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~The problem of radiation from a thin .
wire anterha-is cast in a variational form,

The input impedanc used as the stationary
parameter and the z;i:;;;\along\ggs\anfeﬁna as

the' wave function. . Using a auitable\bl’id\. - 1t
function sn approximate solution for the case B

S~

of a symmetrical cyliddrical antenna 1s deter- \\\'
mined. This solution 1is shown to be in good % i

agreement with the one obtained by King and
Middleton for the Same problem. "
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Yariational Solution to the Problem of
the Symmetrical Cylindrical Antenna

by'ﬁames E. Storer* .

Cruft Laboratory, Harvard University
Cambridge, Massachusetts

‘1

Introdustion
The préblem of the thin wire antenna was first treated by
Pocklington,1 who obtained a one-dimensional integral equation

for the total current along a wire excited by an exterﬁai rield.
Using this same type of formulation, Ha11en2 derived a. similar
equation for the current in a driven wire antenna. The prin—
cipal difference between thege equations 1is the addition of a

boundary condition to répresent the 1nf1uepne of the geberatér
on the system. )

Frior to Hallen's work, this ratﬁer'comp]icatedvintégrQi
equation had been solved for only one speclal case,3 that'of’
a Simple 1oop antenna. Here the solution is expressed in a
complex and “Slowly convergent series. By inVestigauing the
properties of the kernel of the integral nquation, Ha'ien4
derived an asymptotic expansiorn for the current. Although this
expansion yielded complicated integrals, Hallen obtained some

approximate numerical express1ons for the current in a cylin-

drical antenna. Later, King and Widd]eton,s using a modified

form of the Hallen + chrique, comprted some fairly accurate

solutions for the current and the input impedance of a cylin-
drical antenna.

The error in the Halléh-King and Middleton solutions would

be very difficult to evaludte as the succeeding integrais are

extremely complicated. Therefore an independent check of these

* Atomic Energy Commission Fellow.
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results would be worth while. It is the purpose of this paper
to present a new solution to the thin wire anterma, that of
the variational prineiple, and to demonstrate by comparison
that the King and Middleton Tesults are indeed very close
approximaticns to the true solutions,

IY
Hallén's Equation
The Hallén/King-and-Middleton analysis of the thin cylin-

- drical antenna begins with the derivaticn of an integral

equation for the current on the antenna. As this equation is

alse the star*inc-point for the variational analysis, an out--

1ine of its derivat on will be given below.

For the purposes of the anaiysis, the antenna 1s assumed
to lle. along the z-sxis, centered at the origin. It is assumed
that the antenna iz driven by a so-called 'slice generator"
or discontinuity in scalar potential at the origin. Thie 1=
obviously a simplification of the actual situation where the
antenna 1s driven by a two-w*re line (= ee Fig. 1) or by some
other means. The error resulting from such a qimpiirication.
has been calculated by King6 and correction= to the final results
can be applied if desired.

The z~compcnent of electric field due tc the current in
the wire lying along the z-axls may be calculated by means cf
a Belmholtz integrai. Assuming harmonic time-dependence of
the form e for all electromagnetic quantities, and the
dimensions of the anterma to be those indicated in Fig. 2,
the expression for the z-component of the electric field
becomes

W‘.’;_wml
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: ¢aubining this equatidn anQ»equ”‘Lbnv(l) thejﬁbﬁ;g.

'fmaI{ (ai-igﬁt*eated as an 1nhomogeneous equaticn and info-
ggated to r¢mnve the [1*61/92)(92/022)] operator, then tna
hallén_integcal equat én is cbtained.‘ It 1s mora convenient
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Equauion (4) may be shoun to have many or ths usual varia-
‘ticnal propertiss. obvtqusly if -the current is mnl*ipliad by o
some constant, it in no way af‘q; 5 the value cf Z ‘as given by :*
(4). It is -1so passible to show that the first variatio of «e'ff

‘ vag1s§é5._ Thus, if in (4; an approximate value af tha currant
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Iu.'HAJ.\Z. 5 y(ere used instead of the actual currénf: i(‘ ,_ the T
following uxpression resalts. B b T :’4

