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A Residual Replacement Strategy for Improving the Maximum

Attainable Accuracy of Communication-Avoiding Krylov Subspace
Methods

Erin Carson and James Demmel

Abstract

The behavior of conventional Krylov Subspace Methods (KSMs) in finite precision arithmetic is a well-studied
problem. The finite precision Lanczos process, which drives convergence of these methods, can lead to a significant
deviation between the recursively computed residual and the true residual, b — Az", decreasing the maximum
attainable accuracy of the solution. Van der Vorst and Ye [24] have advocated the use of a residual replacement
strategy for KSMs to prevent the accumulation of this error, in which the computed residual is replaced by the
true residual at specific iterations chosen such that the Lanczos process is undisturbed.

Recent results have demonstrated the performance benefits of Communication-Avoiding Krylov Subspace
Methods (CA-KSMs), variants of KSMs which use blocking strategies to perform s computation steps of the
algorithm for each communication step. This allows an O(s) reduction in total communication cost, which can
lead to significant speedups on modern computer architectures. Despite the potential performance benefits of
CA-KSMs, the finite precision error in these variants grows with s, an obstacle for their use in practice.

Following the work of Van der Vorst and Ye , we bound the deviation of the true and computed residual in finite
precision CA-KSMs, which leads to an implicit residual replacement strategy. We are the first, to our knowledge,
to perform this analysis for CA-KSMs. We show how to implement our strategy without affecting the asymptotic
communication or computation cost of the algorithm. Numerical experiments demonstrate the effectiveness of
our residual replacement strategy for both CA-CG and CA-BICG. Specifically, it is shown that accuracy of order
O(e)||A]] - ||z|| can be achieved with a small number of residual replacement steps for an appropriately chosen
polynomial basis, which demonstrates the potential for practical use of CA-KSMs.

1 Introduction

Krylov subspace methods (KSMs) are a class of iterative algorithms commonly used to solve linear systems. These
methods work by iteratively adding a dimension to a Krylov subspace and then choosing the “best” solution from
the resulting subspace. In terms of linear algebra, these operations consist of one or more sparse matrix-vector
multiplications (SpMVs) and vector operations in each iteration, where the solution z* and residual 7* are updated
as

oF = gF 1 f o pbl R = Rl gy Aphl (1)
or something similar. This encompasses algorithms such as Conjugate Gradient (CG), steepest descent, Biconjugate
Gradient (BICG), Conjugate Gradient Squared (CGS), and Stabilized Biconjugate Gradient (BICGSTAB).

It is important to notice that z* and r* have different round-off patterns. That is, the expression for z* does
not depend on ¥, nor does the expression for ¥ depend on x*. Therefore, computational errors made in z* are not
self-correcting. Throughout the iteration, these errors accumulate, and cause deviation of the true residual, b — Az*,
and computed residual, 7*. This limits the mazimum attainable accuracy, which indicates how accurately we can
solve the system on a computer with machine precision e. When the algorithm reaches this maximum attainable
accuracy, the computed residual will appear to continue decreasing in norm, whereas the norm of the true residual
stagnates. This can lead to a very large error in the solution despite the algorithm reporting a very small residual
norm.

This has motivated the use of strategies such as restarting and residual replacement to limit the error that
accumulates throughout the computation (see, e.g., [20, 24]). The solution is not as simple as using the true residual
in every iteration (or even every s iterations). In addition to increasing both the communication and computation



in the method, replacing the recursively computed residual with the true residual can destroy the super-linear
convergence properties exhibited by KSMs, as it is these recurrences which drive the Lanczos process [20, 24].
Residual replacement strategies must then carefully select iterations where residual replacement takes place, which
requires estimating the accrued rounding error. Van der Vorst and Ye have successfully implemented such a strategy
for standard Krylov methods [24].

The computation that occurs in each iteration in standard Krylov methods, namely, the updates of 2* and r*,
consist of one or more SpMV and vector operations. Because there are dependencies between iterations in standard
Krylov methods and the main kernels in each iteration have low computation to communication ratios, standard
Krylov method implementations are communication-bound on modern computer architectures.

This motivated s—step, or, Communication-Avoiding KSMs (CA-KSMs), which are equivalent to the standard
KSM implementations in exact arithmetic. These variants use blocking strategies to perform s computation steps
of the algorithm for each communication step, allowing an O(s) reduction in total communication cost (see, e.g.,
[2, 3, 4, 6, 7, 10, 11, 16, 19, 21, 22]). Despite attractive performance benefits, these variants are often considered
impractical, as increased error in finite precision can negatively affect stability. The deviation of the true and
computed residual observed in standard KSMs is worse for CA-KSMs, with the upper bound depending on s.
Although many previous authors have observed this behavior in CA-KSMs (see, e.g. [3, 5, 4, 11, 19, 25]), we are
the first, to our knowledge, to provide a quantitative analysis of round-off error in these algorithms which limits the
maximum attainable accuracy. Our analysis, which follows the analysis for standard KSMs in [24], leads directly to
an implicit residual replacement strategy to reduce such error.

Our numerical experiments suggest that, for solving Az = b, if the corresponding standard method with residual
replacement converges such that the norm of the true residual is O(e||Al| - ||z]|), and all (s + 1)-dimensional Krylov
bases generated in our CA-KSM are numerically full rank, our methods will also converge with norm of the true
residual equal to O(e||A|| - ||x||) when our residual replacement strategy is employed. Furthermore, we note that if
we generate the Krylov basis using properly chosen Newton or Chebyshev polynomials, the norm of the basis grows
slowly with s. Therefore, the number of residual replacement steps for these bases will generally grow slowly with
respect to the total number of iterations, and we claim that stability in CA-KSMs can be achieved with no asymptotic
increase in the communication cost of s steps.

1.1 Related Work

We briefly discuss related work in the areas of s-step and CA-KSMs, as well as work related to the numerical analysis
of standard KSMs.

