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System-Wide Water

Computing Locally-Mass-Conservative
Resources Program Fluxes from Multi-dimensional Finite
Element Flow Simulations

by Jing-Ru C. Cheng, Hwai-Ping Cheng, Matthew W. Farthing, and Christopher E. Kees

PURPOSE: This technical note details how conservative normal fluxes through element edges
and faces are computed in two- (2-D) and three-dimensional (3-D) spaces in a flux-calculation
post-processor developed in the System-Wide Water Resources Program (SWWRP).

BACKGROUND: Conserving local mass in the finite volume (FV) sense, where the sum of
face fluxes equal to the rate of change of storage within each element/cell, is essential in comput-
ing water flow and contaminant transport. Although the continuous Galerkin finite element (FE)
method does not yield locally conservative flux approximation directly, Berger and Howington
showed that, by remaining consistent with the discrete approximation given by the FE statement,
the resulting flux estimates will preserve mass balance [1]. Passing conservative water flux
through each element edge/face from flow models to transport models is critical for accurate
simulation and analysis. At the U.S. Army Engineer Research and Development Center (ERDC),
most water flow models employ the FE method, while many contaminant transport models use
the FV method. The computation of locally-conservative water flux through each elemental
edge/face has thus become necessary for passing FE-based water flux to FV-based contaminant
transport models. This technical note describes how, from multi-dimensional FE-based flow
simulations, we computed locally-mass-conservative fluxes to hand-off to FV-based models and
to eliminate apparent flux jumps on element boundaries for particle tracking. The computed con-
servative flux can also be used to set boundary conditions for inset models when desired.

METHODOLOGY: We employed the two flux post-processing techniques focused in [2]. For
convenience, we refer to the first technique as the local approach, and the second one the global
approach in this technical note. Both were originally developed by Larson and Niklasson [3].
Larson and Niklasson’s global approach is mathematically equivalent to Sun and Wheeler’s
global approach [4]. For both the local and the global approaches, the required input data include

(1) the element residuals associated with the respective computed solution, meaning they are
computed by constructing matrix equations at the element level with flux-type boundary
conditions incorporated (note that each element has residuals matching its element nodes
to satisfy local conservation);

(2) boundary face information, including
a. an indicator to show whether this boundary face is specified with a flux-type boun-
dary condition:
e ano-flow boundary face is specified with a zero-flux boundary condition,
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e a flow-through (open) boundary face specified with a flux-type boundary condi-
tion will have the normal flux match the specified value,
e a flow-through (open) boundary face without a flux-type boundary condition
applied will have the normal flux computed.
b. the specified normal flux for this boundary face (set to zero if the normal flux through
this boundary face is not to be computed)

(3) the estimated fluxes associated with element faces;
(4) the element connectivity information;
(5) nodal coordinates.

From the input data (3) — (5) above, we can derive the following information for conservative
normal flux computation:

(1) node-element connectivity,

(2) edge-element (2-D) or face-element (3-D) connectivity,
(3) edge-node (2-D) or face-node (3-D) connectivity,

(4) edge length (2-D) or face area (3-D).

It is noted that a no-flow boundary face, by definition, is associated with a zero-flux boundary
condition, and thus the normal flux through this boundary face is zero. On the other hand, a
boundary face is flow-through if it is not associated with a no-flow boundary condition. A flow-
through boundary face can be assigned a non-zero flux-type boundary condition, or its associated
boundary flux is computed based on the solution of the continuity equation. This concept is
applied when we compute conservative fluxes through element faces associated with boundary
nodes.

Figure 1 depicts the flow chart for computing conservative normal fluxes in the post-processor:
reading input data in Step 1, followed by generating connectivity information, face length/area,
and boundary flux indicator in Step 2, then the computation of an artificial, element-based quan-
tity used for normal flux correction in Step 3, and finally in Step 4 the computation of conserva-
tive normal fluxes through all element faces. In the following, we discuss the computation
involved in Steps 3 and 4 with the local and the global approaches.
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Step 1. Read input data:

(1) Element residual w/ flux-type boundary conditions incorporated;
(2) Indicator and specified normal flux for each boundary face;

(3) Estimated noral fluxes associated with element faces;

(4) Element connectivity;

(5) Nodal coordinates.

Step 2. Generate information necessary for post-processing:
(1) Node-element connectivity;

(2) Face-element connectivity;

(3) Face-node connectivity;

(4) Face length (in the 2-D case) or area (in the 3-D cases).

<~

Step 3. Compute the artificial, element-based quantity (i.e., U) based on local

conservation.

Step 4. Compute conservative normal fluxes through all element faces.

L )

Figure 1. Flow chart for computing conservative normal flux. “Face” is used in the chart to represent
2-D edge or 3-D face.

The Local Approach. In the local approach, the conservative sub-edge (in 2-D) or sub-face
(in 3-D)* normal fluxes associated with element faces around each node are computed on a node-
by-node basis. The conservative normal flux of an element edge/face is computed then by com-
bining all of the associated sub-edge or sub-face normal fluxes.

Scenario 1: For element edges associated with an internal node. As shown in Figure 2 below,
there are 6 elements connected at Node 1, and there are six sub-edge flows satisfying the discre-
tized governing equation of continuity, e.g., Richards’ equation. In Figure 2(b), the three resi-
duals, each associated with a node, of each element are marked. These residuals represent the net
flow entering or leaving the element, and they can be computed by substituting the numerical

! A sub-edge or a sub-face of a node is an elemental edge/face containing the node. A sub-edge has a length equal to
half of the element edge length, while a sub-face has an area equal to the element face area divided by the number of
face nodes. It is called a sub-edge or a sub-face because the conservative normal flux computed for a sub-edge or
sub-face is associated with only a portion of edge length or face area. For example, in Figure 2, there are six element
edges around Node 1: l1.5, l1.3, 1.4, |15, 116, 117 While each of these six edges is a sub-edge of Node 1, each sub-
edge has a length only half of the corresponding element edge length.
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(a)

