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Joint Design and Separation Principle for
Opportunistic Spectrum Access in the Presence of
Sensing Errors
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Abstract—Opportunistic spectrum access (OSA) that allows sec-
ondary userstoindependently search for and exploit instantaneous
spectrum availability isconsidered. Thedesign objectiveisto max-
imize the throughput of a secondary user while limiting the prob-
ability of colliding with primary users. Integrated in the joint de-
sign arethree basic components: a spectrum sensor that identifies
spectrum opportunities, a sensing strategy that determines which
channelsin the spectrum to sense, and an access strategy that de-
cideswhether to accessbased on potentially erroneous sensing out-
comes. This joint design is formulated as a constrained partially
observable Markov decision process (POMDP), and a separation
principle is established. The separation principle reveals the op-
timality of myopic policies for the design of the spectrum sensor
and the access strategy, leading to closed-form optimal solutions.
Furthermore, it decouplesthe design of the sensing strategy from
that of the spectrum sensor and the access strategy, and reduces
the constrained POMDP to an unconstrained one. Numerical ex-
amplesareprovided to study thetr adeoff between sensingtimeand
transmission time, theinteraction between the physical layer spec-
trum sensor and the MAC layer sensing and access strategies, and
the robustness of the ensuing design to model mismatch.

Index Terms—Cognitive radio, opportunistic spectrum access,
partially observable Markov decision process (POMDP).

|I. INTRODUCTION

PPORTUNISTIC spectrum access (OSA), first envi-
sioned by Mitola[1] under the term “spectrum pooling”
and then investigated by the DARPA XG program [2], has
recently received increasing attention due to its potential for
improving spectrum efficiency. The basic idea of OSA is to
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allow secondary usersto search for, identify, and exploit instan-
taneous spectrum opportunities while limiting the interference
perceived by primary users (or licensees).

Inthis paper, we address the design of OSA strategiesfor sec-
ondary usersoverlaying adotted primary network. Integrated in
the design are three basic components. 1) a spectrum sensor at
the physical (PHY) layer that identifies instantaneous spectrum
opportunities; 2) a spectrum sensing strategy at the medium ac-
cess control (MAC) layer that specifies which channels in the
spectrum to sensein each slot; and 3) aspectrum access strategy,
also at the MAC layer, that determines whether to access the
chosen channels based on imperfect sensing outcomes. The de-
sign objective isto maximizethe throughput of asecondary user
under the constraint that the probability of collision perceived
by any primary user is below a predetermined threshold.

A. Fundamental Design Tradeoffs

We providefirst anintuitive understanding of thefundamental
tradeoffsin the joint design of the three basic components.

Foectrum Sensor: False Alarm Versus Miss-Detection: The
spectrum sensor of a secondary user identifies spectrum oppor-
tunitiesby detecting the presence of primary signals, i.e., by per-
forming abinary hypothesistest. With noise and fading, sensing
errors are inevitable: false alarms occur when idle channels are
detected as busy, and miss-detections occur when busy channels
are detected as idle. In the event of a false alarm, a spectrum
opportunity is overlooked by the sensor, and eventually wasted
if the access strategy trusts the sensing outcome. On the other
hand, miss-detections may lead to collisionswith primary users.
The tradeoff between fal se alarm and miss-detection is captured
by the receiver operating characteristic (ROC) of the spectrum
sensor, which relates the probability of detection (PD) and the
probability of falsealarm (PFA) (seean examplein Fig. 1, where
we consider an energy detector). The design of the spectrum
sensor and the choice of the sensor operating point are thusim-
portant issues and should be addressed by considering the im-
pact of sensing errors on the MAC layer performance in terms
of throughput and collision probability. In particular, we are
interested in the following fundamental question: which crite-
rion should be adopted in the design of the spectrum sensor, the
Bayes or the Neyman—Pearson (NP)? If the former, how do we
choose the risks? If the latter, how should we set the constraint
on the PFA?

Sensing Strategy: Gaining Immediate Access Versus Gaining
Information for Future Use: Due to hardware limitations and
the energy cost of spectrum monitoring, a secondary user may

0018-9448/$25.00 © 2008 |EEE
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Fig. 1. The ROC of an energy detector. Each point on the ROC curve corre-
sponds to a sensor operating characteristic resulting from different detection
threshold of the energy detector. (e: probability of false alarm; 6: probability of
miss-detection.).

not be able to sense all the channels in the spectrum simultane-
ously. A sensing strategy is thus needed for intelligent channel
selection to track the rapidly varying spectrum opportunities.
The purpose of a sensing strategy is twofold: to find idle chan-
nels for immediate access and to gain statistical information on
the spectrum occupancy for better opportunity tracking in the
future. The optimal sensing strategy should thus strike a bal-
ance between these two often conflicting objectives.

Access Srategy: Aggressive Versus Conservative: Based on
the imperfect sensing outcomes given by the spectrum sensor,
the secondary user needs to decide whether to access. An ag-
gressive access strategy may lead to excessive collisions with
primary userswhile aconservative one may result in throughput
degradation due to overlooked opportunities. Whether to adopt
an aggressive or a conservative access strategy depends on the
operating characteristic of the spectrum sensor and the collision
constraint at the MAC layer. Hence, ajoint design of the PHY
layer spectrum sensor and the MAC layer access strategy is hec-
essary for optimality.

B. Main Results

By modeling primary users spectrum occupancy as a
Markov chain, we establish a decision-theoretic framework for
the optimal joint design of OSA based on the theory of par-
tially observable Markov decision processes (POMDPs). This
framework captures the fundamental design tradeoffs discussed
above. Within this framework, the optimal OSA strategy is
given by the optimal policy of a constrained POMDP.

While powerful in problem modeling, POMDP suffers from
the curse of dimensionality and does not easily lend itself to
tractable solutions. Constraints on a POMDP further compli-
cates the problem, often demanding randomized policies to
achieve optimality. Our goa is to develop structural results
that lead to simple yet optimal solutions and shed light on the
interaction between the PHY and the MAC layers of OSA
networks.

Sngle-Channel Sensing: Wefocusfirst onthe casewherethe
secondary user can sense and access one channel in each dot

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 54, NO. 5, MAY 2008

(e.g., in the case of single-carrier communications). We estab-
lish a separation principle for the optimal joint design of OSA.
We show that the joint design can be carried out in two steps
without losing optimality: first to choose a spectrum sensor and
an access strategy that maximize the instantaneous throughput
(i.e., the expected number of bits that can be delivered in the
current slot) under the collision constraint, and then to choose
asensing strategy to optimize the overall throughput. As stated
below, the significance of this separation principle is twofold.

» The separation principle reveals the optimality of myopic
policies for the design of the spectrum sensor and the ac-
cess strategy. Myopic policies aim solely at maximizing
theimmediate reward and ignore the impact of the current
action on thefuture reward. Hence, obtaining myopic poli-
cies becomes a static optimization problem instead of ase-
quential decision-making problem. While myopic policies
arerarely optimal for ageneral POMDP, we show that the
rich structure of the problem at hand renders an exception.
As aconsequence, we are able to obtain an explicit design
of the optimum spectrum sensor and a closed-form optimal
access strategy. Moreover, this closed-form optimal design
allows us to characterize quantitatively the interaction be-
tween the PHY layer spectrum sensor and the MAC layer
access strategy.

e The separation principle decouples the design of the
sensing strategy from that of the spectrum sensor and
the access strategy. More importantly, the design of the
sensing strategy is reduced to an unconstrained POMDP,
which admits deterministic optima policies. Uncon-
strained POMDPs have been well studied, and existing
algorithms can be readily applied [3]{6].

We also provide numerical examples to study design trade-
offs. We will see that miss-detections are more harmful to the
throughput of the secondary user than false alarms. The tradeoff
study between the spectrum sensing time and the data transmis-
sion time indicates that the spectrum sensor should take fewer
channel measurements as the maximum allowable probability
of collision increases. In other words, when the collision con-
straint islessrestrictive, the secondary user can spend lesstime
in sensing, leaving more time in a ot for data transmission.
Robustness studies show that the throughput loss due to inac-
curacies in the assumed Markovian model parametersis small,
and more importantly, the probability of collision perceived by
the primary network is not affected by model mismatch.

Multichannel Sensing: We then consider the scenario where
the secondary user can sense and access multiple channels si-
multaneously in each slot. We show that the separation prin-
ciple still holds if the spectrum sensor and the access strategy
are designed independently across channels. We note that such
independent design is suboptimal since it ignores the potential
correlation among channel occupancies. We thus propose two
heuristic approaches to exploit channel correlation, one at the
PHY layer and the other at the MAC layer. Simulation results
show that exploiting channel correlation at the PHY layer is
more effective than at the MAC layer.

We also find that the performance of the PHY layer spectrum
sensor can improve over time by incorporating the MAC layer
sensing and access decisions. Such MAC layer decisions pro-
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vide information on the evolution of the primary users spec-
trum occupancy, from which the a priori probabilities of the
hypotheses employed by the spectrum sensor can be learned.
Thisfinding, along with the quantitative characterization of the
impact of the spectrum sensor on the access strategy, illustrates
the two-way interaction between the PHY and the MAC layers:
the necessity of incorporating the sensor operating characteris-
ticsinto the MAC design and the benefit of exploiting the MAC
layer information in the PHY design.

C. Related Work

Two types of spectrum opportunities have been considered
in the literature: spatial and temporal. A majority of existing
work on OSA focuses on exploiting spatial spectrum opportu-
nities that are static or slowly varying in time (see [7]-{9] and
references therein). A typical example application is the reuse
of locally unused TV broadcast bands. In this context, due to
the dlow temporal variation of spectrum occupancy, rea-time
opportunity identification is not as critical a component as in
applications that exploit temporal spectrum opportunities, and
existing work often assumes perfect knowledge of spectrum op-
portunities in the whole spectrum at any time and location.