= A [1 z)*AI(Z)]zd 4 =8 f]x(z;-"(:rt
'°"I(o)4AI(o)]2[ j ¢ o 4" ’ 2

4 o T
= . T ¥ e AI(zD(I(z')MI(zQ)dsz

] J: .. ’2[ : f Iz(z)dz » --9.] K(z-z* )nz)i(w‘)ﬂz&z’ o
[I(b)+AI(cr)] “h

*+ Zzifh ‘f(z)AIfz)dz + 2 -}z—j}f K(z-z )I(a)uI(Z')dZdZ’
e ! ] 4 Lh ot ) ' £

i e ’ ir,
* zi’[ [Arilt,.('-z).]zdz + ;43- ? /’K(z-z')AI(z)Al(z')dzd

i__._l

ﬁsi__.ng eguat‘ions (3)_ and{;ﬂ, ‘this reduces to

z- EULES Z.1% *2/AI az {2, 1(0)s '
2 [I(o)-‘AI(o)]z[ (o) (’f) z{ ¢o) (Z)}

[AI(Z)izdz + j / ] K(z-2')AT(z) AI(z')dzdz']

gl
-h

Upon performing the delta-function integration and adding
and subtract‘ng A [AI(cx)]Z this becomes

Z,= 2, 4 e a[ziﬁ [AI(z)12dz+- ch. /K(z—z')AI('z)
? [T (e)+aI(0)1°L 4y " Jh A
- (6)

AI(z')dzdz! -zo[AI(o) ]"1.

It is apparent from (6) that if AI(z) is small, Z  differs
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tgis regpect the problem 18 similar to ‘the’ recent work or
Levine o~ad Schwinger? on the diffraction of a_plane wava qy
an apert;ure. - It is -erth thile to see whe’cher or not soma 01'
the var;atiene’ pM'mr*'ies present with real eigenValues can

be excended to the case of a complex eigenvalue.

is 1nvolver’ 1rvstead or a uenumerable sec c; rea" onos. r k

In particular, suppese 'Z is a function of a paremeter

e x1+ il\.a. and it 1is desired to f*nd the value of z. that

produces the optimm value of 'Z .. In the case of rega1 eigen—'
values this value of A is obtained by setting the derivat:,‘ve 5

with ‘espect te N equal to zero and solving the resnlting gqua-

tion for . it vever, with complex eigenv alues A is also in ,
general. complex ard there arein effect two constants to: deter-
mine, the real and imaginary parts. Assuming i to be an
analytic ifunction of A, then"for- 2(7‘-1, o)+ ix(Kl,KQ) and the
Cauchy-Bleuan e¢-.1ations are

A TO A - ;%— 0w ,~2> ;;i'—' ?s_i;,xg}&. =< 3R IO

(2.

The prcblem 1s to determine the optimum value of A. IT
would be loglcal to demand that the absolute value of the 4if-
ference hetween Z_ and Z  be a minimum, Hence,

”
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% £|z "Z i.} =0 g%- ) Zg- 'Z,\IJ = 0. ,'.,‘(e:) i A

1t can readily be ahown that equations (7) and (8) lead to the
conditions it : ) ;

- I -y

—;’_— Elhg ) = i o B0 = vy ’Z(xl,z.z) = —i— x(xl,xé) =0 ok
These may be combined to yield '

—L- s —2— 'I:: | . : D "~'-v-”.
3&1 Zor 0, 8!2 zo 0 ,
in the above equations 1t 1is undserstood that the real and
imaginary parts are to he equated to zerc separately. Since 2
is assumed to be explicitly a functlm of \, these equationsa could

be written as
27, -0 (9

Symbolically this is the same equation for X as obtained
in the case of real eigenvalues. Ths complex nature of 1t,
nowever, is quite evident. It must be emphasized that in order
to obtain this result it was necessary to assume that Z_ was an
analytic function of a and that equation (9), when solved will
yielid a comrlex value for A\.

