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1  Statement of the problem studied 
 

Phenomena associated with freeze-thaw cycles in soils are not fully understood, which 

hinders the development of efficient models for model-based simulations. Both the 

formation of ice lenses during freezing and soil weakening during thawing were studied.  

In particular, a porosity growth function was considered with the goal of developing a 

frost heave model, and a plasticity-based solid model with hardening and softening 

governed by ice content was studied to model increase in strength during freezing and 

weakening during thawing. 

 

2  Summary 
 

Thermal effects in soils are relevant to both Army and civilian operations, particularly in 

the regions of seasonal freezing and permafrost.  The significance of thermal processes in 

soils may be amplified if the current trends in climate changes continue. Of problems that 

require attention are the frost heave and thaw weakening of soils during freeze-thaw 

cycles.  Both have been studied with the goal of developing a mathematical description 

that could be used successfully in model-based simulations.  

 

The progress in the description of frost heave has been hindered by the lack of 

understanding of the factors behind development of cryogenic suction in freezing soils.  

From the numerical standpoint, on the other hand, the difficulties lay in the fact that some 

of the crucial parameters in the freezing zone evolve by orders of magnitude (e.g., 

hydraulic conductivity), and evaluation (calibration) of those parameters are quite 

difficult.  In modeling, this problem was overcome by introducing a concept of porosity 

rate function, which allows eliminating hydraulic conductivity from the model by 

introducing a porosity growth tensor, which was successfully calibrated.   

 

The second, equally important issue is that of the evolution of strength of the soil during 

freezing and thawing. A model was developed based on hardening plasticity, with ice 

content and specific volume being the principal parameters responsible for hardening and 

softening of the soil.  The models were used with success in simulations of freezing and 

thawing of frost-susceptible soils.  

 

3  Introduction and background 
 
Cold regions, including permafrost and seasonal freezing areas constitute a large portion 

of Earth’s surface. In the northern hemisphere, more than 20% of land surface is occupied 

by permafrost, whereas more than 50% experiences seasonal freezing and thawing. Frost 

action in soils involving frost heaving and thaw settlement is commonly seen in seasonal 

freezing areas rendering built infrastructure vulnerable to damage. Broken 

communication channels, damaged lifelines, broken pipelines, malfunctioning utilities, 

cracked pavements, jacked up bridge foundations, tilted structures, are all examples of 

damage suffered from frost action. Long-term paleographic records indicate an on-going 
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warming of the climate, which has resulted in thawing of portions of the permafrost area. 

The increase in permafrost temperature leads to thickening of the active layer (upper 

crust layer where active freezing-thawing cycles occur), leading to extensive settlement 

of the ground surface causing damage to infrastructure. Understanding how the soil 

behaves upon freezing and thawing has the potential of changing the operation practices 

and design philosophies, and developing methods to alleviate the damages.  

 

Various soils experiencing freezing and thawing may exhibit dramatically different 

behaviors. A good portion of silty soils and clays are characterized by susceptibility to 

frost heaving.  This process is caused by transfer of moisture from unfrozen layers of soil 

into the freezing zone, driven by gradient in cryogenic suction, and freezing to form 

segregated ice referred to as ice lenses. The zone where this process occurs is often called 

the frozen fringe.  The frost heave of a frost-susceptible soil could be more than 20% of 

the thickness of the frozen layer, and it depends on the rate of freezing front propagation 

through this layer. Upon thawing, the thaw settlement could be larger or smaller than the 

displacement caused by frost heave, depending on whether the soil was normally 

consolidated (NC) or over-consolidated (OC) prior to freezing.  

 

Thawing of a frozen NC soil in its first freeze-thaw cycle could cause a settlement larger 

than the heave induced during the freezing phase. However, some heave could remain in 

an OC soil subjected to its first freeze-thaw cycle. Artificial ground freezing applied in 

soft soil construction (tunneling, excavations), and pipelines transporting chilled media 

through unfrozen soil, are examples of circumstances where soil may be subjected to its 

first freeze-thaw cycle.   

 

For a non-frost-susceptible soil, such as sand or gravel, no ice segregation will take place 

during freezing. Pore ice will be formed due to the phase change of the water in the pores. 

While the transfer of moisture can still occur due to the thermal gradient, ice lenses do 

not form, and the macroscopic deformation of the soil mixture (mineral, ice, water, air) 

upon freezing is owed to expansion of freezing water.  This expansion may be fully 

accommodated by pores in unsaturated soils, but it will cause macroscopic deformation 

in water-saturated soils 

 

In addition to the deformation induced by the freezing process in soils, the strength gain 

(hardening) during freezing and soil weakening (softening) during thawing, are important 

concerns in cold regions operations. Experimental data indicates that an increase in 

strength occurs in both the frost-susceptible and non-frost-susceptible soils as they freeze. 