Figure 2. The six triangular elements associated with an internal node (i.e., Node 1) and the six
conservative sub-edge flows around Node 1: (a) elements are connected, (b) elements are
separated.

solution of the continuity equation back into the element matrix equation constructed in the FE
integration. For example, if we solve the Richards’ equation for subsurface flow using the Galer-
kin FE method, the element residual at local node j can be defined as

| [, 1) (W) ()00, -+ [ wiau,

QE QE QE
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=—[n-K-(Vh+Vz)N{dr,
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=
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the element residual at local node j
the domain of element e
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I

® @

= the i-th local base function of element e

= water capacity associated with element e
= pressure head at local node j

= the del operator

= hydraulic conductivity tensor associated with element e
= source/sink in element e

= pressure head

= gravity head

= the boundary of element e
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Here, R® represents the net outgoing flow associated with local node j when element e is consi-
dered. Therefore in Figure 2(b), R,", R,", and Rs" are the three element residuals of Element (A);
R:%, Rs®, and R,® are the three element residuals of Element (B), and so on. Because Node 1 is an
internal node and there are no sources or sinks, the sum of all the six element residuals associated
with Node 1 is zero, i.e.,

R=R*+R?+R°+R°+R"+R =0 (2)
where
R, = total element residual associated with Node i
RS = element residual associated with Node i coming from element (E)

and, R} can be expressed as
mc mc mc I mc I
R1A = fiae = fira =Vine '%_Vl,FA '% 3)

where

mc

fiee, = normal sub-edge flow from Element (E:) to Element (E;), which conserves mass

locally around Node i
Vge, = normal sub-edge flux from Element (E:) to Element (E;), which conserves mass

locally around Node i
lee, = edge length associated with the interface between Elements (E1) and (E)

If V1p represents a given estimated normal sub-edge flux, we can relate V,%; to Viap with a
correction term as

Vl,mACB =V1,AB +AV1,AB :Vl,AB +(Ul,B _Ul,A) 4)

where Uy o and Uy g are artificial, element-based quantities introduced to help calculate the cor-
rection of normal sub-edge flux.

Therefore, Equation 3 can be written as:

R1A = I:Vl,AB + (Ul,B _Ul,A):| '%_I:Vl,FA +(U1,A _Ul,F )} 'IF7A (5)

Likewise, R®, R®, R?, RF, R can be expressed as

F‘)1B = |:Vl,BC +(U1,c _U1,B)]IB7C_[V1,AB +(U1,B _Ul,A)].% (6)
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_ | |

- [ Vico +(U1'D “Yie )] C2D _[VlvBC +(U1,c _Ul,B)]. BZC (7)
- | |

= —Vl’DE +(U1'E _Ul'D)J' DZE _[VLCD +(U1,D -U¢ )] C2D (8)
_ | |

- -Vl'EF +(U1’F “Yie )] E2F _[VLDE +(U1,E _Ul,D):|' D2E 9)
- | |

- Vi +(U1’A “Uie )} ;A _[Vl,EF +(U1,F _Ul,E)] I,E2F (10)

It must be noted that every equation from Equation 5 through Equation 10 can be represented by
the other five equations, i.e., there are only five independent equations. To solve the six
unknowns, we enforce U, , =0 and use it to replace one of the six equations, say Equation 5.

This will not affect the resulting flux correction mathematically because Equations 6 through
Equation 10 correspond to a Neumann problem, as mentioned in Kees et al. [2]. It is because the
flux correction is the jump of two adjacent U’s, rather than the U values. Setting U;a to any
value will still produce the same jump values as long as the element residual equations are solved
accurately.

After solving Equation 6 through Equation 10, the conservative normal sub-edge fluxes can be
computed with

Vs =V a5 +(Uys —0) (11a)
Vite =Vige +(Use —Use) (11b)
Vit =Viep +(Uyp —Uic) (11c)
Ve =Vipe +(Upe —U,p) (11d)
Vi =Vigr +(Upr —Uye ) (11e)
Vi =Vypa +(0-U, ¢ ) (11f)

Scenario 2: For element edges associated with a boundary node. A boundary edge can be of
either flow-through or no-flow. Each flow-through boundary edge may or may not be assigned a
specified flux-type boundary condition in numerical simulation. When it is assigned with a speci-
fied flux-type boundary condition, its normal flux must be identical to the specified flux. If it is
not specified with a flux-type boundary condition, its normal flux can be computed based on the
solution of the continuity equation. A no-flow boundary edge, on the other hand, is associated
with a zero normal flux by definition. In other words, it is specified with a zero-flux boundary
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condition even though in most numerical models a boundary edge is usually defaulted to no-flow
type when it is not specified with any type of boundary condition.

As shown in Figure 3, there are three elements around Node 1, which is a boundary node, and
Edges 1-2 and 1-5 are the two boundary edges adjacent to Node 1. In this case, there are four
normal sub-edge fluxes to be computed to satisfy the discretized continuity equation.

(a) (b)

5 R

Figure 3. The three triangular elements associated with a boundary node (i.e., Node 1) and the four
conservative sub-edge flows around Node 1: (a) elements are connected, (b) elements are
separated; Among the four sub-edge flows, two are associated with boundary edges.

Without the flux-type boundary conditions applied, the three element residual equations asso-
ciated with Node 1 are:

I |
A _ gmc mc __\ymc AB mc  'ZA
R1 - fl,AB - fl,ZA _Vl,AB ’ 2 _Vl,ZA'

| ‘ | (12)
- [VLAB +(UlvB _UlvA)} ‘%_I:VLZA + (Ul,A -U,, )] '%
| I
RY = 15— 1% =V S -V
(13)
' |
- [vl,Bc +(U,c —Uyg )] .%—[VLAB +(Uye —Ul,A)] %
m mc m I mi I
Rlc = f1,cc>< - fl,BC :V1,CCX '%_Vl,BCC '% (14)
14

- [VLCX +(U1,x —Uic )] .ICTX_[VLBC +(U1,c —Us )] .IB7C
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where f,%, and f5, are the sub-edge flow through Boundary Edges 1-2 and 1-5, respectively;
l,, and I, are the edge lengths associated with Boundary Edges 1-2 and 1-5, respectively; U, ,
and U, , are the U values associated imaginary elements outside of the computational domain.

