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A Generic 4*"Order 2D Unstructured Euler Solver for
the CESE Method

David L. Bilyeu,* Yung-Yu Chen, T and S.-T. John Yu *
The Ohio State University, Columbus, OH 43210, USA

Previously, Chang’ reported a new class of high-order Conservation Element Solution
Element, CESE, methods for solving nonlinear hyperbolic partial differential equations.
The scheme was then extended by Bilyeu, et al.” to solve a 1D vector equation with an
arbitrary order of convergence. This new high-order CESE method shares many favorable
attributes of the original second-order CESE method, including: (i) compact mesh stencil
involving only the immediate mesh nodes surrounding the node where the solution is
sought, (ii) the CFL stability constraint remains the same, i.e., < 1, as , and (iii) superb
shock capturing capability without using an approximate Riemann solver. In the present
extended abstract, we extend the 1D formulation to 2D. A general formulation is presented
for solving the coupled equations with 4**order accuracy. To demonstrate the formulation,
two linear cases are reported. The linear test cases shown are the convection equation and
the linear acoustic equation.

In the final paper we plan to present non-linear test cases and solve the equations on a
quad mesh.

I. Introduction

In this work, we extend the 1D solver for one nonlinear hyperbolic equation to two dimensions. The
new formulation is currently restricted to 4""order but can be extended to higher orders by extending the
Taylor series. To demonstrate the capabilities of the new scheme, we apply the method to solve two sets of
equations: (i) the linearized acoustic equations, and (ii) a convection equation.

The original second-order CESE method” " solves the hyperbolic PDEs by discretizing the space-time
domain by using the conservation elements (CEs) and solution elements (SEs). The profiles of unknowns are
prescribed by assumed discretization inside SEs. Aided by the approximation for the unknowns in the SEs,
space-time flux conservation can be enforced over each CE. The calculation of space-time flux conservation
results in the formulation for updating the unknowns in the time marching process. The special features
of the CESE method include: (i) The conserved variables are represented by a Taylor series expansion in
both space and time. The order of the Taylor series is also the order of the solver. (ii) The a scheme, the
core scheme of the CESE method, is non-dissipative. (iii) The CESE method has the most compact mesh
stencil possible involving only the immediate neighboring mesh points that surround the mesh node where
the solution is sought. (iv) The method uses explicit integration in time marching. The stability criterion is
CFL < 1. (v) No approximate Riemann solver is used and the scheme is simple and efficient.

The space-time stencil used in this derivation is the same as that reported by Wang and Chang” and is
repeated here for completeness. Figure 1 is a top down view of the computational domain. In this figure the
solid lines represent the mesh and the dashed lines are the boundaries of the conservation element centered
at G(j). The squares are vertices’s of the mesh, the circles are the solution points and the x are the centroid
of each triangle. Figures 2a and 2b are the conservation element, CE, and solution element, SE, associated
with the solution point G(j). These CE is the 3D space-time element that is used to conserve flux and the
SE is the domain that that the Taylor series is assumed to be valid in.

In the following derivation we make the following assumptions:

*Ph.D. Student, Dept. of Mechanical Engineering, bilyeu.4@osu.edu, and AIAA Student Member.
TPh.D. Candidate, Dept. of Mechanical Engineering, chen.1352@osu.edu.
f Associate Professor, Dept. of Mechanical Engineering, yu.274@osu.edu and ATAA Member.
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1. The flux is a known function of the flow variables
Inside of a solution element the flow variables and fluxes can be expressed as a Taylor series
The desired order of convergences is even

Each even derivative has an odd derivative in each spatial direction.

A

P*u  d%u
dxdy  Oydx

6. The source term is handled via operator splitter

7. For non steady state problems the order of convergence of the initial conditions must match or exceed
the desired order of accuracy of the solver.