1’1'7
Approximate Solution of Hallén's Equation

It is spparent that all that remains to be dene is to se-
lect a suitable trial function, insert it in equation (4), and
caleiilate values of the impedznce., By selecting a function
with a number of parameters that can be adjusted (for example,
a sine series with arbitrary coefficients) it 1s obvicusly
rossible ‘v approximate the current as closely as desired.
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However, some sort of compromise must be made between the T

nezs-cf approximaticn and the possibility of numerical evalua- 7

It has been shown by Kinglo that the current on 'he anucnna
can be closzly approximated by a sine plus shifted cosinz dis-
trivution. Hence a logical choice for the trial function is

Ip(2) = c1 + C, sin B_|zl “ c3 cos so-.

The &USULutﬂ-value sign in the sine function is inserted
to preduce symmetry about 2 = 0. This trial function must
satisfy either identically or approximately the condition
I(h) = I(-h) = 0. It is convenient to make the trial function
zero at the ends. To acccmplish this the trial function may bs
written in the ferm :

Ip(z) = 4 sin B (h - |z]) + B[1 - cos g (n -|z]|)]. (10)

Using this trial function in (4), the value of 70 becomes

J : '
'Zc_ ! 4£ A"‘ Aa + ZY&BAB"YBB B ][—%—_\'], (11) B
~m o,

where

w = zij) s1n®B_(n-lz{)az +

o

£~

j? K(z~z‘)sinao(n-|zl)sinBo(h-izq ddzdz?t,
AN '

YAB 3

<

e |
s z./z sinB, (h- |z| )[1~cosB (h~ |z} }]1dz +

-

h h
/’ / K{z-z')sinB (h~ 1z} )[1-cosp (h~-iz)]dzdz' ,
-h -h



wr i i o .
" =3 y Y. . f 2
Bk A = B 1 « h \
Rl rm'a‘n-zoz E cos B, ( lz! 1%
“:;*’-k: i “Pw‘ 3 '., ; —h ; J R s
‘ E ,’f: i dLt e .‘— h h ; 2
T Jf [ K(Z'Z )[1~0085 (h—lzl)][l-cosB (hmlzﬁ)]q.azi iy
5 ~h '!h : i : ,_ :

These integrals may be evaluated in terms of the genu:al-
s;ne -and cosine integrals (see Appendix”l). e s

ired x
: 1s a function of the two parameters, A and B. déﬁuﬁlly; ;

‘Z is indenendent of the over-all amplitude of the current snd in

reality the two paramectsrs are not independent as far as Z is
concernag..

Hence it is convenient to fix the amplitude of the
eurrent and thereby eliminate one of the parameters. Assuming

that a unit voltage is driving the antenna, thﬂn the current at .
z=0 is fixed by the following condition s

V=1= I 0) Z e €10
'I.r(o) = Asin® h+B[1 ~cogd hl = 1/‘°. (12)
Ucing ’12) to eliminate B Z becomes

- B2 —d—(1/Z -2 sing h]

l-cosa h
Ety = 5 1/ Z - A sing h 1/ Z -Asing h 2
0 ity - Dttt - TS
2o am. | TaAr Tt Iyt T cosBOHQ- * Vel T - cosgn J"
UL T
2 o
(/' Z)

Now,‘zo 1s an analytic function of A. Thus, to obtain the
optimun value of Z , A is determined by the ccndition

92

=2 * 0
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the parameteg A ca.nvbe writ;ten\}n thﬂ t‘ormw; Fudiran

..-n

'ﬁ. T
STERTTIAL

gt osve resd g 231uf:h (1—008&”’11) ey < \"ﬂu 3 _
o mey #..1-,- -”——-—-" :Aﬁ i ST
SSRGS 'z . g ';!'4 SR meteeat s
RS 2 4 : . W
Using (12) and (14} together, :
" Yy, (1-cosB h) - Y,p(sing h) Jniaas
0 ¥ :
Subctituting these values inte-¢guetion (11), 2;‘ becomes e
Lo et 3; g Yiggied _,YZ Tatus BOUTe :,';_v:;’; e
TGS "}-:. ayt »20- AT:“ gt D Soiwvan avaw oouieci s % (16)