A reduction in strength is then expected upon thawing. 

 

Constitutive models describing changes in strength caused by freeze-thaw cycles have 

not been developed, though some efforts have been published recently (e.g., Lai et al., 

2009, Wei et al., 2011, Shastri and Sanchez, 2012).  These models assume elasto-plastic 

behavior with account for viscous properties of ice (creep); they are based on continuum 

approach, and are customized for one type of the frozen soil. Changes of the soil 

components upon freezing and thawing, and the corresponding changes in strength, are 

not addressed by these models.   
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The model developed in this research contains two parts: a revised porosity rate model 

for frost heaving and an elasto-plastic constitutive model with evolution of soil strength 

caused by freezing and thawing. The constitutive model developed is capable of 

addressing freezing and thawing effects, it captures the deformation behavior, and 

describes the evolution of strength in the soil subjected to loading and thermal changes, 

including phase change. The model is based on the critical state concept and it is 

formulated by introducing the influence of ice ratio into the hardening/softening 

plasticity framework. The model was implemented in the finite element method, and 

boundary value problems were successfully simulated. 

 

4  Development of constitutive model for frost heaving 
 

4.1  Porosity rate function for frost heave description 
 

Frost heave is caused by the growth of ice lenses, and the porosity rate function describes 

the average growth of ice in a soil volume. This model was found to be very effective in 

simulations of frost heave processes. A great advantage of this model is a relatively small 

number of parameters needed to describe the process of frost heave. The model assumes 

the soil to be saturated, and the soil skeleton to behave as an elastic solid. An early 

proposal of a porosity rate function, central to this model, was suggested in Michalowski 

(1993), and it was modified later by Michalowski and Zhu (2006).  The porosity growth 

in this model is described by the porosity rate tensor  
 

 
f

ij ijn n   (1) 

 

where 
f

ij  is a unit strain tensor that maps the ice volume increase into anisotropic growth 

consistent with the growth of ice lenses, and n  is a scalar function representing porosity 

growth 
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Notation: n  is the porosity rate ( tn  ), T is the temperature of the soil (°C), and kk
 
is 

the first invariant of the stress tensor in the frozen soil (zero if tension). Parameters mn  

and mT  are the maximum porosity rate and the temperature (°C) at which that maximum 

porosity rate occurs, respectively; 0T  is the freezing temperature of water; mn  is 

determined at well-defined temperature gradient Tg ; ζ is a material parameter defining 

stress dependency. The quotient / T
T g

l



 

indicates linear relationship of the porosity 

rate to the temperature gradient in the heat flow direction. The term  exp /kk  is a 
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retardation function: frost heave can be significantly reduced by the compressive stress in 

the direction of heat flow, with some contribution of the normal stresses in the other two 

perpendicular directions (parameter  was calibrated for specific clay).  A porosity 

threshold of 0.75 was introduced, past which further heave ceases, to indicate the fact that 

the frost heave stops, or reduces to an insignificant rate, after the freezing front reaches a 

steady-state location (Fukuda et al., 1997). 

 

A modification of this model was proposed to make it more realistic in describing the 

influence of stress state and the soil components (soil skeleton, unfrozen water and ice) to 

the frost heave process. The modified porosity rate function has the following form 
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where 
l  is the stress component in the heat flow direction, and 

i and 
w  are the 

volumetric fractions of ice and unfrozen water, respectively.  

 

The first invariant of the total stress tensor in soil 
kk  was replaced by the stress in the 

heat flow direction 
l . The reason for that modification is that the ice lenses tend to grow 

in the heat flow direction and it is the stress component in that direction that inhibits the 

heave.  

 

In frozen silt and clay, only a portion of liquid water turns into solid phase at the freezing 

point, and the rest remains in a liquid state at the temperature well below freezing. A 

3-parameter function (Michalowski 1993) is chosen here to describe the unfrozen water 

content in the frozen soil  

 

 0( )* *( )
a T T

w w w w e


    (4) 

 

The calibration for clay in Fukuda et al. (1997) tests results in the following set of 

parameters: *w = 0.058,  w  = 0.285, 
0T  = 0°C, and a = 1.6.  In the following, the 

modified porosity rate function is calibrated for clay based on an extensive set of tests by 

Fukuda et al. (1997). 

