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1 Executive Summary

1.1 Overview and Main Results

This report describes work performed from 1 December 2007 to 15 January 2011 under AFRL grant number
FA8750-08-1-0063 entitled “Cognitive Airborne Networking: Self-Aware Communications via Sensing, Adap-
tation, and Cross-Layer Optimization”. We cover five general areas: (1) cooperative automatic-repeat-request
(ARQ) relaying in airborne networks; (2) power assignment for hybrid ARQ protocols in airborne networks;
(3) differential cooperative relaying in airborne networks; (4) joint power optimization for multi-source multi-
destination relay networks; and (5) cognitive code-division channelization in airborne networks. Some main
results are summarized in the following:

e A new analytical methodology was developed to evaluate the outage probability of cooperative decode-
and-forward (DF) automatic-repeat-request (ARQ) relaying under packet-rate fading (fast fading or block
fading) channels. Specifically, (i) we derived a closed-form asymptotically tight (as SNR — c0) approx-
imation of the outage probability; (ii)) we showed that the diversity order of the DF cooperative ARQ
relay scheme is equal to 2L — 1, where L is the maximum number of ARQ (re)transmissions; and (iii)
we developed an optimum power allocation for the DF cooperative ARQ relay scheme.

e We addressed the fundamental problem of identifying the optimal power assignment sequence for hybrid
automatic-repeat-request (H-ARQ) communications over quasi-static Rayleigh fading channels. For any
targeted H-ARQ link outage probability, we determined the sequence of power values that minimizes
the average total expended transmission power. We first derived a set of equations that describe the op-
timal transmission power assignment and enable its exact recursive calculation. To reduce calculation
complexity, we also developed an approximation to the optimal power sequence that is close to the nu-
merically calculated exact result. The newly founded power allocation solution reveals that conventional
equal-power H-ARQ assignment is far from optimal. Interestingly, we found that the optimal transmis-
sion power assignment sequence is neither increasing nor decreasing; its form depends on given total
power budget and targeted outage performance levels.

e Differential Amplify-and-Forward (DAF) relaying is an attractive cooperative communication strategy
for airborne networks where channel estimation is not feasible or it is rather avoided. We found a new
exact outage probability expression for DAF relaying that involves only a single integral, which is much
simpler than an existing result available in literature that involves a triple integral. To get further insight
understanding of the DAF relaying scheme, we obtained an asymptotically tight closed-form approx-
imation at high signal-to-noise ratio (SNR) scenario. Based on the tight approximation of the outage
probability, we were able to determine an asymptotically optimum power assignment for the DAF relay-
ing scheme.

e We developed a low-complexity joint power assignment algorithm for multi-source and multi-destination
relay networks where multiple sources share a common relay that forwards all received signals simulta-
neously to destinations. We considered two power optimization strategies: (i) Minimization of the total
transmission power of the sources and the relay under the constraint that the signal to interference plus
noise ratio (SINR) requirement of each source-destination pair is satisfied, and (ii) Maximization of the
minimum SINR among all source-destination pairs subject to any given total power budget. Both opti-
mization problems involve K power variables, where K is the number of source-destination pairs in the
network, and an exhaustive search is prohibitive for large K. In this project, we developed a method-
ology that allows us to obtain an asymptotically tight approximation of the SINR and reformulate the
original optimization problems to single-variable optimization problems, which can be easily solved by
numerical search of the single variable. Then, the corresponding optimal transmission power at each
source and relay can be calculated directly. The proposed optimization schemes are scalable and lead
to power assignment algorithms that exhibit the same optimization complexity for any number (K') of
source-destination pairs in the network. Moreover, we also applied the methodology that we developed



to solve a related max-min SINR based optimization problem in which we determined power assignment
for the sources and the relay to maximize the minimum SINR among all source-destination pairs subject
to any given total power budget.

We solved the problem of cognitive code-division channelization for cognitive airborne networks. The
goal is to improve the efficiency of spectrum utilization and coexisting of primary and secondary users in
heterogeneous cognitive airborne networks, by jointly assigning power and code-channel allocation for
a secondary transmitter/receiver pair coexisting with a primary code-division multiple-access (CDMA)
system. In pursuit of a computationally manageable and performance-wise appealing suboptimal solu-
tion, we first converted the amplitude/code-vector optimization problem to an equivalent matrix optimiza-
tion problem under a rank-1 constraint. Disregarding (relaxing in formal language) the rank-1 constraint
makes the problem amenable to an easy polynomial-cost semidefinite programming solution. When luck-
ily, a rank-1 matrix happens to be returned, optimal secondary-line design is achieved. For the common
case of a higher rank, we developed an iterative linearized polynomial-cost convex optimizer with much
appealing (yet suboptimal) amplitude/code-vector design solutions after a few iterations. Extensive nu-
merical studies have validated our theoretical developments and the proposed iterative algorithm. The
proposed scheme almost doubled the occurrences of secondary transmission compared to some early
work. The joint power and sequence optimization executed by the proposed scheme results in supe-
rior SINR performance for the secondary receiver compared to prior work. The proposed scheme has
great potential to improve the efficiency of coexisting of primary and secondary users in heterogeneous
cognitive airborne networks.

The introduction to the project and an overview of each area is given in Section 2. Then in Section 3 we
present specifically models, assumptions, methods, and main results for each area. Section 4 contains the

conclusions and bibliography is included at the end.

1.2 List of People Involved
There are four faculty members involved in the project, which are listed in the following:
e Prof. Dimitris Pados; University at Buffalo, State University of New York (SUNY); PI
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e Prof. Weifeng Su; University at Buffalo, State University of New York (SUNY); Co-PI
e Prof. Tommaso Melodia; University at Buffalo, State University of New York (SUNY); Co-PI
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al., Vol. 59 No. 4, pp. 1969 - 1979, May 2010.



M. Li, S. N. Batalama, D. A. Pados, and J. D. Matyjas, “Minimum total-squared-correlation quaternary
signature sets: New bounds and optimal designs,” IEEE Transactions on Communications, vol. 57, pp.
3662-3671, Dec. 2009.

e K. Gao, S. N. Batalama, D. A. Pados, and J. D. Matyjas, ”Cognitive code-division channelization,” IEEE
Transactions on Wireless Communications, to appear.

e F. Chen, W. Su, S. N. Batalama, and J. D. Matyjas, "Joint power optimization for multi-source and
multi-destination relay networks,” IEEE Transactions on Signal Processing, to appear.

e K. Gao, S. N. Batalama, D. A. Pados, “Bounds on the maximum SINR of binary and quaternary code
division,” submitted to IEEE Transactions on Communications, 2010.

e W. Su, S. Lee, D. A. Pados, and J. D. Matyjas, "Optimal power assignment for minimizing the aver-
age total transmission power in hybrid-ARQ Rayleigh fading links,” submitted to IEEE Transactions on
Communications, review feedback with minor revision, 2010.

e S. Kundu, W. Su, D. A. Pados, and M. Medley, ”Fast maximum-likelihood decoding of quasi-orthogonal
STBCs with QAM signals,” submitted to IEEE Transactions on Wireless Communications, 2010.

Peer-Reviewed Conference Proceeding Papers:

e F. Chen, W. Su, S. N. Batalama, and J. D. Matyjas, “Jointly optimal power assignment for multi-
source multi-destination relay networks,” in Proceedings of IEEE Global Telecommunications Confer-
ence (GLOBECOM), Miami, FL, Dec. 6-10, 2010.

e S. Lee, W. Su, D. A. Pados, and J. D. Matyjas, "The average total power consumption of cooperative
hybrid-ARQ on quasi-static Rayleigh fading links,” in Proceedings of IEEE Global Telecommunications
Conference (GLOBECOM), Miami, FL, Dec. 6-10, 2010.

e S. Kundu, W. Su, D. A. Pados, and M. Medley, ”Fast maximum-likelihood decoding of 4x4 full-diversity
quasi-orthogonal STBCs with QAM signals,” in Proceedings of IEEE Global Telecommunications Con-
ference (GLOBECOM), Miami, FL, Dec. 6-10, 2010.

e W. Su, F. Chen, D. A. Pados, and J. D. Matyjas, "The outage probability and optimum power assign-
ment for differential amplify-and-forward relaying,” in Proceedings of IEEE International Conference on
Communications (ICC), pp.1-5, Cape Town, South Africa, May 23-27, 2010. (This paper received the
2010 IEEE ICC Best Paper Award)

e W. Su, S. Lee, D. A. Pados, and J. D. Matyjas, "The optimal transmission power per round for hybrid-
ARQ Rayleigh fading links,” in Proceedings of IEEE International Conference on Communications
(ICC), pp.1-5, Cape Town, South Africa, May 23-27, 2010.

e S. Lee, W. Su, S. N. Batalama, and J. D. Matyjas, “Performance analysis and optimization for ARQ
decode-and-forward relaying protocol in fast fading channels,” in Proceedings of IEEE International
Conference on Acoustics, Speech, and Signal Processing (ICASSP), pp.3442-3445, Dallas, Texas, March
14-19, 2010.

e W. Su, J. D. Matyjas, and S. N. Batalama, ’Active cooperation between primary users and cognitive users
in cognitive ad hoc networks,” in Proceedings of IEEE International Conference on Acoustics, Speech,
and Signal Processing (ICASSP), Dallas, Texas, March 14-19, 2010.

e S. Lee, W. Su, S. N. Batalama, and J. D. Matyjas, “Outage probability for ARQ decode-and-forward
relaying under packet-rate fading,” in Proceedings of International Workshop on Cross-Layer Design in
Wireless Mobile Ad-Hoc Networks, Niagara Fall, Ontario, Canada, September 22-24, 2009.



e L. Ding, T. Melodia, S. Batalama, J. Matyjas, “Joint Routing, Relay Selection, and Spectrum Allocation
in Cognitive and Cooperative Ad Hoc Networks,” in Proc. of IEEE Intl. Conf. on Sensor, Mesh and Ad
Hoc Communications and Networks (SECON), Boston, MA, June 2010.

e M.Li, S. N. Batalama, D. A. Pados, T. Melodia, M. J. Medley, and J. D. Matyjas, Cognitive code-division
channelization with blind primary-system identification, in Proceedings IEEE MILCOM 2010 (Conf. on
Military Communication), San Jose, CA, Oct. 31 - Nov. 3, 2010.

e L. Ding, P. B. Nagaraju, T. Melodia, S. N. Batalama, D. A. Pados, and J. D. Matyjas, Software-defined
joint routing and waveform selection for cognitive ad hoc networks, in Proceedings IEEE MILCOM 2010
(Conf. on Military Communication), San Jose, CA, Oct. 31 - Nov. 3, 2010.

e P. B. Nagaraju, L. Ding, T. Melodia, S. N. Batalama, D. A. Pados, and J. D. Matyjas, Implementation of
a distributed joint routing and dynamic spectrum allocation algorithm on USRP2 radios, in Proceedings
2010 IEEE Comm. Society Conf. on Sensor, Mesh and Ad Hoc Comm. and Networks (SECON), Boston,
MA, June 21 - 25, 2010, pp. 1-2.

e K. Gao; Batalama, S.N.; Pados, D.A.; Matyjas, J.D.; “Cognitive CDMA channelization,” in Proceedings
43rd Asilomar Conf. on Signals, Syst. and Comp., Pacific Grove, CA, Nov. 2009, pp. 672 - 676.

2 Introduction to the Project

2.1 Overview of Cooperative ARQ Relaying

Conventional wireless networks involve point-to-point communication links and for that reason do not guaran-
tee reliable transmissions over severe fading channels. On the other hand, cooperative wireless networks exhibit
increased network reliability due to the fact that information can be delivered with the cooperation of other users
in networks [1]-[13]. In particular, in cooperative systems each user utilizes other cooperative users to create
a virtual antenna array and exploit spatial diversity that minimizes the effects of fading and improves overall
system performance. Cooperative communications, also known as relay channels, was first introduced in [9]
in which a three-way channel was analyzed based on the capacity region. More information-theoretic analysis
of the relay channels was developed in [10] and recently in [11, 12]. Various practical cooperative communi-
cation protocols were proposed for wireless networks [1]-[6] and performance analysis has been extensively
developed (see [7, 13] and the references therein).

Automatic-repeat-request (ARQ) protocols for wireless communications have been studied extensively in the
past and proved themselves as efficient control mechanisms for reliable data packet transmissions at the data
link layer [15]-[21]. The basic idea of ARQ protocols is that a receiver requests retransmission when a packet
is not correctly received. Recently, in an effort to increase network reliability over poor quality channels, ARQ
protocols were studied in the context of cooperative relay networks [22]-[25]. In particular, [22] was among
the first such studies to present a general framework of cooperative ARQ relay networks. It was shown that
cooperative ARQ relay networks have great advantages in terms of throughput, delay, and energy consumption
compared with the conventional multihop ARQ approach in which point-to-point ARQ links are concatenated
in network routes. In [23], information-theoretic analysis was developed and upper bounds for the diversity
order of a decode-and-forward (DF) cooperative ARQ relay scheme were characterized for both slow and fast
fading channels as a means to study the diversity-multiplexing-delay tradeoff for the cooperative ARQ relay
scheme. In [25], a closed-form expression of the outage probability of the DF cooperative ARQ relay scheme
was obtained for slow fading channels, but unfortunately the introduced approach cannot be extended to fast
fading channels.

Outage probability is arguably a fundamental performance metric for wireless ARQ relay schemes and so
is the diversity order. In this project, we developed a new analytical methodology for the treatment of DF
cooperative ARQ relay networks in fast fading (packet-rate fading) channels, which leads, for the first time, to
a closed-form asymptotically tight (as SNR — o00) approximation of the outage probability. The closed-form



expression shows that the overall diversity order of the DF cooperative ARQ relay scheme is equal to 2L — 1,
where L is the maximum number of ARQ retransmissions. The achieved diversity is partially due to the DF
cooperative relaying and partially due to the fast fading nature of the channels (temporal diversity due to re-
transmissions over independent fading channels). We note that the diversity of the direct ARQ scheme (without
relaying) is only L and it is due to the fast fading channels. Based on the asymptotically tight approximation
of the outage probability, we are able to determine an optimum resource allocation for the DF cooperative
ARQ relay scheme. For any given total transmission power budget, optimum power allocated at the source
and at the relay can be determined which depends on the variances of the channels and the maximum number
of retransmissions allowed in the protocol. It turns out that the conventional equal-power allocation strategy
is not optimum in general and the optimum power allocation relies heavily on the link quality of the channels
related to the relay. We have conducted extensive numerical and simulation results to illustrate and validate the
theoretical developments.

2.2 Overview of Optimal Power Assignment for Hybrid-ARQ Protocols

ARQ communication protocols, in which a receiver requests retransmission when a packet is not correctly
received, are commonly used in data link control to enable reliable data packet transmissions as shown in [15]-
[21]. In a basic/simplest ARQ protocol, a receiver decodes an information packet based only on the received
signal in each transmission round [15, 16]. Advanced ARQ schemes, in which a receiver may decode an
information packet by combining received signals from all previous transmission rounds, have been known
as hybrid ARQ (H-ARQ) protocols [17]-[21]. Since the receiver needs to save previously received signals, H-
ARQ communication protocols require more memory at the receiver side compared to the basic ARQ protocols.
However, the performance of the H-ARQ protocols is substantially better than that of the basic ARQ protocols
and the performance improvement is worth of the memory increase at the receiver side [16, 20, 21], especially
in nowadays memory chips are cheaper and their sizes become smaller.

In wireless links formed by wireless devices with limited power resources, power efficiency is a key research
matter in the optimization of ARQ retransmission protocols [31]-[35]. In [31], a power control scheme was
proposed for ARQ retransmissions in down-link cellular systems in order to minimize the total transmission
power of multiple users where each user uses constant transmission power. In [32], the power efficiency of vari-
ous ARQ protocols was discussed by taking into account the energy consumed by the transmitting and receiving
electronic circuitry in ARQ retransmissions. Note that in both [31] and [32], the power efficiency of ARQ pro-
tocols was examined under the assumption of the same transmission power level in each retransmission round.
In [33], the transmission power in each retransmission round was optimized for a variety of ARQ protocols by
assuming that channel state information (CSI) is available at the transmitter side and CSI takes values from a
prescribed finite set of values. In [34], by assuming that partial CSI is available, optimal transmission power in
each retransmission round was determined for an H-ARQ protocol by a linear programming method that selects
a power value from a set of discrete power levels. Recently in [35], without assuming CSI available at the trans-
mitter side, an optimal power transmission strategy was identified for a basic ARQ protocol where the receiver
decodes based only on the received signal in each transmission round. It was assumed that the channel changes
independently in each retransmission round. A necessary and sufficient condition for the optimal transmission
power sequence was found which indicates that power must be increasing in every retransmission. We note that
this result is not valid to slowly fading channels. More recently in [36], without a priori CSI at the transmitter,
the authors maximized the average transmission rate for an incremental redundancy H-ARQ protocol where the
transmitter sends out different encoded redundant parity symbols in each retransmission round. The average
transmission rate maximization under optimal power assignment was also formulated and numerical results
were presented for an incremental redundancy H-ARQ protocol with one maximum retransmission.

In this project, we considered advanced H-ARQ transmission protocols for airborne networks in which a
destination node may decode an information packet by combining all received signals from previous trans-
mission rounds to increase detection reliability. We assume that the source-destination channel experiences
quasi-static Rayleigh fading, i.e. the channel does not change during retransmissions of the same information
packet and it may change independently when transmitting a new information packet. Our goal is to find the



optimal power assignment strategy that minimizes the average total transmission power for any given targeted
outage probability. First, we derived a set of equations that describe the optimal transmission power values
in H-ARQ retransmission rounds. Then, a simple recursive algorithm was developed to exactly calculate the
optimal transmission power level for each retransmission round. Interestingly, it turns out that the optimal
transmission power assignment sequence is neither increasing nor decreasing; its form depends on given total
power budget and targeted outage performance levels. This is fundamentally different from the case in [35] that
the optimal transmission power must be increasing in retransmissions in the fast fading scenario (i.e. the chan-
nel changes independently in each retransmission round). To reduce calculation complexity and obtain more
insight understanding of the optimal power assignment strategy, we also developed an approximation to the
optimal power sequence that is close to the numerically calculated exact result. The tight approximation shows
that the optimal transmission power in each retransmission round is a function of P; (the transmission power
in the first round) in a polynomial form. The optimal power assignment values also reveal that the conventional
equal-power assignment (using the same transmission power in all retransmission rounds) is far from optimal.
As an example, for a targeted outage probability of 10~3 and maximum number of transmissions L = 2, the
average total transmission power based on the optimal power assignment is 9 dB less than that of using the com-
mon equal-power scheme. We also observed that the larger the maximum number of retransmissions allowed in
the H-ARQ protocol or the lower the required outage probabilities, the more power savings the optimal power
assignment strategy offers.

2.3 Overview of Differential Amplify-and-Forward Relaying

The concept of cooperative relaying has been attracting much attention recently with the promise of increased
wireless network capacity and thorughput/delay performance ([39, 53] and references therein). In cooperative
relaying, a source node involves nearby nodes to jointly/cooperatively send information to a destination. To
reduce implementation complexity and system requirements, differential cooperative relaying is particularly at-
tractive in wireless networks due to its advantage that information can be differentially modulated/demodulated
and channel estimation can be avoided (at the cost of an arguably tolerable error rate loss). In [41], Differential
Decode-and-Forward (DDF) relaying was proposed and optimized in which each relay differentially decodes
the information from a source node and forwards it to a destination. Since relays may decode information in-
correctly, some reliability control mechanism has to be deployed at relays in the DDF relaying scheme to avoid
error propagation from relays to destination. In [42], Differential Amplify-and-Forward (DAF) relaying was
proposed in which a signal from a source is simply amplified by the relays and forwarded to the destination. In
the DAF relaying scheme, implementation at each relay is quite simplified since no decoding and detection is
needed in this case. The outage performance of the DAF relay has been studied [43], however, the presented
outage probability result involves a triple integral, which therefore offers little insight in the problem of DAF
protocol optimization.

In this project, we applied and optimized the DAF relaying scheme for airborne networks. Specifically, we
devised a new exact outage probability expression for DAF relaying which involves only a single integral.
Furthermore, to provide further insight in the process of DAF relaying, we developed a simple closed-form ap-
proximation of the outage probability which is tight at high signal-to-noise ratio (SNR) and reveals the asymp-
totic performance of the DAF relaying scheme. Then, based on the tight outage probability approximation,
we were able to determine an asymptotically optimum power allocation scheme for DAF relaying. Numerical
calculations and simulation results have been carried out to validate and illustrate our theoretical findings.

2.4 Overview of Joint Power Optimization for Multi-Source Multi-Destination Relay Net-
works

Recent work on information-theoretic aspects of cooperative relaying as well as recent proposals of practical
cooperative relaying protocols ([50]—[57] and references therein) suggest that cooperative relaying may lead to
significant improvements in detection reliability at destinations and overall system performance. In cooperative
relaying, a user/node may serve as a relay and assist others by forwarding their signals to destinations, thus



enhancing detection reliability at the destination. Various relaying strategies have been studied in the literature
for relay to forward signals. For example, relay may decode the received signal and forward the decoded
information to a destination, or it may simply amplify the received signal and forward it to the destination.

