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PHASE-FIELD MODELING AND COMPUTATION OF CRACK PROPAGATION AND FRACTURE
Scientific Progress and Accomplishments
Pls: Chad M. Landis and Thomas T.J.R. Hughes
Students: Michael J. Borden and Zachary A. Wilson

Aerospace Engineering and Engineering Mechanics
The University of Texas at Austin
210 East 24" Street, C0600
Austin, TX 78712-0235

Research Objectives

Over the past two decades research on the numerical simulation of fracture phenomena has
progressed significantly and has had a tremendous impact on engineering practice and design.
Important advances include the cohesive surface model, the virtual internal bond method, the
extended finite element method, level set methods, and phase-field models for fracture. Of these
approaches, the extended finite element and level set methods rely on established engineering
fracture mechanics concepts, such as stress intensity factors or energy release rates, to determine
when a crack will grow. Additional rules must then be implemented for the crack growth
direction, e.g. maximum hoop stress or vanishing mode Il stress intensity, and for crack
nucleation. In contrast, the cohesive surface and virtual internal bond methods do not require any
phenomenological rules for nucleation and growth. However, both of these methods suffer from
numerical mesh-dependency. Depending on the method of implementation, cohesive surfaces
can affect the overall elasticity of the structure and the crack path morphology. The phase-field
approach appears to address both of these deficits, as it does not use any phenomenological rules
for nucleation and growth and it contains a material length scale that mitigates any mesh-
dependency. The arguable weakness of present phase-field approaches to fracture is the lack of a
solid physical foundation for the damage parameter describing the degradation of the material.
The research objectives of this project are to model fracture by integrating the strengths of the
virtual internal bond and phase-field methodologies. Specifically, the phase-field fracture
modeling approach will be implemented numerically to study a range of quasi-static and dynamic
fracture problems. The physical veracity of the approach will be assessed through comparison
with existing experimental benchmarks.

Approach

The novelty of the proposed approach includes the incorporation of physically based constitutive
models into the phase-field fracture modeling framework and the implementation of the
relatively new isogeometric numerical modeling and analysis technologies. The success of this
program may enable entirely new solution procedures for important engineering problems that
have heretofore proved intractable, such as, dynamic propagation of multiple cracks in three-
dimensional bodies.



We have made significant progress on the following studies:

e Quasi-one-dimensional solutions where the model itself remains three-dimensional, but the
solutions vary in only one direction. This study is important for describing the fundamental
defect being modeled, the material surface, and for quantifying the surface energy within the
model.

e Static simulations of initial crack propagation for a cracked body. These simulations are
important to demonstrate that the theory agrees with classical Griffith theory, i.e. the crack
should grow once the energy release rate reaches twice the surface energy.

e Dynamic crack growth studies have been performed to investigate crack tip speed, crack
branching and crack interactions with free surfaces.

e Crack path selection during mixed mode loading and in isotropic materials.

e We have studied different approaches and phenomenology to generate fourth and higher
order partial differential equations in the model, which are readily solved using isogeometric
analysis technology. Preliminary investigations indicate that higher order theories may provide
unforeseen benefits for the representations of crack surfaces.

II1. Significance

In general, accurate models of crack nucleation, growth and interaction are critical for many
Army applications. This is in fact the primary goal of the proposal, to develop a fundamental
modeling approach for fracture. The methods developed provide a framework for multiple and in
fact a very large number of cracks because crack formation is not tied to the geometry or
topology of a numerical analysis mesh. Cracks may form anywhere spontaneously and their
interaction is automatically accounted for. In this sense, the number of cracks is essentially
unlimited, which may be thought of as a precursor to fragmentation. However, the problems of
fragmentation and debris flow are clearly non-trivial. We envision that our modeling approach
will serve as a prelude of the solution to those problems.

IV. Accomplishments in the current grant

The primary accomplishments during the present period of this grant are detailed in the three
manuscripts listed in the Journal Articles section. We have extended a phase-field model for quasi-
static brittle fracture to the dynamic case. We introduce a phase-field approximation to the
Lagrangian for discrete fracture problems and derive the coupled system of equations that govern the
motion of the body and evolution of the phase-field. We study the behavior of the model in one
dimension and show how it influences material properties. For the temporal discretization of the
equations of motion, we present both a monolithic and staggered time integration scheme. We study
the behavior of the dynamic model by performing a number of two and three-dimensional numerical
experiments. We also introduce a local adaptive refinement strategy and study its performance in the
context of locally refined T-splines. We show that the combination of the phase-field model and local
adaptive refinement provides an effective method for simulating fracture in three dimensions. The
basics of the model are discussed very briefly here, and the reader is referred to the manuscripts for
additional details.



