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a L. Intzoductions Purpose and Content of the Report.

This report on non-linear vibratinn problems, treated by
the Averaging Method of W. Ritz, will consist of the preseat
‘ Part I (on the fundamentals of the method} and of several sub=-

sequent pértsg which will deal with applicaticns of the method

% and special aspécts of the problemsin guestion, Tentatively

the contents of the following paris ares

Part II. Application of the methed to systems having one

?:‘
N
2

i

P
&

egree of freedom, using a one-term-approximation.

Y
(0]

8O0

'ii ~ - Btudids of response curves,
< Part 111, Stability .considerationss :

- Part IV. Applic o systems having ohe
: . = _ . degree of fresdom,-using approzimations of mope . .
)€H :_ . - S i - ._,.‘ . - } EES : - - - R i 7 ) ‘;-- H
x B ~ ‘than on el T
1 - T e o ST
v — ——— — Par% V. _Application of the-meéthed Lo systems having more -
Lo - T 0 - than one degree of fsesdom, . —-

The investigations pFesented in thé various_parts of this

- - report are intended to contributé to the knowledge of approximate

(T solutions of non-linear differeﬁtial equatigggrggisigg;f?ggf S
o ~ problems in the field of vibrations, - _
;? ' | Pr@blemé_pf this tjpeihavg received much attenﬁign in recent
S " years. The bulk of the pertinent literature, however, is in _ - z
-  Russian, Tn the USSR much work has been dome in this field dure
o _ ing the last two or three deéédes by a staff of highly trained

- scientists, which hégi}esulted in what .ay be termed nearly a
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Russian monopoly. I was not until very recently “»2% the results ;

B O

of these vast efforts have been made available, to some extent, ' §§
S

to the English reading public,
Three main publications are tc be mentioned in this connections

Minorskyts reportl) (1], published in 1947, which gives an ac~
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to be found in the Russian

o count of the essential accomplishments

In thé course of tﬁe year 1950

o Lefschetz’s translations of twe outstanding
s [2], [31. urse

English Whi@h novw fagithate an appPOach
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- and may be divided into two major classes: autonomous systems,

in‘§ﬁieh the iﬁdepeﬁéent vafiable t does not appear explicitly
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on the right hand side of the GQUQtiﬁﬁbg and.n9n~autphbmpus

_thzch it does

& ST ‘:

5 ’* : .
,JA' -

e
i
N
)

EIYSN

PRERIAMIE -1 4 T

b
o’




The majority of the past imvestigations were concerned with

ceveloped to deal with them, From the viewpoint of the physicist

and enginesr who looks fer resuits which are readily avallablie,

1
|
|
|
the autonomous systems and 2 number of powerful metheds have been _ [
{3
|
}

anderstandable; and applicable; the twe most imporitant of tnese

methods are the appraxlmate methed by Kryloff and Begoliubeff, as

|8
8
deserz.bed in [3], and the gethod of the phase plane, whisk iIs . !g
the basis eof all c@nsideratiens; in (2], RBoth ;metnmz_s,; however, = ' g

are 1imited 5 adtonemous - syszemse

Hﬁthuds dealing with & hon=a utenemo S systems, aim 3d at gé@%ing '

defai,eé results, are rare, and where theﬁé.afe saeﬁ méthods t16y

are bwsed upen either a stepabV=step preeedare? er an iteratisn

~§reeedareg therﬁby again reduciﬂg the systam to an autan@me:s ane@

= - NS =" i T e

An example ef tbe flrs appreaeh 1s the

‘:Agieﬂ an.,p rfect

- maKes. uge o ths pf@pr ties of the phaaé~y&au pgé.@xa_pTewgl R

Wy

\\

‘-.the seceg§ approach may be-ﬁbm&ﬁjig.th method ﬂevelaped by

E@ B&ﬂSmei‘ 3.830_ _- . = \ . - .- . - ‘ /

-

As p@weerE and impertant as these metheds are for ebtuining
R
numerieai resn& sg they are llmiﬁed by their ve?y nature, a¢ step-

Lyest Lep or 1tératian methedsg te Speelal eases and dn not allaw

ohie to eobtain general resulis Hh t- ong 'wculﬂ lik te h va 18 a

method which presents the resulis in the closed form of an equam - .

