äyy 

-32.082 

~äl.*i4-;r 
40*7655 

^J0v432* 

1.210 
1.143 
li091- 
I.051 
1.021 

* jo. 1052 

+ 20*4846; 
+ 3"0V7646 
+31.043 

1.002 -+;|1.321 
0.9950 +,11. Sol 
0.9999 +31,885 
1.019 +32.182 
1.056 :+32.495 

. •'I:*i23'|^.f^ 

J. * 11U 

i;207 
I.337 
I.53O 
1.825 

+ 32.826V 
+ 33.186 
+33.588 
•4-J4.044 
+34.580 

1* 
i;>194 
I.3OO 
I.46O 

1.658 
1.885 

•&&$&£ 
2>40# 
2.709 

3-407 
3.829 
4.323 
4.930 
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• -•*. "?"'•• HV: 

t<& 
— I 4. 

4.0 
4.1 
4.2 
4.3 
4.4 

4.5 
4.6 
i'Z 
4.9 

s"1 ,, * — 
5.2 

5.4 

1:1 
-fit 
5.9 

;6.0 
6.1 
/. *« 

6.3 
6.4 

6.5 
6.6 
6. 

"*—   -     -•• 

Z6CohlB|gi) K tri(nihö3 i 10*3i 
ii_ 

70.61 
68.42 
68.61 
71.37 
77.17 

ioo.6 
ion   o 
147.0 
182.8 

229 .v ogo-a..;; 

425.9 
480.6 

502.0 
483.I 
433.4 
370.0 
307.5 

oej-3   ft.. 

208.4 
I73.2 
145..8 
124.7 

108.8 
96,66 
87.46 
80.60 

6*9 j 75.60 
7.0!    72*19 

•I 

-il60.8 
-JI33..3 
-J105.4 
-3 76.93 
-3 47.77 

- 3~"17.91 
+ 3 12.49 

++72.76 
+3 99*87 

4.4i on -••*?. 

+ .1120.5 
+j.82.34 

^ + 3 12.16^ 

"3 79.40, 
'•3170.I 
^•3240.3; 
-5282.3 
-3299.7 

-33ÖO.I. 
-5290*3 
-3275.2 
• -3257»4 
-3238.8 

-3220.4 
-3202.2 
-3184.4 
-31^7.0 
-3149.6 
-3132.Ö- 

175.6 
149.8 
125.8 
1Ö4.9 

90.76 

88.45 
lOi.4 
127.6 
164.0 
208.3 

259.4- 
"'al£ T 
376^6 
43*§ 
480*8 

1.2- 
51272" 
495.5 
465.4 
429.4 

392.5 
357.4 
325.2 
295.8 
269.4 

245.8 
224.1 
204.1 
185.4 
I67.6 
150.5 

2.289 
3.049 
?'3J7 
6.481 
9.368 

11.07 
9.791 
7.376 
5.464 
4.213 

3.410 
2.882 
2.519 
2.263 
2.079 

+35.213 

+3t).6ö4 
+36.986 
+35.800 

-31*216 v 

-32.64!^ 

-31.796, 
-31.306 
-30.8516 
-30,4176 
-30„p:526 

m 9 

I.944: +3^.3074 
1.842 + 36.64W 
1.765 +30*9786 
1.708 +31.303 
1.668 +31.626 

1 . fsAO 

I.639 
1.666 
1.719 

+ 31-943 
+32,273 
+32.602 
+32.941 
+33.290 

1.802 +33.648 
1.924 +34.026 
2i099 +34.427 

+34.Ö57 
+35.324 
+35.830 

2.345 
2.690 
3,188 

w*mm 

*»-:      t% #•* r* ".. 

