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i e . o - THE: ‘SCATTERING O PLANE ELECTROMAGHETIC WAVES

THTROBUCTIOK -

The exact form of the d1ffract1on pattern produced by electromagnetic waves
falling upon'a body 6f finité ¢ize is of interest in the calibration of radar equip-
ment. At the present tinme, to theé author’s knowledge, the only finite object for
which this pattern is knowm for all angles of incidence is the sphere. Soluticns have
been obtained for other finite bodies which are valid for certain directions and
polarizations of the ix_:cident wave, as well as many approximations when the ratio of
‘wavelength to physical dimensions is very large or very small. This investigation
deals with the scattering by s hemispherical shell or solid hemisphere for a plane
wave of arbitrary polarization and angle of incidence, where the ratio of wavelength
to physical size is unrestricted. A formal solution is obtained for the general case,

in the form of an infinite set of linedr equations in the wnknosn field coefficients.

EXPANSION OF PLANE WAVE

= B Maxwell’s equations in free space may be written:

' a UXE+R=0 ' b. Y-Bx0
.- . . (1)
= ¢. YxH-D=0 d. V+-D=0

Since B end [} are divergence-less, ‘either may be -expresse¢d as the curl of a vector or

of the time-derivative of a vector. Choosing B, let

T BepueVxI . (2)

N Substituting in a8, v

: : Ux@E+pf) -0, B (37
or £ = V@- ue _ﬁ_ . vhere § is on arbitrsry sealar. Substituting in c: (4}

F.) .

B S (ZxUxO-V8+ e Dy v 0

} at (5)

i i_7x2x§_~2§ru,sﬁ = 0
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N WAL N R
. Taking the divergence 6f eq. (5), the divergence con;iigiond is scen to be satisfied.
If [ is a radial vector in spherical coordinates, then [ = i, II, where i, is a
u_rg_ir;_xiadial vector and [J is a scalar. Eg. (1) may then be written as three separate
.- equstions: R )
- TTF ) 20 R AT ] : o
Iy m———l=— (sin 0 — ) + — + ==+ =
*[#-me(ae(s 36 Y sine a¢2) 5 T HeH|=0 (6)
i e el 0 (1) y
2Lr 9r2@ r 264 . o
i g— 1 .Bi I - 1 ‘EQ:! 0 (8)
“|rsinf dro¢ rsind 3l ’
. ol .
If the arbitrary scalar @be chosen so that § = 35 then two of the aquations are
r
satisfied, and the remaining one becames:
Cil 1 3 ol 1 -5 1
- g — (sinf— )t m——— —— = e O=¢ .,
3 T eine 30058 T Ling 3 MO 5
If 0= ru , this is simply the scalar wave equation in sphericai coordinates. .
To return to Maxwell’s equations, another independent vector solution may be
constructed by expressing D as the curl of a time-derivative of a vector. Thus, if
<o ?-"'
D=-pe¥Vxi, (10)
then
H=Vd -ue i, (an
where ®° is an arbitrary scalar. Substituting in a,
9 . @ ’ 7Y
S @xgx - Y v -0
(12) :
Uxgx -9& +pel =0 - : B

[’ satisfies the same vector equation as JJ , but since the vector operatioms performed
on each one to obtain the field carpunents are not the same, they are independently
related to the field.

[

B T e Tty = (YA Y0 P b SR " sl x5 alie i L =i g i

- I

e & o g rxy
PO S SN R Nl




il = 2

thre: scalar equations similar to those obtained from eq. (5).

&, 5 : g Y *
£ ic a radial vector in spherical coordinates, I = i,

O, eq. €12} b«cmes
Choosing @ 2 H

Sr

twe equations are satisfied, and the remaining cne beccmes the sca‘ﬂr Have equat:.cri fui

spherical cooridindtes, wucreﬂ =TV .

’

-~

I

>

If the time variaticn of [J is expressed in the usual manfer by usé of the “relaum

v211 +k a = O" ,
where . R

H: Fi[l_, kg__z{,_.

Solutions of the scalar wave equation in sphérical coordinates are of the. féri:

oy = @y, Jp (kr) + b b (kr)] By teos 8) (cos mp+ ¢
M=r E)E U

.

s S rqb)

iwt
U | W 4 e , where Il is independent of. time,. then t:he scala wav,g équation becomes.

“€13)

(14)

To relate the components of the [I -derived field to the-scalar II, recall that

E=9-pell

Y
E GG q
roar’ i

-62

Ee=1 Nl

r 3ar36
.1 ¥Fm

¢ " T sin b J3r 3 7
and B = pue V x]I o I

B =0
- ik 2
BG:crst € 3¢
- ik 210
Yo T 36 )

(15)

(16)

Smce the radial u:mpment of the magnetic fxeld is ewrwhera zero, this field is

tem\ed transverse magaetic..

