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Abstract—We present a new feedback mechanism for wireless
broadcast networks that utilize linear network coding. The setup
considers transmission of packets from one source to n receivers
over a single-hop erasure broadcast channel, but the proposed
scheme is applicable to more general lossy networks, Previous
feedback protocols can be roughly categorized as systems where
all packets use ARQ which requires one feedback message from
each receiver upon download completion. Our scheme utilizes a
predictive model to ask for feedback only when necessary, i.e. if
the probability that all receivers have completed decoding is high.
In addition, the proposed NACK-based feedback mechanism
enables n receivers to request the number of retransmissions
needed for successful decoding within a single time slot. This is
in contrast with traditional feedback systems whereby each user
will be independently polled and thus the feedback presents a
costly challenge to the performance of the network. In particular,
we compare the performance of our mechanism with the state of
the art negative feedback protocol NORM, [1]. We present simu-
lation results that describe the implementation issues concerning
the feedback time as well as analytical results that show the
scalability of our proposal as the file size, number of receivers,
and packet erasure probability increase.

[. INTRODUCTION

Reliability is a challenging issue in wircless communica-
tions, particularly as the number of nodes becomes large,
in which case conventional acknowledgment methods can
result in unmanageable growth of feedback. We propose a
new feedback mechanism for wireless broadcast networks that
is built upon linear network coding. The novelties of our
approach are that it provides a predictive model for the time
at which transmissions are likely to be able to be terminated
and it also reduces the feedback from all users (o one time
slot per request. The primary relevant piece of information
the transmitter would derive from the feedback is the number
of degrees of freedom missing at the worsl receiver, and due
to the use of network coding and the predictive model, this
information is sufficient to substantially reduce the amount
of feedback as well as unnecessary retransmissions by the
transmitter.,

Our proposed feedback mechanism has four main advan-
tages over previous schemes: First, unnecessary initial polling
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by the transmitter is eliminated by use of the predictive model.
Secondly, a significant reduction in the number of time slots
allocated for feedback is achieved; this number currently scales
with the number n of receivers, but under the new method will
become a scalar of order 1. Thirdly, because of the significant
reduction in the cost of feedback, the transmitter could poll
the receivers more often, which allows for earlier termination
of transmissions if all packets have been received. Fourthly,
the mechanism can be implemented in a universal manner
whereby its deployment will not require any changes in the
physical layer.

One prime example of an appropriate application of this
method can be seen in large latency and delay challenged
networks described in [2], where feedback about received
packets may be considerably delayed, reducing the feedback’s
usefulness and accuracy about the current state of the network.
Another example is its use in any network with a large number
of nodes that must receive the broadcast messages.

We study the performance gains of this feedback strategy,
and compare it to the state of the art negative feedback proto-
cols such as NACK-Oriented Reliable Multicast (NORM) in-
troduced by Adamson et al. [1]. NORM protocol improves ifs
predecessors by utilizing negative acknowledgments (NACK)
instead of positive acknowledgments (ACK) which allows
for scalability. NORM also uses end to end coding which
equivalent to network coding in our set up is. We discuss the
asymptotic throughput and delay performance of the network
when transmission instances are modeled as discrete and
continuous in time. We also show the robustness of this
scheme to imperfections in the predictive model, including
uncertainty in the number of receiving nodes n, the packet
erasure probability p., as well as to losses of the feedback
itself. In particular, we show that the number of time slots
needed to reliably transmit & packets to n receivers with
network coding scales as logn for large n and thus can be
easily managed for a large network.

The rest of the paper is organized as follows: In Section II,
the network model and parameters are introduced. In Section
II-A, we evaluate the delay performance of the broadcast
network under a discrete slotted model and provide heuristics
aﬁé-ﬂt its behavior. In Section III-B, we derive the scaling
[awg for the system when a continuous model is assumed.
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an example and give the general framework under which it
can be implemented via CDMA codes. Finally, we provide a
summary and concluding remarks in Section V.

