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Integrated Navigation, Guidance, and Control of
Missile Systems: 3-D Dynamic Models

Executive Summary

In the past, linear kinematics models have been used for development and analysis of
guidance laws for missile/target engagements. These models were developed in fixed axis
system under the assumption that the engagement trajectory does not vary significantly from
the collision course geometry. While these models take into account autopilot lags and “soft’
acceleration limits, the guidance commands are applied in fixed axis, and ignore the fact that
the missile/target attitude may change significantly during engagement. This latter fact is
particularly relevant in cases of engagements where the target implements evasive
manoeuvres, resulting in large variations of the engagement trajectory from that of the
collision course. A linearised model is convenient for deriving guidance laws (in analytical
form), however, the study of their performance characteristics still requires a non-linear model
that incorporates changes in body attitudes and implements guidance commands in body axis
rather than the fixed axis. In this report, a 3-D mathematical model for multi-party
engagement kinematics is derived suitable for developing, implementing and testing modern
missile guidance systems. The model developed here is suitable for both conventional and
more advanced optimal intelligent guidance, particularly those based on the 'game theory'
guidance techniques. These models accommodate changes in vehicle body attitude and other
non-linear effects, such as, limits on lateral acceleration and aerodynamic forces. The model
presented in this report will be found suitable for computer simulation and analysis of multi-
party engagements.
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Nomenclature

number of interceptors (pursuers) and targets (evaders)

respectively.
are x , y, z-positions respectively of vehicle i in fixed axis.

are x, y, z-velocities respectively of vehicle i in fixed axis.
are x, y, z-accelerations respectively of vehicle i in fixed axis.

are x, y, z-positions respectively of vehicle i w.r.t j in fixed axis.
are x, y, z-velocities respectively of vehicle i w.r.t j in fixed axis.
are x, y, z-accelerations respectively of vehicle i w.r.t j in fixed axis.

are x ,y, z-position, velocity and acceleration vectors of vehicle i in

fixed axis.
are x, y, z - relative position, velocity and acceleration vectors of

vehicle i w.r.t j in fixed axis.
separation range of vehicle i w.r.t j in fixed axis.

closing velocity of vehicle i w.r.t j in fixed axis.

are line-of-sight angle (LOS) of vehicle i w.r.t j in Azimuth and
Elevation planes respectively.

X, y, z-accelerations respectively achieved by vehicle i in body axis.

X, y, z-accelerations respectively demanded by vehicle i in body axis.

are yaw, pitch and roll body (Euler) angles respectively of the ith
vehicle w.r.t the fixed axis.

is the transformation matrix from body axis to fixed axis.

is the velocity of vehicle i.
autopilot's longitudinal time-constant for vehicle i.

autopilot's lateral time-constant for vehicle i.

line of sight (LOS) rotation vector for vehicles i and j.
body rotation vector for vehicles i as seen in fixed axis.
body rotation vector for vehicles i as seen in body axis.

demanded body rotation vector for vehicles i as seen respectively in

fixed and in body axis.
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1. Introduction

In the past [1, 2] linear kinematics models have been used for development and analysis of
guidance laws for missile/target engagements. These models were developed in fixed axis
under the assumption that the engagement trajectory does not vary significantly from the
collision course geometry. While these models take into account autopilot lags and
acceleration limits, the guidance commands are applied in fixed axis, and ignore the fact that
the missile/target attitude may change significantly during engagement. This latter fact is
particularly relevant in cases of engagements where the target implements evasive
manoeuvres, resulting in large variations of the engagement trajectory from that of the
collision course [3]. Linearised models are convenient for deriving guidance laws (in
analytical form), however, the study of their performance characteristics still requires a non-
linear model that incorporates changes in body attitudes and implements guidance
commands in body axis rather than the fixed axis.

In this report a mathematical model for multi-party engagement kinematics is derived
suitable for developing, implementing and testing modern missile guidance systems. The
model developed here is suitable for both conventional and more advanced optimal
intelligent guidance, particularly those based on the 'game theory' guidance techniques. The
model accommodates changes in vehicle body attitude and other non-linear effects such as
limits on lateral acceleration and aerodynamic forces. Body incidence is assumed to be small
and is neglected. The model presented in this report will be found suitable for computer
simulation and analysis of multi-party engagements. Sections 2 of this report considers, in
some detail, the derivation of engagement dynamics, in section 3, derivations of some of the
well known conventional guidance laws, such as, the proportional navigation (PN) and the
augmented PN (APN) are given.

2. Development of 3-D Engagement Kinematics Model

y4

Figure 1-Vehicle Engagement Geometry
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2.1 Translational Kinematics for Multi-Vehicle Engagement

A typical 2-vehicle engagement geometry is shown in Figure 1; we shall utilise this to
develop the translational kinematics differential equations that relate positions, velocities
and accelerations in x, y, z- planes of individual vehicles as well as the relative positions,
velocities and accelerations. Accordingly, we define the following variables:

(Xi YiiZi ) : Xy, z-positions respectively of vehicle i in fixed axis.
(ui Vi, Wi ) :x, y, z-velocities respectively of vehicle i in fixed axis.