Shown below is a 4*Morder Taylor expansion in two spatial derivatives
uF = U+ up Az + uy Ay + (Upa AT + gy ATAY + uye AyAz + uyy Ay?) /2.0+
(Uzza AZ® + Uyyy AY> 4+ (Upoy + Uoys + Uyaa) ATZAY + (Usyy + Uyay + Uyye) Ay>Az) /6.0.
If we assume that the Taylor series expansion of u,, and u,, are equal then

Ougy  OUyy OUugy  OUyy
Ox or dy y

or

Ugya = Uygr ANA Ugpyy = Uyzy-
Under theses assumption the Taylor series becomes
U =u+ u Az + uy Ay + (umAxQ + 2uzy AxAy + uyyAyQ) /2.0+ 3)
(uggmAgc3 + Uy AY? 4+ (g + 2Usyr) AT AY + (2Ugyy + uyym)AyQAac) /6.0.

This extended abstract is organized as follows. Section II derives the equations necessary to progress the
conserved variables to the next time step. This section is broken up into 4 sub sections one for calculating
the fluxes, temporal derivatives, even and odd derivatives of the conserved variables. Section III contains
the preliminary results from the convection equation and linear acoustic equation.

II. Derivation

The governing equation that we wish to solve is

ouU
V- -F% = 4
ot S, )

where
U = (ulaUQa B 7u’m)Ta:Fm - (f‘117f2:€7 e 7f’r?1)TaFy - (fiyv.nya .o ,7f';17/1)T7 S - (Sla 525 .. 7$m)T5 (5)
m is the number of equations. Each u,, is expressed as a Taylor series,
N N—aN-a—b
a a 8a+b+cum 1

Ym = z:; 2 Dzadybte alble)

where N is equal to the desired order of convergence minus 1. For 4*order N is equal to 3. For future
reference the power in the numerator of the 9 will be dropped, e.g.

(& —a;)"(y —y;)"(t = "), (6)

=0 =0

0ot tey, Ouy, )
Axedybote — dxrdybote’
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The derivative of any Taylor series can be written as
A B—aC—a—b Iu 1
m b
3I13y13t1( Z Z Z dxTHady T +btE+e glplel (z —2;)*(y — ;)" (¢ —1")", (8)
=0 b=0 ¢=0

where A=N—-I—-J—-K, B=N-I—J—Kand C=N—1—-J— K. A similar expansion for the fluxes
is also true

A B—aC—a—b

(9f* afm 1 a b nyc
oy = 2 2 2 BT Tady T o T iyl &~ S Wy =" ©)

¥ a=0 b=0 c¢=0

For 2D there are a total of 3 Zﬁfzo (N —n)(n + 1) unknowns per governing equation. For a 4"order 2D Euler

equation there would be a total of 180 unknowns. In what follows we will show that the only independent

variables are the spatial derivatives of the conserved variables
O, I1=0,1,....,.N

_Ftm_ —1,... Neq. 10
oxloy’ =01, N—1 o (10)

For a 4'solver the independent variables are

Table 1: Table of the independent conserved variables

Even Odd
U Uy Uy
Uyy Uyyz  Uyyy

II.A. Fluxes

Since the fluxes are known functions of the conserved variables the derivatives of the fluxes can be found
from the chain rule.

i Neq i
MmN~ Ofm Ow B
9, =2 o oY, 1T out (11)
(A:)2f7a75; Neg Negq 62frmnl duy duy B (:Z?,:E) (yvy)

o Z af:” (92Ul Z ou; Oug
Y10Y, ~ Ow OY10Y2 = Quiduy 9Y1 0Y>

Neq

33 2t 8 zt 83
o o3 fo  Ow_
DY10Y>0Y3 du; OY,0Y20Y5
]i“a?fw Pu dup | Pu dup | Pu dug
Duduy, \OY,0Y, 0Ys | 0Y10Y; 0Ys | 0Y20Y; OV,
Neq (13)