 

The clay tested by Fukuda et al. was saturated, with the initial porosity of 0.427, and 

specific gravity of 2.62. The density of the soil was as 1,927 kg/m
3
, the Young’s modulus 

and Poisson’s ratio were taken as E = 11.2 MPa and μ = 0.3 for both frozen and unfrozen 

soil. The typical values of thermal properties for soil particles, water and ice are listed in 

Table 1. These values are used in both numerical calibration tests and in the numerical 

simulations of boundary value problems.  
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Table 1  Thermal properties of clay soil constituents (after Williams and Smith, 1989) 
 

 

Density 

ρ(kg/m
3
) 

Mass heat 
capacity 

c (J/(kg∙°C)) 

Volumetric heat 
capacity 

C (J/(m
3
∙°C)) 

Latent 
heat 

L (J/kg) 

Thermal 
Conductivity 

λ (W/m3∙°C) 

Soil particles 
(clay mineral) 

2620 900 2.36∙106 -- 2.92 

Water 1000 4180 4.18∙106 
3.33∙105 

0.56 

Ice 917 2100 1.93∙106 2.24 

 

 

The porosity rate function in equation (3) was implemented in the FEM system 

ABAQUS, with a porosity growth tensor and thermal conservation equations which can 

be found in Michalowski and Zhu (2006). Then the implemented model was used to 

simulate a set of soil freezing tests performed by Fukuda et al. (1997). The specimens 

were cylindrical, 100 mm in diameter with initial height of 70 mm. The initial and 

boundary conditions for the tests performed under constant load are listed in Table 2. All 

these tests had ramped temperatures. The frost heave parameters for the particular clay 

used in Fukuda et al. (1997) tests were found to be: 
mT  = -0.74°C, 

mn
 
= 1.88∙10

-5
 s

-1
, 

Tg  

= 100°C/m, and 
 
= 0.42 MPa. 

 

 

Table 2 Boundary/initial conditions for tests by Fukuda et al. (1997) 
 

Ramped Freezing Tests 
(dT/dl) 

Warm plate (top) 

(°C) 

Cold plate (bottom) 

(°C) 

Overburden pressure 
(kPa) 

A 0.095 7-0.042t* -0.042t 25 

B 0.070 5-0.042t -0.042t 25 

C 0.061 4-0.042t -0.042t 25 

D1 

0.045 3-0.042t -0.042t 

25 

D2 150 

D3 300 

D4 400 

D5 600 

E 0.035 2-0.042t -0.042t 25 
*
t=time (in hours), total testing time 47hrs. 

 

To illustrate the role term 
 i

we






plays in the porosity rate function, the volumetric content 

of ice, water and the value of the retardation coefficient in the simulated test D1 (see 

Table 2) are plotted in Figure 1 through Figure 3. As the ice fraction increases, the term 

 i

we






 decreases.  This is the effect that allowed elimination of shut-off porosity threshold 

from the earlier model.   
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Figure 1. Distribution of ice fraction (Test D1) 
 

 

 

 

 
 

Figure 2. Distribution of unfrozen water fraction (Test D1) 
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Figure 3. Retardation factor exp(-θi/θw) (Test D1) 

 

The calibration (curve fitting) process was performed first using tests with different 

temperature gradients (A, B, C, D1, E in Table 2), and then the influence of stress was 

calibrated using the tests with different overburden load (D1 to D5 in Table 2).  The first 

family of the calibration curves (dependence on the thermal gradient) is shown in Figure 

4.  

 
 

Figure 4. Calibration curves for clay used in Fukuda et al. (1997) tests; each curve 

represents the simulation for a different thermal gradient  
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Comparison of the heave magnitudes from the best calibration (curve fitting) effort is 

illustrated in Figure 5. 

 

 

 
 

Figure 5. Comparison of the total frost heave simulated by the model developed, one 

other model, and the experimental tests (for different temperature gradients) 

 

 

The respective graphs from the calibration effort with the tests of varied overburden 

pressure are shown in Figure 6 and Figure 7. 
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Figure 6. Calibration curves for Fukuda et al. (1997) tests with different overburden 

pressure (revised model) 

 

 

 
 

Figure 7. Comparison of the total frost heave simulated by the model developed, one 

other model, and the experimental tests (for different overburden pressures) 

 

 

The Root-Mean-Square Error (RMSE) is 0.0098 to 0.0206 for calibration with different 

temperature gradients, and 0.0052 to 0.0069 for calibration with respect to different 

overburden load.  
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Additional calibration was performed for Alaskan silt, based on tests performed 

according to Japanese Geotechnical Standard Test (JGST) by Kim (2011) at the 

Univsersity of Alaska, Fairbanks. JGST freezing test is the standard test method for 

obtaining frost sussceptibility in Japan (Japan Geotechnical Society 2003), which 

requires the temperature of the warm boundary to remain constant slightly above 0°C, 

whereas the temperature of the cold boundary is gradually reduced at a constant rate. 