2.355 

1.968 
"1052: 
2*018 
2.148 
2.329 

2. ^8 
2.798 
3. Ö75 
3.38O 
3.712 

4.069 
4.462 
4.899 
5.394 
5.965 
6.645 
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0.9 

i.i 
1,2 
1.3 
1.4 
1,5 

1.6 

-1,9 
2.0 

2.1 
2.2 
2.3 
2.4- 

2.6 
2.7 
2.8 
2.9 
3.0 

3.1 
3.2 
3.3 
3.4 
3.5 

5*005-3980.6 
10*29   -3630.3 
18.18   -3413.6 

29-60 
37.13 
46.27 
57.39 
71.02 
/\— —»: 

109.2 
136.6 
172.7 
233.2 

287.7 
381.2 
514.5 
705.0 
965.3 

1268. 
1499. 
1490. 
1248. 
943.6 

639.7 
506,0 
378.4 
289.7 
227.1 

-3254.2 
-3185.7 
^3121*6 
-3 60.07 
+3   O.268I 

980.6 
6|tfc4 
414.0; 

255.9 
189,3 
130.I 
83.08 
.71*02 

+3122. 2T 

+3186.1 
+3253*4 
+ 3325.0 

+3400.9 
M479.5 
*3554,2 
+3606.5 
4 3 594.0 

+3443.0 
*3 93-51 
-3358,7 • 
-1696.0 
-3835.5 

-3841.4 
-3787.8 
-3?14-.7 
-3640.3 
-3569.4 

-fcVQ.Ö 
163.8 
239.8 

400.0 

f?3.f 
612.4 
755.? 
930.1 

1133. 

1344. 
1502. 
1533. 
1429. 
1260. 

1088. 
i3§'3 
808.7 
702.8 
613.O 

0vÖÖ52 '•.*3rIVÖ20.: 
0.Ö259 *ilif36 
ö;Iö6I *J^4i3 - 
O.4520 +33.88t 
1.049  +35*211 
2.733   +37*i8&: 
8.314   +38.703. 

14.08-30.0532. 

7^l§ 4.068 
2.563 
1,337 
I.431 

-34*552 
-33.492 
-32>694 

I* 182   -31.646 
1.01^-31.278 
0.8997 -30*9691 
0.8150-30.7011 

0.7025   -30.2449 
0.6643 -30.0414 
0,6343+30.1527 
0.6111 +30.3408 
0.5941 +30.5260 

0,5827 +30.7108 
Ö.5772 +J0.8986 
0.5785 +31.093r 

0.5870+31.297/ 
0.6042 +31,515 

1.020 

mm 
12.04 
14.08 

FT&**/* 
6.1G47 
4.332 
3>2fe-j 

;2»54f;- 

2.026 
1.632 
1.322, 
1*075;: 

0.7440 
0.6656 
Ö.6524 
0.6997 
0.7934 

6.9191 
1.068 
I.236 

... 1.424:;: 
I.63I 
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ateagQMBpat 

fel:*^ 
3.-6 m 
3-9 
4.0 

"4.2 
4.3 
4.4 
4.5 

4.6 

4.9 
5.0 

pi 
5.4 
5.5 

5.6 
5.7 
5.8 
5^-9 
6.0 

6.1 
6.2 
6.3 
6.4 
6.5 

6.6 
6.7 
6.8 
6.9 
7.0 

182.0 
14-9,0 
124.6 
106.7 
93.91 

80.70 
:  79.6V 

fifes 88^77 

99.77 
116.0 
ISA. 8: 
WIT- 
211.8 

268.1 
342.9 
440.5 
562.7 
703*2 

838.4 
927.2 
§33.5 
856.6 
734.5 

605.1 
-490.3 
396.7 
323.1 
266,3 

222.1 
187.7 
160.7 
139.6 
123.1 

-4504.4 
-3444.2 
-5388.3 

«J286Y1 

-3237.9 
-3191*0 
-3144.7 

-3 52.14 

-3    5.109 
+3 42.88 
+1 91.94 
+3l4l.y"" 
+3192.2 

+3241.1 
+3284.5 
+3315.0 
+3315-5 
+3278.7 

+3174.0 
+3    5.-512 
-3191.0 
-33^3^ 
-3472.9 

-3525.0 
-034,5 
-3519.1 
-34^0.5 
-3455.9 

-3419.3 
-3382.2 
-3345.5 
-3309.5 
-3273.7 

I 

536.2 
468.5 
407.8 
3|taf 
301*1" 

