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INTRODUCTION 
 
 The design and analysis of projectiles and gun tubes is often most conveniently accomplished 
using a cylindrical coordinate system where the coordinates of r, θ, and z represent the radial, 
circumferential, and longitudinal coordinates, respectively.  This geometry is depicted in figure 1, 
which shows the coordinate system superimposed on a cylinder of length, L, spinning with angular 
velocity, ω.  This is typical of a projectile problem. 
 
 

        

 

 

 

 

 

      

 

 

 

 
Figure 1 

Cylindrical coordinate geometry 
 
  
 The compatibility conditions under small strains are not conveniently found in the literature, 
although it is certain that they have been developed.  References 1 through 8 all contain 
developments of the compatibility conditions in rectangular Cartesian coordinates and also develop 
a large number of solutions that require cylindrical coordinates, but only reference 8 explicitly states 
one of the compatibility conditions (for a planar, two-dimensional geometry).  References 9 and 10 
develop the equations in both rectangular Cartesian and cylindrical coordinate, but do not have them 
expressed in a long form likely due to space limitations. 
 
 The purpose of this document is simply to list the equations in one place as a reference for 
future work. 
 
 

STRAIN-DISPLACEMENT RELATIONS 
 
 In considering a solid subjected to small strains, reference 1 develops the strain-displacement 
relations in cylindrical coordinates as 
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In these equations-u, v, and w represent the displacements in the r, θ, and z directions, respectively; 
while εrr, εθθ, and εzz represent the normal strains in the r, θ, and z directions, respectively, and εrθ, 
εθz, and εrz represent the shearing strains in each direction with associated engineering shear strains 
of γrθ, γθz, and γrz.  Only six independent equations exist because it will assumed the material 
behaves in an isotropic manner such that 
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 The appendix contains a listing of the first and second partial derivatives and mixed partial 
derivatives of the strains in terms of the displacements. 
 

 
COMPATIBILITY CONDITIONS 

 
 Using the appropriate combinations of partial and mixed-partial derivatives found in the 
appendix, the compatibility conditions in cylindrical coordinates can be expressed as 
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 With the conditions of equations 10 through 15 it is possible to formulate the general 
differential equations for stress and strain in a cylindrical geometry. 
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APPENDIX 
LISTING OF FIRST, SECOND, AND MIXED PARTIAL DERIVATIVES 
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This appendix is simply a listing of the first and second partial derivatives and mixed partial 
derivatives of the strains in terms of the displacements utilizing a cylindrical coordinate system.  
These equations are developed directly from equation (1) through (6).  The equation numbering 
sequence is continued from the main text. 
 
First Partial Derivatives 
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Second and Mixed Partial Derivatives 
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