Z _ O O dui Oy
Bulaukaup 0Y71 0Ys 0Y3

(x,z,2) (y,y,y) (tt,t) (29,1
(Y17Y27}/3) = (%%y) (yayut) (.’I],J],t)
(x,y,y) (y,t,1) (x,t,t)
for ' = x,y. These equations will continue until all of the fluxes are found. After these equations are
applied there will be Zn 0 (N —n)(n+ 1) unknowns left per governing equation. This method will work

for all higher derivatives but becomes more and more complicated as the number of derivatives increases.
Another approach is to directly calculate each derivative with out using a Jacobian.
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II.B. Temporal derivatives

In this section we will use the governing equation and its derivatives to find the temporal derivatives of the
conserved variables.
O, Ofm _ Ofh

a o™ o oy’

0 [(Oum\ _ Osm 0% fr B 0% fy 14
dx \ ot )]  0Ox  Oxdxr Oydx’ (14)
O [(Oum '\ _ Osm o fx B 0% fy
oy\ ot )] 0y oxdy Oyoy
In general any temporal derivative of a conserved variable can be found using
oxloyotE — oxloyotE—1  9xI+tlgy/otK-1  Qxloy/+lotk—1’ (15)

for K =1,2,...,N; J=0,1,...,.N—K; I=0,1,....N—K—J.

This leaves us with Zﬁ;o(n + 1) unknowns per governing equation. For a 4"order Euler solver this would
be 40 unknowns, 10 per equation.

II.C. Space-Time Flux Conservation

To find the next set of conserved variables we conserve flux across both space and time. It should be noted
that the geometry of the Conservation Element and Solution Elements are the same as the ones presented
by Wang and Chang.” By using the Gauss-divergence theorem we can convert the governing equation into

integral form
j{hm(x,y,t) -ds = /// SmdV. (16)

This equation will be used to find all even derivatives, e.g. u, Uz, Ugy, Uyy, Uzgza, -- .- The rest of the
unknowns will be found using a central difference like procedure. Eq. (16) can be used to find wu,, and its
derivative will be used to find the other even derivatives

ohpm, B Osm

The even derivatives are found by conserving the flux through the CE. To make this calculation more
manageable we will separate this calculation into three steps, (1) the flux through a side face, (2) the flux
through the bottom face and (3) the flux through the top face. The flux through the side and bottom faces
are calculated using the neighboring solution points while the flux through the top face is calculated from
the current solution point.

To begin we will calculate the flux through the side faces. Figure 3 shows the faces associated with the
solution point j,. The coordinate axis is located at cell center and the vertex (xq, yo) is the solution point.

First we will shift the coordinate axis to the neighboring solution point. For future reference we will
denote the actual location with capital letters, (X,Y’), and relative coordinates with lower case letters,
(x,y). The flux can now be expressed as

II.D. Even

A B C

. afm (anb(t _ tn—1/2)c
" = ; ;; Az Qybote alble! ’ (18)
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where z = X — X, and y =Y — Y] . Next we apply the following coordinate transformation

x =u(xy —x0) + X0

y=u(y1 — %) + %
P AL (19)
2

0<u<l, 0<v<I.

The normal vector is equal to N = [%(yl o), — &t 5 (71 — 20), 0]. Using the coordinate transformation Eq.
(18) can be rewritten as

A B C

Of  (w(ar —z0) +20)" (wlyr — yo) + yo)” (Alv)”
zzz%gw< o) o) s — o) 0)” () 20)

The flux through a side face is equal to

// (fii*N;), dudv =

" @ c 21
ZQZZA:ZB:ZC:/ / _ofm \"P (ulan — @) + 20)” (uln — w0) + 0)” (50) N,idudv )
xedytore ) ;, alblc] ridudv.
The flux through the faces associated with solution point j, is
A c .
XYYy e
8x“8yb8tc (c+ 1)lalb!
. 1
[(Nx )01 / (u(z1 — 20) + 20)" (u(yr — yo) + vo)" du+ (22)
0