1.1.1 s-step Krylov Subspace Methods

The first instance of an s—step method in the literature is Van Rosendale’s conjugate gradient method [19]. Van
Rosendale’s implementation was motivated by exposing more parallelism using the PRAM model. Chronopoulous
and Gear later created an s—step GMRES method with the goal of exposing more parallel optimizations [5]. Walker
looked into s-step bases as a method for improving stability in GMRES by replacing the modified Gram-Schmidt
orthogonalization process with Householder QR [25]. All these authors used the monomial basis, and found that
convergence often could not be guaranteed for s > 5. It was later discovered that this behavior was due to the inherent
instability of the monomial basis, which motivated research into the use of other bases for the Krylov Subspace.

Hindmarsh and Walker used a scaled (normalized) monomial basis to improve convergence [10], but only saw
minimal improvement. Joubert and Carey implemented a scaled and shifted Chebyshev basis which provided more
accurate results [12]. Bai et al. also saw improved convergence using a Newton basis [1]. Although successively
scaling the basis vectors serves to lower the condition number of the basis matrix, hopefully yielding convergence
closer to that of the standard method, this computation reintroduces the dependency we sought to remove, hindering
communication-avoidance. Hoemmen resolves this problem using a novel matrix equilibration and balancing approach
as a preprocessing step, which eliminates the need for scaled basis vectors [11].

Hoemmen et. al [6, 11, 16] have derived Communication-Avoiding variants of Lanczos, Arnoldi, CG and GMRES.
The derivation of Communication-Avoiding variants of two-sided Krylov subspace methods, such as BICG, CGS,
and BICGSTAB can be found in [2].



1.1.2 Error Analysis of Krylov Subspace Methods

An upper bound on the maximum attainable accuracy for KSMs was provided by Greenbaum [9]. Greenbaum proved
that this bound can be given a priori for methods like CG, but can not be predetermined for methods like BICG,
which can have large intermediate iterates. Additionally, Greenbaum has shown the backward stability of the CG
algorithm, by showing that the Ritz values found lie in small intervals around the eigenvalues of A. There are many
other analyses of the behavior of various KSMs in finite precision arithmetic (see, e.g. [14, 15, 23]). The reader is
also directed to the bibliography in [17].

Sleijpen and Van der Vorst implemented a technique called “flying restarts” to decrease the amount of round-off
error that occurs in KSMs [20]. Their method, which is applicable to many KSMs, iteratively tracks an upper
bound for the amount of round-off that has occurred in the iteration so far. Using this upper bound, the algorithm
may decide, at each iteration, to perform a “group update”, to restart the algorithm (setting the right hand side
appropriately), or both. The benefit from using a group update strategy is analogous to grouping to reduce round-
off error in finite precision summation. Following this work, Van der Vorst and Ye devised a residual replacement
strategy, which, rather than restarting, replaces the residual with the computed value of the true residual, combined
with group updates [24]. This residual replacement occurs at iterations chosen such that two objectives are met: 1)
the accumulated round-off does not grow so large as to limit the attainable accuracy, and 2) the Lanczos process is
not perturbed so much as to slow the rate of convergence. To determine when these conditions are met, the algorithm
iteratively updates a bound on the error accrued thus far. Our analysis closely parallels that of Van der Vorst and
Ye.

1.2 Communication-Avoiding Conjugate Gradient

We briefly review the Communication-Avoiding Conjugate Gradient algorithm (CA-CQ), given in Algorithm 1. We
chose CG for simplicity, although the same general technique can be applied to other KSMs as well. In the interest of
space, we will not derive the algorithm here, but instead refer the reader to numerous other works on the topic, such
as [3, 5, 6, 11, 13, 19, 22]. The CA-CG method has both an inner loop, which iterates from j =1 : s, and k outer
loop iterations, where k depends on the number of steps until convergence (or some other termination condition).
Therefore, we will index quantities as sk + j for clarity.

In CA-CG, we do not update z%**7 rs¥%J and p*k*+J directly within the inner loop, but instead update their
coefficients in the Krylov basis

V¥ = [P*, R* = [po(A)p™*, p1(A)p*, ..., ps(A)p**, po(A)rF, pi(A)rs, ..., ps_1(A)r*]

where p; is a polynomial of degree i. We assume a three-term recurrence for generating these polynomials, defined
by parameters parameters -;, 6;, and o;:

pi(2) = Yi(A = 0:1)pi—1(2) + 0ipi—2(2)

This Krylov basis is generated at the beginning of each outer loop, using the current r and p vectors, by the
communication-avoiding matrix powers kernel, denoted Akx() below. We then represent x°¥*7, s+ and p**+J by
coefficients e¥*+7, ¢***J and a***7 which are vectors of length O(2s + 1), such that

l,skJrj _ Vk:esk+j + ISk
rsk+j _ chsk+J
psk+_7 _ Vkask-l-]

The matrix powers kernel also returns the tridiagonal matrix T, of dimension (s 4+ 1) X s, constructed such that

AP} = Pi]fi-lrfi-i-l

3

AR? = Rf+1Ti+1

where PF, RF are n x i matrices containing the first i columns of P*¥ or R¥, respectively, and Tj; is the matrix
containing the first 7 + 1 rows and first i columns of 7. Let V* = [PF, Ry _,]. This allows us to write



J J J

T.
AV = A[P]kv R?—l] - [Pk—i-lTj-‘rla R;CT] V+1 [ T T

]

T; . . ;
Let T i = [ J+l T ] . We can now write an expression for Ap**t7 as follows,
J

Apsk:+j _ Avk sk+j
_ (Avk) sk—+j
Vi T @
_ Vk:T/ask:-i-_]

where a***7 denotes the nonzero entries of a***7, in order to match dimensions with V. Therefore, T"a***7 are the
Krylov basis coefficients for Ap***J. This expression allows us to avoid explicit multiplication by A within the inner
loop, and thus allows us to avoid communication.

