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ABSTRACT

Gas flows in microfluidic devices suffer from non-equilibrium effects. To capture various non-equilibrium
phenomena in the slip and early transition regime, the hydrodynamic system is extended from the Navier-
Stokes-Fourier equations to the regularised 26 moment equations via Grad’s moment method based on
kinetic theory. It is shown in this lecture that the extended hydrodynamic equations can be effectively
applied to micro-electro-mechanical-systems analytically and numerically. Well known non-equilibrium
phenomenon, such as Knudsen layers and the Knudsen minimum, are used to validate the extended
hydrodynamic model. It is demonstrated that the moment method can be used to predict gas flows in
micro-electro-mechanical-systems.

1.0 INTRODUCTION

Due to the rapid development in fabrication technology for constructing micro-electro-mechanical-
systems (MEMS), fluid flow at the micro- and nano-scale has received considerable attention [1]. A basic
understanding of the nature of flow and heat transfer in these devices is considered essential for efficient
design and control of MEMS. Engineering applications for gas microflows include miniaturised heat
exchangers for cooling integrated circuits, hand-held gas chromatography systems for the detection of
trace concentrations of air-borne pollutants, miniature heat pumps and novel high-throughput gas flow
cytometers, etc.. Gas flows in micro-scale devices suffer from non-equilibrium effects when the gas
molecular mean free path is the same order as the characteristic length of the device. The degree of non-
equilibrium of a gas is generally expressed through the Knudsen number (Kn=A/L) which is the ratio of
the molecular mean free path, 4, to a typical dimension of the flow field, L. The non-equilibrium gas flow,
or rarefied gas dynamics has been explored extensively for more than a century in association with high-
speed high-altitude flow applications, such as space re-entry vehicles, and flows under ultra-low pressure
(vacuum) conditions, where A has a large value. Gas flow in micro-scale devices can suffer from
rarefaction effects because the characteristic length of the device, L, is so small that it is comparable to the
mean free path of the gas, even under atmospheric conditions. Beskok [2] compiled a typical range of gas
flow regimes in terms of micro device dimension, as show in Figure 1. With the advent of MEMS, there
has been a renewed impetus in the development of new and efficient approaches for modelling low-speed
slip- and transitional-flows that can capture non-intuitive phenomena, such as Knudsen layers and the
Knudsen minimum [3], and provide an accurate description of a gas that is not too far from
thermodynamic equilibrium [4, 5].
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Figure 1: Characteristic length scales of typical microfluidic components and the corresponding
Knudsen number at standard atmospheric conditions. Adapted from Beskok [2].

The key flow features for MEMS are that flow is laminar, typically Reynolds number Re < 1 and Mach
number Ma < 1 and geometry can be complex. The different rarefaction regimes can be summarised
according to the value of the Knudsen number [6]: (i) no slip (Kn < 107); (ii) slip (10° < Kn <10™); (iii)
transition (10" < Kn < 10); and (iv) free molecular flow Kn > 10, respectively. Most MEMS operate at the
slip and early transition regime (Kn < 1) as shown in figure 1. Different approaches have been employed
by various researchers to capture and describe the non-equilibrium phenomena that arise due to an
insufficient number of molecular collisions occurring under rarefied conditions. These approaches can be
broadly divided into two specific categories: the microscopic and the macroscopic. In this lecture, the
emphasis will be on the development of the macroscopic methods and their application towards
engineering configurations. Microscopically, the Boltzmann equation [7] provides an accurate description
of a dilute gas at all degrees of rarefaction and describes its state through a molecular distribution function
that treats the gas as a large number of interacting molecules, colliding and rebounding according to
prescribed laws. However, solutions of the Boltzmann equation, either directly [8, 9] or through the direct
simulation Monte Carlo (DSMC) method [10], entails significant mathematical complexity and can be
computationally expensive, particularly for low-speed, low Knudsen number flows in the slip and
transition regime.

Due to the difficulties associated with solving the Boltzmann equation, there is significant effort being
made to construct alternative solution strategies that can provide an accurate description of a gas with
Knudsen numbers that extend into the transition regime. For designing components in MEMS, it is
desirable that any new developments have: (i) computational efficiency comparable to conventional
hydrodynamic formulations; (ii) the ability to handle real geometries, and (iii) under appropriate
conditions, will recover the Navier-Stokes-Fourier solution. The two main approaches used to derive these
extended hydrodynamic (EHD) equations are the Chapman-Enskog (CE) expansion [11] and the method
of moments developed by Grad [12].

The Chapman-Enskog approach expands the molecular distribution function in powers of Kn to construct
the constitutive relationships using the conventional hydrodynamic variables and their derivatives. The
zeroth-order expansion yields the Euler equations and the first-order results in the Navier-Stokes-Fourier
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(NSF) equations. In association with velocity-slip and temperature-jump wall boundary conditions, the
NSF equations can predict the velocity profile in a micro-channel fairly accurately in the slip regime for
isothermal flows. Higher order expansions yield the Burnett equations (second-order), Super-Burnett
equations (third-order), and so on, which can be unstable in time dependent problems. In Grad’s approach,
a set of governing partial differential equations representing the moments of the molecular distribution
function are derived from the Boltzmann equation. However, moments of higher order always appear in
each moment equation and the set of moment equations is not closed. To avoid the necessity of dealing
with an infinite number of moment equations, a closure procedure is required that relates the higher-order
moments to those of lower order. In the seminal work of Grad [11], the set of moment equations was
closed at the second-moment level, which involves 13 moments: density, momentum, energy, heat flux,
and pressure deviator. It is interesting to point out that the constitutive relationships established by the
Chapman-Enskog method, at any order, can be regarded as a first moment closure method with 5
moments. To close the set of moment equations at the second-moment level, Grad [11] expanded the
distribution function in Hermite polynomials about the local Maxwellian to third-order accuracy and set
the trace-free part of the third moments to zero. As a result, the original 13 moment equations derived by
Grad (G13) are hyperbolic and lack any gradient transport mechanism. They are not suitable for
computing boundary layers which appear in MEMS.

Struchtrup and Torrilhon [13] regularised Grad’s 13 moment equations (R13) by applying a CE-like
expansion to the governing equations of the moments higher than second order. Algebraic constitutive
relationships were then established between the higher moments and the second and lower moments. The
R13 equations can give reliable results for Knudsen numbers up to Kn < 0.25. To extend the capability of
the moment method to larger Knudsen numbers in the early transition regime, we extended the
regularisation theory to the 26 moment equations (R26) [14]. However, to apply the regularised moment
equations to confined flows, such as those found in microfluidic channels, wall boundary conditions are
required for higher moments in addition to the velocity-slip and temperature-jump conditions. We
pioneered the treatment of wall boundary conditions for macroscopic variables from kinetic boundary
conditions [15]. The treatment of solid boundaries was further improved by Torrilhon and Struchtrup [16].
This opens the door to solve the moment equations for flows in confined geometries.

For simple geometries, such as a straight channel or pipe, analytical solutions can be obtained from the
linearised moment equations [17-21]. However, for real engineering applications of complicated
geometries, numerical procedures have to be employed to obtain solutions. To numerically solve the
moment equations for parabolic and elliptic flows within a conventional computational fluid dynamics
(CFD) approach, such as the finite volume (FV) method, is quite challenging because the gradient
transport mechanisms are not explicitly expressed in the momentum and energy equations of the moment
system. The inadequacy of the standard FV method for the governing equations without any gradient
transport terms is well recognised [22], so that methods for dealing with hyperbolic problems are required,
such as Riemann solvers [23], TVD schemes [24] and ENO schemes [25]. These schemes are complex
and computationally expensive for multidimensional confined flow, particularly at low speed. Gu and
Emerson [14, 15] proposed a primitive variable transformation approach to split the higher order moments
into their gradient and non-gradient transport components. Recently, a new strategy is proposed to solve
the regularised moment equations on a collocated grid for low speed flows in confined geometries [26]. In
this lecture, the approach to build up macroscopic governing equations by the moment method will be
introduced. The procedure to solve the moment equations for low speed flows in MEMS will be described
and validation examples will be given.

20 MOMENT METHOD

Kinetic theory accounts for a molecule’s movement and interaction through a molecular phase-density
distribution function, F(&, X, £), which satisfies the Boltzmann integro-differential equation [6], where X
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and & are the position and velocity vectors, respectively, of a molecule at time ¢, and F(&, X, f)dxd& gives
the number of molecules whose velocities lie within &€ in a volume element dx. For convenience, a mass
distribution function is used in the present study and is defined by

f(E,x,t)=mF(&,X,t), (1)

where m is the mass of a molecule. The Boltzmann equation, expressed by [6]:

LA/
ot e tag ~ o) @

4

is the central equation in kinetic theory, the properties of which can be used to guide the development of
kinetic and macroscopic models for rarefied gas flow. Here ¢ and x; are temporal and spatial coordinates,
respectively, and any suffix 7, j, k represents the usual summation convention. The external acceleration is
denoted by a;. On the right hand side of equation (2), O(f, f) is the collision integral. The most interesting
feature of the Boltzmann equation is that the macroscopic irreversible process of entropy is imbedded in it,
known as the H-theorem [6].