252*8 1 
207.3 . 
165.2 
128.3 - %mm 
99.90 

123.7 
166.5 
221.4 
286.1 

360,6 
445*6, 
541.5 
647.1 
756.4 

856.3 
927,2- 
952.8 
929.8 
873.6 

801.1 
725,3 
653.3 
587.3 
527.9 

474.5 
425.8 
381.0 
339.5 
300,1 

0.^311 +31.754 
e.6787 +32.023 
0.7493 +52.355 

-0*8592 +32*704 
1; 0^6   +3^^.55 

^1*336 
1.877 
2.919 

9.997 
7.584 
5.oo§ 
3.460 
2.589- 

2., 062 
I.727 
1.502 
1.344 
1.229 

+ 33.723 
+34.443 

+35*982 
+ 34.919 

+30.5119 
-32.802 
^33.316 
-32.895 
-32.348 

-31.854 
-31.433 
-31.074 
-30.7629 
-30.4871 

~X 

1.143 -30.2373 
I.078 -30,0064 
1.029 +30.2107 
0.9908 +30.4183 
0.9625 +30.6197 

0.9429+30.8180 
0.9317 +31.^16 
O.9293 +31.216 
O.9367 +31.422 
0.9554+31.636 

0.9869+31.862 
1.035+32.108 
1.107   +32.379 
1.211   +32.585 
1.367   +33.039 

1.865 
•••£,134^1 

2.452 
2.837 
3-321 

3.955 
4.823 

-6*054 m 
10,01 
8,085 
6.005 
4.5X6" 
3.495 

::^,;773, 
^.244- 
1.846 
1.545 
1.322 

I.168 
1^07& 
1.050 
1.0=75 
1*145 

1.248 
1*378 urn 
1.701 
1^894 

2.108 
2,348 
2.624 
2.9*5 
3*333 

- 



.» f ;•«   r:     V*JW 

TR101 A-7. 

King-Eiddletoft secorid-Order Inipe.ds»ces 

m Z.. (ohms) !?J TGChi2Da x -10TV ) ilÄI 
0.5 
0.7 
0.9 

l.l 
1.2 
1.3 
1.4 

1.5 
1.6 
1.7 
1.8 
•*& 

2.0 
"'2*1. 
'2V-2-- 
2I3 
2.4 

2.5 
2.6 
2.7 

~2.8" 
2._9 

3.0 
3-1 
3.2 
3*3 

3.*4 

3»8 
3.9 

5.OOO-jl2p0. 
.10.28 -3 809.3 
2.6.13 -j  53ß.2 

29.36 -j 330.9 
36.73 -3 244.4 
45-62 -3 I63.5 
56.38 -j    86,00 

69.46 -J    IÖ.23 
85.53 +3    65.50 

IO5.7   +3 142.8 
131.5-.-m 223.4 
165.1' +3 309.1 

209.4 

354*8- 
476.3 
656.3 

929.4 
*$%* 1878. 
2361. 
2362, 

I870. 
1312. 
898.8 
626.4 
449.8 

+3 401.7 

*3 416,3- 
+ 3 740.3 
+3 671.2 

•>i 988*5 
+J1045. 
+3 860.4 
+1 27809 
-3 570.8 

-31159. 
131328. 
-31273. 
-31146. 
-31008. 

332.8   - 
253.2   - 
197.6 
158.1 
129.9 

3 
3 
3 
J 

-3 

881.1 
767.3 
666.1 
574.7 
492.9 

1256.. 
809.3 
;533.5 

332.2 
247.1 
169.7 
102.8 

70.21 
IO7.7 
177.7 
259.2 
350.3 

453.O 
*****       rs p/x.O 
73JU4- 
88O.3 

1Ö91. 

1353. 
1691. 
2066. 
2378. ""• 
2430. 

2200. 
1705. 
1558. 
Is 06. 
1104. 

941.9 
808.0 
694.8 
596.0 
509.8 

0.0032 430.7960 
0.0157 +31 ».236 
0.0637 +A*S73 

0.2660+32.998 
0.6014 +34.001~ 
1.584   +H5.676 
5.331   +38.132 

14.09"'    +32,076 
7.369 "-35.S44 
3.-348   -34.525 
1.956   -33.324- 
1.344   -32.518 

1.021 -31.957 
0.8273 -31.543 

_Ct. 7016-^1*219 

O .,$960 

0.6146 -30.9553 
UV5518 -30.7337 

O.5047 s30.5397 
Ö.4684 -30.3639 
0.4401 -3O.2OI7 
074177 -3O.O493 
0.4000 +30.0967 

O.3864 +3O.2393 
0.3765 +30.3809 
O.3702 +30.5242 
O.3674 +30.6720 
0.3689 +30.8271 

0.3752 +30.9932 
0.3878 +31.175 
0.4093 +31.380 
0.4450 +31.616 
0.4998 +31.897 

14.2%:;; •• 
9.282' 
5.629 

- 3.gl7< 
2.854: 

