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1 Statement of the problem studied

This project considers the dynamic spectrum management (DSM) problem whereby multiple
users sharing a common frequency band must choose their transmit power spectra jointly
in response to physical channel conditions including the effects of interference. The goal of
the users is to maximize a system-wide utility function (e.g., weighted sum-rate of all users),
subject to individual power constraints. The proposed work will focus on a general DSM
problem formulation which allows correlated signaling rather than being restricted to the
conventional independent orthogonal signaling such as OFDM. The general formulation will
exploit the concept of ‘interference alignment’ which is known to provide substantial rate
gain over OFDM signalling for general interference channels. Three theoretic aspects of the
DSM problem will be studied:

• use optimization theory to analyze the structure of optimal spectrum
sharing policies. Game theory will be used to analyze the impact of a
hostile jammer to the optimal power allocation strategies and system
performance.

• use computational complexity theory to characterize tractability of
computing optimal spectrum sharing policies, and identify sub-classes
which are polynomial time solvable.

2 Summary of the most important results

The problem of optimal resource allocation in interference limited networks is studied. Sig-
nificant progress has been made on several fronts:

2.1 Distributed optimization in an energy constrained sensor net-
work

We introduced the concept of estimation diversity in the context of distributed sensing and
established its tradeoff with energy efficiency and have shown that for distributed optimiza-
tion in an energy-constrained network, digital communication scheme is far more energy
efficient than analog communication scheme. The gap in communication energy consump-
tion can be exponential.We consider a distributed optimization problem where n nodes, Sl,
l ∈ {1, . . . , n}, jointly minimize a common strongly convex function f(x), x = [x1, . . . , xn]

T ,
and suppose that node Sl only has control of variable xl. The nodes locally update their
respective variables and periodically exchange their values over noisy channels. Previous
studies of this problem have mainly focused on the convergence issue and the analysis of
convergence rate. In this work, we focus on the communication energy and study its impact
on convergence. In particular, we study the minimum amount of communication energy
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required for nodes to obtain an ϵ-minimizer of f(x) in the mean square sense. We con-
sider both analog and digital communication schemes. For the former, we study a class
of distributed stochastic gradient type algorithms implemented using certain linear analog
messaging schemes. Our analysis shows that the communication energy to obtain an ϵ-
minimizer of f(x) must grow at least at the rate of ϵ−1. We derive a specific design which
attains this minimum energy bound within a factor of at most 3 to the minimum communica-
tion energy for convex quadratic functions. For digital communication scheme, we introduce
a distributed algorithm based on gradient projection method which requires O(log ϵ−1)3

communication energy. Furthermore, the algorithm provided for the digital communica-
tion scheme converges linearly compared with the algorithm for the analog communication
scheme which has a sub-linear convergence rate (Figure 1). Thus, asymptotically digital
communication schemes are far more energy efficient than analog communication schemes
for distributed optimization. This does not mean that the digital framework outperforms the
analog framework in terms of energy for any value of mean squared error. For example, in
our simulation, the analog framework requires less energy to obtain an ϵ-minimizer of f(x)
compared with digital framework for ϵ ≥ 10−6 (Figure 2). For value ϵ ≤ 10−6, the digital
framework consumes less energy than the analog framework.
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Figure 1. Mean squared error versus iteration number

2.2 On the Degrees of Freedom Achievable Through Interference
Alignment in a MIMO Interference Channel

Consider a K user MIMO interference fading channel where each transmitter and receiver
are equipped with M and N antennas respectively. If channel extension is allowed and is
statistically independent across frequency, the recent work of Cadambe and Jafar suggests
that the total achievable degrees of freedom can be maximized via interference alignment,
and it grows linearly with K for fixed M and N . In this paper we establish a general upper
bound on the total degrees of freedom achievable by any interference alignment scheme for a
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MIMO interference channel without channel extension. This upper bound implies that the
total achievable degrees of freedom cannot grow linearly with K, and is in fact strictly less
than M +N . We also show by example that this upper bound is in fact tight.
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Figure 3. Achievable DoF and theoretical upper bound

2.3 Linear Transceiver Design for Interference Alignment: Com-
plexity and Computation

Consider a multiple input-multiple output (MIMO) interference channel whereby each trans-
mitter and receiver are equipped with multiple antennas. An effective approach to practically
achieving high system throughput is to deploy linear transceivers (or beamformers) that can
optimally exploit the spatial characteristics of the channel. The recent work of Cadambe and
Jafar suggests that optimal beamformers should maximize the total degrees of freedom and