If the time-variation of § is specified in the same manner as that of [I, and

* ¢ -lwt
O =1 e , where IT is independent of time, the cumpoments of the

~derived field

e B R R

.t e et v
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are related"t.q:\t;hg“-§,ga~}axj, T by H = _Y_(I)’ - uE _I_i[j

. H =—+ k1
S

’ T T

_ . I g . (17) E
R L € r 3r20 oL
S s St it S, o
$ rstn@ orood 3
and D= ~ ue U x B
D, =0 ' ]
: ik 3T
. D. = ;

(i (e

~ik I '

! D, = ———— S _ B
_¢ cr 36 - S
Sinée the radial component of electric field is everywhe;‘e zero, this field is térmed ==1«

‘transverse electric. K B Y

-For the problem at hand, the field campunents of the incident plane wave are known,

and therefore can be separated into independent transverse electric and transverse

magnetic compenents, and the corresponding I’ and II vectors determined. The total j:)“
field, incident plus scattered, can be considered in two parts, one of a transverse

magnetic type excited by the transverse magnetic component of the incident plane wave

alone, and the other of a transverse electric type, excited by the tranasverse electric

compcnent of the incident field alona. The advantage of this methed of approach lies 25

in the fact that a single complex field problem is broken dowm into txo simpler field

problems, and each treated separately. -

Consider a linearly polarized plane electrumagnetic wave traveling toward the
origin of a spherical coordinate system along a radial line in the plane & « 0 msking
sn angle ¢ with the polar axis, as in Fig. 1. The electric vector of the wave lies

in the plene ¢ = 0. In rectanguiar coordihates, located as shown in Fig. I, =

-ikr cos 4

3 -~
S E = Eo e cos g ﬂx = 0 ) ) )
g “ ~ik* cos ~ 16
y® 0 . Hy, = H e (19)
5 ~tkr cos y
E =E e swn g H =0,

t

the time factor e

t .
“ being neglected, where E, anu H, are the magnitudes of the electric

v
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and magnetic components of the plane wave, and .is related to 8, ¢, and = by
cos 7y = sin @ sin & cos ¢ * cos o cos @ . } (20}

Tite transformation of the field components from rectangular to spherical coordi-

nates is given by:

E, =E, r:osd)sin9+Ey sin ¢ sin § + E, cos @ (21—)7
H =H_ cos ¢sin g+ H.y sin.qs sin é-+-!iz cos G . o
For the plane wave, these becare:
. . . «ikr cos y .
Eran (smacose—'cosacosqést)g ]
. , ~ihr cos y (22)
Hr=H°$m¢$1n8€ ’
which may be written more compactly as derivatives of the expomential;
_E, 3 (e-m cos «,)
T  {kr 9 g
(23)
Ho 9 (-ikr cos 7)
B — — |
T ihrsing 3¢
If the plane wave is to be represented as the sum of a field of transverse
magnetic type and one of transverse electric type,
1
E =—7p+ k? 11
Fo3r
(24)
H =0
for the transverse magnetic field, and
E =0
3 (25)

A

H = + k?
rear PR

for the transverse electric field. Therefore, the scalar quantities 7 and [I will be

givan by: .

Al E 2 [ «ikr cos 7\‘
— t RPIT e (e | (26)
ar ikr 3 « J .
2 0
oI s p2 H _ 9 ~ikr cos v .
— = eatamendi el - C (273
ér thr stn g 3
6
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Ve T T M ae = o - = PR :
-' — "A—a-“:':"" B ;v‘
<ikr cos y . . - - ) CC
'The expansmn ‘of ¢ well knc'm . ) SR =
- . «ikr d08 ¥ © n' r ‘ — 3
o ) i B ?; .(_-.-‘i;)"" (9 + ) 4, PREY rD (cos @) P, (cos d) %
= R n=o ' L . >
— S e ) - L B _1\ ( _" ﬁ -
- - +2 2 .—--_—:—--p {cos &) P (cos 8)_cos. nqb
- L It T I n=1 ( + “':")
PO e L e sk @
i 'vUPéﬂnEli{f@gﬂtie@@iog, - AR ~-
T - G o - .
el e T b3 (“t) (-2n.~+ D i, (kr) p" (¢os @) p {cos O)
3 r 'Lkr “REC . ) s
- o (n““)"aP (cos a) R s e 2
- -—- - - .49
— - .- g 2 = ——-———(n p ———‘——___aa‘ P (_cos’g) cos m%
. T @9 -
B -a If "H 5 ? S R A
- = =t h’ O i, +1) j. tERY e
3 r i - 1kr sin d,n:".t 2 t) Aot 1) Ty r)l -
- - — _ o - L] (‘n - M)! L] 7 — - " L 6 5 b _— B
TR P Leos & P, lcos 6) sin a{® (30} O
S0 = 7'—'_&1!: since H and I'I' are related to solutions of the scs_'al'af_vavé >equ_aéio_n‘ uma"naﬁmby -
e et ’r.,__ g o T S e
- - _ - :r n -8 R D - . =S . .
. - -z . PO = - - _ _(315) ' e ==
. - periox'mir\g thP mdzcabed operauons on H and“[f!"?fie';l‘_fi_s‘-:‘ e B ~ 3 __’—i T 4_ _~ - i
- o R N, - )
T - B —r——T+ kaﬂz—li-iiu (n) (n+l) - - e
* - - a._r _ B Jone i = ) T
o ) = h S B \',‘A ) Q-:- g
. : i a Ea Q 2 1 < < : N s % 1 - B -
w - B L TR
5 ) - - T ) - ; R
g T =y Therefore, 1'[ a.nd I'l are glven by - B - '_{ :
- E 2 C e A 5)' (2n + 1) . N '8 b Lcas al e o
. T & 5 il B Ttk _9 .__,...Jl_————-—- -4
A= "T 'i? (2~ ) Eos: é{bnan——.-—d(n r R t) J,, ikr) P - eos. Y | i
o S - £33) ¥
: - o
5 : 1 . . 4 F_Kf -
o : T A
. = v - Lo i
S i ::‘ = - i ’ - i—:




- e = ' w - [ R o 4 o T LYy [ S
oo . O 5 e BRRARERART IR 2
¥ _ % == = N R S =7 T T p .
el .. ,u.;:»'-:cv- (O - -~ = T R - " Ern oSt ,“ ‘:_ :__ ,_______ .
(3 - v
y - -
n ‘ - - . )
r ';- . T A“.f' I.. o ™ - -
i (RF) Rn (cas O), Pn (cos )
R & V') S
T 'Ihe m’mdent wave havmz ‘been sepamted into two exc1tat1ons, ene conslstmg Cof
transverse electnc sphencal waves, the othnr -of transversc ng“xeuu. S}nn‘é‘z—lCu‘l— WAYEE;
the acattermg of such a wave by ‘a perfectly conductmg ‘hemisphere or ‘hemispherical
. shell will now be ¢ reated by vcmuldermg the total field es composed of two pefts, one
of .transverse magnetic. type, excited by the transv rge magnetic component .of the plane
’ - - wave, and ‘the other of transverse electric typs, excited by the transverse electric
component. of the plane wavé. The scétterer is pictured in Flg 1, with ite synmetry
axis along the polar axis. - R :
e THE _HE.M ESPHERICAL SHELL . B
. ' ) Space extericr to hhe conductor w114 be divided mto 4£wo regions:
? ) ' ~ in- regmn 1, r<a : P
) - o - 7  inregion 2, r 26, = N
) -~ _-and: the I] and’ H’ vectors, ds: weld .as their associatéd ficld. . c_mponent.s, w1ll bc -
’ - ~'.éng‘;l_)eu_:xti."pt:ss to indicete the region in which they sre valid ]
_ B _.,,,!E}pundar‘y_:c&xditiqﬁs; requiré that: - - L-_f;_‘ ) I
I. Tangcnhml components of electnc f1eld mist vanish :6n ceadiicting surfaces,;
- o fil‘, . Tangentml compments of el‘eccr.x ﬁngi!mpeuc, ‘£_1Aellg§ miat match @éreds
ey " __comman nounaary_ of Fegions i R o
S o = : . o L
N III Total field must red ice - t:o‘ t.hat of . ».,xcxtmg fiald as distsnce from ofigin.
R - app"oaches mimxhy. . '\ R T
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e et e 3

e - ,':‘I. E9 = Egi’ ! E¢ rE‘*z ’j Ha’ = HB2 ! H#’»@ = ;H‘sz
’ ®n #n on ¥H 30 Ph 2,
Jr. ae ar ae Fr 0 - Ty 9 D¢ o 26

T R
Lin Il L - 8 cos R : i)
.rr—.co Tk amo 12 s cos ¢"B(N+ﬁ)'n\"+lf( )
ﬁ, and I, mst be of the form: T T
O, =7 2 @, cos nxqb ] (kr) .E’x (cos o) . {38)
k _ as6 hes an - ) - .
1']2 sr Z b [ bs nd j,",("kr:) P (cos 0) +r b g d., ces ta¢ h, (kr) P ' (cos” 9) )
s .uo -n=g: &R ) - Axo NER -
e c - e S el) N
where 1'11 contains no Hankel functions; since these become mfmwe.- at tho origin, end . ) 3
tha & variation is restricted o €o0s nqb §ince the mcxdent excitation is of this uype. i
S Iffeg are 80 chosen \:hat the first summation in the f:ormula for H2 is equal te x
t.he )81 ccmponent of the: pla.ﬂ wave, then cendition 111 is satisfied, dince the remaining
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