II. NETWORK MODEL AND PARAMETERS

Consider a wireless broadcast scenario in which a peer node
transmits &k packets to n independent users. In such systems
a feedback mechanism is required to notify the transmitting
node if all packets are received by the n users or further
transmissions are needed. The transmitting node could be
a base station or a peer node within the network, but for
simplicity and ease of explanation we will call that node a
base station. Let C; denote the channel between the base
station and the i*" user. A given channel C; can be modeled as
an erasure channel with parameter p;, where p; is the packet
erasure probability on that channel. Assume that channels are
independent across time and across receivers and the base
station is interested in completing the transmission of its
packets to all n users. We also assume that the base station
uses network coding in the transmission of its packets, thus in
the remainder of this paper we will use packets and degrees
of freedom interchangeably.

In Sections III-A, and III-B, we assume that all channels
are statistically identical and have the same packet erasure
probability denoted by p.. In Section IV we allow each
channel to have an erasure probability p; independent of other
channels.

ITI. PREDICTIVE MODEL

The initial NORM protocol described by Adamson et al.
requires all receivers to send feedback indicating their need
for retransmissions. The result is a feedback traffic that grows
linearly with the number of receivers and suffers in scalability.
Many approaches have been suggested to reduce the amount
of feedback, most notably the same authors have introduced
a NACK-suppression scheme in [3] based on random back-
off timers to delay retransmission requests. Despite the sup-
pression scheme, the feedback traffic level rises slowly as
the number of receivers increases, and the scheme does not
offer a venue for prediction of appropriate feedback times.
In this section, we will demonstrate the prediction capability
of our feedback mechanism and show that the receivers will
be polled if and only if there is a reasonable probability
that they have completed their download. Figure 1 captures
the difference in prediction capability of the two schemes by
showing sample feedback times of both mechanisms. Note that
with NORM, enhanced by the suppression scheme, NACKs
occupy a proportion ~ 10% of the slots throughout the
transmission, which is in contrast to our scheme whereby the
prediction allows for strategic placement of the NACKs at
appropriate slots.

A. Performance evaluation in a Discrete Model

In this section, we analyze the number of time slots needed
to reliably transmit a file of k packets to n receivers. The k
coded packets could represent a file or image to be transmitted,
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Fig. 1. Feedback times for NORM (top) vs. Fast Finish (bottom) when

n = 100 and pe. = 0.1, the red bar denotes the end of transmissions.

for example. We will consider a slotted broadcast channel
where each transmitted packet is received independently with
probability 1 — p, at any of the n receivers. Where p, is the
packet erasure probability. This is equivalent to n independent
Bernoulli processes, all distributed with parameter 1 — pe,
where we are interested in the shortest time until all processes
have had k successful arrivals.

The transmission is completed when each of the n receivers
has successfully received k& or more coded packets. Let us
denote the number of degrees of freedom (dof) missing at node
i after ¢ time slots by M}, M} € [0,k]. We define another
random variable M; = max{M}, M§,...M}.} to denote the
number of dofs missing at the node that has experienced
the highest number of erasures during ¢ transmissions. The
transmitter is expected to stop at {min(¢)|M, = 0}. The
probability that receiver i has received k& or more coded
packets in ¢ time slots is:

k—1

PriM{ =0} = 1- Z G)p;i(l —pe)’ (D)

j=0

Similarly, let us denote the probability that all n receivers
have completed the download after ¢ time slots by ~:

Pr{M; =0} = (Pr {M}=0})"

k—1 ‘
-3, (j)p.if(l ~pe) )

=0

’)t:

Note that «y is the probability that transmissions cease after
t time slots. In the following 3 figures, we will show how «
changes as a function of p,, &k, and n. Figure 2 depicts 7 vs.
t for a range of erasure probabilities. Notice that the time at
which transmissions can cease is very sensitive to packet era-
sure probability. This will be discussed in equation (11) where
it is shown that completion time is inversely proportional to
(1 — pe). As shown, for a network of n = 1000 nodes and
: = 10 packets, v = 0.7 is achieved after 21 time slots when
the erasure probability is at p. = 0.2. This number increases (o
40 time slots when the erasure probability is at p. = 0.5. Thus,
in cases where the estimation of packet erasure probability is



inaccurate, it is better to have a feedback request ecarlier and
avoid significant loss of throughput. Another important feature
of this graph is the shape of the < function; notice that the
probabilities rise very sharply for smaller erasure probabilities
than for larger probabilities.
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Fig. 2. Completion probability as a function of ¢ for different erasure
probabilities, pe. -