Figure 8 illustrates the temperature change for a JGST freezing test. 

 

Time

T
em

p
er

at
u

re

Warm plate

Cold plate

 
 

 

Figure 8. JGST freezing process 

 

The set of tests selected to calibrate the model are JGST9 to JGST12 for Alaska silts 

(Kim, 2011). The test conditions are summarized in Table 3. Since the set of JGST frost 

heave tests selected contains effects of both different overburden pressure and 

temperature gradient, parameters in porosity rate function can be determined.  

 

Table 3 Conditions for JGST tests 

 

Test No. 
Linear reduction of top 

pedestal temperature (°C) 

Average bottom 
pedestal temperature 

(°C) 

Operation 
time 
 (h) 

Overburden 
pressure 

(kPa) 

JGST- 9 -0.26 → -3.93 0.31 

40 

30 

JGST-10 -0.19 → -3.80 0.16 40 

JGST-11 -0.26 → -3.86 0.32 60 

JGST-12 -0.24 → -3.84 0.29 80 

 

The calibration for unfrozen water content in Alaskan silt results in the following set of 

parameters: *w = 0.813,  w  = 0.325, 
0T  = 0°C, and a = 6.0. 
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Figure 9. Test data and calibration curve for unfrozen water content in Alaskan silt 

 

The Alaskan silt was saturated, with the initial porosity of 0.47, and specific gravity of 

2.62. The density of the soil was 1,923 kg/m
3
, the Young’s modulus and Poisson’s ratio 

were taken as E = 11.2 MPa and μ = 0.3 for both frozen and unfrozen soil. The properties 

for Alaskan silt particles were measured by Kim (2011) and are listed in Table 4. 

Properties for ice and water are given in Table 1. 

 

Table 4 Thermal properties of Alaska silt soil particles (Kim, 2011) 
 

  
Density 

ρ(kg/m
3
) 

Mass heat 
capacity 

c (J/(kg∙°C)) 

Volumetric heat 
capacity 

C (J/(m
3
∙°C)) 

Thermal 
Conductivity 

λ (W/m3∙°C) 

Soil particles 
(clay mineral) 

2746 800 2.20∙106 2.92 

 

 

The calibration with Kim (2011) is illustrated in Figure 10. The parameters obtained from 

calibration are: 
mT  = -0.20°C, 

mn
 
= 1.80∙10

-5
 s

-1
, 

Tg  = 100°C/m, and 
 
= 0.058 MPa.  

These parameters will be used in a simulation to illustrate the application of the model, 

and to reveal an interesting phenomenon of a frost-induced heave around a culvert.  
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Figure 10. Calibration of the model with JGST-freezing test for Alaskan silt 

 

 

4.2  Simulation of the frost heave around a culvert using PRF 
 

To illustrate applicability of the model, simulations of freezing of an unpaved road above 

a culvert in frost susceptible soil were carried out.  The model was implemented in the 

FEM system ABAQUS. The geometry of the boundary value problem and the finite 

element mesh of the culvert and the surrounding soil are shown in Figure 11. The top of 

the culvert in this simulation is located 1.0 m below the ground surface. The external 

diameter of it is 1.0 m and its wall thickness is 10.0 mm. The material of the culvert is 

steel, and a perfect bonding with soil (ad-frozen interface) is modeled. The simulations 

were performed for the boundary conditions consistent with Alaska climate at Aniak, AK. 
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Figure 11. Geometry and mesh of the model culvert 
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More details on this simulation can be found in Zhang and Michalowski (2012). The data 

of daily air temperature change in Aniak, AK, from year 1961 to 1962 was obtained from 

National Climate Data Center and it is shown in Figure 12. The trend of the seasonal 

temperature change is very clear and regular. The highest temperature is around 20C and 

the lowest temperature is around -40C. Freezing temperatures last for about 2/3 of a year. 

When freezing starts, the temperature drops down from above zero to about -30C in 

about 3 months. The mean daily temperature amplitude (defined as the difference 

between the peak and the mean daily value) is about 10C, although it happens 

sometimes to reach as much as 20C.  