Algorithm 1 CA-CG Method

20,70 =b— Az0 p =10

k=0
while (not converged)
[ka Rk’ T] = Akz(A, [pSkv rSkL [s + 1, s, [[po, - ps]])
//where p; is a polynomial of degree i
Let V¥ = [P¥ RF|,GF = (VF)TVF
//Initialize coefficient vectors, which
//will be maintained such that z%%1J = Vkeskti 4 gk | pskti = yheskts pskti — ykgsk+i
b= (1, 02S]TsCSk = [0s41, 1, OS]T’ ek = [02541]
for j=1:5
Q1 = ((Q5k+j71)TGk(05k+jf1))/((a5k+j71)TGk(T’aSkJrj*l))
esk+g — eskJr]fl + ask+j—1a5k+J71

csk—i—j — Csk+j—1 - T ask+jf1a8k+j_1 ' '
Bty = ()T GH(EF10)) /()T GH 7))
ask—l—j — csk+j + 6Sk+j_1a5k+j—1
end for
sk+s [Pk Rk]eskJrs + xSk
sk+s _ [Pk’ Rk]cskJrs
)
sk—i—s [Pk Rk}aSk—i_s
)

end while

return z°*

2 Error in Finite Precision CA-KSMs

We assume A is a floating point matrix. Throughout this analysis, we use a standard model of floating point
arithmetic:

fllz+y) = z+y+d with|d| <e(|lz+y|)
fl(Az) = Ax+ 6 with|d] < emalA|- |z| + O(e?)
where € is the unit round-off of the machine, z, y € RN, and m, is a constant associated with the matrix-vector mul-

tiplication (for example, the maximal number of nonzero entries in a row of A). All inequalities are componentwise.
Using this model, we can also write



flly + Az) =y + Az + 6 with |§| < e(|y + Az| +malA| - |z|) + O(e?)
We can now perform an analysis of round-off error in computing the updates in s-step methods.

2.1 Error in Iterate Updates

In the communication-avoiding variant of CG, we represent and symbolically update vectors x*¥+7 = Vkesk+i 4 psk
and r3¥+7 = Vkcsk+i by their coefficients in the basis VF = [P* R¥], where P* and RF are the O(s) dimensional

Krylov basis vectors with starting vectors p** and 7°*, respectively. These vectors are initialized as

e = [02541]", ¢ = [0441,1,04]"

In the inner loop, we update these coefficients as

eskJr] _ eskJrjfl askJrgfl

+ Qsptj—1
k+j ktj—1 ' k+j—1
P = T —T(oask+j_1as 7 )

When Equations (2) and (3) are implemented in finite precision, they become

ésk:Jrj _ fl(éSkJrj*l +Oésk+j—la5k+j71) _ ésk+j71 + ask+j—1a3k+j71 +€sk+j

‘§Sk+j| < €|ésk+j| —|—O(€2)

ésk-i-j — fl(ésk+j—1 _ T/ (ask+j71ask+j—1>> _ ask+j—1 _ T/ (ask+j71ask+j—1) + 77sk—‘,—j

‘775k+j| § €(|ésk+j‘ + mT‘T/| . |ask+j_1a3k+j71|) + 0(62)

4
5}
6

(
(
(
(7

)
)
)
)

Note that the rounding errors in computing asy+;—1a°*77=1 do not affect the numerical deviation of the true and
computed residuals [24]. Rather, the deviation of the two residuals is due to the different round-off patterns that
come from different treatment of askﬂ-,la“‘” ~1in the recurrences for e***7 and ¢***7. Therefore, we let the term

Qsitj—1a°FTI~1 denote the computed quantity.

To avoid confusion, we let 25F+7 = VFesk+i 4 g5k and psk+i = Vkesk+J denote the exact values of expressions

whose constituents (2°%,V* és%+7 and ¢%%+7) are computed in finite precision. We use #°¥*7, #¥¥+J to denote the

floating point evaluations of the same expressions. Assuming z° = 0,

k—1
%skJrj _ l.fISk+j = fI(fl Vk .ésk+j —|—3:J‘Sk _ VkéskJrj +w3k+j + ‘A/iésH»s + si+s
fU JUS ()

=0

. k—1 o ) k—1 )
— (VkéskJrj + szész+s> + <¢sk+] + Z¢sz+s>

1=0 =0
[ ] < (|2 + my [VF] - @54 ]) + O(e?)
and
735k+j _ fl(f5k+j) — fl(vkéSkJrj) _ Vkésk+j + ¢sk+j

|9 < €| | my [VE[ - [

We can then write an expression for #°%7 in terms of #%%7:

i,sk+j _ Vkéslﬂ»j + i‘Sk
k—1
_ Vkésk—i-j + E (VZésH-s + wsz—i—s)
=0
_ i,sk:«kj o ,d]sk+j

j:sk+j — j:sk+j 4 ¢sk+j

(8)

(10)
(11)

(12)



Note that we don’t need to explicitly compute &% or #5k+J within an inner loop iteration in order to update the
representation of the current solution, é*¥*7, and residual, ¢¥*17, in the Krylov basis in the next inner loop iteration.
Therefore the round-off error in computing 2***7 and #*%7 is not cumulative between inner iterations - the only
error that accumulates is the error in updating é**+7 and és++7,

In the following subsection, we analyze round-off error that occurs in finite precision CA-KSMs. We will obtain
an upper bound for the norm of the difference between the true and computed residual at step sk + 7.

2.2 Deviation of the True and Computed Residual

We can premultiply Equation 4 by AV* to write an expression (in exact arithmetic) for the value of A#5%+7,

AFSFHT = A(VEResFHT 4 joky = AVResFHI—L 4o AVEGSRHITE 4 Ak 4 AVResE (13)

and we can premultiply Equation (6) by V* to write an expression (in exact arithmetic) for 7*¥+7:

f,skJrj _ Vk:ésk:Jrj — Vkrésk+j71 . ask+j_1va/ask+j71 + ansk?+j (14)

We can now write an expression for the difference between the true residual and the computed residual using our
recurrences for A2+ and #9%+7:

b— AR — pRH = b — AVReRT — Agek — ykesktd
=(b— AVkesk+i—1 _ gzsk _ VkéskJrjfl) _ (askﬂ_lAvkaskJrj—l _ askﬂ_lf/kT/askﬂq)
— (AVEEMHT 4 ket
=(b— Agsk+i-1 _ fskﬂ-j—l) _ (ask+j71AVkaSk+j_1 _ OéskJrj,lva/aSk-’_j_l)
— (AVFE I Yot
_ (b _ Adsk _ ,,Ssk) o z]:(ask+i_1AVkask+i—l . a5k+i_1VT/ask+i—l + AV§Sk+i + Vnsk+i)

i=1

(15)