(aXi Ay, 8z ): X, y, z-accelerations respectively of vehicle i in fixed axis.

The above variables as well as others utilised in this report are functions of timet. The
engagement kinematics (i.e. position, velocity and acceleration) involving n interceptors (often
referred to as pursuers) and m targets (referred to as the evaders) (i =12,..,n+ m), in fixed
axis (e.g. inertial axis) is given by the following set of differential equations:

d
axi = U; (2.1)
d
EYi =Vj (22)
%Zi =W (23)
d
au, ay; (2.4)
d
aVi = ayi (25)
%Wi =ay, (2.6)

In order to develop relative kinematics equations for multiple vehicles i, j involved in the
engagement, (i Ni=12,..,nj=12,..,m;j# i), we shall write the relative states:

Xjj = Xj —Xj 1 x-position of vehicle i w.r.t j in fixed axis.

Yij =VYi —Jj i y-position of vehicle i w.r.t j in fixed axis.

zjj=zj —zj: z-position of vehicle i w.r.t j in fixed axis.

Ujj =Uj —uj : x-velocity of vehicle i w.r.t j in fixed axis.

Vjj =Vj —Vvj ! y-velocity of vehicle i w.r.t j in fixed axis.

Wijj =Wj —Wj : x-velocity of vehicle i w.r.t j in fixed axis.

—ay

. x-acceleration of vehicle i w.r.tj in fixed axis.

Axij = Ax;

i
Ay =ay; —ay; y-acceleration of vehicle i w.r.t j in fixed axis.

Azjj =8z; —8z; ! y-acceleration of vehicle i w.r.t j in fixed axis.
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2.1.1 Vector/Matrix Representation

It will be convenient for model development, to write equations (2.1)-(2.6), in vector notation
as follows:

d
axi =u; (2.7)
i =8 (2.83)

Where;
X; = [xi vi zi ]T . is the position vector of vehicle i in fixed axis.
u; = [ui Vi Wi ]T : is the velocity vector of vehicle i in fixed axis.

a; = [aXi ay; 8z ]T . is the target acceleration vector of vehicle i in fixed axis.

Corresponding differential equations for relative kinematics in vector notation, is given by:

d
gt i = Yij (29)
d
gt Yii =2 (2.10)

Where:
Xjj = [Xij Yij Zij] T position vector of vehicle i w.r.t j in fixed axis.
ujj = [u ij Vij Wi j] T position vector of vehicle i w.r.t j in fixed axis.
_ T _ . .- . C . co .
ai = I.aXij Ay Az ] =a; —a; : acceleration vector of vehicle i w.r.tj in fixed axis.

<ij

Note: The above formulation admits consideration of engagement where one particular
vehicle (interceptor) is fired at another single vehicle (target). In other words we consider one-
against-one in a scenario consisting of many vehicles. This consideration can be extended to
one-against-many if, for example, 1 takes on a single value and jis allowed to take on a

number of different values.

2.2 Constructing Relative Range, Range Rates, Sightline (LOS) Angles
and Rates - (Rotational Kinematics)

In this section, we develop rotational kinematics equations involving range and range rates,
and sight-line (LOS) angle and rates; measurements of these variables are generally obtained

directly from on-board seeker (radar or IR) or derived from on board navigation system or by
other indirect means.

2.2.1 Range and Range Rates

The separation range Rjj of vehicles i w.r.t j may be written as:
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1 1 1
2 2 21, 2 2], T Py
Hﬁin=Rij=(Xij +Yij +Zj) )2=(rij +Zjj )2=&ij éij)z (2.11)

Expressions for range rate R; j may be obtained by differentiating the above equations, and is
given by:

by uy)
d o XjjUij +YiiVij +ZiWij R Ujj

at i =Rij = R R

(2.12)

ij ij

Another quantity that is often employed in the study of vehicle guidance is the ‘closing
velocity” VCij which is given by:

Ve =-Rij (2.13)

As noted above, the range and range rate measurements Rjj, R; jare either directly available or

indirectly computed from other available information (or estimated using e.g. a Kalman Filter-
KF). To account for errors in these values, we may write:

Rij = Rjj + ARjj (2.14)

Rjj =Rjj + ARjj (2.15)

Where:
Rijj :is the estimated /measured value of the relative range.

Rijj : is the estimated/measured value of the relative range rate.
ARjj :is the measurement error in relative range.

ARjj :is the measurement error in relative range rate.