 

  
 

Figure 12. The annual air temperature variation in Aniak, AK, 1961 – 1962 

(National Climate Data Center) 

 

The ground temperature in Alaska was monitored by U.S. Army Cold Regions Research 

and Engineering Laboratory (CRREL) researchers during the year 1947 to 1958 at 

several locations. The ground temperature in Aniak, AK, was reported and the 

temperature profile below the ground surface in shown in Figure 13(a) from the end of 

freezing season in 1952 until the middle of the freezing season in 1953 (Aitken and 

Fulwider, 1962). This figure indicates small variations of temperature at about 4 m (12 ft) 

below the ground surface, and the temperature is nearly constant at about 3C (37F) at 

depth of about 7 m (22 ft).  
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Figure 13. (a) Below-ground temperature in Aniak, AK, 1952 – 1953 (after Aitken and 

Fulwider, 1962), (b) Initial temperature profile for 1D simulation 

 

A portion of the temperature function from early October, 1952 (day 270) to early 

January, 1953 (day 370), a total 100 days (shown in Figure 12) were used in the 

simulation. The bottom boundary of the model in Figure 11 is assumed to have a constant 

temperature of 3C. The thermal boundaries between air and soil, air and culvert are 

simulated using a Fourier boundary condition 

 

 

where λ and hc are the soil heat conductivity and convective heat transfer coefficient, T is 

soil temperature and Tair is the ambient temperature.   

 

        
 

Figure 14. Temperature regimes for 1D 

simulations 

Figure 15. Frost heave simulation results 

(1-D) 

 

One-dimensional soil freezing tests were simulated first, using the true temperature data 

and the linearized temperature change (curve 1 and 2 in Figure 14). These temperature 

 ( )c airT h T T         (5) 

②
 

②
 

① 

① 
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functions are used as the boundary conditions at the top of a seven-meter column in 1D 

simulation, whereas the bottom temperature is kept at 3C. The initial temperature 

distribution for the 1D simulation is shown in Figure 13(b). The 1D frost heave 

simulation results are shown in Figure 15. The results indicate that the 1D frost heave 

simulated using the linearized temperature function is quantitatively similar to that from 

simulation with the true temperature. 

 

Figure 16. Initial temperature distribution at t = 0. 

 

The linearized air temperature function was used in 

the culvert simulation. At time t = 0, the 

temperature of the ground surface and the 

temperature inside the culvert are set to be 5°C. 

Then the ambient temperature drops down to -30C 

in 100 days (shown in Figure 15 line 2). The 

temperature at the base of the model (bottom 

boundary) is kept constant at 3°C. The initial 

temperature distribution is shown in Figure 16.  

 

The values of the parameters in the porosity rate function used here were taken from 

calibration based on tests done by Kim (2011) and they were given in the earlier Section 

describing the porosity rate function. However, to simulate the soil that is less frost 

susceptible, the value of 
mn was set to be 10% of the value from the calibration: 

mn = 

1.80∙10
-6

 s
-1

  

 

The soil is assumed to be saturated, with the initial porosity of 0.47, and specific gravity 

of 2.62. The density of the soil was 1,923 kg/m
3
, the Young’s modulus and Poisson’s 

ratio were taken as E = 11.2 MPa and μ = 0.3 for both frozen and unfrozen soil. The 

thermal parameters were taken from Williams and Smith (1989) and Selvadurai et al. 

(1999). The thermal conductivities for soil particles, water, and ice were taken as 2.92, 

0.56, and 2.24 W/(m°C). The heat capacities for soil particles, water, and ice were set to 

800, 4180, and 2100 J/(kg°C). The latent heat of fusion of water is 3.33∙10
5 

(J/kg). The 

properties of the culvert steel were taken as: thermal conductivity 36 W/(m°C), mass heat 

capacity 477.3 J/(kg°C), and density 7,800 kg/m
3
. 

 

In addition to simulating the boundary value problem defined in Figure 11, an influence 

of using culvert insulation on the frost heave resulting from the same thermal boundary 

conditions was studied. A 10 mm thick layer of insulation with a heat conductivity of λ = 

0.02 W/(m°C) was placed around the outside perimeter of the culvert. The density of the 

insulation is 50 kg/m
3
, the Young’s modulus and Poisson’s ratio were taken as E = 10.0 

MPa and μ = 0.3, and the heat capacity was 2,000 J/(kg°C). 