Then we can bound the 2-norm as:

||b— Azskti _fsk+j||2 < ||b— A%Sk _;sk||2

J
+ Z (||a8k+i_1Avkask+171 - ask+i_1VkT/ask+zfl||2 + ||AV"”“§S’“+Z||2 + ||ansk+z”2) (16)
=1

The first term on the right hand side, ||b — Azsh — ﬁ3k||2, gives the norm of the accumulated error at the start
of this outer loop iteration. The remaining terms on the right hand side denote the error, or the deviation of the
computed from the true residual, accrued in each inner iteration due to finite precision coefficient updates. In order
to determine when the true and computed residual have deviated too far, we need to keep track of an estimate of
these quantities, and do it in a communication-avoiding way. We will first address the summation term, or, the error
in the coefficient updates.

2.2.1 Error in Coefficient Updates within Inner Loop

We will go through and bound each term in the summation: (1)agpri_1 AVFas 11—y VET sk =1 (2) AVFgsh+i,
and (3)17’“175’“”. Throughout this analysis, we will tend to favor the 2-norm. Although the analysis could be done
using any p—norm, the 2-norm quantities are easily computable in a communication-avoiding fashion, since the
O(2s 4+ 1 x 25 + 1) Gram matrix encodes the dot-products with the basis vectors. For the remainder of this paper
we will drop terms higher than O(e) for simplification.



Theorem 2.1. Let

rk Dk Dk “ ~ ~ ~

Vvi—l = [Pi—la Ri—Q] = [Up, sky vy Up, sk+i—1, Ur sky -y Up, sk+i—2]
rk Dk Dk Dk ~ Dk “
Vi =[P, R = [Py, Up, sk+is Ri_o, Ur, skti—1]

be matrices of 2i—1 and 2i+1 basis vectors, respectively, for a Krylov subspace with A. Then ||ovgri—1 AV jasF+i=1—

Qspyi1 VET a** 171 |3 is bounded above by

|‘Oésk+i—lA‘>;;’ilaSk+i71 7 ask+i—1‘/\/q;kT/aSk+i71||2

< JAVE, = VET|g - ||agkgi—aa™ T o
Cp, sk+1 Cp, sk+1 Cr, sk+1 CT’ sk+i—1
e e L
4! Vi
. (||ésk+z o é5k+271||2)
where
Cp,skth 1 A . 2|Ut| ) )
I 2 < el = lop, sktellz + (210c] + 2mal|All2) - |[Dp, skte—1ll2 + 7 - [|10p, skre—2ll2 ] 1<t <
Yt |’Yt| "Vt|
Cr,sk-ﬁ-t 1 ) R 2‘0’,5‘ N .
I - o < e il [0, settll2 + (2[0:] + 2mal[Al[2) - [|Or, sk+e—1]l2 + il Nor, skge—2|l2 | 1<t <

Proof. We will bound ||asgri—1 AV ja* =1 —agy VET aski71)|5, computed exactly. We can rewrite this as

skt 1 AVE 1@ 70 — aggens  VET a7 |y < JJAVE, = VET ||z - [Jashi1a™ |2
First we will bound ||asps;—1a**T%71||,. Using equation (4), we can write

ask_H_laskJrifl _ ésk+z . é8k+171 . é-skJrz

sk+i71| < sk+i __ ésk+i71| + |£sk+i|

|otsktiz1a |é

‘|ask‘+i—1a8k+i71||2 S ||ésk+i _ ésk+i71||2 + €||ésk+i||2 (17)

Now, the term left to bound is ||AV;’“_1 — VikT’HQ. We know that, computed in finite precision,

Vik = [Pik_lv f)p, sk+is R?—Qa r[}r, sk+i—1]
where v,, s+ is a basis vector for the Krylov subspace with starting vector p**, defined by the formula (similarly for

Ur, sk:—i—i—l) .

Up skti = Yi(A—=0;1)0p skri—1 + 0i0p, sk+i—2 (18)
= YAVp, skri—1 — ViliVp, skti—1 + 0iVp, shti—2

Parameters ~;, 0;, and o; are coefficients defining the three-term polynomial basis for the Krylov subspace. In the
monomial basis, 6; and o; are always 0, and v; = 1. For Newton, v; = 1, 0; = 0, and 6; are chosen to be eigenvalue
estimates (Ritz values), ordered according to the (modified) Leja ordering. For Chebyshev, these parameters are
chosen based on the bounding ellipse for the estimated eigenvalues of A.

When Equation (18) is implemented in finite precision, we get (See Appendix A), similarly for v, sg4+i—1:



ﬁp, sk+i — fl(vp, sk+i) = % (A - 01])@19, sk+i—1 + O—i@p, sk+i—2 + <5k+i
= YAy ki1 — YibiOp skrio1 + Oip shrig + CFT (19)
P54 < €|y, skl + 201768l +ma - [yl - |A]) - [, skri-1] + 2|03y, skti—2l) (20)

Now, rearranging Equation (19), we get an expression for A9, sx4;—1 (or, similarly, A, sxii—2):