Without knowing the relationship between U, , and U,,, we can simply assume and enforce
U,x =U,, =C in Equation 12 and Equation 14 to help close the computational system, where C

is a constant. The correction of normal sub-edge flux (i.e., the jump of U between connected
elements) is uniquely determined as long as U,, and U,, are set to the same value, which is

reasonable because they represent outside quantities around Node 1. By setting C = 0,
Equations 12 through 14 thus become

| I
R1A = f1,nl\CB - f1,n;CA = [Vl,AB +(Ul,B _Ul,A)]'%_[Vl,ZA +(Ul,A _0)] '% (15)
I I
R1B = fl,nécc - f1,n/fB = |:Vl,BC +(U1,c _Ul,B):"%_[Vl,AB +(U1,B _Ul,A):I'% (16)
I |
R1C = fl,nécx - f1,mBCc = |:V1,CX +(O_Ul,c )}'%_[Vl,BC +(Ul,c _Ul,B):|'B?C (17)

In solving Equation 15 through Equation 17, we consider three possible situations concerning the
specified flux-type boundary condition: (1) when all boundary edges are assigned; (2) when
some, but not all, boundary edges are assigned; (3) when no boundary edge is assigned.

Situation 1. All boundary edges are assigned flux-type boundary conditions: When flux-type
boundary conditions have been taken into account in computing the element residuals, f,7, and

fiex Will no longer appear in the element residual equations. If gz and gcx represent the out-
ward boundary flux through Edges 1-2 and 1-5, respectively, Equations 15 through 17 become:

N |
RAM = RA qZA2 ZA _ |:V1,AB "‘(Ul,s _Ul,A)]f (18)
| I
REM — RE [V, ge +(Uy. —Ul,B)]'%—[VLAB +(Uye —ul’A)].f (19)
N I
RCH = RC - Qsz cxX _ _|:V1,BC +(U1,c ~U,, )]370 (20)

where R, R> and R>™ represent element residuals with flux-type boundary conditions
taken into account.
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Equation 18 is linearly dependent on Equation 19 and Equation 20. This is again a Neumann
problem, and we can enforce U, , =0 and solve Equation 19 and Equation 20 for U, ; and U, ..

The normal sub-edge fluxes can be computed then with

Vi7a =0z (21a)
Vi =V, s +(Uye) (21b)
Ve =Vige +(Upe —Uy) (21c)
Viex = Oex (21d)

Situation 2. Some, but not all, boundary edges are assigned flux-type boundary conditions: In the
two-dimensional case here, we consider when only one of the two connected boundary edges is
assigned a flux-type boundary condition. Suppose the outward boundary flux through Edge 1-2
iS gza, Equation 15 through Equation 17 become:

N |
RAM —RA qu2 A _ |:V1,AB +(U1,B _U1,A)]% (22)
I I
RES = RE = |:V1,BC +(U1,c —Ul,B)]'%_[VLAB +(U1,B —ULA)J-f (23)
| I
R = [l (0 ]2 [ e e

We thus solve Equation 22 through Equation 24 for U, ,, U, and U, .. Then the normal sub-
edge fluxes can be computed with

Vi%a = —0za (25a)
Vi =Viag +(Ups —U, ) (25b)
Vite =Vige +(Use —Use) (25¢)
Vit =Viex +(0-U,¢) (25d)

Situation 3. None of the boundary edges is assigned a flux-type boundary condition: In this case,
we solve Equation 15 through Equation 17 for U, ,, U, and U, ., and compute the normal

sub-edge fluxes by using

Vl,n;cA :Vl,ZA + (Ul,A - O) (26a)
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Vl,n,]ACB :Vl,AB +(U1,B _Ul,A) (26b)
Vise =Vigc + (Ul,C U ) (26c¢)
Vl,néCX :Vl,cx + (O _Ul,C ) (26d)

Summary of sub-edge flux computation. Suppose there are M elements connected at a
node, the following can be drawn from the discussion above in the process of constructing the
element residual equations around the node:

(1) Use element residuals from the FE integration to construct the M element residual equa-
tions, one for each element.

(2) If the node is an internal node, set one U value to zero and solve the others.

(3) If the node is a boundary node, set the “outside” U’s to zero (e.g., U, , =U,, =0).

(4) If the node is a boundary node and all the connected boundary edges are assigned flux-
type boundary conditions, set one U value to zero and solve the others.

The constructed element residual equations are then solved with a full-pivoting direct solver to
minimize possible numerical error. The conservative sub-edge fluxes are computed using the
computed U’s as well as the specified boundary fluxes.

Compute edge fluxes based on sub-edge fluxes. The conservative normal flux through
an element edge can then be computed by taking arithmetic average of its two corresponding
sub-edge fluxes. In Figure 2, for example, the two conservative normal sub-edge fluxes of

Edge 1-2 are V,"y; and V", . The conservative normal flux of the edge (i.e., V,g ) is computed as

mc mc
Vine +Vone
2

mc _
VAB -

(27)

Extension to three-dimensional space. The extension of the local approach from 2- to
3-dimensional space is straightforward. For easy visualization, we use hexahedral elements for
demonstration. By using the summary of sub-face flux computation above, we construct the 3-D
element residual equations for the corresponding scenario as follows.

Scenario 1. Around an internal node: As shown in Figure 4, Node 14 is an internal node con-
nected to eight hexahedral elements and associated with 12 sub-face fluxes. The eight element
residual equations associated with Node 14 are

Ul4,A =0 (28)

10
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Figure 4. The eight hexahedral elements associated with an internal node (i.e., Node 14) and the

12 conservative sub-face flows around Node 14: (a) elements are connected, (b) elements are
separated.