More recently, there is increasing interest in investigating the advantages of relaying in multi-source multi-
destination networks [58]-[65], [71]-[73]. The simplest multi-source multi-destination relay network is mod-
eled as an interference relay channel (IRC) [58] where a relay helps two independent source-destination pairs by
using different relaying strategies such as decode-and-forward, amplify-and-forward, or compress-and-forward.
Past literature on multi-source multi-destination relay networks focused primarily on information-theoretic
studies including achievable rate regions or bounds of capacity region [58]-[65]. For example, in [58] a rate
splitting technique is used to study the problem of achievable rate region for a Gaussian IRC channel, where
each message is split into a common message which is decodable at all destinations and a private message which
is decodable only at the intended destination [61]. Since the receivers are able to decode part of the interference
messages, the effect of interference is reduced and the overall communication rate is therefore increased. The
achievable rate region of [58] was further improved in [59] by considering both intended message and inter-
ference forwarding at the relay (optimal relay strategies were studied under the assumption that the relay is
connected to each source and each destination via orthogonal and finite capacity links). The capacity region of
the interference channel with a single-relay was investigated in [62, 63], where it was shown that forwarding
the intended message of just one source, the achievable rates for both source-destination pairs can be improved.
By assuming that the relay knows the source message a priori, a relaying strategy was proposed in [64, 65]
where generalized beamforming with dirty paper coding was considered for a two-source two-destination relay
network to further improve the capacity region of the network.

Power control is an important technique to improve the performance of multi-source multi-destination re-
lay networks. While past literature offers a significant amount of work on power allocation for single-source
single-destination relay networks (see, for example [67]-[70] and references therein), there are rather limited
studies on power optimization for multi-source multi-destination relay networks. In [71], power allocation was
optimized by exhaustive search for a two-source two-destination relay network where a half-duplex decode-
and-forward relay was considered. Unfortunately the exhaustive search is not scalable and leads to prohibitive
optimization complexity for networks with larger number of source-destination pairs. In [72, 73], a power
allocation scheme was proposed for a multi-source multi-destination relay network based on geometric pro-
gramming (the scheme assumes that signals from different sources are sent through orthogonal channels and
the direct transmission link is not involved in detection at destinations).

In this project, we designed and optimized a general multi-source multi-destination relay scheme with K
sources (K can be large) for cognitive airborne networks. The network allows simultaneous multi-source trans-
missions through non-orthogonal, in general, channels. We considered two power optimization strategies: (i)
Minimization of the total power consumption of all sources and relay under the constraint that the signal to
interference plus noise ratio (SINR) requirement of each source-destination pair is satisfied, and (ii) Maximiza-
tion of the minimum SINR among all source-destination pairs subject to any given total power budget. Thanks
to an asymptotically tight approximation of the SINR that we developed, we were able to reformulate the orig-
inal optimization problems, which involve K power variables, to single-variable optimization problems. Then,
the resulting optimization problems can be easily solved by a simple numerical search of the single variable.
The proposed optimization schemes are scalable and lead to power assignment algorithms that exhibit the same
optimization complexity for any number (K') of source-destination pairs in the network. Moreover, for the
special case of transmission over orthogonal channels, we were able to further simplify the single-variable op-
timizations and obtain analytical solutions for a symmetric system. Extensive numerical studies show that the
proposed power assignment is almost identical to the exhaustive search method, and the optimum power as-
signment schemes can significantly improve the performance of multi-source multi-destination relay networks
with equal power assignment.



2.5 Overview of Cognitive Code-Division Channelization

Recent experimental studies [77] demonstrated that much of the licensed radio spectrum experiences low uti-
lization. Cognitive radio (CR) [78] emerges as a promising technology to improve spectrum utilization by
allowing secondary users/networks to share spectrum licensed by primary users. As licensees, the primary
users are to have guaranteed access to the spectrum [79]. Therefore, the underlying challenge of CR technol-
ogy is to ensure the Quality-of-Service (QoS) requirements of the primary users and, simultaneously, maximize
in a best-effort context the QoS of the secondary users [80]-[83].

Herein, we are particularly interested in cognitive radio built around a code-division multiple-access (CDMA)
primary system. In contrast to frequency or time division operation where cognitive secondary users may
transmit opportunistically in sensed spectrum holes/void only, cognitive code-division users may in principle
operate in parallel in frequency and time to a primary system as long as the induced spread-spectrum inter-
ference remains below a pre-defined acceptable threshold!. Power control for cognitive code-division systems
was considered in [85] under an “interference temperature” constraint (total secondary user disturbance power
over primary band). No optimization was carried out with respect to the code channels (signatures) of the
secondary users in [85]. In contrast, in [86] a secondary code assignment scheme was presented to minimize
the mean-square crosscorrelation of the secondary code with the primary received signal. Extension to multiple
secondary users was also considered in the form of iterative secondary code set construction. Under interference
minimizing code assignments, bit rate and spreading factor adjustments for a secondary CDMA system were
considered in [87]. Interesting work outside the framework of CDMA CR in the form of joint beamforming
and power allocation algorithms was reported in [88], [89], while auction mechanisms for power control were
presented in [90].

In this project, we considered the problem of cognitive code-division channelization for cognitive airborne
networks. The goal is to improve the efficiency of spectrum utilization and coexisting of primary and secondary
users in heterogeneous cognitive airborne networks, by jointly assigning power and code-channel allocation for
a secondary transmitter/receiver pair coexisting with a primary code-division multiple-access (CDMA) sys-
tem. In pursuit of a computationally manageable and performance-wise appealing suboptimal solution, we
first converted the amplitude/code-vector optimization problem to an equivalent matrix optimization problem
under a rank-1 constraint. Disregarding (relaxing in formal language) the rank-1 constraint makes the prob-
lem amenable to an easy polynomial-cost semidefinite programming solution. When luckily, a rank-1 matrix
happens to be returned, optimal secondary-line design is achieved. For the common case of a higher rank,
we developed an iterative linearized polynomial-cost convex optimizer with much appealing (yet suboptimal)
amplitude/code-vector design solutions after a few iterations. Extensive numerical studies have validated our
theoretical developments and the proposed iterative algorithm. The proposed scheme almost doubled the oc-
currences of secondary transmission compared to some early work. The joint power and sequence optimization
executed by the proposed scheme results in superior SINR performance for the secondary receiver compared
to prior work. The proposed scheme has great potential to improve the efficiency of coexisting of primary and
secondary users in heterogeneous cognitive airborne networks.

3 Models, Assumptions, Methods and Procedures

3.1 Cooperative Decode-and-Forward ARQ Relaying

In this subsection, first we describe briefly the DF cooperative ARQ relay scheme and model the fast (packet-
rate) fading channels. Second, we develop two useful lemmas which are the bases of our analytical approach,
and calculate the outage probability and derive the asymptotically tight outage probability for the DF cooper-
ative ARQ relay scheme. Third, based on the tight approximation of the outage probability, we determine the
asymptotically optimum power allocation for the DF cooperative ARQ relay scheme. Numerical and simulation
studies are presented and some conclusions are drawn at the end of this subsection.

"While early standardization and regulation discussions have begun [84], no conclusive “interference temperature” rules and agree-
ments have been reached yet.
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Figure 1: [llustration of the cooperative ARQ relay scheme with one source, one relay and one destination.

3.1.1 System Model

We consider a cooperative ARQ relay scheme with one source, one relay and one destination as illustrated in
Fig. 1. The DF cooperative ARQ relay scheme works as follows. First, a data packet of b bits are encoded
into a codeword of length LT, where L is the maximum number of ARQ retransmission rounds allowed in the
protocol and T is the number of channel uses in a single ARQ retransmission round. Then, the codeword is
divided into L different blocks each of length T'. In each ARQ retransmission round a block of the message is
sent, so the transmission rate is R = b/T". When the source transmits a block of the message to the destination,
it is also received by the relay. The destination indicates success or failure of receiving the message by feeding
back a single bit of acknowledgement (ACK) or negtive-acknowledgement (NACK). The feedback is assumed
to be detected reliably at the source and at the relay. If an ACK is received or the retransmission reaches the
maximum number of rounds, the source stops transmitting the current message and starts transmitting a new
message. If a NACK is received and the retransmission has not reached the maximum number of rounds, the
source sends another block of the same message. If the relay decodes successfully before the destination is
able to, the relay starts cooperating with the source by transmitting corresponding blocks of the message to
the destination by using a space-time transmission [23], for example, using the Alamouti scheme [28]. The
destination combines the received signal in current round and those in previous rounds to jointly decode the
data packet. After L ARQ retransmission rounds, if the destination still cannot decode the data packet, an
outage is declared which means that the mutual information of the DF cooperative ARQ relay channel is below
the transmission rate.

The DF cooperative ARQ relay scheme can be modeled as follows. The received signal y;. ,,, at the relay at
the m-th (1 < m < L) ARQ retransmission round can be modeled as

Yrm = V Pshsr,mxs + Mrm, (D

where P; is the transmitted power of the source signal x, hg, p, is the coefficient of the source-relay channel at
the m-th ARQ retransmission round, and 7, ,,, is the additive noise. If the relay is not involved in forwarding,
the received signal yq ,,, at the destination at the m-th ARQ retransmission round is

Ydm = V Pshsd,mms + Nd,m. )

where hq p, is the source-destination channel coefficient at the m-th ARQ retransmission round. If the relay
receives the data packet from the source successfully, it helps in forwarding the packet to the destination using
the Alamouti scheme. Specifically, each block of the data packet can be partitioned into two parts as z5 =
(5,1 24,2], then the relay forwards a corresponding block z, = [—a%, x5 ]. The received signal yq,, at the
destination at the m-th ARQ retransmission round can be written as

Ydom = V Pshsd,m$s + v Prhrd,mwr + Nd,ms 3)



where P, is the transmitted power at the relay and A4, is the channel coefficient from the relay to the desti-
nation at the m-th ARQ retransmission round. At the destination, the message block = can be recovered based
on the orthogonal structure of the Alamouti code [23, 28]. The channel coefficients hq . Rsrm and hrq
are modeled as independent, zero-mean complex Gaussian random variables with variances agd, JET and ofd,
respectively. We consider a fast fading scenario, i.e. the channels remain fixed within one ARQ retransmission
round, but change independently from one round to another (packet-rate fading). The channel state information
is assumed to be known at the receiver and unknown at the transmitter. The noise 7, ,, and 74 ,, are modeled
as zero-mean complex Gaussian random variables with variance Nj.

3.1.2 Outage Probability Analysis

In this subsection, first we develop two lemmas which paly key roles in our outage probability analysis. Sec-
ond, we derive the outage probability of the direct ARQ transmission scheme. Finally, we derive the outage
probability of the DF cooperative ARQ relay scheme under packet-rate fading conditions.

First we develop two lemmas and some notations. The two lemmas will paly key roles in analyzing the
outage probability of the DF cooperative ARQ relay scheme.

Lemma 1l Ifug, . s, and v, . s, are two independent random variables satisfying the following properties

M
szlgnoo S;ll - Pr [usl,..A,sM < t] =a- f(t)>
1<i<M i=1

M
Jim JTs - Prive,.s <] =b-g(t),
1<i<M i=1

where dy,da, a and b are constants, f(t) and g(t) are monotonically increasing functions, and f'(t) is inte-
grable, then

M t
lim sflerQ “Prius, sy + Vsy,.sn <t] =ab / g(x)f'(t — x)dx. ()
0

Proof : For any partition of the interval [0, t|, denoted as U = {ug, u1, ..., us} withuy = 0 and uy = ¢,
we can obtain upper and lower bounds of the event {ug, ¢, + Vs, ... s, <t} as follows:

J
{ushmﬂsM T Vsysn < t} - U{Uj—l S Usy,sy < uj} N {U817~~75M <t- uj—1}7
j=1
J
{ush---,sM + Vsysy < U} 2 U{Uj—l S Usy, sy < uj} Vs sn <T— uj}’
j=1

The upper and lower bounds are considered as a union of rectangles between u;_1 and u; for 0 < 5 < J. First,
let us focus on the upper bound. The probability of the subset {u;j—1 < ws, . s, < wj} N {Vsy, sy, <t—uj—1}
can be calculated as

Pr [uj—l S Usy,sny < Wiy Usyspy < — uj—l]

= {Pr [u517---751\/l < uj] —Pr [USL---,SM < uj—l]}Pr [,0317---751\/[ <t- uj—l] . (5)

Let s; — oo for 1 < ¢ < M, according to the assumption in the lemma, we have

M
lim H8?1+d2 - Pr [uj—l S Usy,spy < U Vsy,syy < — uj—l] =ab- {f(u]) - f(uj—l)}g(t - uj—l)'

S;—00
1<i<M i=1

(6)
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Since f(t) and g(t) are monotonically increasing functions, we obtain an upper bound of (4) as follows

M

Supy; hm s priug A ve ., <t <ab- Zg t—uj—1){f(u;) — fluj—1)}. (1)
l<z<Mz 1 J=1

Similarly, we can obtain a lower bound as

M
infy Tim T 8% - Pr [y, as + Vo,ons < 1] > @b th—uy){f(uj) flu)} ®)
1<i<M i=1 Jj=1

The above upper and lower bounds are good for any partition U = {ug, uq, ..., us} over the interval [0, ¢].
Since f’ ( ) is integrable, so let J — oo, the the summations in (7) and (8) converge to the same integral
fo '(t — z)dx. Therefore we have the result in (4). U

We note that the special case of Lemma 1 with M = 1 was presented in [29]. Lemma 1 will be used to
approximate the outage probability of the ARQ schemes at high SNR scenario. In the following, we would like
to define a special function F, (531, ..., B,;t) which will be used to characterized the outage probability of the
DF cooperative ARQ relay scheme. For any integer n > 2 and non-zero constants 31, (2, - - - , 35, define

t Ty X9
F.(B1, ..., Bn; t) £ / / ... / 2B1x1+ﬁ2x2+---+ﬁnzndx1dx2 codz,,
0 JO 0

A closed-form expression for calculating the special function F,, (31, ..., Bn;t) can be obtained. We have the
following result.

Lemma 2 For any integer n > 2 and non-zero constants [31, B2, - - - , B, the function F,, (01, ..., Bn;t) can be
calculated as follows

(—1) o1+ +n-1 (1n2) 7 Sh i@
Fn ﬂ 7~-.76n;t = o o 2[2u1=1 it _ 1 ’ (9)
(1 ) 51,.275:”1Hm=1 (> ima ()] ( )
€{0,1}

where the variables 01,62, ...,0,_1 € {0,1}, & £ {81, 02, ..., 0,1}, and the coefficients {imi(6) : 1 <m <
n,1 <1 < m} are specified as

i1,1(0) = 122(8) = -+ = inpn(d) =1,
and, forany m = 2,3, ...,n,
iml(d) = 6m—1 . im,1,1(5), l= 1,2, O 1 1.

Proof : We use induction to prove the result for any integer n > 2. When n = 2, it is easy to see that
Fg(ﬂh /32§ t) — / / 251I1+ﬂ2x2dx1d$2
(In2)~

-1
e ) )

= ¥ 2(—1)2+:11(1‘n2)*2 (2[Z§:1i2,z(6)ﬁl]t_1)’ 10)
sieony Lm=1 [ 200 im,1(8) 5]
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i.e. the closed-form expression in (9) is valid for n = 2. Next, we assume that the result in (9) is good for any
k > 2. Then, forn =k + 1,

Th41 T2
Frp1(Bry s Brg1it) = // / ofrzitParet 4Bk iThirdy Ay - - - Ay
0o Jo 0

t Th41 2
= / / e / g1t Barat B qy dipy - - - day, 20041841 day 44
Fr(B15--8k; Trg1)

t
= / Fi(Bry ooy Bry Tpepn) 20417601 day . (11)
0

According to the induction assumption that the result in (9) is good for any £ > 2, we have

Th+1
/ / / 9b1z1+Baz2+ -+ BTk dzidzs - - - doy,

_ Z k+51+ A0 1<1n2) ( [Zl 1 0g,1(8 ),Bl]wk+1 _ 1) ) (12)
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Fk‘(ﬁl? "'7ﬁk’;1"k+1)

Substituting (12) into (11), we have

Frv1(B1, -y Brg;t)

k401440 —k t
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where 0, € {0,1}, ip41 44+1(0) = L and ipy1,(0) = 0y - i,1(5),l = 1,2, ..., k. Also, we have

k+1
, S ik (8)By + Bregr, i O =1
Y in11(8)5 { Gt 5 — 0 (14)

Therefore, the closed-form expression in (9) is valid for n = k + 1. By induction, we conclude that the result
in (9) is true for all n > 2. |

For comparison purpose we specify the outage probability for the direct ARQ transmission scheme. In
the direct ARQ transmission scheme, the destination receives information from the source directly, without
involving the relay. The mutual information between the source and the destination in the m-th round of the
direct ARQ transmission scheme is

Py
Isd,m = 10g2 <1 + ./\/'()’hsd,m|2> . (15)
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The total mutual information after L ARQ rounds is I’ = Zﬁbﬂ Isq,m- Thus, the outage probability of the
direct ARQ scheme after L ARQ rounds is

poubl = pr (19 < R]. (16)

A closed-form expression of (16) is not tractable. An approximation of the outage probability can be obtained
for high-SNR scenario as follows [29]

No \*
out,L
where g7 (+) is defined as
t
3(®) = [ gua@f (¢ =)o, nz1, a8)
0

with go(t) = 1 and f(t) = 2 — 1. Note that (17) is a direct result of Lemma 1 with M = 1.
The calculation of the coefficient g7, ( R) involves L recursive integrals. In the following, we develop a closed-
form expression for the function g, (¢) for any n > 1. Since g, (t) = fg’ gn—1(z)f' (t —z)dz and f'(t) = 2In2,

we have
t prn—1 o
= /0/0 .. /0 g1(x1) f (xg — 1) /(w3 — 22) -+ (@1 — Tp_2)

f/(t — an_l) d.%'ldafz R -d.%'n_l
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Since [§ z"~2dz = 25"~ and ([30])
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therefore, a closed-form expression of g,,(¢) can be obtained as follows

)(In2)"™ lgzam@19ws =02 . 9¥n—1=Tn-290"Cn-1qg dyy - - - dar,,_;
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which can be calculated efficiently.

In the following, we derive the outage probability of the DF cooperative ARQ relay scheme under packet-rate
fading conditions. In the DF cooperative ARQ relay scheme, if the relay decodes the message from the source
correctly, say, at the k-th round, then at the (k + 1)-th round, the relay starts forwarding appropriate ARQ
blocks to the destination. Let {7, = k} denote the event of successful message decoding by the relay at the
k-th round and subsequent ARQ block forwarding at the (k4 1)-th round. Let Pﬂi i, denote the probability that
the destination decodes the message unsuccessfully after L ARQ retransmission rounds if the event {7, = k}
occurs. Then, the outage probability of the DF cooperative ARQ relay scheme after L ARQ retransmission
rounds can be written as

Pout,L Z OUtk Pr T — k] (20)

13



Note that the channels change independently over each ARQ retransmission round in a fast fading scenario, so
the mutual information of fading channels can be viewed as a sum of independent random variables.

First, we calculate the probability of the event {7, = k} , i.e. Pr[T, = k|. We note that the mutual informa-
tion between the source and the relay in the m-th ARQ round is

Py
Torm = logy <1 + /\/()’h“’m|2) ) (1)

The probability that the relay decodes the message successfully at the first round (7, = 1) is

2f 1 Ao
o2 P, )

sr

Pr(T, =1] =Pr[ls,1 > R| =exp <— (22)

Forany T, =k, k= 2,3,...,L — 1, we have

k—1 k
Pr[T, =k] = Pr [Z Iy <R,Y  Igm >R

m=1 m=1

k—1 k
Pr [Z Iypm < R| —Pr [Z Typm < R

m=1 m=1

N k—1 N k
~ gr1(R) <02}> —gk(R)(0233> , (23)

where g;_1(+) and g () are specified in (19) in the previous subsection. The approximation in (23) is obtained
by applying Lemma 1 with M = 1. Finally, if 7, = L, we have

N L—1
~gr-1(R) (02 TD > . (24)

L—1
Pr(T, = L]:Prlz I <R

m=1

Next, we calculate the conditional outage probability Prffik when the relay decodes correctly at the k-th
round and starts forwarding at the (k + 1)-th round. When the relay cooperates with the source by jointly
sending a message block via the Alamouti scheme, the mutual information of the cooperative channels in the
m-th ARQ round is given by [23]

P, P,
Isrd,m = 10g2 <1 + ATZ“Lsd,mP + .N%|hrd,m|2> . (25)
Thus, with L ARQ rounds, the total mutual information is
k
Iéo% ZTanl Isd,m + Z#:kJrl Isrd,ma 1 S k< L; (26)
T Em:l Isd,ma k=1L.

