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Abstract — Synthesis of lossy reflection-mode bandstop
filters is discussed. Equations, data, and algorithms for the
transmission characteristics and circuit element values of
maximally-flat and equiripple absorptive bandstop filters are
given and examples of their use are provided.

|. INTRODUCTION

It has been well known, since at least the reflection-type
phase shifter [1] work of the early 1960’s, that the
reflection characteristic of a one-port network S can be
converted into the transmission characteristic of a two-port
by using either a circulator or a 3-dB hybrid or directional
coupler, as shown in Fig. 1. Filters employing this concept
are referred to as “non-reflective filters” [2], “reflection
filters” [3], reflection networks” [4], “reflection-mode
filters” [5], “absorptive filters” [6]-[8], and “perfectly-
matched filters” [9]. This paper generalizes and extends
Rhodes’s theory of lossy bandstop filters of this type [5] in
order to aid in the synthesis of lossy filters with maximally
flat passband and/or equiripple stopband characteristics.

Il. LosSY REFLECTION-MODE BANDSTOP FILTERS

Assuming equal source and load admittances Ys and an
ideal circulator as in Fig. 1(a) or an ideal 3-dB hybrid
coupler as in Fig. 1(b) (each with port admittances Ys), the
transmission characteristic of the two-port reflection-mode
filter S, is simply the reflection characteristic of the one-
port network S, which is a function of the input admittance
Yin (8) of S, where s=jw is the complex frequency variable
(assuming a sinusoidal input signal):

St,21(5) = $11(8) = (¥s =Yin ())/(Ys +Yin () - (1)

A variety of other reflection-mode-network topologies
can be derived by applying circuit transformations to the
networks of Fig. 1. For example, portions of networks S
can be absorbed [10] into a hybrid coupler, resulting in
truncated one-port networks S, as in Fig. 2 [7]-[9].

While S could be any network, for simplicity let S be a
lossy ladder network of admittance inverters J,_; coupling
shunt parallel-resonant admittances Y, with unloaded Qs
Q=27f,C//g; and resonant frequency f,=(L,C,)™? as in
Fig. 3(a), for integer r=1 to n. The corresponding
“highpass reflection” prototype of inverter coupled lossy
shunt admittances y,=g,+sc, with unloaded Qs g,=ax C/g;
at radian frequency a=ax, is in Fig. 3(b).

Fig. 1. Reflection-mode filter networks based on (a) a circulator
and on (b) a 3-dB hybrid coupler or directional coupler [5],[14].

Fig. 2. A reflection-mode filter network in which the first
admittance inverters of one-port networks S have been absorbed
into the 3-dB hybrid coupler of Fig. 1(b) resulting in truncated
one-port networks S’ and modified admittance inverters Jo;” and
Ji1’. For one-port networks S as in Fig. 3, S’ is identical to S
without its first inverter Jo, and the modified inverters become

Jb1 =2 Jg and I{q = 3§ /¥ with Jpp=Y..

Fig. 3. One-port ladder networks with (a) “bandstop” and (b)
“highpass” reflection characteristics.

A. Maximally-Flat Reflection-Mode Bandstop Filters

The generic “maximally-flat reflection-passbhand”
characteristic of the prototype of Fig. 3(b) is given by:

n .
Spa(s)=+s"] | (s —jopelb Tl (2)
r=1
2 +...+&S+ag) -1
where the left-half-plane (LHP) poles of (2) appear at

=+s"(s" + a3+ a,_ps"”
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Sy = jaoej‘gr =0oy(-sin 6, + jcosg) for r=1..n - 3)
These poles lie on a circle of radius o, centered at the
origin in the complex s plane (i.e., o, scales the filter
bandwidth). The constant angular separation & between
the poles varies from zero for the equal-resonator-Q, filter
to z/n for the ideal lossless filter. Between these extremes
of @ lays the continuum of possible maximally flat
characteristics for unequal-resonator-Q, reflection filters,
examples of which are shown in Table I and graphically
illustrated in Fig. 4. In general,

QW' 0==, andx>n. (4
X

These filters may be synthesized by forming the input
admittance Y;, of the one-port ladder network
C1-Sy apgs"tra, 8" %4 rastay  (5)
T1+Sy

o, =

" 25" +a,_ys" T a, ps" 2+ +ays+ag
and sequentially extracting the element values from it by
means of a continued fraction expansion as in [11]. Using
(2), (4), and Linnebach’s technique, as explained in [12],
the coefficients a of (2) and (5) are found to be

r cos(i(x+,u—(n +1))j (6)
ag=oy and a, = aznr—_rn =00 '[] 2 p. .
%o u=l sin[—yj
2X

By extracting the first capacitance and conductance, ¢,
and g;, from the input admittance of the one-port ladder
network as given by (5) and (6), the maximum required

unloaded Q of the shunt admittances is found to be

7
Omax =01 :M :2—a)n = [Ziwn] cos(lj/cosﬁinj, ( )
01 an-1-2(ap-2/an-1) 0o 2x 2x

where ay, is the radian frequency at which the q is defined.
In the conventional case, x=n and Qa= o0; in the equal-Q,
case, x=co and q=2w, / op; and in the case described in [5],
x=n+1 and qmax=(2 0,/ o) tan((n/2)(n/(n+1))).