The exploitation of temporal spectrum opportunitiesresulting
from the bursty traffic of primary usersisaddressedin [10]{13]
under the assumption of perfect sensing. In [10], MAC proto-
cols are proposed for an ad hoc secondary network overlaying
a Global System for Mobile Communications (GSM) cellular
network. It is assumed that the secondary transmitter and re-
ceiver exchange information on which channel to use through
a commonly agreed control channel. Different from [10], op-
timal distributed MAC protocols developed in [11] can syn-
chronize the hopping patterns of the secondary transmitter and
receiver without the aid of additional control channels. More
recently, the design of optimal spectrum sensing and access
strategies in a fading environment has been addressed under
an energy constraint in [12]. In [13], access strategies for a
slotted secondary user exploiting opportunities in an unslotted
primary network are considered, where a round-robin single-
channel sensing scheme is used. Modeling of spectrum occu-
pancy has been addressed in [14]. Measurements obtained from
spectrum monitoring testbeds demonstrate the Makovian transi-
tion between busy and idle channel statesin wireless local-area
network (LAN).

Although the issue of spectrum sensing errors has been in-
vestigated at the PHY layer [15]{19], cognitive MAC design
in the presence of sensing errors has received little attention. To
the best of our knowledge, [20] is the first work that integrates
the operating characteristic of the spectrum sensor at the PHY
layer with the MAC design. A heuristic approach to the joint
PHY-MAC design of OSA is proposed in [20]. In this paper,
we establish a decision-theoretic framework within which the
optimal joint design of OSA in the presence of sensing errors
can be systematically addressed and the interaction between the
PHY and the MAC layers can be quantitatively characterized.
Interestingly, the separation principle developed in this paper
reveal s that the heuristic approach proposed in [20] is optimal.

For an overview on challenges and recent developments in
OSA, readers are referred to [21].
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Fig. 2. Thedlot structure.

D. Organization and Notation

This paper is organized as follows. Section |l describes the
network model and the basic operations performed by a sec-
ondary user to exploit spectrum opportunities. In Section 11,
we introduce the three basic components of OSA and formulate
their joint design as a constrained POMDP. In Section IV, we
establish the separation principle for the optimal joint design of
OSA with single-channel sensing. Section V extends the sepa-
ration principle to multichannel sensing scenarios. Section VI
concludes this paper.

Random variables and their realizations are denoted by cap-
ital and lower case letters, respectively. Vectors are denoted by
boldfaced letters.

Il. NETWORK MODEL

Consider a spectrum that consists of N channels (e.g., dif-
ferent frequency bands or tonesin an orthogonal frequency-di-
vision modulation (OFDM) system), each with bandwidth B,
(n = 1,...,N). These N channels are licensed to a dotted
primary network. We model the spectrum occupancy as a dis-
crete-time homogenous Markov chain with 2%V states. Specifi-
caly, let S,,(t) € {0 (busy), 1 (idle)} denote the occupancy of
channél n in dot ¢. The spectrum occupancy state (SOS), de-
noted as 8(t) £ [Si(t),...,Sn(t)], follows a Markov chain
with state space § = {0,1}V. The transition probabilities of
the SOS are denoted as P(s|s) = Pr{S(t+1) = §'|S(t) = s}.
Note that the transition probabilities are determined by the dy-
namics of the primary traffic. We assume that they are known
and remain unchanged in 7" slots.

We consider a secondary ad hoc network whose users inde-
pendently and selfishly exploit instantaneous spectrum oppor-
tunities in these NV channels. At the beginning of each dot,! a
secondary user with data to transmit chooses a set of channels
to sense. A spectrum sensor is used to detect the states of the
chosen channel's. Based on the sensing outcomes, the secondary
user decides which sensed channelsto access. Due to hardware
and energy constraints, we assume that a secondary user can
senseand accessat most L (1 < L < N) channelsin aslot. At
the end of the dlot, the receiver acknowledges each successful
transmission. The basic dot structure isillustrated in Fig. 2.

Our goal isto develop an optimal OSA strategy for the sec-
ondary user, which sequentially determines which channelsin
the spectrum to sense, how to design the spectrum sensor, and
whether to access based on theimperfect sensing outcomes. The
design objective isto maximize the throughput of the secondary

1with the knowledge of the slot length and through sensing the transmissions
of primary users, secondary users can synchronize to the slot structure. Further-
more, the primary network may broadcast periodic beacon signals to keep its
own users synchronized. These beacon signals can be exploited by secondary
users for synchronization.
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user during adesired period of T' dlots under the constraint that
the probability of collision P, (t) perceived by the primary net-
work in any channel » and dot ¢ is capped below a predeter-
mined threshold ¢, i.e.,

P(t) & Pr{®,(t) = 1]S,(1) =0} <¢, Vit (D)
where @,,(¢) € {0 (no access), 1 (access)} denotes the access
decision of the secondary user.

Remarks:

1) We assume that the transition probabilities of the SOS
are known or have been learned. We take the viewpoint
that such statistical models of a particular spectrum region
should be obtained through measurements before the de-
ployment of secondary networks. Thisisfor the purpose of
evaluating the potential gain or profit of secondary market
in that spectrum region. Such statistical models can then
be made available to secondary users to facilitate the de-
sign. We are, however, aware that in some scenarios, sec-
ondary users may have imperfect knowledge of the under-
lying Markovian model. In Section 1V-F, we study the ro-
bustness of the optimal OSA design to a mismatched Mar-
kovian model. For the case where the Markovian model is
unknown, formulations and a gorithms for POMDP with
an unknown model exist in the literature [22] and can be
applied to this problem.

2) We use the conditional probability of collision P, (¢) in
the design constraint and impose the collision constraint
on every channel n and dot ¢. This ensures that a primary
user experiences collisions no more than ¢ fraction of its
transmission time regardless of where and when it trans-
mits. Note that if the unconditional probability of colli-
sion Pr{®,(t) = 1, S,(t) = 0} isadopted, the constraint
depends on the traffic load of primary users in channels
chosen by the secondary users; primary users who have
light traffic load may not be aswell protected as those with
heavy traffic load.

3) We assumethat secondary users exploit spectrum opportu-
nitiesindependently and selfishly. That is, secondary users
do not exchange their information on the SOS and each
one aims to maximize its own throughput without taking
into consideration the interactions among secondary users.
Thisassumption is suitable for secondary ad hoc networks
where thereis no central coordinator or dedicated control/
communication channel. The secondary network can adopt
a carrier sensing mechanism to avoid collisions among
competing secondary users as detailed in [11], [20]. We
point out that such selfish decisions may not be optimal in
terms of network-level throughput. Nevertheless, this for-
mulation allows us to focus on the basic components of
OSA and highlight the interactions among them.

I1l. CONSTRAINED POMDP FORMULATION

In this section, we develop a decision-theoretic framework
for the optimal joint design of the three basic OSA components
based on the theory of POM DP. Wefocusfirst on single-channel
sensing (L = 1). Extensions to multichannel sensing scenarios
are detailed in Section V.

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 54, NO. 5, MAY 2008

A. Spectrum Sensor

Suppose that channel n is chosen in dlot ¢. The spectrum
sensor detects the presence of primary usersin this channel by
performing a binary hypothesis test

Ho : Sp(t) =1 (idle)
vs. Hi:S,(t) =0 (busy). 2
Let ©,(t) € {0 (busy), 1 (idle)} denote the sensing outcome
(i.e., the result of the binary hypothesis test). The performance

of the spectrum sensor is characterized by the PFA ¢, (¢) and the
probability of miss detection (PM) 6,,(t)

en(t) £ Pr{decide M, | H, istrue}

= Pr{O,(t) = 0] Sn(t) = 1} (38)
6n(t) = Pr{decide H, | H; istrue}
— Pr{O,(t) = 1] Su(t) = O}, (3b)

Subject to the constraint that the PFA is no larger than e, (t),
the largest achievable PD, denoted as P (e,,(t)), can beat-

D,max

tained by the optima NP detector or an optimal Bayesian de-
tector with a suitable set of risks [23, Sec. 2.2.1]. All oper-

ating points (e, §) above the best ROC curve Pé, fmﬂ are thus
infeasible.
Let
As(n) 2 {(,0):0<e<1=06 < PR (o))

denote al feasible operating points of the spectrum sensor.2 As
illustrated in Fig. 3, the best ROC curve Pé,”fmx achieved by
the optimal NP detector forms the upper boundary of the fea
sible set As(n). We aso note that every sensor operating point
(én, 6n) below the best ROC curve lies on a line that connects
two boundary points and hence can be achieved by randomizing
between two optimal NP detectors with properly chosen con-
straints on the PFA [23, Sec. 2.2.2]. For example, the operating
point (e,, d,) as shown in Fig. 3 can be achieved by applying
the optimal NPdetector under the constraint of PFA < e% ) with

probability p = 5(33 z 2) and the optimal NP detector under the

congtraint of PFA < 551 with probability 1 — p. Therefore, the
design of spectrum sensor is reduced to the choice of a desired
sensor operating point in As(n).

The design of the optimal NP detector is a well-studied
problem, which is not the focus of this paper. Our objective
is to define the criterion and the constraint under which the
spectrum sensor should be designed, equivaently, to find the
optimal sensor operating point (e (¢),6%(t)) € As(n) to
achieve the best tradeoff between false alarm and miss-detec-
tion. Note that the optima sensor operating point may vary
with time (see Section V-D for an example.)

B. Sensing and Access Strategies

In each dlot, a sensing strategy decides which channel in the
spectrum to sense, and an access strategy determines whether

2Since the two hypotheses in (2) play a symmetric role, we have assumed,
without loss of generality, that the PD isno smaller thanthe PFA | i.e, 1 -6 > e.
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Fig. 3. lllustration of the set As(n) of al feasible sensor operating points
(ens60). (60 = 1= PJ) () i = 1,2)

D ,max

to access given the sensing outcome.3 Below we illustrate the
sequence of operations in each dlot.

At the beginning of slot ¢, the SOS transits to S(¢t) =
[S1(t),...,Sn(t)] according to the transition probabilities of
the underlying Markov chain. The secondary user first chooses
achannel a(t) € A, £ {1,...,N} to sense and a feasible
sensor operating point (eq(t), 6,(t)) € As(a(t)). It then deter-
mines whether to access ®,(t) € {0 (no access), 1 (access)}
by taking into account the sensing outcome ©,(t) €
{0 (busy), 1 (idle)} provided by the spectrum sensor
that is designed according to the chosen operating point
(ea(t),64(t)). A collision with primary users happens when
the secondary user accesses a busy channel. At the end of
this dot, the receiver acknowledges a successful transmission
K,(t) € {0 (no ACK), 1 (ACK)}. We assume that the ACKs

are received without errors.4

C. Constrained POMDP Formulation

The sequential decision-making process described above can
be modeled as a POMDP with constraint given in (1). The un-
derlying system of this POMDP is the SOS with state space
S = {0,1}" and transition probabilities P(s’|s). We describe
below the actions, observations, and reward structure of the re-
sulting POMDP.