=y R L R
8 . !

tion (er equationg), thus allowing an interpretation and discussien -

of the Juence of the parameters involved,
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purposes of the nresent report are to draw attention %o
a method which satisfies these requirements, and to present 2

varietv of results achieved by it in dealing with the forced vi=

braﬁieﬁs=ﬁf, non~linear systems. The method will not attempt to

sat¢sfy che é iven differential equation at every instant, but only

in some mean averagee As may already be clear frem these wd“ﬁss
this method 1s ess@nyia;gy identical with the one castomarily as-

TR g

SO“lated with thé iame <f Be’ Ge Galerkin@ The latter has been

e : LR

widely used for séiving bcundary value probléms in staties of

e?astlc sysi"emse Here uhe method w111 be applled to the dyn ie al

problems in qﬁeSLang . T

The method is also clasely re*ated tc the on° customar~¢y

knuwn ae‘Bltz s meohod (or as the Rayle1gn~ﬁxtz meunea, mhen ap=

portane°"'

paper of wo thz [9] reveal that tnls pa.peﬂ'a cond alns net enlv

the el ements but alse the essentlal equations of the so=ca Ted

Galerkin methods therefore both forms of the method must be at;

tributed to W. Bitz. Some remarks in this zomnéction will be

q cti on 4 will deal with addit naJ femarks nertainlng te the

method, SeCulOE 5 flnally, containg a summary and again ==
ntien ‘of the procedure for the

rec1pe 11ke == g short dese zi
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The Two Forms of Ritz's Method

°

o  Variational Problems and the Relsted Euler Bquations.

Meny problems in mechanices, and in other fields of physiesy
may be formulated as minimum problems. In each case, the solu=-
tion of the problem, then, is a function which gives some integréi
expression a minimum valuey thus the problem is described as cne
in the caleculus ef variations, — ’

For the convenience of the reader whd is not familiar with
"the biﬁié ééncepﬁs use@ in tne-ealculus.el warlatlons, we w111 -
glve here & short outline oz the uaszc ideas as far as they are‘__-_

R

relateé to our purposes

We begln m.th tb.e s;mplest cas —.uet /: f )( /(/ /l/ 7 be

.'a.given »gntinaﬁ$*fanc tion of th° three varlables )g‘,,.)/' .

bec@mes B

_ has a definite meaning, The numerical value eof 1 depends of courss
upon T L T L

E - Vs

1) the bound laes A, and 4, 9 ...

gunGary va

2) the function y(x) , Whiéﬁ*is trod aced.

Now 1lét us COﬁbl&er the problem of cq0051ng )/(*7 in such

a way as to glve I a minimua valuey i.e.

2 5 =
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. X,
@ [= J/ Flx, y, v')ax = Minimum
A

o R e Rl e

comparsed with using any other (neighboring) function y s when
the boundary values X, and X, are fixed. Clearly, this prob-
_ iam ic one of the ealculus of gariations,
«]‘.fet,us now specify the function /‘,/(’ X ) in such a way as

to admit only s uéh'fmgti'c},ns which make ' ' .

ww(3} | j'(xz ) =0, (X,) O -

The ummewn t:me solatié‘n we denote ‘by ] / X) } o The érfé"gi‘bbﬁf?’

1

B - f“unction (A") e nut 111’80 the- f‘erm

[

“
‘ b
s . s
! )
t " .
. ) . .
" M s o, I A o 5 AT 7 .
' o
b ki s ) e . -
Baht s PR N Vi

{satlsfying9 of ccmrse9 equations (Ba)? ﬂ//.) 0} /7{,\’) o }e .

Fhus the integral I has become a function of the single parameter

- o, o ok A e O o] Sy P8 SV
| R b

e

€ . The problem of finding the minimum of T is reduced to

PR

the ordinary prohlems of finding an extre am of a function of a - f
i

).

- '\ Slngle varlable as 'treated in the ealculus o " We are 15@mg fO? B
- g—é o . vhile € =0 . Thus the .Lollnw_z_g steps are c}.early ) A :
= ’ - e .’\_:f,ﬂ‘ o

indicated: - ' : N

tt
{
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By setting €=0 the :t"az.uz*'3.!:»1(1m Y and/ ecoincide and

x, inzéed‘ no leriger be distinguished. Now we :mtngrate the ‘second term
= - im (8) by parbss |
L ‘Xl ' X’ y X | NE |
- aF a’ 7% F;',) dé)l’f) |
o7 '7/ Dax oy )"