The squared magnitude of the generic maximally-flat
reflection prototype response (2) is given by

1Sy1(e)? :a)z”/(wz” +od "zlagm-f)b, o), by =by_ >0, ®)
r=1

where the b, are constants and for which the first 2n-1
derivatives with respect to @ vanish as w approaches 0 and
oo, In the lossless case (g,=x) b,=0 and in Rhodes’s case
[5] by=1. When the resonators have the same values of g
and Qy, (8) becomes

2 " n 9
IS11(0)” = % =" z(”] 5200 21 | 9)
o° +o}4 o\r

where o, =2 an/ q =2 g/ c, the LHP poles of (2) have
collapsed to the point s,=—a, and the inverter values are

Jo=%/ngY; (10)

3, —sg | (=D(+D) for r=1...(n-1), (11)
TV @r-ner+))

X G [ Description
7zl 2 0 equal resonator Q,
2n | z(2r+(n-1))/(4n) | =/ (2n) [small range in Q,
n+1 zr/ (n+1) 7/ (n+1) |Rhodes’ choice [5]
n+Y¥ z(4r-1) /(2 27 /(2n+1)|large range in Q,
(2n+1))
n 7 (2r-1)/(2n) z/n |infinite Q

Table I. Relations for x, &, and & for maximally-flat prototype
characteristics with progressively greater selectivity and greater
variation in successive corresponding resonator Q,.

Fig. 4. Prototype LHP maximally-flat reflection poles for n=4,
plotted in the complex s=o+jw plane, for five different sets of
shunt admittance unloaded Qs, showing the trend in the four pole
locations as the maximum q diminishes.

For reflection poles on the unit circle, pick o,=1 or q=ax,;
for 3-dB return loss at =1, choose o, =(2*" -1)"? or
q=2wh /oy =wpclg= 2/\/21/“ —1;and  (12)

for return loss Ly at en=1, choose - o'/ @0m _1y1/2 or

Q=20p /og = oncl g =2/105/ @M _1 . (13)

Choosing 6 =n/(n+1), as in [5], the reflection response
(8) of the one-port ladder network can be written as
‘Sﬂ(wz)‘z _ (- (@/50)*) §f;/j;”2n : (14)
1-(o/oy)
and, using the technique of [12], it may be shown that the
coefficients of (2) and (5) for this choice of fare

15
ag=og and ar:an,,:z—whﬁcot[;z gj for r=1...n-1. (15)
% 2
Rhodes [5] found explicit element value equations:
Jra/Ys =1 (16)
g 1 E, @an

Ys Er—l



G 1 (sin(-00) ¢ gire) (18
Ys  op c0s(6) =
where
Ep=1 E,=0, and
EE, - cos(#)+cos(r9) for re1.n (19

cos(6)+cos((r -1)6)

and the unloaded Q of the shunt admittances is given by
_on¢ [ 2ay |cos(ro/2) cos((r-16/2) . (20)
"o [%] sin(6/2)

The maximum unloaded Q required of the shunt

admittances is given by (for r=1 in (20) or x=n+1 in (7))

01 = Gmax = (2@ / 55) cot(6/2). (21)

To realize transmission poles on the unit circle in the

complex s-plane, choose o,=1; to realize 3-dB attenuation

at an=1, choose o, to be the positive real solution of

Or

2=0,2 102" (with 120, 22 forn>1), (22)
or,
n
23 620 (uith 1304242 fornz1); (23

r=0
and to realize an attenuation L, (in dB) at @,=1, choose o,
to be the positive real solution of
104710 _ 522404 /10 _1) 4 520, (24)

or

10Ln/10 _ Zn:crg(n_r) . (25)
r=0
Selectivity, k, is a useful means of comparing filter
performance and, for bandstop filters, is commonly
defined [13] as the ratio of two band-edge frequencies
and @y, (ex<ay) of higher and lower attenuations Ls and L,
(Ls>L,), respectively, such that a larger k is “better”:

k=as/o, <1. (26)
Defining
1S3 (w5 | = Ag2 =107/10 27)
2 _
sulop ) = A% =10 /10 (28)

allows the selectivity kigea Of the ideal lossless reflection
response
2n

‘511(60)\2 = wfn ’ (29)

+1

the selectivity keqaq Of the lossy equal-q reflection
response (9), and the selectivity Krnoges Of Rhodes’
diminishing-q reflection response (14) [5], to be expressed
as follows:

1/(2n)
10-0/10 1 (30)
Kideal = — !