(in)w /01 (u(ws — 0) + 20)* (u(y2 — yo) + o) du} )

The total flux through the side faces is ZT 1 (Fm)j -

Next we will calculate the flux through the top and bottom surface. This requires us to integrate over an
arbitrary quadrilateral. The only assumption that can be made about the quadrilateral is that it is concave.
As with the side face we shift the centroid to the current solution point. An arbitrary bottom face is shown
in Fig. 4. In this figure point 1 is the centroid of the adjacent CE and point 3 is the centroid of the CE and
the current solution point. Points 2 and 4 are the shared vertices’s of the mesh. To integrate the flux through
the bottom surface we split the quadrilateral into two triangles and then provide a coordinate transformation
that will convert the triangles into right triangles. The area of the triangles are

AI:lws—wl Ys —y1 AH:lwz—wl Y2 —y1| (23)
2\za—x1 ya—m 2lzz —x1 Yz —
The transformation equation used for region I is
ur = ug(® — 1) +uy(y — 1) v =va(® — 1) +vy(y — 11). (24)
To express z and y as functions of v and v we set (ugz,v3) = (1,0) (ug,v4) = (1,1)
x;r =u(xs —x1) +v(xg — 23) + 1 (25)

yr = u(ys —y1) +v(ya — y3) + 1,

where 0 < v <wand 0 < u < 1. The normal is equal to N = [0,0,2A;]. This process is repeated for region
11 yielding

xrr = u(xe —x1) +v(xs — 22) + 21

(26)
yrr = u(y2 — y1) +v(ys — y2) + y1,
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where 0 < v < wand 0 < u < 1. The normal is equal to N = [0,0,2A;]. Since the first two terms in the
normal are zero the flux through the bottom surface is

(Um);'lr_l/Q = 2// U?AI + U?]A]]dud’v =

1 pu A B u n—1/2
2/0 / Z Z alb! (%)ﬁ [AI (u(zs — 21) 4 v(za — 23) + 1) (u(ys —y1) + v(va —ys) + 1)+

Apr (w(@z — 21) +v(@s — z2) + 21)" (w(y2 —y1) +v(ys — y2) + yl)b} dudv.
(27)

The total flux through the bottom faces is ZT (U );l Y2 The flux through the top face is found in a

like manner. Since the bottom and top face have the exact same shape we use the same diagram for both
the top and the bottom. The difference is that the corresponding solution point is located at point 3. Which
means that (x3,y3) = (0,0). Using this the flux through the top face is

(Um)?r = 2// U?AI + U?[A]]dudv =

1 w A B w
2/0 / Zzaw (3:([3@5; ) {AI( (3 — 1) + v(zs — @3) + 21)° (U(ys—y1)+v(y4—y3)+y1)b+

Apr (w(@z — 21) +v(ws — z2) +21)" (u(y2 —y1) +0(ys — y2) + yl)b} dudv.
(28)

The total flux through the top face is equal to ZT L (U ) . These equations are combined to progress the
even derivatives to the next time step

23: )i ///Sde Z ) 2+ (Fm)jr)- (29)

r=1

Since the geometry of the CE and SE are the same as in the second order version we can use the same
simplifications. This results in the first derivatives ug,,u, canceling out. This allows us to solve for wu,,

explicitly
Aot <///Smdv Z (( ) m)§T1/2+(Fm)jT)> . (30)

where A;,; is the total area of the CE and
(Om), =

v A E ou
/ / Zza'b'( x“g;) {AI( (23 — 1) 4 v(z4 — 23) + 1) (ulys — 1) + v(ya —ys) + 1)+

(Um 7

A (u(zg — 1) +v(ws — @2) + 1) (u(y2 —y1) +v(ys — y2) + yl)b} dudv(a,b) # (1,0), -

(31)