Kinetic theory associates hydrodynamic quantities with the moments of the distribution function. Once the
distribution function, f, is known, its moments with respect to & can be determined. For example, the
density, o, and the momentum, pu;, can be obtained from [27]:

p=[fdé and  pu,=[&fdE. 3)
An intrinsic or peculiar velocity is introduced as
¢ =& —u;, 4)
so that the moments with respect to u; can be conveniently calculated as
Piiy iy = _[Cil Ciyeenees ¢, S dg. ()
The pressure tensor is a second moment of the distribution function and can be separated as follows:
Py =[cic;f d& = pS;+ py. = po; + oy (6)

where Jj; is the Kronecker delta function, p = pu/3 is the pressure, and o; = p<;- is the deviatoric stress
tensor. The angular brackets denote the traceless part of a symmetric tensor. Furthermore, the thermal
energy density and the heat flux vector are given, respectively, by

1., 3 k. 3
P 2Ic fd§="p—T="p (7)

4q; :%_[02 ¢ fdé. (3)

where ¢* = ¢4 The temperature, 7, is related to the pressure and density by the ideal gas law,
p=p(k/m)T=pRT, where k is Boltzmann's constant and R is the gas constant.
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Equation (2) tells us that there is only one equilibrium state and its distribution function is expressed by
the Maxwellian, f,, parameterised by traditional hydrodynamic variables, o, T, and u; as [6]:

2
f =Lexp(— ¢ ] ©9)
" Jerrry 2RT

When the gas is away from the equilibrium state, an infinite number of independent moments can be
defined from equation (5). In other words, to recover the distribution function, f, at the state of non-
equilibrium, an infinite number of moments are required. In the moment method, a limited number of
moments are employed to approximate the non-equilibrium state.

The five collision invariants, w= (1, &, ¢*), which satisfy [6]:
[w o(f.r)&=0, (10)

lead to the conservation laws for mass, momentum and energy, respectively, as [27]:

op N opu;
ot ox,

1

0, (11)

. Opuu, 0o,
apul I pu,uj n ij =—a—p+pai, (12)
ot Ox Ox . Ox.

. A A Ou ;
8pT+8pu,T+i%_ 2 Ou T (13)
ot ox; 3R oOx; 3R

1
ox, 7o

To close the above set of equations, a CE expansion of the distribution function in powers of Kn is applied
to the Boltzmann equation. The traditional hydrodynamic variables, p, T, and u; and their derivatives are
used to estimate the values of o; and g;. Alternatively, the governing equations for oy, ¢; and higher
moments can be derived from the Boltzmann equation. However, there appear even higher order moments
in the relevant moment equations. There are various ways to close the moment equation set [28].

In the moment method proposed by Grad [11], the distribution function, f, is expanded in Hermite
polynomials as:

N
/= lim £y, %%a&")HY) = £ [a(O)H(O) +a" g0 +%a§f)ﬂl§?) +%a§,§)H§i> o j (14)

where Hg”) is the Hermite function and a£1'1) are the coefficients. All of the polynomial coefficients are

linear combinations of the moments of f. An infinite set of Hermite coefficients is equivalent to the
molecular distribution function and no kinetic information is lost in such a system. In practice, the
molecular distribution function has to be truncated and the specific problem to be addressed will determine
the order of the truncation. Usually, the truncated distribution function is called Grad’s distribution
function and is denoted as f;.

It is expected that as Kn increases, the order of the truncated Hermite polynomials should increase to
provide an accurate description of the flow conditions. By choosing a sufficient number of Hermite
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coefficients, a general solution of the Boltzmann equation can be approximated. The governing equations
of the moments involved in the Hermite coefficients can be derived from the Boltzmann equation.
However, the set of equations are not closed, since the fluxes and the collision terms are unknown. The
truncated distribution function is used to calculate the collision terms and higher moments in the fluxes as
functions of the chosen moments to close the equation set. All the moments included in the truncated
distribution function construct the Grad moment manifold (GMM). These moments relax to the
equilibrium state at a rate governed by their corresponding governing equations. In Grad’s original
approach, the remaining higher moments outside the GMM are calculated as a linear combination of the
moments in the GMM without any dynamic corrections. In the regularised moment method, a CE
expansion is applied to the higher order moment equations, so that the remaining higher moments outside
the GMM from the truncated distribution function approach the GMM (not the equilibrium state) at a fast
finite rate, then relax to the equilibrium state along with the GMM [28]. The different relaxation process
models used in the construction of macroscopic equations are schematically shown in Figure 2. Circles
with broken lines represent a non-equilibrium state of an infinite number of independent moments. Circles
with solid line represent an equilibrium or quasi-equilibrium sate which can be represented by a finite
number of independent moments. It clearly illustrates the essential role of the CE expansion in the
modelling process. An infinite number of independent moments can be absorbed into a system with a
finite number of moments through a CE expansion.

non-equilibrium equilibrium quasi-equilibrium equilibrium
/" "™\ NSFequations .
'\ f : i ‘fG @
__.+ CEexpansion moment equations
(a) CE expansion on the Boltzmann equation (b) Grad’s moment method
non-equilibrium quasi-equilibrium equilibrium
rd - .
4 - \
) g
‘. ,* CE expansio moment equations

(c) Regularised moment method

Figure 2: Schematic modelling of relaxation process in the moment method.

2.1  Continuum Hydrodynamic Model — Navier-Stokes-Fourier Equations

The traditional hydrodynamic quantities of density, p, velocity, u;, and temperature, 7, correspond to the
first five lowest-order moments of the molecular distribution function. The governing equations of these
hydrodynamic quantities for a dilute gas can be obtained from the Boltzmann equation and represent mass,
momentum, and energy conservation laws, as expressed in equations (11)-(13). The classical way to close
this set of equations is through a CE expansion of the molecular distribution function in terms of Kn
around the Maxwellian, which is first order in Hermite polynomials. The zeroth-order CE expansion
yields the Euler equations and the first-order approximation of o; and g;, for Maxwell molecules, gives
[10, 27]:

ou_,
o ==2u Y and " =—£R,ua—T, (15)
ox;, 4 ox;

in which g is the viscosity. Equation (15) expresses an import transport mechanism for u; and T: the
gradient transport mechanism in continuum mechanics. If we let
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_ __NSF
Oy =0y

and g, =¢;"" (16)
and inserting equations (15) and (16) into equations (12) and (13) results in the traditional hydrodynamic
equations, i.e. the Navier-Stokes-Fourier equations. The second order CE expansion adds the higher
derivatives of the hydrodynamic variables to o;; and ¢, and results in the Burnett equations.

2.2  Second Moment Closure — Regularised 13 Moment Equations

As the value of Kn increases, more moments need to be included in the GMM to accurately describe any
non-equilibrium phenomena. Grad [11] truncated the distribution function to the incomplete third order in
Hermite polynomials, fs;3, as:

fomp il oL (17)
613 =Jum 2 pRT i€y DRT id SRT [

Grad was one of the pioneers to introduce o;; and g; as extended hydrodynamic variables and derived a set
of governing equations for them from the Boltzmann equation. For Maxwell molecules, the stress and heat
flux equations are [27]:

0o, Ou,o,; Om, A oq._; Ou
) + k™~ij + ijk :_£0-ij —2p—au<l —i—q _2Gk<i i B’ (18)
ot ox, 0ox, 7 Ox;. 50x;, 0Ox;
. Oug, OR; R . Oy oo,
%+i+l_lj:_g£qi_épRa_T_%‘—’ka_T_RT%_F_U a_p+_jk
o ox; 20x 3u 2 ox 2 ox, o,  pl\ox; ox

(19)
5(2 O ox, % Oox; & ox, ) 6ox, . ox,

1

If only the underlined terms in equations (18) and (19) are retained and the rest of terms are set to zero, the
NSF equations are recovered. Here, m;;, R; and A represent the difference between the true value of the
higher moments (o<, P<j>» and p,.) and their approximated value with f;;3, respectively [13], i.e.

mijk = p<ijk> - p<ijk>\fG13 = p<ijk>’
Itij = p<ij>rr - p<ij>rr\fc;l3 = p<ij>rr - 7RTO—1]’ (20)
A= Prrss — prrsslfGB = Prrss ~ 15pRT

In Grad’s original method, such deviations were omitted, so that mUG.,:3 =Rl.jcf; 3 =A% =0 . This results in

the well known G13 equations. To close the set of equations (11)—(13), (18) and (19), Struchtrup &
Torrilhon regularised the G13 equations and obtained the following closures [13, 27]:

R13__2ﬁ( RTaO-«‘j g 5RT_G<!/ ap +4 au_/. 94 ao—k>lj, 1)

T\ Y e, e, o ax. 5y, p oy
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, A 0o, o
lew :_2_4ﬁ RT aq<l +2q<[ aRT_& _ap + J>k _E_U %4_ kl%
' 5p Ox ox;,  plox;, O 6 p\ ox, ox,
(22)
Ou 0,0,
R 202 g e 25 Ot || 4 OkiTpok
7 0ox,, ox;, 3 7o 7 Yo,
i oo . 0.0
AR =& quéR_T_q] P kg pr| YE 4 U% _%4% (23)
27 o, plox; oy ox, Ox; P
If we let
my =myl, R, =R;" and A=A"" (24)

and inserting equations (21)—(24) into equations (18) and (19), we obtain a set of closed 13 moment
equations which is denoted as the R13 equations [13].