10LS/10 _1

(31)

2
k 1ote/@om W L
equal g ~ 105s/@on) _; n— o fs
1-10""»/10
— — ,/1_10"‘9/10 . (32)

from which it is evident that Kequal q < Krnhodes < Kigear. In fact,
upon further inspection it is apparent that there is a
continuous range of possible maximally-flat reflection-
mode bandstop characteristics between that of the ideal
lossless-resonator case (29) and that of the equal-Q,-
resonator case (9) corresponding to gradually decreasing
selectivity and decreasing differences in finite resonator
Q. within the filter.

k ~
Rhodes 105/ @0n)  n>

B. Equiripple Absorptive Notch Filters

A generic “equiripple reflection-stopband” characteristic
for the prototype of Fig. 3(b) has not yet been found.
However, insight is gained by examining characteristics of
various lossless and lossy equiripple prototypes.

The ideal (lossless) “equiripple reflection-stopband”
characteristic of the prototype of Fig. 3(b) is given by
[e.g., 4, p. 212]:

n -

su(s) =+[ | S+ jcoso, : (33)

r=1 s+(nsin9r+j\/1+77 cos 6;)

where
9r=£(2r71j for r=1...n, (34)
20 n
n:sinh(isinh_llj' (39)
n £

(36)

[
10L5/10 1

and L is the “reflection-stopband” minimum return loss
(i.e., equiripple stopband level) in dB. The left-half-plane
poles of (33) appear at

Se=—(nsing, +j 1+772 cos@) for r=1..n - (37)
These poles lie on an ellipse centered at the origin in the
complex s plane, with vertical semi-major axis of extent

1+ 7,2 >1 and horizontal semi-minor axis of extent 7 <1.

In contrast, for the case of lossy admittances with equal
values of g and q [8],

(38)

2 2
r=1 (S+o0g)° +oy

where =1 (-)")/2, 6o =2ay/q, and values of ¢ and

v ()2 2 2
S11(S)=i[ J —

s+0,

W=/ m, are given in Table Il for highpass prototypes of
orders n=2 to 26 with equiripple return loss Ls (=L;)
ranging from 20-dB to 85-dB in 5-dB increments. Note
that for all odd n, there is a reflection zero at »=0 and, for
all n, there are reflection zeros at @ = +@w,, = W, w,. The
left-half-plane poles of (38) appear at



(0o % jwy) for r=1..(n-v)/2, (39)
with an additional pole at —o, for odd n. Instead of lying
on an ellipse, as in the lossless equiripple case, or
collapsing to the point s=—o, as in the maximally flat
equal-q case, the left-half-plane reflection poles in the
equiripple equal-q case lie on the vertical line through the
point s=—o,=2w, /q.

Like the lossy maximally flat reflection prototype
characteristics, a continuum of possible equiripple
characteristics — of lossy reflection prototypes whose
shunt admittances exhibit progressively diminishing q -
exists between the characteristics of the ideal lossless
equiripple prototypes and those of the equal-q lossy
equiripple prototypes. In [5], Rhodes describes an
approximation to one such set of intermediate
characteristics, for which

S14(5) = +ﬁ s+ jop a L cos 6, (40)
11(8) ==+
r=1 s+(aox/17a_2 Sin 6y + j o, COS 6y )
where
Hrzz[i) for r=1...n, (41)
2\n+1
a=10"%071. 1 (a) (42)

Tn+1(@) is the Chebyshev polynomial of degree n+1 and
argument «, o is an empirical constant that scales the
bandwidth, and Ls (=Ly) is the “reflection-stopband”
nominal minimum return loss (i.e., quasi-equiripple
stopband level) in dB. The left-half-plane poles of (40) are

srzf(%\/l—a‘z sing + jogcos @) for r=1.n - (43)

Plotting the reflection poles of the ideal lossless, equal-q
lossy, and Rhodes’ lossy prototypes, as shown in Fig. 5,
suggests that the reflection poles of a generic lossy
equiripple prototype fall within the bounding boxes
defined by the corresponding lossless and lossy-equal-q
poles — as illustrated by the shaded bounding boxes in Fig.
5. It is also evident from Fig. 5 that the one-port
prototype’s reflection poles move from an ellipse in the
lossless case to the dashed vertical line through the point
s=—0,=2ax /q in the equal-q case (as the frequency of the
reflection poles gradually becomes equal to the frequency
of the reflection zeros), and lie on an ellipse of decreasing
horizontal minor axis and increasing vertical major axis
for diminishing values of Qmax.