P e e

prkhoet

A B, “dnd B “may now be e‘valuated“biy numer'ica”l caIc\ila'i:{ons.‘

ha? dei:afﬁs of"thisr process a“re 1eft t.o mmI afpf;ﬁ’ x “If‘. 1 '
however, appropriate at “thi's time to examine “the vaiue of 'Z
and- %0 »datemine_ over .what range: ot Boll it should xyicld'froason-
able values.” -In equation (11) I,(a)w ‘appears ‘inthe. ‘d¢nomi~ "
ngtor. . Hence for a .vaiue of B h:such that :I(6) = Gy 5 wilki

-beinfinite. How Is(o) =0 at ws hom O, 20 Ly et A'b & h &0

the dnfinlte value ‘of Z das reasonabla 8ince’ the: .physical :-
antenna does have an 1n~re°si:-.g 1y large resctarcs:for sholt o
lengths.l, Hoyever, at Pn = 2m the antenna certainly has &
finite resistance and reactance. This trial funci:ion, then,
cannot possibxy vield correct values in the neighborhood of
Rob. = 2rr, As g matter of racc, *his- divergence begins tc



7current to 15 per »ent accuracy by a sine’ plus a shifted B 'ng

“to radius of the antenna, ~For numerical reasens it was-ds- .o —
“‘cided to choose a Tatic of h/a of 904: . This ccrresponds to s

ermol : : -1z

afrect the values of 2 shoruy atter p h= 3«/2. A plot ot
tha values or'! ‘8 aoh ‘appears 1n Fig‘ 3. The Kingaliealoton
computations appear on the aame graph ror_,ehparison._ 2ua;
above~nsntioned divergence 13 quite evident u@aa éxnnination
of these graphs.-éf;- 2 A? : :

An accurate-co..mation oz the error for any- partiealar
value of B h would be extremely dirficﬁlt. BOIGVér, over: tha
range O 5 h S 5.0, it should be posaible to- represont tho

cosine distribution. Hence the error in Z is of the ord.r
Co 15\2 2 per cent, .Therefore it is relt that over tho

range O 5 By h & 5.0, z should be accurate tc within 4 pex
cent : : =

v
Ragults 3 .
Following other authors on the subject, the conputations
of the impedance were carried out for a Tixed ratio of length

value of the parameter (L = a!.nﬂh of 15,

Table 1 contains the computed values of Z  and the cor-
resronding values obtained by'R. W. P. Xing for comparison. 4
plot o these functions appears in Fig. 3. Perheps the most
satisfactory test of the a;reemont between theze twe sets of
data is obtained by oomparing the peaks ard miniruws in- the

ﬂ_'n data. Hence

8,h ¥ 2,85 R (max) ER. W, P. King '243& ohms
Ry(max) Variatlonal 2495 ohus

2.3% Difference
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~ '_ : : : : igble-}. :
: 7"Impedance of a Gylindrical Antenna* ; i
i 'Bgﬁ ; 'Pvgfiaﬁibnai'* e b Kingduiddlutan ;
3 £ A P . Second-Or&ér TheorY',
0.5 | - #.85  =1265.. 51000 =11256.. o}
0.7 10.03 -3 815.6 A0:28: ;jf§05;3“ =
0.9 i 17 o -3 538.1 '18.13 33-533.2h
o ¥.0 | 22,92 -3 430.2 g} S
B2 44 | 2R
1.3 | 5.5 -] 166.2 35.62  -1163.5
. 105 29021 -J 1.1.§- = 69046 ,".'J 10023
I 86.97 +5 064,89 85.93 . +] 65.30
'(-1;Z 108.0 +3 143.0 105.7 +3 142.8
X. 134.6 +] 224, 121.5 . +j 223.4
1.9 - - -163.0 +1 2310, 165.0 +3 309.1
2.0 214.2° +1 403.6 209.4  +] 401.7
2.1¢ 27401 -"'1 ‘50503 269.8 +j 50 03
- 2,2 358.6 +J 617.5 354.8 +J 616.3
‘:*:‘ .2,04. 650-1 +3 ‘.7006 656.3 A +J 71.2
- 2.5 | 908.0 +3 991.5 929.4  +3 988.5
s 2.6 1291. +31053. 1330. +31045.
2 2.g 1815. +3 933.2 1878. +3j 860.4
& 2. 234]1. +3 443.4 2361, +j 278.9
= 3.0 | 2070 -341085. 1870. -31159. 1
E 3.1 1486. -31354 1312, -31328.
e 3.2 1017. -31339. 98.8 -312Z%.
i 3.3 700.8 -3j1218. 626.4 -31145.
= 3.4 494.8 -J1074. 449.8 -31008. ;
5 3.= 59.3 - 6-0 3 2.8 = 8810.
3.8 | 38 -3,3%1.8 33575 -3 7673
303 2050 -J ?01=5 1€7|6 "j 6660
3. 162.2 -3 603.2 198.1 -3 574.7
3.9 131.6 -3 514.7 129.9 -3 492.9