2.3

One of the challenges for macroscopic models in microflows is to capture the Knudsen layer [4]. The R13
equations improved Grad’s original closure significantly, but they were not able to capture the Knudsen
layer velocity profile accurately [21]. Since equations (21) and (22) are algebraic approximations for m;;
and Rj;, they can only provide a mechanism to produce a boundary layer for the lower order moments, oj;
and ¢;, but have no mechanism to produce their own boundary layer near the wall. As the Knudsen layer is
a linear superposition of many exponential layers in planar [29], the R13 equations only resolve one such
contribution [21]. To increase the capability of the moment method, the distribution function is truncated
to the incomplete fourth order in Hermite polynomials as [14]:

Higher Order Moment Closure — Regularised 26 Moment Equations

o.CC, q. 2 M., C.CC LCiC, 2
Jors =S 1+ U”+C’q’(c —1J+ ']kl]l;+ &]”2[6 —IJ
2pRT ' pRT\ SRT 6p(RTY  4p(RTY \ TRT

IJ,

and the moments m;;, R; and A are included in the GMM as extended hydrodynamic variables. As a result,
a set of 26 moment equations can be derived from the Boltzmann equation [14]:

(25)
202

A ¢
+ > +
8pRT 15(RT) 3RT

ﬁm,-jk + al’llmijk + a¢’jkl = —EE

o ..
ORT oy p 4

oo
my.k—3( RT—+o

Ou; 0y 8ak>,j 26)

ot ox, ox; 2u [ < ox,. P Oxp. 5q<,« ox,. p Ox
OR, owR, Oy, A A 0o, o;
p O Vi TP 28| ppfa _bu| P 0Tk | 50| O , Oty
ot ox; ox, 6u "’ 5 ox;,  plox;, Oy 6 p\ ox, ox,
27

Ou RTo,_0;

+2q<i aRT+5RT O-k<i Z +O_k<i auk _zaij% _2 bk 5

ox . ox; ox;, 3 70 3 U
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ot oOx, Ox 3u " ox A E)x 8x ox, ox ; 3

1

. _ 80 _ RTo,0;
k

Here, @i, W and Q; are the difference between the true value of the higher moments (o<, P<jjier, and
Prssi) and their corresponding value approximated with fg4, 1.€.

¢ijkl = 10<ijkl> - p<ijkl>\fG26 = p<ijkl> ’
Wik = Prr<ije> ~ Pre<ijk>|fgag — Prr<ije> — IRTmy, (29)
Qi = Prrssi — prrssi|f626 = Prrssi — 28RTq1

Following the same regularisation procedure for the 13 moment equations, the following closures for
equations (26)-(28) can be readily obtained by [14]:

om o..0
" | O » Olp, 3 ——(7RTo, +R<y)% ~ % % (30)
Zp\ Ox;. ox,. 7RT ox. ) Z, p
2Tu OR_; alnp R_;+7RTo_; oRT .28 28  Ou;
Vi Tyl R RT  or. 5 o o
[Y O i E‘ki%bj
Y op %L op )
OR . ou;
Qi:_ﬁ Za_A_ZAalnp+4 i 4R1 61np+§ q%.ﬁrq—j
pl3ox, 3 ox Ox, ! Ox; / Ox, ! o,
(32)

+14

2RTo; +R; 6RT 14 A ORT | 2 S5m0, +14q,0;
RT  ox, TIRT oy | 15 p ’

in which Z,=2.097, Z,=0.291, Y,=1.698, Y,=1.203 and Y3;=0.854 are collision term constants for Maxwell
molecules [14, 30]. Following the convention of Struchtrup [27], the above closed set of 26 moment
equations are denoted as the R26 equations. In the right hand side of the governing equations (26)—(28) for
the moments m;;, R; and A, only the terms involved in the R13 closure are retained. Some higher order
terms in the constitutive relationships (30)—(32), which have negligible effects for flows in MEMS, are
neglected. The full list of equations and their closures can be found in Ref. [14].

4.0 WALL BOUNDARY CONDITIONS

To apply any of the foregoing models to flows in confined geometries, appropriate wall boundary
conditions are required to determine a unique solution. One of the difficulties encountered in any
investigation of wall boundary conditions is due to a limited understanding of the structure of surface
layers of solid bodies and of the effective interaction potential of the gas molecules with the wall. A
scattering kernel represents a fundamental concept in gas-surface interactions, by means of which other
quantities should be defined [2]. For the moment equations, the boundary conditions for the relevant
macroscopic variables are required in addition to the traditional velocity slip and temperature jump
conditions. As we can derive the macroscopic governing equations from kinetic theory, the macroscopic
boundary conditions can also be constructed from kinetic theory. Gu & Emerson [14, 15] obtained a set of
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wall boundary conditions for the R13 moment equations based on Maxwell’s kinetic wall boundary model
[31] and a fourth-order approximation of the molecular distribution function in Hermite polynomials. To
construct wall boundary conditions for the R26 equations, a fifth order approximation of the molecular
distribution function, £, is required, which can be expressed as [14]:

1 C.CCC, L C.CC 2 Q. 4 2
£ = forst for D CiC i é + ViikCiC) k3 < _1l+ ¢ . ¢ : _2L+5 . (33)
24p(RT) 12p(RT) \ 9RT 40p(RT) \ 7(RT) RT

It should be noted that the higher moments involved in the underlined terms in equation (33) arise from
the regularisation procedure.

Maxwell's kinetic boundary condition [31] is one of the simplest models and it states that a fraction, «,
will be diffusely reflected with a Maxwellian distribution, f,, , at the temperature of the wall, T, while the
remaining fraction (1-a), of gas molecules will undergo specular reflection. In a frame where the
coordinates are attached to the wall, with #; the normal vector of the wall pointing towards the gas and 7;
the tangential vector of the wall, such that all molecules with &n; < 0 are incident upon the wall and
molecules with &n; > 0 are emitted by the wall, Maxwell’s boundary condition can be expressed by [27]:

w lafii+(1-a)f(=¢n), &n 20,
f:{ S +(-a)f(=¢ (34)
f(&n,), &n, <0.
By definition, the value of any moment at the wall can be obtained from
jé‘nizo ¢, ¢, ¢ f(&m)dE = in"izo G\ Cip G, [afﬁv; + (1 - a)f(_fi”i)] dg. (35)

From the analysis of the special case of « = 0, it was found that only moments that are odd functions of
¢;n; can be used to construct wall boundary conditions [11]. Furthermore, only those moments representing
fluxes can be used in the boundary conditions [16]. From equation (35), the slip velocity parallel to the
wall, u,, and temperature jump conditions can be obtained as [14, 15]:

2-a |zRT o,, 5m,, +2q, 9Q +70y,,

uz’ - nnt + , (36)
a 2 p, 10p, 2520p,RT
2
RT—RT, :_2 a |7RT q, _RTo,, +u_,_ 75R,, +28A N B (37)
a 2 2p, 4p, 4 840p, 24p,
where
o 30R_+7A
pa =p+i_ nn _ ¢nnnn (38)

2 840RT 24RT

Here 0, = oynimj, 0,:= O4niT;, 4= qiTi, Gu = Gilti, Munz = Myl Ty My = My, Ry = Rygnimy, Qo= i,
Wonr = Wil Tr, a0d @unn = @yuninmin; are the tangential and normal components of oy, g;, mgi, Ry, Wi, €
and ¢y, relative to the wall, respectively. It should be noted that the normal velocity at the wall, u, = 0,
since there is no gas flow through the wall. Equations (36) and (37) are similar to the slip velocity and
temperature jump conditions for the NSF equations [5, 6] with the underlined terms on the right hand side
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providing higher-order moment corrections. These underlined terms can be related to second- or higher-
order velocity slip and temperature jump boundary conditions. The slip velocity in the higher moment
system is not only proportional to the shear stress, o;,, but also to the tangential heat flux, ¢,, and other

higher moments. With a normalised slip velocity, @, =u, / VRT , and a normalised wall temperature,

f"w =T,/T, the rest of the wall boundary conditions are [14]:

o :_2—(Z ,”RT Smm'r+2qn +p, (ﬁf+fw—1)—Rﬂ+R"” _ A _¢nnrz’ , (39)
o 2 S5RT 14RT 30RT 2RT
- A R
— 2—-a /ﬂRT 5m,,, +6q, ‘o, (Tw _1) R, A 3 B , (40)
a 2 10RT 7RT 30RT 6RT
~ [ A2 L
__iz_a 7RT 7 +& _Sl/lrpa RT(MT +6TW)_10mnnr _Sl//nnr _ Qr (41)
T 18 « 2 " RT 18 9 81RT 56RT’

m_ =— 2—a |7RT (30_1” n 3Rnr + ¢nrﬂ )_paﬁr /RT (ﬁz n 3]"ww) _ 3mnnr _9&_ 9Qr

a 2 TRT RT 2 5 280RT (49
_ 21//2'2'2' + 3l//nm'
36RT
mnnr =_2_a ”RT o_rn+ Rnr +¢nnnz’ _%qr_szurpa VRT _ V/nnr _ Qz’ , (43)
a 2 JRT 3RT) 5 3 I8RT  140RT
~4 5 A2 52
2-a [zRT (28q, 14m,, Q, 14y, TPRT (u1+6Twu1+3Tw—3)
R,.=- + + + +
a 2 15 3 1SRT 27RT 9 (44)
_14RTO-TZ' _&_ 14A _ 7(¢TTTT +3¢nnﬂ)
3 3 45 9 ’
2
2-a [zZRT (21q, 35mu, 3., . 3Q, ), P.RT (Tw—l) 7RTG,,
R, =— + + + + -
a 2 8 16  144RT 32RT 4 2 (45)
_E_7¢nnnn
30 6
~4
a=-_P2za ZRTL Q) S prle—er?— Mo _3?f |-Brre
4 «a 2 28RT ) 4 4 4
(46)
15 35
8 nn 48 ¢nnnn‘

5.0 LINEARISATION OF MOMENT EQUATIONS

One of the main features for gas flow in MEMS is low Reynolds number, Re < 1 and low Mach number
Ma < 1. In most cases, it is sufficient to apply a linearised moment equation set to flow in the micro-
system. For flows with small deviations from an equilibrium state given by p,, 7,, (or, p,) and u;,, these
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deviations can be represented by dimensionless variables
¢Tl.jk,, W and Q.in
p:pa(1+15)’ T:Z)(1+f)’ p:pa(l—'—l_’)’

o, = p,RT,5, 32

A:pn (RT;)) A’ ¢ijkl :po (RT;))Z ¢Tijkl’ Wijk :pa (R]:))S/z l//ijkﬂ Qi :pa (RT;)) Qi’

x; = Lx,,

t=(L/JRT,)T,

o

ij> q; :po (RTO) 4q;> mljk _po (RT )3/2 _zjk’

R., A

lj’ qla ’]k’ ij° s

u; = RT,u;,

) -
Ry = p,(RT,)" Ry,

(47)

5/2 =

in which, L is a characteristic length of the microsystem. Inserting equations (47) into equations (11) to
(13), (18)-(19) and (26)-(28) and keeping only the terms that are linear in the deviations, a set of linearised

R26 moment equations (LR26) are obtained as [19]:

3,00
ot Ox

1

=0,

ou 0% _ p, L,
L= L
or ' ow, 0% RI,

1

9 20q __50u;
ot 30x,  30x’

06, Oy __[zL_ oW, 404,
or  ox, 227 Tax. 5.
og (1OR, 2 [zL_ soT 05, 10A
or 2o%,  3V2a"2aw % 60m
an_aijk . Oy :_E ££’1_1ijk B 0G_; ,

o & 2V22

R, T oL, 2o
or ox, 6\N217 Ssax.’