We note that if 7}, = L, the relay has no chance to cooperate since the source starts sending a new packet. The
conditional outage probability can be evaluated as

PRty =Pr I, < R]. (27)
When T,. = L, the conditional outage probability is reduced to the direct ARQ scenario and it is given by
No \*
PR =Pr [ _p < R| ~ gr(R) ( > p ) - (28)
Osal’s

In the following, we calculate the conditional outage probability (27) forany 7, = k, k = 1,2, ..., L — 1. For
simplicity in presentation, we introduce the following notation

- {IOgQ (1 + 31|hsd,m|2) )
=

1<m<k; (29
10g2 (1 + Sl‘hsd,m’2 + 52’hrd,m’2) ) k+1 m < L,
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where s1 = Ps /Ny and so = P,./Nj. Then, the total mutual information can be written as

1% = Z Unp. (30)
Note that forany 1 < m < k, |hsd7m\2 is an exponential random variable with parameter 0;12, SO
2 _ 2t —1 1
lim sp - Prlu, <t]= hm 51 Pr || hsgm|” < =2 -1, m=12--- |k 31)
8§1—00 S1— S1 Usd

Since u,, 1 < m < k, are independent random variables, by applying Lemma 1 with M = 1 recursively, we

have
lim s - Pr [Z Uy < t] (%)kgk(t% (32)

$1—00
! sd

where gy (t) is given in (19). For any m, k+1 < m < L, u,, involves the sum of two independent exponential
random variables |hsd,m|2 and ]hrde with parameters crs_d2 and O'T_dQ, respectively, and the distribution of ,,
can be specified as

Pr [um < t] =Pr [31|hsd,m‘2 + 32‘hrd,m‘2 < 2t — 1]

1 2t—1 1 2t—1 _ so.
_ 1- (1 + o2y 1 )exp <_T§d S1 ) ’ if 22 ”rd ”gd’ (33)
s102 1 261 5202 1 261 s s
1- Slaid—szﬂfde)(p <_T§:d S1 ) B 820%—;03(1“1) <_02d 52 ) 1 Tgld 7 Ogd,
foranym =k + 1, ..., L. Thus, forany m = k + 1, ..., L, we have
. 1
Silgnoo s182 - Prium, <t] = ﬁ@t — 1)2. (34)

1<i<2 2Usdgrd

Let qo(t) = 1 and p(t) = (2! — 1)2, then p'(t) = 2(22" — 2")In2. Since u,, k + 1 < m < L, are independent
to each other, by applying Lemma 1 with M = 2 recursively, we can show that foranyn = 1,2, ..., L — k,

k+n n
1
li . E m <t n(t), 35
silm 8182 [ Uy, < ] (208d02 ) q () (35)

1<i<2 m=k+1 rd
in which .
qn(t) = / Gn_1(x)p'(t —x)dz, n=1,2,....L—k. (36)
0

Based on Lemma 2, a closed-form expression for ¢, (t) can be obtained as follows:

t rrn—1 T2
= // e / Q1(l‘1)p,(f€2 - £E1)p/(933 - 5E2) o 'p/(fﬂnq - fUan)
0J0 0

xp'(t — xp—1)dz1drs - - - dxpy g

//In 1 / le . 21112 n—1 H (21m+1 Tm _ 1)

(2t Tn—1 __ 1)2t wldl'ldxg . 'dl‘n,1
= (—2m2)"! Z (—1)er+tan—1g(ltan-i)t

Q1,..Q0n—1

c{0,1}
t prpn—1 o n—1
X // . / (2901 _ 1)2 . 2—0&1I1 H 2(Oém—1—am)xmdx1dw2 o dx’n—l
0J0 m=2

= (_211,12)71—1 Z ( 1)a1+ o= 12(1+an 1)t{F —1 1 _0417/827"'7/8n—1;t)
Q1,...,0n
1E{O,l} '

—2F,_1(—a1, B2, ..., Bu-15t) + Fuo1(=1— a1, Ba, ..., Bu151) }, (37)
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where 02 = a1 — ag, f3 = ag — a3, ..., fp—1 = Qp—2 — 1, and the function F,,_( - ;t) is defined in (9)
and it has a closed-form expression spemﬁed in Lemma 2. Note that in case for some 4, (3; is zero which does
not satisfied the non-zero condition in Lemma 2, we may calculate F,,_1( - ;¢) as follows. Since the function
F,.(B1, ..., Bn;t) defined in (9) is continuous in terms of each variable (; and the closed-form expression in
Lemma 2 is also continuous in terms of 3;, so we can apply Lemma 2 with §; = ¢; where ¢; is sufficiently
small (i.e. £; — 0) to accommodate the calculation of F,_1( - ;¢).
According to the result in (35) with n = L — k, we have

L\ Lk
I <t (D), 38
i (s159)" [ Y ow ] <2‘7st2 ) qr—k(t) (33)

1<i<2 m=k+1 rd

where g7, (t) can be calculated specifically based on (37). Combining (32) and (38), and applying Lemma 1,
we obtain

k L 1\L 1 \ Lk
hm S{’sé’ k. Pr|: Z Isd,m + Z Isrd,m < R:| = bk(R) (0_2> (M) , 39)
1<z<2 m=1 m=k+1 sd rd
where .

b(t) = [ an(e)dy o0~ 2)da. (40)

Since s1 = Ps/Np and so = P./Njy, so forany T,, = k, k = 1,2, ..., L — 1, the conditional probability (27)
can be asymptotically approximated as

ou b(R) ([ No \*( Ny \*7F
P t —PI’|:ZI5dm+ Z Isrdm<R:| 2L—k <02dps> O_QdPT . (41)

m=k+1

Finally, combining (22)—(24) and (41), we can obtain the outage probability for the DF cooperative ARQ
relay scheme as follows

L1 L L-k k=1
out, bk<R) Mo No No No
P LL Z 2L—k |:gk—1(R> - gk(R) O_ETP8:| <O—§dPS O-q%dPT ﬂ

k=1

+gL(R>gL_1(R)< 2o )L( Mo )Ll, 42)

2 2
o.Ps (o =

where g (R) and bg(R) are specified in (19) and (40), respectively Furthermore, we note that the term
gr(R) N%, would be much smaller than g;_1(R) at high SNR , so the asymptotic outage probability in
(42) can 'be further simplified as

L L L—k k—1
ou br(R)ge-1(R) (N N M
potti e Z : 2L’ik1 <U§d(])33 sz(])%« 031335 ’ “3)

k=1

where by (R) = gr(R). The asymptotic outage probability is tight at high SNR which will be shown in
simulation results.

L
Based on the above asymptotic outage probability, we observe that the term ( Mo ) in (43) contributes a

diversity order L in the asymptotic outage performance, which is due to the fast fadlng nature of the channels.

The term (O_é\/ oA ) o (Ugf yoa ) = contributes an overall diversity order (L — k) + (k—1) = L —1 which is due
to the coopefgtive relaying. Thus, the asymptotic outage probability of the DF cooperative ARQ relay scheme
has an overall diversity order 2L — 1. The observation is more obvious in case of an equal power allocation
scenario, i.e., Ps = P, = P. As a comparison, we recall that the diversity order of the direct ARQ transmission
scheme is only L, which is much less than that of the DF cooperative ARQ relay scheme. The diversity order

of the direct ARQ scheme comes from the fast fading nature of the source-destination channel.
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3.1.3 Optimum Power Allocation for the DF Cooperative ARQ Relay Scheme

In this subsection, we derive an asymptotic optimum power allocation for the DF cooperative ARQ relay scheme
based on the tight approximation of the outage probability we presented in the previous section. Without loss

of generality, we denote the total transmission power Ps + P, 2 2P. For any given total transmission power
2P, we try to determine optimum power P; used at the source and power P, at the relay in order to minimize
the asymptotic outage probability.

Let us denote A as the ratio of the transmit power Ps to the total transmission power, i.e. A = 5 P, then
0 <A<1land P, = (1— X\)2P. The asymptotic outage probability of the DF cooperative ARQ relay scheme
can be written as

2 2L-1 L 9\ k
out,L Ogr NO 2Urd 1
P~ s 3L (2p> Zbk )91 < o2 ) NAE=T(] — )Lk (44)

(2Usd0'rd)

We try to find the optimum power ratio A (0 < A < 1) such that the asymptotic outage probability is minimized.
2\ k
Let Ax(R) £ by(R)gr_1(R) (2:3,:1) and

(R)
Z ST 45)

then the optimization problem can be formulated as follows
m)%n G(N)
st. 0< A<, (46)

By taking derivative of G(\) with respect to \, we have

G & —(Ltk-1 Lok
9 - > Ak(R) {m(k(j - A)sz TR (T } ‘ (47)

Let 6G(/\)

= 0, an optimum power ratio can be found by solving the following equation

iAk(R){—(L-i-k—l) (1_/\A>k+(L—k:) <1;A>H} = 0. (48)

k=1

The equation can be easily solved by using the Newton method. Based on the equation, we have two observa-
tions. First, since Ay (R) is positive, so % in the equation must be less than 1, otherwise the left-hand side
of (48) is negative. It implies that A > 2, i.e. P, > P and P, < P, which means we should allocate more
power at the source and less power at the relay. It also shows that the equal power allocation scheme assigning
power equally between the source and the relay is not optimum in general. Second, we observe that for a given
transmission rate R, the parameters Ay (R) in the equation (48) depend only on o2, and o2 +, Which are the
variances of the source-relay and relay-destination channel links, respectively. Thus, the asymptotic optimum
power ratio A depends only on the the variances of the source-relay and relay-destination channels, not on the
source-destination channel link. A similar observation was reported in [7] where the optimum power allocation
between the source and the relay was determined based on the analysis of the symbol-error-rate performance.
When L = 2, a closed-from expression of the optimum power ratio can be obtained as follows. In this case,

the equation (48) is reduced as

345(R) (T)z +24:(R) (1?) _ Ay (R) =0, 49)
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so the optimum power ratio is

Az(R)
14 4/1+352
A= Sl (50)
2+ /143453
Thus the corresponding optimum power allocation at the source and at the relay is given by
1+ 4/1+ 3825
P, = 2 p (51)
L+ 34/1 43528
1
P, = P. (52)

In (51) and (52), the parameter ﬁ?gg = 2b21(5()%(R) Z—’Ed. So the optimum power allocation dependents only

on the ratio of the variances of the source-relay and refﬁy—destination channels. This result is consistent with
the observation based on the general optimization equation in (48). Also, from (51) and (52), we can see that
P < P; <2Pand 0 < P, < P, i.e. we should put more power at the source and less power at the relay
to optimize the overall performance at the destination. Furthermore, from (51) and (52) we observe that if the
relay is located close to the source, i.e., 02, > azd, P goes to %P and P, goes to %P. On the contrary, if
the relay is located close to the destination, i.e., a?r < afd, P, goes to 2P and P, goes to 0, which means we
should allocate most power at the source in this case. It is reasonable to allocate most of the total power 2P to
the source since the role of the relay helping in forwarding is minor in this case.

3.1.4 Simulation Results and Discussion

In this section, we present numerical and simulation studies for the DF cooperative ARQ relay scheme to
validate our theoretical analysis in the previous sections. We also compare the performance of the DF co-
operative ARQ scheme with that of the direct ARQ scheme. In all studies, the variance of the channel
hij {(i,7) € (s,d),(s,7),(r,d)} is assumed to be afj = d;"", where d;; is the distance between two nodes
and p is the path loss exponent which is assumed to be ;1 = 3 in a typical fading environment. We assume that
the source-destination distance is dgzq = 10 m and the relay is located in the midpoint between the source and
the destination. We consider a target transmission rate of R = 2 bits/s/Hz.

Figs. 2, 3 and 4 present the simulation studies for the DF cooperative ARQ relay scheme when the maximum
number of ARQ retransmission rounds is L = 2, 3 and 4, respectively. In these simulations, we allocated
power equally at the source and at the relay, i.e., P = P, = P. The simulation results show that the theoretical
approximation of the outage probability of the DF cooperative ARQ relay scheme is loose at low SNR and tight
at high SNR. For example, in case of L = 2 in Fig. 2, the analytical approximation matches with the simulated
curve at an outage performance of around 10~2. Moreover, the larger the number of ARQ retransmission
rounds, the higher the diversity order of the DF cooperative ARQ relay scheme. This observation is consistent
with the theoretical result that the diversity order of the DF cooperative ARQ relay scheme increases in terms
of the number of ARQ retransmission rounds.

For comparison, Figs. 2—4 also include the performance of the direct ARQ scheme. We can see that the DF
cooperative ARQ relay scheme significantly outperforms the direct ARQ scheme. At an outage performance of
10~%, the performance of the DF cooperative ARQ relay scheme is about 8dB better than that of the direct ARQ
scheme. For the same maximum number of retransmission rounds L, the performance of the DF cooperative
ARQ relay scheme shows a higher diversity order than that of the direct ARQ scheme. This observation is
consistent with our theoretical developments showing that the DF cooperative ARQ relay scheme has diversity
order 2L — 1, while the direct ARQ scheme has diversity order only L.

In Fig. 5, we show the optimum power ratio A for the DF cooperative ARQ relay scheme with L = 2, 3
and 4, respectively. We plot the optimization function G(A) in terms of A (0 < A < 1). We assume that the
quality of the source-relay link is the same as that of the relay-destination link, i.e., 02, = afd. We observe
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Outage Probability

Figure 2: Outage probability of the direct and DF cooperative ARQ schemes (L=2).

Outage Probability

Figure 3: Outage probability of the direct and DF cooperative ARQ schemes (L=3).
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Figure 4: Outage probability of the direct and DF cooperative ARQ schemes (L=4).

Figure 5: Optimum power ratio A for the DF cooperative ARQ scheme. When L=2, 3 and 4, the
asymptotic power allocation is A = 0.8203, A = 0.7969 and A = 0.7838, respectively.
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Figure 6: Outage probability of the DF cooperative ARQ scheme with equal and optimum power
allocations (L=2).
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Figure 7: Outage probability of the DF cooperative ARQ scheme with equal and optimum power
allocations (L=3).
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Figure 8: Outage probability of the DF cooperative ARQ scheme with equal and optimum power
allocations (L=4).

that the optimum power ratio A is around 0.8 for the three cases. More precisely, from the numerical results,
the optimum power ratios are A = 0.8203, A = 0.7969 and A = 0.7838 for L = 2, 3 and 4, respectively.
It appears that the optimum power ratio decreases gradually when the maximum number of retransmission
rounds is increased. Furthermore, the optimum power ratio is much larger than 1/2 which is consistent with
our analysis that we should allocate more power at the source and less at the relay.

We compare the performances of the the DF cooperative ARQ relay scheme with the optimum power alloca-
tion as well as the equal power allocation in Figs. 6-8 L. = 2, 3 and 4, respectively. In case of L. = 2 in Fig.
6, the optimum power allocation is Ps/2P = 0.8203 and P, /2P = 0.1797 according to the numerical results
in Fig. 5. From the figure, we observe that the performance of the DF cooperative ARQ relay scheme with the
optimum power allocation is about 1.5dB better than that of the scheme with the equal power allocation. In
cases of L = 3 in Fig. 7, the optimum power allocation is Ps/2P = 0.7969 and P,/2P = 0.2031, and the
optimum power allocation shows a performance improvement of 1.25dB compare to the equal power allocation.
In case of L = 4 in Fig. 8, the optimum power allocations is Ps/2P = 0.7838 and P, /2P = 0.2162. We can
see that the DF cooperative ARQ relay scheme with the optimum power allocation also shows a 1.25dB gain
compared to that with the equal power allocation. In Figs. 6-8, we also plot the approximation of the outage
probability for the DF cooperative ARQ relay scheme with the optimum power allocation as well as the equal
power allocation. We can see that the approximation of the outage probability matches with the simulation
curves at high SNR in all scenarios, which further validate our theoretical analysis.

3.2 Optimal Power Assignment for Hybrid-ARQ Rayleigh Fading Links

In this subsection, first we review briefly the H-ARQ transmission scheme and formulate the power assignment
optimization problem. Second, we find the optimal power assignment strategy for the H-ARQ protocol and
present an exact recursive calculation algorithm. Third, we develop a simple approximation of the optimal
power assignment sequence and compare it with the exact calculation result. By the end of this subsection,
numerical and simulation studies are carried out to compare the performance of the equal and optimal power
assignment strategies.
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Source hgy Destination

Figure 9: Illustration of a hybrid-ARQ protocol with transmission power P, in the [th (re-
)transmission round, 1 <[ < L.

3.2.1 System Model and Problem Formulation

We consider an H-ARQ transmission protocol implemented between a source node and a destination node as
illustrated in Fig. 9. Assume that L is the number of retransmission rounds allowed in the H-ARQ protocol.
The H-ARQ transmission scheme operates as follows. First, the source transmits an information packet to the
destination and the destination indicates success or failure of receiving the packet by feeding back a single
bit of acknowledge (ACK) or negative-acknowledgement (NACK), respectively. The feedback channel is as-
sumed error-free. Then, if a NACK is received by the source and the maximum number of retransmissions
L is not reached, the source retransmits the packet at a potentially different transmission power to be deter-
mined/optimized. If an ACK is received by the source or the maximum retransmission number L is reached,
the source begins transmission of a new information packet. In each retransmission round, the destination at-
tempts to decode an information packet by combining received signals from all previous transmission rounds
by the standard maximal-ratio-combining (MRC) technique [37]. If the destination still cannot decode an infor-
mation packet after L (re)transmission rounds, then an outage is declared which means that the signal-to-noise
ratio (SNR) of the combined received signals at the destination is below a required SNR.

The H-ARQ transmission scheme can be modeled as follows. With L maximum retransmission rounds
allowed in the H-ARQ protocol, the based-band received signal y4; at the destination at the /th transmission
round can be written as

Ysd,l = V Pl hsd Ts+ Nsd,l> [ = 1727 T 7La (53)

where x5 is the transmitted information symbol from the source, F; is the transmission power used by the
source at the /th transmission round, /4 is the source-destination channel coefficient, and 754, is additive noise
at the /th round. The channel coefficient h4, is modeled as zero-mean complex Gaussian random variable with
variance o2,. The channel is assumed to be quasi-static, i.e. the channel does not change during retransmissions
of the same information packet and it may change independently when a new information packet is transmitted.
The source-destination channel coefficient is assumed to be known at the receiver side, but unknown at the
transmitter side. The additive noise contribution 754, is modeled as a zero-mean complex Gaussian random
variable with variance Nj.

At the destination side, the receiving node combines the received signals from all previous retransmission
rounds and jointly decodes the information packet based on the MRC combining technique [37]. Note that the
MRC combining is applied over base-band symbol-level signals in (53) before decoding an entire information
packet. With the assumption that the channel does not change in retransmissions of the same information
packet, the SNR of the combined signal at the destination at the {th (1 < [ < L) retransmission round can be
given as [37], [38]

_ e PlhsaPlosl?
Vsd,l NO .

Without loss of generality, let us assume the average power of the transmitted information symbol is 1, then

(54)
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1 2
. Pk ) . s . .
we have 759 = ElﬁlO'i'. Since |hgg| follows a Rayleigh distribution with mean zero and variance azd,

so for any targeted SNR ~g, the probability of the event that the destination cannot decode correctly after [
transmission rounds can be calculated as

___No
pout,l — Pr [’st,l <l =1-¢e ol S Pi (55)

Set p°“40 = 1. Then, the probability that the H-ARQ protocol stops successfully at the Ith, 1 < [ < L,
transmission round is p°““!=1 — poutl which means the destination cannot decode correctly at the (I — 1)th
round, but succeeds at the [th round.

Our goal is to find an optimal power assignment sequence P = [Py, P, ..., Ppr] for the H-ARQ protocol such
that under a targeted outage probability pg, the average total transmission power for the protocol to deliver an
information packet is minimized. Since the probability that the protocol succeeds exactly at the /th (1 < [ <
L — 1) round is p®ti=1 — poutl and the corresponding total transmission power is Py + Py + - - - + P}, so the
average total transmission power of the H-ARQ protocol can be expressed as

L-1

l L
P Z <paut,l—l _pout,l) ZPz +pout,L—l Zpl (56)
i=1 =1

=1

Note that the last term in (56) is due to the fact that the protocol stops retransmissions after the Lth round no
matter whether decoding at the Lth round is successful or not. For the H-ARQ protocol with a targeted outage
probability pg, the problem of finding optimal power assignment can be formulated as follows:

min P withrespectto P, P, ---, P, >0
subjectto  p°bl < py (57)

where P is specified in (56).

3.2.2 Optimal Transmission Power Assignment

In this section, we investigate the optimal power assignment strategy for the H-ARQ protocol to minimize the
average total transmission power. We obtain a set of equations that describe the optimal transmission power
values, and then develop a recursive algorithm to exactly calculate the optimal transmission power level for
each retransmission round.

The average total transmission power in (56) can be rewritten by switching the summation order (between
the indices [ and 7) as follows

L

P:ZPZ-

=1

L—1
Z <pout,l—1 o pout,l> +pout,L—1] (58)

=i

where we first consider the summation by enumerating the index ¢ from 1 to L, then consider the summation
index [ (¢ <[ < L — 1). Since for each 1, lezl(za"“t’l_1 — p"“t’l) = pouti=l _ pout,.L=1 g0 the average total

transmission power can be represented as

L
P=P+> Pp™th (59)
=2

Moreover, the constraint in (57) means that with a targeted SNR -, the outage probability of the H-ARQ
protocol with L retransmissions should not be larger than the specified outage probability value pg, i.e.