Continuum Phase-Field Modeling Approach

The simplest phase-field model that can be used to model linear elastic fracture mechanics is
presented. There are two approaches to the derivation of the governing partial differential equations
for such models. One is a balance law approach where the constitutive behaviors of the specific
material are separated from the fundamental balance laws (conservation of momenta, first and second
laws of thermodynamics). A second approach is to construct a Lagrangian and then use the methods
of Lagrangian mechanics. For either method the governing phase-field equations used to represent
linear elastic fracture mechanics behaviors are as follows.

The Helmholtz free energy for the material is assumed to take the form,
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Here, the elastic part of the free energy has been decomposed into compressive, 1, and tensile, 1,/1: ,
parts. Notice that the “damage” parameter ¢ only acts on the tensile part of the free energy. When
¢ ~ 1 the material is intact and when ¢ ~ ( the material is failed. By only applying the phase-field
parameter ¢ to the tensile part of the elastic energy density, crack propagation under compression is
prohibited. This model feature has been observed to be particularly important in dynamic simulations,
as stress waves reflecting from boundaries can create physically unrealistic fracture patterns. The two

new parameters introduced in the free energy are the fracture energy G , and the characteristic

process zone length lo. Homogeneous solutions of the theory can be obtained to yield the failure

strength 0, = /G E / 6/, , where E is Young’s modulus. To relate predictions of the phase-field
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theory to those from cohesive zone models, the characteristic critical opening displacement of the

cohesive traction-separation law is § o< G /o, =2\6G [ / E.

Next, conservation of momentum (equilibrium for quasi-static simulations) in the volume and on
surfaces leads to,
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As indicated above, the Helmholtz free energy of the material depends on the strain components, €,

and the fracture order parameter, ¢. The body forces and surface tractions are bi and t and the

mechanical displacement components are v . The components of the vector n_ are for the unit
normal to the bounding surface S of the volume V. Linear kinematics is assumed such that,

€, = (u”, + u”) /2. Next, the variational derivative of the Lagrangian, or equivalently a micro-

force balance, provides the governing equation for the fracture order parameter as,
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Notice that the phase-field equation is second order in space and hence standard finite element
approaches can be utilized for its solution. However, we are also studying higher order

representations of the non-local term G/ c .c, in the free energy which will require basis functions

with higher than CO continuity. Figure 1 below is an illustration of the types of results that are being
obtained from the theory. This simulation is new and was not reported in the manuscript.
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Figure 1. A two-dimensional example of the application of phase-field fracture modeling to dynamic,
brittle fragmentation. The idealized model sample is a rectangular plate with an initial crack traversing
through half of the centerline. Tensile tractions are applied on the top and bottom surfaces at time t=0
and held fixed through the duration of the simulation. Figures (a)-(d) illustrate snapshots at different
times during the crack evolution process. The top contour plots show the phase-field variable with red
indicating the location of the cracks and blue indicating intact material. The bottom contour plots show
the distribution of hydrostatic stress superimposed on the deformed configuration of the sample. At the
level of applied traction shown the crack undergoes (a) branching, (b) secondary branching, (c) initiation
of multiple secondary cracks, and (d) the interaction of cracks and the creation of fragments.



(a) (b) ©)

Figure 2. A three-dimensional example of the application of phase-field fracture modeling to
dynamic crack initiation and growth in a defected material (four viewpoints of the same box).
Figures (a)-(c) illustrate (a) nucleation, growth and the onset of branching of an initial crack, (b)
multiple branching of the initial crack and the nucleation of secondary cracks, and (c) evolution
of the crack fronts and in particular the turning and twisting of 3D crack fronts. It is worth
noting the very complex topology of the initial crack with one side of the crack being branched
and the other side relatively smooth with a complex transition in the topology towards the
middle.

In addition to these studies on brittle fracture in elastic materials we have also made progress on
modeling fracture in piezoelectric materials, investigating the effects of a damage function that allows for
nearly linear elastic behavior up to failure, and incorporating plasticity into the phase-field framework.
Finally, we have also investigated a fourth-order model for the phase-field approximation of the
variational formulation for brittle fracture. We derived the thermodynamically consistent governing
equations for the fourth-order phase-field model by way of a variational principle based on energy
balance assumptions. The resulting model leads to higher regularity in the exact phase-field solution,
which can be exploited by the smooth spline function spaces utilized in isogeometric analysis. This
increased regularity improves the convergence rate of the numerical solution and opens the door to
higher-order convergence rates for fracture problems. We present an analysis of our proposed theory and
numerical examples that support this claim. We also demonstrate the robustness of the model in capturing
complex three-dimensional crack behavior.
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