R T
or o 3V24 ox

The linearised constitutive relationships are:

~ 22 8m<l]k
Dt ==~ ,

(48)

(49)

(50)

(51

(52)

(33)

(54

(55)

(56)
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_ 27 [2 A 0R,
y/g/k 7},1 \/;L 6_¥k> ( )

= A OR..
= Z—Z\Eié—f—ﬂﬁi% (58)
3V 7z L ox, 7w L axj

along with the linearised boundary conditions:

7 =272 \/z 5 S +2; | 99, +707,,, (59)
o 2 10 2520
7_-,:_2__(1\/2&_%_751%”+28A+¢nnnn +i_1’ (60)
a 22 4 840 24 T,
5. —- 2-a |z (5m,, +2q,) R, +R, A ¢, ’ 61)
a 2 5 14 30 2
Enn __ 2—«a 1 Smnnn + 6Qn _h_ﬁ_ ¢nnnn , (62)
a 2 10 7 30 6
- > u, 10m Ve €
qf = _iz—a 1(75’” +Rnr)_5i_ OmnnT _ Slr//nnr __r’ (63)
18 « 2 3 9 81 56
e :_—Z_a 1 35’”_}_3Ri+amﬂ _3171_3’"&_%_9Q1 _2l//rrr+3l//nnr , (64)
a 2 7 2 5 280 36
rTznmz_Z__a z ngr&jLM _3—1_2&__%"” _&, (65)
a 2 7 3 5 3 18 140

b

_ _ g 14m._ O 7 5 R A 78,...+39,
7 2 a\/%[28qn+l4mm+&+14WWJ_14GH_&_14A_ (frcee +380ec) 66)

T 15 3 15 27 3 3 45 9
Enn = — 2 —a \/E Zlqn + 35mnrm + 351//rmn + 3Qn _ 70/111 _E_ 7¢rm/m , (67)
a 2 8 16 144 32 2 30 6
Z:_3_52_a z _n+Qn _Eann_l_sﬁnn—i_:s_sannnn’ (68)
4 « 2 28 4 8 48
in which,
A= H ﬂ (69)
P,V 2

is the mean free path. For flows in simply geometries, such as Couette and Poiseuille flows, the above
linearised moment equations can be decoupled into three sets of equations related to (i) velocity, (ii)
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temperature and (iii) the remaining equations. For example, for the one dimensional planar configuration,
the coordinates are chosen such that the wall is parallel to the x direction and y is the direction
perpendicular to the wall. The velocity in the x direction is # and the velocity in the other directions is zero.
All derivatives in the x direction, except pressure gradient in Poiseuille flow, are zero everywhere and
mass conservation is satisfied automatically. The equations involved in the velocity problem from the
linearised R26 moment system (LR26) reduce to the following five moment system:

ou 00y _

an , (70)
o @  ox
0G,, Om
_xy i o ££5xy_i(ﬁ+qu)’ (71)
9 1P 2 ££‘7x—_xy’ 72
or 20 3\227 o
Oy Oy :_i\ﬁiﬁ, -2 (73)
o1 v 2N224 " 5
AL N 3 L 4
o w 6\N24 " 5

with the associated wall boundary conditions (59), (63) and (65), and the following constitutive

relationships:
_ om oR _ oR
G o5 220y oo T2 2A0Ry o —g 2% (75)
w9z Nz L & 7Y 35Nz L oy 7L oy

6.0 NUMERICAL SOLUTION OF THE MOMENT EQUATIONS

The moment method results in a set of partial differential governing equations of mixed first and second
order. In most situations, there are no analytical solutions for this complex set of governing equations and
a numerical procedure is therefore required. However, in the moment equation system, the momentum
and energy conservation equations are the first order partial differential equations, in which there is no
explicit gradient transport mechanism. The inadequacy of the standard finite volume method for the
governing equations without any gradient transport terms is well recognised [22], so that methods for
dealing with hyperbolic problems are required. In the case of low-speed rarefied gas flow, such as those
found in micro-devices, the flow is parabolic or elliptic. Using a hyperbolic flow solver to solve elliptic
flows is inefficient and expensive. In fact, the gradient transport mechanism of the low moments is
embedded in the moments one order higher. For example, the diffusion of ; is included in o, and the
diffusion of T is included in ¢;, as reflected by the underline terms on the right hand of equations (18) and
(19). To restore the gradient transport mechanism back to the moment equation system, a primitive
variable transformation was introduced by decomposing the moments into their gradient and non-gradient
components. The resultant equations of the non-gradient components have the general convection—
diffusion form [14, 15]. Alternatively, the gradient transport mechanism can be introduced into the
discritised moment equations in a collocated grid by a properly constructing the flux in the control volume
face [26].
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For a two dimensional steady state flow, the momentum equation (12) can be written in Cartesian
coordinates (x, y) as

oo
6pUU+5,0VU+60'xx M :_6_[.9’ (76)
ox dy ox oy Ox
oo oo
opUV  2pVV 00y 00w _ Op (77)
ox dy ox Oy oy

in which, U and V are the gas velocity in x and y direction, respectively. In a collocated grid arrangement
shown in Figure 3, all the variables are stored at the control volume centre P and its neighboring points
WWw W PEEESSSNNN. A discrete approximation to equation (76) or (77), in which U or V is the
primitive variable, is achieved by integrating the equation over a macro-control volume surrounding the

[ | (52 o

where 7, s, e and w refer to the location of the space average of any quantity prevailing over the faces of
the control volume. Using the mean-value theorem, equation (78) can be written as:

apUU oo, apVU oo,,

oy

(78)

Uu) —(pUU - VYu) —(pVuU ) — |0y
[(,, ).~(pUV), (o), m}gww[(p ), =(pr0), | (9.), <GJ)S]5x5y
ox ox oy oy
(79)
op
=| —=£| S5x5y.
( 5ij e
i_\'_\-' !
N
i N 1
Wi W W I: P ci 5. EE] l@)
Rl
5_5’5 i
y \ |
ac

Figure 3: Collocated grid arrangement.

As suggested by the underline terms in the right hand side of equation (18), the stress in the momentum
equation is proportional to the velocity gradient. In the discritised form in x direction, the normal stress on
the nodal points, P, W and E should have
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oU oU oU
o oc—| u—1», (o o —| H— and (o oc—| u— | . 80
( H)P [ ox jP ( XX)W (/u ox jW ( H)E (/j ox jE (80)

The stress at the control volume faces, w and e should have the same property as:

sU SU
(axx)woc_(yg—jw and (O'm)eoc—( El' (81)

X

To estimate the values of the stresses at the faces of the control volume, it is important to preserve this
property. To guarantee this, it is convenient to interpolate the face value of the normal stress as:

N R =

(82)
1 1 oU oU oU
=— + =l || |-
(@) =50 +ou), [+ H” 5x l E” 5x M (” 5x j
Similar interpolation of the face value of the shear stress in the y direction can be obtained as
1 1 oU oU oU
(o), —5[(% )s +(%)P]+5Hﬂ5—yl +[“5—yn‘(ﬂ5—yl’
(83)

(o) =3l(eu), o) Jo 2| (w52 o[w52) |- (w22

Inserting equations (82) and (83) into equation (79), the discritised momentum equation in the x direction
can be expressed by

s(pUU) &(prVU) 5( 5u) 5( 5Uj
+ M= H——
Sx oy ox oy

L ) 1 I
w55 e (5]}

Equation (84) is a typical discritised convective and diffusion equation with source terms on the right hand
side. The same procedure can be performed to equations (77), (13), (18) and (19). Numerical methods for
solving the convective and diffusion equations are well documented for both high and low speed flows
[22]. For the convective terms, a range of upwind schemes including QUICK [32], SMART [33], and
CUBISTA [34] are available in the literature. The diffusive and source terms are discretised by a central
difference scheme and the CUBISTA scheme was selected for the present study. The coupling of the
velocity and pressure fields is through the SIMPLE [35] or PISO [36] algorithm. For steady state flow, the
system of equations can be solved iteratively and the solution procedure is summarised as follows:

1) Solve u; at iteration n+1 using the values of other variables at the previous iteration .

2) Solve the pressure correction equation using the SIMPLE or PISO algorithm to update p and u; at
iteration n+1.
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3) Solve T, oy, qi, mj, Rij, A at iteration n+1 using updated pressure and velocity fields.
4) Update the boundary conditions according to equations (36), (37) and (39)—(46).

5) Return to step 1 and repeat until residuals of each governing equation reaches a specified
convergence criterion.

Computationally, it is more expensive to solve the R26 equations than the NSF equations but this cost is
necessary to capture non-equilibrium phenomena. However, the advanced computational and numerical
techniques developed over the years for conventional computational fluid dynamics can be readily adopted
so that the moment method can be applied for engineering applications where non-equilibrium effects are
important. In particular, in the low-speed, low Reynolds number regime where it can be costly and
difficult to get meaningful statistical data from stochastic methods, the R26 equations have a significant
computational advantage.