 

4.3  Results and discussions 
  

The results of frost heave simulation around a culvert are shown in Figure 17 and Figure 

18. At first, a “bump” is formed at the surface directly above the culvert; this bump 
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reaches its maximum after 37 days. Thereafter, the bump stops growing and turns into a 

“dip”; the displacements after 100 days are shown in Figure 18.  

 

           
 

Figure 17. (a) Temperature distribution after 37 days, and (b) frost heave contour. 

 

        
 

Figure 18. (a) Temperature distribution after 100 days, and (b) frost heave contour. 

  

When the air temperature drops below freezing, two freezing fronts propagate into the 

soil directly above the culvert: one down from the surface, and the second one up from 

the culvert. If the soil is frost-susceptible, the heave process (ice lens growth) will occur 

in the soil. Initially, this process is particularly intense above the culvert, as this portion 

of the soil has the freezing front propagating both from the surface of the soil and from 

the culvert side. The resulting outcome is a bump on the surface. If the freezing 

temperature continues, the bump will continue to grow until all soil above the culvert 

becomes all frozen. After that, the heave of the area above the culvert slows down (or 

drops down to insignificant rate), but the heave in regions further away from the culvert 

continues, which eventually results in a “dip” in the surface above the culvert. 
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The key factor that determines the profile of the surface above the culvert is the boundary 

condition. If the freezing temperature continues only for a short period, a “bump” will 

form on the ground surface, whereas if the freezing temperature persists for a long time, a 

“depression” is likely to occur. While the former is confirmed by observations 

(Andersland and Ladanyi 2004) the latter is a hypothetical long-term outcome. 

 

         
 

Figure 19. (a) Temperature distribution after 46 days, and (b) frost heave contour (culvert 

with outside thermal insulation around the circumference, λ = 0.02 W/(m°C) ). 

 

            
 

Figure 20. (a) Temperature distribution after 100 days, and (b) frost heave contour 

(culvert with outside thermal insulation around the circumference, λ = 0.02 W/(m°C) ). 

 

The results of frost heave simulation around culvert with thermal insulation are shown in 

Figure 19 and Figure 20. In Figure 19, the maximum “bump” is formed at about 46 days, 

and the frost heave is smaller compared to that in Figure 17. However, the “depression” 

in Figure 20 is as large as that in Figure 18. 
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5  Elasto-plastic constitutive model for freezing and 
thawing soils 

 

5.1  The model 
 
Little effort was devoted in the past to constitutive modeling of soils subjected to freezing 

and thawing, and no reliable models have been developed, so far. After 1980’s some 

effort was made toward describing  reversible and irreversible deformation, but these 

efforts did not give rise to computational tools that could be used in model-based 

simulations.  Most of the models were based on continuum approach, and were suited for 

one type of frozen soil. The changes in strength due to varying soil composition upon 

freezing and thawing were not addressed by these models. The most recent efforts draw 

from the area of unsaturated soil mechanics, and they exploit an analogy of cryogenic 

suction in freezing soil to matric suction in unsaturated soils (e.g., Shastri and Sanchez, 

2012; Nishimura, et al., 2009). The development of a model that accounts for 

deformation and strength evolution caused by freezing and thawing was part of this 

project, and it was motivated by the absence of models that could be effectively used in 

model-based simulations   

 

The model developed introduces ice ratio 
ie  as a key parameter in the description of the 

behavior of the frozen soil.    The ice ratio is defined as 

 

 
i

i

s

V
e

V
  (6) 

 

where Vi is the volume of ice and Vs is the volume of the solid constituent (mineral 

skeleton) in a given volume of soil. Ice ratio 
ie  is uniquely related to the unfrozen water 

content (see equation (4))  

 

 

where w0 is the moisture content of saturated soil before freezing, w is the current 

unfrozen moisture content, and ρs and ρw are the density of the mineral of the skeleton 

and water, respectively.  Specific volume υ and mean stress p are introduced 

 

 

where V is the total volume of the soil, e is the void ratio, and σkk is the first invariant of 

the stress state.  Compression tests on frozen soils indicate that the behavior can be 

represented by the normal compression line (NCL) in the υ, lnp plane, and the unloading-

reloading line (URL) (Qi et al., 2010, Lee et al., 2002). The slopes of these lines vary, 

 0( ) 1.09s
i

w

e w w



    (7) 
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and they depend on the extent of freezing. The slopes for the two lines are defined by 

coefficients   and   for unfrozen soil, and f  and f for frozen soil, respectively. The 

specific volume upon isotropic compression of frozen soil is given by 

 

 lnf f p     (9) 