Action Space: The action in the POMDP formulation con-
sists of three parts: a sensing decision a(t) € Ag, a spectrum
sensor design (e4(t), 64(t)) € As(a(t)), and an access decision
D,(t) € {0,1}.

Observation Space: As will become clear later, optimal
channel selection for opportunity tracking relies on the ex-
ploitation of the statistical information on the SOS provided

3An aternative formulation of the joint design is to combine the spectrum
sensor with the access strategy. In this case, the access decision ismade directly
based on the channel measurements. It can be readily shown that this formula-
tion is equivalent to the one adopted here.

4Note that the ACK is sent after the successful reception of data. Hence, the
channel over which the ACK istransmitted is ensured to beidlein thisslot.
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by the observation history of the secondary users. To ensure
synchronous hopping in the spectrum without introducing extra
control message exchange, the secondary user and its desired
receiver must have the same history of observations so that
they make the same channel selection decisions. Since sensing
errors may cause different sensing outcomes at the transmitter
and the receiver, the acknowledgment K, (t) € {0,1} should
be used as the common observation in each dlot.

Reward: A natural definition of the reward is the number
of hits that can be delivered by the secondary user, which is
assumed to be proportional to the channel bandwidth. Given
sensing action a(t) and access action @, (t), the immediate re-
ward R(t) can be defined as

R(t) = Ko(t)Ba = Sa(t)®a(t) Ba. (4)

Hence, the expected total reward of the POMDP represents the
overdl throughput, i.e., the expected total number of bits that
can be delivered by the secondary user in 7" dots.

Belief Vector: Due to partial spectrum monitoring and
sensing errors, a secondary user cannot directly observe the
true SOS. It can, however, infer the SOS from its decision and
observation history. As shown in [3], the statistical information
on the SOS provided by the entire decision and observation his-
tory can be encapsulated in abelief vector A(t) £ {)\(t)}scs,
where As(t) € [0, 1] denotes the conditiona probability (given
the decision and observation history) that the SOSis s in slot ¢

As(t) 2 Pr{8(1) = 8| A(1), {a(r), 0. (1) }'TL}  (5)

T=1

where A(1) istheinitial belief vector, i.e., thea priori distribu-
tion of the SOS at time ¢ = 1, which can be set to the stationary
distribution of the underlying Markov chain if no information
on theinitial SOS is available.

Policy: A joint design of OSA is given by policies of the
above POMDP. Specifically, a sensing policy w, specifies a
sequence of functions s = [ps(1),. .., us(T)], where 15(%)
maps abelief vector A(¢) toachanne a(t) € A; tobesensedin
thisslot. Sincethe optimal policy for afinite-horizon POMDPis
generally nonstationary, functions { s (¢)}Z_, arenot identical.
A sensor operating policy 75 specifies, in each dot ¢, aspectrum
sensor design (e, (t), 84 (t)) € As(a(t)) based onthecurrent be-
lief vector A(¢) and the chosen channel a(t). An access policy
m. Specifies an access decision ¢,(t) € {0,1} in each dlot ¢
based on the current belief vector A(¢) and the sensing outcome
©,(t) € {0,1} at the chosen channel a(t).

The above defined policies are deterministic. For uncon-
strained POMDPs, there always exist deterministic optimal
policies. For constrained POMDPs, however, we may need to
resort to randomized policies to achieve optimality. A random-
ized sensing policy 7, defines a sequence of functions, each
mapping a belief vector A(t) to a probability mass function
(pmf) on the set A, of channels, and a randomized sensor
operating policy w5 defines the mapping from A(t) to a prob-
ability density function (pdf) on the set As(a(t)) of feasible
sensor operating points. A randomized access policy w. maps
A(t) and sensing outcome O, (t) to a transmission probability.
In other words, the actions chosen in a randomized policy
are probability distributions. Due to the uncountable space
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of probability distributions, randomized policies are usually
computationally prohibitive.

Objective and Constraint: We aim to develop the optimal
joint design of OSA {r¢,n%,w}} that maximizes the expected
total number of bitsthat can be delivered by the secondary user
(i.e., the expected total reward of the POMDP) in T' slots under
the collision constraint given in (1)

T
{m3, 7%, i} = arg max Ey, ~ 3 ZR(t) A(l)]
6, s, e ot
st. P,(t) = Pr{®,(t) = 1] S.(t) =0} <(, Va,t (6)

whereE ., ~. .} representsthe expectation given that policies
{ms,ms, 7.} areemployed, and P, (t) isthe probability of colli-
sion perceived by the primary network in channel «(¢) and slot
t.

We consider in (6) the nontrivial case where the conditional
collision probability P,(t) is well defined, i.e., Pr{S,(t) =
0} > 0. Note that Pr{S,(t) = 0} = 0 (or 1) implies that the
system state S, (¢) is known based on the current belief vector
A(t). In this case, the optimal access decision is straightfor-
ward, and the design of the spectrum sensor becomes unnec-
essary since the channdl state is already known.

IV. SEPARATION PRINCIPLE FOR OPTIMAL OSA

In this section, we solve the constrained POMDP given in
(6) to obtain the optimal joint design of OSA. Specifically, we
establish a separation principle that reveals the optimality of
deterministic policies and leads to closed-form optimal design
of the spectrum sensor and the access strategy. It al'so allows us
to characterize quantitatively the interaction between the PHY
layer sensor operating characteristics and the MAC layer access

strategy.

A. Optimality Equation

The first step to solving (6) is to express the objective and
the constraint explicitly asfunctions of the actions. We establish
first the optimality of deterministic sensing and sensor operating
policies, which significantly simplifies the action space.

Optimality of Deterministic Policies: In Proposition 1, we
show that it is sufficient to consider deterministic sensing and
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As a result of Proposition 1, the secondary user needs to
choose, in each slot, a channel a(t) € A, to sense, afeasible
sensor operating point (e, (), 84(t)) € As(a(t)), and a pair of

transmission probabilities (f,(0,t), fu(1,t)), where
fa(8,1) 2 Pr{®,(t) = 1]04(t) = 0} € [0,1]
is the probability of accessing channel a(¢) given sensing out-

come ©,(t) € {0,1} inthe current slot. The composite action
space is then given by

A £{(a, (¢as0a), (fa(0), fa(1)))
L0 €Ay, (casba) € As(a), (£a(0), fa(1)) € 0,12}, (7)
Objective Function: Let V;(A(t)) be the value function,
which represents the maximum expected reward that can be
obtained starting from slot ¢ (1 < ¢ < T') given belief vector
A(t). Given that the secondary user takes action A(t) = A € A
and observes acknowledgment K, (t) = k € {0, 1}, thereward
that can be accumulated starting from slot ¢ consists of two
parts: the immediate reward R(t) = kB, and the maximum
expected future reward V41 (A(t + 1)), where

At +1) 2 (At +D}ees = T(A(D) | A,F)

represents the updated knowledge of the SOS after incorpo-
rating theaction A(¢) = A andtheacknowledgment K, (t) = k
in slot ¢. Averaging over al possible states s € S and ac-
knowledgment & € {0, 1} and then maximizing over all actions
A € A, wearriveat thefollowing optimality shownin (8a)—8b)
at the bottom of the page, where

A £ {a,(cas04): (f(0), fu(1))} € A
denotes a composite action taken in the current slot ¢ and
Ua(kls) £ Pr{K,(t) =k|S(t) = s}
isthe conditional pmf of the acknowledgment K, (¢) given cur-
rent state S(t) = s and action A(t).

Noting that the acknowledgment can be written as K, (¢) =
Sa(t)®,(t), we obtain its conditional pmf U (k|s) as

Ua(1)s)
= Pr{S,(t)=1|8(t)=8} Pr{®,(t)=1|8(t) =8, S.(t) =1}

— 10y S Pr{O,(t) = 0] 8(t) = 8}.(6)

sensor operating policies in the optimal joint design of OSA. oof 9(3;)4- a V(D] ()
= Sal€alta —€a)la 2}
Proposition 1: For the optimal joint design of OSA given by Ua(0]s)
(6), there exist deterministic optimal sensing and sensor oper- A
ating policies. =1-Ua(1]s) (9b)
Proof: The proof isbased on the concavity of thebest ROC  where 1(,) isthe indicator function and
curve and the fact that the collision constraint is imposed on
every channel. See detailsin Appendix A. I Pr{S.(t) =1[8(t) = 8} = 1[5,—1
1
Vi(A(®) = max >~ Au(t) Y Ua(kls) kBo + Vi (TAWD [ AR, 1<t <T (8a)
) EISS) k=0
Vr(A(T)) = max 3 As(t)Ua(1]8) B (8b)

s€S
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is given by the occupancy state s, of channd a. Ap-
plying Bayes rule, we obtain the updated belief vector
A(t+1)=T(A(t)| A k) as

2wes A (H)P(8]8")Ua(kls')
Ywes Ao (Ua(kls)

We see from (10) that by adopting the acknowledgment K, (t)
as their observation, the transmitter and the receiver will have
the same updated belief vector A(¢+ 1), which ensuresthat they
tune to the same channel in the next slot.

Note from (8) that the action

As(t+1) =

s €S. (10)

A = {a, (€4, 0a), (fa(0), fa(1))}

taken by the secondary user affects the expected total reward
in two ways: it acquires an immediate reward R(t) = kB,
and transforms the current belief vector A(¢) to a new one
A(t+1) = T(A(¢)| A, k) which determines the future reward
Vis1(T(A(t)| A, k)). Hence, the function of the secondary
user's action is twofold: to exploit immediate spectrum op-
portunities and to gain information on the SOS (characterized
by belief vector A(¢ + 1)) so that more rewarding decisions
can be made in the future. As a conseguence, the optimal joint
design of OSA should achieve the tradeoff between these two
often conflicting objectives. Myopic policies that aim solely
at maximizing the instantaneous throughput (i.e., the expected
immediate reward) without considering future consequences
are generally suboptimal.