7.0 VALIDATIONS AND APPLICATIONS

As the macroscopic models are reduced from detailed kinetic theory, some kinetic information is lost
during the reduction process. Two important features of solutions to the Boltzmann equation is that the
distribution function, f, is non-negative and the solution must satisfy the H-theorem [6]. However, a
solution obtained from the moment equations as an approximation to f may not satisfy these constraints. It
is proved that the linearised R13 equations naturally fulfil the H-theorem [37]. For full R13 and R26
moment equations, numerical analysis is required to assess the moment realizability and the H-theorem
inequality [14]. From the engineering point of view, it is necessary to validate the macroscopic models
against available kinetic data as much as possible. In this section, we will first use the linearised moment
equations to obtain analytical solutions for Kramers’ problem and Poiseuille flow. Numerical techniques
are then used to solve the moment equations for complicated flow configurations. The analytical and
numerical solutions will be compared with kinetic data for the Boltzmann equation and DSMC data to
demonstrate the capability as well as the limitation of the macroscopic modelling approach.

7.1  Kramers’ Problem and Knudsen Layer

The Knudsen layer is a boundary layer that bridges the wall effect and the bulk flow. Kramers’ problem
[38], first formulated in 1949, is the most basic configuration, where the effect of a solid wall can be
investigated without additional complications found in more realistic geometries. It has been extensively
studied [39-43] and it provides a useful benchmark for the development of macroscopic models. As a

half-space problem, it can be readily solved by the linearised equations (70)—(75). The wall is set at y =0
and the shear stress, &, , is constant so there is no pressure gradient in the x direction. The mean free path,
A, 1s chosen as the characteristic length, L, so that A/L=1. Integration of equation (71) gives the velocity
profile as:

_ T_ _ 2_  _
uz—\/;oxyy—gqx—mm—i-A, (85)

where A4 is an integration constant determined by the wall boundary conditions. The superposition of the
velocity contributions from &,,, ¢, and m,, is clearly expressed by equation (85). This is an important

feature that is not present in the NSF equations, in which ¢, =0 and m,, =0. The expressions for g,

and m,,, can be obtained from equations (72)—(74) as:
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T2—0 _ —(1.212«/7r/2)7)
=C —0C , 86
W2 « o€ (86)
= 0.445C, 2-a ngye—(0.594,/n/2)y 87)
(24

where C; and C, are integration constants. In the above solutions, the boundary condition that as y — oo,
g, m,,and Exy will remain finite has been used to remove the other two integration constants and the

terms associated with them. The remaining integration constants, 4, C; and C,, are determined from the
wall boundary conditions (59), (63) and (65) by

(0.291a+1.658)
C=- - : (88)
0.101¢2 +1.128¢ +9.0

(0.639 —3.592)
¢, =065 , (89)
0.101% +1.128a +9.0

2—a |7 _
A == Eaxy(l—O.SCl -0.117G,). (90)

Inserting equations (86)—(90) into equation (85), the final expression for velocity from the LR26 moment
equations reads

ﬁ:_\/§5xy[?+2_a(q 22 g 1780, VTP 056 —0.17c, +1ﬂ 1)
o

In the linearised R13 system (LR 13), the governing differential equations (73) and (74) are replaced by the
following constitutive relationships [44]:

2 00, — 7l
iy =104 200 g - 122 P , ©2)
15L a‘ i 5 L\ = ody

along with the boundary conditions (59) and (63) without the higher moments, v, and ﬁx. For

Kramers’ problem, it is interesting to see that m,,, =0 in the LR13 model. The velocity field for the

LR13 equations is readily obtained as

ﬁ__\/z S 2-a (13—2\/107r)a+4x/107r_ o )7
2" a (12—2\/10ﬂ)a+4\/1072' (6—x/107r)a+2x/107r

93)

If we compare equations (91) and (93), we can see that the LR26 equations provide two exponentials to
describe the Knudsen layer whilst the LR13 equations only contain one exponential.

In kinetic theory, the defect velocity and slip coefficient are often used to study how the wall affects the
velocity profile [39-43]. To be consistent with the kinetic solutions obtained from the Boltzmann
equation, a reference velocity defined by
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. (94)

is used to scale the velocity i.e.

u u

1,7:—:

u
u, —r/25,,\RT, - —7/25,,

~J725, [w 2-a (qe(””my ) 10178, PPV _gse —o.117c, + 1)}

2 - 95)
/25,
_y4 2 (qe("mmy V01780, PNV _o5¢ —0.117¢, + 1}.
a
A defect velocity, u,,is defined by [40, 43]
u,=y+¢—u (96)
and the slip coefficient, £, is determined by
limu,; =0. 97)
J—o0
From the above condition, the expression of £ for the LR26 moment equations can be written as
2-a
¢ ==—-(1-0.5¢, -0.117G,) (98)
a
and the defect velocity is expressed by
u, =224 (qe—l-m”/_” £0.178C,¢ 52 ) . (99)
a

Similarly, we can obtain the defect velocity and slip coefficient for the LR13 equations, respectively, as

2| (13-24107 o+ 44107

¢ = (100)
a (12—2\/107r)0:+4\/107z
B -57/185
u, = 2-a ae (101)

a (6—m)a+2m '

Figure 4 presents the analytical solutions of the defect velocity in the Knudsen layer from the moment
equations in comparison with the computational results from the three kinetic models investigated by
Siewert [43], i.e. the BGK model, the Williams model (the collision frequency is proportional to the
magnitude of the velocity), and the hard sphere model. For the case of o =0.9, diffusive reflection from
the wall dominates. The BGK kinetic model produces the largest defect velocity in the Knudsen layer,
particularly close to the wall (y <0.5). In contrast, the results from the Williams and hard sphere models
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are in close agreement with each other. The analytical solution from the LR26 equations generally lies
between the three models and, beyond y =0.5, is in close agreement with the BGK model. However, at

the wall, all kinetic models predict a higher defect velocity. Conversely, the solution obtained from the
LR13 equations underpredicts the defect velocity significantly, as shown in Figure 4(a). As the LR13
system involves fewer equations and boundary conditions than the LR26 system, less kinetic information
is preserved in the LR13 model. Clearly the combination of two exponentials with different widths
produces an improved Knudsen layer velocity profile. It is expected that more moments and their
governing equations would generate more exponentials with different widths to recover the full kinetic
information. As the value of the accommodation coefficient decreases, the previous observations remain
valid although, as expected, the defect velocity increases, as shown in Figure 4(b). In this case, where
a=0.1, specular wall reflection dominates. The results shown in Figure 4 illustrate that the LR26
equations work well for walls exhibiting either diffusive or specular reflection.

0.5 T T T 0.8

i (_a) : H : 1(b)
: a=09 g a=0.1
0.4—% LR26 1 —— LR26
T — LRI3 0.67% — IRI3
g NS kS NS
0.3 o ©  BGK model | ©  BGK model
< ®  Williams model < ° ®  Williams model
S © ~ 04
] &\ %  Hard sphere model . :\9 %  Hard sphere model
0.2 u{ #\O
H4: %0 o &
a *
s B o
¥
RO 0.2}
0.1 B % : NN A
7 % © %s,
%’ [ : q: :
b kv D © o : 2 :
00 TT T T T T7TTT IIIIIIIIIIIIIIIMI 00 illlll.lllll-|||||:: 777777777777777777
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y

Figure 4: Defect velocity profile for Kramers’ problem: comparison between the moment equation
solutions (lines) and kinetic theory (symbols) [43]. (Note: The original data in Ref [43] are

presented in terms of the mean free path defined by 1:(2/\/;)/1. . The data were

converted to be consistent with the present definition of the mean free path, 41.).

Equation (85) illustrates that the velocity in the Knudsen layer consists of contributions from &,,, ¢, ,and
n_1xyy. For the LR13 equations, n_1xyy =0, there is no mechanism for m,, to contribute; so the Knudsen
layer is derived solely from the tangential heat flux, g,. In the NSF system, g, and m,,, are not present,
so there is no Knudsen layer. If we take the distance to the wall as the characteristic length, the
corresponding Knudsen number is the reciprocal of ). Figure 4 suggests that the LR26 and LRI13
equations can capture the Knudsen layer velocity in a half space configuration for a Knudsen number
equal to 2 ()7 = 0.5) and 0.5 ()7 = 2) , respectively. However, in confined geometries, Knudsen layers from

opposite walls will overlap [14] and, for the R26 and R13 equations, this will reduce the value of the
Knudsen number to 1 and 0.25, respectively. These results provide a clear indication that the higher
moment equations can be used in the early transition regime with good accuracy to account for the wall
effect on flows in MEMS.
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7.2  Planar Poiseuille Flow and Knudsen Minimum

Channels are the most frequently encountered geometry in MEMS. Planar Poiseuille flow driven by a
small pressure gradient is another classic case often used to check the validity of any proposed
macroscopic models. The distance between the plates is chosen as the characteristic length, L, so that the
Knudsen number,

A
Kn==. 102
7 (102)

The two plates have been set aty =+1/2, i.e., y =%1/2. Symmetry boundary conditions are applied at
y =0, and the flow is driven by a constant pressure gradient

P__
—=— (103)

From equation (70), the shear stress can be expressed by

G, =Y. (104)
Integration of equation (71) gives:
_ T & _, _ 2 _
U=—|———y —-m, , ——q.+8B, 105
\E k) Mo~ (105)

in which B is an integration constant. Again, it is clearly shown from equation (105) that the velocity
profile in the confined geometry has contributions from not only o;,, but also from m,,, and g,, which can
be obtained from equations (72)-(74) as:

16 [2 1.2127/2 _
=-——~¢&Kn,|—+C;écosh| ———— |, 106
mxyy 15 § n T 3§ ( Kn y} ( )
3.2 /2 _
g, =—=¢& |=Kn+C,&cosh| 0.594 y (107)
2\« Kn

where C; and C, are the integration constants, along with B, are determined by the boundary conditions
(59), (63) and (65) as:

B= L\/E—E\/ZKer_—a\/EJrO.ZMCL}cosh 0.372 +&cosh 0759 & (108)
8Kn\N2 6\rx 20 \ 2 Kn 2 Kn

C, = Ly — By F) an

d C4 :_EIF'3 _EE3

(109)
E1F2 _EE2 EIFZ _EEZ

with
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Substituting equations (106)-(108) into equation (105), the velocity profile of planar Poiseuille flow is
obtained as

e a N e e P e ]

. 0.594/7/2
+C4§[0.264 cosh[0 372) —%cosh (K—ﬁ/fﬂ
n

Kn

(111)

In order to compare with the linearized Boltzmann solution [7, 45], a reference velocity,

=& J2RT, (112)

is used to renormalize the velocity as

:ﬁ(l_yzj+£(§ﬁ+‘2_—0{)+&{O.SCosh(O'%gj—cosh(—l '2112;/7/2 fﬂ (113)
n

4Kn\ 4 2372 2a ) 2 Kn
. 0.594./7/2

e 0.264cosh(0372j—%cosh 0.394ym/2 -1

2 Kn ) 5 Kn

The normalised mass flow rate of planar Poiseuille flow, O, can be obtained by the integration of equation
(113) over the channel width as

12 ~

112 udy

f Nr(sKn 2-a) Cy[ o (0759) oo (0759 1)
24Kn 2 3 T 2a \/5 n -
+& O.264cosh(0'372j—1.075Knsinh(0'372) .

Similarly, we can obtain the velocity profiles from the LR13 equations as
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4Kn\ 4 2\ 37 2a ) 52 12Kn n

in which the constant Cs is determined from the boundary conditions as:

5 a

x/E(37z 2-a +56Kn)

Cs=— ) (116)
24 2—¢ . [0 V107
= 2 J10sinh +6 h
d o st {12Kn} \/;COS (lZKn

The normalised flow rate obtained from the LR13 equations is:

= +ﬁ(5K"+2—aj Cs {Cosh(\/m}ﬁ Qsinh(m}m] (117)

= +
24Kn 2 \ 37z 2a ) 52 12kn| 5\«

0

2Kn

The velocity profiles calculated from equations (113) and (115) from the LR26 and LR13 moment
equations, respectively, are presented in Figure 5 at a range of Knudsen numbers in comparison with the
solution from the linearised Boltzmann equation [7]. At Kn=0.113, which is just beyond the slip-flow
regime, both extended hydrodynamic models predict similar values of velocity and are all close to the
solution obtained from the Boltzmann equation, as shown in Figure 5(a). The LRI13 equations
underpredict while the R26 equations slightly overpredict the maximum velocity. However, as the value of
Kn increases and the flow enters the transition regime, the LR13 equations overpredict the slip velocity
significantly. In contrast, the velocity fields predicted by the LR26 equations compare very well to the
solution obtained from the Boltzmann equation for both K#n=0.226 and 0.451, as shown in Figures 5(b)
and (c). The velocity-slip predicted by the LR26 equations is in reasonable agreement with the value
predicted by the Boltzmann equation but discrepancies in the bulk flow begin to show at K»=0.903, Figure
5(e), and differ at Kn=1.128, as shown in Figure 5(f).
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Figure 5: Comparison of velocity profiles of pressure-driven Poiseuille flow at different
values of Knudsen number between the linearized moment equation
solution and the linearised Boltzmann equation solution [7].

The accurate prediction of the flow rate in a micro-channel is important in the design of micro-devices. To
get the flow rate correct, it is essential that the predicted velocity profile is correct. In contrast, the correct
prediction of the flow rate cannot guarantee the correct velocity profile. Figure 6 shows the predicted mass
flow rates by the LR13 and LR26 equations in comparison to the solution obtained from the Boltzmann
equation [7, 44] at two different accommodation coefficients. When K#n < 0.1 in the slip regime, the flow
rates predicted by both models are close to the solution obtained from the Boltzmann equation. As the
value of Kn increases, non-equilibrium effects gradually enter the central flow region, the LR26 equations
follow the solution obtained from the Boltzmann equation reasonably well until Kn reaches about 1.5. As
shown in Figure 6, the LR26 equations predict a Knudsen minimum at the value of Kn predicted by the
Boltzmann equation for both & =0.7 and 1.0. The R13 equations are close to the Boltzmann solution up to
Kn = 0.4, particularly for the lower value of «. They can also predict a Knudsen minimum but at a value of
Kn smaller than that observed by the Boltzmann equation.
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Figure 6: Comparison of mass flow rate of pressure-driven Poiseuille flow at different
values of Knudsen number between the linearized moment equation
solution and the linearised Boltzmann equation solution [7, 44].

One of the interesting effects of rarefaction in Poiseuille flow revealed by kinetic theory is the presence of
heat flow in a channel without any temperature gradient [7]. This phenomenon is also captured by the
LR26 moment equations. The tangential heat flux is caused by the pressure gradient and the Knudsen
layer contribution as expressed by the first and second terms in the right-hand side of equation (107),
respectively. When the Knudsen number is small, heat flows in the opposite direction to the mass flow at
the centre of the channel but, close to the wall, it is in the same direction as the mass flow, as indicated in
Figure 7. However, as the Knudsen number increases, heat flow is always in the opposite direction to the
mass flow. This is a high-order rarefaction effect which is clearly not embedded in the NSF equations.
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Figure 7: Tangential heat flux of pressure-driven Poiseuille flow at different values of Kn
with fully diffusive walls. Lines: the LR26, Symbols: the linearised Boltzmann equation

[7]. 4, is the normalised tangential heat flux by ¢, :qx/(po\/ZRT)z qj/«/?.

7.3  Stokes’ Second Problem and Oscillatory Planar Couette Flow

Many MEMS devices contain oscillating parts where air (viscous) damping plays an important role. To
understand the damping mechanisms, it is essential to consider non-equilibrium or rarefaction effects. In
oscillatory flows, additional non-equilibrium effects can arise if there are an insufficient number of
intermolecular collisions during one cycle of the oscillation. To quantify the extent of rarefaction in this
respect, Sharipov and Kalempa [45, 46] introduced a rarefaction parameter, 0, as

o="1. (118)
w

in which @ and 7 are the oscillation and the intermolecular collision frequency, respectively. By analogy
with the spatial Knudsen number, Kn, which is based upon a typical length scale, it is convenient to adopt
a temporal Knudsen number, Kn;, which is defined as the reciprocal of 8, to express the extent of non-
equilibrium from the aspect of time scale [47], i.e.

Kn-1-2. (119)
¢ n

The intermolecular collision frequency, 7, can be estimated by p/u [6]. When Kn, << 1, many
intermolecular collisions occur during one cycle of the oscillation so that unsteadiness has little effect on
the flow to approach the equilibrium state. On the other hand, in the regime where Kn, >> 1, very few
intermolecular collisions occur during one cycle of the oscillation. The intermolecular collisions can be
neglected and the free molecular formulation of the Boltzmann equation can be used. In a system where
Kn, ~ 1, the number of the intermolecular collisions is not sufficiently large for the flow to reach an
equilibrium state during one oscillation cycle. Rarefaction effects have to be taken into account when
modeling flows in this regime.
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Analytical solutions of the Navier-Stokes equation for Stokes’ second problem and oscillatory planar
Couette flow, with either first-order or second-order velocity-slip boundary conditions, can be found in the
works of Sharipov and Kalempa [45, 46], Park et al. [48] and Hadjiconstantinou [49]. Emerson et al. [50]
studied nonplanar oscillatory Couette flow in the entire range of Knudsen number. The analytical solutions
for the LR13 and LR26 moment equations can also be obtained; they are a linear combination of 4 and 6
exponentials with different widths for the LR13 and LR26 equations, respectively. However, the
expressions for the coefficients and the widths are rather complicated and cumbersome. It is therefore
more convenient to solve the one dimensional LR13 and LR26 equations numerically [47]. Equations (70)
—(74) can readily be solved using a central difference scheme to discretize the spatial derivatives and a
second-order Crank-Nicholson method for the temporal terms.

Stokes’ second problem is a half space configuration with the oscillating wall located at y = 0. The mean
free path, 4, is chosen as the characteristic length so that A/L in equations (70) — (75) is equal to 1. The gas
molecules are assumed to diffusively reflect from the oscillating wall and the gradients of all variables are
equal to zero at the open end of the solution domain. To solve the system of equations, 200 to 400 equi-
spaced grid points are used depending on the oscillation frequency. For oscillatory planar Couette flow,
the lower plate is located at y = 0 and remains stationary. The upper plate, (v = L), oscillates at a fixed
frequency. The gap between the two plates, L, is chosen as the characteristic length scale, so that A/L in
equations (70) — (75) is equal to Kn. The flow is solved with 200 grid points across the one-dimensional
domain. For both configurations, the moving wall oscillates sinusoidally according to

u, =u,sin(at), (120)

where @ and u, are the oscillating frequency and magnitude of the wall, respectively, and u, is the
instantaneous wall velocity. The numerical time interval is taken as one hundredth of a period. The
accommodation coefficients of the lower and upper walls are assigned a value of unity. All computations
are impulsively started with zero velocity everywhere and 50 to 100 periods are computed to remove the
quiescent initial effects and to ensure that a quasi-steady periodic state is reached. Computed results for
the macroscopic models are then compared with data from kinetic theory to assess their validity.