 

and the elastic behavior in unloading-reloading regime is given by 

 

 
e

f

p

p


    (10) 

 

In the model developed, both f  and f  are functions of ice ratio ei. The yield condition 

of frozen soil is described here with an ellipse in the deviatoric-mean stress plane (q, p), 

and its analytical expression is presented later in equation (19).  Such a surface has been 

in use for quite some time in the framework of the critical state soil mechanics, and 

because of its effectiveness and relative simplicity, it was adopted in this constitutive 

modeling effort. This function has two material parameters: slope M of the critical line, 

and preconsolidation pressure p0. Soils become stronger upon freezing, which is 

characterized in the developed model by increasing preconsolidation stress po. At the 

same time,  inclinations of NCL and URL lines become flatter in the υ, ln p space.  A 

reasonable relative position of normal compression lines for a soil in both unfrozen state 

and frozen state is shown in Figure 21(a). The relationship between preconsolidation 

stress p0 and ice ratio is illustrated in Figure 21(b). The yield surface and its evolution 

with ice ratio ei is illustrated in Figure 21(b) (po is the preconsolidation stress for 

unfrozen soil, and 0

fp  is the preconsolidation stress for the same soil in frozen state with 

the ice ratio of 
i iCe e , 0

rp  is a reference stress).  

 

Consider freezing and loading path B-C-D as illustrated in Figure 21. A virgin unfrozen 

(saturated) soil at state characterized by point B is subjected to freezing under a constant 

isotropic stress. The specific volume increases due to the volumetric expansion upon 

phase change.  Then, isotropic load is added at constant temperature until point D is 

reached on the isotropic stress yield line for the frozen soil. During the isotropic loading 

the ice ratio remains constant, i iCe e . This is because the ice ratio is related to the 

unfrozen water content in non-segregation freezing process, thus having a unique 

relationship to the temperature.  
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Figure 21. (a) Freeze-thaw thermal loading path in v-ln(p) plane; (b) “pseudo 

preconsolidation pressure” changing along BD due to increasing pore ice ratio 

 

Points B and D belong to the same yield curve on p,
ie –plane.  Yield stresses 0

fp  for 

frozen states with different ice ratio
ie during freezing from point B to C are located on 

this curve. 

 

The specific volume at the final point D can be described as 

 

 D B BC CD       (11) 

 

where vBC and vCD are the increments due to initial freezing and due to subsequent 

loading. 

 

The expansion upon freezing is related to phase change and is treated as reversible (it 

reversed during thawing). This volume change can then be calculated as  

 

 0.09f ie   (12) 

 

Substituting equations (9), (10), and (12) into (11), one obtains  
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where 0

rp  is the reference pressure to locate the virgin compression lines for both soil 

states. Consequently, the increase in isotropic yield stress caused by the ice ratio increase 

is found as  
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 (14) 

 

The slopes of the NCL and URL of frozen soil are both functions of 
ie . Because the 

frozen soil has limited tendency for compression (pores are filled with ice), slope f  

drops dramatically compared to that for the unfrozen soil. The following relationship is 

postulated  

 

 exp( )f ie     (15) 

 

where  is a soil constant. f is assumed to be constant during freezing, i.e., f  . 

 

In order for equation (14) to yield p0 for unfrozen soil when ei = 0, we postulate the 

following linear law defining the shift of v0 to vf  as a function of ei 

  

 0 0 ( 0.09 )f

ie      (16) 

 

where β is a soil constant (to be determined from calibration). Equation (14) can, 

therefore, be written as  
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The plastic volumetric strain due to mechanical load and the thermal process is then 

described in the following expression 

  

 
0 0

0 0

f
f f fpl

v f

dp dp
d

v p v p

   


 
   (18) 

 

The yield function in the model is similar to that in Cam clay model, but with the 

preconsolidation pressure p0 dependent on ice ratio ei  
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2 2

0[ ( ) ] 0if q M p p e p     (19) 

 

An associate flow rule is assumed to describe plastic deformation (i.e., the plastic 

potential g = 0 had the same form as f = 0. 

 

Thawing of a frozen soil decreases the amount of ice in pores, reduces “ice cementation” 

and, consequently, reduces the strength. For non-segregation frozen soils, the strength 

after complete thawing tends to move back to the same envelope as before freezing. 

There will be no further weakening since no thermally induced mass migration occurred 

during freezing, and the change of the soil fabric during the thermal process was not 

significant.  