B _ gmc mc mc
R14 - f14,BA - f14,FB + f14,BD

= [Vlzl,BA +(U14,A _U14,B ):I '%_[VM,FB + (Ul4,B _Ul4,F ):' '% (29)
+|:V14,BD + (Ul4,D _U14,B )} '%
Rli == f121,(:Dc - flT,fSC - flmc
= _|:V14,DC +(U14,c _U14,D)]' AZC _[Vl4,GC +(U14,c _Ul4,G )] % (30)
_|:V14,AC +(U14,c _U14,A)] A4AC
R1?1 = flT,CDC - fl?j—lD - flT,CBD
= |:Vl4,DC +(U14,c _Ul4,D):"%_|:V14,HD +(Ul4,D _Ul4,H ):I AZD (31)
_|:V14,BD + (Ul4,D _Ul4,B )] '%
Rlli == flT,(;:E + flT,CEA + flT,CEG
__ _ Aee _ ay
|:V14,FE +(U14,E Ul4,F )] 4 +|:V14,EA +(U14,A U14,E ):' 4 (32)
+|:Vl4,EG +(U14,G _Ul4,E )} AZG

11
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F _ gmc mc mc
R14 - f14,FE + f14,FB + f14,FH

= [Vl4,FE + (Ul4,E _U14,F ):' '%"’ |:V14,FB +(U14,B _U14,F ):I '% (33)
+|:V14,FH +(Ul4,H _U14,F )] %
Rﬁt =" fl?j—lG + flT,CGc - f1T,CEG
= _|:V14,HG +(U14,G _U14,H ):I AZG +[Vl4,GC +(U14,c _Ul4,G )]% (34)
_|:V14,EG +(U14,G _Ul4,E )] AZG
Rﬂ = flT,CHG + f1:1n,$40 - flT,CFH
= [Vl4,HG +(Ul4,G _U14,H ):' '%4‘[\/14,% +(Ul4,D _Ul4,H )] AZD (35)
_|:V14,FH +(U14,H _U14,F )}%

where A, denotes the face area associated with the interface between Elements (B) and (A); and
R is element residual, V is estimated normal sub-face flux, U is sub-element-based quantity
employed for flux correction, as defined previously. It is noted that the sub-face area is equal to

the face area divided by the number of face nodes, e.qg., it is 4 for quadrilateral and 3 for triangu-
lar faces.

Scenario 2. Around a boundary node: In Figure 5, Node 8 is a boundary node at which four
hexahedral elements are connected. It is associated with eight sub-face fluxes, where four of
them are associated with boundary faces. By setting Ug,, =U,, =Uy, =U,, =0, the four ele-

ment residual equations associated with Node 8 are

RsA == fsar,nBCA + fsr,nACw + fsr,nACc
(36)
= _I:VS,BA +(U8,A _US,B>:|'%+|:V8,AW +(O_U8,A)]'%+|:V8,AC +(U8,c _US,A>:|' A4AC
RaB = f8r,nBCA + fsr,nBCx + f8r,nBcD
(37)
=[Vaon +(Us s —U&B)]%{V&BX +(0—U&B)]%+[V&BD +(Uso —U&B)]‘%
Ry =— fape + focy = foac
A, (38)
= _|:V8,DC +(U8,C _U8,D):|'%+I:VB,CY +(O_U8,C )]'%_[\/&AC +(U8,C _Us,A)]' 2C

12
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Figure 5. The four hexahedral elements associated with a boundary node (i.e., Node 8) and the eight
conservative sub-face flows around Node 8: (a) elements are connected, (b) elements are
separated.

RsD = fsr,ntgc + f8r,nDcz - f8r,nBCD
Ao (39)

= [VS,DC +(U8,C _US,D)}'%—'—[\/&DZ +(0_U8,D):|'%_[V8,BD +(US,D _US,B)]T

Because the specified boundary fluxes are already accounted for in computing element residuals,
Equation 36 through Equation 39 will be modified if they involve flux-type boundary faces. For
example, if Boundary Faces 7-8-14-13 and 8-9-15-14 are assigned flux-type boundary condi-
tions, Equation 36 and Equation 37 become

Re™ =Ry~ foaw =~ faen + faac
A (40)
- _[V&BA Jr(UB,A —Usge )]'%J{V&AC +(U81C —U&A)} .%
Ry" =Ry - foex = foea+ foen
o’ Ao (41)
- |:V8vBA + (U&A ~Uss )] ‘T+|:V8,BD +(U8,D —Ugpg )] 4

In this case, we solve Equation 38 through Equation 41 for U, ,, Ug g, Ugc, Ug .

When all the boundary faces associated with Node 8 are specified with flux-type boundary con-
ditions, Equation 38 and Equation 39 become
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RBC,bf :Ré:_fmc :_fmc _fmc

8.CcY 8DC — 'sac
A (42)
- _[VB‘DC +(U8’C _U&D)]'%_[\/&AC +(U8,C _US,A)].%
RBDYbf = RsD - fsr,nlgz = 1tsr,nDcc - f8r,nBCD
(43)

= [VB,DC +(Use _U8,D):|'%_|:V8,BD +(Usgp _Us,B)J'%

Now the four element residual equations are Equation 40 through Equation 43. But one of them
has to be replaced by setting one U value to zero due to linear dependency among the four equa-
tions, as discussed before. If here we set Uy , =0, and use it to replace Equation 40, we are to

solve Equation 41 through Equation 43 for Uy, Uy, Uy ,. The computed U’s are then used to

correct normal sub-face flux, followed by taking arithmetic average of the conservative sub-face
fluxes to obtain conservative normal face flux.

The Global Approach. In the global approach, the conservative normal fluxes are first related
to element residuals at the element level to satisfy the local conservation. A global residual equa-
tion (in matrix form) is then formed by assembling all element residual equations and solved for
all the element-based U’s. These U’s are used to correct the normal fluxes through element
edges/faces for mass conservation.