2.2.2 Sightline Rates

The sight line rotation vector o (see Figure 2) is related to the relative range and

velocity X;;, Ujjas follows:

u

Uij =95ij X X

Xij (2.16)

Where:
o, = I.wlij @2 O3 ] T :is the LOS rotation vector of vehicle i w.r.tj as defined in (as
seen in) fixed axis.

It is well known that the vector triple product which is the cross product of a vector with
the result of another cross product, is related to the dot product by the following formula
[4]: axbxc=b (g.g)— c (g.Q). Taking the cross-product of both sides of (2.16) by X; jand

applying this rule, we get
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(B

ij X Yij = Xjj X(Qsij XZij)=Qsij &ij-lij)—lij(lij-@sij) (2.17)

Since xj;and . are mutually orthogonal, therefore| X;:.®.. |=0; hence:
ij =sjj ' =Sjj

_ ) T _)
Xjj x Ujj = O; XIJ')—(IJ)_QSij&IJ Xjj

2>
O T T Ty | 0 uij ||yij |
==y =y = Vij = Ujj 0 Zjj
(2.18)
1 YijWij — ZijVij
= | Vil T XiWi

S 20 X Vi - Yijuij

Figure 2. Line of Sight Rotation

If sightline rate values are required in body frame then equation (2.18) has to be transformed
to body axis to obtain sightline rates in body axis. The measurement &Sij obtained from the

seeker used to construct the guidance commands is given by:

O—)Sij =Q8ij + AQSij (2.19)

Where:

AQSU. :seeker LOS rate measurement error.

The above relationships (2.11)-(2.19) will also be referred to as the seeker model.
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2.3 Vehicle Navigation Model

The vehicle navigation part of the model is concerned with developing equations that allow
the angular rotation, of the vehicle body, to be generated and subsequently computing the
elements of the transformation (direction cosine) matrix. We shall utilise the quaternion
algebra [5] to achieve this.

Figure 3. Axis System Rotation Convention

Let us define the following:
b b b

@i By 3y ): X, y, z-acceleration achieved by vehicle i in its body axis.

The transformation matrix from fixed to body axis [be] i, for vehicle i is given by (see

Figure 3):
asi (c0; cwi) (c0; swi) (-56;) a,.
a; =| (s¢i s8; cwi —ci swi)  (s6i 58 sy +coj cwi) (si o) a,,
a';’i (coi s0; cwi +sbi syi)  (co; s8; sy —sb; cw;) (cd; c8;) a,

Abbreviations s and ¢ are used for sin and cos of angles respectively.

This equation may also be written as:
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b

aXi aXi

b _[ b]-

o =[]y, (2.20)
b

aZi aZi

In vector/matrix notation this equation along with its companion (inverse) transformation,
may be written as:

ay = [be]i a; (2.21)
a; = [Tt'; ] ;ap (2.22)
Where:
(\Vi ,0i,0; ): are (Euler) angles of the ith vehicle w.r.t the fixed axis.

ab = [ag as a?_ ]T : is acceleration vector of vehicle i in its body axis.
1 | 1

[Tb] [Tf ] [Tf ] :is the transformation matrix from body to fixed axis.

2.3.1 Application of Quaternion to Navigation

A fuller exposition on quaternion algebra is given in [5]; in this section the main results are
utilised for the navigation model for constructing the transformation matrix. We define the
following quantities, referred to as the quuternions, for vehicle i as follows:

ay; _ c0s i cos % cos ¥i 4 sin B gin Oigin i (2.23)
2 2 2 2 2 2
Ay =sin-- 9i 0591 cos ¥i _ cos B sin Oisin Yi (2.24)
2 2
as; _cosﬂsmicos—+sm¢—'cose' sin i (2.25)
2 2 2 2 2 2
04; =cos¢—icosﬂsinﬂ—sin(b—isinﬂcosﬂ (2.26)
! 2 2 2 2 2 2

It can be shown that the transformation matrix [be] for the it vehicle may be written as:

tigy iy Uy
[Tf ]. =ty top tog; (2.27)
ta;, 132 tgg

Where: the elements of [be] [Tf ( )] are functions of the quaternions are given by the

following relations:
_ ( 2 2 2 2)
t11i = qli + QZi - q3i - q4i (2.28)
tip; =2( 02,03 +dy;ds;) (2.29)
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ty; =200 —dy;03;) (2.30)

toy; =2 a5 —ayd4;) (2.31)

too = (a2 - 02,2 +a3.2 as.?) (2.32)

tag; =2 d3a4 +d3;02) (2.33)

tay; =2 a2, +01,93; ) (2.34)

tap, =2 03,04, —01;02;) (2.35)

(2.36)

tag; =(q1i2—qzi2—q3i2+q4i2)

The time-evolution of quaternion is given by the following differential equation:

ay; 0 -pi —q; -ri||9
djf | _1ipi 0 ri —ai)dy (2.37)
dt|{ds | 2|q; -rp 0 p; |03
a4 g -pi 0 |9
In vector notation equation (2.37) may be written as:
d
—q. = [QP]gi (2.38)

dt—!