None of the integrals in Eqs (22), (27), and (28) have been evaluated. All of these integrations can be
found using multiple methods. The easiest method is to use a program capable of symbolic integration.
But they could also be evaluated by hand using [ fdg = fg — [ gdf multiple times. It is also possible to
use the binomial theorem to generate a formula that could be used for any combination of @ and b. In our
investigation we evaluated the integrals using a symbolic math package.
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II.LE. Odd

The odd derivatives are evaluated using a central difference like approach. The stencil used for the odd
derivatives is shown in Fig. 5. In this figure the black dots are the vertices’s and the circles are the solution
points. The crosses represent the shifted locations of the solutions points. A shifted point is used to reduce
the dissipation as the CFL number approaches zero. The location of the crosses is calculated by

(27, y50) = [7(2), —x5) + 25, 7(yj, — y5) + 5], (32)

where 7 is the absolute value of the local cfl number. We take a Taylor expansion from j to any j., r = 1,2,3
as

A B n
% . 6’U/m 1 a b
uy, (jrym) = ZZ (W) T (X5, = X5)" () - Y5). (33)
a=0 b=0 J

We will shift the coordinate axis so that point j is at the origin. The Taylor expansion now becomes.

Oouym " 1 ,Na s ) \b
L =33 () )" )" )
J

a=0 b=0

In order to find the two unknowns we will construct two equations.

* U n a b
[,Iﬁ y/1‘| |:UJ$T1L)I‘| (umJl)J - Za 0 Zb 0 (8xa6y ) Lb ' /
(1) . ) b
xlz y’z Umy (Umjz)J - Za OZb 0 (amaau ) Lb 13y (35)
#+

for (a,b) # (0,1), (1,0).

Since uy,; can not be evaluated yet we approximate it with

A B C n—1 .
n 6”777, 2 1 a b At
J ~ ZZZ (3xaaybatc) ) alble! (x;T - ij) (y;T - ij) (7) . (36)
a=0 b=0 c=0 Ir

Egs. (35) and (36) are used to find one possible solution to w,, and ., using information from two of the
three surrounding solution points. This will be repeated using all possible combinations of adjacent solution
points, e.g. (j1,72), (j2,73), (j3,71). These solutions are then weighted using this formula.

Umaz = w( 57%207 ug)zv ug)w Oé) Umy = w(ug)ya ug)yv ug{?p Oé) (37)

where the weighting function, w as defined by Wang and Chang’

— (9m29m3)au£7];)mi + (9m39m1) U;%chl (9m19m2)au£§b)mi
(eml 9m2)a + (9m29m3) + (9m39m1)a ,

where z; = x,y and

B = (2) + () (39)

Equations (35) and (36) are used to progress the odd derivatives to the next time step. Since the odd
derivatives are dependent on the next lower derivative it must be calculated before hand.
III. Preliminary Results

To date we have simulated the convection and linear acoustic equations. In both cases a 4""order Taylor
series was used which should lead to a convergence rate of 4. To determine the convergence rates we used
the [y defined as
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sz/EMA (40)

€ = Unumerical — Uanalytical - (41)

where

Since the Taylor series coefficients are constant Eq. 40 is simplified to

ZQ = lZElei,
where A; is the area of cell i.

Each convergence test was done on two different types of meshes. The first is a uniform mesh that is
created by splitting a quad mesh into 4 triangles. The triangles are created by splitting the quad through the
diagonals. The second mesh is an unstructured mesh generated using an advancing front algorithm. Both
meshes were created using Cubit. For the uniform mesh the QTri mesh was used. For the nonuniform mesh
the TriAdvance was used. The TriAdvance algorithm first tires the Delaunay algorithm, then the TriAdvance
then finally the QTri method.