Figure 3, shows the dependence of v on the size of the file,
k. As shown, doubling the number of packets in the file will
roughly double the number of transmissions needed for any
given reliability. This is not surprising since the channel model
is memoryless.
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Fig. 3.  Completion probability as a function of ¢ for different values of k.

Figure 4 shows the performance of the system as we scale
the number of receivers and shows the robustness of this trans-
mission scheme to uncertainty in the number of receivers. We
have plotted the completion probability -y when 10 packets are
to be transmitted with p, = 0.1 for networks ranging from 100
to 50000 nodes. As we will show analytically in Section III-B,
the number of transmissions required for a given reliability
increases logarithmically with the number of receivers n. Note
that a reliability of v = 0.9 is achieved after 16,17, 18,19
transmissions for networks of 100, 1000, 10000, 50000 nodes.
The required number of transmissions for a particular reliabil-
ity increases as logn as n increases.
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Fig. 4. Completion probability as a function of ¢ for different values of n.

It is important to note that in all three figures, the CDFs
have very sharp increases when erasure probability is not too
high. In other words, a sharp increase in reliability is achieved
by very few extra transmissions.

We can already foresee that combination of the prediction
capability and the single slot characteristic of our scheme,
which will be discussed in IV, allows us to avoid extra
transmissions with an insignificant penalty of 1 time slot. This
can be achieved by requesting a feedback when -y is small (on
the order of 0.1) and the base station will be able to stop its
extra transmissions <y proportion of the time.

Now, given that we have scheduled a feedback at time £ we
are interested in the number of extra transmissions that will
be requested in the aforementioned feedback. In other words
we are interested in the expected value of the minimum of n
random variables.

Let us denote the number of nodes that have not completed
the download at time ¢ by a random variable Ny and also use
N, as its expected value:

N—E [ # of nodes that have received ]

less than & dofs by time ¢

Distribution of the number of nodes that have not completed
the download by time ¢ is as follows:
}) n—i

T a.
P o

(1 — Pr {
N, = f 1 — F(a)dx G
0

1 node completed
the download by t

1 node completed
the download by t

since [V is non-negative, we have:

where F is the cumulative distribution function of Nj.
Now given that we can find NV, we can find the expected
number of transmissions needed to complete the download if
the feedback slot was allocated at time ¢. It is important to note
that during the feedback, the base station will know the number
of packets missing at the worst receiver; in other words, the
base station knows the maximum of N; random variables.



Let us assume that the maximum number of packets missing
is M, and the transmitter will transmit M} = %}: packets.
We can calculate the average probability +* that everyone has
completed the download M} time slots after the first feedback:

—_
= Pr{
> .PT.{

Notice that equation (5) is the same as equation (2) if we
replace k and ¢ by M, and M respectively. As a result, the
sharp increase that was noticed in « will also be present in y*
and the entire file download will be accomplished with only
a few feedback slots.

the download by t + M/

ﬁl nodes completed
the download in M{ slots

everyone completed }

(5

M, packets are downloaded
at N1 nodes in M slots

B. Performance evaluation in a Continuous Model

In this section, we will derive the scaling laws for the
performance of the system when transmissions are modeled as
continuous. Recall that the Poisson process is the continuous
counterpart of a Bernoulli process. We model the arrivals at
cach receiver as a Poisson process and analyze the behavior
of completion time as the number of receivers n grow.

Derivation:

Each of n users needs to receive & or more coded packets
from a single transmitting node. In time ¢ packet lengths, each
of the n nodes independently receives a number of packets that
is Poisson distributed, on the time scale of integral numbers
of packet lengths, with parameter A, where A = 1 — p,, and
Pe is the packet erasure probability.