*Impedances are messured 1n ohms.
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Table 1 ; ey 3
(Continued) x
B'o'h' Variational = - —Kin.,-l!iddrleton 2
-+ e S Second-Order Theory |
; 4.0 110. -3 -4 .8 110.0°  =j 417.0
4.1 95, 39 -3 3 %.8 97.25 -3-34%.9
< P o o 82. 43 -3 220,8 B6.53 -3 212.5
4.2 81.76° -} 155.2 185.48 -3 148.5
: 4.5 84.64 - '90.46 89.91 -j 85.51
4.g 101.0 +3 40.77 113.5 +] 41.25
48 . 115.0 +3 109.6 133.9 +3 107.2
4.9 ‘**‘o ' +3 182.4 1 1'8 +3 175.7
5.0 15 +3j 260.9 199. +3 247.1
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Bh ¥ 4.34 Bu(min) R. W. P, Kifg - 85. 0 ohms
R (min) Variational .-  81. 6 ohms
: 4.0% Difference

It 15 felt by the author that the apreement between these .
twu solutions is nxtromely satisfactory. The questior:as to
which one has the greater accuracy 1s guite difficuit to answer.
1t is known that for progressively larger values of Boh the
R. W. P. King solution, as well as the variaticnal, becomes
less accurate. Over the range.5 5KB°h % 3.0, the two solu-
tions appear to be of comparable accuracy. Over the range
3.0 ® 8_h £ 5.0, the King solution is probably somewhat better.
A discussion of the short antenna, Boh % .5, will be postponed
until the next section.

The variational computation ylelds a simpie and useful .
expre3sion for the current. Repeating equation (10) for the
purposes of the discussion '

IT(z) = A sinB (h-]zl) + B{1 - cosp (h-|q )l.

The values of A and B were determined so as to obtain the
best value of the impedance. However, it is immediately
apparent that these vaiues must also give a good representation
of the current. Table 2 contains the values of 2 and B in the
range 0 = soh £ 5,0, In this range the approximation should
be satisfactory. A gruph of these parametera appears in FPig. 4.

It 1s possible to obtain an expression for the far flelds
in terms of A and B. Using a standard spherical coordinate
system such as that shown in FPig. 5, the far field can be shounll
to be givern by 4

ER = 0 —j BOBO BR = 0
B -V _e________ j:.t.)t - . O
/o) ¥ OL\Y/ B € .Dg =
0 -JB R
e ol Jot
E¢ = 0 E¢ = f(g‘ sy (A
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where ; n 8 & 'f;?_
cos® 2z ¥
£(0) = —EQ Bo J(' e ° sine I(z')dz!
4n 1 _ :

Using the approximation I *T } given above for I(z), this
integral may be evaiunated.

coso z! b :
£(Q) = EEQ B J? IBo00m0 2 sinG[AsinBo(h-Izﬁ) + B[l~cosﬁ°(h-|z17362"
41 _ 6 : :

cos[BohcoselacosBQp sinlp_hcos6] ~ cosOsinB
= 603 (A 81n® +B Q?inécoso

VI
The Short Antenna

The case of an antenna short compared tc the wavelength,
i.e., B§h2<K 1, 1s of some physical interest. The value of the
lxmpedance may be obtained by taking the limiting form of equa-
tions (11)-(16). Assuming ﬁ§h2<K1,the various y-integrals
becoms