‘10 ":'e‘\ B C)j i ‘

R W_;Beea‘ase of (33,) the £ fi‘rst Berm on me.ﬁ“ght n&né side vanishes

” b 3 ang we are. left with "._-7 ) j - T if* T T =
. R 5) 7—"""" " - / ' ) ’()V- T S
- | ( a/é‘ JX /7 O] - .Q/X(rjr FRTT T

which, becauéer 1;7 is suppesed o bé grbi’srarys--aalis for

O A rIF | = o |
S (7 - , , d)(( @}/ J S S

————

Bquation (‘75 is called the "Euler Equation of Tche varia~-- -

ticnal problem (2). —It states & nogessary c@nditien for the min=

; imams not a supficient one, because it ensures only a gtationary
N
o 7 =




Table 1

Qo

1. One dependent variables /¢ one independent variables X

I1st order derivatives
X,

B /. f = J/ /r(/ A "‘V,'i'" a/X . /W//?//??L//?"

Exp//cn‘ {}/

. ~ %' 7
5 oF doF I d,a, of 2nd n—aama}
- Nor™ 1. N2 :

- Ay

i o oy

f i i' ,y+7 Fy fryx F zo e ian
Cne aepenéent Vé}?lable" }/ § one i@def;_eii_@,égt; variables X

Wos

'I"‘”'Elt?h erder g_erivat.avese

ey e e

li;“ R = _ Pd 117@/”?!); eww S - I N — =
—F e — e =T -(f...{/ =G [dees OF (2H)Th
. 'vr ,.?:)-' : Y_.@zlf, " 4’{?&“ NV n/)’n N/ (ﬂ) . L s "f’d’.er.}
= e ___._ —— \77“ GJ"‘VJ N T T = - J = e =, o o
S 3 More depenidant vaflableso )/ B 4 9=-===-=»; onie indepeéndent
= _ - ,variabl_e.a X© 5 1st order dérive = - I L
f) . 7 e / /e ‘ 4 i
V' - /'/_—(/)_(,_%27* })// Zj /C?' .‘M//?
| — A .
r _ - H |
- FoFdoF | N ll
: — T =9y — = =0 = i
* . y oy 1oz oxdzr | .
4%, For higher order darvvat;ives, e“uatwns afe llke the ones
under #2. e ST T




variables Lf 3

B 1st order d eriv,
Vil=
. OF

695§urther generalizations are obvious from these

two independent variables: XJy

, U Uy, 4, )X dy = min

éxamples,
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which is exactly Langrange's equation,

There are, therefore, two equivalent ways of stating a

gtatical or dynamical provlem:
B
-~/

£ en L wmmna a2 = -
as & variational problem9

2) bj its differential equationy together with ‘the

boundary valués,.

Hﬂmmmﬁmmﬂ

i
& l
.:é\‘-\: RO o - - ;'" _j!
e : I
SR : P
S NS
i L e T
ES. — ¢ : ) S -
——— . T
T ~.:—:.."'-:—:—}7 "7 ”j?CY)( = M//?/l?’)(//’}” ' -7 i
!. B ) _ . 51 B
5 e
. :
- corresponding to case 2 of Table 1. As we have said before, I . [
' - ~is a function of the (required) function Y{X) and 1t depends on :
its furctional infinity of values in the interval (Xo, X,) . o
' Bitz's idea was to make I depend on a finite number of parameters Q
—- - : . e s ’ P RO
) only, by replacing (or appreximating) ‘/-( X by & Tunction (xJ . : g
I .
: -9
A SR ST Ty
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{11) (X) = G V()T %y

L & <

where tue ‘yﬁgﬁ are a given set of functions and the gq,

are constants to be determined. The nriginal problem is now re=

duced to the problem of giving the imtegral Iy which depends on a
finite number of parameters Gy o & minimum value 'Clearly, this
is now—aﬁ—prdiﬁary maximum-minimum problem ef'a'fﬁnction of seve

3

eral variables, The necessary conditions (ensuring a s*a:ls ary

value for I) become

':",_ T e T e & o ;
7 ——-—-/ =3 = - | e
da, |

quations, from which fhe " unkﬂcwﬁ Pafameté? 4

These are [}

Sl M@ omvosemas
SRS TZT“ a*l _eases, where tne qiff
tion} is 11near9 the 1ntegral i-ls‘a quaaraéié funé@ionmin ;’ - =
. and its.derlvatives, Therefore, the conditions (12) reduce to :j' g
a system of linear algeb‘aie equatlons fer the Qo-re Qg o n - L, 1;
t%yf? cases, where the alfferentiaL equaticn is nonwllneér9 the " ’fi
equations (12) also are nen-linear algebralc equatlonsa % --i
The cond tions (12) ensure that we ge the Phast! éolut*on ) [ j;
\ luuder ‘the restrlctlcﬂ (], hecause we make tne integral ffhaver B ~T§
a2 minimum {or at least a statlonar,) value, The questlon of how 'Lg
- 10 - §
;
S —_ o R £
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and in-aﬂﬁit en the error 1% %ts f the methode