The probability that user i receives k or more coded packets
within time ¢ is thus:

k—1
Pr{M{=0} = 1-)

i=0

(At)? exp(—At)

il (6)

Hence the probability that all n users receive at least k
coded packets in time ¢ or earlier is (6) raised to the power of
n. As in Section III-A we define  to be the probability that
all of the n users received & or more coded packets within
time ¢. This probability -y, which is also the probability that
the transmitter can stop sending coded packets, is:

n

k—1 .
v = Pr{M;=0}= 1—2% 7
j=0 :

Rearranging terms yields

k-1 -
~ (At)! 1
At = In # —In (1~'yﬁ) (8)
=0 ¥
Expressing yn = exp (£ x In(v)) allows for a Taylor

series expansion in powers of 1/n for large n, since we
consider a fixed vy, with 0 <« < 1. Thus for | In(y) |<< n,

1 1
w14 - % In(7y). )]

It then follows that

. n n
—1In (1 —’Y") =~ In (T(’Y)) (10)
Therefore, using (10) in (8) yields:
k—1 ;
1 1 J
t e 5 Inn—In (ln (;)) +1In jizo % (1

At large values of time ¢, for & << n, the last term in
(11) is small compared to the term linear in ¢ on the left hand
side. It is then seen that the time at which all n nodes have
received all £k packets with a specified high probability scales
logarithmically with n. In particular, for a large probability
exp(—n) << -~y that the transmitter can stop sending coded
packets at time £, we obtain:

t ~Inn. (12)

We note that this termination time ¢ is independent of the
file size k, when coding is used.The In (In(-)) dependence of ¢
on 7 shows that the termination time ¢ defined by -y has a very
weak dependence on -y, as seen-in Figures 2 to 4. Thus once
there is a significant non-zero probability that all packets are
received by all receivers, not many more transmissions will
be needed unless p. is large, which renders the multiplicative
factor  in (11) large.

According to [4], we can approximate the expected value of
the minimum of n i.i.d. Poisson random variables with mean
A by:

[ min of n ]

1 1
Poisson rvs A+ Az E[XL"] * E (E[XE,n] - l)

+ 0 (,\‘T‘) (13)

where X ,, is the minimum of n standard normal random
variables. Tables and asymptotic formulas for the expected
value of X, can be found in [5] by Harter and in [6] by
Sarhan and Greenberg. To see a more comprehensive treatment
of this issue the authors refer you to [7], and [8]. Briggs et
al. in 9] give an accurate account of the problems with a
closed form expression that pertains to maximum/minimum
of n Poisson random variables and they accurately estimate
the maximum of n Poisson random variables. The keynote
of their method in calculating the asymptotic behavior of
the maximum of n Poisson random variables is that as n
gets really large the CDF of the maximum will have two
peaks which are | unit apart and this allows for an accurate
approximation of the CDF. They use this fact to find the most
probable value of the minimum of n Poisson random variables.
We can use this value as the point at which we allocate the
feedback slot.

Despite the recent work in [9], optimizing the time for feed-
back requires further knowledge and approximations regarding
the expected value of the minimum of n Poisson random
variables which is currently under investigation.



IV. FEEDBACK MECHANISM

We will introduce the mechanism in subsection IV-A
through a specific example of a CDMA code, that of using
jitter (pulse position indication), as a means by which nodes
communicate to the base station the number of packets that
must be retransmitted using only a single shared time slot. In
subsection IV-B we will generalize various aspects of this ex-
ample and discusses the range of design possibilities. Finally,
in subsection IV-C, we show that jitter can be generalized to
a range of code selection methods that indicate the amount of
information the base station has to retransmit by utilizing the
broad class of CDMA codes.