7.3.1 Stokes’ Second Problem

The dynamic velocity profiles from the linearised moment equations at four points in time, corresponding
to ot = 0, 72, m, 37/2, are presented in Figure 8. At the lower value of Kn, equal to 0.1, where many
intermolecular collisions occur during one cycle of oscillation, the results from both extended continuum
models are nearly identical, as shown in Figure 8(a). Analogous to the classification for steady flow, we
can denote the regime of Kn, < 0.1 as the hydrodynamic regime. As Kn, increases to 0.5, in Figure 8(b),
the solutions from the LR13 and LR26 equations start to deviate from each other. At Kn, equal to unity,
well into the transition regime, the velocity profiles from the LR13 equations are significantly different
from those of the LR26 equations not only in the region close to the wall but also in the bulk flow, as
indicated in Figure 8(c). The LR13 equations predict a larger slip velocity than the LR26 equations which
is due to the LR13 equations lacking a proper mechanism to capture the Knudsen layer velocity profile
near the wall [21] and the oscillation aggravates the situation. In general, the slip velocity increases as Kn,

increases so that the velocity on the wall reduces.
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Figure 8: Dynamic velocity profiles of Stokes’ second problem from the extended
hydrodynamic models at four different times. Adapted from Ref. [47].

The predicted values of the velocity amplitude at the wall from each of the hydrodynamic models are
plotted against Kn, in Figure 9(a) and compared to the kinetic data from the linearised BGK model [45].
The Navier-Stokes equations always under-predict the velocity amplitude on the wall even in the
hydrodynamic region. Both extended macroscopic models improve the prediction of u, on the wall
significantly, as shown in Figure 9(a), up to Kn, = 0.5 with the LR26 equations showing better agreement
than the LR13 equations.
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Figure 9: Predicted velocity and shear stress amplitudes on the wall of Stokes’
second problem from macroscopic models in comparison with
the data from the linearised BGK kinetic equation [45].

To compare with kinetic data [45], the shear stress, oy, is renormalised as

o +|2RT
[=—2N""0 (121)

2p, u

w

The predicted value of the shear stress amplitude on the wall, I1,, from the hydrodynamic models and
kinetic theory are presented in Figure 9(b). In the hydrodynamic regime, where Kn, < 0.05, all the
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hydrodynamic models predict similar values of I, on the wall and are in good agreement with kinetic
theory. When I1,, is exceeds 0.1, the NS equations start to underestimate I1,,, while both the LR13 and
LR26 equations are still able to follow the kinetic data. The LR13 equations tend to overpredict I1,, when

Kn, >0.5.

The corresponding velocity and shear stress phases on the wall, ¢, and @p, as defined by Sharipov and
Kalempa [45], are presented in Figure 10. The velocity phase, ¢,, has a maximum value in the transition
regime as shown in Figure 10(a). The NS and LR13 equations fail to predict any maximum value. In
contrast, the LR26 equations predict a maximum value of ¢,, but the value is larger than that from kinetic
theory. In general, the agreements of ¢, between the hydrodynamic models and kinetic theory are not
satisfactory in the slip and transition regimes, although the LR26 model improves the prediction
substantially. However, it should be pointed out that the maximum value of ¢, on the wall is less than 4%
of one period. Conversely, all extended hydrodynamic models predict the shear stress phase, @p, very well
up to Kn, = 1, as illustrated in Figure 10(b). The NS equations underestimate the value of ¢p, from a very
low value of Kn,.
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Figure 10: Predicted velocity and shear stress phases on the wall of Stokes’
second problem from macroscopic models in comparison with the data
from the linearised BGK kinetic equation [45]. Adapted from Ref. [47].

7.3.2  Oscillatory Planar Couette Flow

For oscillatory planar Couette flow under rarefied conditions, non-equilibrium effects will arise from both
the separation distance and the oscillation of the walls. Therefore, both Knudsen numbers, Kn and Kn,,
defined upon a length and time scale, respectively, are required to measure the extent of non-equilibrium.
Traditionally, the Stokes number, S, defined by

2
§= [Pk (122)

7

is often used to characterize the balance between the unsteady and viscous effects [48, 49]. To reflect non-
equilibrium effects due to the oscillation, the temporal Knudsen number, Kn,, needs to be assessed to
measure the oscillatory effect on the flow, which is related to K» and S through
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Equation (123) indicates that Kn, is proportional to the square of the product of K»n and S. Increasing either
Kn or § can lead to a significant increase in the value of Kn,.

Figure 11 shows the velocity amplitude, u,, between the two walls for oscillatory planar Couette flow.
Results at different values of Kn and K#, in the early transition regime are compared with the DSMC data
[48] and the solution of the linearised BGK equation [46]. For Kn < 0.1, the velocity amplitudes from the
LR13 and LR26 equations agree with both DSMC data and kinetic theory up to Kn, =1. When Kn = 0.5
and Kn, = 0.16, the LR26 equations are in good agreement with the DSMC data. However, when Kn = 1
and Kn, = 0.64, the LR26 equations can capture the velocity amplitude reasonably well but the LR13
equations cannot follow the DSMC data in the whole domain, as illustrated in Figure 11(a). For the case
with Kn = 0.886 and Kn, =1, both the LR26 and LR13 equations fail to capture the velocity amplitude
correctly, as indicated in Figure 11(b).

0.25 0.5
y Y

Figure 11: Normalised velocity amplitude of oscillatory planar Couette flow. Lines are from the
macroscopic models. (a) Symbols are the DSMC data are digitised from Park et al. [48]. (b) Symbols
are the linearised BGK data are digitised from Sharipov and Kalempa [46]. Adapted from Ref. [47].

One of the unique features in one-dimensional steady-state Couette flow is the constant shear stress across
the whole domain at any value of Kn, even inside the Knudsen layer. However, this feature no longer
exists when one of the plates oscillates. The amplitude of the shear stress is therefore presented in Figure
12. When both Kn and Kn, are small, the extended hydrodynamic models agree with kinetic theory, but
when these Knudsen numbers are large, the discrepancies between them are very noticeable. The complex
interplay of the length and time scales exacerbates the capabilities of the macroscopic equations to capture
the non-equilibrium effects at high values of either K» or Kn,.
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Figure 12: Normalised shear stress amplitude of the oscillatory planar Couette flow.
Lines are from the macroscopic models. Symbols are the linearised BGK data
are digitised from Sharipov and Kalempa [46]. Adapted from Ref. [47].

The velocity and shear stress phases, ¢, and @p, of oscillatory planar Couette flow are presented in Figure
13. When Kn = 0.0886 and Kn, = 0.1, the Stokes number, S, is equal to 4.473. The LR13 and LR26
equations predict both ¢, and ¢p in excellent agreement with kinetic theory [46]. For Kn = 0.0886 and Kn,
= 1, the Stokes number reduces to 1.415. Although the LR26 equations are not able to predict u,, and I,
very well for this particular case, as shown in Figures 11(b) and 12, they do capture the phases, @, and ¢p,
quite accurately in comparison with the kinetic data, as indicated in Figure 13. In contrast, when Kn =
0.0886 and Kn, = 1, both the LR13 and LR26 equations are able to predict the velocity and shear stress
amplitudes correctly, as shown in Figure 11(b), but fail to predict the corresponding phases. The LR26
equations manage to follow the kinetic data within one quarter of L away from the oscillating wall but
then start to overpredict ¢, and @ as we move further away from the moving wall, as indicated in Figure
13. The Stokes number for this case is very high, equal to 14.14. At such a large Stokes number, inertia
plays a major role in the flow dynamics. An analysis of the velocity amplitudes shown in Figure 11(b)
indicates that the penetration depth for this case (Kn = 0.0886, Kn, = 1) is 0.38L away from the oscillating
wall. The lower stationary wall hardly feels the any effect from the motion of the upper wall. It is
interesting to see that the LR26 equations can predict ¢, and @p, within the Stokes layer while the LR13
equations fail to follow the trend of @, and ¢p, throughout the whole domain.
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Figure 13: Velocity and shear stress phases of oscillatory planar Couette flow. Lines are
from the macroscopic models. Symbols are the linearised BGK data digitised
from Sharipov and Kalempa [46]. Adapted from Ref. [47].

7.4 Micro Driven Cavity Flow

The driven cavity problem is a well known benchmark problem for testing and verifying continuum
solvers [51]. The problem geometry is simple and two-dimensional, yet the flow pattern and heat transfer
in the cavity are encountered in many engineering applications. However, few studies [52-54] have been
carried out to examine the mass and heat flow patterns in a driven cavity for non-equilibrium gas flows.
Recently, John et al. [55] performed a series of DSMC simulation of gas flow in a micro lid-driven cavity
for a range of Knudsen number, Reynolds number and Mach number. The simulation results reveal
interesting non-equilibrium phenomena in the cavity and provide useful data to benchmark the extended
hydrodynamic equations.

The configuration of the square driven cavity, of size L, is shown in Figure 14. The notations A, B, C, and
D shown in the figure denote the four corners of the cavity. The top lid moves with a fixed tangential
velocity Uy, in the positive x direction, and the other walls are stationary. The wall temperature is set to the
reference temperature, i.e., 7,, = 273 K. Any variation in Knudsen number is achieved by changing the
density conditions in the cavity, i.e., the reference pressure p,. The R26 moment equations discritised on a
129x129 uniform grid are numerically solved for a range of Knudsen numbers in the slip and early
transition regimes in comparison with the DSMC data.
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Figure 14: Configuration of lid-driven cavity.