Scenario 1: For elements whose edges are all internal. As shown in Figure 6 below, Element
(A) is an internal element: all of its element edges are internal. Therefore, the following element
residual equation exists for Element (A):

R" = R1A + RzA + R: = fAngsc - fcn/lc + fAmIZ;: :VAch lag _Vcn;\C 'ICA +VAmII;: lap (44)
where
R® = total element residual of element (E)
RS = element residual associated with Node i at element (E)
fee, = normal edge flow from Element (E) to Element (Ez), which conserves mass locally

Vee, = normal edge flux from Element (E;) to Element (Ez), which conserves mass locally

lee, = edge length associated with the interface between Elements (E1) and (E>)

Equation 44 can be written further as

Ra=Ria+Rya +R; :[VAB +(UB _UA)]'IAB _[VCA"'(UA_UC)]'ICA

+[Vio +(Up=U,) |- Lnp )

where V. = given estimated normal edge flux from Element (E) to Element (E>).

14
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(a) (b)

5

Figure 6. An internal triangular element (i.e., Element (A)) and its three neighbor elements: (a) elements
are connected, (b) elements are separated.

Equation 45 is the residual equation for Element (A). Likewise, we can compose the residual
equation for each internal element. The conservative fluxes through the three internal edges of
element (A) are computed with

Vg =V,g+(Ug—-U,) (through Edge 1-3) (46a)
Viy =Vea+(U4—Uc)  (through Edge 1-2) (46b)
Vo =V +(Up—-U,)  (through Edge 2-3) (46¢)

Scenario 2: For elements that contain boundary edges. As shown in Figure 7 below, Element
(A) has two boundary edges (i.e., Edges 1-2 and 1-3) and one internal edge (Edge 2-3). Without
the flux-type boundary conditions applied, the residual equation for Element (A) is:

— _ mc mc mc
RA - R1A+ R2A+ R3A - fAB + fAZ + fAX

Z[VAB +(UB _UA)]'IAB +|:VAZ +(Uz _UA)]'IAZ +|:VAX +(Ux _UA):|'IAX )

Situation 1. All boundary edges are assigned flux-type boundary conditions: When flux-type
boundary conditions have been taken into account in computing the element residuals, f,; and

fr Will no longer appear in the element residual equations. If gaz and gax represent the outward
boundary flux through Edges 1-2 and 1-3, respectively, Equation 47 becomes:

R/tif =R, —0x —Uux = T =|:VAB +(UB _UA):I'IAB (“8)
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Figure 7. A boundary triangular element (i.e., Element (A)) that has two boundary
edges and one internal edge.

The outward normal flux through Edges 1-2, 1-3 and 2-3 are computed by

V,y =0, (through Edge 1-2) (49a)
Vo =0,  (through Edge 1-3) (49b)
Vi =V,e+(Ug—-U,) (through Edge 2-3) (49c)

Situation 2. Some, but not all, boundary edges are assigned flux-type boundary conditions: In the
two-dimensional case here, we consider when only one of the two boundary edges is assigned a
flux-type boundary condition. Suppose the outward boundary flux through Edge 1-2 is Qaz,
Equation 46 becomes:

bf _ _ gmc mc
RA - RA_qu - fAB + fAc

(50)
= [VAB +(UB _UA)]'IAB +|:VAX +(O_UA):"|AC
The outward normal fluxes through the three element edges are computed with
V. =0, (through Edge 1-2) (51a)
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Vi =V +(0-U,)  (through Edge 1-3) (51b)
Vi =V +(Ug—-U,) (through Edge 2-3) (51c)

Situation 3. None of the boundary edges is assigned a flux-type boundary condition: In this case,
the outward normal fluxes can be computed by using

V.Y =V,, +(0-U,) (through Edge 1-2) (52a)
Vi =V +(0-U,)  (through Edge 1-3) (52b)
Vi =V +(Ug-U,) (through Edge 2-3) (52c)

Extension to three-dimensional space. The extension of the global approach from two- to
three-dimensional space is also straightforward. Again, we use hexahedral elements for demon-
stration.

Scenario 1: For elements whose faces are all internal. As shown in Figure 8 below, Element
(A) is an internal element: all its six element faces are internal. The element residual equation
associated with Element (A) is

RA=R*+R}+R;+R; + RN+ R+ R+ Ry
=fe T+ o+ fae + far + fag
=[Vis +(Ug =U,) |- A +[Vie + (U =U,,) |- A +[ Vo +(Up —U,,) | Ay
+[Vag +(Ue =U,) |- Aue +[ Ve +(Ue —U,) |- A +[ Vs +(Ue —U,) | Asg

(53)

Scenario 2: For elements that contain boundary faces. As shown in Figure 9 below, Faces 2-
3-7-6, 1-2-6-5, and 1-4-3-2 that are associated with Element (A) are boundary faces. Without the
flux-type boundary conditions applied, the residual equation for Element 1 is:

RA=R}+R) +R} +R} + R + R + R + R
=fo+ i+ o+ +fo+
=[Vig +(Ug =U,) |- Aug +[Viax +(0-U,) | Aux +[ Vi +(0-U,) |- Ay
+[Vag +(Ue =U ) |- Aue +[Vig +(0-U ) |- A +[ Vs +(Us =U,) |- A

(54)

Situation 1. All boundary faces are assigned flux-type boundary conditions: If gax, Qay, Qaz
represent the specified outward boundary fluxes through the three boundary faces and have been
taken into account in computing the element residuals, Equation 54 becomes:
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Element (A): 1-2-3-4-5-6-7-8 (center) 16 15
Element (B): 1-5-8-4-25-28-27-26 (left) |
Element (C): 2-3-7-6-29-30-31-32 (right) | 4_ 23
Element (D): 1-2-6-5-17-18-19-20 (front) | ST
Element (E): 3-4-8-7-22-21-24-23 (back) 13 14 - 7 l
Element (F): 1-4-3-2-9-12-11-10 (bottom) | L= |
Element (G): 5-6-7-8-13-14-15-16 (top) 27 | o I 31
7
| 7 |ﬁ |
| s ]
i 4 21 ~22
28 I : e Famth? e
12 5 e |
I by | 30
20 !19 /'f-"" : = g :
L7 | 2 £ > I
i sl  EVIr |
25 it 12 29
I AT 11
17 18 -
s
9 0

16 15
Element (A): 1-2-3-4-5-6-7-8 (center) |
Element (B): 1-5-8-4-25-28-27-26 (left) | o
Element (E): 3-4-8-7-22-21-24-23 (back) 13 |14 T |
Element (G): 5-6-7-8-13-14-15-16 (top) ; e [
27 . '
| ____/_74%'____'_ 7
e ST 22
28 | il | 2 /.f:;
P 16

2 1 5.