The lossy equal-q prototype may be synthesized by
referring to (10) for J, and the design data in Table IlI,
which provides normalized admittance inverter values
J=J/g for r>0 for filters of order n=2 to 21 and
“reflection- stopband” attenuations Ls=L,=20-dB to 85-dB
in 5-dB increments, as well as the g and “selectivity” data
in Table 1V, which provides ratios of the normalized
highpass prototype passband-edge frequencies to

A
| 1.5

diminishing q(max)

bounding boxes
of reflection poles
of diminishing-q

|

|

|

|

[ 1.0
prototypes X
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® Rhodes's choice
0 | XEqual (minimum) q

+-1.0

-] diminishing q(max)

Fig. 5. Prototype LHP equiripple reflection poles for n=4, plotted
in the complex s=o+jw plane, for three different sets of shunt
admittance unloaded Qs, showing the trend in the semi-major
and semi-minor axes of the ellipses through the poles as the
maximum q of the shunt admittances diminishes.

stopband-edge frequencies for passband-edge insertion
loss levels of 3.01-dB, 2-dB, 1-dB, and 0.5-dB and for
equiripple “reflection-stopband” attenuation levels of
Ls=L,=20-dB to 85-dB in 5-dB increments. The equal-q
shunt admittances are given by g=(@, ¢, /g,), and the
corresponding equal-q reflection response is given by [8]

w? JV ()2 (a)z—wzzr)2 (44)

\511(0))\2:[ T3 2. 2 2, 2
" +0g r=1 (0= 05)" +07) (0 + @) +07)

where v, oy, g, and @, are the same as in (38).

The approximate equiripple lossy filters of Rhodes may
be synthesized using (41), (42), and the element value
equations [5]

Jo_ [Na?-1 (45)
Y N a
Jr _Nam-cosT () o’ - cos’(6,) for r=1.n-1 (46)
Ys ~ ..n-1,
with
gr _Va?-1( 1 e ) (47)
Y a \Erq '

¢ as in (18) (but, with o, empirically derived to give the
target filter bandwidth), E, as in (19), and q,=(a, ¢, /g,).
The corresponding reflection response is given by [5]

‘311(0))‘2 _ {1—Tn2+1(aw/c70)] [ o? —(a w]oy)? ] (48)

1-(a a)/ao)z Tn2+1(f1) —Tn2+l(05 w/0cy)



I11. DESIGN EXAMPLES

The highpass reflection prototype of a fourth-order
absorptive (reflection-mode) bandstop filter is designed in
five different ways: (a) as an equal-Q, maximally-flat
filter, (b) as a moderately-ranging-Q, (Rhodes’)
maximally-flat filter, (c) as a “generic” widely-ranging-Q,
maximally-flat filter, (d) as an equal-Q, equiripple filter,
and (e) as a moderately-ranging-Q, (Rhodes”) equiripple
filter. Specifying a “reflection-stopband” level of L,=45
dB at @n=*1 and a source impedance of Rs=1/Y;=50
ohms, the individual designs proceed as described below.

For case (a), the equal-g maximally-flat highpass
reflection prototype design begins by calculating g from
(13) as g=0.569451, arbitrarily choosing a value for ¢ of
c=1, and calculating g as g=wy ¢ /q=1/q=1.75608. Then
the admittance inverter values are calculated to be
Jy=0.374815 from (10) and J;=3.92671, J,=1.57068, and
J;=0.785341 from (11). The reflection response is given
by (9) and o as calculated from o,=2@,/q=3.51215.

For case (b), the design of the moderately-ranging-q
maximally-flat highpass reflection prototype of Rhodes [5]
begins by calculating the admittance inverter values from
(16) as Jo= Ji= J,= J3=Y=0.02, determining x=5 and
6=0.628319 from the third row of Table I, and calculating
E, from (17) as Eqs=1, E;=0.894427, E,=0.772542,
E;=0.578885, and E,=0. The shunt conductance values are
then found from (17) to be @,=0.00211146, g,=
0.00690983, g;=0.00143108, and g,=0.0345492, while
the shunt capacitance values are found by first solving
(25) for o, to find 0,=3.6156 and then using (18) to
calculate ¢,=0.00359465, ¢,=0.00951698, c;=0.0121817,
and ¢4=0.0112333. Shunt admittance q’s are found from
(20) to be g;=1.70245, q,=1.37731, 5=0.851224, and
04=0.325139 and the reflection response is given by (14).