Collision Constraint: The collision probability P,(t) is de-
termined by the sensor operating point (e, , 6, ) and thetransmis-
sion probabilities (f,(0), f.(1)): see (11) at the bottom of the
page. In principle, by solving (8) recursively (starting from the
last dot T using (8b)) under the constraint of (11), we can ob-
tain the maximum overall throughput V; (A(1)) of the secondary
user and the corresponding policies {n}, ¥, 7 }. We, however,
note that (8) is generally intractable due to the uncountable ac-
tion space A.

B. The Separation Principle

Theorem 1: The Separation Principle for OSA with
Single-Channel Sensing
Thejoint design of OSA givenin (8) can be carried out intwo
steps without losing optimality.
e Step 1. Choose the sensor operating policy w5 and the
access policy .. to maximize theinstantaneous throughput
subject to the collision constraint. Specifically, for any
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chosen channel « in any dot ¢, the optimal sensor op-
erating point (e, 6%) and transmission probabilities
(f2(0), f3(1)) are given by

{(€a,02), (f2(0), f2(1))}

= arg E[R()[ A(1)]

max
(€arba)ERs(a)
(fa(0),fa(1))€[0,1]2

(e .61%2}/%6((1) eafa(()) + (1 - ea)fa(1> (12&)

(fa(0),fa(1))€[0,1]?
st. Pu(t) = (1 = 6a)fa(0) 4+ 60 fa(1) <.

» Step 2: Using the optimal sensor operating and access
policies {n}, 7} given by (12), choose sensing policy to
maximize the overall throughput. Specifically, the optimal
sensing policy 7% is given by

T
> R(1)

Proof: The proof is based on the convexity of the value
function V; (A(t)) with respect to the belief vector A(¢) and the
structure of the conditional observation distributions U 4 (k|s).
See Appendix B for details. 11

= arg

(12b)

(13)

A(l)] .

* __ -
T = argmax E-.
s

The separation principle simplifiesthe optimal joint design of
OSA in two ways. Firgt, it reveals that myopic policies, rarely
optimal for ageneral POMDP, are optimal for the design of the
spectrum sensor and the access strategy. We can thus obtain
the optimal spectrum sensor (¢, 6%) € As(a) and the optimal
transmission probabilities (£(0), (1)) € [0, 1] by solving
the static optimization problem given in (12). This allows us to
characterize quantitatively theinteraction between the spectrum
sensor and the access strategy as given in Proposition 2 and to
obtain the optimal joint design in closed form as given in The-
orem 2. Whilethe proof islengthy, thereisan intuitive explana-
tion for this apparently surprising result. We note that upon re-
ceiving the ACK K, (t) = 1, the secondary user knows exactly
that the chosen channel isidle. However, when K, (¢) = 0 (no
packet is received), the secondary receiver cannot tell whether
the chosen channel is busy or not accessed. Hence, K, (t) = 1
provides the secondary user with more information on the cur-
rent SOS. We also note that accessing the chosen channel maxi-
mizes not only the instantaneous throughput but also the chance
of receiving more informative observation K,(t) = 1. Hence,
getting immediate reward and gaining information for more re-
warding future decisions are no longer conflicting here.

Second, the separation principle decouples the design of
the sensing strategy from that of the spectrum sensor and the

Py(t) £Pr{®y(t) = 1] 54(t) = 0}

= ST Pr{0,(t) = 6]S.(t) = 0} Pr{®,(t) = 1]0,(t) = 6, S, (t) = 0}
=0

= (1 - 6a)fa(0) + 5afa(1) S C

(11)
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Fig. 4. lllustration of conservative and aggressive regions.

access strategy, and reduces the sensing strategy from a con-
strained POMDP (6) to an unconstrained one with finite action
space (13). Thisis because the sensor operating points and the
transmission probabilities determined by (12) have ensured
the collision constraint regardiess of channel selections. The
optimal sensing policy is thus obtained by maximizing the
overall throughput without any constraint.

C. Interaction Between the PHY and the MAC Layers

Before solving for the optimal sensor operating and access
policies, we study the interaction between the PHY layer spec-
trum sensor and the MAC layer access strategy.

We note that when the spectrum sensor at the PHY layer is
given, the separation principle till holds for the design of the
sensing and access strategies. The optimal access strategy for a
given spectrum sensor can thus be obtained.

Proposition 2: Given a chosen channel o and a feasible
sensor operating point (e,, é.), the optimal transmission prob-
abilities (f(0), f*(1)) are given by

($532.1), ba <C
(f2(0), f1(1)) = {(0 1,  b.=¢ (14)
0,£),  8a>C

Proof: The proof is based on the separation principle (12)
and the fact that all feasible operating points lie above the line
1— 6, = e4. Seedetailsin Appendix C. 1

As seen from Proposition 2, randomized access policies are
necessary to achieve optimality when 6, # (. Moreover, Propo-
sition 2 quantitatively characterizestheimpact of the sensor per-
formance 6,, on the optimal access strategy (f(0), f(1)). As
illustrated in Fig. 4, the set As(a) of feasible sensor operating
points can be partitioned into two regions: the “conservative”
region (6, > () and the “aggressive” region (6, < ¢). When
0, > ¢, with high probability, the spectrum sensor detectsabusy
channel asidle (i.e., amiss-detection occurs). Hence, the access
policy should be conservative to ensure that the collision prob-
ability is capped below (. Specifically, even when the sensing
outcome ©,(¢t) = 1 indicates an idle channel, the secondary
user should only transmit with probability 5$ < 1. When the
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channel is sensed as busy ©,(¢) = 0, the user should always
refrain from transmission. On the other hand, when ¢, < ¢, the
probability of false alarm is high; the spectrum sensor islikely
to overlook an opportunity. Hence, the secondary user should
adopt an aggressive access policy: always transmit when the
channel issensed asidleand transmit with probability 3 $=ba 5“ >0
even when the sensing outcome indicates a busy channel When
6. = (,theaccesspolicy isto simply trust the sensing outcome,
i.e., access if and only if the channel is sensed to be available
D, (t) = ©,(t). We will show in Section 1V-D that the split-
ting point 6, = ¢ on the best ROC curve P,(D“)max isthe optimal
Sensor operating point.

Similar to Proposition 2, we can quantitatively study theim-
pact of the access strategy on the spectrum sensor design by
solving (12) for the optimal sensor operating points when the
transmission probabilities are given. This result is omitted to
avoid unnecessary repetition. Details can be found in [25].

D. Optimal Joint Design of Spectrum Sensor and Access Policy

Optimizing (14) over al feasible sensor operating points, we
obtain an explicit optimal design for the spectrum sensor and a
closed-form deterministic optimal access policy in Theorem 2.

Theorem 2: For any chosen channel ¢ in any dot, the op-
timal sensor should adopt the optimal NP detector with con-
straint 67 = ¢ on the PM. Correspondingly, the optimal access
policy is to trust the sensing outcome given by the spectrum
sensor, i.e., f¥(0) = 0and fi(1) = 1.

Proof: The proof of Theorem 2 exploits the convexity of
the set As of feasible sensor operating points, which follows
directly from the concavity of the best ROC curve [23]. See
Appendix D for details. 11

Wefind that the optimal sensor operating point coincideswith
the splitting point 6 = ¢ of the “conservative” region and the
“aggressive’ region on the best ROC curve (see Fig. 4). This
indicates that at 6; = (, the best tradeoff between false alarm
and miss-detection is achieved and the access policy does not
need to be conservative or aggressive. Wethushaveasimpleand
deterministic optimal access policy: trust the sensing outcome.
Summarized below are the properties of the optimal sensor op-
erating and access policies given in Theorem 2.
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Properties 1: The optimal spectrum sensor design and the
optimal access policy are as follows.

P1.1
P1.2 model-independent.

time-invariant and belief-independent.

As aresult of P1.1, the spectrum sensor can be configured
off-line, and there is no need to calculate and store the op-
timal transmission probabilities, leading to significant reduction
in both implementation complexity and memory requirement.
The second property is that the optimal design of the spectrum
sensor and the access strategy does not require the knowledge
of thetransition probabilities of the underlying Markov process.
Since the probability of collision (11) is solely determined by
the sensor operating and access policies, P1.2 indicates that the
collision constraint on the joint OSA design can be ensured re-
gardless of the accuracy of the Markovian model used by the
secondary user. In other words, the primary network is not af-
fected by the inaccurate model adopted by the secondary user.
Model mismatch only affects the performance of the secondary
user (see Fig. 8 for asimulation example).

E. Optimal Sensing Policy

As revealed by the separation principle, the optimal sensing
policy can be obtained by solving an unconstrained POMDP
withfiniteaction space A ;. Specifically, by applying theoptimal
spectrum sensor design and the optimal access policy given in
Theorem 2 to (8), we simplify the optimality equation as shown
in (15a)—(15b) at the bottom of the page. By applying f5(0) =
and f¥(1) = 1 to (9), we obtain the conditional observation
probability U, (k|s) as

Uas(1|8) = 5,(1 —€), U,(0|8) =1 —U,(1]s)
where ¢! is the PFA associated withthe PD 1 — 6* = 1 —
¢ on the best ROC curve P,(D“?mak The updated belief vector
T (A(t) | a, k) can be obtained by using (10) with /4 (k|s) re-
placed by U, (k|s) in (16).

It isshown in [3] that the value function of an unconstrained
POMDP with finite action space is piece-wise linear and can
be solved vialinear programming. We can thus use the existing
computationally efficient algorithms [4]{6] to solve (8) for the
optimal sensing policy.

Although myopic sensor operating and access policies are
shown to be optimal for the joint design of OSA (see the sep-
aration principle), myopic sensing policy is suboptimal in gen-
eral. Interestingly, it has been shown in[24] that, when the SOS
evolves independently and identically across channels, the my-

(16)
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Fig. 5. The Markov channel model.

ties. When the channel occupancy states are correlated, the my-
opic approach can serve as a suboptimal solution with reduced
complexity.