A. Example of Feedback Mechanism: Jitter

Given that the base station has k packets to deliver to n
receivers, a single feedback slot is allocated after ¢ trans-
missions of the base station, where ¢ is chosen according
to the prediction method described in III. During this slot,
any of the n users that have not correctly decoded all &
packets will send a short pulse to the base station; the timing
of which indicates how many new degrees of freedom (dof)
the base station needs to transmit for this user to recover
all its missed packets. As before, let M! € [0,k] denote
the number of degrees of freedom missing at node 7 after
t time slots. Within the feedback slot the time at which
node ¢ transmits its feedback pulse is determined by the
realization (value) of M. Thus, we can think of the feedback
slot as concatenation of subslots whereby the presence of a
pulse in a specific subslot will indicate that a corresponding
predetermined number or percentage of dof is needed. The
exact method of correspondence between transmission in a
specific subslot and number of degrees of freedom requested
will be discussed in subsection IV-B.

It is assumed that network coding is used on the retransmis-
sions of crased packets, since the total time to complete trans-
missions will be greatly reduced with network coding [10].
Therefore, only the number of packets a user did not receive
needs to be fed back to the base station rather than the specific
packets a user is missing. Furthermore, since network coding
on refransmission renders each coded packet potentially useful
to every user still missing degrees of freedom, the base station
or transmitting node does not need to know how many degrees
of freedom each user is missing. Rather, the base station only
needs to know how many degrees of freedom it needs to send
to fill-in all the erasures of the node missing the most degrees
of freedom with high probability. If the base station transmits
this number of coded packets, then with high probability all
the remaining nodes will also have all their erasures filled in
as well.

Each user can form an estimate of the erasure probability
pi associated with its channel based on how many of the
incoming packets were erased in the first & transmissions.
Knowing that the next batch of coded packets that will arrive
are likely to experience a similar proportion of erasures, each
user will scale up the number of degrees of freedom that the
base station should transmit for it to decode the &k packets

and will send this scaled number, instead of M/, to the base
station. One strategy to scale M} is to request M}/(1 — p;)
packets. The scaled number M}/(1 — p;) is the expected
number of packets that need to be transmitted in order for
a receiver to successfully decode M} of them, if the channel
erasure probability were p;. The base station will retransmit
as many coded packets M, as requested by the user that has
experienced the highest number of erasures. Thus,

M
M} = max (4)
ie[t,n) \ 1 —p;

After the base station completes the desired number of
retransmissions, another feedback slot is allocated and the
process is repeated until every user has received and decoded
all packets. For each such round, note that only a single time
slot is devoted to the acknowledgment process for n users.
Therefore, at most several packets of feedback will be needed.

(14)

B. Generalization of Jitter Mechanism

In order to enhance the robusiness of using the location
of a pulse or series of pulses within a time slot to indicate
the number of degrees of freedom that need to be transmitted,
codewords can be employed within these pulses. The choice of
codeword should depend on how the channel is modeled at the
bit level (i.e. choose the bits that make up the codeword such
that the codeword has very high fidelity). The use of multi-bit
codewords will reduce the probability of error in the feedback,
which is important when the position of the error can make a
significant difference in the penalty incurred for that error. For
example, consider a scenario in which the feedback slot has
3 subslots and a pulse in the first, second, and third subslot
will indicate a loss of 100, 50, and 10 packets respectively. An
error in the first subslot could result in 90 extra transmissions
from the base station which is not the same penalty as if the
error had occurred in the second or third subslots. A solution
for this high variance in penalty could be to have codewords
of different lengths for different subslots.

The above discussion raises the questions of the optimal
number of subslots and the correspondence between subslot
location and degrees of freedom needed. Since responses from
different users will all be transmitted in the single time slot,
there could potentially be multiple access interference, or
misinterpretation of degrees of freedom requested, if the users
are not synchronized with each other and the base station.
However, the base station only needs to receive M, as defined
in equation (14), thus we propose the following scheme: the
larger the number of degrees of freedom a receiving node will
request, the earlier the subslot in which it will transmit within
the single feedback slot. Thus, the base station will aim to
find the first subslot in which a user transmits a codeword.
Even with coarse synchronization, the base station can detect
the first subslot in which it receives considerable energy, even
if it can not decode the codeword, and at worst, it transmits
more dof than needed. Better synchronization will enable more
bandwidth savings so that only M, dof will be transmitted:
for optimal performance the precision (granularity) of the



synchronization should correspond to the length in time of
a bit, so as to allow decoding of codewords. The subslot size
can be chosen to accommodate the synchronization capability,
and a decreased synchronization ability will result in coarser
feedback, so that the otherwise extremely large bandwidth
savings in the acknowledgment and retransmission process
might be slightly reduced.