Yas = goh[4 + 4dn2 - 20L] + terms of order(Boh)2

= thztl + 4n2 -{L] + terms of order (Boh)3

AB
Yps = BIRO010/9 + 8/3n2 - 2/300] + terms of order (B h)*
= n)npalt -
£) = 2tn%
Setting {L= 15, the liniting forms of A, B, In(2), and Z .|
become

il

A
Hn

B

j1.269C x 10;3_amp/volt + terms of order 8 h
+34%5%§ x 1073 amp/volt + terms of order (Boh)0

0
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- ZIable 2 _

The Current-Distribution‘Parameterq A,anq.Bg
I,(z) = A sing (h-|z|) * BLl-cosB,(h={2])] .
Ji'=”2¢n.%? =15 |

B(milliamperes/volt)

Boh A(milliamperes/volt)
0.5 0126 +3 1.499 - 0244 +3) .6647
0-7 -0420 +J 1.800 = .0550 +J 03712 7
1.0 2383 +3 2,724 - 1677 +3 0553
101 04325 +j 30332 Ca 02522 "'3 0052
1.2 08991 +J 4035 a v3997 ""j 01668’
1.3 2,135 +J 6,03 - .7081 -3 .3006
1.2 7.927  +3106.42 -1.717 =3} .5909
1.5 15.74 +3 .8847 «1.982 +31.515
1.6 70664 "'J 7038 = 02123 +jlo 20
log 30146 "‘j 5. 6 02154 +J]-0210
1. 1.420 =3 4.47S .2768  +3 .8832
1.9 1.042 -3 3.604 2763 +3 .6998
e T .5247 -3 2.611 .2511 +3 .5005
2.2 4003 =3.2.361 «2390 +3 .4395
) 2022 -3 1.R84 02117 +3 3215
233 01319 -j 10 4 1 01992 +d 02709
20 01050 et 106 5 01 4-2 + 02504
209 30815 el 1065;6 01 99 + 02323
3.0 00604 -j 106"-1 0186‘2 +J 02162
3.1 .0407 -3 1.642 L1831 +3 .2017
302 00216 "j 10655 01806 +J 01686
303 00023 "'J 10684 01787 "'j 0176
304 = 00180 "'j 1.73C 01776 "'J 0165
3'5 e 00406 ":] 10 94 01772 + 0155
306 b 00671 -J 10g80 01778 “"g .146
3.3 - 1002 -J 1.994 «1796 +3 .1384
Ba - 1438 -3 2.i%4 1 go +3 ,1306
3.9 - .2051 =3 2.343 .18384 +3 .1232




Table 2

. (Continued)
A(rilliamperes/volt) ~ | B(millismperes/volt) -}

4.0 - .2972 -3 2,608 1968 +7 L1357

4’01 - 04‘4‘59 "“3 209%2 02097 +J 01073

4.2 o -06343 "’3 304 3 02296 "'J 0096
. 4.3 - 1,221 - -} 3.218 .2609 +3 .0790

4,4 - 2,366 -3 5.245 .3103 +3 .039%

4.5 - 5.182 -3 6.111 3711 -3 .0650

406 il 093.3 "j 30195 .3036 "'J 0286

4.7 - 8.477 .+3 3.133 .0377 -3 .300

4.8 - 4.618 +3 3.210 - .0479 -} -.1646
4.9 - 2.732 +3 3,606 - 0516 -3 .0773

5.0 -1.796 +j 2.891 - .0315 -3 .0469
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In tha first-arder theory of xing and Eiﬂﬁlctqa the linit~-.;

io, . . . ‘ . '. v .._
z.o g E ,'nj ohms
R s ;

B s

It is apparent that there ezists a sizahle diieropancy b0~ 2,

Az

ing value of the impodance ia R Sl Tt Rt

tween this result and that of the variatieral prineiple.’ Pr@ba-

bly the limit of tho second-order theory (te vhich p:evious

comparisens in this paper have been made) wonld brins this into *

closer agreament.