F. Numerical Examples

Here we provide numerical examples to study different fac-
tors that affect the optimal joint design of OSA. We consider
N = 3 channels, each with bandwidth B,, = 1. While the
separation principle applies to arbitrarily correlated SOS, we
consider here the case where the SOS evolves independently
but not identically across these three channels for simplicity. In
this case, the SOS dynamics can be characterized by the tran-
sition probabilities a £ [ay, a0, a3 and B £ [y, B2, 3],
where «,, denotes the probability that channel n transits from
state 0 (busy) to state 1 (idle), and 3,, denotes the probability
that channel n stays in state 1 (see Fig. 5). In al examples,
the transition probabilities are given by @ = [0.2,0.4,0.6] and
B = [0.8,0.6,0.4]. The horizon length is 7" = 10 slots, and
the maximum allowable probability of collision is ¢ = 0.05.
We use the normalized overall throughput V1 (A(1))/T, where
A(1) isthe stationary distribution of the SOS, to evaluate the
performance of the optimal OSA design.

To illustrate the interaction between the PHY layer spectrum
sensor and the MAC layer access policy, we consider asimple
spectrum sensing scenario where the background noise and the
primary signa are modeled as white Gaussian processes. Let
a2, and o2 | denote, respectively, the noise and the primary
signal power in channel n. At the beginning of each slot, the
spectrum sensor takes M independent measurements Y,, =
[Ya.1,---, Yy ] from chosen channel n and performs the fol-
lowing binary hypothesis test:

Ho(sn = 1) 'Y, ~ N(OALU?Z%()IJ\I)
Vs, Hi(Sn =0):Y, ~ N (Onr, (054 +0p o)) (17)
where N (0,7, 02I;) denotes the M-dimensional Gaussian
distribution with identical mean 0 and variance 2 in each di-
mension. An energy detector is optimal under the NP criterion
[23, Sec. 2.6.2]

opic sensing policy isoptimal and has asimple and robust struc- [Vl = Z Y2, =M, (18)
ture that obviates the need for knowing the transition probabili- mi o 1
1
Vi(A(t)) = max As(?) Z Ua(k|8)[kBa + Vi1 (T (A(2) | a, k)], 1<t<T (153
acRg
" s€S k=0
Vr(A(T)) = max Y As(t)U,(1|8)B, (15b)
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Fig. 6. The impact of sensor operating characteristics on the performance of
the optimal OSA design.

The PFA and the PM of the energy detector are given by [23,
Sec. 2.6.2]

5 — M Nn _1 M,
TN 202,402y ) T T T 2202,
(19)

where

1 “ m—1_—t
y(m,a) = () /0 " e dt
is the incomplete gamma function. The optimal decision
threshold »} of the energy detector is chosen so that ¢ = (.
Unless otherwise mentioned, we assume that M = 10,
0.9 =05 =0dB,and o} ; = o7 = 5dB for all channels
n=1,...,N.

Impact of Sensor Operating Characteristics: Fig. 6 shows
the impact of sensor operating characteristics on the secondary
user’s throughput and the optimal access policy. The upper
graph plots the maximum normalized throughput V1 (A(1))/T
versus the PM 4. The optima transmission probabilities
(fx(0), f¥(1)) are shown in the middle and the lower graph,
respectively. We can see that the maximum throughput is
achieved a 6* = ¢ = 0.05 and the transmission probabili-
ties change with § as given by Theorem 2. Interestingly, the
throughput curve is concave with respect to 6 in the “aggres-
sive” region (6 < () and convex in the “conservative’ region
(6 > ¢). The performance thus decays at a faster rate when the
sensor operating point drifts toward the “conservative” region.
This suggests that miss-detections are more harmful to the OSA
design than false alarms.

Impact of the Number of Channel Measurements: In this
example, we study the tradeoff between the spectrum sensing
time, which is determined by the number M of channel mea-
surements taken by the spectrum sensor, and the transmission
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Fig. 7. Theimpact of the number of channel measurements on the performance
of the optimal OSA design.

time. Taking more channel measurements can improve the fi-
delity of the sensing outcome but will reduce the data trans-
mission time and hence the number of transmitted bits. We are
thus motivated to study the throughput of the secondary user
as a function of M for different maximum allowable proba
bilities of collision ¢. We assume that each channel measure-
ment takes ¢ = 5% of a dlot time. The transmission timeis thus
givenby 1 — Mc¢ = 1 — 0.05M. Assuming that the number
of hits that can be transmitted by the secondary user is pro-
portional to both the channel bandwidth and the transmission
time, we modify the immediate reward (4) of the POMDP to
R(t) = (1 — Mc)K,(t)B,.

Fig. 7 shows that the throughput of the secondary user in-
creases and then decreases with the number M of channel mea-
surements. Note that the PM is a function of the number M
of channel measurements and the detection threshold #; of the
energy detector (as seen from (19)). When the PM s fixed to
be 6% = ( according to the separation principle, the detection
threshold »* increaseswith M, and hence the PFA ¢ decreases
with M. As a consequence, when M is small, the throughput
of the secondary user is limited by the large PFA. On the other
hand, when M is large, the PFA is reduced at the expense of
less transmission time in each slot, which also leads to low
throughput. We observe that the optimal number A/* of channel
measurements at which the throughput is maximized decreases
with the maximum allowabl e collision probability . Thereason
behind this observation is that the PM 6 increases with ¢ and
hencefewer measurementsarerequired to achievethe same PFA
(as seen from (19)).

Impact of Mismatched Markov Model: In this example, we
study the impact of mismatched Markovian models on the OSA
performance. We assume that the true transition probabilities
are given by a and . The secondary user employs the optimal
OSA design based on inaccurate transition probabilities o’ and
B'. In the upper half of Fig. 8, we plot the relative throughput
loss as afunction of the relative estimation error ¥ in transition
probabilities, where & = 2= — B2 (n = 1,2, 3). Note
that when U = 0, the secondary user has perfect knowledge
of the transition probabilities and hence achieves the maximum
throughput. Inaccurate knowledge can cause performance loss.
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Fig. 8. The impact of mismatched Markov model on the performance of the
optimal OSA strategy.

We observe that the relative throughput loss is below 4% even
when the relative error is up to 20%. In the lower graph, we
examine the probability of collision perceived by the primary
network. We see that the probability of collision is not affected
by inaccurate transition probabilities, which confirms P1.2.

V. OSA WITH MULTICHANNEL SENSING

In this section, we addressthejoint design of OSA inthecase
where multiple channels can be sensed and accessed simultane-
oudy in each dlot (L > 1). We focus on the extension of the
separation principle developed in Section 1V.

A. Optimal Joint Design

Within the POMDP framework presented in Section 111, we
first describe the three basic components of OSA with multi-
channel sensing and then derive the optimality equation.

Spectrum Sensor:  Suppose that a set A(t) c {1,...,N}
of channels is chosen in dlot ¢, where | A(t)] = L > 1. The
spectrum sensor performs a 2”-ary hypothesis test

Ho :Sa(t) = [1,1,...,1],
My Sa(t) = [0,1,...,1],

HQL_I SA(t): [0,0,...,0]7 (20)
where S4(t) £ {Su(t)}neaw) € {0,1}F denotes the occu-
pancy states of the chosen channels A(¢) in the current slot. The
a priori probabilities of these hypotheses can be learned from
the observation and decision history, which is characterized by
the belief vector. For example, given current belief vector A(t)
and chosen channels A(t), thea priori probability of H, inthis
dlot is given by

Pr{Ho} = > () [ Lewou)
)

seS neA(t

(21)

This indicates that how sensor and access information at the
MAC layer (captured by the belief A(t)) can be used in the de-
sign of the spectrum sensor at the PHY layer.
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Let ©4(t) £ {On(t)}nea € {0,1}F denote the sensing
outcomes. Sensing errors occur if the spectrum sensor mistakes
onehypothesisfor another, i.e., © 4(t) # S.4(t). Sincethereare
atotal of 27 hypotheses, the performance of the spectrum sensor
can be specified by aset £(t) of 2(2% — 1) error probabilities

E(t) & {Pr{detect M, | H; istrue} : 0 <i,j <2 —1,i#j}.
(22)

The optimal design of the spectrum sensor should achieve
a tradeoff among these 22(2% — 1) error probabilities. Let
AgL)(A) include all sets of achievable error probabilities. A
sensor operating policy specifies, in each dlot ¢, afeasible sensor
operating point (i.e., a set of achievable error probabilities)
E(t) e AgL)(A(t)) based on the current belief vector A(#) and
the chosen channels A(t).

Sensing and Access Policies: At the beginning of each slot ¢,
asensing policy specifies a set

Aty e AL £ {AC{1,...,N},|A| = L}

of channelsto be sensed based on the current belief vector A(t).
Based on A(¢) and theimperfect sensing outcomes© 4 (¢) given
by the spectrum sensor, an access policy decides whether to ac-
cess®4(t) £ {On(t) e € {0,1}F. Atthe end of slot ¢,
the receiver acknowledges every successful transmission. The
acknowledgments are denoted by

Ka(t) £ {Kn(t)}neaw € {0.1}*

where K,,(t) = S,(t)®,(t). The immediate reward R(t) is
given by
R(t)= Y Ku(t)Bn (23)
neA(t)

Optimality Equation: Similar to Section 11, we can formu-
late the optimal design of OSA with multichannel sensing as
a constrained POMDP. We can also show that Proposition 1
holds, i.e, it is sufficient to consider deterministic sensor op-
erating and sensing policiesfor the optimal design of OSA with
multichannel sensing. Therefore, in each dot, the secondary
user needs to make the following decisions: which set A(t) €
AL of channels to sense, which sensor operating point £(t) €
AP (A(t)) to choose, and which set 7(t) 2 {f.(8.t)} of
transmission probabilities to use, where

Fa(B.1) = Pr{®,(t) = 1|©.4(t) = 8} € [0, 1],
n € A(t),8 € {0,1}F
is the probability of accessing chosen channel n given belief

vector and sensing outcome © 4(t) = 6. The composite action
space is denoted by

AD =({A £ F}: AecAD e (A),Felo,1]52).

We can obtain the optimality equation and the design con-
straint as

Vi(A(1))
= max As(t U(L) kA s
A:{A,S,J-‘}e/l\(L)seZS ()kAG%”L A (kals)

X [R(1) + Vi (TA®) | A, k)], 1<t<T (249)

?