2.208 

.11^406 v: 
I.I36 
0.9180 

0^7389 
Ö.5932 
0.4841 
0.4206 
0.4115 

0.4545 
0.5356 
0.6417 
0.7659 
o.( 

1.062 
1:238 
1.439 
1.676 
1.962 



TB101 A-t iPV: 

(Continued) 

V ZA(ohras) K! *(hiaos x £0*3) jyjxio -1 

4.0 
4.1 
4.2 
4*V 
4.4 

4.5 
4.6 

4.9 

5.0 
5.1 
5.2 

5.4 
:M 5.6 

5.8 
5.9 

6.0 
6.1 
6.2 
6.3 
6.4 

6.5 
6.6 
D.7 
6.8 
6.9 
7.0 

lp:   -3 417.0 
SM5 -3 345.9 
39.70 &£ 278.2 
85*53 -3 212.gi 
85.4« % 148*5 

89,91'-3   85.?1 
99.14 -3 ~S2."67 

113.5   +3    41.25 
133m   +3 1Q7*2 

161.9   +3 175.7 

199.8 
250*9 
320v2 
414. f 
543.5 

7177Z_ 
944.4 

1210. 
1452. 
1564. 

1481. 
I258. 
1001. 
775.0 
598.4 

4P5«6 
367.4 
293.8 
238.5 
196.6 
164.7 

•t3 247.1 

+-J 399.2 
•+-j 476.5 
+3 547.5 

^rp7.i. 
+-3 596.8 
+3 500.0 
+3  262.2 
&l    99.34- 

-3 469.4 
-•3-726.5 
-3 843.2 
-3 862.1 
-3 826.7 

-3 766.8 
-3 698.8 
-3 629-8 
-3 562.5 
-3 4-97.9 
-3 436.0 

431.2 
359.3 
29.2.3 
229.1 
171.3 

124.1 
101.7 
120.7 
171.5 
238.9 

316.4 
408.0 
511.7 
631.6 
771.5 

933.6 
1Ü7. 
1309. 
1475. 
1567.; . 

1554. 
1453. 
1308. 
1159. 
1Ö2Ö. 

897.1 
789.5 
695.0 
611.0 
555.3 
466.0 

Cf 91S +32.242 
0.7380 +32.646 
1.036 +33.267 
1.630 +J4.04f 
2.881    +J5.056 

5.837 +15,50$ 
9.537 n2.21S 
7.784 =32.830 
4.551 -33.644 
2.840_ -33.O79 

1.979    -32.447 
I.507   -31.933: 
I.223    -31.524 
1.037 ^.$S8f 
0.9132 -30.9199 

O.8234 -30.6850 
Or.75f6 -JO.4782 
0.7060 -3O.2919 
0.6672 -30.1205 
O.6368 +30.0404 

0.613 5 +J0 
0.5961+30-3443 
0.5839 +30.4925 
O.5767+3O.6415 
0.5746 +30.7937 

0.5784 +30.9524 
e.5893 +31.121 
O.6083 +31.3QÄ 
0.6389+31.507 
0.6860 +31.738 
0.7584 +32.007 

I 'i 

2.3I9 
iffi 
3-427 
4V365 
5>819 

8.i6a6 1 
0:19100 

8.282- 
5;sio 
mSBt 
3.147;: 
'2;4£V: 

1.954 
lv583 
1.296 

1.071 
0v895i" 
0,7640 
O.678O 
0>638l 

Ä&436- 
0,6884 °-^? 
0.8626 
0.9798 

1.114 
1.26$ 
1^439 
I.657 
1.868 
2.146 



TRIOI 

Mng-Kiddleton Second-Order Impedances 

& = 24n3|l -•* 20    h/& .*. 11013 

. IS-*1 
« Sp(öhitts) 

t^jg-Vj» 

IM 
0*5. 