3



achieve interference alignment in the high signal to noise ratio (SNR) regime. In this paper
we first consider the interference alignment problem without channel extension and prove
that the problem of maximizing the total achieved degrees of freedom for a given MIMO
interference channel is NP-hard. Furthermore, we show that even checking the achievability
of a given tuple of degrees of freedom for all receivers is NP-hard when each receiver is
equipped with at least three antennas. Interestingly, the same problem becomes polynomial
time solvable when each transmit/receive node is equipped with no more than two antennas.
We also propose a distributed algorithm for transmit covariance matrix design that does not
require the DoF tuple pre-assignment, under the assumption that each receiver uses a linear
MMSE beamformer. The simulation results show that the proposed algorithm outperforms
the existing interference alignment algorithms in terms of system throughput.

Figure 4. Sum-rate vs. SNR: K = 4,M = 3, d = 1

2.4 Coordinated Beamforming for MISO Interference Channel:
Complexity Analysis and Efficient Algorithms

In a cellular wireless system, users located at cell edges often suffer significant out-of-cell
interference. Assuming each base station is equipped with multiple antennas, we can model
this scenario as a multiple-input single-output (MISO) interference channel. In this paper
we consider a coordinated beamforming approach whereby multiple base stations jointly
optimize their downlink beamforming vectors in order to simultaneously improve the data
rates of a given group of cell edge users. Assuming perfect channel knowledge, we formulate
this problem as the maximization of a system utility (which balances user fairness and average
user rates), subject to individual power constraints at each base station. We show that, for
the single carrier case and when the number of antennas at each base station is at least two,
the optimal coordinated beamforming problem is NP-hard for both the harmonic mean utility
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with K = 7, P = 30 dBm.

and the proportional fairness utility. For general utilities, we propose a cyclic coordinate
descent algorithm, which enables each transmitter to update its beamformer locally with
limited information exchange, and establish its global convergence to a stationary point. We
illustrate its effectiveness in computer simulations by using the space matched beamformer
as the benchmark.
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2.5 A Generalized Iterative Water-filling Algorithm for Dis-
tributed Power Control in the Presence of a Jammer

Consider a scenario in which K users and a jammer share a common spectrum of N orthog-
onal tones. Both the users and the jammer have limited power budgets. The goal of each
user is to allocate its power across the N tones in such a way that maximizes the total sum
rate that he/she can achieve, while treating the interference of other users and the jammer’s
signal as additive Gaussian noise. The jammer, on the other hand, wishes to allocate its
power in such a way that minimizes the utility of the whole system; that being the total sum
of the rates communicated over the network. For this non-cooperative game, we propose
a generalized version of the existing iterative water-filling algorithm whereby the users and
the jammer update their power allocations in a greedy manner. We study the existence
of a Nash equilibrium of this non-cooperative game as well as conditions under which the
generalized iterative water-filling algorithm converges to a Nash equilibrium of the game.
The conditions that we derive in this paper depend only on the system parameters, and
hence can be checked a priori. Simulations show that when the convergence conditions are
violated, the presence of a jammer can cause the, otherwise convergent, iterative water-filling
algorithm to oscillate.

2.6 An Iteratively Weighted MMSE Approach to Distributed
Sum-Utility Maximization for a MIMO Interfering Broadcast
Channel

Consider the MIMO interfering broadcast channel whereby multiple base stations in a cel-
lular network simultaneously transmit signals to a group of users in their own cells while
causing interference to each other. The basic problem is to design linear beamformers that
can maximize the system throughput. In this paper we propose a linear transceiver de-
sign algorithm for weighted sum-rate maximization that is based on iterative minimization
of weighted mean squared error (MSE). The proposed algorithm only needs local channel
knowledge and converges to a stationary point of the weighted sum-rate maximization prob-
lem. Furthermore, the algorithm and its convergence can be extended to a general class of
sum-utility maximization problem. The effectiveness of the proposed algorithm is validated
by numerical experiments.

3 Published papers

1. Razavi, A., Zhang, W. and Luo, Z.-Q., “Distributed Optimization in an Energy-
constrained Network: Analog Versus Digital Communication Schemes,” Accepted for
publication in IEEE Transactions on Information Theory, 2012.

2. Razaviyayn, M., Lyubeznik, G. and Luo, Z.-Q., “On the Degrees of Freedom Achievable
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the power allocations of the jammer is marked by ‘�’. The GIWFA iterates converge to a unique
Nash equilibrium irrespective of the initial power allocation.
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