Figure 9. A boundary hexadedral element (i.e., Element (A)) that has three boundary and three internal
faces.
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bf mc mc mc
RA = RA_qAX —OQay —0az = fAB + fAE + fAG

= [VAB +(Ue _UA)]'AAB +[VAE +(Ue _UA)]' A +|:VAG +(Ug _UA)]'AAG &)
The normal fluxes for Boundary Faces 2-3-7-6, 1-2-6-5, and 1-4-3-2 are computed with
Vi =0,  (through Face 2-3-7-6) (56a)
Vy =0, (through Face 1-2-6-5) (56b)
V,y =0, (through Face 1-4-3-2) (56¢)

Situation 2. Some, but not all, boundary faces are assigned flux-type boundary conditions: Sup-
pose Face 2-3-7-6 is the only boundary face of Element (A) assigned an outward normal boun-
dary flux, gax, the element residual equation for Element (A) is

RM =R*—qy = f5 + fio + fE + fF + fu8
=[Vig +(Ug =U,) |- Ag +[ Vo +(0-U,) | Aug +[ Ve +(Ue =U,) |- Axe (57)
+[Vae +(0-U,) |- A +[ Vs +(Ug =U,) |- Ass

The outward normal fluxes through Boundary Faces 2-3-7-6, 1-2-6-5, and 1-4-3-2 are computed
by

Vi =0, (through Face 2-3-7-6) (58a)
V=V, +(0-U,) (through Face 1-2-6-5) (58b)
V¥ =V,, +(0-U,) (through Face 1-4-3-2) (58c)

Situation 3. None of the boundary faces is assigned a flux-type boundary condition: In this case,
the outward normal fluxes can be computed by using

Ve =V, +(0-U,) (through Face 2-3-7-6) (59a)
V=V, +(0-U,) (through Face 1-2-6-5) (59b)
V¥ =V,, +(0-U,) (through Face 1-4-3-2) (59¢)

Summary of conservative flux computation using the global approach. We’ve
discussed how the element residual equation for an element, either internal or containing
boundary faces, is composed in both two- and three-dimensional spaces. Suppose there are
totally M elements in the FE computational mesh; we can construct M element residual
equations, one for each element. These M element residual equations are assembled to form a
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global matrix equation based on the face-element connectivity. This global matrix equation is
then solved for the element-based U’s that are used to correct normal face flux for mass
conservation.

SOFTWARE DEVELOPMENT: We developed a software toolkit named Consistent/inconsistent
Conservative Flux Computation Toolkit (CCFlux) to assist application developers with comput-
ing locally conserved fluxes. Systems, e.g., the shallow water system, solved in the primitive
form would preserve local mass conservation when fluxes are computed consistently. However,
systems, such as subsurface flow, solved in a derived form without holding an explicit conserva-
tion law would not produce local-mass conserved fluxes because the flux is computed inconsis-
tently with the discrete equation being solved. The goal is to obtain locally conserved flux across
edges in 2-D or faces in 3-D systems. In the CCFlux toolkit, functionalities include (1) construc-
tion of a unique edges/faces map, (2) local renumbering of neighbor elements around a node on
the index space, and (3) an efficient edge/face manipulation for divergence-free operation. The
toolkit will be incorporated into different application codes, e.g., ADH (C code) [5],
PWASH123D (mixed C and Fortran code) [6], or even the old-fashioned Fortran-77 FEMATER
code [7]. Parallel mesh manipulation for flux calculation is embedded in CCFlux.

Presumably the mesh has a unique global element ID (GEid) assigned to each element shown in
Figure 10, though each processor has its own local set of element IDs (LEid). This requirement
defines unique flux direction systematically without exception in parallel simulation. In CCFlux,
the first and second elements adjacent to an edge or a face store lower GEid and higher GEid,
respectively, but perhaps lower LEid and higher LEid, respectively. However, the flux direction
across a boundary edge is always defined from inside to outside of the domain. Therefore, the
second element adjacent to a boundary edge is “-1,” implying nonexistent.

Figure 10. A partitioned 2-D domain showing global element ID and the edge list
collecting unique edges on each processor.
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In Figure 11, the red color arrows around vertex 32 show the flux direction associated with each
adjacent sub-edge. The total flux of Edge 31-32 is the sum of two computed fluxes of this sub-
edge based on node 32 and node 31. Note that vertex 32 and vertex 31 can be owned by different
processors. The link list sketched at the bottom of Figure 11 collects all the unique edges on each
processor. The pointer “Next” points to the next unique edge. However, “Next2[0]” and
“Next2[1]” point to the next edge adjacent to the respective vertex comprising this edge. The
first entry of “Next2” points to the next edge adjacent to the vertex with lower local vertex ID on
the edge, while the second entry associated with the other vertex on this edge.

l-\\ / ! \ f;ff\‘ F ’/f( ‘\\
e \
jﬁ : 41 / / .\.‘\‘-\_‘. / 47 f \ "5 T - .\\ 4
\\‘ ;.f\ _\\ o N
2 X \'\_ i A" i \ / 4
i o \\ f'f ‘‘‘‘‘ ‘.\-. ;"J » A i
; \'\. ’ \\_ !.f"
\29 \ 43 37
Next2[1]
Face node
roce it [~ TN~ DO~ - - - T~

Next —
Next2[0] =

Figure 11. Three link lists collecting all unique edges, edges adjacent to vertex
32, and vertex 36.