7%
pout,L —1—¢ %aZit1bi < 0. (60)
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ONO

A
Denote Py = 7 n

, then the constraint is equivalent to
1— pO

L
Y P>p (61)
=1

and the optimization problem in (57) can be further specified as

L
minpl,...7pL2() P=P+ E P
=2

_ %Mo
2 -1
1—¢ “saXi=1bi

L
subject to Z P > PF,. (62)
=1
Next, we relax temporarily the non-negative condition on P, [ = 1,2, --- | L, and consider the sum-power

constraint in (62) with equality in order to consider a Lagrange multiplier method to solve the optimization
problem. We will prove later that the obtained solution is indeed optimal under the constraint in (62) and it
satisfies the non-negative condition. Let us form a Lagrangian objective function as

L
+>\[ZPZ—P0} (63)

=1

L
LPN=P+)> P
=2

___ Mo
2 -1 p
1—e %saXi=1Fi

Taking the derivative of £ (P, \) with respect to \ and setting it equal to zero, we have the power constraint as
Zlel P, — Py = 0. The derivatives of £ (P, \) with respect to P}, are

o P e
ap = 1 Z A i DR (64)
1 = sd(zz 1P)
__wMNo __vNo
aaﬁ - [1_6 Sdz_lp]_ %e TR 4 A, (65)
By I=k+1 Usd( dic1 Pi)
k:27 37 '”7L7
_ %Mo
({f}f — 1o ETETE (66)
L
Based on 8P = 0 and % = 0, we have
oL oL ProNo| —4%
ai‘Pl —_ TPQ = ]_ — 2 P2 sd =U, (67)
which implies
2 P2
P, = ‘fde; (68)
Forany k = 3,4, -- , L, according to 81215_1 =0and % = 0, we have
___No_ ___nNo
oL O AR _ il | " (69)
k-1 k Usd(Zizl R)
which means b N
2 k—1 N2 _ k—170/V0
P, = Ta(im D) | TR R (R ) : (70)
Y0No
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forany k = 3,4, --- , L. We can easily verify that the Lagrangian solutions P», Ps, - -- , Py in (68) and (70) are

positive.
In the following, we would like to show that the average total transmission power PP cannot be further min-
imized with strict inequality in (62). If there exists a power sequence Py, P3, ---, P; such that P + Py +

-+ + P; > P, and the average total transmission power P is minimized, then let us consider another power
sequence
P, =rP;, k=1,2,---,L, 71)

in which 7 is an arbitrary number satisfying

Py
> = " < (72)
P1 _|_P2 _|_..._|_PL
We can see that the new power sequence Py, P, --- , Py satisfies the power constraint in (62). With the new
power sequence, the resulting average total transmission power is
A s s — ol —
fr) = P JFZPZ 1—e "gdzi;lpi]
=2
- —
= rPf+ rP*l11—e U?dzi‘;l rPf , (73)
1 l
=2
which is a function of r. Taking derivative of f(r) with respect to , we have
L L 70No
of(r) Z Y0No R Ry = e
=D P P+ e TR (74)
2 -1 *
or =1 1=2 Osq 2ui=1"F;
Since e7*(1 + x) < 1 for any positive x, so in (74),
N, RS s
1+7i%%76%ﬁ5@<1 (75)
Osq 22i=1 "
Thus, we have
o) _ § -
ZICT ST DL a9
=1 1=2

which means that f(r) is an increasing function for any 7 > = T P*P
1 2

0 o« . .
P+ 1P and the minimum of f(r) is
Po

achieved when r = = . It implies that the average total transmission power resulting from the new
1

+P5++Pf
power sequence with r = W&'Hﬁ (< 1) is less than that based on the power sequence Py, Py, --- , P;.
This is contradictory to the assumption that the power sequence Py, Py, --- , P/ minimizes the average total
transmission power P. Therefore, the minimum average total transmission power P can be achieved at the
boundary of the constraint (with equality) in (62). We note that with r = WM, the new power
sequence satisfies
P+ P+ 4 P =P, (77)

which is the boundary of the constraint in (62).

We note that in general a Lagrangian solution may not guarantee global optimality, i.e. it may lead to a local
minima or maxima. Fortunately, the Lagrangian solution in (68) and (70) leads to a global minima as explained
as follows. From the Lagrangian solution in (68) and (70) and the total power constraint P;+ Po+- - -+ P, = P,
we can see that there is only one unique power sequence Py, P»,--- , Pr, that results from the Lagrangian
solution. So, the unique power sequence guarantees the global optimality which, however, can be either global
minima or maxima. We further exam that with a trivial power assignment P, = Py, o = P3 = --- = Pr,
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Table 1: Algorithm to determine the optimal power assignment sequence Py, (1 < k < L)

Step 1: Input yo,po, 02, No. Calculate Py = 0271%

sd —po

Step 2 : Set lower = 0 and upper = P.

Step 3: Let P, = ( ower + upper)/2, and calculate
o? P

Py = Ts
2 1 _ kPk 1"Yof\folC
P, = iy P 1—e o2 (Cist Pi) (S5 P)
~Yo/No

forany k=3,4,--- L.

Step 4 : Check if abs(Py + Py + --- + P, — Py) < ¢(=0.001), then stop
and output power sequence P, Ps,--- , Pp;otherwise,
if PP+ P+ -+ P — Py <0, set lower = Py;
if PL+Py+ -4+ P, — Py >0, set upper = Py;
and go to Step 3.

the resulting average total transmission power is P = P, which is larger than the average total transmission
power resulting from the power sequence associated with the Lagrangian solution. Therefore, the unique power
sequence from the Lagrangian solution guarantees the global minima. We summarize the above discussion in
the following theorem.

Theorem 1 In the H-ARQ transmission protocol, to minimize the average total transmission power, the optimal
transmission power Py at the kth, 1 < k < L, transmission round must satisfy the following

2 P2
Py = (78)
2 k=1 p\2 _ Pr—170No

po= Tt PRy CEEEREER | a9)

fork=3,4,--- L, and
Pi+P+---+ P =P, (80)
where Po = Q'YIONO , Yo is the required SNR for correct decoding, Ny is the additive white noise variance,

1—pg

azd is the Rayleigh fading variance, and pq is the targeted H-ARQ outage probability. O

From Theorem 1, we can see that the optimal transmission power sequence is uniquely determined by the set
of equations (78)—(80). The optimal transmission power level for each (re)transmission round can be calculated
recursively. According to (78) and (79), for any k = 2,3, --- , L, the optimal transmission power value P can
be calculated based on Py, P>, -+, Pr_1. So for any given power P, all other transmission power Py, k =
2,3,---, L, can be subsequently determined. The optimal initial power P, can be numerically found based
on (80) by the Newton method. A complete algorithm to recursively determine the optimal power assignment
sequence P, k =1,2,--- L, is detailed in Table 1.

When L = 2, we have a closed-form solution for the optimal power sequence. In this case, Pi + P» = Fy
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and P, = ;OdTl By solving the two equations, the optimal transmission power P; and P, are given by
2P
P = — (81)
1+ 1+ 4a§dP0
YoNo
2
402, P
po— 2N [y ol (82)
4o, YoNo

From (81) and (82), we can see that if VONO > 20 then P > 2 , which implies that P; > P, i.e. the power

assigned in the first transmission round should be larger than that for the second retransmission round. The
condition 739[0 > ];" means

sd

70/\/ 0 ’YON 0

1
2 9 2 1 >
Osd 2 Usdln 1-po

which is true when pg > 1 — e~2 ~ 0.3935. On the other hand, if w < % (i.e.pg < 1 — e_%), then
d

Py < £2, which means P; should be less than P, (an opposite power ass1gnment strategy compared to that of
P> Pg). Especially, when the targeted outage probability is pg = 1 — e~ 2, the optimal power assignment
is P, = P, i.e. an equal power assignment, no matter what are the required SNR ~q, the noise variance N
and the channel variance a?d. From the case of L = 2, we can see that the optimal power can be assigned
either in an increasing, decreasing or equal way depending on the targeted outage probability performance of
the H-ARQ protocol. This is different from the case in [35] where the optimal transmission power must be
increasing in every retransmission.

For the general case of L. > 2, numerical results (shown in Figs. 2-4 in Section 4) reveal that the optimal
power assignment sequence can be neither increasing nor decreasing. Actually, from the theorem we can see
that when P; < 72/2\[ Y the optimal transmission power P; is less than P; according to (78). On the other hand,

sd

when P > 72/2\[ 8. the optimal transmission power P; is larger than P;. This phenomenon is fundamentally

sd
different from the case in [35] where the optimal transmission power sequence is always increasing.
We note that if P, > 7((;]2\[ 0. then the optimal power assignment sequence in Theorem 1 is monotonically

increasing, i.e. P < P s<d -+ < Pr. From (78), it is easy to see that P, > P in this case. For any
k=3,4,---,L,sincel —e ™ >z — *1'2 for any = > 02, so from (79) we have
P > o (3] P)? Pr._170No PZ_1(voNo)?

w0 (S R) (DEPR) 2, (SR (S )

Py Pr_ 170N
_ 14 kk—21 - k—170/Vo | Pey. (83)
Zi:l Pi QUgd (Zf:_lg PZ>
Since > (ggg 7) < ggi\{fl < 1, it is easy to see that
Py Py Py
k—1 k—170No _ k-1 1— Y0No > 0. (84)

k—2 - 2 k—2 —
SR g0 (vh2R) TER[ 202 (SE7R)

?In this footnote, we would like to prove that G(x) £ (1—e™*)—(z—32”) > Oforany z > 0. We can see that G'(z) = e “+z—1
and G”(z) = —e~* + 1. Since G'(0) = 0 and G"'(z) > 0 for any z > 0, so G’(x) > 0 for any = > 0, i.e. G(x) is monotonically
increasing for z > 0. With G(0) = 0, we conclude that G(z) > 0 for any = > 0.
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Combining (83) and (84), we conclude that P, > P, for any k = 3,4,---, L. Thus, the optimal power
assignment sequence in Theorem 1 is monotonically increasing in this case. Actually, in this case the optimal
power assignment sequence increases as a function of P} roughly in a polynomial way, which is shown in the
next section.

3.2.3 Approximation of the Optimal Power Sequence

To reduce calculation complexity in the optimal power assignment, we present in this section a simple and tight
approximation for the optimal transmission power sequence. The tight approximation allows us to get more
insight understanding of the optimal power assignment strategy for the H-ARQ protocol.

Since 1 — e~ = x for small x, so for any k = 3,4, --- , L, the optimal transmission power Py in (79) can be
approximated as

2 k=1 py2
B P
P "sd(ZZNl ) — 1o 5 (85)
70/No os(Xicy P (2=t B
Po (86)
= gt 5
S P
The approximation in (85) is tight when S g:_il_ ll’j)o(j\gf;f ) is small and it is true in general. We can verify
that when k = 3,
Pr._170No - 1
k—1 k—2
(S PSR 1+ 2Py
which is strictly less than 1, and it becomes smaller when the power P is larger. When k£ > 3,
’YoNo
Pr_170MNo =

<
k— k— k
Ugd(zz':f B)(ZZJ P) Zz:lzpz
which is small when any of P, Ps, - -- , P9 is large.
2 2
When k = 3, substituting P, = *d/{;l into (86), we have

P. o, P, o2, P,
Ps P+2_5d1<1+ sd > (87)
TTUETR T NG Y0No

2
When k = 4, substituting P, = ;djf;l and the above approximation of P; into (86), we can approximate Py as

P2 o2, P2 o2, P\ >
Py~ Ps + 3 :sd1<1+ sd > (88)
4 3 Pi+P, N Y0No

Assume that for any k& < ko(> 2), it is true that

2 p2 2 k=2

o, P, g P1

P, ~ 341 <1+ sd > , k=34, ko, (89)
. Yo No YoNo 0

then for k = kg + 1, we have

Pror1 =~ Py, +Zfo?lpi (90)
B G ECa ) R
YoNo YoNo P+ %d ; Zko 1( +%>’_2
_ @ <1+ agdP1>(k0+1) ©2)
Y0No YoMNo ’
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Table 2: Algorithm to determine the approximation of the optimal power sequence Py, (1 < k < L)

~Y0No

2 I
ooglng —

Step 1: Input 'yo,po,agd,./\/'o. Calculate Py =

Step 2 : Set lower = 0 and upper = P.

Step 3: Let P, = (lower + upper)/2, and calculate
temp = P (1 + %)L : — P.
Check if abs(Temp) < e(= 0.001), then output
the optimal power Py and go to Step 4; otherwise
if temp < 0, set lower = Py
if temp > 0, set upper = Py;
and repeat Step 3.

Step 4 : Calculate the optimal transmission power Py as follows :

2 p2 2 k—2
~ UsdPI Usdpl — e
Py e Sl (1+70N0) k=23 L

i.e. the result in (89) is also true for k = kg 4+ 1. Thus, by induction we can conclude that for any £ =

2,3,---, L, we have

o2, P2 o2, P k=2

szsd1<1+ sd > ) (93)
’Yo/\fo ’YoNo

Based on the approximation and the sum-power constraint in (80), we have a constraint on the optimal power
P; as follows

L 2 p2 2 k—2

o2 P, o Py
P+ = <1+ sd ) =P (94)
' ; YoNo Y0No 0
or equivalently
(‘)'2 P1 L

P14 > = Pp. (95)

' ( Y0No ’

The left-hand side of the equation (95) is an increasing function in terms of power P, so there is a unique
solution for the equation. Thus, the optimal power P; can be easily determined based on the equation in (95)
by using the Newton method. We summarize the above discussion in the form of the following theorem.

Theorem 2 In the H-ARQ transmission protocol, the optimal transmission power at each round can be ap-
proximated as

2 p2 2 p\ k2
P~ Tsdt 1 <1 + Osd 1) (96)
Y0No YoNo
fork =2,3,--- L where P is determined by the equation
2 L-1

g P1
Py <1 + ) = P, 97)

Y0No
where Py = 27107/\/’01 O

Tsalh 1-pg

From Theorem 2, we observe that for any k = 2,3,--- , L, the optimal transmission power P, can be ap-
proximated as a function of P;. The optimal transmission power P} can be directly determined by the equation
(97), then all other optimal transmission power values Py, k = 2,3, , L can be obtained immediately based
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on the closed-form expression in (96). The procedure is detailed in the algorithm in Table II. We can see that
the calculation complexity of the algorithm in Table II is much less than that of the recursive algorithm in Table
I. The approximation in Theorem 2 provides some insight understanding that the optimal transmission power in
each retransmission round varies in term of P; (the transmission power in the first round) in a polynomial way.

2
When L = 2, the constraint in (97) is reduced to P; (1 + Ay

W) = Fy. By solving the equation, we have

2P,
o2
L1 g
power value given in (81). When L > 2, based on the constraint in (97), the optimal transmission power P}

can be bounded as follows. Since the geometric mean is not greater than the arithmetic mean, we have

the optimal power value for the first transmission round as P; = , which matches with the exact

L-1 L
o2, ) o2, <1 N Ugdpl) (L—1)+ L2y o8)
Y0MNo Y0No Yo No L ’
1e. )
YoNo U2dpo> L L[-1
P > ( 5 - . 99)
Ugd ’}/QNQ L
On the other hand, since
0'2dP1 L-1 0'2d L-1 .
Pyp=P 1+ -2 > = Py, 100
ot ( Y0No ) (’YON0> ! (100
so we have )
YNy (03P > L
P < < = . (101)
Ugd 70N0
Therefore, the optimal transmission power P; is bounded as follows
1 1
2P\ L-1 2P\ T
70/2\/0 (Usd 0> B <P < 70/2\/0 <Usd 0) 7 (102)
(o YoNo L o2, \ No

in which the upper bound is tight when P, is large. The difference between the lower bound and the upper
bound is less than Tg—é\/o

In Figs. 10 and llfdwe show comparisons of the approximation of the optimal transmission power sequence
by Theorem 2 with the exact optimized power sequence by Theorem 1. In these two figures, we assumed
that the targeted SNR is 79 = 10 dB, the required outage performance is pg = 1073, O'?d =land Ny = 1.
The maximum number of transmission rounds is L = 3 in Fig. 10, and L = 5 in Fig. 11. We can see
that the approximations of the optimal transmission power values (solid line with ’x’) match very well with
those based on exactly numerical calculation (solid line with ’o’). For comparison, we also include in the
figures the transmission power level of the equal-power assignment strategy. We observe that in the first few
(re)transmission rounds, the optimal power assignment strategy assigns significantly less transmission power
compared to the equal-power assignment strategy.

The optimum transmission power sequence is increasing in both cases in Figs. 10 and 11. Actually, the
optimum transmission power sequence can be neither increasing or deceasing, which is shown in Fig. 12. In
this case, the maximum number of retransmission rounds is L = 10, the targeted SNR is 79 = 10 dB and the
required outage performance is pg = 10~!. We can see that the optimal power assignment is decreasing in
the first two rounds and increasing after that. Moreover, we observe that in this case there is a gap between
the approximations of the optimal transmission power sequence and the exactly calculated sequence. Since

when k = 3, the term P]"‘WONOk = 1 ~ 0.63 which is not small enough in this case,
sd
0No
so the approximation of the exponential term in (85) is not tight. The difference between the approximated
sequence and the exactly calculated power sequence can be more significant when the the maximum number

— — 2
0’?¢(Z§=11 P7)(Z7,=12P1) 1+UL 21
5
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Figure 10: Transmission power sequence of the optimal power assignment strategy with L = 3,
7o = 10 dB, py = 1073,
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Figure 11: Transmission power sequence of the optimal power assignment strategy with L = 5,
70 = 10dB, py = 1073.
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Figure 12: Transmission power sequence of the optimal assignment strategy with L = 10, vy =
10dB, pg = 1071,

of retransmission rounds L goes to infinity. Fortunately, this is not the case in practice where a reasonable L is
normally less than 10 due to delay consideration.

Finally, based on the approximation of the optimal transmission power sequence, the average total transmis-
sion power of the H-ARQ protocol accounting for requested retransmissions can be approximated as follows

_ oNo .

L 2 p2 2 -2 —1 98 PE( oaP) T

Pyt = 1'31'1'2:0&1131 <1+08dpl> 1—e Ugdzé:iﬁ( +”0d;;01>
— YoNo Y0No
L 2 p2 2 =2 79No Ll o
o4, P o, P *27<1+ N)
_ p oS %l <1+ d > | _ o ot Mo ' (103)
Z; YoNo Y0No

The approximation of the average total transmission power is a function of P;. Moreover, when P; > 73#
sd

then using the approximation 1 — e™* ~ x for small z, the average total transmission power across requested
retransmissions can be further approximated as

x

L
Pyt~ P+ ) P =LP,. (104)
=2

This approximation is tight when L is small, since P is normally larger than VONO in this case. It shows that

the average total transmission power is roughly the product of the transmission power in the first round and the

. . . P,
number of retransmission rounds allowed in the H-ARQ protocol. If we approximate P; as Vg—é\/o (Usd 0)
sd

'YO;;O
based on (101), then the average total transmission power with the optimal power assignment sequence can be
approximated as

1
2P\ T L N
Py ~ L70/2\/0 <Usd 0) _ %2 0 (105)
Osd ’70-/\/’0 (1111 —o )L Osd
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3.2.4 Performance Comparisons between the Equal and Optimal Power Assignments

In this subsection, we compare the power efficiency of the H-ARQ protocols with the optimal power assignment
strategy derived in this work and the conventional equal-power assignment approach. In numerical calculation,
we assume that the variance of the channel hgg is a?d = 1 and the noise variance is Ny = 1.

For a targeted outage probability pg, according to (61), the equal-power assignment approach should also
follow the power constraint

L
Sazm - (106)
=1 USdln 1—po
Thus, the equal-power assignment is P, = Py/L for each | = 1,2,--- , L. The corresponding average total

transmission power is

_ L R e
Pequ = PlJFZfO 1—e "?dzz:lLO]
=2
Pyn it
— Po—fz e 75’0 (107)

l

Il
V)

When Fj is large, the average total transmission power of the equal-power assignment strategy can be approxi-
mated as

(108)

L L
Poz<1 L 70N0>_Po+70/\/b 1

Py~ Py — 20 - -
w0 [—10%3,R) L= o &i-1

1=2
Therefore, the power efficiency of the optimal power assignment strategy compared to the equal-power assign-
ment approach can be quantified by the following ratio

Py yMNo L 1
LT o2 Do T

_equ =
opt 1,200 <“34PO)i
o2, \ 70No
17 1 L
1 1 L 1 1 L 1
= — (1 — |1 —_— 109
L2<n1p0> +L<n1p0> IZ; 1 (109)
According to lnﬁ ~ po, the ratio can be approximated as
P Pl &
equ p()
— ~— [ — + — . (110)

1

For small targeted outage probability py, the ratio can be further approximated as % ~ P f;
the smaller the targeted outage probability pg, the more power saving the optimalppower assignment strategy
compared to the equal-power assignment strategy.