much this minimom differs from the (lowest) minimum, con-
neeted wfth the true solution, remains open, All wg know 1is
that we get the "best® solution (lowest walue for I} obtainable
with a function of the form (11).
W, Ritz-[9] has proved that 57 converges into the true sol~

ution ¥ with increasing number of terms in (11}, prcvided that

AL

the set of fumetions Wi is a complete set., E. Treffiz Lm}
subsequently investigated again the conditicns for convergence

In pure mathematlcai terms one can say that by dSQLmlng ths

_solutlen to have The Iorm of (11} one reduces the paramete Sp&éé =

I Clgqvly, the aceurac" w1ll depend upon the numbev of'tér ;3

aseu;in,\xl) ard especlally on the ehoxce ef~an awpropn&atéAsgtf;’j -

“of functions ’Mg e As one writer (Ll3bJ Ps 493) te"“‘~ its

#[There is] eppor nltv for the dlspldy of skill in the choice

of the functlons ’yk(x) o -
"bv1eusly, some advance knowledga regarding the yveted
~solution will-greatly f .cilitate ‘the choice of the coord;ngte B

%t is often possible to

(-1

funetions 1#& e_ By mnb g & good gha

nestrlct the assumption (1) to a single term, Part II of this
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report will deal exclusively with such single term approximations,

Ce. & Second, Eguivalent, Procedurg the Appreximation,
In applying the conditions (12} to the imtegral (10) where

)/ is replaced by~)/ according to the assumption (il), we getb

- N RS A e T ~ =
o o A = ” 1 R 2o
(3) oL =/ C%’-— U+ -gE, v
o ay e L 94 JV

and by integrating the second ahd the subsequent termé'by parts

. We arrived at.

B By COmparison with the formulae 1n Table T we seée that the~

braces 1n the Tast 1ntegra1 con*aln the expression Z: foﬁ—unc“

Euler nquatlon of the problem, so, we are left with -

(15?/ i 2%{ = ['1n;égrated partsj %’/P}%-£2><]C£(

~Xo

31
S o

il RS T

ég“k

N e
o

1) the integrated parts must vanish;w

AP 5 SR Y SO
tonveorie + Vool daraomt it e
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The integrated parts wanish if either ?%% and its derivatives up
1

te the nth order vanish or the corresponding terms é%z 3_€%é;4,f

d /Q)F > L' 2o dale 2 C{,y:-ﬁ @j

rril v ) K vanlsu-, at the boundaries X, and X, o

&X ‘s e

Tet us assume that the 1ﬁfegraued parts de vanish (sinece it ecan

R I TN

. alwaya be accompllshed by a proper choice of the funetions W Do

 Then the eond1t¢ous (1 } Dotome eg'igaTeg= to the set of equan*ons i:-

PO N 3 T : T i :
W ELf ek =06, . k= 42 --=mn. SR

1s the dlffe eﬁtial equatlan of the pr b

_ gomneldes Wi th the Euler equatlon of the corresponding-

problem, hswch;g"t:;}f7 w111 not vanish ab evewy DO ta-

equations (16) tell us that the best SoTQ*ien')/ “will be t

WhiCh makes £5£]ﬁ7 vanish 1n “some Rwei htegh aféra ge The weight SF

functlons thereuv coincide with the coor dinate unctlons 5L assump~

tion (ll) ®

As_is clea; rrom this ana1y51s the conditlions (16) are equiva- !

lent to (12) (provided the integrated vdrts venish), This means
that satisfying the différentia_ equatlon [;ézy in the des crlbed

- weighted average (“Avéfaging Method") leads to the same resuit




of minimizing the integral I as do the eguatinn
CMinimtzing Methsd"), In shorks the Minimizing Methed (12) is
equivalent to the Averaging Method (16), Equations (16) have

the considerable advantage of making use of the differential

equation itself and
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know the expressicn I, in case the problem is stated by giving

the differential equation, ) o

or course, all the remarks about convergence, degree off - %;%
apprex1mat¢ons, cholce of noordmate funccxons (and weight funea_ T7§§j

- inﬂS) 3%_ 3 eﬁe., frum the end of section 2b, apply here in jus t e
' B 1X

o - the same way,

,@ two ways effdetermla@ng the co»;