Where:
0 -pi -0 -T
[QF]: 1lpi 0 i -—qj
214i —ri 0 p
g -pi O
q, = [q 5 Oz O3 dg ]T :is the quaternion vector for vehicle i.

QE) = [pi gi i ] T s the rotation vector of vehicle i w.r.t to the fixed axis as seen in the

body axis (also referred to as body rate vector).

The Euler angles, in terms of the elements of the transformation matrix, may be written as:

¢i = tan'{tﬁ] (2.39)
tas;

0, =sin(~t;5, ) (2.40)

i =tan™! [tﬂJ (2.41)
Ty

0; =90°

2.3.2 Body Incidence Angles and Flight Path Angles

he vehicle (absolute) velocity in fixed axis (which is the same as the absolute velocity in
body axis) is given by:
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N |~

1 1
= - T
Vi =(ui2+vi2+Wi2)2 =(!iT9i)2 =(uib 9?) =V (2.42)

Where:

u F = [u? V? Wlb]T : is the velocity vector of vehicle i in body axis.

Vib =V; :is the vehicle velocity in body axis.

Given that the body incidence angles in pitch and yaw are (aj,B;), the flight path angles in
pitch and yaw (=angle that the velocity vector makes with the fixed axis) are respectively

(6i —a;) and (v -B;)-

Where:
wP
aj = tan~! _tl) :is the body pitch incidence angle.
Ui
vP
Bi = tan~? —L - is the body azimuth incidence (side-slip angle).
Ui

Assuming that (VP ,WP )<< UP thus lends justification to the assumption that (ai Bi )are

small. Furthermore differentiating the expressions for (a;,B;) and simplifying gives us:

'__v'vibu?—uf)wf) 543

aj = 02 02 (2.43)
(ui +Wj )
VFUF—U?VF

B|=ﬂ (2.44)
(o)

For(' P,v’vib , L]ib)<< u? , we get (dci Bi )z 0. In this report we shall assume that the incidence
angles (ai Bi ) and the rates (di Bi )are small and hence can be ignored; and the vehicle body

may be assumed to be aligned to the velocity vector.
2.3.3 Computing Body Rates (p;,q;,r;)

We now consider equations (A1.1)-(A1.3), from Appendix-1 for the ith vehicle, which
we write as:

b _ b b b
a,. =Ui +awj —rv; (2.45)
asi = \'/'iO + ruF - pWP (2.46)
aEi = v‘vEJ + va - qu? (2.47)
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In matrix notation equations (2.45)-(2.47) may be written as:

.b b
aii u; 0 =T d; u;
b - b b
ag |=| Vi |*| 0 -pj ||V (2.48)
b . b —q. . 0 b
ayi Wi q| pl Wi
This equation is of the form:
al =u? + o xu; (2.49)

Note: As pointed out earlier it is assumed that the missile body is aligned with the velocity

vector (section 2.3.2); moreover if g? is regarded as the lateral acceleration acting on the

velocity vector then QF, O_JF,QF can be assumed to be mutually orthogonal. i.e.:

(00 u? )= a0 b )= P u?)= 0.

Taking the cross product of equation (2.49) with u ib ; applying the triple cross-product rule,
and noting the fact that (@P .g? )= 0, we get:

U0 xaP =uP x0° +uP x P xuP = uP xu? + P (U uP) (2.50)
>

b ourxar upxu 25

T T .

For (VP ,V'VP u P) and (VE3 ,W? <<u P , it follows that the second term on the RHS of (2.51):

]
wPxa®  [lbwd —wbeb) (wPub - ubwb) (uPub - vbud

e, bt o
>
_urap [t -t ) bl o) b [
T " |
2.4 Vehicle Autopilot Dynamics
Assuming a first order lag for the autopilot, we may write for vehicle i:
%agi =Ty agi + Ty asid (2.54)
%asi =Ty asi + Ty a?id (2.55)
%a?i =-1, a'gi +15 a*z’id (2.56)

UNCLASSIFIED
10



UNCLASSIFIED
DSTO-TR-2805

In vector/matrix notation equations (2.54)-(2.56) may be written as:

Sab=[-Ailad +[Ai]a, 257)

Where:
Tx; - Vehicle i autopilot's longitudinal time-constant.

Ty; ¢ Vehicle i autopilot's (lateral) yaw-plane time-constant.

T2; - Vehicle i autopilot's (lateral) pitch-plane time-constant.

Txg 0 0
[Ail=] 0 7y, O
0 0 1y
agi . x-acceleration demanded by vehicle i in its body axis.
d
asi . y-acceleration demanded by vehicle i in its body axis.
d
agi : z-acceleration demanded by vehicle i in its body axis.
d

-
gib 4= [ag_ ag_ a?_ } : is the demanded missile acceleration (command input) vector in
Id Id Id

body axis.