For different targeted SNR ¢ (from 0 dB to 40 dB), we compare the average total transmission power of
the optimal power assignment strategy and the equal-power assignment scheme in Figs. 13, 14, and 15 for the
cases of L = 2, L. = 3, and L = 5, respectively. The required outage performance of the H-ARQ protocol is
set at pg = 1073, When L = 2, from Fig. 13 we observe that the optimal power assignment saves about 9
dB in average total transmission power compared to the equal-power H-ARQ. When L = 3, we can see from
Fig. 14 that the optimal power assignment shows about 10 dB gain compared to the equal-power assignment
scheme. When L = 5, Fig. 15 shows that the optimal power assignment strategy significantly outperforms the
equal-power assignment scheme with a performance improvement of about 11 dB. Moreover, it is interesting to

observe that in each figure, the performance gain of the optimal power assignment strategy is almost constant

. We can see that
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Figure 13: Comparisons of the average total transmission power between the equal and optimal
power assignment strategies with different targeted SNRs. L = 2, pg = 1073,
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Figure 14: Comparisons of the average total transmission power of the equal and optimal power
assignment strategies with different targeted SNRs. L = 3, pg = 1073.

35



Average total transmission power (dB)

70 T T T T

— & — Equal power assignment

—©O6— Optimal power assignment: exact calculation
60 —k— Optimal power assignment: approximation

&
50
40
30 :
o
_ -
L

20

/O/

0 5 10 15 20 25 30
Targeted SNR (dB)

35

40

Figure 15: Comparisons of the average total transmission power of the equal and optimal power

assignment strategies with different targeted SNRs. L = 5, pg = 1073.

Average total transmission power (dB)

60 ‘ ‘

— & — Equal power assignment

—©6— Optimal power assignment: exact calculation
—— Optimal power assignment: approximation

551

10 I I I

le-2 le-3 le-4
Targeted outage performance P,

le-5

Figure 16: Comparisons of the average total transmission power of the equal and optimal power
assignment strategies with different targeted outage probabilities. L = 2, v9 = 10 dB.
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Figure 17: Comparisons of the average total transmission power of the equal and optimal power
assignment strategies with different targeted outage probabilities. L = 3, vy = 10 dB.
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Figure 18: Comparisons of the average total transmission power of the equal and optimal power
assignment strategies with different targeted outage probabilities. L = 5, y9 = 10 dB.
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for different targeted SNR ~g (from O dB to 40 dB). This is consistent with the theoretical approximation %—q“t‘
op

in (110) which does not rely on the targeted SNR 7. When L = 2 and py = 1073, the ratio in (110) is

%—‘“t‘ = 8.99 dB (the observed power saving in Fig. 13 is 9 dB). When L = 3 and py = 103, the ratio in (110)
opt
is };f—q’: = 10.48 dB (the observed power saving in Fig. 14 is 10 dB).

op

We also compare the average total transmission power required in the two power assignment strategies with
different targeted outage probability values. We assume the required SNR is 79 = 10 dB. Figs. 16, 17 and 18
present comparison results for the cases of L = 2, L = 3, and L = 5, respectively. From the three figures,
we can see that for an outage performance of pg = 10~%, the power savings of the optimal power assignment
strategy compared to the equal-power assignment scheme are 15 dB when L = 2, 17 dB when L = 3, and
19 dB when L = 5. The lower the required outage probability, the more important optimization of the power
sequence becomes. Moreover, we also observe that with the same targeted outage performance, the larger the
number of retransmission rounds allowed in the H-ARQ protocol, the larger the performance gain between the
optimal power assignment scheme and the equal-power assignment scheme.

We also show the average total transmission power based on the approximated optimal power sequence in the
six figures. We can see that the average total transmission power based on the approximated power sequence
matches matches tightly with that from the exact optimal power sequence in each case. Note that the exact
calculation of the optimal transmission power sequence is based on Theorem 1 and the approximated power
sequence comes from Theorem 2.

3.3 Differential Amplify-and-Forward Relaying: Performance Analysis and Power Optimiza-
tion

In this subsection, first we briefly review the DAF relaying scheme. Second, we present our exact outage
probability result and the asymptotically tight approximation. Third, the asymptotically optimum power allo-
cation scheme is presented. At the end of this subsection, numerical and simulation results are given and a few
conclusions are made.

3.3.1 System Model

We consider a system model which consists of one source, one relay, and one destination using a DAF relay-
ing protocol, as shown in Figure 1. In DAF transmissions, each information symbol v,, is first differentially
encoded at the source as

27 = v (111)
where x7 denoted the signal to be transmitted from the source at time 7, v,,, = /%™, and {gzﬁm}g/‘[ ~1is a set of
M information phases [44, 45]. We consider a cooperative strategy with two phases, in which users transmit
their information through orthogonal channels by frequency division or time division multiplexing.

In phase 1, the source broadcasts the signal 27 to the destination and the relay. Then the received signals at
the destination and at the relay can be modeled, respectively, as

y;d = 4/ Plh&de + 77;(1 (112)
y;r =V Plhs,rxT + ﬂ;,r (113)

where P is the transmitted power at the source, hs 4 and h,, are the channel coefficients from the source to
the destination and to the relay respectively, 7] ; and 7 ,. are additive noise, respectively.

In Phase 2, the relay amplifies the received’signal and forwards it to the destination with an amplification
factor . The received signal at the destination can be written as

Yra = V Pohracyg , + ;4 (114)
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Figure 19: An illustrative cooperative system model.

where P, is the transmitted power at the relay, h,. 4 is the channel coefficient from the relay to the destination,
and 7, is additive noise.

The channel coefficients hs.d, hsr and h, 4 are modeled as independent zero-mean complex Gaussian ran-
dom variables with variances 537 & 53,7« and 537 a» respectively. The noise 7 ;, 73, and 7, ; are modeled as
independent complex Gaussian random variables with zero mean and variance Ny. Note that |h; j|2, (i, j) €
{(s;d), (s,r), (r,d)} are exponential random variables with PDF py, 12(t) = éjexp(—éj). To normalize

the transmitted power at the relay, we consider

1
2
ot = ————. 115
P12, + No (115)
From (113)-(115), the received signal at the destination in Phase 2 can be rewritten as
Yra = hrat” +1iing (116)
where
= PPy
hyg = 4| ————h,qh 117
r,d P15§,T T NO dlls,r ( )
Py
g = 1| =—=———hrqn. T 118
Tlr,d P15§’T + NO r,dnsm + 77r,d ( )
2
and )] ; is a zero-mean complex Gaussian random variable with variance (% + 1) Np.

For differential demodulation at the receiver side, the fading coefficients are assumed to be approximately the
same over two consecutive symbol periods. Then, according to (111) and (112), we may rewrite the received
signal at the destination in Phase 1 as

Ve =Yg Um+nlg (119)
where n;d =Nl vmnggl. Similarly, with (111) and (116), we have
Yrd = Ypg Um + 114 (120)

where nl ; = 17 ; — vmﬁzgl. Finally, at the destination, we combine the received signal from the source in
Phase 1 and that from the relay in Phase 2 to jointly detect the transmitted information. Based on the maximum
ratio combining (MRC) detection [46], the combined output at the destination is

T

v = a1yl ) Yla + a2(yl ) Y (121)
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where the coefficients a; and ag are given by [42, 37]

1
a = —
1 No

a = P15+ No (122)
27 No(Pi3Z, + Palhy.af? + No)

which maximize the SNR of the combined output. The transmitted information symbol is detected as follows
U, = argmazm=o.1,. mM—1Re{v),y"} (123)

Note that the optimum combining coefficient in (122) needs the instantaneous amplitude square of the channel
hr 4. In practice, this may be replaced by the statistics of the channel such as the variance of the channel, which
results in the following combining coefficients [42]

1

ay = FO
P52, + N

Gy = S0 (124)
NO(Plds,r + PQ(ST’d + N())

It was observed in [42] that the performances of the two combining coefficients (122) and (124) are close. Since
the analysis of the outage probability based on the combining coefficient (124) is intractable which may not
provide any insight understanding, we consider in the following the analysis based on the combining coefficient
(122). The analysis will provide a benchmark for the performance of the DAF relaying scheme and reveal some
insight understanding of the DAF relaying.

3.3.2 Outage Analysis for The DAF Relaying

In the DAF relaying scheme, the instantaneous SNR + of the combining output at the destination based on the
MRC combining coefficients (122) can be represented as [42, 37]

Y =7+ 72, (125)
where
P1|hs d|2
= 54 126
7 Ny (126)
Py Py|hg || hr.al?
vy = 1 2‘ s,T | T,d’ (127)

No(P162, + Pa|hyq|? + No)

An outage is declared if the instantaneous SNR ~y falls below a certain specified threshold 7, so the outage
probability is P, = Pr{0 < v < vy} [47]. If we denote the CDF of the SNR v as F,(z), then the outage
probability of the DAF relaying is Poyr = Fy(Ven)-

We develop the CDF of the SNR +y as follows. Note that y; and -5 are two independent random variables.
Hence the CDF of v is

F,(x) = Pri0 < v + 72 < x}

= / Pr{0 < v <z —71}py, (71)dn- (128)
0

Let 354 = HNT% Bar = prog- and frq = PQNT%d then p-, (71), the PDF of 71, in (128) is given by p,, (11) =
ﬂsﬁde_ﬁ“”l. Furthermore, if we denote v, , = P, |hs7r|2/N0 and v, 4 = P2|hryd|2/N0, then the CDF of 5 can
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be determined as

Vs, rVr,d
E, Prio < ———=— <
() r{ 71+1/ﬂ51+7rd7m}

> 1+1/8s,)x
:/ Pr{0<~s, < L+ 1/ ber) + @}y, o (Vr,a)dVra
0

’Yr,d
o (1+1/Bs,r)z
:/ <1_e g +‘”)> ﬂr,defﬁ“”"d’d%«,d
0
0 g g AtBsm)e
:1fﬂr7de’ﬁ”m/ e T dyy g (129)
0

Substitute (129) with argument x — ~; into (128), we have
— / ﬂs,deiﬁs'd%dﬁ/l

(+B8s,r) (z—v
/ﬁrde B (= m(/ e )ﬂ a€ Py, (130)

In (130), the first part is fox 6S7de*ﬁsv”1 dy1 = 1 — e P=a®_ The second part can be further calculated by
switching the integration order, i.e. integrating in terms of the variable ~y; first and then for the variable ¢, as
follows:

//5rdﬂsde Boir ()=t = EEREEE e gy

/ ﬁr dﬁs d€ —Br,at ( (w+ﬁb7)$ _ e*ﬁs,dw) dt.
ﬁsd 637‘_ 1+ﬁST/t

By combining the above two parts, we obtain the CDF of the SNR . Therefore, the outage probability of the
DAF relaying can be specifically given by

B3, 435 aePriat
1 S,
ﬁs,d_ﬁs,r_ Hz"
—(FEE 4B _ B
o (e 2T B ) Ven g s,dm)dt_ (131)

POUt(%fh) =1- e_fgS,d’Yth _/
0

Comparing to the result in [43], in which the outage probability was presented by a triple integral, our result
involves only a single integral, which can be easier to calculate numerically.

For a special case of 354 = [3s, i.e. the source-destination and source-relay links have the same channel
variance, the outage probability in (131) can be simplified as

Pout (’Yth) =1-— e_/Bs rVth

ﬂs rﬁrd 755 T»Y“/ teiﬁ"*dt(l _ e,%)dt’ (132)
1 +537‘ 0

which can be further represented as

— _ ﬁ 7
Pout(’}’th):l —e ﬂs,’r"/th —e BS’T’H}LW
S,T T,
HeBsrrtn 208 ryin ko (2\/(1 + 5s,r)ﬁr,d’7th), (133)

where Ko(+) is the 274 order modified Bessel function of the second kind [48, (3.478.4)].

Although the exact expression in (131) is much simpler than the result in [43], it still involves an integral.
To get further insight understanding of the DAF relaying scheme, we try to approximate the outage proba-
bility in the following. With the aid of an approximation of the modified Bessel function, we can obtain an
asymptotically tight approximation for the outage probability at high SNR. We have the following result.
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Theorem 3 If all channel links hg q, hs and h, q are available, i.e. 65 q # 0,05, # 0, and 6,4 # 0, then
for sufficiently high SNR, the outage probability P, of the DAF relaying can be approximated as

l_ 'YthNO
Ny | 1 2 inGg))

Pt
N opaz, | Pz, T P,

(134)

Proof:  First, we try to approximate the CDF of 73 in (129) as follows. Denote t = (3, 47,4 and y =
(1 + Bs.r)Br.qx, then the CDF of 72 (129) can be rewritten as

_ Bs,ry oo y
1—e (1+/5s,r)[3r7d / e_t_?dt‘
0

For simplicity, denote g(y) = [¢~ e~ =% dt, then

dt = —2Ko(2/3),

where K (-) is the zero-order modified Bessel function of the second kind. Note that for sufficiently high SNR,
y = (14 Bs,r)Br qx is small, which may go to zero. For small y, there exists a positive value yo (0 < yo < y)
such that

9(y) = g(yo) + ¢’ (v0)y,
where for small vy, and ¢’ can be approximated as [49
yo- 9(yo) and g’ (yo) can be approg [49]

g'(yo) = —2Ko(2\/y0) ~ In(yo).
Thus, for sufficiently small variable y, we have
9(y) = 1 +In(yo)y = 1+ In(y)y. (135)

With the approximation in (135) and e=%7% ~ 1 — Bs,rx, we have an approximation for the CDF of ~y; in (129)
as follows:

F’YZ ($) ~ ﬂs,rl‘ - ﬁr,dmln(ﬁr,dx)' (136)

Substituting the approximation (136) into (128), and with e #5471 ~ 1 — Bs,av1 for sufficiently small argument
Bs,471, the CDF of v, F,(z), can be approximated as

Fyz) ~ /0 Burl — 1) — Brae — 1)in(Brale — 1))
X [ﬁs,d(l - ﬁs,d’Yl)]d'Yl
2 I + I + I3+ Iy, (137)

where
® 1
Il = ﬁ&dﬁs,r/ (l‘ - Wl)d’Yl = 5ﬁs,dﬁs,r$27
0
® 1
L = —5f,dﬁs,r/ (x —y1)mdn = —gﬁz,dﬁmx&?,
0
b= fuabra [ (o= m)in(Bale —)hdn
0
1 s 1 2
= Zﬂs,dﬂr,dm - iﬂs,dﬂr,dz ln(ﬂr,d'x)a
I, = 5§,dﬂr,d/ (. —y)min(Bra(z —71))dm
0

5 3 1
= —glabrar’ + 0L aBra’In(Br ). (138)
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Substituting I, I, I3 and I, into (137), we have

1 1 1
F’y(l') - gﬂs,dﬁs,rxz'i‘ Zﬂs,dﬁr,dm2_ §ﬁs,dﬂr,dx2ln(5r,dx)
1

5 1
6 g,dﬂsmxs_ 36 g,dﬁr,d$3+ éﬁz,dﬁr,dxsln(ﬂr,dx)' (139)

We observe that when (3, 4, 35 and 3, 4 go to zero, the terms involving BE a3s,r and 552 4Pr.d g0 to zero faster
than the terms with 3, 43, and B, 43, 4. As a result, for high SNR, the CDF of ~ can be approximated as

1 1 1
F’y(x) ~ Eﬁs,dﬂs,'r'xz_" iﬂs,dﬁr,de_ Qﬂs,dﬂr,d'x2ln(ﬁr,d$)a (140)

which implies the approximation of the outage probability in the theorem.

3.3.3 Optimum Power Assignment

Based on the closed-form tight approximation of the outage probability in (134), we can determine an asymptot-
ically optimum power allocation scheme for the DAF cooperation scheme. For a given total transmitted power
budget of P, + P» = P, we try to minimize the outage approximation to find an optimum power allocation
ratio.

Let P, =rP, P, = (1 — r)P, and denote B = % — ln(z_f‘,g—é\z)), then the outage approximation (134) can be
rewritten as ;

2 2
Yo, NG 1 B+In(l—r)
P = . 141
out 2P25§,d (7“25?77‘ + T’(]_ — ’I")(Szyd ( )

To find an optimum power ratio r, it is equivalent to minimize

A 1 B+1in(l—r)

= 142
f(r) 7‘25377" + r(1— 7“)572,d (142)
By taking derivative of (142) with respect to r, we have
of(r) 2 B(1—2r)
or 362, 82,r2(1—r)?
1 In(l —r)(1—2r)
_ — . 143
62 r(1—r)? 62 r2(1—r)? (143)
Set the derivative (143) equal to 0, we have
52
2(1 —7)% + —(1—2r)r
5r,d
52 52
+ 5?4+ Shn(1 - ) (1 - 2r)r = 0. (144)
5r,d 5r,d

For simplicity, denote u(r) = in(1 — 7)(1 — 2r)r, then u(3) = 0,%/(3) = In(2) and v”(3) = 4in(2) + 4.
Therefore, the first three terms of the Taylor expansion to approximate u(r) are

In(1 = 1)1 = 2r)r () + 6 ()0 - 2) + Su(5)r - 5
= (2In(2) 4+ 2)r* — (In(2) + 2)r + % (145)

By plugging (145) into (144), we obtain the following equation
027“2 + Cir+Cy =0, (146)

2 2 2
in which G = ;;; 42,0 = g;—’;(—ln@) — 24 B)—4,and Cp = gé—’;(2ln(2) +3— 2B) + 2. Solving the

equation, we obtain the following ’power allocation result.

43



Table 3: Comparing the optimum power ratio by exhaustive search and approximation,

assuming {07 ;, 07,07 ;3 = {1,1,1}

{03,095, 070} = {1, 1,1}
P in dB || Exhaustive search r ‘ Approximated r
25 0.6746 0.6662
30 0.6296 0.6272
35 0.6052 0.6041
40 0.5891 0.5886
Table 4: Comparing the optimum power ratio by exhaustive search and approximation,

assuming {62d, e 7d} ={1,1,100}

{62 L ST, Td} ={1,1,100}
Pin dB || Exhaustive search r ‘ Approximated r

25 0.8690 0.8607
30 0.8580 0.8513
35 0.8485 0.8429
40 0.8401 0.8354

Theorem 4  If all channel links hg q, hs, and h, q are available, i.e. 654 # 0,95, # 0, and 6,4 # 0, then
for sufficiently high SNR, the optimum power allocation ratio r = Py /P for the DAF relaying is

(Cra=2)02,~ 462+ (C2 2)0% -+ (8Cra= 12)62,.62,
(4Cy g — 6)537,1 - 4537 .

rR

(147)

where C,. g = —ln(zggwl) + l Furthermore, when SNR goes to infinity, C, q is sufficiently large and then the

ratio (147) can be further approxlmated as:

[T 8o
1 + 1 + ég,réi,d 1
-~ e (148)

4

We list in Tables 3 and 4 the comparisons of the optimum power ratio r based on the closed-form approx-
imation presented in Theorem 4 and the ratio obtained by exhaustive search based on the exact expression
in (142) The comparison results are shown for various total transmitted power budget P, and for variances
{62 S 62, d} = {1,1,1} and {1, 1,100}, respectively. From the tables, we can see that the power ratios
calculated based on Theorem 4 are very close to those by exhaustive search.

From Theorem 4, we observe that that the for high SNR, the asymptotically optimum power ratio does not
depend on the source-destination link, and it depends only on the variances of the source-relay and relay-
destination links. Moreover, as the total transmitted power P goes to infinity, the optimum ratio r goes to 0.5,
which implies that an equal power allocation scheme (P; = P, = P/2) is optimum in this case.

3.3.4 Simulation Results and Discussions

To verify our analytical results, we carried out some computer simulations. In our simulations, we assume that
the variance of the noise is 1 (i.e. Ny = 1), and the outage SNR threshold is ~;;, = 10 dB.

Figures 20-22 depict the simulated outage probability performance curves, the outage probability approxi-
mation based on Theorem 1, and numerical calculation based on the close-form expression in (131) for three
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DAF relaying with {8, &, & }={1.1.1}
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Figure 20: Outage probability of the DAF relaying with variances {07 ;, 02,67 4} = {1,1,1}.

DAF relaying with {87, &7, &, }={1.,1,100}
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Figure 21: Outage probability of the DAF relaying with variances {62 ,, 5§’r, 62,3 ={1,1,100}.
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] . 2 2 2.
DAF relaying with {6sd, 53r, 5rd }={1,100,1}
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Figure 22: Outage probability of the DAF relaying with variances {42 ;, 63,672 ;} = {1,100, 1}.
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Figure 23: Numerical search of the optimum power ratio 7 for the DAF relaying with variances { (53 & 537,,, 53’ 4t
= {1,1, 1}, and different transmit power P=20dB, 30dB and 40dB.
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" N 2 2 2.
DAF relaying with {SSd, BSr, 6rd 11,1}
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Figure 24: Performance comparison of the DAF relaying with the equal and the optimum power allocation,
with variances {62 ;, 63,62 ,} = {1,1,1}.