; _ ; ; ; , skt
Abp shyio1 = P [0p, skti + Yilibp, skrim1 — O30, shriz — (V5]
1

o . P sk+i

- ,_Y*’Up, sk+1 + 0;0 iUp, sk+i—1 — ?Up, sk+i—2 —

i

Notice that the right hand side is a multiplication of the finite precision basis vectors by 7', our tridiagonal matrix

sk+i
with change-of-basis coefficients, plus the error term, & . To write AV * ., we can write the above as a matrix
equation:
A- [f[)p,ska EE) f}p, sk+i—1, r[}r, sky =y ﬁr, sk+i—2
= [{}p, sky <oy @p, sk+1is '07', sky <oy 1}7', sk+i—1] T
Cp, sk+1 Cp, sk+1 Cr, sk+1 Cr, sk+i—1 ]
s eey , s e
94! Vi At Yi
p, sk+1 p, sk+i r, sk+1 r, sk+i—1
ok ok ¢ ¢ ¢ ¢
AVE L = VET - s ey , s e
71 Yi 71 Vi
We can rearrange the above equation to get
. R p, sk+1 p, sk+i r, sk+1 r, sk+i—1
AVF - VET = —[C - ¢ , ¢ s ¢
71 Yi 24! Yi
Taking the norm of both sides, we see that
p, sk+1 p, sk+1 r, sk+1 r, sk+i—1
ok o ¢ ¢ ¢ ¢
JAVZ, = ViET'[l2 <[] e : s 2
M1 Vi 4! Vi
Cp sk+1 Cp, sk—+1i Cr, sk+1 Cr, sk+i—1
< VNI ; Il
Vi 4t Vi
p,ak-i— Cp, sk+i Cr, sk+1 Cr,sk—H 1
— VN - max (|| s I e 1= )
Yi Y1 i
p, sk+1 Cp, sk+1 Cr, sk+1 CT’ sk+i—1
< Ve (1 o 1 5l 141
Vi 94! Vi

Now, we can write the whole bound as
lloskpi 1 AVE @ T — agp s VT @M1y
< ||Af/2]il _ VkT/||2 . ||ask+i71a8k+i_1”2
< VN - max (|

(||Ask+z7ésk+z 1H2) +O(62)

p,sk Cp,sk—i—z
H27"" H

Cr, sk+1 Cr sk+i—1
o 1 |||2)

7 1 7

Using Equation (20), we get



Cp’ sk+t 2|0t|

1 . R
||QSe<|%|-||vp,sk+t||2+<2|et|+2mA||A||2> I,k lls+ 2 ||vp,sk+t_2|2)

1<t<q

Cr, sk+t 2|Ut|

1 R A
lla <€ <7| Mor, skelle 4 (216:] + 2mal[All2) - [[or, shye—all2 + T el ||vr,sk+t2|2>
t t

|
1<t<i—-1
This proves the Theorem. O

We have two terms left to bound in Equation (16), AV*¢55+ and VFn**+i. We can bound the 2-norm of AV*¢sk+
as

[AVFERH |y < [Allz - [[[VE] - €54 []2
< el All2 - [[[VF]- ] ]2 (21)

Now, to bound the 2-norm of V’“nS’“‘i, we plug in and use Equation (7):

[VER R4l < V] (0754 |2
S el[[VE- (16 + mp|T'] - |askgiaa®™ ) |2
< EH ‘Vkl . (‘C‘Sk+i| + mT|T’| |Ask+z _ ésk+i—1|)‘|

< ([ IVE[ -1 {2+ me [T ||z - [[[VF] - e+ — e+ |]y) (22)

Putting all our terms together, we find

||b AAskJrg sk+j||2

< ||b AAsk skH2

J
+Z [Hask—i-z 1Avk sk+i—1 — Qi 1VkT/ sk+i— 1|\2+\|AV’“£5’““|\2+||V’“ sk+z|| }

i=1
<[fb— A2 =75l (23)
p,sk Cp,sk#»i Cr,sk+1 Cr, sk+i—1 ) o
+Z[ N - max <|| ||2,..., || _ Hg,” H27..., ||7|| ) (Hesk+1_esk+z 1H2)
i—=1 Yi 1 %

+ellAllz -] VH] - \AS’“+ZIII2+6(III‘7'“| [ [l 4 m|[T']]2 - [ [VF] - 557 — eBHimt ]])]

2.2.2 Error in Basis Change in Outer Loop

Now, we want to bound the term ||b — Az** — #%%||, in Equation (23). We can write, again assuming 2° = 0, 70 = b,



Hb* A‘%sk o 7Ssk||2

= [|b— A@E* 4 %) — 7% — 9|

< [lb— Az = 7o + || A + 7|2

=||b— Apstk=D+s _ 7;5(k—1)+5||2 + ||Aws(k—1)+s + ¢s(k71)+5||2

< ||b _ A.’i‘s(k_l) _ ?s(k—l)HQ + ||A,(/}s(k—1)+s + ¢s(k—1)+s||2

+ ZH|as(k,1)+i,1AIA/k_1a5(k_1)+i_1 _ as(k71)+i71Vk—1T/as(k—l)+i—1H2
i=1
+ ||A‘7k—1§s(k—1)+i”2 + HVk—l s(k—1)+i||2]

k—1
<Z <||Aw9l+9+¢€l+e|| _|_Z |:||asl+z 1AVl sl+i— 1_&81_H 1V T/ sl+i— 1||2+HAV §9l+z‘|2+|‘vl 9l+1H :|>

=0 i=1
k—1

< (1A [g + [19F2]12)
=0

k—1 s

+Z (I%m LAV QT g VT 4 JATE [0 )
=0 ¢
k—1

<D (Al - 1197722+ 1¢°7#|2)

S

+
?T‘N
Il
HO

<‘|asl+i_1AVlasl+i71 o asl+i_1f/lT/asl+i71H2 + HAVIgsl«H'HQ + H‘A/lnsl+i”2) (24)

~
o
=

1=

This bound, in words, says that the error at the start of the k' outer loop iteration is the sum of (1) the errors
in performing coefﬁc1ent updates in every inner loop iteration executed so far (iterations 1 through sk) and (2) the
errors in computing # and 7 in every outer loop iteration so far (outer loop iterations 1 through k).

2.2.3 Total Error

Putting the terms in the above two sections together, we obtain an upper bound for the error accumulated at iteration
sk+37:
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||b — Agsk+d — psktiy|,

< II(b—Ai“S'“ — )l

+ (||a5k+i_1A‘/\/kaSk+i71 - ask_H_lf/kT/ask#»ifl'b + ||A‘}ké~sk+i||2 + ||‘A/knsk+i”2)

)
iyg B
i

??‘
,_.