2.5 Aerodynamic Considerations

Detailed consideration of the effects of the aerodynamic forces is contained in Appendix-1.

o . 8T; —8D; S o
Generally, the longitudinal acceleration a)t:_ = —1—1 of a missile is not varied in response

to the guidance commands and may be assumed to be zero. However, the nominal values,

which define the steady state flight: aP =@—gsin§, 5;

Y ~ . -
X =E+gcosesm¢ and

ad = % +gcos0cos may change due to changes in flight conditions and need to be included

Zj
in the simulation model; this is shown in the block diagram Figure A.1. The variations in

lateral accelerations & as _oY 5Y, 8 a? _%Z_ 8Z , on the other hand provide the necessary
m m

control effort required for guidance; the limits on these may be implemented as shown in

. b b
Appendix-1, that is: Ha Yig H <pay_ . and Ha Zig H Spaz,.. -

UNCLASSIFIED
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3. Conventional Guidance Laws

3.1 Proportional Navigation (PN) Guidance

There are at least three versions of PN guidance laws that the author is aware of; in this
section we consider two of these, which are (for interceptor i -the pursuer against a target j
- the evader):

3.1.1 Version 1 (PN-1):

This implementation is based on the principle that the demanded body rate of the attacker
iis proportional to LOS rate to the target j(see Figure 1); that is:

Qid = [N] i Qsij (31)

Where:
o;, = [ Piy Qiy Rig] :isthedemanded body rotation vector of vehiclei in the fixed axis.

[N] i :diag(Nli Np;  Ng ):are navigation constants attached to respective demand

channels. If the longitudinal acceleration is not possible (as is the case in most missiles) then
N, =0.
|

The acceleration demanded of vehicle i is given by:

Q‘id =0—)id xU; :[N] i QSij xU; 3.2)

Since the guidance commands are applied in body axis, we need to transform equation (3.2) to
body axis, thus:

2, =[1? ], (IN] @y, xu;) 63)

Assuming that the longitudinal acceleration in response to the guidance commands is zero,
we get:
8T; —8D;

3.1.2 Version 2 (PN-2):

This implementation is based on the principle that the demanded lateral acceleration of the
attacker iis proportional to the acceleration normal to the LOS acceleration to target j, caused
by the LOS rotation. Now, the LOS acceleration is given by:

(3.5)

Bnij = Dsjj X Hij
>
ai, =INJi an;. =[N @ xu

=Nij =sij =i
Transforming to body axis, gives us:

UNCLASSIFIED
12



UNCLASSIFIED
DSTO-TR-2805

é?d = [be]i([N] i Qg xHij) (3.6)

Once again, assuming that the longitudinal acceleration in response to the guidance

commands is zero, we get:
oT; —dD;

a? =—1—"l-¢ (3.7)

Where:

gnji :is the normal LOS acceleration.

3.2 Augmented Proportional Navigation (APN) Guidance

Finally, a variation of the PN guidance law is the APN that includes the influence of the
target acceleration, can be implemented as follows:

oy = P wag, )|+ [ (]2)) 69)

Where:
[N] :is the (target) acceleration navigation constant.
(PNG) :is the proportional navigation guidance law given in (3.1)-(3.7)

4. Overall State Space Model

The overall non-linear state space model (e.g. for APN guidance) that can be used for
sensitivity studies and for non-linear or Monte-Carlo analysis is given below:

gt i = Yij (4.1)
L :[Tf]- aP —a. (4.2)
dt—1 bli &i ~Ej :
Xii XU
05 =——— (4.3)
1j T
Xij Xij
b bl
a =[PNG(N,QS” H+[Tf ]i[N]gj (4.4)
d b b b
pres =[-Aila? +[ai]ag, (4.5)
b_.b
oP = Hi 78 (4.6)
Wi T .
bT b
Uiy Y
ta,=[ob]

The overall state space model that can be implemented on the computer is given in Table A 1,
and the block-diagram is shown in Figure A.1.
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5. Conclusions

In this report mathematical model is derived for multi-vehicle guidance, navigation and
control suitable for developing, implementing and testing modern missile guidance systems.
The model allows for incorporating changes in body attitude in addition to autopilot lags,
vehicle acceleration limits and aerodynamic effects. This model will be found suitable for
studying the performance of both the conventional and the modern guidance such as those
that arise of game theory and intelligent control theory. The following are considered to be the
main contribution of this report:

e A 3-DOF multi-vehicle engagement model is derived for the purposes of developing,
testing, and carrying out guidance performance studies,

e The model incorporates non-linear effects including large changes in vehicle body
attitude, autopilot lags, acceleration limits and aerodynamic effects,