2064

Vr(A(T))
= max ,\s t U(L) ks R(t (24b)
A:{,él,f,',]-"}eA(L)SGZS ()kAe{ZOJ}L A ( .A| ) ()
st. Pu(t)

- ¥

0454€{0,1}F

hs a1s,(8.410)le 15.,(0.4184) fu(04) <, Vn,t
(24c)

where F =
probabilities,

hsjs, (8411) 2 Pr{Sa(t) = s4|Sa(t) = i}

{f.(8)} is a set of chosen transmission

is the conditional distribution of channel occupancy states
S 4(t) given current belief vector A(t),

lo s (048.4) = Pr{®4(t) =04|S4(t) =84} €&

is the error probability determined by the current sensor op-
erating point, and the conditional distribution UIgL)(k Al8) of
observations K 4(¢) can be calculated as shown in (25) at the
bottom of the page. The updated belief vector 7 (A(t) | A, k.4)
can be obtained by using (25) and (10).

In principle, the optimal decisions { A*,£*, 7*} in each slot
can be obtained by solving (24) recursively. However, without
any structural resultsonthisconstrained POMDP,(24) iscompu-
tationally prohibitive. A natural question here is whether there
exists a separation principle similar to Theorem 1 that can be
used to simplify the optimal design of OSA with multichannel
sensing.

B. Separation Principle

A general separation principle does not exist for thejoint de-
sign of OSA with multichannel sensing. We show that under
certain conditions, the separation principle established for the
single-channel sensing case can be applied in the multichannel
sensing scenarios.

Theorem 3: When the spectrum sensor and the access policy
aredesigned independently across channels, the separation prin-
ciple developed in Theorem 1 is valid for optimal OSA design
with multichannel sensing. In this case, the optimal spectrum
sensor adopts the optimal NP detector with PM equal to ¢ and
detects the occupancy of a chosen channel by using the mea-
surements from this channel, and the optimal access decision
on a chosen channel is to trust the sensing outcome from this
channel. The optimal sensing policy can be obtained by solving
an unconstrained POMDP.

Proof: The proof is built upon that of Theorem 1. See
Appendix E. 1
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We emphasize that the extension of the separation principle
to multichannel sensing scenarios is based on the condition that
the spectrum sensor and the access policy are designed inde-
pendently across channels. Specifically, we assume that the oc-
cupancy of a channel is detected independently of the mea
surements taken from other channels and the access decision
on a channel is made independently of the sensing outcomes
from other channels. Intuitively, in this case, the design of spec-
trum sensor and access policy for the multichannel L > 1
sensing case can be treated as L independent design problems,
one for each chosen channel. Hence, the optimal design for the
single-channel case can be extended to L > 1.

Theorem 3 provides sufficient conditions under which the de-
sign given by the separation principle (referred to as the SP ap-
proach for simplicity) isoptimal. In Proposition 3, we show that
the SP approach is locally optimal (i.e., maximizes the instan-
taneous throughput) under certain relaxed conditions.

Proposition 3: Suppose that the spectrum sensor is designed
independently across channels while the access policy jointly
exploits the sensing outcomes from all channels. The SP ap-
proach islocally optimal when channels evolve independently.

Proof: See Appendix F. Il

It may seem plausible that the SP approach is (globally) op-
timal when channels evolve independently sincein this case the
sensing outcomes are independent across channels and inde-
pendent access decisions seem to suffice. Interestingly, counter
examples can be constructed to show that introducing correla
tion among access decisions across channels can improve the
overall throughput. The rationale behind thisis that the joint ac-
cess design enables the secondary user to trade the immediate
accessto “bad” channels (e.g., channels with small bandwidth)
for information on the occupancy states of “good” channels,
leading to potentially more rewarding future decisions. Specifi-
cally, asnoted in Section I V-B, the secondary user cannot distin-
guish abusy channel S,,(¢) = 0 from the decision of no access
®,,(t) = 0 when observing K, (¢t) = 0. However, if the access
decision ®,,,(t) on channel m # n is correlated with ®,,(¢),
then we can infer the occupancy state of channel n from both
K,,(t) and K, (t). That is, by sacrificing the reward that can
be obtained in channel m with small bandwidth, we can obtain
more information on the occupancy state of channel n.

C. Heurigtic Approachesto Exploiting Channel Correlation

While simplifying the design of OSA with multichannel
sensing, the condition that the spectrum sensor and the access
policy are designed independently across channels can cause
throughput degradation since the correlation among channel
occupancies is ignored. We propose two heuristic approaches

U (kals) 2 Pr{K4(t) = k4| S(t) = 8}

- ¥

lois,(0.484) H Pr{K,(t) = kn |©O4(t) = 04,5 4(t) = 84}

6.4€{0,1}1 neA
= Z l9A|SA (oA |3.A) H [knsnfn<oA) + (1 - kn)(l - Snfn<oA))] (25)
0.4€{0,1}* n€A
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to exploit the channel correlation: one at the PHY layer and the
other at the MAC layer.

1) Exploiting Channel Correlation at the PHY Layer: When
the occupancy states are correlated across channels, we have
correlated channel measurements at the PHY layer. Hence, the
measurements at all chosen channels should be jointly exploited
in spectrum opportunity identification. With this in mind, we
propose a heuristic design of the spectrum sensor: it performs L
binary hypothesis tests, one for each chosen channel, by using
al channel measurements and adopting the optimal NP detector
with PM equal to ¢. We point out that, differently from the SP
sensor, the proposed spectrum sensor performs L. composite hy-
pothesis tests since it uses all channel measurements and the
occupancy states of other channels are unknown in each hy-
pothesis test. Hence, the structure of the optimal NP detector
adopted by this heuristic sensor relies on the joint distribution of
the channel occupancy states, which isgiven by the belief vector
(see Section V-D for an example). That is, the spectrum sensor
design is affected by the observation and decision history and
thus varies with time. Asillustrated in Fig. 9, the performance
of this spectrum sensor improves over time, resulting from more
informative distribution of the SOS obtained from accumul ating
observations. Note that the design of this spectrum sensor is
much simpler than the 27 -ary hypothesis test given in (20).

Based on the sensing outcomes given by this sensor that ex-
ploits measurements from all chosen channels, access decisions
are made independently across channels, i.e., accessif and only
if achannel issensed asidle. Werefer this approach asthe PHY

layer approach.

Proposition 4: Suppose that the access policy isdesigned in-
dependently across channels while the spectrum sensor jointly
exploits the measurements taken from all chosen channels.
The PHY layer approach is locally optimal. When channels
evolve independently, the PHY layer approach reduces to the
SP approach.

Proof: See Appendix G. [

Note that the PHY layer approach is locally optima even
when channels are correlated.

2) Exploiting Channel Correlation at the MAC Layer:
When channel occupancies are correlated, so are the sensing
outcomes given by the spectrum sensor. Hence, the channel
correlation can also be exploited at the MAC layer by making
access decisionsjointly across channels. A heuristic MAC layer
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approach is to adopt the spectrum sensor of the SP approach,
i.e., to detect the occupancy state of a channel by using only the
measurements of this channel, and then choose the access policy
that exploits sensing outcomes from all chosen channels to
maximize the instantaneous throughput. Specifically, for given
chosen channels A € A, and belief vector A(¢) in dot ¢, we
choose transmission probabilities = {f,(6.4)} € [0,1]L2"
as shown in (26a)—(26¢) at the bottom of the page, where the
conditiona probability hs , s, (8.4 |7) (i = 0,1) of the current
channel occupancies S 4(¢) and the sensing error probability
lo 5. (0.4]5.4) are defined below (24).

Theaccesspolicy givenin (26) can beobtained vialinear pro-
gramming. Proposition 5 showsthat thisMAC layer approachis
equivalent to the SP approach when the SOS evolves indepen-
dently across channels. This agreeswith our intuition that when
channels are independent, so are the sensing outcomes from the
chosen channels. Hence, independent access decisions perform
aswell asthejoint onein terms of instantaneous throughput.

Proposition 5: Suppose that the spectrum sensor is designed
independently across channels while the access policy jointly
exploits the sensing outcomes from all chosen channels. When
channels evolve independently, the MAC layer approach re-
duces to the SP approach and hence is locally optimal.

Proof: See Appendix F. [

D. Numerical Examples

Next, we study the performance of the SP, the PHY layer, and
the MAC layer approaches. Note that these three approaches
differ in the spectrum sensor and the access policy. We can em-
ploy any sensing policy to compare their performance. For sim-
plicity, we consider amyopic sensing policy that choosesthe set
A(t) of channels to maximize the expected immediate reward
that can be obtained in the absence of sensing errors, i.e., for
given belief vector A(t) inslot ¢

A(t) = arg max Z B, Pr{S,(t) = 1}.

(27)
AeAl” neA
We adopt the model of Gaussian noise and Gaussian pri-
mary signal described in Section I V-F. Inthis case, the spectrum
sensor of the SP approach employs an energy detector given in
(18). Thedetection threshold n,, of the energy detector ischosen
so that the PM is fixed at C.

A~

F=arg max E[R(t)]| A(t)] (268)
Felo,1]E2x
— arg max Z B, Pr{®,(t)S,(t) = 1}
Felo,1]L2" oA
=arg max ZBnPr{Sn(t) =1} Z hs s, (8411)le 5. (04]84) fn(8.4) (26b)
Felo,1]72 neA 0.4,84€{0,1}"
st. P,(t) = Z hSA|S,1(3.A|0)16A|SA(0A|3A)fn(0.A)SCv Vn e A (26¢)

0.4,54€{0,1}F
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Using the measurements{Y,, } ,<_4 from all chosen channels,
the sensor employed by the PHY layer approach performs a
composite hypothesis test for each chosen channel n

Ho(Sn(t)=1) :
Y, ~N(0y, 07 oInr),
YmNN(OJM;(U?mO s, (t):0]53n71)IM)7 Vme A(t)\{n}
H1(S,(t)=0) :
Y, ~ N0, (o5 1 + 05 o) ar),
Yoo N (0ns, (02 0+ s, (1)=01 0.1 ) 0s), Ym € A(t)\{n}.
(28)

Note that the distribution of the measurements under each
hypothesis depends on the distribution of the current channel
occupancy states S 4(t) = {S,(t)}ne.a, Which is given by
hsis, (8.4 1) (defined below (24)) and can be calculated from
the current belief vector A(¢). In this case, the optimal NP
detector for (28) isgiven by alikelihood ratio test [23, Sec. 2.5]

ZS_AG{O,I}L hS_AISn (S-A |0) HmeA p(Ym|Sm = Sm)

Ysucfoyr hsals, (8l D) e aP(Yom|Sm = 5m)

Ha
27-(0 Tn

(29)

wherehg ,|s, (840) = 0whens,, # 0 and p(Y,,|Sy = s5,) is
the pdf of independent Gaussian channel measurementsY',,

M i
= H 1 672(”727,0+1[Sz1:0]”727,1) .
i=1 \/2”(02,0 + 1[sn:O]Ug,J)

Note that when channel occupancies are independent, the above
sensor employed by the PHY layer approach is equivaent to
that of the SP approach, which demonstrates Proposition 4. The
PFA and the PM of this sensor can be evaluated via simulation.
In each dot, the detection threshold ,, is chosen according to
the belief vector so that the resulting PM isfixed at ¢, i.e., the
design of the spectrum sensor varies with time.