(HAwS”SIIQHIQSS”SII )

0
-1

N

S

+
]

<||asl+i—1AvlaSl+i71 o O[Sl_‘_l__l‘A/'lrI:/alerifl||2 + HAVI'SSlJriHQ + |‘Vln5l+i”2)

N
I

o

—

7

+
e

(||ask+i71AVkask+ifl _ O[S]CJrl_il‘A/'kT/asle’fl||2 + ||AVk£sk+z||2 + ||ansk+z”2)

i=1
k—1
=" (IIAl2 - 1212 + 16" +#]]2) (25)
=0
k-1 s p,él—i—l Cp,sl-l—i <T,Sl+1 CT sl+i—1 )
+> > [VN - max <|| ll2s oy [[2——1[2, I 2y ey ||2> (st — esim1)1)
1=0 i=1 i N i

+ellAll2 - [[[V] - IA”“\HerE(IIIVlI & Nl +me TNl - (V'] - e — e+ ]]2))

J P, sk+1 Cp, sk+1i Cr sk+1 Cr sk+i—1 ) -
+) VN max(n 25 e | 2 2 |||2) (et — ehti=1]),)

.y
i=1

+el|All2 - || [V - Ié‘s'“*il o+ e([[ V] - e+ ||2 + mTIIT'H2 V] ettt — ekt 1)
S dsk+j (26)

where we will use dgsx; to denote an upper bound for |[b — AZ*¥+7 — 7sk+3||5. By the equation above, we can keep

track of this quantity iteratively, by updating this quantity in each iteration as follows:
f1<j<s—1:

Cp, sk+1 Cp, sk+j Cr, sk+1 C'r, sk+j—1 . .
dsk+j = dsk+j—1 + V.V - max (II ll2 -5 I - ||2, I [l25 .o, |l — |z ) - ([[e" — et HTY|y)
J J
+el|All - [[ V] [ [ o + e(|[[VE] - e+ + mTIIT’Ilz (V] - |estH — et ) (27)

Ifj=s:
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ds(k+1)

Cr, sk+1

= dsk-i—s = dsk+s 1
Cr,skJrsfl
||27H ||2a'~'a H

P’ sk+1 Cp’ sk+s
+ vV N - max (|| SN > (||Ask+siésk+sfl||2)
Vs 7 Vs

||25-'~7 ||
+el| Al - [ [VF]- \ASHS\ 2 + (|| [VE] - [ |2 + m [T |2 - [[[VF] - [e55F = e ]])

+ ([[Al]2 - [0 ]2 + [|¢™F°]2)
- dsk+s—1

p sk+1 Cp, sk+s Cr, sk+1 CT, sk+s—1 i i L
VE max(n oo oo 1 o ||2,...,||) (llek+s — eskam1ly)
Vs 71 Vs
+6||A|\2'((1+mv)'|||Vk| 642 [y + |3+ |,) (28)

+e((14my) - [[[VEL e o + [P [o 4 mal [Tl - | [VH] - |42 — eb 71 )

2.3 Avoiding Communication in Computing the Upper Bound

In each iteration, we will update d***7, the deviation of the true and computed residual, given by Equations (27)
and (28). Section 3 will discuss how this quantity is used to determine whether or not residual replacement occurs
at a given iteration. First, however, we show how to compute the value of d***J in a communication-avoiding way,
to avoid reintroducing the communication bottlenecks that we sought to remove.

We can assume that we have estimates for ||A||2 and ||7”||2. These quantities need be computed only once, since
their values do not change throughout the iteration. The remaining quantities we must compute are

1 e ([ €22 gy [ g [ oy [ ),
2. |[[VE[- e[|l , [[[VE] - [eR] ||z and [|[V] - |é$k+j — eI o,
3. [|2°5+7]; and ||7*5+7||5, and
4. ||eskti — eskti—1,
We can compute {HCP S ||<p S HCT g, - HCT S ||2} at the beginning of the outer loop, and

then easily choose the maximum amongst the approprlate 2j — 1 scalar quantities within each inner loop iteration.
Computing this set involves computing the norm of each basis vector, which can easily be accomplished by use of
the Gram matrix for no additional communication cost. The additional computation cost is O(s?) per s steps.

For terms in 2. above, we have 2 choices. The first option is to upper bound each quantity as || [V¥] - [e55+7] ||, <
|[V¥||2 - ||é55%7||5. This requires no additional communication, as each processor can compute ||V¥||, using the Gram
matrix, and computing |[é¥77 ||y, ||e55F7]|2, and ||esF+T — eskri 1|2 are all local work. The additional computation
is O(s?) per outer loop iteration. The second option is to compute Gy = V7| |V| in each outer loop. Then Gy
can be used to compute the two-norm of these quantities without communication within the inner loop. Although
this provides a tighter bound, this option requires an additional global reduction in each outer loop iteration (the
asymptotic communication costs remain the same). This option also requires O(s?n) additional computation per
outer loop iteration.

We also use the Gram matrix to compute ||#5+7 ||y < \/(655+9)T G (e5F+7)+[|2%F || and ||755+7 ||y < \/(e5K+3)T G (esF+7)
, where [|25%||5 and ||7:'Sk||gcan be computed at the start of the inner loop (since we must communicate to compute
and distribute the values of 2°* and 7** anyway). This requires O(n + s2) operations per outer loop.

Finally, ||és¥+7 —ésk+i=1||, can be computed locally by each processor, so no additional communication is required.
Computing this quantity in each inner loop requires an additional O(s?) operations per outer loop.

We note that using the Gram matrix to compute inner products locally does result in an extra O(e) error term.
However, since all quantities in 1-3. above are multiplied by ¢ in the bound for d***7, these O(¢) error terms become
O(€?) error terms, and can thus be ignored in our bound.
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The communication and computation costs given for computing d***7 above do not affect the overall computation
or communication cost of the algorithm. Therefore, we can keep track of the quantity d***7 in each iteration without
asymptotically increasing the cost of communication or computation in CA-KSMs.

3 Replacement of Residuals in CA-KSMs

In order to improve the maximum attainable accuracy, we want to replace the computed residual with the true
residual at certain iterations, according to our calculated dgj; value. We must choose these iterations carefully to
satisfy two constraints: 1) we don’t want to let the deviation grow too large, and 2) we don’t want to lose super-linear
convergence provided by the underlying Lanczos process.