For case (c), the design of the “generic” widely-ranging-
g maximally-flat highpass reflection prototype begins by
assuming some maximum realizable shunt admittance q —
in this case, gmax=10 — and an initial value of x=n=4.
Three iterations of first solving the generic maximally-flat
reflection characteristic (2) for o, (such that 20
10g10/S11(jan)|= —L) and then solving (7) for a new value
of x results in values of x and o, for =10 of x=4.13412
and ¢,=3.64637. The coefficients of the one-port input
admittance (5) are then found from (6) to be a,=176.784,
a;=130.551, a,=47.2229, and a;=9.81884. Successively
extracting normalized unity admittance inverters, shunt
capacitors, and shunt conductances [e.g., 11] from (5) and
then denormalizing by scaling by Y=1/50 results in
admittance inverters Jo=J1=3,=J5=0.02, shunt
capacitances ¢,=0.0040738, ¢,=0.00998408,
c3=0.0104151, and c,=0.00514398, shunt conductances
g,=0.000407387, ¢,=0.00137734, g3=0.00319442, and

g4=0.0224522, and shunt admittance q’s ;=9.99984,
(,=7.24881, 03=3.2604, and g4,=0.229108. The reflection
response is given by (2).

For case (d), the equal-q equiripple highpass reflection
prototype design begins by choosing an arbitrary value for
shunt conductance g — in this case, g=2. The first
admittance inverter J, is found, using (10), to be J,;=0.4.
The q of the shunt admittances and the remaining
normalized admittance inverter values are found from
Table 111 (for n=4 and Ls=L,=45): q=1.01972, J;=2.34454,
J,=1.05528, and J;=0.619077. After scaling by g (J,=J; g),
the corresponding admittance inverter values are
J;=4.68908, J,=2.11056, and J;=1.23815. The shunt
capacitance values can be calculated using c=qg/a,. The
reflection response can be calculated using (44),
6o =20 /0 and aw,=wyw, with w;=0.354843 and

w,=0.910914 from Table II.

Finally, for case (e), Rhodes moderately-ranging-q
equiripple highpass reflection prototype design [5] can
begin by calculating a=1.99261 from (42), J,=0.0186006
from (45), and J;=0.0182774 and J,=J;=0.019758 from
(46). Values of E, as given for case (b), and calculated
using (19), are employed in (47) to calculate values of
shunt conductance @;=0.00182631, ¢,=0.00597667,
g:=0.0123782, and g,=0.0298834. Solving the equiripple
reflection characteristic (48) for o, (such that 10
10g10/S11(an)*= —L:) gives 0,=2.28686, which is used in
(18) to calculate ¢;=0.00568324, ¢,=0.0150466,
c3=0.0192597, ¢,=0.0177601. The values of shunt
admittance o, (=, ¢/g;) are q;=3.11187, ,=2.51756,
03=1.55594, and (,=0.594315. And, the reflection
response is given by (48).

Resulting values of g, and J,.; for each case are collected
in Table V, and the reflection responses of the
corresponding prototypes are compared in Figs. 6-8.

case: | (a) (b) © ©) ©)
i | 0.569451 | 170245 | 9.99984 | 101972 | 3.11187
g | 0569451 | 137731 | 7.24881 | 101972 | 2.51756
g | 0.569451 | 0851224 | 3.2604 | 101972 | 1.55594
.| 0.569451 | 0325139 | 0.229108 | 101972 | 0.594315
Jo_ | 0.374815 | 002 0.02 0.4 0.018601
3 | 392671 [ 002 0.02 4.68908 | 0018277
3, | 157068 | 002 0.02 2.11056 | 0.01976
3, | 0.785341 | 0.02 0.02 123815 | 0.01976

Table V. Collected values of g, and J.; for the prototype
circuit of Fig. 3(b) for design examples (a) - ().

IV. CONCLUSION

The synthesis of lossy maximally-flat and equiripple
highpass reflection-mode prototypes for application to the
design of lossy reflection-mode bandstop filters has been
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Fig. 7. A comparison of the prototype reflection responses of

equal-g maximally-flat design example (a) (dashed curve) and
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Fig. 8. A comparison of the prototype reflection responses of
equiripple design example (d) (solid black curve) and quasi-
equiripple design example (e) (solid gray curve).

described. Extensive design tables for lossy equal-q
equiripple highpass reflection prototypes are included.
Specific examples of the use of the synthesis methods
have been provided for equal-qg, Rhodes’ progressively-
diminishing-g, and generalized maximally-flat highpass
reflection prototypes, as well as equal-q and Rhodes’
progressively-diminishing-g equiripple highpass reflection
prototypes. Tables of representative admittance inverter

and shunt admittance g values, and plots of representative
reflection characteristics of each type of filter, allow for
comparisons of the relative characteristics of the different
types of designs and an assessment of their relative
advantages and disadvantages for various application
requirements. These types of filters are potentially suited
for interference suppression in receiver front-ends.