DAF relaying with {87, &7, &, }={1.,1,100}
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Figure 25: Numerical search of the optimum power ratio r for the DAF relaying with variances { (53’ & 5377,, 63’ 4
= {1, 1,100}, and different transmit power P=20dB, 30dB and 40dB.
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DAF relaying with {87, &, 8,}={1.,1,100}
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Figure 26: Performance comparison of the DAF relaying with the equal and the optimum power allocation,

with variances {452 } ={1,1,100}.

s,d? sr?

scenarios: {5Sd, 202 ={11,1}, {6Sd, 2,02} = {1,1,100}, and {5Sd, 2,02, = {1,100,1}, re-
spectively. We equally “allocated power for the source and the relay in the three scenarlos. We can see that
the numerical results based on the exact expression in (131) matches with the simulation results. The outage
probability approximation is loose at low SNR and it merges with the simulation curve around 10~2 which is
tight in all the three scenarios.

Figure 23 shows the outage probability performance versus power ratio r = P; /P for different total trans-
mitted power budgets, in which the channel variances are {07 ;, 62, d} {1,1,1}. In this case, the optimum
power ratio is close to 1/2. The performance of the optimurn power allocation scheme is close to that of the
equal power allocation scheme in this case, which is shown in Figure 24.

Figure 25 shows the outage probability performance versus power ratior = P; /P for the case of {55 L S "
= {1,1,100}. In this case, the optimum power ratio is around 0.85. Simulation results in Figure 26 show that
the performance of the optimum power allocation scheme is about 2 dB better than that of the equal power
allocation scheme in this case.

3.4 Joint Power Optimization for Multi-Source and Multi-Destination Relay Network

In this subsection, first we introduce briefly the system model of a multi-source multi-destination relay network
where transmissions occur over non-orthogonal, in general, channels. Second, we determine the maximum
ratio combining of the received signals at each intended destination and exploit the resulting SINR. Third,
we determine the optimum power assignment for the sources and the relay that minimizes the total power
consumption under the condition that the SINR requirement of each source-destination pair is satisfied. Fourth,
we determine the optimum power assignment that maximizes the minimum SINR among all source-destination
pairs subject to any given total power budget. Finally, numerical studies are provided and some discussion are
made at the end.

The following notation is used throughout this subsection. Bold letters in uppercase and lowercase denote
matrices and vectors, respectively. (-)*, ()7 and (-)¥ represent the conjugate, the transpose and the Hermitian
transpose operation, respectively. | - | and || - || represent Euclidean norm of a complex number and a vector,
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sk,d

Figure 27: Multi-source multi-destination relay network.

respectively. Iy, is an L x L identity matrix. diag(hy, he,--- ,hp)isan L x L diagonal matrix with diagonal
elements hy, ho,--- ,hr. Az denotes a sub-matrix of A obtained by deleting the kth column and k" row of
A. If a, represents the k' column of the matrix A, then ag denotes the vector obtained after removing the kth
entry from ay.

3.4.1 System Model

For illustration purposes and simplicity in presentation, we consider a single relay code division multiplexing
system with K sources and K destinations as shown in Fig. 27, where transmissions occur over non-orthogonal,
in general, channels. Our developments can be generalized to multiple-relay systems and other multiplexing
schemes in frequency and/or time. Let Sj, denote the k*" source and Dj, the corresponding destination, k =
1,2,-.. , K, and let R denote the relay. The relay forwards simultaneously the signals received from all sources.
Let by, denote the transmitted information symbol of the source Sy with unity energy, i.e. E{|bx|?} = 1,Vk.
The signal sent by the source S}, can be expressed as

Sk, = ¢y,

where ¢, = (c,(cl), c,(f) ey c](CL))T is the code/signature of the source S, which is a unit-energy column vector

. . : A
with length L. The codes/channels of different sources are, in general, correlated. Let py; = cgcj denote the

cross-correlation between codes/channels k and j, where p; € [0,1) for k # 7, and py, = 1. Let R 2 (Prj)
denote the K x K cross-correlation matrix, i.e.

R = (Cl,CQ,...,CK)T(Cl,CQ,...,CK). (149)

We consider the following two-phase amplify-and-forward relay strategy with L time slots in each phase. In
Phase 1, each source S transmits the signal s; with transmitted power Pg. Then, the received signals at the
destination Dy, and at the relay R during the i-th (1 < ¢ < L) time slot can be modeled, respectively, as

K

yggk = Z \/Flhi?,qu(l)bl + n(izk 1<i< L, (150)
=1

ygll = Z \/thgiércl(z)bl + nfj;, 1<i<L. (151)
=1

In Phase 2, the relay amplifies the received signals and forwards them to the destination with an amplification
factor o and transmission power P,. The received signal at the destination Dy, during the i-th (1 < ¢ < L) time
slot can be written as

y(()ik = \/Prh%a?/gfl +n(3jk i=1,2.---, L. (152)
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In (150)-(152), hg) 4 hg?r, and h%k, (I,k =1,..., K) are the coefficients of the channels between the source

S; and the destination Dy, between the source \S; and the relay R, and between the relay R and the destination
() (@)

Dy, respectively, during the i-th (1 < ¢ < L) time slot. n_ rdy

. and n 7, represent noise at the destination Dy

during the ¢-th time slot of Phase 1 and Phase 2, correspondingly, while ngl)r represents noise at the relay R

during the ¢-th time slot. The channels hgi) i’ hg)T and hf«i()ik are assumed to be independent Gaussian random

variables with zero-mean and variances o2 and af 4, » respectively. All noise terms are assumed to
b

2
sidy? T s,
be independent Gaussian random variables with zero-mean and variances o2. Without loss of generality, we

assume o2 = 1.

The channel coefficients in matrix format can be given as Hy, 4, = diag(hgll)dk, e ,hilelk), H, , =
diag(hgll,)rv e ,hgle«) and H, 4, = dz'ag(hfnl;k, e vh7(~Ld)k)~ Then, the received signals can be expressed as
follows:

K
Yoa, = D VPHgqeb+ng,, (153)
=1
K
Yor = > V/PHg e +ng,, (154)
=1
Yra, = VoM gy, +n.g, (155)
1 2 L 1) (2 L 1 2 L
Where ys,dk = (y£,3k>y£7gka e 7y£,d)k)T9 y57r = (ygﬂ?aygﬂ)’ ce ,y,g’r))T and y’l”,dk = (y,f"(gk’ y’l(”,d)k’ RN yi,dl)T

In (153)—(155), the noise vectors ng 4, ,ng, and n, 4, have elements that are independent Gaussian random
variables with zero mean and unit variance. The amplification factor in (155) is specified as

) 1 1

o = = ) (156)
E{llys.IIPt S, PBos+ L
where [, » = chE{Hg,THSM}cl. By substituting (154) and (156) into (155), we obtain
K
Yea, = VPaHg Y /PH, cb + v/ ProH, g0, + 0. (157)
=1

The destination Dy, combines the signals received from the sources in Phase 1 and the signals received from
the relay in Phase 2 to jointly detect the information symbol transmitted by the source S;. The combined
received signal from Phase 1 and Phase 2 at destination Dy, can be expressed in vector form as follows:

K

A

y, 2 ( Ys,dy ) = Hy, pcrbr + 2 H, 1.c;b; + ny,
Yr.d 1=1,I#k

where

Hl k — ( \/EHSl,dk )
’ \% PlPraHsl ,T‘HT,dk

is a 2L x L virtual channel matrix from the source S to the destination D;,, and

nk; — n'svdk
V PraHr,dk.ns,r + Ny g,

is an equivalent noise vector of length 2L. We note that Hyy, is the channel matrix associated with the desired
source Sy, while Hy, (I # k) are the channel matrices of the interfering sources. Based on maximum ratio
combining (MRC) detection [?], the transmitted signal from the source .Sy is generally detected as,

7 . H 2
by = arg mmbkeA’Wk,Oyk — b |7,
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where A is the transmitted signal set. For example,
by = Sign(Re{WkH,OYk})7
for BPSK and
Bk = sign(Re{WkH,o)’k}) + sign(lm{w,goyk})j,

for QPSK in which j = y/—1. The combining weight vector wy, , of size 2L is chosen to maximize the SINR
at the destination Dy, which is given by

E{|wHH,, 1cbi|?
SINR(Wk) _ {|wk k,kCk k| }

_ 7 (158)
E{\wkH(ZlIiu#k H; ;b + ng) 2}

i.e.
Wi o = arg mazy, SINR(Wg).

Note that in (158), the expected value in numerator is taken over the random variable by, while the expected
value in denominator is taken over the random variables b;, [ # k and all independent noise terms in ng.

3.4.2 System Performance Analysis

To determine the maximum SINR weight vector wy, , and the corresponding SINR at the destination Dy, we
first define

K
JAY HygH
U, = Z H; e Hy g + L,
I=1,1#k

é H o IL 0
I'y = E{ngn; } = < 0 P?“a2HT,dkH£,Idk e > .

Then by taking the expectation over the signals by in numerator, b;, [ # k and noises in denominator, the SINR
in (158) with any given combining weight vector wy, can be written as

_ Wi ey ?

SINR(Wy) (159)

Wk,HUka

It is easy to check that Uy, is Hermitian and it can be represented in terms of its eigenvalues A1, Ag, ..., Ax and
their associated eigenvectors qy, qo, ..., i as follows:

K

U= Meqiaf,
k=1

where A\ > 0,Vk and q,qul =0,Vk,l,k # 1. Let

1
A q,qy

Pl TP
>
M=

U

e
Il
—_

1 11
then U} is Hermitian and Uy = U2 U} . Moreover,

_1
U, 2= AL 2qquHa

SIS
M=

b
Il

1
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which is also Hermitian. According to Schwartz inequality, we have

1 1
|Wk Hyper>  [WUZU, PHy jep|?

EVYEkVYEVEk
1 1
w02 [1?(]U, 2HkakH2

[

_1
= ||U, *Hy ke,

_1
where the equality holds when w, Uk = (Uk 2Hk,kck)H . Thus, the maximum SINR weight vector wy, is
given by

-1
Wio = Uk Hk,kck.
The corresponding maximum SINR at the destination Dy, with the optimum weight vector wy, ,, is equal to
SINRg = chg{kUngk,kclv (160)

In order to optimally allocate power to all sources, we further exploit SINRy, in (160) as follows. We define
Cy 2 diag(e1, ..., €x—1,Cht1, ---» €k ), Whichis a L(K — 1) x (K — 1) block diagonal matrix formed by placing

. . .. ~ A . .
all code vectors except ¢y, in the diagonal positions, and Hy, = [Hy y, ..., Hy—1 x, Hg41 &, ..., Hi ] which is a
2L x L(K — 1) interference channel matrix. Using the above notation, SINR, can be expressed as

L A HH
SINRy, = ¢ H, (HyCCy Hy, + )™ Hy iy (161)
According to the Woodbury matrix inversion lemma [75], we have
o A HH _ _ EPTESR " HAH_ 1 4
(HyCxC, H, +Ty) ' =T, — T, '"H,Cr(Ixg_1 + C, H, T, 'H,Cy) ™ o v
. (k) 2 p(k)
Let us now define the following matrix F\*) = ( fy,5,), where

(k) * 2P ’hrdk’2hsmr Sn,T
mn = PV BBl B aonde ¥ —cap i S ) (1
yAk

and denote by %) the k' column vector of the matrix F*). Then, after some algebraic calculations, we can
see that

k _
flgk) = ¢/H, T} "Hy yey
£ = ¢H, T} "Hycr (163)
F(Ek) = CkHI:IkHI‘,glﬁka,

(k)

where fE contains the channels and the cross-correlation between the intended source Sy, and the interfering

(%)

sources, while F- contains the channels and the cross-correlation among interfering sources. Based on (161)-
(163), we can represent SINRy, as

SINRy = fiy) — E97 Ly + F) 7168, (164)

where the superscript (~)(k) indicates the corresponding destination Dy.
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(@)

Sdk

v =hopand by = hpg Vi=1,2,--  Land ¥,k = 1,2, K, then £\ in (162) can be

Note that when all the channels are quasi-static over an information symbol period L, i.e. when h
hsn,dk’ h( )

Sn,

reduced to

(k) 5 (1 Pyl ay [P, o hs,
mn — Pmn PPy, hsm,dkh’sn,dk + 052Pr|h7"d |2 +1 ' (165)
yAk

When there are only two source-destination pairs with one relay, i.e. K = 2, the SINRy, in (164) with quasi-
static channels is specified as

k)N —
sTNR=fyy — |fis P(1+ f1)) !
2 2 2
&®Py|hy.g, | s, +|
= Py ( |hsy.a,|? otk R ) —
k<‘ 5k7dk| + 042P|hrdk|2+1
2 71
o P|hrdk|2 sprflsyr 2 a2PT|h7‘,dk|2Pj’h$'aT|2

P Pkp hsk dkhsjvdk+ 2Pr|hr,dk’2k+1j 1+Pj‘h5jvdk’ + ’2 _'_]1 ’

where p = p12 = po1 and the subscript j = 2 if ¥ = 1 while j = 1 if & = 2. Furthermore, when the

code/channel vectors ¢, are orthogonal to each other, i.e. pg; = ck ¢; = 0, for j # k, then f(k) = 0 for
quasi-static channels. Hence the SINR at destination Dy, is given by
2 2 2
a’Pr|h Py|hs, »
STNRg = ) = Pplhya,|” + ol [Pl s (166)

OZQPT‘hT7dk|2 +1 7

which is the sum of the SINRs of the direct link and the relay link.

3.4.3 Optimum Power Assignment Under SINR Constraints for All Source-Destination Pairs

In this subsection, we determine the optimum power assignment for the sources and the relay that minimizes the
total power consumption under the condition that the SINR requirement of each source-destination pair is satis-
fied. First, we consider the power optimization for the relay network in a general setting where codes/channels
of different sources may have arbitrary correlation. Then, we discuss a simplified power optimization scheme
for a special case where codes/channels of different sources are orthogonal, and provide an intuitive interpreta-
tion for the proposed scheme.

Let us assume that the SINR requirement for the source-destination pair (Sg, Dy) is V¢, &k = 1,2,--- , K.
Then, the problem of optimizing power to minimize the total power consumption and satisfy all source-
destination SINR requirements can be formulated as:

. K
MINP,,... Py;Pr Zk:l Py + P,

(167)
s.t. SINRg >, 1<k<K,
where the transmission power terms Py, P», - -- , P, and P, are all non-negative.
Let us define a normalized power factor at the relay as follows
A
z = a’P,, (168)

where « is the amplification factor specified in (156). The parameter = will play a key role in the optimization

procedure. Let us also denote by Gk = ( gﬁ,if%) a matrix with elements

w‘hrdk‘Q s rhsn r
5 ms ’ , (m,n = 172,... 7_Z:( . (169)
g1 ) )

A
9557)1 = Pmn (h:m,dk s, dy, +
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for any m,n = 1,2, --- , K. Then, from (162), we can represent each entry in F(*) by

fyf%: V PP gfr)z

It is straightforward to verify that

K

det(FP) = (] P)det(GH), (170)
=1
K

det(FY)y = ([ R)det(G). (171)
=1,k

From (164), we know that I 1 + F]%k) is invertible. So, based on the Schur complement formula3, we have

det(Ix + F®))

(g o
= det k) (k)
f IK—I + ch

k
=det(Ix_1 + Fl%k)) . [1 + f,gllz) — f;—ck)H(IK_l + F]%k))flflgk)
= det(Ig_ +FY) - (1 + sINRy), (172)

where the last equality follows from the expression of SINRy, in (164). Thus, we have

det(Ix + F®)

1+ SINRy = G
det(Ixk—1 +F; ")

(173)

We note that for moderate or high SINR, we can approximate 1+ SINRy ~ SINR and 1 +fl(lk) R fl(lk), Vk,l =
1,---, K [55][74]. So, based on (173), we can approximate SINRy as follows:

det(F®))  Prdet(GH))

SINRy ~ = . (174)
det(F™)  det(G)
Therefore, the optimization problem in (167) can be written as
- K
mlnplf" :PK§P7‘E]<;:1 Pk: + PTa
(175)

Py det(G)
" det(G)

Let V denote the feasible set of the optimization problem in (175), i.e.
V:{Pla"'7PK>PT‘SINRk’Z’Yk7V1§k§K}‘

We may partition V' into disjoint subsets such as

vV=|JW,

>0

31f matrix D is invertible, then [75]

A B\ _nn-l
det( C D > = det(D) - det(A —BD™ "C).
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where
Vo={P,-- ,Pg,P.| SINR;, >y, V1< k< K,o’P, =z }

for any x > 0.
We note that for any given value of the parameter z in (168), the transmission power at the relay, P, can be
determined from (156) as

K
X
P=— =2 Zpkﬁw + zL. (176)
k=1

Thus, for any given = > 0, the optimization problem in (175) over the feasible set V,, becomes

minpl,... Pr Zf:l(xﬁskﬂ" + 1)Pk + L,

177
det(GE) a7

> R
s.t. P> 4G

1<k<K.

det(G))

We observe that in (177), for any given x > 0, is a constant which is independent of P (k =

- det(G())
1,2,---, K). Hence the minimal value in (177) is obtained when all constraints hold with equality, i.e.
det(G)
:%7(:), k=12, K. (178)
det(G™)

Then, the corresponding minimal total power of (177) is

K (k)
A det(G)
vx:§ 2B r +1)——E 2 4 2L, 179

which is a function of = > 0. Let us denote v* as the minimal value of the objective function over (175) in the
feasible set V. Then, we can see that

V" = ming>ov(x). (180)

The above discussion shows that we are able to convert the optimization problem in (167) over a multi-
dimension space to the minimization problem in (180), which depends only on one variable x > 0, i.e. over
a one-dimension space. The minimization of v(z) in (179) can be easily solved by a numerical search for the
optimal value of the parameter x > 0. With the optimal value z* that minimizes the function v(z) in (179), we
can obtain the corresponding optimal power P and P, based on (178) and (176), respectively.

In the previous section, we solved the optimization problem for a general multi-source multi-destination
relay network with arbitrary correlation among user codes. In this subsection, we are able to further simplify
the optimization when the signatures of different sources are orthogonal and the fading channels are quasi-static
during the transmission period of a signature code.

In particular, for multi-source multi-destination relay networks with orthogonal transmissions, the cross-

correlation matrix R in (149) is an identity matrix, so both Gl%k) and G¥) in (174) are diagonal matrices, and

det Ggf) K (k)
et(Gy”)  ITiZiize 9 _ b (181)

det(GR) s, gl(lk) g,(gl,?’

where g,(fllz) is specified in (169). Under the assumption of quasi-static channels, we can write hgi),r = hsp rs

- hs, .4, and D — hra,,Vi=1,2,...,L,and Vk = 1,2,..., K. We note that §,, , = agw where

Sk,dg ,d
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o3, is the variance of the source-relay channel hy, ., i.e. 02, . = E{|hs, ,|*}. Thus, by substituting (181)

into (179), we have

K
Z 'Yk(xagk,r +1)

U(m) = 2 x|hr,dk‘2‘hsk7r|2 +xL
k=1 |y dp | + T afha, P
K
- cr + b + 182
> ulen + bt ), "
k=1
where
= ’hsk,rP (1_ |h8k,dk Qngﬂ")
k A2 ’hr,dk ‘2 A‘hndk |2 ’
2
b = 2 T
K A
o = L el
k A A%heg?
’hs d |2
d — kARl 183
k Alhy.g, >’ -

and A = |hg, a, |? + |hsyr|*
We note that for any k = 1,2,--- , K, if ax > 0, each term ¢y, + bpx + —
to x > 0, and it can be minimized by

in (182) is convex with respect

ay

x = max(0, —dj, +
by

).

Ifay <0, ¢+ bpx + 4 is increasing in [0, +00), it implies that the minimum point occurs at z = 0. Let us
denote

Tmin min(xy, To, ..., Tx ), (184)

> e

Tnax max(xy, T, ..., TK), (185)

where forany k =1,2,--- | K

N ay
oy — { maz (0, —di +,/3%) if ar >0, (186)

0 if ap <O0.
[0, i) and increasing in the range

[xmax, +00), which implies that the optimal solution z* that minimizes the function v(z) in (182) is bounded
as

Tmin < 5 < Tmag- (187)

Thus, to find the optimal solution z*, we only need to search within the range [Zyin, Tmaz]- We note that
Tmin = 0 if there exists k € {1,2,---, K} such that a;, < 0.
From (186), we can see that the necessary condition for xz, > 0 is

ap > bkdz,

which implies that

|hsgr |2|h7"7dk |2
2
Sk,T

> |hsyap |- (188)
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In a non-fading or slow-fading scenario, where the coherence time of the channel is much longer than the delay
requirement of the channel. In this situation, the channel gain remains roughly constant over all the time [76],
then we can safely assume that |h; j|> ~ o? j» Where o? ;.; 1s the variance of the channel h; ;. Then (188) is
equivalent to

> o2 (189)

Ir dk Skydk *

If none of the inequalities in (189) is true, i.e. 0-7%7dk < a%dk forall k = 1,2, , K, then 2,4, = 0, which
implies that the optimal solution z* = 0. So, the corresponding optimum power at the relay P = 0, which
means that the relay is not needed. In other words, if each relay-destination channel link is weaker than the
intended source-destination channel link, then we should not use relay.