As proven in Propositions 3-5, the PHY layer and the MAC
layer approaches are equivalent to the SP approach when chan-
nels evolve independently. We thus compare below the perfor-
mance of these three approachesin correlated channels. Specif-
ically, we consider N = 4 correlated channels, each with band-
width B,, = 1. Thetransition probabilities of the SOS are given

by

(30)

P([0111] | [0000]) = 0.6

P([0000] | [0000]) = 0.4

P([0000] | [0111]) = P([0000] | [1011])
P([0000] | [1101])
P([0000] | [1110]) = 0.2

and
P([1011]][0111]) = P([1101]][1011])
= P([1110]][1101])
= P([0111]|[1110]) = 0.8.

The maximum allowable probability of collision is assumed to
be { = 0.05. In each dot, L = 3 channels are chosen. The
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Fig. 9. Comparison of ROC curves.

spectrum sensor takes M = 1 measurement at each chosen
channel, and the noise and the primary signal powers are given
by o2 , = 0dB and 02 ; = 10dB for all n.

Comparison of Sensor Performance: In Fig. 9, we plot the
ROC curves (1 — 6,, versuse,,) of the SP sensor and the sensor
employed by the PHY layer approach. Note that the sensor em-
ployed by the MAC layer approach isthe same asthe SP sensor.
We see that the sensor of the PHY approach outperforms that
of the SP sensor. Specifically, for a fixed PM, the PFA of the
sensor employed by the PHY approach issmaller than that of the
SP sensor. Thisis because the sensor of the PHY approach ex-
ploits the correlation among channel measurementsin detection
while the SP sensor uses measurements from a single channel.
Wealso observethat the ROC curve of the sensor of the PHY ap-
proach improves over time while that of the SP sensor remains
the same. This observation can be explained by comparing the
optimal detectors(18) and (29). Clearly, the energy detector (18)
used by the SP sensor is static and o is its performance. As
seen from (29), the decision variable of the sensor of the PHY
approach depends on the conditional distribution hg |5, (8.4 | 7)
of the channel occupancies, which varieswith time according to
the belief vector. Astime ¢ increases, the belief vector provides
more information on the SOS due to the accumulating observa-
tions, leading to improved sensor performance. Fig. 9 demon-
strates that the performance of the spectrum sensor can be im-
proved by incorporating the sensing and access decisions at the
MAC layer, which are encoded in the belief vector.

Comparison of Throughput Performance: In Fig. 10, we
compare the throughput of these three approaches. As expected,
the SP approach, which ignores the channel correlation, per-
forms the worst. By jointly exploiting the sensing outcomes in
access decision-making, the MAC layer approach can improve
throughput performance. A much larger performance gain is
achieved by the PHY layer approach which jointly exploits the
channel measurements in spectrum opportunity identification.
We can thus see that exploiting channel correlation at the
PHY layer is more effective than that at the MAC layer. In
other words, independent opportunity identification at the PHY
layer hurts the throughput more than independent access deci-
sion-making at the MAC layer. This agrees with our intuition
because independent opportunity identification makes hard
decisions on whether the channel isidle. The correlation among
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Fig. 10. Comparison of normalized throughput (bit units per slot).

the resulting sensing outcomes is less informative than that
in the origina channel measurements, leading to throughput
degradation.

V1. CONCLUSION

Unique challenges in the design of OSA networks arise from
thetension between the secondary users’ desirefor performance
and the primary users' need for protection. Such tension dictates
the interaction between opportunity identification at the phys-
ical layer and opportunity exploitation at the MAC layer, and a
cross-layer approach is necessary to achieve optimality.

In this paper, we have developed a POMDP framework that
captures basic components and design tradeoffs in OSA. We
have shown that, surprisingly, there exists aseparation principle
in the optimal joint design of OSA that circumvents the curse
of dimensionality in general POMDPs. Being able to obtain the
optimal joint design in closed form alows us to characterize
quantitatively the interaction between the physical and MAC
layers. In particular, we have demonstrated how sensing errors at
the PHY layer affect MAC design and how incorporating MAC
layer information into physical layer leads to a cognitive spec-
trum sensor whose performance improves over time by learning
from accumulating observations.

We have not taken into account the interactions among sec-
ondary users. The design of multiuser sensing strategies is ad-
dressed in [26], where perfect sensing is assumed. The POMDP
framework has also been extended in [27] to address the joint
design of OSA in unslotted primary networks.

APPENDIX A
PROOF OF PROPOSITION 1

We first prove the existence of a deterministic optimal
sensor operating policy. Suppose that channel n is chosen
in the current dlot. Let w : As(n) — [0, 1] be an arbitrary
pdf on the set As(n) of feasible sensor operating points, i.e.,
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Jie5ycm, (ny w(€; 6)deds = 1. We can compute the resulting
%A €n andthePD 1-46, as

en =E[e] = / ew(e, §)dedd, (31d)
(e,6)€RAs(n)

1 =6, =E[1-6] :/ (1 = 8)w(e, §)deds.  (31b)
(c.8)€Rs(n)

S|nce0<e<1—6<P<")

'D.max (€) fOr every sensor operating
point in As(n), we have

,max

0 S €n S 1- 671 S/
(e,6)€Rs(n)

(e)w(e, 8)dedd. (32)

Since the best ROC curve P

D, max

E[PS) (] < PS.(E[d])

is concave, we have

and hence

Ogeng]‘_& <Pén2nax( )

That is, the resulting PFA and PM (e,,, 6,,) of any randomized
sensor operating policy w belongstotheset As(n). Therefore, it
is sufficient to consider deterministic sensor operating policies.

The spectrum sensor and the access policy should ensure that
the collision constraint is satisfied no matter which channel is
chosen. Let v,, denote the maximum expected remaining reward
when channel n ischoseninthecurrent slot. Then, the determin-
istic sensing policy that chooseschannel n* = arg max,ca, vn
in this dlot is optimal since the maximum expected remaining
reward that can be achieved by a randomized sensing policy is
Y oncen, Unp(n) < vy, where p: Ay — [0, 1] isapmf on the

s

APPENDIX B
PrROOF OF THEOREM 1

The proof of the separation principle is built upon the
following three lemmas. For ease of presentation, we define
Q+(A(t)| A) as the maximum expected remaining reward that
can be obtained starting from slot ¢ given that the current belief
vector isA(t) and action A = {a, (€4, 64), (fo(0), fo(1))} € A
istaken in thisdot, i.e.,

QAW | 4)
= 30 () 3 Ualkls) [6Ba+ Vis (TA(K) | 4, )] (39

seS

Let

A £ {a, (e, 64), (fa(0), fu(1))} €A

and

A2 {a, (el 8), (£4(0), £o(1))} € A

be two actions with the same channel selection but different
sensor operating points and transmission probabilities.
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Lemma 1: The value function given in (8) is convex in
the belief vector. Specificaly, at any time ¢, the value functions
Vi(A1(t)) and V3 (Az(t)) of any two belief vectors A4 (¢) and
Ay (t) satisfy
Vi(rAs(t) + (1= 1)As(t)) < TVi(A1(8)) + (1 — T)Vi(As (1)),

where0 <7 <1. (34)

Proof: We use mathematical induction. From the value
function given in (8b), we can seethat Vr(A(¢)) inthelast slot
t = T islinear and hence convex in the belief vector A(t). Sup-
pose that V;(A(t)) is convex for every slot ¢ > (. By the defi-
nition of convex functions, we can show that the maximum re-
maining reward Q;(A(t) | A) under an action A € A is convex.
Since the maximum of a set of convex functionsis convex, the
value function V;, (A(¢)) inslot ¢ = ¢¢ isconvex and Lemma 1
follows. EEN

Lemma 2: If acknowledgment K,(¢) = 1 is observed in
a dot t, then the expected future reward, given by the value
function V;41(7 (A(t) | A,1)), is independent of the sensor
operating point (e,,6,) and the transmission probabilities
(f4(0), fa(1)) employed in the current slot. That is

Verr(T(A(2) | A, 1)).

Proof: Applying the conditional observation probability
U4(1]8) givenin (9) to (10), we obtain the updated belief vector

Vit (T(A(D) | A,1)) = (35)

A'(t+1) £ T(A(t)] A, 1) whose element AL (¢ + 1) is given
by
Ysres Ao (1) P(8]8')s,
A(t+1)==2E = (36)
R S W)
which isindependent of the sensor operating point (e,, 6,) and
the transmission probabilities (£, (0), fa(1)). I
Lemma 3: In any dot ¢, the future rewards
Vet (TAA) | A,k)) and Vi (T(A(1) | A, k) satisfy
the following inequality:
Ve (T(A() | A,0))
<TVirt(T(A(1) | A, 1) + (1= 7)Vera (T (A(2) | A", 0))  (37)
where 7 is given by
o — Taes WO Ua0l8) = Un(Ole)] o0

2ses As(1)UA(0]s)

Proof: Applying the conditional observation probability
Ua(k|8) given in (9) to (10), we can obtain the updated be-
lief vectors 7 (A(t) | A, k) and T (A(¢t) | A’, k). After some al-
gebras, we reach the following equality:

T(A(£)| A,0) = 7T (A(t) | A,1) + (1 = I)T(A(t) | A',0)
(39)
where 7 is given by (38). Lemma 3 follows from the convexity

of the value function provenin Lemmal. 1
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With the above three lemmas, we now prove the separation
principle. First notice that the expected immediate reward
E[R(t) | A(t)] can be obtained as

E[R() |A()] =Ba Y As()Ua(1]8)
s€eS
= [Ea.fa(o) + (1 - Ea)fa(l)]Ba Z )‘s(t)s

seS

(40)

Since B, ZseS s(t)s, is a constant for given belief vector
A(t) and sensing action a, the expected immediate reward
E[R(t) | A(t)] increases with quantity e, fo(0) + (1 — €4) fa(1)-

Second, we note that the sensor operating point (e, 6.)
and the transmission probabilities (f,(0), f.(1)) only affect
the expected remaining reward Q:(A(t)| A) defined in (33)
through the observation probability U (1|s) = saeqfo(0) +
(1 — €4)fa(1)]. Therefore, if we can show that Q;(A(¢) | A)
increases with the quantity e, f,(0) + (1 — €,) fo(1), then this
will prove the separation principle.