. 0.9 
:Ä 

Pf 
1.8 
1*9 

5VÖS0-31809. 
18BV-J 885.4 
mM,^:i 247.3 
£5.22 -rW»0 

2.0 
2.1 
2.2 m 
2.4 

2',8 
2.9 

3.0 
3.1 
3.2 
3.3 
3.4 

3-5 
3.Ö 

3.8 
3.9 

4.0 
4.1 
4.2 
•4.3 
4.4 

67.65 
82.98 

101.9 
125.3 
155.5 

195.3 
W.7 
320.0 
424.2 
«>nfl.8 

815-1^ 
1210* ••- 
1895. 
3075. 
4567. 

4790. 
3262. 
1944. 
1182. 

759.3 

514.3 
364,1 
267.5 
203.1 
159.4 

-3  31.5? 
+3 74/56 
+3 182.9 
+3 295.1 
+t  414.3 

+ 3 688.9 
+ 3 053.;. 0 
+31046; 
+31293. 

+4iSfö-. 
+ 32150. 
+J2165. 
+31104« 

-31191. - 
-32521. 
-J2570. 
-32240, 
-31890. 

-31591. 
-31343. 
-31138. 
-3 964.9 
-3 814.9 

139.4    -3 682.2 
109.3    -3 562.4 
96.62 -3 452.2 
89.81 -3 348.6 
88,04 -3 249.7 

1809. 
885.6 
251.3 
148.6; 

74.66 
111.6 
209.4 
320.6 
442.5 

578.3 
732.1 
911,0 

1129. 
1399. 

1741. 
2211-. 
2866. 
3761. 
4699. 

4888. 
4123. 
3223. 
2533« 
2037. 

1671. 
1392. 
1170. 
986.2 
830.4 

696.3 
573.1 
462.4 
360.1 
264.8 

0.0015 +JO.5527 
0.0241 +31V129 
0.7110+43^14 
3$m ~t.jS.246 

1" **14 +35.667 
6.666 -35.991 
2.325 -34.172 
1.219 -32.871 
0.7941 -32.116 

0.5840-31.628 
0.4537 -31i285 
Ov3855 -31*028 
0.3329 -30.8231 
0.2966 -30.6534 

0.2689 
0*5475 
0.2307 
0.2174 
0.2068 

0.1984 
JD.1919 
0.1872 
0.1842 
O.I83I 

-JO.5075 
-30.3786 
«3O.2617 
-JO.I53I 
-30.0500 

+J0.0498 
+3O.I483 
+30.2475 
+3O.3493 
+30.4557 

0.1892 +3O.5693 
O.I88O+3O.6935 
0.1956 +30.8325 
O.2089 +30.9924 
0.2311 +JI.16; 52 

O.2637+31.398 
0.3329 +31.713 
0.4519 +32.115 
0.6929 +32.690 
1.256   +33.562 

r;l2* 
3.97? 
6.75S 

w 
4.776 
2vÖ22 
2.26Ö 

1.729 
I.363 
liÖ98 
0*8878 
0.7176 

0.5744 
0^523 
0.3488 
0.2659 
0.2128 

0.2046 
0.2425 
O.3IO3 
0.3949 
0.4911 

0.5999 
0.7185 
0.8552 
1.014- 
1.204 

1.422 
1.745 
2.163 
2.778 
3.778 
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<cöM^iwtt^*> 

i • -- i -t-^Tj- il.i ~ • Sfef>M'if]fiHBUrM iiwllf»i^d^^i>ii^^hfc^»y^i%^wCi^^Ba^^ 

H$ o ....... ..... %. 
Seläjp Üi«i 

^MMapatf 

::4u I 

4, 

m$ 
5.1 

if 
P 
5.8 
5*9 
^ - n 'Q • V 

fe 
6.2 
16.3 
6.4 

*i 
6,6. 

6*1 
6.9 
7.0 

UOü 13 \ffijm 
*|-;.$3.4X?*'"' 

il6*g 
230.8 
291.1 

48^7 

"656.1 
901.4 

I8l5;~~ 
2542 .>v 

2663." 
1904. 
1.314 v 

•",9lSÄ 
_,656^> 

482.1 
363.2 
280.2 
221.3 

§sfp* m 
1 

Pi 583.1 
7£nr 
8^5^ 

+31043, 
*3i220. 

+31442* 
;#f22J-v. 

;%447.,.:a 
4 ""651.4 
AJ1497. 
«.JI786. 