e The model can easily be adapted for multi-run non-linear analysis of guidance
performance and for undertaking Monte-Carlo analysis.
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Appendix A
Table A.1: State Space Dynamics Model for Navigation, Seeker, Guidance and Autopilot.
ALGORITHM MODULE
NAME
d
T i =Y
dt
d
agi =8 Translational
Kinematics
Xij = Xj = X
dij =Hi ~4;
2jj =8 —8;
L
T 2
le =(—Xij ZIJ)
R'J = Rij +AR|J
-
d R ()_(ij Uij ) Rotational
dt Y YR Kinematics
ij
R (Seeker Model)
R'J = Rij +AR|J
Ve =-Rij
e T T
ToX X
Og;j = 0g; + A0y
b b ~
31 aj, = le ]i[N]i O, XU;
b _ o, )|+ 2 @] W,
3.2 g _[PNG(N’QSU )}_ Tt (q') i[N]QJ Guidance
T —8D.: Laws
a)t() :—8 ! 8 ! =0
d p_ b b
G = [-Aila; +[Ai]§id Autopilot

16
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Table A.1: (continued) State Space Dynamics Model for Navigation, Seeker, Guidance and Autopilot.

ALGORITHM MODULE
NAME
5.1. Quaternions
(q. =COS—- o cos—- O cos—+sm¢—'sm o sin L
! 2 2 2 2 2 2

¢| 0; Vi bi ﬁh

0y, = sin—-cos—-cos——cos-sin—tsin

i 2 2 2 27 2
a3 — cos Pi.sin O cos ¥i 5 iy sin i cos O gin Vi
;i 0 i Vi

dg; = cos—cos—5|n—+sm—sm Lcos+L
! 2 2 2 2 2 2

5.2. Quaternion Evolution:

¢ g =[ar]a,;ap-tixel
Gt yb
Uy Ui
5 | 5.3. The Transformation Matrix: Navigation

Model
tyy; =(Q1i2 +Q2i2—Q3i2—Q4i2) ode

tiy; =2laz,d3; +d1,d4;)
t13; =2(d,04, —01;93;)
toy; =2(Q2iQ3i —CI1iCI4i)
to = (a3, 2 - a5,% + 3,2~ 04 2)
tog, =2la3, 04 +0a1,02
tay; = 2ldpag; +91,03,
tay; = 2las;a4 — a1, 02

tas, =(q1i2—qu2—qsi +C14i2)

tyg; lig Uy -
[Tb] =ty ty t -[Tf] —[Tb]
£li =ty oy Uogi [ UMb )i =L1F )i

N S S— —

I

f] b
§i=[Tb.' i
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Seeker

> X i~ W5

Einematics | — "n'll!ij' Zij lR ij
a; a4 S —— N 2545 .
=1 j - j' Xjj * 055 > Guidance
N uy; > X X, Module
x ij
L > of Eij - Eij
aj

[, T

il fe] b2l e
Y

+
Auntopilot
ar [nil
b
a;
q; 9; Navigation
— —1J
S| apxa

| :l" u li‘-’ 2]

[2f] |e

Fiqure A.1: Intelligent Integrated Navigation, Guidance & Control Test Bed
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Appendix B

B.1 Aerodynamic Forces and Equations of Motion

For a symmetrical body (I x =01y =1, ), the equations of motion for an aerodynamic vehicle

are given by (see Figure B.1) [4]:

uP +qwb —rvP =§—gsin9 (A-1.1)
m
VP +ruP —pwP = %+gcosesin¢ (A-1.2)
WP + pvb —qub = %+ gcosOcosd (A-1.3)
I, -1
p+qr(Z—y)=L (A—14)
IX IX
q+rpw=m (A-15)
Iy Iy
Iy, -1
IZ IZ
Where

( ) are the vehicle velocities defined in body axis.
(p.a, r) are the body rotation rates w.r.t the fixed axis defined in the body axis.

(X Y, Z) are the aerodynamic forces acting on the vehicle body defined in the body axis.
(L,M™, N) are the aerodynamic moments acting on the vehicle body defined in the body axis.
(I X ) are the vehicle body inertias.

m:is the vehicle mass.

(\|/, 0, ¢) are respectively the body (Euler) angles w.r.t the fixed axis.

For a non-rolling vehiclep = p = ¢ = 0; this assumption enables us to decouple the yaw and
pitch kinematics. Equations (A-1.1)-(A1.6) give us:

uP +qwb —rP =%—gsin9 (A-1.7)
WP =Y (A-1.8)
m
WP —qub = %+ gcosO (A-1.9)
L=0 (A-1.10)
q= M (A-1.11)
ly
= N (A-1.12)
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The accelerations about the vehicle body CG is given by:

ag = 0P+ qwP —rvP =%—gsin9 (A-1.13)
b_ob, b_Y

ay =V-+ru = (A-1.14)

a? =wP —quIO = %+gcose (A-1.15)

Where: (aQ ,ag b ) :are the body accelerations w.r.t the fixed axis defined in the body axis.