VII
--genclusion
.. The variational methed provides a new tochniquo for solv-
1ng ths antenna problem. From_jhe point of view orAnumerical
computations it was no more involved than that of the King-
Middleton method. It has the advantage of providing convergent

series for the solution whereas the King-Niddleton solutien has
asymptotic properties. However, the auther fesls that its chid

‘utility will come in its applicatien to som‘ of tho'nore conpli-

cated antenna configurations and in ylelding nunerical results,
At the present time 1t is boing applied to the solntion of the
simple loop antenna. :
As&n&:lsﬂxn&n&
The author wishes to express his thanks to Miss Juliie

Kiimas for her assistance in performing the numerical computa-
tions.



TR101 .. -ién

< <He Qe Pocklinoton, g _gﬁﬁu,;g}l. Soe,

- 8. Hallén "Theovetical xnvestigationg'in |
T 'B.Lllg a0ad Receiv FinE daii u%‘é‘.‘.’r‘ of. .A.ute‘nnae ;“ M»‘— :
'vol. 11, No. 4 (193 )." S

gg egegges i

S

G c Pocklington,1§324§ A e S
4;_ =, Kallén,r'gg Pas -row X . ’-' s

5, D.-uiddleton and R. W. P.. Kingl "nglfhin Cylinc ical
' Antenna: A Ccmparison of .Theories,' Apgl .ﬁ‘
273-284 (April 1946). . ’ S ARL

6. R. W. P. King, ;egt;omgggetic 12 geer-ng, vol. II' unpuh—
; lished notes. .. - 7 '

7. R, W. P. King, Blectromagnetic ggg;gggg;gg, vol. I ﬁcGraw-
Hill, New. York 1945, 335.

8. R. W. P, King, Electromagnetic E eerd ; vol. I, gg g,346

9; H. Levine and J. Schwingir1 "On the Theory of Diffractiogﬁ
; an Aperture in an Infinite Plane Screen " sz . Rey
5%82974" (0otober 15, 1948). ’ G

10. R. W. P King, Electromagnetic Engineering, vol. II, supra.

11, R. W. P. King, Electromsgnetic Engineering, vole. I, Supra,274.

- 12, Annals of the Computation Laboratory of Harvard University,
vols., 18, 19; "Generalized Sine and Cogine Integrals,"
Harvarad: n-versity Press, Cambridge, 1949.



A1

. First,
- be _derivad.’
then

X A -E- -
a~vwy az O

M- h-2 ". )!4' a

a

]

s 72

A ,;pmdix I

sza;na_;ea__z;.___x___sezzala 2 ’-'aa'f
' : :anolving the Intcgrals vii]
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sa
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Ba i
—‘%Jl‘(z)dz -
~ 3%

B

o .
bl R R
L R

7 ST

-1

.3.2; F(z)] dz

n =J8.R
79_5—[1 + J._ —L]r(z)dz +

b doossr- o

BA az
U

-8R -18,

R :
s F(z)] az

=3B &
=8 j_.ﬁ._[l "'—1-"5—0—]1"(2) dz +
=3By B 33 R

%—l?(z) S < B -g%:r(z)n

-8R =i R

s thls becomes

S

Letting R;)

- ‘Vz'! + az’, ?‘h;"




~IBH,
L-R-——G(z')dz'

Owing to synmetry tha intevgral mvolv:u,; F(o) as a ractor
vanishes and the others nay be ‘educod to. yiold =

This formula may now . be uand :m thn \'-integrala. I% is
apparent that both sin',(h—- IzD and [1-003’ (h— lzD] are syuetrie
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Tap.t F(z) = sin B (h- 1z.|"')

g 2o, [1,+—--E—3 sins (h-izi) = o

: jﬂoRo Pt :
‘Ro [1 - cosB \h-lhu-;:«il)]dz'
5 3|5 g R
L '74':00830171_‘/ ELl-- nosB (h - |z|,}]-—-—R-———- dz! _

s wpt F(z) = 1 < cOSB (h=lzl) - G(z') .1‘_-= cos g (h- 12

ST e Y e “-3{.1 - -15 -i’-m - CQSB (h S =

BO Az

&fa



" o " &8 et
4 - - e Lf L g Pk
s o ] - B p . -
§ b " . ae- !
2 o X - # *
,

GHE T w iy

'!ho Qouble 1ntcgra1 in th;.s expression may be reduced by sou.c

nanipulation and an. :I.ntegration by. parts. : Betting t = z-'z' G

dt = dz, o il I o, e
YO ‘JB : ) i . s '. s"il,"-'