 

5.2  Thermal-mechanical load process 
 

To illustrate the model, a freeze-thaw cycle along with an external load applied is shown 

in Figure 22. The thermal process is depicted with the blue (freezing) and red (thawing) 

lines, whereas the mechanical loading-unloading is depicted by the green lines. 

 

A saturated soil specimen is preconsolidated under isotropic compression from point A to 

B. Then, under constant stress, the freezing process takes place (B-C), and the ice ratio at 

point C is 
iCe . In this process, the isotropic yield stress (apparent preconsolidation stress 

for corresponding frozen soil) increases from B1 to D1 following equation (14), and it has 

a value of 0

Dp at point D1 (the soil has the same apparent preconsolidation stress after it 

had been frozen at point C1). The below-freezing temperature is then maintained, and 

isotropic compression is increased to reach the normal compression line for frozen soil at 

pressure 0

Dp ; the load is then continued along the NCL to reach 0

Ep . During this loading, 

the void ratio e is changing while the ice ratio remains constant. This is based on an 

assumption that ice and soil skeleton are both incompressible. From C to D, the frozen 

soil experiences elastic behavior, whereas from D to E it behaves plastically.  
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Figure 22. Freeze-thaw cycle and load path with corresponding yield curves 

 

Thereafter, the soil is thawed at constant stress 0

Ep . Once ice starts melting, the soil can 

no longer sustain load 0

Ep p , and the process of consolidation will start, moving the soil 

to the normal compression line for the unfrozen soil (point F). Unloading from F results 

in an elastic rebound along the URL for unfrozen soil to G. 

 

 

5.3  Implementation and application of the model 
 

The constitutive model was implemented into the finite element system ABAQUS using 

subroutine UMAT and UEXPAN to solve boundary value problems.  

 

The model was calibrated based on the tests done by Qi, et al. (2010). Parameters 

obtained from curve fitting into the test data are listed in Table 5. The corresponding 

preconsolidation stress curve with freezing temperature is shown in Figure 23. 
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Figure 23. Calibration of preconsolidation stress for frozen soil vs temperatures 

 

Table 5  Parameters and initial values in simulation 
 

λ κ 0

startp  M α β 

0.15 0.03 60 (kPa) 1.0 0.225 0 

      

e0 w* 0w w  a  μ  

0.85 0.08 0.325 0.45 0.3  

 

The parameters λ and κ are the slopes for NCL and URL lines in compression plane. M is 

the slope for the critical state line. 0

startp  and e0 are the initial values for the 

preconsolidation pressure and the void ratio. w*, w , and a  are parameters for unfrozen 

water content function. 

 

To illustrate the response of the model to loading and thermal changes, a soil column 

subjected to both the mechanical load and a thermal process was simulated.  The soil 

column is 0.07 m in height. The vertical walls of the column are adiabatic and rigid. The 

initial uniform temperature is 1C, and the initial vertical and horizontal compressive 

stresses are 20 kPa and 10 kPa, respectively. Initial and boundary conditions in terms of 

load and temperature at the top of the column are shown in Figure 24. The bottom of the 

column is fixed and the temperature is maintained at 1C throughout the process. The 

temperature distribution at t = 0 and t = 300 h are shown in Figure 25.  More details on 

this simulation can be found in Zhang and Michalowski (2013). 

 



 

26| P a g e  

 

 
 

Figure 24. Boundary condition on top of the soil column 

 

The relationship between void ratio and the vertical stress is shown in Figure 26 for 

element #18 and #4. For element #18, the temperature is about -4.5C when the column 

reaches steady state after freezing, having more pore ice and being stronger than element 

#4 whose steady state temperature is around -0.3C. There is a substantial difference in 

the behavior of the two elements during the load segment from 60 to 210 kPa: while 

element #18 behaves elastically, element #4 is elastic only until the load reaches 160 kPa, 

and becomes elasto-plastic afterward. Both elements experience additional settlement due 

to thawing.  

 

 
 

Figure 25. Temperature distribution at t = 0 and t = 300 h 
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Figure 26. Compression for element #18 (a) and element #4 (b) 
 

 

Other boundary value problems were also simulated using the model developed. These 

are not presented here, but will be a subject of future publications.  

 

6  Summary of the most important results 
 

The principal contribution of this research is the development of the model for simulating 

freezing-thawing cycles in frost-susceptible soils. The model is capable of simulating 

frost heave very effectively, and the authors view it as the most efficient of existing 

models. This model also addresses the problem of soil thawing. This work is a pioneering 

effort to account for the changes in soil strength associated with thawing, and predictions 

of thaw weakening.   
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