Van der Vorst and Ye [24] have suggested the following condition for residual replacement to satisfy these prop-
erties:

dsk+j—1 < €||725k+j71||2 && dsk+j > é‘|f5k+j||2 && dsk—',—j > 1-1dinit (29)

where we initially set dy = dinit = €(|[r0]]2 + mal|A||2 - ||z°]|2) = €]|b||2, and € is a tolerance parameter. The value
€ = /€ has been found to be a good value empirically for standard KSMs [24], and we have observed good results
for CA-KSMs as well.

In our case, we do not know the actual value of ||#**T7=1||5, but we can use the Gram matrix G* to compute
||FsE+i=1]|,. We will now argue that we can replace ||#**+t7=1||y and [|#*¥*7||y with ||#**+i=1||, and ||F**17||5 in
Equation (29). Since

f,skJr]fl — ,,,AskJrjfl o ¢8k)+‘]71

we can say

| P | e | P P 1

We know [|¢*Ft7=1||; = O(e) and ¢ = €'/2. Since ignore powers of € larger than O(e), this becomes:

sk+j—1H2

IN

é||7§sk+j—l||2 + 0(63/2)

< é||7,:sk+j71||2

é||7

Therefore, we can use ||#**77=1||, in our replacement condition for CA-KSMs. An analogous argument holds for
||[7**+7||5. Our condition for residual replacement in CA-KSMs will then be

dapyj1 < |||y && dapyj > |72 && doryj > 1.1dmir (30)

If this statement is true, we perform a group update by accumulating the current value of #5%1J into vector 2, as
2 = fl(2 + 2°*+9), and we set #5517 = fI(b— A2).

To perform a residual replacement in CA-KSMs, all processors must communicate their elements of ki 1o
compute b — A:@Sk‘”, and we must break out of the inner loop (potentially before completing s steps) and continue
with computing the next matrix powers kernel with the new residual in the next outer loop. This means our
communication costs could potentially increase if the number of replacements is high (i.e., we compute the true
residual every iteration), but our experimental results in the next section indicate that, as long as the generated
basis is numerically full-rank and the basis norm growth rate is not too high, the number of replacements is low
compared to the total number of iterations. Therefore the communication cost per s—steps does not asymptotically
increase. A formal round-off analysis of the residual replacement scheme using this condition for KSMs can be found
in [24]. Our future work will include a round-off analysis of this replacement scheme for CA-KSMs. The algorithm
for residual replacement can be found below in Algorithm 2.
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Algorithm 2 Residual Replacement
if dsk+j71 < éH’ISSk—H_lHQ && dsk+j > €‘|7§Sk+j‘|2 && dSkJrj > 1.1d; 4t

z =z 4 skt
rskti = — Az

skt =0
dinit = di = €(||r** ]2 + mal|Alla - [|2]]2)
reset=1
BREAK
end if

We can now give the algorithm for CA-CG with residual replacement, shown in Algorithm 3. Blue text denotes
new code added to Algorithm 1 for the purpose of residual replacement.
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Algorithm 3 CA-CG with Residual Replacement

Compute ||A||2
20=0,70=0,p° =10

k=0

dO = din,it = G(HTOH2)
z=0

reset= 0

while (not converged)
[Pk’ Rk’ T] = Akz(A, [pSkv TSkL [s + 1, s, [[po, -, ps]])
//where p; is a polynomial of degree i
if (k==0) Compute ||T”||2
Let V¥ =[P RF,GF = (VF)TVk
//Initialize coefficient vectors, which
//will be maintained such that z%%+7 = Vkeshti 4 gk | pshti — Yheshti pskti — ykgsk+i
atF =1, 00s]" %% = [0411, 1, 05]7, €% = [02411]
for j=1:5
ask+j_4,::((05k+j71)T(;k(03k+j41))/((a5k+j71)T(;k(Tva5k+j71))
esk+j — eskJrjfl 4 ask+j71a8k+j71
csk-i—j — csk+j—1 _ askJrjflT/a‘Sk—i_j_l
Batrj—1 = ((FH)TGH (e H9)) [((eHHI=1)TGH (1))
askJrj — Csk+j 4 ﬁsk+j—1a8k+j71
Update dgx4; using Eq. (27)
if dskJrj,l < €||T'Sk+j71||2 && dsk+j > gHT'SkJerQ && dsk+j > 1.1d;pnst
2=z + skt
ki = p— Az

ki =0
dinit = di = €(||[r**[|a + mal|All2 - ||2]]2)
reset=1
BREAK
end if

end for
if reset! =1
Update dgxts by Eq. (28)
xskJrs _ [Pk, Rk}68k+s 4 ;vSk
pskts — [f)k7 Rk}CSkJ'_S
end if
reset=0
psk+s — [Pk, Rk]askJrs
k=k+1
end while
return z 4+ z**

4 Experimental Results

We evaluated our residual replacement strategy on a few small matrices (both symmetric and unsymmetric) from
the University of Florida Sparse Matrix Collection, using the CA-BICG method (or CA-CG where appropriate). In
these experiments, we compare standard (BI)CG with both our CA-(BI)CG method and our CA-(BI)CG method
with residual replacement. We ran these tests for s = [4, 8, 16]. To lower the 2-norm of the matrix, we used row
and column scaling of the input matrix A as a preprocessing equilibration routine, as described in [11]. This process,
which only need be performed once, is used in lieu of scaling the basis vectors after they are generated, which
reintroduces communication dependencies between iterations. For each matrix, we selected a right hand side b such
that ||z||2 = 1, &; = 1//n. We have found empirically that using a replacement tolerance around é = /€ , the same
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value used in Van der Vorst and Ye [24], ensures that the true and computed residual remain the same throughout
the computation.
The figures below are organized as follows. The left column shows the convergence of

e standard (BI)CG (black line)
e standard (BI)CG with residual replacement (black dots) [24]
e CA-(BI)CG for all three bases:
— Monomial (blue line), Newton (green line), Chebyshev (red line)
e CA-(BI)CG with residual replacement for all 3 bases:
— Monomial (blue dots), Newton (green dots), Chebyshev (red dots).
The right column shows our upper bound estimates, dg4;, for
e standard (BI)CG with residual replacement (black dashed line) [24]

o CA-(BI)CG with residual replacement for all 3 bases:
— Monomial (blue dashed line), Newton (green dashed line), and Chebyshev (red dashed line)

vs. the true value of ||ri" 7 — fsk+i||, for

e standard (BI)CG with residual replacement (black dots) [24]

e CA-(BI)CG with residual replacement for all 3 bases:
— Monomial (blue dots), Newton (green dots), and Chebyshev (red dots)