N ‘o
- “mm e e R

d'f'fm of an apprex1mate solutlon “?~;;} ;‘jf
= _nroauclnéziiij;inta the. correspendlﬂg 1ntegra1 ;;—m__—Tf”
‘?3 pﬁegsisu (l@)9 whieh is +e be minlmized, thns 13&& >tcﬂ$éé:;5——;"f; - 4w
_E%' - equations (12) £or the a% .§.0r by introducinz the Sé.ﬁ§i£$2 ﬁ;;7;— ' ‘%ﬁ%
(11) iute the differemtial equation of the problem (which is the -
'Euler equation of the corresgdﬁéiﬁuﬂwariational prob;em: 1—d aveﬁ= : ff_k
aglng this axpress,..an, usiug the coordlnate fanectiecns - ‘y@ as - ;_ %

weight functiana, according to (16). If thé boundary Ponditiﬁns i
] '(afising‘gygm_fhé.i"t egrated paPts) are satisfied, both proc dv"es _ g- _
lead tb Edentieal results; i fact,athey,ggg idegﬁiggl_an& repres= . ?~~;

sent just two viewq ef the same problem, L ;
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resulis in equations (12}, the Ritz Method {or Rayleigh-Ri

method, when applied to eigenvalue problems),

noted and deseribed several times, It may be suff

tion the three sourceé [12], [13], ana [14].

- igeavaLae problems alge, and in [1%]

™
i e LTV

referring to the paper [11] of 1915,

ienece. is shewﬁzfc” the

. moﬂa ngé or-%ﬁ%ﬁ'ﬁfﬁéééu&
D% DEOCSS

It has beceme customary to call the

referring to the

er 191 of 1909; and the second procedure, the Galerkin Method,

. The interdependency and equivalence of the two methods was

icient to men-
In [12] the equiva-
of

‘Ui

A S

‘boundary value prablems in gtatic

élasﬁig'éyétéms and for elgenvalae problemss in [13b] for

1 in a most general m“nneror N

"o

) Cu;;uabiy, nowever9 of all these wrlﬁg;s whc ‘pave shown

the lntercennecfi ot of "Bltz s” énd—ﬁga;éykipisﬁf Eh

aware of the ggvﬁ”ﬁﬁéﬁ_iﬁﬁﬁiigJ
“iesg\%géwﬁégfégiy bv ;Lnferencea but ex= DA

TSR U W0 RN

a

the basic equ@t&@n [see equatlen (% 3“ {93—3,.‘ R

correspend;ng te (16), far the qnec:cal problem fbendlng of 4\

o s . o o

plate} whlch he treats there, ERECE s
~ On the okher hand, 1% must be adwitted-that Bitz dees nok R
stress this point (nf hav1ng two metnoés) and does mot draw Sspec- _\ i

3 - =

ial attentlan to 1t.j Th@refore, apparently most of the reade

of Rle’Q paper mlSSEﬁ nnmtance-n? fh& statcmenu in 20. (41)

of this paper and had to be toléﬂai the second methcd by B. Go

Galerkln, who == w1thouu referrlug to Ritz —-- used thls method

for solving similar problems for_rods and plates. Inasmuch as

o 15 <=

_amhqnm;mmmmmmmmmmmmmmmﬁa
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Ritz himseifl

1909, and

does state the important equation in his paper of

since there is littie doubt that [because of the slose

scientific connections in those days betweenr St. Petersburg,
Russia, the domicile of Galerkin, and GoL tingen, the place where

Ritz lived and wrote his paperl ”) Galerkin had full kno

‘of the Ritz papers both metheds

ﬁlBZg 1H the interest acclracy. 1Ihe proper way of

refe ;n;ng’te them would be to call them the First and the Second

Ritz Method, “esnéctiVely;'arb'if-one‘Wishes to distinguiéh_be?

tween the methods in the *itle they may be termea,'