In addition, if ar, < 0,Vk =1,2,---, K, then each term ¢y, + brx + in (182) is an increasing function
of x € [0, +00), therefore the optimal solutlon is * = 0. Given that ay, g 0 is equivalent to

|h8k,dk Usk r = (|h8k,dk|2 + |h8k,7‘| )|h7‘ dk|2 (190)
it implies that if all channels |hg, 4, 12, (k = 1,2,--- , K) that correspond to direct links are strong enough or
all channels of the relay links |h, g, \2, (k=1,2,---, K) are weak, then avoiding use of the relay can leads to

power savings. In other words, if there is at least one relay-destination link that is better than the corresponding
source-destination link, the relay should forward its received signal to the destinations in order to help reduce
the overall power consumption while maintaining at the same time the target performance level.

. ~ 2 _ 2 _ 2 2 _ 2 _ 2
Finally, for a symmetric system where o ; = oy, 4 = -+ = 05, 4,05, = 05, = -++ = 05, and
2, =0ty = =o0; ble to obtai lytical solution for the minimization of In thi

Orgy = Opgy =" = 0,4, We are able to obtain an analytical solution for the minimization of v(x). In this

case, all dj, are equal, say’d = dy, Vk. Then

v(z) = c+br+ —— —l—d (191)

where ¢ = Z§=1 ViCr, b = Zle Yibg,a = Zszl ~rak. Consequently, the value z* that minimizes v(x) in
(191) is

. —d—i-\/% if a>0,
v _{ 0 if a<0. (192)

Substituting (192) into (178) and (176), we obtain the optimal power P and P, respectively.
We note that for a symmetric system, all aj are equal. When the SINR requlrement is high enough at

each destination, L /(K ;) is relatively small compared to 2 .
1,2,---, K). As a consequence, the ratio a/b in (192) is independent of ~;. Hence, the optimal value z* in
(192) is independent of the SINR thresholds ¢ in this case.

In the following, for comparison purposes, we discuss the equal power allocation scheme where all the
sources and the relay are allocated the same power P. In this case, the corresponding parameter x in (168) is

T = ! (193)

K
Ekil O-Sk, P

To find the optimal power P that minimizes the total power of the system under the constraints that the SINR
requirements of all source-destination pairs are satisfied, we can follow the procedure described in the previous
section, i.e.

minp PZle(fL'O'gkm +1)+ 2L,

o (194)
s.t. P> Tedet(Gg )

_W7 k:1a27"'7K'
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We note that the objective function in (194) is increasing in terms of increasing P > 0. Thus, the optimal
solution P* of (194) is given as

det(G) } (195)

P == mal'k:l,..-,K {det((;(k))

vkdet(G,%m)
det(G()) 7
1,2,---, K in (194) are not equal in general, which means that the equality in (194) might not hold for all k.

As a result, the equal power allocation strategy generally spends more power than what is needed.

Since the channel quality is not the same, in general, for all links, it is implied that the terms

3.4.4 Optimum Power Assignment Under a Total Power Budget Constraint

In this subsection, we will apply the methodology that we developed in Section 4 to solve a related max-min
SINR based power optimization problem for multi-source multi-destination relay networks. Specifically, we
will design a power assignment scheme that maximizes the minimum SINR among all source-destination pairs
subject to any given total power budget. We may say that such a scheme introduces a type of fairness among
different source-destination pairs. The optimization problem can be formulated as follows:

Maxp .. PP, Ming—i.. K {SINRy},

(196)
s.t. f:1Pk+Pr§Pt0tal
where P, 1 the given power budget of the system.
Let us denote
A
Z =MiNk=1,.. K {SINRk} , (197)
then (196) is equivalent to
Maxp, ... PP %
s.t. Zf:lpk—f_PT SPtOtal) (198)
SINR, > 2z, k=1, -, K.
According to (174), we may approximate STINRy as
Pydet(GW)
STNRy ~ Prdet(G™) (199)

det(GY))

where the matrices G(*) and G,%k) are specified in (169). If we define 2 o’ P,, then for any given z > 0, the
transmission power at the relay P, is determined as

K
X
P="=u Zpkﬁw + zL. (200)

k=1
As a consequence, we can reformulate the problem in (198) as
maxp, ... Px?,

s.t 'Zf:l(xﬂsk,r + 1)Pk: + xL S Ptotala
(201)
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For any x > 0, we denote the maximal value of the objective function in (201) as z(x). Then, z(x) must satisfy

det(G)
(

ek gk =1,2,-- K. 202
det(GR)) (202

P, > z(x

Substituting the above constraints into the total power constraint in (201), we have

i( Buer + 1)z(2) G | or<p (203)
TPOsy,r Z\T) ———— . T L > otal-
= det(G™)

Thus, for any fixed = > 0, the maximal value of the objective function in (201) is

Ptotal xL
det(G)

Zk I(Iﬂska +1) det(G k))

z(z) = (204)

We can see that maximizing z(x) can be implemented by a numerical search of single (one-dimension)
parameter (z > 0). If we denote the optimal parameter of (204) as z*, then the optimum power assignment to
the sources is

P,j:z(a:*)-(kt((}’(f)) k=1,2,--- | K (205)
det(G(k)) ’ Y
and the corresponding power assigned to the relay is
K
() PiBar + L) (206)
k=1

We note that z(z) in (204) should be non-negative for any given =, which implies that P,y — zL > 0, i.e.
< %. Thus, we only need to search the single variable = over the interval [0, %] to obtain the optimal
solution z* that maximizes the function z(x).

From (199) and (205), we can see that for any £ = 1,2,--- , K, SINR; = z(«*), which implies that the
optimum power assignment achieved through the max-min SINR based optimization in (196) leads to the same
SINR values for all source-destination pairs. We recall that for the total power minimization problem in (167),
the optimal power assignment ensures that the resulting SINR for each source-destination pair is equal to the
SINR requirement of the corresponding source-destination pair, i.e. SINRy = v, £ = 1,--- , K. It is natural
to expect that when all source-destination SINR requirements - in (167) are the same, the power assignment
strategy for the max-min SINR based optimization and that for the total power minimization based optimization
would be the same. This intuitive interpretation can be seen from the derivations in (179) and (204). We note
that for reasonably high power budget P;.t4;, the term xL in (204) can be ignored, and maximization of z(x)
in (204) is equivalent to minimization of the dominator which is related to the objective function in (179). If all
the source-destination pairs’ SINR requirements in (179) are the same, i.e. 73, £ = 1,--- , K, then the optimal
solutions z* of z(x) in (204) is also optimal in minimizing v(z) in (179).

For comparison purposes, in the following we illustrate the max-min SINR problem under equal power
allocation. The optimization problem in (196) with an equal power assignment can be expressed as

{ maxp ming—i.. x {SINRg}, (207)

s.t. (K‘I‘l)PSPtotalv

where all the sources and the relay are assigned the same transmission power P. With the SINR approximation
in (199) and z = min<x<x {SINRy}, we have

maxp 2,
POG
s-t. Psgat. (208)
det(G;™)
PZZ‘WG}&)), kzl,,K
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Table 5: Optimum power assignment that minimizes the total power under given SINR constraints using the
proposed method and the exhaustive search method for an asymmetric setting (K = 2)

[ (11,72)(@B) | Pi(dB) | Px(dB) | P,(dB) |
Proposed method (10,10) 13.14 19.89 20.54
Exhaustive search (10,10) 13.22 19.91 20.41

Proposed method (10,20) 11.59 27.34 29.74
Exhaustive search (10,20) 11.76 27.28 29.70

Table 6: Optimum power assignment that minimizes the total power under given SINR constraints using the
proposed method and the exhaustive search method for a symmetric setting (K = 2)

[ (71,72)dB) [ Py(dB) | P»(dB) [ P.(dB) |
Proposed method (10,10) 14.56 14.56 15.86
Exhaustive search (10,10) 14.91 14.91 15.31

Proposed method (10,20) 13.25 23.25 22.44
Exhaustive search (10,20) 13.32 23.32 22.34

Thus, the optimal solution is P = I}Lﬂl and the maximal value of the worst-case SINR is given by

o Piotar det(G(k))
z = K1 mari<g<k {det(G’(j)> . (209)

We can see that in the equal power assignment scheme, the minimum SINR value among all source-destination
pairs is directly determined by the given total power budget value.

3.4.5 Numerical Results and Discussions

In this subsection, we perform numerical studies to illustrate the proposed optimum power assignment algo-
rithms. In our studies, we consider a slow fading scenario and then approximate |hi7j|2 by 01'2, ;- The channel
gain for each channel link is assumed to follow a path loss model, where the variance of channel coefficient
is given by a%j = 5;]5\ (i, € {sk,dk,r}) with &; ; as the distance of the channel link and A as the path-loss
exponent (A = 3 in our numerical studies).

In the first set of numerical studies, we illustrate the optimum power assignment that minimizes the to-
tal power consumption under the condition that the SINR requirement of each source-destination pair is sat-
isfied. First, we consider a system with two source-destination pairs and one relay, i.e. K = 2, and the
cross-correlation of the two source codes is p = 0.25. We study two sets of SINR requirements for the two
source-destination pairs: (i) [y1, v2] = [10, 10]dB, and (ii) [y1, 2] = [10, 20]dB.

Fig. 28 plots the total power consumption with varying parameter x > 0 for an asymmetric system, where
the values of the distance between nodes are set as follows: 65, 4, = 2,05, d, = 3,05, = Ospr = Ogp.dy =
Ord; = 1,0s,4, = 3 and 6,4, = 2. The optimal values of the parameter that minimize the total power
consumption are z* = 0.63 and z* = 1.52 for |1, 2] = [10, 10]dB and [10, 20]dB, respectively. Based on the
optimal value x*, we obtain the corresponding optimal power assignment Py, P» and P, according to (178) and
(176), as listed in Table 5. In this table, we also compare the optimal power values obtained by our proposed
approximation method and those obtained by exhaustive search based on the optimization in (167). We observe
that the optimal power values obtained by the two methods are almost indistinguishable. In Fig. 29, we plot
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the total power consumption with varying parameter x > 0 for a symmetric system, where the values of the
distance between nodes are set as: 05, 4, = Osy.dy = 0s,.dy = 0s9,d; = 2 a0d 0g, p = Oy p = Opd; = Opd, = 1.
The optimal values of the parameter are z* = 0.32 and z* = 0.59 for [y1,72] = [10, 10]dB and [10, 20]dB,
respectively. Based on the optimal value z*, we obtain the corresponding optimal power allocation P;, P» and
P, again according to (178) and (176), as listed in Table 6. We observe that when the SINR requirements of
the two source-destination pairs are equal, the power assignments to the two sources are the same. However,
when the SINR requirements are different (|1, 2] = [10, 20]dB), the equal power assignment is not optimum
anymore. We can see in Table 6 that the optimal power values obtained by our proposed approximation method
are indistinguishable from those obtained by the exhaustive search based on the optimization in (167).

We now repeat our studies for a system with three source-destination pairs and one relay, i.e. K = 3, where
the signatures of the three sources are orthogonal to each other. We examine both an asymmetric case (Fig.
30) and a symmetric case (Fig. 31). In both figures, we consider three sets of SINR requirements for the three
source-destination pairs, namely: (i) [y1,72,73] = [20, 20, 20]dB, (i) [y1,72,73] = [10, 20, 20]dB, and (iii)
[71,72,73] = [10, 10, 20]dB. In Fig. 30, we consider an asymmetric system where the distance values are set
as 0g,r = 1,(k =1,2,3),6,4, = 1,0p.4, = 2,0,,4, = 3 and s, g, = 2,05,4, = 3 and g, 4, = 4. In this
case, the optimal values of the parameter that minimize the total power consumption are z* = 2.34, x* = 2.77
and z* = 3.17 for the three sets of SINR requirements, respectively. Based on the optimal values, the optimum
power assignments P;, P>, P3 and P, can be obtained accordingly based on (178) and (176). In Fig. 31, we
consider a symmetric system with d, » = 6,4, = 1,(k = 1,2,3) and 65, 4, = 2, (k = 1,2,3). The optimal
values of the parameter are 2* = 0.77, z* = 0.76 and * = 0.75 for the three sets of SINR requirements,
respectively. We can see that the optimal values z* in the symmetric system are almost the same for the three
sets of SINR requirements. This result is consistent with the theoretical discussion that the optimal value z* is
independent of the SINR requirement ~j, but it depends on the the channel condition.

In Table 7, we show the power efficiency of the proposed optimum power assignment scheme by listing the
resulting total power consumption, compared to the total power consumption that results from the equal power
assignment scheme. We consider both an asymmetric case (the system setup is the same as that in Fig. 30) and
a symmetric case (the system setup is the same as that in Fig. 31). We can see that in the asymmetric system,
the power savings of the optimum power assignment scheme is 4-6dB for the three sets of SINR requirements.
The more unbalanced the SINR requirements of the three source-destination pairs are, the more power savings
of the optimum power assignment scheme compared to the equal power assignment scheme can be achieved. In
the symmetric system, the power savings of the optimum power assignment scheme is 0.5-4.5dB for the three
sets of SINR requirements. Comparing the results between the asymmetric system and the symmetric system,
we observe that the optimum power assignment scheme gains more power savings in the asymmetric system
than in the symmetric system. Also, we observe that the total power consumption of the equal power assignment
scheme is the same in each of the asymmetric and symmetric systems, which is consistent with our previous
discussion that the equal power assignment depends only on the most challenging/weakest source-destination
pair.

In the second set of numerical studies, we illustrate the optimum power assignment algorithm that maximizes
the minimum SINR among all source-destination pairs under a given total power budget. We consider a system
with two source-destination pairs and one relay, i.e. K = 2, with a total power budget P, = 30dB. We
assume that the cross-correlation of the two source codes is p = 0.25. We consider both an asymmetric case
(the system setup is the same as that in Fig. 28) and a symmetric case (the system setup is the same as that in
Fig. 29).

Fig. 32 shows the maximization of the minimum SINR with varying parameter z > 0 for both the asymmetric
and symmetric systems, respectively. The optimal values of the parameter that maximize the minimum SINR
of all source-destination pairs are ™ = 1.16 for the asymmetric system and 2* = 0.69 for the symmetric
system. For both the asymmetric and symmetric cases, the optimum power assignments P;, P, and P, are
determined based on (205) and (206) with the corresponding optimal value «*, listed in Table 8. In Table 8§, we
also compare the optimal power values obtained by the proposed approximation method and those obtained by
exhaustive search based on the optimization in (198). We observe that the optimal power values of the power
assignment obtained by the two methods are indistinguishable. We note that for the symmetric case, the sources
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Table 7: Comparison of the total power consumption resulting from the optimum power assignment scheme
and the equal power assignment scheme (K = 3)

Y1, 72,73 (dB) || Total Power Consumption (dB)
Optimum Equal
Asymmetric [20,20,20] 37.15 41.58
System [10,20,20] 36.82 41.58
[10,10,20] 35.63 41.58
Symmetric [20,20,20] 29.79 30.30
System [10,20,20] 28.25 30.30
[10,10,20] 25.85 30.30

Table 8: Optimum power assignment that maximizes the minimum SINR among two source-destination pairs
under given total power budget P, = 30dB, by using the proposed method and the exhaustive search method
(K=2)

| Pi(dB) | P5(dB) | P:(dB) |
Asymmetric | Proposed method 19.22 25.34 | 27.59
System Exhaustive search | 19.37 25.45 27.66

Symmetric | Proposed method | 24.49 2449 | 2641
System Exhaustive search || 24.64 24.64 | 26.50

are allocated equal power under the max-min SINR optimization scheme, while the relay utilizes transmission
power which is some what different from that allocated to the sources.

Finally, in Fig. 33, we compare the minimum SINR resulting from the proposed optimum power assignment
scheme and the minimum SINR resulting from the equal power assignment scheme. We consider both an
asymmetric case and a symmetric case, and the system setup is the same as that in Fig. 32. We can see that
in the asymmetric case, the minimum SINR of the two source-destination pairs is improved significantly (by at
least 2dB) when we use the proposed optimum power assignment scheme instead of the equal power assignment
scheme. In the symmetric case, we can see that the performance of the equal power assignment scheme is very
close to that of the optimum power assignment scheme (actually, in this case all the source-destination pairs
have the same performance).

3.5 Cognitive Code-Division Channelization

In this subsection, first we briefly describe the CR CDMA system model and our formulation of the optimization
problem. Then, we present in detail our proposed power and code-channel allocation solution. The performance
of the proposed scheme is evaluated through simulations and a few concluding remarks are drawn at the end.

3.5.1 System Model and Problem Formulation

We consider a primary CDMA system with processing gain (code sequence length) L, K primary transmitters
PT;,i =1,2,..., K, and a primary receiver PR (for example, K uplink transmissions by users PT;,7 =
1,2,..., K, to base station PR). We also consider a potential concurrent secondary code-division link in the
spectrum band of the primary system between a secondary transmitter SI" and receiver SR (Fig. 34). All
signals, primary and secondary, are supposed to propagate over flat-fading channels and experience additive
white Gaussian noise. We denote by h;, g;, ¢ = 1,2,..., K, the path coefficients from PT; to PR and SR,
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Figure 34: Primary/secondary CDMA system model of K primary transmitters PT7;, ¢ =

1,2,..., K, a primary receiver PR, and a secondary transmitter-receiver pair ST, SR. All paths
hi,...,hK, q1,--.,qK, hs, gs exhibit independent (quasi-static) Rayleigh fading.

respectively. The path coefficients from ST to PR, SR are denoted by hs and ¢, respectively. All path
coefficients are modeled as Rayleigh distributed random variables that are independent across user signals and
remain constant during several symbol intervals (quasi-static fading).

After carrier demodulation, chip-matched filtering and sampling at the chip rate over the duration of a symbol
(bit) period of L chips, the received signal at the primary receiver PR can be represented as

K

r = /Eihisibi + \/Eshssbs + ny, (210)

=1

while the secondary signal received by SR is

K
Y =Y _ VEigisibi + v/ Esqsssbs + 0y 11)
=1

where E; > 0, b; € {#1},and s; € R”, ||s;|| = 1, denote bit energy, information bit, and normalized signature
vector of primary user i, = 1,2, ..., K, respectively; Es > 0, bs € {£1}, and s; € RE, ||s|| = 1, denote the
bit energy, information bit, and normalized signature vector, respectively, of the secondary transmitter S7T’; n,,
and n;, represent additive white Gaussian noise (AWGN) at PR and SR, correspondingly, independent from
each other with 0 mean and autocovariance matrix o21.

The linear filters at the primary and secondary receivers that exhibit maximum output SINR [91] can be found
to be

WinazSINR,i = ClR;TlSi’ 1=1,2,..., K,
WimazSINR,s = CQRs_lssv
where R, = E{rr’}, Ry = E{yy”}, c1,c2 > 0 (E{-} denotes statistical expectation and 7" is the transpose
operator). The output SINR at PR with respect to the signal transmitted by PT;, SINR;, is given below
followed by the output SINR at SR, SIN R,
E{|W ) esinri(VEhibisi)|*}

SINR; = - T
E{‘WmaxSINR,z(Zk:Lk;éi VEghisiby + v Eshsssbs + np)|2}

= Eihfsz;/lisi, (212)
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E{|W717;amSINR,s(\/E713quSSS)’2}
i =
E{|wW] wusing.s (k=1 VErrSkbr + ns)|2}
where R

p/i and R,/ are the “exclude i” and “exclude s” input data autocorrelation matrices at PR and SR,
respectively, defined by

SINRg =

E.q’s ZI{&%SS (213)

K
A
R,/ = E Ephisgsi 4+ E h2sgsT + o1,
k=1,k+#i

R,/ = ZEqusksk + o1
k=1

In our cognitive radio setup, the secondary transmitter has to guarantee the SINR QoS of all primary users.
In this spirit, our objective is to find the transmission bit energy E and the real-valued normalized signature
vector sg that maximize SIN R, under the constraints that SINR;, i = 1,2,..., K, are all above a certain
threshold a > 0, i.e. we would like to identify the optimal pair

(Es,85)P" = argmax  F,s. RS/S S
ES>O,SSERL
subject to EMTR/&za i=1,2,...,K, (214)

T
Sy 8s = ]-7 Es < Emax

where F,,, denotes the maximum available/allowable bit energy for the secondary user.

The optimization task of maximizing a quadratic objective function (R . 18 positive definite) subject to the
constraints in (214) is, unfortunately, a non-convex NP-hard (in L) optmnzatlon problem [92]. In the following
section, we delve into the details of the problem and derive a novel realizable suboptimum solution.

3.5.2 Proposed Cognitive Secondary Channel Design

Using the matrix inversion lemma [93] on R;/li, we can express the key quadratic constraint expression

YR /i8i in (214) as

Tp -1
s: R>'s;
s; = LR i=1,2,...,k, (215)

T
R}
1-— Eihfs;erglsZ

p/i

where we recall that R, = E{rr"} is the autocorrelation matrix of the whole input to the primary receiver
PR. Then, the PR SINR constraints in (214) become

(0 A .
siR,* &—EﬁIEEﬁ:%’Z:LZ“”K (216)
and the optimization problem can be rewritten as
(E,,85)%" = argmax  F,s. RS_/S
Es>0,85€RE
subject to s] Ry's; >, i=1,2,...,K, (217)

sts =1, Es < Enaa-

Using the matrix inversion lemma on R ; ! this time, we see that

-1 -1 Eshg RP/SSS TR_/l
Rp:Rp/s_1+Eh2sTR1 @18)
s /s

67



where R,/ is the autocorrelation matrix of the input to the primary receiver PR excluding the secondary
transmission,

Rp/séE{Z\Fhszb +1,) thszb +1n,)7}
=1 =

= Z EihZsis! + 1.
i=1
Then, inserting (218) in (217) we can express the optimization constraints as explicit functions of the code
sequence of the secondary user s, i.e.