Table 1 shows the total number of replacements, and the iterations at which the replacements occurred, for each
experiment,.
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Figure 1: cddel. Model convection-diffusion differential equations. Non-normal.
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Figure 2: jpwh991. Unsymmetric matrix from Philips, LTD. Semiconductor device problem. Non-normal.
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Figure 3: meshleml. Structural problem from NASA. SPD.
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5 Analysis and Conclusions

Our results show that our residual replacement scheme for CA-KSMs is indeed effective, as has been observed for
KSMs. For all test cases, the Newton and Chebyshev bases converge to a level considered to be backward stable,
with the 2-norm of the true residual equal to O(¢||A]|2 - ||z]|]2)- From Table 1, we can see that, using the Newton
and Chebyshev bases, the number of residual replacements needed to maintain stability grows slowly (linearly) with
the basis size, and the total number of replacements is very small compared to the total number of iterations. We
expect this behavior because the conditioning of these polynomial bases grows slowly with s for many systems when
basis parameters are chosen appropriately [18].

Additionally, our experimental results indicate that residual replacements do not significantly slow the rate of
converge for CA-KSMs with the Newton and Chebyshev bases. In fact, in many experiments, the CA-KSM with
residual replacement often converges at a faster rate than the CA-KSM without residual replacement. This, combined
with the observation that the total number of replacements is small with respect to the total number of iterations,
leads us to conclude that, using an appropriate Krylov basis, we can increase the maximum attainable accuracy of
CA-KSMs without asymptotically increasing communication or computation costs.

For the monomial basis, however, the basis condition number grows exponentially with s [8], which is reflected
by a large number of replacements in our results. We observed that for all test matrices except the last two, nos4
and pde900, the monomial basis became numerically rank deficient at some point during the algorithm for s = 16
(denoted by an asterisk in Table 1). Since our generated Krylov subspace is numerically rank deficient here, we
expect frequent replacement up to a point (depending on the tolerance parameter €). After the residual becomes so
small that the condition for replacement is no longer satisfied (designed with the goal that the Lanczos procedure not
be disturbed), replacements will stop. At this point, we can’t draw meaningful conclusions about the behavior of the
monomial basis. In the case of the first two non-normal matrices, cddel and jpwh991, the method does not converge
in this case. For the two SPD matrices meshleml and mhdb416, however, the method does converge despite the
occurrence of a numerically rank-deficient basis. Whether this is due to luck or some underlying properties remains
to be determined, and will require closer examination of which iterations were affected by a degenerate subspace.
For nos4 and pde900, both numerically full rank for all bases at s = 16, the CA-KSM with residual replacement does
converge, whereas the CA-KSM without residual replacement does not converge due to round-off error.

Much work remains to be done on the analysis of CA-KSMs in finite precision. In the immediate future, we
plan to perform an analysis of the replacement scheme chosen in finite precision to support our experimental results.
We also plan to extend this analysis to other CA-KSMs, such as CA-BICGSTAB. This will follow the same general
process here, modulo a few extra terms.

We can also extend our error analysis to improve CA-KSM algorithms. One possibility is that we can heuristically
determine the maximum s value we can use given ¢, based on an estimate of basis norm growth. This would allow
us to choose an s value that is as large as possible, without requiring a large number of residual replacement steps
(which limit our savings in communication). The error analysis performed here could also allow for dynamic selection
of s; depending on our error estimate and the frequency of residual replacements, s could be automatically increased
or decreased throughout the computation. Many opportunities exist for future research.
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Appendix A: Round-off in Matrix Powers Computation

We assume the polynomial basis is computed via a 3-term recurrence, as follows:

op = flvi) = (A= 0 D)ip—1 — odp—2 + "
= WAb_1 — (WOk)Ok—1 — opOk—2 + CF
We wish to find a bound for ¢*:

JU(ADg—1) = A1 + oo
60| < maelAl - [0

fl(ve - Fl(ADk—1)) = Y ADk—1 + 01
|01] < e (malykl - |A] - [Op—1| + [ ADk—1]) + O(€?)

fl(oklg—2) = oxlk—2 + 02
|02] < €|okir—2]

FUveOkOk—1) = YiOrOk—1 + 03
03] < €|(YkOk )0k —1]

FUCSU (O )0k—1) + fl(orOk—2) ) = WOkOk—1 + 03 + OpOk—2 + 02 + 64 = YOkVk—1 + OxVp—2 + d5
104] < € (|7OkDr—1 + oxdr_2]) + O(€?)

|95 elontn—a| + €| (W) 0k —1| + € (IOkDk—1 + oDk —2|) + O(€?)

2¢ (Jokdr—2| + | (W) Or—-1]) + O(€%)

INIA

FUCFU e - FUADR—1)) — FUCFU((vOk )0k —1) + fl(okDr—2) ) ) =
Vi AVp—1 + 01 + VO, Or—1 + 0xOk—2 + 65 + 96 = Ve AVk—1 + ViOkOp—1 + OkVp—2 + 7

06| < € (| v ADp—1 — WOkDK—1 — oxDK_2|) + O(€?)

IN

|d7] e(malye| - 1Al - 0k—1| + [ A1) + 2€ (|orDp—2| + [(V%Ok)Or—1])
+€ (|7 Adg—1 — VeOrDK—1 — oxDK—2]) + O(€?)

€ (|0] + 2| (Ok) 0k 1] + 2|on0k—2| + [y ADk—1| + maly| - [A] - [Or—1])

IN

= | 1C¥] < € (Jon] + 2/ (vOk)Or—1| + 2lowbr—2| + Yk ADk—1| + malvi| - |A] - [Br—1])

26