ITI.A. Advection Equation

The governing equation is
ou ou ou

a—f—&x%—l-aya—y:

Under periodic boundary conditions and a domain of —7 <z <7, —7 <y < 7 u is equal to

0.

u = sin(a, T + a,y + ait),

where a;, = ay =1 and a; = —/a2 + afj. In this test case we let the simulation run for a time of 15 at an

approximate CFL number of 1.0.
When calculating the convergence rates the characteristic length was the square root of the average area
triangle and the square root of the largest area triangle for the uniform and nonuniform mesh respectively.

cells h la O(l2) cells h la O(l2)
400 9.870E-02 2.158E-01 - 232 1.690E-01 2.929E-01 -
1600  2.467E-02 6.726E-03  5.00 926  4.255E-02 9.727E-03 4.94
3600 1.097E-02 8.762E-04  5.03 2068 1.909E-02 1.315E-03  4.99
6400  6.169E-03 2.065E-04  5.02 3694 1.068E-02 3.131E-04 4.94
10000 3.948E-03 6.735E-05  5.02 5774  6.835E-03 1.022E-04 5.01
(a) Structured grid (b) Unstructured grid

Table 2: Convergecne rates for the advection equation.

As seen in Table 2 the convergence rates are 5%order instead of 4*order as expected. We plan on
investigating this in more detail before the final paper is submitted.

III.B. Linear Acoustic

The governing equation is

0 v, | Ov,
i+m<l~+”)=0

ot ox ox

v,  ai op

_ = ' - 0
ot poOx

dv, at dp

— —_ — 0,
ot po dy
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where p, v, vy, ao, and po are respectively the density, x and y component of the velocity, free stream
speed of sound and free stream density. Under periodic boundary conditions, and a domain —27 < z < 2,
—27 < y < 27 an analytical solution is

p = p'sin(azz + ayy + ast)

2 pl (2
VLE = —ao—— Sln(aw.’ﬂ + ayy + att)
Po
/
a
V, = —a3 =Y sin(ayz + ayy + ait),
pPo at

where p’ is the amplitude of the perturbation. In the test case we set a, = a, =1, p’ = 0.01, ag = rhoy = 1.0.
We let the case run for a time of 18 at an approximate CFL number of 1.0.

The method used to find the characteristic length is that same as the one used for the advection equation.
As seen in Table 3 the convergence rates are also higher than expected. It should also be noted that for

cells h lo O(l2) cells h lo O(l2)

1600  9.870E-02 4.189E-03 - 926 1.705E-01 4.330E-03 -

3600 4.386E-02 6.585E-04  4.56 2068 7.636E-02 7.193E-04 4.47

6400 2.467E-02 1.621E-04 4.87 3694 4.275E-02 1.756E-04  4.86

10000 1.579E-02 5.361E-05 4.96 o774 2.735E-02 5.849E-05 4.92
(a) Structured grid (b) Unstructured grid

Table 3: Convergecne rates for the acoustic equation.

similar values of h the unstructured mesh tends to have a smaller error than the structured mesh.

IV. Conclusion

In this extended abstract we presented a derivation for a 2D 4*order solver on an unstructured mesh
using the CESE scheme. We demonstrated higher order convergence using the advection and linear acoustic

equations.
In the final paper we will also include solutions of the Euler Equation, provide a computational efficiency
report and provide an explanation as to why we were able to achieve a convergence rate higher than expected.
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Fig. 1: The CESE domain using a triangular mesh with points of interest marked by squares, circles and
crosses.

2

/L

F/l

B/
F/
A F/
(a) Conservation Element (b) Solution Element
Fig. 2: The CE and SE centered on the centroid mesh point (j,n).
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V. Figures

(3327 Yo, tn)T‘
(xlv Y1, tn)T

($0, Yo, tn)r

(x27y2’tn—1/2)r

(xl’ Y1, tn_1/2)’l"

¢ (moay07tn_1/2)r
Yy

] T
Jr

Fig. 3: The side faces associated with a solution point
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Fig. 4: The bottom face

Fig. 5: The stencils used for the odd derivatives
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