This design of data structure avoids duplicate edge nodes, which can waste memory and CPU
time spent in copying data among duplicate edge nodes. Each edge node has two data fields to
store computed data defined by application codes. Each one is obtained based on each vertex on
the edge. The CCFlux toolkit also renumbers the element ID adjacent to each vertex. For exam-
ple, in Figure 11 those 6 elements adjacent to vertex are numbered to from 0 to 5. The toolkit can
also provides a set of Boolean values indicating whether the adjacent flux direction of a node
needs to be flipped if the circulation condition is imposed.

The toolkit equips a set of API functions listed in Table 1. The following three functions are
designed for different application codes, and must be incorporated at the initialization stage.
They are adhCCFinitMesh for ADH, pWASHCCFinitMesh for pWASH123D, and
fwCCFinitMesh for FEMWATER. Three destroy functions, adhCCFdestroyMesh,
pWASHCCFdestroyMesh, and fwCCFdestroyMesh are also required at the finalized stage.
The data handler, CCFmesh, separates the flux calculation from others in the application to
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make the algorithm implementation portable. The ultimate goal of the toolkit development—
reusable and modular code—can thus be reached.

Table 1. API functions

API function Return value*

face_node=CCF_GET_1ST_VTX_NEIGHBOR_FACE(mesh,i) Return the 1st face (i.e., face node shown in
Figure 11) adjacent to vertex i.

face_ptr=CCF_GET_FACE_POINTER(face_node) Return the face pointer encapsulating the

following information: face number (i.e. O, 1,
or 2 for a triangle) and the element pointer
that the face_node resides.

ierr=CCFface_vertices(mesh,face_ptr,vtx_list) Return the vertex list comprising the face that
the face_ptr points to.
Sign_flipped=CCF_GET_FACE_SGN_DATA2VTX(mesh,i) Indicating whether each flux direction across

adjacent faces next to node i needs to be
flipped if circulation condition is imposed.

data_ptr=CCFget_face_node_data(mesh,face_node) Return the address pointing to user-defined
data associated with the face_node.

CCFface_neighbor_elements(mesh,face_ptr,elmID,elmID+1) Return the local element ID adjacent to the
face that the face_ptr points to. The flux
direction is defined from elmID[0] to eImID[1].

elm_face=CCFget_face_tuple(mesh,ptr,j) Return the 2 adjacent compact element ID (0
to 5 show in Figure 11) of the | face next to
the vertex encapsulated by the pointer ptr.

face_node=CCFget_next_vtx_neighbor_face(mesh,face_ptr,face_node,elmID[0],i) [ Return the next face_node of the current
face_node retrieved from the face_list based
on the info. of vertex i. Either the one linked
by next2[0] or next2[1] is returned.

CCFsend(mesh) Synchronize face data among processors

* “Face” is used to represent 2-D edge and 3-D face in this column

To demonstrate the algorithmic implementation, the local approach of Larson-Niklasson method
is used to calculate the U values described from Equation 2 to Equation 10. Each U value is
associated with an element adjacent to the vertex shown in Figure 2. For the 2-D shallow water
flow in ADH, the estimated flux is the length integration of hV (a face is actually an edge in
2-D), shown in the first loop of the pseudo code in Figure 12. Followed is the loop visiting each
vertex to construct a local linear system, in which the total number of rows equals the number of
elements including the vertex. The LU direct solver is then used to solve this linear system with
unknown U. Once U is obtained, the mass conserved flux, i.e., (hV)™, can be calculated based on
the formulation from Equation 1la to Equation 11f. The final flux value across each face is
actually the average of the local conserved (hV)™ associated with the vertex sitting on the edge.
Before the computation of the final flux, the function CCFsend must be executed to
synchronize the edge data (hV)™ for summing on the node star. To verify the result, we can
simply compute the difference between the total flux across all the faces and the sum of
boundary fluxes described in the governing equation. This verification function checks every
element throughout the entire domain. The maximum value of the difference is then found and
given to the user. Ideally it is zero but can practically be near the user’s prescribed error
tolerance for the application simulation.

22



ERDC TN-SWWRP-10-4
August 2010

Foreach face do

data_ptr[0]=neSN[0] (hV)dlI
data_ptr[1]=ne/N[1](hV)dI

Endfor

Foreach owned vertex do

pick elmID[0] or elmlID[1] based on sign_ fllpped
compute element residual, i.e., R", .., R
construct A and b => AU = b

set U; »=0, LU direct solver is used to obtain sol.
compute (hV)™ for each face

Endfor

CCFsend(mesh) /* sync face data */

Figure 12. Pseudo code for the Larson-Niklasson implementation.

The implementation on a 3-D mesh should be similar except that some geometric issues need to
be tackled. The CCFlux toolkit needs to be flawless for both 2-D and 3-D meshes. Currently, we
are in the middle of debugging 3-D cases. A new version of CCFlux will be released after the
3-D bug-free implementation is completed.

EXPERIMENTAL RESULTS: We demonstrate the locally mass-conservative flux calculation
on an example used in the article by Tate et al. [8]. The domain of interest is San Diego Bay in
CA, which covers an area of approximately 560 km® and has a mean depth of 6.5 m. This area
was discretized with 10,999 triangular elements and 6,311 nodes, as shown in Figure 13. The
simulation took the tide shown in Figure 14 as the driving force and used a time-step size of
360 sec. The total simulation time was 24 hours, which is about a diurnal cycle. The tidal boun-
dary condition was applied to the nodes included in the section of open boundary (Figure 13).
The rest of the domain boundary was set to closed boundary, i.e., no normal flow.

Open Bounda;}f (Tidal BC

Pacific Ocean

6,311 nodes

10,999 elements

3 materials: channel (orange)
outside channel (brown)
ocean (blue)

Figure 13. Domain discretization of San Diego Harbor.
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Figure 14. The tidal boundary condition.