;--31?82.; : 
-i!395«;_ 
•31-217. 
-J1056. 
^ -912.7 
-3 786.3 

178*4 
Ü4.4 
ll6.6 
186.2 

390>7: 
513.4 
652.4 

1005. 

1517v 

2^fa. 
2&21, 

'.-::.: .'.-i=tijy, 

•32#.':' 
3337. 
3O55, 
2612. 
2199. 

182Ö.! 
1542. 
I3IÖ. 
1117. 
954.9 
816.4 

2.Ö4&    +J4.817 
7V512    +44.467 

1**32:: HP* 901 

i*22& 
0.8761 
0.6841 
0.5657 
0,4871 

0.4320 
6.3917 

0V337B 
003196 

-3l*3?2 
-^.0*2 
-Jo »87©3 

-30^6068 
-30*ftoä 

-30! 1536 

0,3053-30,0455 
0.2940+30.0585 
0.2854 +30,1604 
0.2793 +30.262Ö 
Q/2755 +30.3658 

0.2743+30.4734 
0.276Q +30.5869 
0.2811 +30.7100 
0.2910 +JOk8465 
0. W4 +3I.ÖOI 
O.33I6 +31.178 

wmm 
8.740 
OSfe 
päfg 
"%:^& 
1*94^ 
i-M"• 

mm 
mM 
0,4314 

0.3O8f 
0.2998 
Ö.3274 
0'.'-362-9 

0.547i: 

0,4455 
0.7636 
0.8951 
1.048 
1.224 



TRIM Jt-11 

Table VI 

Additional Values of Zn  Sear Antiresonanee 

'£%:': i2 »10      •    TJ.« i£.5 ii> 15 
" 'I 

2.30 547.5 +32?6.8 r.   ' *# 

,2.35 621.9+3271.9 
-•• 3? 

2.40 \0£vi+i2$7*3- ^ ..';„•.         '        -;]'fj, 

WM\ 738.8 +5160.3 "••'••••>•• 

"."•',                         •   •   '?:",;;. 

-2i«7Ö Ö2Ö>4 >4 71.3" #65-3 +3594.0 ./•;•:               • ?" 

•2/5?: Ä4::Iii^'5f 1116. +3540.9 , - • - 

,2.6q_ 849^-4X4^^6 1268., +3443.0 1330.+31045. 
•.2.;65; 819.6 -lap.9 1405. +3291.9 1593.+3 987.0 ••:•     ,'--•. - '"•-"'*-• .''•-;• """.'             . '.'    "•>"•"'; 

2-3Ö. f-*/ •*•-«#•          tio"*/-' - ^ + 3 93.51 1878.+3 860*43 ;iö^5.+i2i5ö.5 
f^;7l 696.6 -J4Ö7.3 M31? -3133-6 2153.+3 626.0 -2413.+ 32228.   : 
^vSO - 622.2-r-£4S2>i ; 149&.- _ 4 0 ca   n - 236i.+t;27Q.S- 30/5.+32165V 
:2.85 1388. -3552.1 2438.-3 166,7 3847«+ 31834;  v 
2 »90 1248. -3696.0 2362.-3 570*9 4567^+31104. 
isräs? 1094. -3787.9 2149.-3 924.4 4943.-3     5.;4i 
4,00 943.6 -3835.5 1870.-31159. 4790.-31191.   ' 

. .         ...-•,....     .1 

3.0£; ?..'.,:':                   ."-" •' 1579.-31285. 4076-.-32Ö71.  ; 

f#» ''•"'A:-- .mv",";,"" 1313.-31328. 3262.-32521. 
:JM 2527.-32639. 
3.20 1944.-32570. 
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No. SI "Radiation from a Transvetse Slot In an Infinite Cylin-'" 

-•.i^y.. (£M!I&C^.L Kö. 66 "1ft* Measurement of Current and Chä$|e üistTibutiöjM ofe 

; -|Riv:' 6?- -«Th©' Measurement "of ;:Öu^ 
.'•••••<* *&7&d^to|gWf-'.ypp^ 

Hf>:Morlta and C. E. Fäfliök, February loy l^f«    • 8 i 

"r^'i^f"»"^?'«;^; 
::   Ka. ,.-•»   »Shunt-Excited Flat-Plate Antennas with ApPlie«t3|iif|J^S 
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