E.h? ssiR /ss TR/
+v, i=1,2,..., K. (219)

o7
R}
1+ E,h2sTR ! 0/sSs

p/s

8; >

For notational simplicity, define the L x L matrix

B, = hQR;/ss, iR — BihiR (220)
where
Bz—s Rp/s -y, t=1,2,... K. (221)
Then, the optimization problem in (217) can be rewritten -for one more time- as
xP! = arg )r(réax X RS/S
subject to x'Bjx—3 <0, i=1,2,...,K, (222)

XTX < Enaz

where x is the amplitude-including transmitted signature vector of the secondary user, x 2 V' Esss. We notice
that for (222) to be solved at the secondary transmitter S7, the primary receiver PR must communicate the
matrix parameters B; and scalars G;, ¢ = 1,2,..., K. Therefore, no explicit communication of the primary
channel codes and gains is required that may directly compromise the privacy/security of the primary system.
In terms of the computational effort, however, (i) B;, ¢ = 1,2, ..., K, are not necessarily positive semidefinite,
hence the problem in (222) is in general a non-convex quadratically constrained quadratic program (non-convex
QCQP), and (ii) the complexity of a solver of (222) is exponential in the dimension L (NP-hard problem).

To circumvent these two difficulties, we first observe that if we use the trace property of matrices U, V,
Tr{UV} = Tr(VU), we are able to represent the objective function in (222) as

xR x = Tr{R_ X} (223)

where X = xx”. Thus, the optimization problem in (222) takes the new equivalent matrix form
X' = arg max Tr{RS/SX}
XERLXL
subject to  Tr{B;,X} <pf;, i=1,2,..., K, (224)
Tr{X} < Epmaz, X =0, rank(X) =1
where X = 0 denotes that the matrix X is positive semidefinite.
So far, we have shown that the original secondary cognitive link design problem in (214) is equivalent to the

one in (217), (222), and finally (224), and is non-convex NP-hard. To effectively attack the problem anyway,
we now propose to relax the rank constraint in (224) and proceed by solving the following problem instead,

X' = argmax Tr{R X}
XeRLXL

subject to Tr{B;X} <3, i=1,2,...,K, (225)
Tr{X} < Emaz, X = 0.
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Then, (225) is a convex polynomial-complexity problem that can be solved using semidefinite programming.
Strictly speaking, we can solve (225) in polynomial time within an error € > 0 from its value at the optimum

point X’. More specifically, let f, 2 Tr{RS_/ISX}\X:X/, i.e. f, is the optimum value of the constrained
(affine) objective function in (225). Then, for any given € > 0, semidefinite programming guarantees that
we can converge in polynomial time (polynomial in the input size L and in the error requirement function
log 1/€) to a solution that lies in (f, — €, f,) [94]. In this paper, for the semidefinite programming problem in
(225), we propose to use a primal-dual interior-point method [95]. In particular, we consider the problem in
(225) as the primal optimization problem, we create a differently parameterized equivalent dual problem, and
then solve both problems iteratively in a coupled fashion. Then, each iteration can be implemented in O(L?)
and the algorithm converges after O(L log 1/e¢) iterations to the matrix X" that makes the objective function
Tr{ RS_/ISX} attain a value within (f, —¢, f,). The proposed method is outlined in Fig. 35. We note that relaxing
the rank constraint of the non-convex NP-hard problem in (224) we created the convex optimization problem in
(225) that can be solved in O(L*1og 1/¢) time (by semidefinite programming methods as described in Fig. 35).
Of course, because of the constraint relaxation itself the objective function evaluated at the optimum point X'
in (225) is just an upper bound on the value of the objective function evaluated at the optimum point of interest
XOPt of (224), Ty r{R;/lsX"pt} < Tr{R;/lsX’ }. Moreover, X’ is not available exactly either and instead we have
X" with Tr{R;/lsX”} € (Tr{RS’/lSX’} — ¢, Tr{R_;.X'}).

To summarize our developments so far for the cognitive design of a code-division secondary link, first, for
the given primary SINR-QoS threshold o > 0, we test whether 3;, ¢ = 1,2,... K, in (221) are all greater
than zero. If this is not true, then the SINR-QoS constraints for the primary users cannot be met and outright
no secondary transmission is allowed (see flow-chart in Fig. 36). Otherwise, we run the procedure of Fig. 35
which returns matrix X”. If the rank of X" is 1 with eigenvalue, eigenvector pair A1, a;, then we already have
our secondary link design with signature s; = a; and transmission amplitude Es = A1. If the rank of X" is not
1, further work is needed as described below.

When X' of (225) (or in practice X" returned by Fig. 35) happens to be of rank 1 with eigenvalue, eigenvector
pair A1, aj, then X’ = X" in (224) and x°P! = \/\1a; in (222). Otherwise, there is no direct path from X’ of
(225) to x°P! in (222). In this case, we may simply consider changing the search for an optimal vector in (222)
to a search for an optimal probability density function (pdf) of vectors that maximizes the average objective
function subject to average constraints, i.e.

fPl(x) = arg 1}1(23{:3{ E{XTR;;S x}

subject to E{x'B;x} <, i=1,2,...,K, (226)
E{XTX} < Erax

where f(x) denotes the probability density function of x. This switch to a statistical optimization problem has
been known as the “randomized method” in semidefinite programming literature [94]. Using the commutative
property between trace and expectation operators, the pdf optimization problem in (226) takes the equivalent
form

fP(x) = arg I;l(aﬁ( Tr{Rs_/ls E{xx"}}

subject to  Tr{B;E{xx'}} <8, i=1,2,...,K, (227)
Tr{E{xx"}} < Epmae.

We can show that f°P!(x) is in fact Gaussian with 0 mean and covariance matrix X', fP!(x) = N(0,X/).
With X” from Fig. 35 as a close approximation of X’, we can draw now a sequence of samples X1, Xs,...,Xp
from N (0,X"”). We test all of them for “feasibility” on the constraints of (222) whether XgBiXp < G,
Vi=1,2,..., K, and xgxp < Enazp=1,2,..., P, and among the feasible vectors (if any) we choose the
one, say x(¥), with maximum XTRS_/ISX objective function value (see flow-chart in Fig. 36). We could have

0)

suggested at this time a cognitive secondary link design with v/ Fgss = x(©). Instead, we will use x(©) as an
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Formulate the pair of primal and dual semidefinite programming problems:
Primal Dual

max Tr{Rg/lsX} bTv

min
XeRIxl veRE+HL ZeRIxL

subject to TH{B;X} < g8;, i=12... K, subject to Zfil uB; + gl = Rs_/lS +7
Tr{X} < Fpozy, X =0 LZ-0, v, >0,i=1,2,... . K+1
where b 2 81, 52, -, Br, Enaz) and vy is the ith element of v.
(i) Initialize (X, v, Z) — (I1,0,1}.
(i1) Calculate AX, Av, AZ by method in Appendix.
(iii) Replace AX « %(AX + AXT).
(iv) Choose 0 < 7 < 1 and select steplengths 1, ng
ny = min(l,7 - A1), A1 =sup{f e R: X + HLAX = 0},
ng = min(l,7 - fg), Az =sup{fe e R:Z + (AZ = 0}
(v) Update
X — X +nmAX,
V e vV ngAv,
L — 7 + naAZL
{(vi) Repeat (i1)-(v) until X feasible solution for primal problem, (v, Z) feasible solution for dual problem,
and the difference of primal and dual objective values lies within (—e¢, ¢).

{vi1) Return X" « X.

Figure 35: Proposed interior-point algorithm for solving (225).
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Figure 36: Flow-chart of proposed power and code allocation algorithm for secondary link.
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initialization point to an iterative procedure that will lead to a much improved link design vector. The iterative
procedure is developed below and its performance is evaluated by simulation studies in the next section.
First we express R,/ as

R,/ = SYST + 5’1 (228)
where S 2 [S1,82,...,Sk]| denotes the matrix with columns the signatures of the primary users, and ¥ =
diag(F1q3, E2q3, . . ., Exq%). Using the matrix inversion lemma,

_ 1
R.= —S(E + - sTS) 's”. (229)
Substitution of (229) in the objective function of (222) leads to
1 1
TRs/sX = ?XTX - G—XTQ b'q (230)

where Q = S(E + 1,878)~1ST In (230), the first term 12 xT'x is a convex function while the second term
— —4XTQ X isa concave function (which implies that — XTQ x is convex). Based on the first-order conditions
of convex functions [96], we have

xI'x > x0Ty — x(OT(0) (231)

where x(©) denotes an initial feasible vector. Then, we combine (230) and (231) and form an optimization
problem that maximizes the following concave function

%X(O)TX — iXTQ X — %X(O)TX(O) (232)
o ot o

that leads to a suboptimum solution for our original problem in (222). To maximize (232) in view of our
constraints in (222), we restrict all non-convex constraints into convex sets (linearization). In particular, we
consider the non-convex constraints

xI'Bix — 3, <0, i€, (233)

where Z,,. denotes the set of all indices ¢ € {1,2,..., K} for which xI'B;x is a non-convex function. Then,
we decompose the matrix B; into its positive and negative parts

B, =B/ - B; (234)

where Bj h2R )55 TRp /s and B, = ﬂihER;/ls are all positive semidefinite. Therefore, the original

constraints (233) can be written as
x'Bf x - 8, <x"B; x, i€, (235)

where both sides of the inequality are convex quadratic functions. Linearization of the right-hand side of (235)
around the vector x(?) leads to

x'Bf x - 3; <xOTB; x© + 2xOTB (x — x), i € Z,.. (236)

In (236), the right-hand side is an affine lower bound on the original function XTB; x. It is thus implied that
the resulting constraints are convex and more conservative than the original ones, hence the feasible set of the
linearized problem is a convex subset of the original feasible set. Thus, by linearizing the concave parts of all
constraints, we obtain a set of convex constraints that are tighter than the original non-convex ones. Now, the
original optimization problem takes the form

L or

1
= argmax —QX(O) X — —4XTQX - 5X
o o o

1) _ 0)

x( x(
"B x —xOTB; (2x —x9) - 3, <0, i € Zpe, (237)
XTBiX - BZ S 07 Z S TTLC7

XTX < Enaz

subject to x
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where Z,. = {1,2,...,K} — T,.. The problem in (237) is a convex QCQP problem and can be solved
efficiently by standard convex system solvers [97] to produce a new feasible vector x(1). The objective function
xTRs_/lsx in (222) evaluated at x(!) takes a value that is larger than or equal to its value at x(9). Repeating

iteratively the linearization procedure, we can obtain a sequence of feasible vectors x(0, x(1), x@ . x(T)
with non-decreasing values of the objective function in (222). This procedure converges after very few (eight
or nine) iterations as demonstrated experimentally in the following section.

3.5.3 Simulation Studies and Discussions

We consider a primary CDMA system with signature length (system processing gain) L. = 16 and K syn-
chronous users. We are interested in establishing a secondary code-division transmitter/receiver pair when
the primary system is fully loaded to overloaded, say K varies from 16 to 20. All signatures for primary
users are generated from a minimum total-squared-correlation optimal binary signature set which achieves the
Karystinos-Pados (KP) bound for each (K, L) pair of values* [98]-[100]. The transmission SNRs of the K
primary users are all set equal to % = 15dB,i = 1,2, ... K; the maximum allowable transmission SNR for
the secondary link is set to % = 12dB. The channel coefficients h; and ¢;, ¢ = 1,2, ..., K, (see Fig. 34)
are taken to be the magnitude of independant complex Gaussian random variables with mean 0 and variance
4; the same holds true for hs and gs. The receiver SINR threshold for primary users is set to « = 2d B which
corresponds to an average raw bit-error-rate (BER) at the output of the maximum SINR linear filter receiver
of about 10~!. Ten thousand (10,000) system/secondary-line optimization experiments are run under the de-
scribed (quasi-static) flat fading conditions. When random vector drawing is necessitated by the flow-chart in
Fig. 36, P = 50 test vector points are generated.

In Fig. 37, we plot as a function of the number of primary system users K the percentage of time that
secondary transmission is enabled directly under the case rank(X"”) = 1 or by the iterative linearized opti-
mizer as well as the “Interference-Minimizing-Code-Assignment” (IMCA) scheme in [86]. We observe that
significant opportunity exists for cognitive secondary transmission when the primary system is fully loaded
(K = L = 16). As we expect, Fig. 37 shows that the frequency of secondary transmissions reduces as the pri-
mary system load increases. We observe also that our proposed scheme offers more opportunities for cognitive
secondary transmission than [86].

In Fig. 38, we test the quality of the secondary transmission line (the pre-set SINR-QoS of the primary
system is -of course- guaranteed by the algorithmic procedure) and the significance of the iterative linearized
optimizer in (237) (see flow-chart in Fig. 36). We fix the primary system load K = 16 (fully loaded) and
plot the secondary receiver average SINR for the experimental instants of rank(X”) > 1 as a function of the
iteration of the optimizer initialized at the point/design x(©) that is the best out of P = 50 samples drawn from
the V' (0, X”) pdf. It is pleasing to observe that eight or nine iterations are enough for effective convergence.

Finally, in Fig. 39, to gain visual insight into the operation of the primary/secondary system we plot the
instantaneous receiver SINR of a primary signal and the secondary signal for the case K = 17 over an exper-
imental data record sequence of 1000 Rayleigh fading channel realizations. Missing secondary signal SINR
values indicate the instances when no secondary transmission was allowed. The proposed scheme almost dou-
bled the occurrences of secondary transmission compared to [86]. When secondary transmissions do occur for
both schemes, the joint power and sequence optimization executed by the proposed scheme results in superior
SINR performance for the secondary receiver over [86].

Appendix: Calculation of AX, Av, AZ of Fig. 35

Let vec{-} denote column-by-column matrix vectorization and mat{-} the exact inverse operation. Choose
A
0 <4 < 1 and define u = 6%.

*For L = 16, when K < L the KP-optimal sequences coincide with the familiar Walsh-Hadamard signature codes.
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In Fig. 35, AX, Av, AZ are obtained by solving the following linear system

0 BT 1 vec{AX} vec{T1}
B 0 O Av = to (238)
E 0 F vec{AZ} vec{Ts}
where
(vee{B1})T
A :
B s
(vec{T}H)"

Ti,., SR, +Z - mat{BTv} ta,,, , =b—Buec{X}. Ts,,, = I~ XZ Epayp2 = ZQ®L and

Fraoyge2 2 I X (@ denotes the standard Kronecker product). Applying Gauss elimination, the solution is

Av = (BET'FB) (ty + BE " }(Fvec{T,} — vec{T3})), (239)
vec{AX} = —E"Y(F(vec{T1} — BT Av) — vec{T3}), (240)
vec{AZ} = vec{T;} — BT Av. (241)

4 Conclusions

In this report, we summarized our findings resulting from the project and described in details the system models
and the proposed methods and procedures. First, we developed, for the first time, a closed-form asymptotically
tight (as SNR — oo) approximation of the outage probability for the DF cooperative ARQ relay scheme under
fast fading conditions. The analytical approach relies on two lemmas that we established in this project. The
closed-from expression provides significant insight on the benefits of the DF cooperative ARQ relaying relative
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to direct ARQ scheme in fast fading scenarios and shows that the cooperative scheme achieves diversity order
equal to 2L — 1 while the diversity order of the direct scheme is only L. Simulation and numerical results show
that the closed-form approximation of the outage probability is tight at high SNR. Based on the asymptotically
tight approximation of the outage analysis, we were able to determine an optimum power allocation for the
DF cooperative ARQ relay scheme. It turns out that the equal power allocation is not optimum in general
and the optimum power allocation depends on the link quality of the channels related to the relay. It shows
that we should allocation more power at the source and less at the relay. Simulation results show that the DF
cooperative ARQ relay scheme with the optimum power allocation has a performance improvement of more
than 1dB compared to the scheme with the equal power allocation.

Second, we determined an optimal transmission power assignment strategy for the H-ARQ protocol in quasi-
static Rayleigh fading channels to minimize the average total transmission power. A locally optimal power
sequence was found first by the Lagrangian multiplier and then it was shown optimal globally. The optimal
transmission power sequence is described by a set of equations which allow an exact recursive calculation of
the optimal power sequence. To reduce calculation complexity, we also developed an approximation to the
optimal power sequence that is close to the numerically calculated exact result. It is interesting to observe that
the optimal transmission power sequence is neither increasing nor decreasing; its form depends on given total
power budget and targeted outage performance levels. The optimal power assignment sequence reveals that
conventional equal-power assignment is far from optimal. For example, for a targeted outage performance of
10~° and maximum number of transmissions L = 5, the average total transmission power by the optimum
assignment is about 27 dB less than that of using the equal-power assignment. We also observe that with
the same targeted outage performance, the larger the number of retransmission rounds allowed in the H-ARQ
protocol, the larger the performance gain between the optimal power assignment scheme and the equal-power
assignment scheme. Moreover, the lower the required outage probability, the more performance gain of the
optimal power assignment strategy compared to the equal-power strategy.

Third, we analyzed the outage probability performance of the differential amplify-and-forward (DAF) relay-
ing and obtained an exact formula that involves only a single integral and is much more practical than the only
previously known result that involves a triple integral. To gain further insight in the process of the DAF relaying,
we also developed a simple closed-form approximation for the outage probability which is tight at high SNR.
Based on the tight outage probability approximation, we finally determined an asymptotically optimum power
allocation scheme for the DAF relaying. We have carried out extensive numerical calculations and simulations
to validate and illustrate our analysis.

Fourth, we designed and optimized a multi-source multi-destination relay network where a relay amplifies
and forwards simultaneously the signals received from all sources. We developed two optimum power assign-
ment schemes. The first scheme minimizes the total power consumption of all sources and the relay under the
constraint that the SINR requirement of each source-destination pair is satisfied, while the second scheme max-
imizes the minimum SINR of all source-destination pairs. Clearly, both optimization problems as stated above
involve K power variables, where K is the number of source-destination pairs in the network, which implies
that an exhaustive search approach is prohibitive for large K. In this paper, we derived an asymptotically tight
approximation of the SINR that allows us to reformulate the original optimization problems, and eventually
reduce them to single-parameter optimization problems, which can be easily solved by numerical search of the
single parameter. Then, the corresponding optimal transmission power at each source and at the relay can be
calculated directly. The proposed optimization scheme is scalable and the power assignment algorithm has the
same optimization complexity for any number of source-destination pairs in the network. Moreover, we also
applied the developed methodology to solve a related max-min SINR based optimization problem, where for
any given total power budget, we are able to determine the optimum power assignment for the sources and the
relay to maximize the minimum SINR of all source-destination pairs.

Finally, we considered the problem of cognitive code-division channelization for cognitive airborne net-
works. The goal is to improve the efficiency of spectrum utilization and coexisting of primary and secondary
users in heterogeneous cognitive airborne networks, by jointly assigning power and code-channel allocation
for a secondary transmitter/receiver pair coexisting with a primary CDMA system. Unfortunately, in a com-
mon Rayleigh fading wireless environment, the formulated constrained optimization problem is non-convex
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and NP-hard in the code vector dimension. Nevertheless, in pursuit of a computationally manageable and
performance-wise appealing suboptimal solution, we first converted the amplitude/code-vector optimization
problem to an equivalent matrix optimization problem under a rank-1 constraint. Disregarding (relaxing in
formal language) the rank-1 constraint makes the problem amenable to an easy polynomial-cost semidefinite
programming solution. When luckily, a rank-1 matrix happens to be returned, optimal secondary-line design is
achieved. For the common case of a higher rank, we developed an iterative linearized polynomial-cost convex
optimizer with much appealing (yet suboptimal) amplitude/code-vector design solutions after a few iterations.
Extensive numerical studies have validated our theoretical developments and the proposed iterative algorithm.
The proposed scheme almost doubled the occurrences of secondary transmission compared to some early work.
The joint power and sequence optimization executed by the proposed scheme results in superior SINR perfor-
mance for the secondary receiver compared to prior work. The proposed scheme has great potential to improve
the efficiency of coexisting of primary and secondary users in heterogeneous cognitive airborne networks.
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ACK
AF
ARQ
CDMA
CR
CSI
DAF
DDF
DF
H-ARQ
IRC
MIMO
MRC
NACK
QoS
SINR
SNR

ACRONYMS

ACKnowledgement
Amplify-and-Forward
Automatic-Repeat-reQuest
Code-Division Multiple-Access
Cognitive Radio

Channel State Information
Differential Amplify-and-Forward
Differential Decode-and-Forward
Decode-and-Forward

Hybrid Automatic-Repeat-reQuest
Interference Relay Channel
Multiple-Input-Multiple-Output
Maximal-Ratio-Combining
Negative-ACKnowledgement
Quality-of-Service
Signal-to-Interference-plus-Noise Ratio

Signal-to-Noise Ratio
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