We selected six nodes to examine the computed conservative fluxes. Among these six nodes,
Nodes 21 and 22 are on the open boundary (Figure 15a), Nodes 4684 and 4685 are on the closed
boundary (Figure 15b), and Nodes 405 and 2997 are interior nodes (Figure 15c). Figure 16
shows the flow direction, which is defined from the lower global element ID to the higher one.
Figure 17 shows the water depth color contour and scaled velocity vector at simulation time =
3,600 s. Table 2 shows the estimated normal sub-edge flow (column 2), the conservative normal
sub-edge flow (column 3) and the total nodal flow (column 4) at that time step. The flow rate
shown in columns 2 and 3 are positive when the normal flow direction is the same as specified in
Figure 16. The positive and negative signs associated with the total nodal flow in the “Nodal
Flow” column represent the out-going and in-coming, respectively, flow at the nodes. As shown
in Table 2, at simulation time = 3,600 the total nodal flow at Nodes 21 and 22 are negative, indi-
cating incoming flow at those two open boundary nodes due to the rising tide (Figure 14). On the
other hand, the total nodal flow at both the two interior nodes (i.e., Nodes 405 and 2997) and the
two closed boundary nodes (i.e., Node 4684 and 4685) was zero, as expected in our derivation
given in this technical note. Therefore, we have verified the implementation of the local
approach for computing conservative normal fluxes on element edges in solving 2-D shallow
water flow in ADH. The computational results show the maximum difference computed by the
verification function mentioned in the section of “SOFTWARE DEVELOPMENT.”
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Node 4684

T"
-

@ (b)

(©)

Figure 15. Locations of the six nodes selected to examine the computation of conservative flux:
(a) Nodes 21 and 22 are on the open boundary, (b) Nodes 4684 and 4685 are on the closed
boundary, and (c) Nodes 405 and 2997 are interior nodes.
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(© )

Figure 16. Zoom-in of the mesh discretization abound the six selected nodes: (a) Nodes 21 and 22,
(b) Nodes 4684 and 4685, (c) Node 405, and (d) Node 2997; numbers in red are the global
node IDs; black arrows are used to define positive flow direction across each sub-edge
around the selected nodes.
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Figure 17. Computed water depth and velocity vector at simulation time = 3,600 s.
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Table 2. Results of sub-edge and nodal flow associated with the six selected
nodes at simulation time = 3,600 seconds

Sub-edge (two end nodes) | Estimated Flow* (ft%/s) | Conservative Flow** (ft*/s) | Nodal Flow*** (ft%/s)

Around Node 21:
21-22 2.7838E+04 2.7838E+04 -4.9348E+04
21-64 1.3247E+04 1.3162E+04
21-65 3.3049E+03 3.1082E+03
21-62 -1.5188E+04 -1.5625E+04
21-20 -2.1510E+04 -2.1510E+04

Around Node 22:
22-23 3.4450E+04 3.4450E+04 -6.3437E+04
22-66 2.0206E+04 2.0516E+04
22-67 2.4817E+03 2.8831E+03
22-64 -1.5343E+04 -1.4908E+04
22-21 -2.8987E+04 -2.8987E+04

Around Node 405:
405-404 4.8676E+02 4.8744E+02 0.0000E+00
405-430 6.1192E+02 6.3997E+02
405-458 4.3372E+02 4.6648E+02
405-459 -1.4027E+02 -1.6370E+02
405-406 -7.7235E+02 -7.9921E+02
405-355 -5.2722E+02 -5.3544E+02

Around Node 2997:
2997-2998 -3.3387E-02 -3.3632E-02 0.0000E+00
2997-2936 -1.2641E-01 -1.2681E-01
2997-2935 3.6237E-02 3.7106E-02
2997-2996 1.3369E-01 1.3483E-01
2997-3056 4.8901E-02 4.7986E-02

Around Node 4684:
4684-4686 -4.3777E-06 0.0000E+00 0.0000E+00
4684-4621 -2.6924E-04 -6.3892E-03
4684-4622 4.4110E-03 6.5927E-03
4684-4685 -7.0438E-03 0.0000E+00

Around Node 4685:
4685-4684 7.6636E-03 0.0000E+00 0.0000E+00
4685-4622 3.7038E-03 0.0000E+00

* Estimated flow = (computed water depth) x (computed velocity) x (sub-edge length)
** Conservative flow = (computed conservative flux) x (sub-edge length) using the local approach
*** Nodal flow = computational result by substituting the convergent solution into the matrix equation of mass conservation

SUMMARY: In this technical note, two algorithms to compute locally mass-conservative
edge/face fluxes are presented. The local approach wins over the global approach and these were
derived based on the Larson-Niklasson method. Obviously the global approach requires more
memory consumption for the linear system, contrasted to the local approach, whose linear sys-
tem size is defined by the total number of adjacent elements to a node. The global approach may
require an efficient linear solver, while the local approach can simply use a direct solver.
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Our software development aims to develop the CCFlux toolkit to support the solution of the local
approach. A set of light-weight application interface functions facilitates easy incorporation to
different applications. The aforementioned local approach was implemented in the 2-D shallow
water flow module in the ADH model. An experimental case solving the San-Diego Bay area
was presented for demonstration. The result verified the correct implementation of the locally-
conservative flux computation and the CCFlux toolkit. More cases, including 3-D groundwater
flow, 3-D CFD problems, and 3-D shallow water flow, will be built for demonstration in the near
future.

ADDITIONAL INFORMATION: This work was funded by the SWWRP. At the time of publi-
cation, the SWWRP Program Manager was Dr. Steven L. Ashby: Steven.L.Ashby@usace.army.
mil. This technical note should be cited as follows:

Cheng, J-R. C., H-P. Cheng, M. W. Farthing, and C. E. Kees. 2010. Computing
locally-mass-conservative fluxes from multi-dimensional finite element flow
simulations. ERDC TN-SWWRP-10-4. Vicksburg, MS: U.S. Army Engineer
Research and Development Center. https://swwrp.usace.army.mil/.
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