To this end, we consider two actions A and A’ such that
€,12(0) + (1= ) f4(1) > eafa(0) + (1 — €4)fu(1) inslot £.
Comparing the resulting maximum expected remaining rewards
Q:(A(t) | A") and Q+(A(t) | A), we have

Qu(A(t) [ A) — Q:(A(t) | A)
= As(t) {Ba [Uar(1]8) = Ua(1]s)]
+ > [Uar(kls)Verr (T(A(8) | A’ R))

—Ua(k|8)Via (T(A(2) | A, )]}

D ()Y [Uar(kl$)Verr(T(A(1) | A, )

sES k=0
—Ua(k[8)Vipa (T(A(2) | A, k)] -
Applying Lemmas 2 and 3, we obtain after some algebra
Qi(A(t) | A") — Qu(A(t) | A) > 0

which proves the monotonicity of the expected remaining re-
ward Q. (A(t) | A) withe, f,(0)+(1—¢,) fo (1) and hence com-
pletes the proof of the separation principle.

v

(41)

(42)

APPENDIX C
PROOF OF PROPOSITION 2

When 6, = 1, we have ¢, = 0 and the objective function
€afa(0) + (1 — €q)fa(1) given in (128) is maximized when
f¥(1) = 1. When ¢, € [0, 1), the constraint given in (12) can
be written as

g C_ 5afa(1)
nga(()) S W. (43)
Applying (43) to the objective function in (12a), we obtain that
€afa(0)+(1—€a) fa(1) < fu(1) [1— fa }+ €at - (44
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where the equality holds when f£,(0) =batell)  gince
1 -6, > €, (seefootnote 2), the right-hand sude of (44) in-
creases with f,(1). Hence, to maximize the objective function
€afa(0) + (1 — €,)fa(1), we should choose the largest f,(1)
such that f,(0) = *=ete(l) > ¢ (see (43)). Therefore, when

6o <C f2(1) = 1 and correepondmgly, £2(0) = $=3=. When

8a > ¢, f(1) = £ and, correspondingly, £ (0) = 0.
APPENDIX D
PROOF OF THEOREM 2
Applying the optimal transmission probabilities

(fx(0), fX(1)) givenin Proposition 2 to the objective function
(124), we obtain that

S (1-0), 8, <¢
Eafa(o) + (1 - Ea)fa(l) = { %1@6 0o > C.
(45)

Since the best ROC curve is concave [23, Sec. 2.2], both
1i“5a and % increase with ¢, and hence decrease with
b,. From (45), we can see that the objective function
€afa(0) + (1 — €4)fa(1) increases with 6, when 6, < ¢,
but decreases when 6, > (. Hence, the maximum is achieved
when 6% (. Correspondingly, the optimal transmission

probabilities (f*(0), f¥(1)) aregiven by (0,1).

APPENDIX E
PROOF OF THEOREM 3

Let AL £ {A7{(6n75n)}n€A7{<fn(0)7fn(1))}n€A} €
AX) denote a joint composite action taken in a slot ¢ and
An = {n,(en,6n), (fn(0), fn(1))} € A denote the corre-
sponding actions taken on each individual chosen channel
n € A. When the spectrum sensor is designed independently
across channels, we can write

los.(0a]84) = Pr{©4(t) =04[SA(t) =384}
= [] Pr{On(t) = 0] Su(t) = sn}
neA

in a product form since the occupancy of a channd is detected
independently of the measurements at other chosen channels.
When the access policy is designed independently across chan-
nels, we have f,,(64) = f.(6,) for al sensing outcomes @ 4 €
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{0,1}L. Therefore, we can write the conditional observation
probability Ux(f ) (k 4|8) as(46), shown at the bottom of the page.
Similarly, after some algebras, the design constraint in (24c) can
be written as (47), also shown at the bottom of the page.

Applying (46) to (24), we can see that the sensor operating
point (e, 6,) and transmission probabilities ( f,,(0), f.(1)) of
achosen channel n € A affect the maximum remaining reward
only through U 4, (1]8) = sn[enfn(0) + (1 — €,) fr(1)], which
isindependent of the actions { A, } e 4\ () taken on the other
channels. Moreover, the ssimplified constraint (47) reveals that
the collision probability of a channel n is aso independent of
the actions { A,,, } .4\ {n} taken at other channels. Therefore,
the design of the sensor operating and access policies can be
decoupled across channels. Following the same proof as given
in Appendix B, we can show that the expected remaining reward
increaseswith e, f,,(0)+ (1 —€,,) f(1) of every chosen channel
n € A.

On the other hand,

E[R(t) | A(¢)] is given by

the expected immediate reward

E[R(t) [ A(D)]
= > B,Pr{K,(t) =1}
neA
= Z B, Pr{Sn(t) = 1}[Enfn(0) + (1 - en)fn(l)] (48)
neA

which also increaseswith e, f,,(0) + (1 — €, ) f(1). Therefore,
the separation principledeveloped in Theorem 1 holdsfor L > 1.

APPENDIX F
PROOF OF PROPOSITIONS 3 AND 5

Let A € A" denote a set of chosen channels and A, =
A\{n} be al the set of chosen channels excluding n.

Since  channels  evolve  independently, —we have
hs _1s.(87[0) = hs —ISx (s7]1), wheres~ £ {8mtmea-
and

hsA7|5n (87 |4) =Pr{S 4-(t) = 87 | Sn(t) = i}.

Hence, given belief vector A(¢) and chosen channels Ainslot ¢,
themyopic (i.e., locally optimal) sensor operating point (¢, 6n)
and transmission probabilities 7 = {f,(8.4)} are given by

UPkals) = > TIPr{0at) = 00| Su(t) = $0Hknsn fn(On) + (1= )1 = 5.f(6))]
0.4€{0,1}F neA
= [T 3 Pr{@a(t) = 61 Su = su}lbusafu(B) + (1 = k) (1 = s, fu(62))]
neAb,=0
= [ Ua. (kuls). (46)
neA
t) =Y Pr{On(t) = 0 [ Su(t) = 0} fu(0n) = (1 = 8,) fu(0) + 60 fu(1) < ¢, V€A (47)

0,=0
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{(én60). F} = arg
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(o, Jhax E[R(t) | A(?)]
Felo,1]E2k
=arg ?1?&5(”) Z B, Pr{S,(t) = 1}92_0 Pr{0,(t) =0, | Su(t) = 1}g5.
Felo,1]F2" "
=arg max > BuPr{Su(t) = 1}[engh + (1 — €n)g] (499)
fé[onumL neA
st. Pu(t) = Z Pr{0,(t) = 0 | Su(t) = 0}g5,
6,=0
=(1=6n)gg +0ug7 <(, VneA (49b)
gn(0n) & >0 ful07.0) > Pr{8,- =857} [] Pr{Om(t) =0m|Sm(t) = sm}, (50)
6-e{0,1}F—1 s—€{0,1} -1 mEA,
{EL(fn(0), fu(1)}neal (51a)
= arg gléglgg) Z By, Pr{Sn(t) = 1}[Pr{On(t) = 1] Sn(t) = 1} fu(1)
£2(0). 12 (Defo.1] "
+Pr{0,(t) =0]S,(t) = 1}£,(0)] (51b)
st. Po(t) = Pr{O,(t) = 1] 8, (t) = 0} fu(1) + Pr{O©,(t) = 0] Sn(t) = 0} f(0) < ¢, Vn € A, (51¢)

Pr{0,(t) = O, | Su(t) = 52}

= > Pr{e,

0~ s—c{0,1}L-1

(1) =867.0,(t) = 0,8

A (t)y=8"

2 Sn(t) = sn} PriS 4 (1) = 8" | Su(t) = su} (52)

(26) as shown in (49a)—(49b) at the top of the page, where
g(6») € [0,1] isdefined asin (50) also at the top of the page,
wheref™ £ {0m},, - - We seefrom (49) that the myopic ap-
proach should maximize €,g,(0) + (1 — €,)g.(1) under the
constraint (1 — 6,,)g.(0) + 6,9.(1) < ( for every chosen
channel n € A, leading to the same optimization problem as
(12). By Theorem 2, 6, = ¢ and (§,.(0),9n(1)) = (0,1)
are the solution to (49). That is, the SP sensor is locally op-
timal. Furthermore, since (4,.(0), g»(1)) = (0,1) is achieved
by choosing f,.(67,6,) = 1j9, =1 in (50), transmission proba-
bilities £, (8.4) = 6., arelocally optimal, which completes the
proof of Proposition 3.

Proposition 5 follows directly from the fact that the MAC
layer approach employs the myopic access policy and the SP
sensor, which has been proven to be locally optimal.

APPENDIX G
PROOF OF PROPOSITION 4

When the access policy is designed independently across
channels, we have f,,(0 4) = f.(6,) for any sensing outcome
©,4(t) = 64 from chosen channels .A. Hence, given belief
vector A(t) and chosen channels A in slot ¢, the myopic spec-
trum sensor £ and access decisions {(fn(0), fn(1))}nea are

given by (51a)—(51c) at the top of the page, where (52), also at
the top of the page, is determined by the sensor operating point
£ € /l\gL) and the current belief vector A(t) (see Appendix F
for notation definitions). Since (51) has the same form as (12),
the PHY layer approach islocally optimal.

Furthermore, when the SOS evolves independently across
channels, the measurements from different channels are inde-
pendent. Hence, the sensor employed by the PHY layer ap-
proach is equivalent to the SP sensor.
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