APPENDIX A. Derivation of (6)

The derivation of (6) follows Linnebach’s technique, as
described by Bosse in [12]. The reflection characteristic
S11(S) in (2) can be written as

S11(s) = N(s)/D(s) (A1)
where
N(s)=+s" (A.2)
D@)=T[6-icoel®) (A
r=1
Using (4), (A.3) can be rewritten as
(L(nﬂ)
D(s) = H s—joge X (A4)

.H(Zr—(n+l)j
n iz
=[1|s+ooe 2 * :

r=1

Extracting the factor for r=1 from the product and
increasing the range of the product by one gives

.z(1-n
Dre) S+ eJE[T) n+l g(Zr—(Xml)j . (Ab5)
(s)= E(lﬂj g S+o,€
s+og e\ X
And, changing variables, such that r=r’+1, results in
.z(1-n ,
S+00e15[7) n jg[Z(Hl)x—(ml)j
D(S):WH S+ope (A6)
Z1 = =1 .
S+oge’s X '
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Now, letting r’=r in (A.6) and comparing this to (A.4)
suggests that (A.6) can be written as
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Since, by definition,

0=D(s)—-D(s)
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X
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and, noting from (2) that

n
D(s)= > a, s*
4=0
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it is apparent that
.ﬁ(hnij n
0=[s+jo,e 2\ X a; st
=0

1-n+x
X

.zn n
i— P
X Ya;ste

=0

Haall

—|s—joge

A recursion formula can be developed by comparing the

coefficients of equivalently high powers of s

with one another. Equating the coefficients of the s***

terms in (A.11) results in
-z(
3

1+n—x
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e X D(se X)
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2] (A.14)
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Applying well-known trigonometric identities [15] to

(A.14) leads to a variety of equivalent recurrence
relations:
(A.9) sin(”(n_ﬂ“n
%:(1J 2\ X (A.15)
a, o r x—(/1+1)j
cos| —| ———~
(A.10) (2 ( X
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2\ X
X
' cos z[ﬂwx—nj A17
[ 1 2\ X (A-17)
o) g z[ﬂj
20 x

in (A.11)
By expanding out (5), with Sy, as in (2), for various values

of n and x, it can be demonstrated that

ag =0y - (A.18)

Using (A.16) and (A.18), the next two coefficients are

. n
i%(n-2) 71[[1_”_“21] - sm[z (Xn (A19)
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T840 8 e from which it is apparent that
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which gives the recurrence relation (nor) 1 sin Sl ] (A21)
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aM_( 1 j K . (A13) e sm(z(ﬂD
a, jo'o 7 (1+n-x _m(1-n-x+22 X
912( X )+e 12( X j Again, applying well-known trigonometric identities

(A.13) can then be put into the form

(cos @ =sin(z/2+0) and cos(xz/2+0)=+sind) [15]
to (A.21) leads to



r COS(Z(XW_X(MDD (A.22)
ar =a§”‘r> H ' '

(il

Finally, since the denominator of (A.21) with g —>n—u
is equal to the numerator of (A.21) with 1, — 4 +1, i.e.,

sin(”(n - ,u)) = sin(”(n —((u+1) —1)) . (A23)
2X 2X

then
ar = O_énfzr)an_r . (A.24)
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Lossy Filters

<—=lossy LCGresonator  « Real filter components are lossy

. « Conventional filter synthesis
> R, assumes lossless components

* Synthesis works out very nicely by
Ignoring loss

* Filter performance does not work out
very nicely by ignoring loss

* Predistortion techniques evolved
to “correct” for loss —
R, butincrease passband loss level

Attenuator
Rs

Losey * Lossy reflection-mode synthesis
Rs% 2-Port %RL corrects stopband attenuation
el without increasing passband loss




Lossy Bandstop Filters

Lossless [Blue] Maximally Flat Equiripple
VS: (n=4, q,=0.666) (n=4, qu=1.2165)
Lossy
Conventional i
[Red]
Lossy
Predistorted
Lossy
Absorptive
(Reflection-Mode) >

[Red]



) Lossy Reflection-Mode vs. Predistorted

Lossy
Reflection-Mode

Lossy /
Predistorted

Maximally Flat
(n=4, q,=0.666)

Lossy —

Reflection-

Mode
Lossy /

Predistorted ..
Equiripple

(n=4, qu=1.2165)



Reflection-Mode Filters

« Convert reflection characteristics of a sub-network (S)
Into transmission characteristics of a larger network ( S, )

>

Sy 10 S 54

* Non-reciprocal circulator based

* Reciprocal 3-dB hybrid coupler
or a 3-dB directional coupler based



Alternative Reflection-Mode
Network Topologies

* Other topologies can be derived
using circuit transformations

 Example: Portions of one-port networks S
D can be absorbed into a hybrid coupler [10],
resulting in truncated one-port networks §’