28, j[l 0083 (h- Iz‘l)]’-—r—- dzdr' = LA o

. = 2B, [ [1 - cosp,(h-]zY] A :

/ L_R_— dt*l' dz'.'
2 [ ] o : P T ,:“

‘h=z! JB R,

g A ':'.._'2,5_0_” {1 - cos (n~z')] / LR"‘"' dt +
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+2sin?ﬂ hc(B h§+4sin23 hS(B h)-251n43 n[c(ap h)-c(B h)l
Jﬁo V 4h2*32

+2eoszs h[siaa n)-s(a h)3+4B hE(ZB h)-23[e ;.;




TB].O]. 4 R "".23:.-:._' P &)

"in; fhe'@IOcedure of nreviuus authgrs 3ﬁ~£ﬁweunvanmeﬁt4%f'
ibwuine a para méuéfn(}ias follews | S Bl "' o
St S ...--w o ol
: R. W. P. King has taoulateﬂ values of the input.impedance
© and cirrent for fl= 10, (h/a = 74.2),{b = 12,5 (h/a = 259),

.Qm 15 (n/a'= 904), and.Q.. 20 (h/a = 11013). - An antenna w‘th
pavameter of O.z 20 is. too thin fo reproduce physiéally although i
the others are not. As this- paper is intended only to check -

o,

"'this work, ”:_t.t 18 ‘convenient to select one of ‘these values and
: Tperi‘arm camputations on it. Since for Lai"ﬁe‘l‘ values ofﬂtbe
r~omputations are simpler, the Valueﬂ. 15 has ‘beeri chosen. For
.simplicity," ‘.zt’is uaken to be zero, 1. e.', the antenna 15 ‘8. per-.-;_.

e L R L

fect condu tor. = a % : s e it “

; ' :’j-:= 15 the various Y—integrals given in Appendix I
may be evaluated numerically for difrerent values of ﬁ h. The

B S-, and C-intagrals provide +he on ly difficulty. '.;n terms

of- some functions rec.ently tabulated by- tha Parvard Computation
Laboratoryl2 they are given by '

E(B,2z) = sinh™' £ - C(Ba, 18,2) -3 8(Bgs B, z)
S(B,2) = C,(B,a,8,2) -3 5,8, a,a 2

C(B_2) = stnnt & - o(B a,B, z) CRCXY a z) -3 8 (n s s 2).

where

o ‘2+ega-2 |
Stﬂ a,B z) / dt



'ac<o,sz)+[c(aa198) "._.;.-198)J+Lc“
Y = s < o ,a £) + 1§ (B 8,1.98) - S_ __'{gl 98)1 * As

::"5 .,Lx..f_‘;."}{'

o e s s

| o8t Bym) + [6,(8,a,1498) = C,C O ,LOBIT 4 4o,
E < a’a )8 Sé"’“"“**‘v"l £ 1B,86a,1.98) - 8,( 0 ,1.98)] + =,

It can be shown that Ln tne rango ‘5 < h w ‘7‘.0 uhe various -

Pl



wgs,

-~

mnloi & R -25-

ﬂelta terms may ba neglected ag- they contrihute less that 1
pact 1 1v5 to the values of thé imtegFale. -~ "

'~"u 4

| Apperidix ¥ . . o
.HEEL, Mo o .

-8ince the second erder King-uiddlexon solutions have 2
never been punlished in tabular form, it wag felt worth while
to 1nc1ude them witn this repert. The rirst table contains._
values of ¥, the éxpansion parameter.' The¢ next tables contain ,
values of the. 1mpedance magnituae of the impedance admittance,
and magnitude of the.admittenoe for various ratios of length-
to radius. The last table contains some additional values of :
the impedances near resonance.. The impedances are tabulated

- to- four signifieent figures, the last—digit probablyAct_mta~,.‘l=n;l-zag4~—m—T
a small error.{_
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