One of the interesting phenomena in a driven cavity under non-equilibrium condition is the gas
temperature distribution and heat flux direction. Shown in Figure 15(a) is the DSMC simulation of heat
flux stream traces overlaid on temperature contours at Kn = 0.2 with U, = 10 m/s. From the temperature
contours, a cold region is found toward the left corner of the cavity, whereas a hot region is observed
toward the right corner of the cavity. More interestingly, it is noted that the direction of heat flow is
generally from the cold to the hot region, as illustrated by the heat flux streamlines. This represents a
counter-gradient heat flux made possible by the rarefied flow conditions. Under non-equilibrium flow
conditions, various factors such as expansion cooling, viscous heat generation, compressibility, and
thermal creep could significantly affect flow and heat transfer. For the driven cavity case, an expansion
cooling (gas temperature 7 less than wall temperature 7)) occurs at the top left corner of the cavity due to
a drop in pressure which results in heat transfer from the wall to the gas, whereas viscous heat generation
(T > T,) results in heat transfer from the gas to the wall toward the right corner of the cavity. The direction
of heat transfer is governed by both expansion cooling and viscous dissipation. The heat transfer plots in
the driven cavity indicate that thermal energy transfer need not always be from a hot region to a cold
region as continuum theory dictates. The temperature field and the heat flux streams predicted by the R26
equations are presented in Figure 15(b). In comparison with Figure 15(a), the R26 equations capture the
temperature field and the heat flux streams quite well except that the R26 equations overpredict the
temperature drop and rise in the top left and right corner of the cavity, respectively. On the other hand, the
NSF equations cannot predict thermal field neither quantitatively nor qualitatively, as illustrated in Figure
15(c).
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Figure 15: Comparison of heat flux stream traces overlaid on temperature contours computed
by (a) DSMC, (b) R26 and (c) NSF for the driven cavity at Kn = 0.2 and Uy, = 10 m/s.

The predicted profiles of velocity, u and v, shear stress, o, and temperature, 7, by the R26 moment
equations, along the vertical and horizontal lines across the cavity centre are plotted in Figures 16-18 in
comparison with the DSMC data [55] of U, = 50 m/s and Kn = 0.1 and 0.5. When Kn = 0.1, the predicted
velocities in both directions are in good agreement with the DSMC data as shown in Figure 16. As Kn
increases to 0.5, the DSMC results show that the values of the slip velocity on the walls increase. However,
the R26 equations overpredict about 10% of the slip velocity on the top moving wall. Away from the lid,
the predicted u velocity agrees with the DSMC data quite well as shown in Figure 16(a). The agreement
with the DSMC data for v velocity at Kn = 0.5 is not good close to the walls as well as away from the
walls as plotted in Figure 16(b). However, the R26 equations predict the values of shear stress quite
accurately on the vertical line for both Knudsen numbers as indicated in Figure 17(a). Figure 17(b) shows
that the value of shear stress is overpredicted by the R26 equations on the horizontal line for Kn = 0.5.
Here o, = uU,/L is a reference stress for normalization.
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Figure 16: Comparison of normalised velocity profiles across the cavity centre.
Lid velocity Uy=50 m/s. Symbols: DSMC [55]; Lines: the R26 equations.
(a) u velocity on a vertical line; (b) v velocity on a horizontal line.

11-34 RTO-EN-AVT-194



Application of the Moment Method in the
Slip and Transition Regime for Microfluidic Flows

1 (b)
0.25—_
0.0 %
- ,,u“uuﬂ“““"""w“"““”‘““““““““““““uuuuuuu‘!
© N
& -0.25—
-0.5—
H § -0.75—_
0.0 TT T T[T T T T[T T T T[T T T T [TTTI LA L L L L L
-4 -3 -2 -1 0 1 0.0 0.2 0.4 0.6 0.8 1.0
ag,/a, x/L

Figure 17: Comparison of normalised shear stress profiles across the cavity centre. Lid velocity
Uw=50 m/s and o, = gUw/L. Symbols: DSMC [55]; Lines: the R26 equations.
(a) Shear stress on a vertical line; (b) Shear stress on a horizontal line.

The predicted temperature profiles on the vertical and horizontal lines across the cavity are plotted in
Figure 18 in comparison with the DSMC data, which are scattered. It is computationally expensive to
reduce statistical noise for temperature field with DSMC simulation, particularly for flows in MEMS.
Figure 18(a) shows that the gas temperature close to the moving lid is higher than the lid temperature. At
Kn = 0.1, the temperature of gas increases as it moves into the cavity, then drops after it enters into more
than 10% of the cavity depth. The R26 equations capture this trend well in good agreement with the
DSMC data. At Kn = 0.5, the maximum temperature of the gas on the vertical line across the cavity centre
is on the moving wall. The R26 equations underpredict the temperature jump significantly. The
temperature of the gas is lower than 7,, on the left while higher than 7,, on the right as shown in Figure
18(b). The predictions of the R26 equations are in reasonable agreement with the DSMC data.
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Figure 18: Comparison of normalised temperature profiles across the cavity centre.
Lid velocity Uy=50 m/s. Symbols: DSMC [55]; Lines: the R26 equations.
(a) temperature on a vertical line; (b) temperature on a horizontal line.
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7.5 Thermal Transpiration and Knudsen Pump

The phenomenon of thermal transpiration or creep was discovered by Reynolds in 1879, in which a gas
will move along a solid surface due to inequalities of temperature [56]. It has been investigated
theoretically and experimentally by various researchers over more than a century [57-65]. It is assumed
that equal numbers of molecules arrive at the wall from the hot and cold regions. Molecules arriving from
the hot region will have, on average, a higher velocity than those arriving from the cold region. Since the
molecules are reflected diffusively at the wall, the resultant force on the wall due to the molecular
collisions acts towards the cold region. An equal and opposite force is felt by the gas molecules, giving
rise to a flow towards the hot region. Once the fluid starts to creep along the wall, the moving fluid layer
interacts with the stagnant fluid layers adjacent to it, inducing a boundary layer. This phenomenon was
used by Knudsen in 1910 to construct the first multistage thermal transpiration pump [58, 59].

A microscale gas pump is often required to form a complete micro system. Many issues have been
encountered in attempting to shrink full-scale conventional pumps to microscales, such as manufacturing
tolerances, pump oil, thermal inefficiency and short life time. The Knudsen pump has the advantages of no
moving parts and supplementary pumping fluids. A typical multistage Knudsen pump is a long pipe or
channel with a periodic structure consisting of alternately arranged narrow and wide dimensions. The
temperature along the pipe or channel is also periodic with a distribution increasing in the narrow parts
and decreasing in the wide parts. In the narrow parts where temperature increases, the pressure increases
due to the non-equilibrium phenomenon of thermal creep. In the wide section, the thermal creep effect is
less profound and the gas flow is closer to the continuum regime. One of the modern versions of the
Knudsen pump was designed by Pham-Van-Diep et al. [66], the ith stage of which is illustrated in Figure
19. The performance of the modern Pham-Van-Diep pump has been studied by Vargo et al. [67] and
Muntz et al. [68] using kinetic theory. Other modern Knudsen pumps are reported by McNamara and
Gianchandani [69] and Pharas and McNamara [70].

Continuum flow
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Figure 19: lllustrative ith stage of a Knudsen pump. Adapted from Ref. [67].

One of the major challenges in the design of the Knudsen pump is to ensure good thermal isolation
between the hot and cold ends in the alternating heating and cooling structure. One way to avoid this
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difficulty is to replace the alternating heating system by a central heating system. Illustrated in Figure 20
is a 3 staged Knudsen pump heated by a central heater on the right side to generate the necessary
temperature gradient for thermal creep. The temperature gradient is largely determined by the thermal
conductivity of the channel material and the length of the channels. As an example, it is assumed that
temperature is linearly distributed between the hot and cold end with a temperature difference A7. The
width of the narrow channel is designed to be 1 um. The width of the wide channel is 5 times that of the
narrow ones. The R26 equations are solved for different values of A7 and Knudsen number Kn,, which is
based on the inlet condition.

T,+AT

heater

outlet

Figure 20: An illustration of a central 3 stage heated Knudsen pump and gas flow velocity vectors in the
pump. Red colour indicates hot and blue cold. The temperature on the walls is linearly distributed.

Shown in Figure 20 are the velocity vectors in the central heated Knudsen pump for the case of Kn,= 0.1
and AT = 2K. Cold gas is driven towards the hot end in the narrow channels by thermal transpiration. In
the wide channels, only the gas close to the walls is creeping towards the hot end. The gas away from the
walls in the wide channels is pushed towards the cold end by the pressure generated in the narrow
channels. The pressure changes Ap along the channel centre line from the inlet to the outlet are plotted in
Figure 21 for Kn,=0.1 and AT = 1K, 2K and 3K, respectively. The pressure is built up in the narrow
channels and drops in the wide channels and when the flow changes direction. The width ratio of the
narrow and wide channels will affect the pressure distribution. When the temperature difference between
the hot and cold end increases, the pressure difference between the inlet and outlet increases.
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Figure 21: Pressure change from the inlet to the outlet along the channel centre line.

8.0 SUMMARY

Gas flows in micro-electro-mechanical-systems suffer from non-equilibrium effects. The conventional
hydrodynamic model, the Navier-Stokes-Fourier equations, is unable to capture these effects correctly in
the slip and early transition regimes. In this lecture, we demonstrate that hydrodynamic models can be
extended to account for non-equilibrium effects by introducing high moment equations, which can be
derived from kinetic theory, into hydrodynamic models. From Kramers’ problem to the flow in a lid
driven cavity, it is indicated that the R26 moment equation model, based on Grad’s moment method and
Struchtrup and Torrilhon’s regularization procedure, can be used to predict non-equilibrium gas flows
fairly accurately up to a Knudsen number of 0.5. The conventional numerical techniques for low speed
flow in confined geometries can be readily used to solve the moment equations for engineering
applications in MEMS.
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