If we consider perturbation about the nominal, we get:

ap +sal :@—g (5in® +cos B 50)

a +5al = (Z+SZ)+g (cos6—sin 56)

B.2 2-D Yaw-Plane Kinematics Equations:

For 2-D yaw-plane kinematics only 8 = 0; 80 =0 (i.e. zero pitch motion), therefore, the X
and Y-plane steady state equations (in body axis) may be written as:

3 = % =Y (A-1.16)
al =§= (T;BL (t-D) (A-1.17)

= (T_B):('T'—E)). Also, the total thrust is defined as:

Where we define:

T=T+8T, and the total drag is defined as: D = D+8D.

For ‘nominal flight’ condition in the yaw-plane Y =0 ; and the perturbation equation is given
by:
3

b _BY _ . ]
day = (SY | (A-1.18)
b_06X_ BT-8D) (i o= i
day =—=-~——"= (SI SD) (A-1.19)

Where :
8a5 :represents the body axis guidance commands (lateral acceleration) applied by the

vehicle.

UNCLASSIFIED
20



UNCLASSIFIED
DSTO-TR-2805

) a? :represents the body axis guidance commands (longitudinal acceleration) applied by the
vehicle. However, during guidance manoeuvre (8'7', 85) are not directly controlled, Hence we

may assume SaB to be zero.

B.3 2-D Pitch-Plane Kinematics Equations:

Unlike the previous case, for 2-D pitch-plane kinematics@ %0, and for steady state
conditions, we get:

aP :%+gcos§:2+gcos§ (A-1.20)
5)?:%—gsin@:ﬁ#[))—gsinﬁzﬁ'—5)—gsin§ (A-1.21)

The X, Z (pitch)-plane perturbation kinematics (in body axis) is given by:
8Z

5al = = 8Z (A-1.22)
sal = @ ~(57-5D) (A-1.23)

Where

Satz) :represents the body axis guidance commands (lateral acceleration) applied by the
vehicle.

As in the case of the yaw-plane, during guidance (S:I:, 85) are not directly controlled, hence
we may assume 8a§ to be zero. The reader will recognize, that in the main text of this report:

b _ b _ b _ i
a, =0ay, aydi =0ay aZdi =04, (A-1.24)

Xdl

B.4 Calculating the Aerodynamic Forces

For the purposes of the simulation under consideration we may assume that the vehicle
thrust profile T(t), say as a function of time, is given; then the drag force D, which depends on
the vehicle aerodynamic configuration, is given by:

D= %pVZS Cp(@.B) (A1.25)
Y= %pVZS c (p)=0 (A1.26)
Z= %pVZS Ci(a)=—gcos (A1.27)

Where: the term in the bracket is the dynamic pressure; p being the air density, Sis the body

characteristic surface area and V is the steady-state velocity. Cp is the drag coefficient
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Figure B.1: Aerodynamic variables for a missile

and C, is the lift coefficient. (E, E) represent respectively the pitch- and the yaw-plane

nominal (steady-state) incidence angles. Contribution to thrust and drag due to
control deflections are small and ignored. Also:

Y = G pVZSJ c.(38)=0 (A1.28)

SZ=(%pVZS)C,_(Sa)=—gsin§86 (A1.29)

(3a,8B) represent respectively the variation in pitch- and the yaw-plane incidence
angles as a result of control demands; these are assumed to be small. Note that for a
given (8a,88), 8Y,5Z « V2, the maximum/minimum acceleration capability of a

vehicle is rated at the nominal velocity V , then the maximum/minimum acceleration
at any other velocity V is given by:

2
b ;Where: p= (ﬁ)
\Y/

b b
a <pa ; la
H yd H By max” [2zd

B.5 Body Incidence

b
<pa
H Zmax

The body incidence angles (a,B)are given by (vy,,w, << up):

b b b b
1|l w w™ -1| Vv \A _ _(_ 2 2 2 1.
a=tan {—b]z—b,[s:tan [—b]zu—b,vb_vi_(_\/ub +Vp© +Wp ),theseangles

u u u
represent the angle that the body makes w.r.t “flight path” or with the direction of the
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total velocity vector V. In this report we shall assume that these angles are small and
may be ignored; in which case the body can be assumed to be aligned with the
velocity vector.
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Figure C.1: Three-DOF Collision Course Engagement Geometry.