Rim zing Eethad" a“é “E_tz’s ﬁverﬂg"ng

Esthpd-,

iabelllno ena
as ualerkirge Hethed mav be perm.ssible only as a "manner 0f

nes’es

speaklng” and as g

?ull equivalent to the faecend Ritz ﬁe

G-t

W W

My

Ay -

B B R TR

';_Wéﬁﬁ_ paper af 19-,ﬁ 1s even marc aston1sh_ng beeause the maaerit; 91

in Ru351an, and somstlmes were even unable to obtain it (see the

intro&uctory remark in [l;aJ ). The sclenti-fzn world ocutside

Russia anparently leaPnQd of Galerkin's paper and the methed used

therc*n f;am two later papers~ first, ;nom E. Hencfvf~ ‘paper

Ly - [16] and_the remarks by which C. B. Biezeno drew special;gﬁtentlcn
ﬁi 15 (s. P, 1moshe nko, a close colleavue of B G, Galerkin,
[ visited ththgen Ireouently and promoted discussion
o _ of the Ritz methed im St, Potersburg; see, €.8., his
] — paper [15] of 1913). . : :
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N
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the suhsequent wrlterq aere unable tc read the paper [11] wr;tten o
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g
g to it af the First International Congress for Applied Mechanicsy _ §
‘ Delft 1924 [17]3 and second, accerding to [13al, from the paper 3
e by E, P, Grossmann [18], : g
| i
. _22a1ti0na1 Remarks Goncerning the Averaging Method. g

_ In section 2 it was pcinted sut that the Averaging Method is .

i*: equivaient i:e the Minimizing Method, The & vantage of the Aver-

“'? aglng Method is based upen two facts. 1) In sase the prcbler is S ]
% stated by_the dlfferfntlal equationy thééijeragiﬂg Method allows 3
“ :_ : :@ne to di spense w*zn Bne int grél-,,:.-;':-essix__zz-l aa.mglétgi—y, which

‘ ? L is a eons:.derable ad""wcage, esPeei iy if "chvs ex.presszsn is J
gl -_“ 7-?net.£ncwnwanu ould Have te ae dete rmldog 9? tke pud ?ﬁsés - h-%‘, - %?
: | 2) Evég»iﬁ I is avallable9 The Averaglng Méthod no“mally presenté .
;: _ reer 7 tes calculatmg the’ expres'&ians :«.nvclved, it is N R !f
:%‘E L _ wméﬁgoéafrbm éhe pg{ @f view of practiggi— - ;
”:——}:“": S calevlatiens.*r T :'-f'.—:j*i“}:‘_— R ——~ - M—f
‘g”_ < Cﬁif::*jiﬂéﬂé éd?&ﬂt g‘é" hcweverg-éiénéiiil;gz ater, 1nasmuch as thé-lf B
%.fo- o nethoa allcws generalizatiens. Efch-éeﬁéféiizétie 1y ware- _gg ) ,i-
S gas mi in three directions. - - - - _ . ‘;‘_ XL
‘- - B_‘ rst, the ‘methed has a meax}::{w of its own in cases. wnern - igi
an 'eipr_es_slon_ I does not -even exist, Then the relatienship to some ’!
\ . ‘ mininum valué ceases tc>ez,1i:;g“ut the averaging process may be ‘ %
f _ .- ea._x;rié:c-‘ gut ,_,everjthsl_eésg_ . I T _ ;.; l

i L P h i»—-a_{-"f:.‘:‘::}:w'
‘ : ‘1) Some of thess suggéstions are mentioned in lecture notes o
: by K., 0. Friedrichs [_u,9],, )
[ : :
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Second, whereas the relationship to the Minimizing Melhod

cal with the coordinate functions in the aggumptiong this ;elaﬂ
tionship may be dropped, and one might try to solve a prcblem
by using weight functions which differ irom the coordinate fune=

tions, - e e e s e

Q

Third, in (11) the a pwo ating funciion ¥ - was assumed.
to ke a polyncmial«With_coefficients to be determined. Cases

may- éxist.where other

the coordlnate fung»

tlons);gre eqp;valemtg PR
- 186 - L

reqiires the weighd funchisns in the Avsraging Method tc be identi-
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'2°‘¢hereas the H_nlmlzlns heth d is generally attributed to

W, Ritz \ur te Lord RayLelgh and W Ritg, if eigenvalue problems

H
i

AN e

are involved,) the Averaging Metiod is cusbomarily abtributed to

P e B Ry R T
| S

B. G, Galerkin. However; Ritz's paper conkains the essential aver-

ag L;s equatzon nxpl itl y; for Teasons of historical accuracy both

D}

..‘,,.‘,
S Lo B

P e LS

i

metheds are o be ascribed to W, Ritz.
3+ The Avoraglng MethOh has some advantages over tue Mlui=

mizing M:Lhoda T riﬁi 1) iﬁ‘tbéc ase of conputatluns9 and

YA

i

'fti 2} in the faﬂt that for apprlﬁE_ib one needs to know only the_;

Bt

?’“
i
i
xa-tf

i‘ﬁgl p es51on I 1s knewn, cr sV
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