The optimal number of subslots in the feedback slot should
be determined based on p;, k and n. As an example, consider
a feedback packet of size 500 bits, and note that we could in
principle indicate 500 distinct feedback levels, but that would
make the feedback more susceptible to noise and synchro-
nization errors. We could select 50 subslots per time slot, a
choice which would allow a 10 bit codeword for each subslot.
Also note that when p; is small, the probability that a user has
missed a significant portion of the packets is very small and
it might be wasteful to have many subslots that indicate such
large numbers. Finally, a protocol that allocates these subslots
based on a percentage might be more universal and can be

implemented without changing any of the underlying physical

layer elements. Under such protocols, a feedback pulse in the
last subslot could indicate a loss of less than (%)th of the
packets and in the second to last subslot could indicate twice
that amount and so on.

Another enhancement that could reduce the number of
users that would participate in the feedback is the use of
an auction message from the base station. As introduced by
Peters et. al [11], the principle idea is that of sending an
“auction message” from the transmitting node to state what
it thinks the state of the nodes are. Nodes only send back
NACKSs if the auction message differs significantly from their
actual state. Sending such auction messages out when there
is only a small probability that all files are complete can still
yield great savings with the single slot NACK.

C. Generalization to CDMA Code Selection

The pulse position indication described in the previous
lwo subsections is one example of a CDMA code. Another
example is direct sequence spread spectrum (DSSS), which
can also be used to communicate how many degrees of
freedom a node needs. More generally, any type of CDMA
code can be used, and the choice of a particular CDMA
code transmitted by each node can correspond to the range
of numbers of or percentage of degrees of freedom, such as
M} /(1—p;), that the node is requesting from the base station.
For example, if DSSS were used, then the base station would
first apply the matched filter corresponding to the highest
percentage range of dofs requested. If a detection is found,
the base station would be done processing the NACK slot,
and would then transmit the highest number of dofs. If a
detection is not found, the base station would next apply the
matched filter corresponding to the second highest number of
dofs, and the process is repeated. The CDMA codes can be
selected so that the correlation between codes corresponding
to adjacent numbers of dofs (for example the highest number

and the second highest) to be retransmitted is higher than the
correlation between codes representing a large difference in
the numbers of degrees of freedom to be retransmitted. This
selection choice would increase robustness of the protocol to
errors in detection of the single slot NACK,

V. CONCLUSION

In a wireless broadcast scenario in which a peer node
transmits coded packets to independent users, a feedback
mechanism is required to notify the transmitting node if all
packets are received by every user or if further transmissions
are required. In this paper we presented a predictive model
to determine the optimal feedback time in a broadcast erasure
channel that will reduce the feedback traffic. We investigated
the scalability of our model for increasing file sizes, varying
channel erasure probabilities, and most notably large number
of receivers. We analytically showed that the number of time
slots needed to reliably transmit a file to n users increases as
log of the number of receivers. We examined the robustness of
this model to wrong channel estimation and lack of knowledge
about the number of receivers.

We also introduced a new single slot feedback mechanism,
that enables multiple receivers to give their feedback simulta-
neously, and gave a general framework for its implementation.
We noted the attempts made by others to reduce feedback
traffic, specifically we discussed the performance of NACK-
Oriented Reliable Multicast (NORM) protocol enhanced by
timer based back-off mechanism. However, none of these
methods would reduce the amount of feedback needed by
nearly as much as the factor of n x k savings of our method,
which consolidates and enables feedback for all packets from
all users into a single time slot.
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