24
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Appendix C 3-D Collision Course Engagement
Geometry & Computing Missile Collision Course

Heading

(\VMCC - \VS)

VCcepyt

+
%
Q

(\VT ~V1m )
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C.1 Computing 3-DOF Collision Course Missile Heading Angles:

C1l1 Computing (BTM ), Given (VT, OT VT, OTM "VTM ) :

The unit vector along the target body €v; and the unit LOS vector €S+, may be written as:
evy = [cosBy cosy cos@rsinyy sin6r] (A2.1)
eSTMm = [cos O01m COSWTM  COSOTM SINYTN  SINBT ] (A2.2)

It follows from equations (A2.1), (A2.2) that:
(eVy, estp ) = COSPTpm = COSOT COSYT COSOTM COSY T

: : o (A2.3)
+C0sO siny T cosO\ Siny 1y +SINOTSINOT
Equation (A2.3), gives us:
COS O Cosy T CoSOp COS
BTM = COS_l T _WT ™ .WTM . . (A24)
+ €osO7 siny cosO )y, SiNy 1y +SiN01 SiNB

Where:

Brm :is the angle between the target velocity vector and the target-to-missile LOS vector
measured in (V-|— xRtm xVm - plane).

V7 :is the target velocity.

V) :is the target velocity.

(01, y7):are respectively the body pitch and yaw body angles (Euler angles) w.r.t the fixed
axis.

(9 ™ YTM ) : arerespectively the target-to-missile LOS elevation and azimuth w.r.t the fixed
axis.

Cl1.2 Computing (ﬁcc MT ), Given (VM BTm ) :

Consideration of collision course engagement in (VM xV1r xRyt - plane) gives us:
Vm sinfec - = VsinBry (A2.5)

Equation (A2.5) gives us:

V
1) VT
cc =sin ——sin A2.6
p MT {VM ﬁTM} ( )

Where:
pcey,p ¢ is the angle between the missile collision course velocity vector and the target-to-

missile LOS vector measured in (V-,— xRtm xVm — plane).

C13 Computing the Closing Velocity (VC cemT ) and Time-to-go (Tgo) :
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We shall define:
VCec,,r =Vmcospec, - —VrcosBry (A2.7)

Also, the target/missile range-to-go (R ™ ) is defined as:

1
Ruir <[ Ocus = X7) 24 (g = 1) 2+ (2 - 20) 2 (429
Then:
T - Rmr (A2.9)
go VCee,
Where:

VCcc, :is the collision course relative (closing) velocity of the missile w.r.t. the target. Note

that the collision course velocity is along the range vector R .
Tyo :is time-to-go (to intercept).

2.1.4. Computing (GMCC , ‘VMCC) :

Now the components of the relative position vector of the missile w.r.t may be written as:

XM - XT = (VCCCMT COSGTM COSYTMm )-Tgo

(A2.10)
= (Vi cosBcep cosycey — Vo cosBT cosy ). Ty

YM - YT = (VCCCMT COosS OTM sin VTM )Tgo (A2 11)
= (Vi cosBcepy siny oy — Ve cos8 sinyT ) Tyg '

ZM - ZT = (VCCCMT sin eTM ).Tgo (A2 12)
= (Vm sin@ccy — Ve sin®1 ) Ty, '

Where:

YMce :is the missile collision course azimuth heading, measured w.r.t the fixed axis.

Om cc :is the missile collision course elevation heading, measured w.r.t the fixed axis.

Equations (A2.10), (A2.11) and (A2.12) give us:
CosSOCCpqT COSY CCpT

VvC \V; A213
= ﬂcoseTM COSYTM +—TcoseT cosyT ( )
Vm Vm
cosOccpT sinycepT
VC V A2.14
= ﬂCOSGTM SinlIITM +—TCOSGT Sin\|/-|— ( )
M Vm

UNCLASSIFIED
26



UNCLASSIFIED
DSTO-TR-2805

VvC vV
SinBccyT = | ——MT sin@ryg + —T-sin6 (A2.15)
Vm Vm

Equation (A2.15) gives us:

VvC V.
fccyt = sin"l[%sin O1m + V—Tsin GT] (A2.16)
M

M

Similarly equations (A2.13), (A2.14) (after some straight forward algebraic manipulation give

us:
VC V.
ﬂcoseﬂw sinym + —TCOSOT siny T
4 Vm Vm
ycepyT = tan (A2.17)
VCCCMT . VT .
———————C0SOT\; SINY T\ + ———COSOT Siny T
Vm Vm

C.2 Computing 2-DOF Collision Course Missile Heading Angles:

Cc21 Vertical Plane (X x Z - plane) Engagement:

For this case (‘VT =WYMce =VYs = 0) and (BT = (OT —6s )), (B Mcc = (eMcc - 95)); hence
utilising equation (A2.5) we get:

(Omec —0s)= Sin'l{V—Tsin(GT -0 )} (A2.18)
Vm
>
. 1| VT o
Omcc = 05 +sin 1{V—Tsm(eT —es)} (A2.19)
M

C22 Horizontal Plane (XxY - plane) Engagement:

For this case (OT =0pmec =05 = 0) and(BT =(\|/-|— —ws)), (BMcc = (‘Ichc —\|/S)),' hence
utilising, as previously, equation (5) we get:

A
WMce = ¥'s +5in {V_Tsm(\VT—‘I’S)} (A2.20)
M
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