«<—TIf: [ Y, =Source & Load Admittance )
Joo =J11 =Ys
_Jor=v2Jgg =+2Yq

J

«——Then: [ 35 =2 3
: 2
3i1 =38 /s




Lossy Reflection-Mode Ladder Networks

« Scould be any network
* For simplicity, let it be a one-port ladder network

f —
°  frequency, f
One-Port “Bandstop” Reflection Network A

Corresponding One-Port “Highpass” Reflection Prototype



Generic Maximally-Flat Reflection Prototype

L o}
S11(s) = £s" H(s— jo, ej‘ng
r=1

with poles on circle of radius o, centered at origin
In complex s plane (i.e., g, scales filter bandwidth):

Sy :jaoej‘9Ir =05 (—=SINn 6, + jcos 6,) for r=1...n
(2r+x—(n+1))

/A
. ==, and x>n
X

(@ is the constant angular separation between the poles)

where: O, =6

X gr 2] Description

0 ml2 0 equal resonator Q,
2n 7 (2r+(n-1))/(4n) !l (2n) small range in Q,
n+1 zr [ (n+1) z/(n+1) | Rhodes’ choice [5]
n+vs z(4r-1) /(2 (2n+1)) 2z /(2n+1) |large range in Q,

n 7 (2r-1)/(2n) zln Infinite Q,,

Between extremes x=n and x=infinity (6=2/n and 6=0) is the continuum of
possible maximally-flat characteristics for unequal-Q,, reflection filters



Generic Maximally-Flat Reflection Prototype

Reflection poles for 5 different choices of x
(5 different sets of shunt admittance q),
showing the trend in the 4 pole locations
as the maximum g diminishes

Ideal Lossless

Maximally-Flat /

Equal-q
Maximally-Flat

Poles collapse to a single Reflection-Mode
point (o,=-1) for the equal-q
(minimum q,,,,) case




@ Synthesis of Generic Maximally-Flat Prototype

Sy1(s)=4s"(s" +a,_1s" T +ay_os" % ... +ays+ag)
Input admittance, Y;,, iS given by:
1-S a, st n—2
V. — —9o11 _ n—1 +dp_2S +...+d1S+dp
In n—1 2

1+317 28" +a, 45" " +ay »s" 4. +aS+ag

Using Linnebach’s technique [12], it is possible to derive:

r cos(zﬂ(x+y—(n+1))j

- _ X
n n—-r n—r
ag=0g anday =— ——-=0q5 || .
%0 p=1 sin(zyj
X

Synthesis of generic maximally-flat reflection prototypes is accomplished
by sequentially extracting element values (ideal admittance inverters and
lossy shunt admittances) from Y, using continued fraction expansion [11].



wnCp 2 wp,

01 B apn_1—2(ap_2/ap_1)

[ela) (i



= Synthesis of Equal-Q Maximally-Flat Prototype

|S (a))|2 _ wz n
H 0% + 2

where: o,=2aw,/qg=29g/c

Sr: —0,

with admittance inverter values:

Jo :i\/ngYS

B (n—r)(n+r)
Jy _ig\/(Zr—l)(2r+1) for r=1...(n-1)

For poles on the unit circle, choose o,=1 or g=a,

For 3-dB return loss at m,=1, choose o, =(21/" —1)1/2
or g =2(0h/(70 :a)hC/g =2/\/2]/n -1

For return loss L, at @ =1, choose og = 1ot/ A0N) _1y1/2
or q=20)h/o'o :a)h(;/g:2/\/]_()|—h/(10n) 1




Lossy Equiripple Reflection Prototype

* No generic equiripple reflection characteristic

IS known

« Analytic synthesis method for quasi-equiripple
lossy reflection prototypes is known [5]

 Look-up table synthesis method for equiripple
equal-q lossy reflection prototypes is now possible

equiripple lossless nsin 0, + j1+7n? cos 6,

n= smh( sinh~1y/10%s /10 1

quasi-equiripple
lossy [5]

rl oo (\/1—05_2 sin 6, + j cos 6,)

a=10""/2T ()
oo = empirical

equiripple
equal-q lossy

— 0o Ty

O =2wh /0, Oy = @& W,
Given n and L, look-up
q and w, in Table II.

Between extremes of infinite g and finite equal g is the continuum of
possible equiripple characteristics for unequal-Q, reflection filters



/bounding boxes )
of reflection poles >

of diminishing-q |
\_ brototypes ) f

Ellipse through poles
collapses to aline

(s=-o,) for the equal-q
(minimum q,,,,) case

15
diminishing q(max)

Reflection poles for 3 different sets of

11.0 shunt admittance g, showing the trend

In the semi-major and semi-minor axes
of the ellipses through the poles

0.5 as the maximum g diminishes

B Lossless
® Rhodes's choice
0 | X Equal (minimum) g

[deal ——

.05 / Lossless I
Equiripple
Equal-q
Equiripple
Reflection-
--1.0 Mode

diminishing q(max)



Synthesis of Lossy Equal-Q Equiripple Prototype

* Look-up prototype order n and shunt admittance q, for required equiripple
stopband level Lg and maximum passband-to-stopband-edge frequency ratio

« Look-up normalized prototype reflection zero frequencies

n| Ls 20dB | 25dB | 30dB 35dB 40 dB 45 dB
qu 1.89529] 1.44730| 1.13210| 0.900258] 0.724114] 0.587102
3.01 dB] 2.32616] 2.91915| 3.63548| 4.49696 [5.53192 |6.77583

3[2dB 2.81099] 3.57034| 4.48145| 5.57178 | 6.87715 |8.4423
1dB 3.90135] 5.02447|6.36114| 7.95196 |9.84942 112.1188
0.5 dB ] 5.45575| 7.08219| 9.00856| 11.2941 | 14.0148 4
qu 2.84833] 2.23007] 1.79171| 1.46629 |1.216504 1.01972
3.01 dB] 1.93142] 2.32780| 2.79069| 3.32621 |[3.94207 | 4.64799

412 dB 2.28375) 2.79456( 3.3859 |4.06549 |4.8431% |5.73142
1dB 3.09075] 3.85323] 4.72606| 5.72128 | 6.85375| | 8.14228
0.5 dB ]4.26008] 5.37103| 6.63382| 8.06702 [9.69281 W11.538

for required equiripple stopband level Lgand order n (@, = o, W,)

» Look-up normalized prototype admittance inverter values
for required equiripple stopband level Lg and for order n (Jg =%,/ ngYs, Jr =0Jy)

N |[Ls 20 dB 25 dB 30 dB 35 dB 40 dB 45 dB

3 |qu 1.89529 1.44730 1.13210 0.90026 0.72411 0.58710
w2 0.82011 0.83278 0.84225 0.84921 0.85424 0 3
qu 2.84833 2.23007 1.79171 1.46629 1.21650 1.01972

4 |wl 0.31117 0.32120 0.33085 0.33983 0.34787 0.35484
w2 0.87670 0.88730 0.89556 0.90198 0.90699 0.91091

n |Ls 20 dB 25 dB 30 dB 35 dB 40 dB 45 dB

3 (g 1.89529 1.44730 1.13210 0.90026 0.72411 0.58710
J1 2.06817 1.90660 1.80908 1.74823 1.70931 1.68397
J2 1.06708 0.90420 0.79774 0.72674 0.67888 0 44
g 2.84833 2.23007 1.79171 1.46629 1.21650 1.01972

4 1J1 2.91730 2.68593 2.54225 2.44923 2.38710 2.34454
J2 1.72990 1.47760 1.30980 1.19442 1.11329 1.05528
J3 1.23210 1.01535 0.86455 0.75636 0.67737 0.61908




Examples for {n=4, L,=45, =1, Y_=0.02}

(d) ()
(@) (d)
Example of 2 k] o Lo Ky Ky Ky
Max-Flat, Equal-q, minimum g(max) (@) J0.569 | 0.569 | 0.569 | 0.569 | 4.437 | 3.927 | 1.571 | 0.785
Max-Flat, Moderate q(max) (b) | 1.702 | 1.377 [ 0.851 | 0.325 | 1.841 | 3.419 | 1.857 | 1.710
Max-Flat, Large g(max) (c) ]110.00 | 7.249 | 3.260 | 0.229 1 0.354 | 3.136 | 1.961 | 2.732
Equiripple, Equal-g, minimum g(max) | (d) | 1.020 | 1.020 | 1.020 | 1.020 | 4.437 | 2.299 | 1.035 | 0.607
Quasi-Equiripple, Moderate g(max) (e) |3.112 | 2518 | 1.556 [ 0.594 | 1.841 | 1.977 | 1.161 | 1.068
2
L, = return loss due to coupling to first shunt admittance alone [dB] = 20|09 12 ?gl
Ys +J0/01

J
k, = coupling between the rt" and (r+1)!" prototype shunt admittances = ﬁ
r>r+l

Note: The rth admittance inverter value J, can be modified by scaling the admittance
matrix’s (r+1)™" row and column by a constant [11], which will also scale shunt c and g
values, but will leave the reflection characteristic and shunt admittance g unchanged.



Conclusion

« Lossy reflection-mode bandstop filters have
= “ideal” stopband characteristics
= “lossy” passband characteristics
= better passband loss than predistorted filters
= selectivity proportional to Q i ax

« Analytic synthesis of generic lossy maximally-flat
bandstop filters is now possible

* Look-up-table synthesis of equal-Q equiripple-stopband
bandstop filters is now possible

 Bounds for poles and zeros of generic lossy equiripple
bandstop filters have been quantified
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