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Chaos Experiments
Two Approaches

Classical Chaos
Nonlinear Circuits
Is there premature circuit failure due to nonlinear dynamics?

Wave Chaos
Statistical properties of waves trapped in irregular enclosures
Effects of breaking time-reversal symmetry
Effects of coupling



Motivation
Classical Chaos

Identify novel ways to introduce low frequency signals into circuits
using nonlinear dynamics

Does nonlinear dynamics and chaos create new
opportunities to modify circuit behavior?

Are there qualitatively new failure modes of circuits
than can be exploited using nonlinear dynamics?



Focus

Experimental investigation of the driven Resistor-
Inductor-Diode (RLD) series circuit with and without a
TransImpedance Amplifier (TIA)

Driven RLD Driven RLD/TIA



Are There Other Effects of
Nonlinear Dynamics?

Given the absence of irreversible changes in the RLD/Op-Amp 
circuit, can we identify other effects of nonlinear dynamics on
circuit behavior?



Two-Tone Irradiation 
of Nonlinear Circuits

Can the presence of a “high frequency” signal increase the 
susceptibility of a “low frequency” circuit to go into chaos?

Can two-tone injection increase the susceptibility of a
circuit to go into chaos?  Vavriv (Kharkov)



 

Spectrum
Analyzer

Two Tone (Hi/Lo) Injection
Of RLD/Op-Amp Circuit

VHF

VLF, VDC

Circuit f0 ~ 10 MHz
VLF at 5.5 MHz
VHF at 800 MHz



Two-Tone Irradiation 
of Nonlinear Circuits

Driven RLD Circuit Driven RLD/TIA Circuit

No change in period doubling
behavior with or without RF

RF irradiation causes significant
drop in driving amplitude
required to produce the period-
doubling transition!
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Low Frequency Driving Voltage VLF (V)

RF Irradiation Lowers the Threshold for Chaos in Driven RLD/TIA

LF = 5.5 MHz
+ HF = 800 MHz

M
ax

. o
f  

O
p-

am
p 

A
C

V
ol

ta
ge

 O
ut

pu
t

N
o 

D
C

O
ff

se
t

D
C

O
ff

se
t=

+4
0

m
v

D
C

O
ff

se
t=

+4
40

m
v

D
C

O
ff

se
t=

+3
0

0m
v

Low Frequency Driving Voltage VLF (V)

LF = 5.5 MHz
+ VDC OffsetVLF + VHF

VDC

Period 1



RF Illumination and Chaos
In the RLD/TIA Circuit

800 MHz signal lowers the threshold for chaos at 5.5 MHz dramatically

Results consistent with a DC offset generated by rectification in the diode
(the sign depends on the polarity of the diode)

DC offset changes the bias point on the C(V) curve
Higher C => period doubling and eventually chaos

This DC offset is VERY SMALL in the driven RLD circuit => no change
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Conclusions
And Open Questions

Two-Tone (Hi/Lo frequency) injection lowers the threshold for chaos in the
RLD circuit followed by a trans-impedance amplifier

“Embedded” nonlinear circuits may cause more trouble than we expect
on the basis of their behavior in isolation

Does chaos lower the threshold for irreversible change to electronic components?

To what extent do modern IC p/n junctions exhibit nonlinear capacitance
and period doubling bifurcations?

Funding provided by STIC/STEP and Air Force MURI



Wave Chaos in Bounded Regions

Consider a two-dimensional infinite square-well potential box 
that shows chaos in the classical limit:

Now solve the Schrodinger equation in the same potential well
These solutions can be mapped to those of the Helmholtz equation

for electromagnetic fields in a 2D cavity

Examine the solutions in the semiclassical regime: 
wavelength λ << system size L

What will happen?

L



An Important Issue: Time Reversal Symmetry Breaking

Theory tells us that there are only three distinct classes
of Wave Chaotic systems:

Time-Reversal Symmetric (GOE)
Broken Time-Reversal Symmetry (GUE)
Symplectic (Spin-1/2) Symmetry (GSE)

Our Goal:  Investigate electromagnetic wave chaotic systems
in the Time-Reversal Symmetric (TRS) and TRS-Broken (TRSB)
states, and for states in between.

➨   TRSB modifies the eigenvalue spectrum

➨   TRSB modifies the eigenfunctions



How do we Perform the Experiment?

Quarter bow-tie
microwave 
resonator

Measurement
setup



Eigenfunctions
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Schrödinger equation for a
charged particle in a magnetic
field

Helmholtz equation for a microwave
cavity including a magnetized ferrite

A Magnetized Ferrite in the Cavity Produces
Time-Reversal Symmetry-Breaking

Analogous to a QM particle in a magnetic field

➨   The magnetized ferrite problem and the magnetized Schrödinger
problem are in the same TRSB universality class (GUE)

BB



24 ′′=r

5.25 ′′=r

0      4       8     12    16

8

4

0

8

4

0
0      4       8     12    16

x (inches)

y 
(in

ch
es

)

18
15
12
8
4
0

A2||Ψ

Ferrite

a)

b)

13.69 GHz

13.62 GHz
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Eigenvalue Fluctuations in Electromagnetic Cavities
Effects of Chaos and Time-Reversal Symmetry Breaking
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Rectangular Resonator

Time-Reversal Symmetric
Chaotic Resonator

Time-Reversal Symmetry-Broken
Chaotic Resonator

“Hot Spots”
These cavities obey  |Ez|2 dA = 1 

Based on H. Ishio, et al., Phys. Rev. E 64, 056208 (2001). 



Experiments in Progress

The bow-tie cavity now has an electromagnet so the degree of
time-reversal symmetry-breaking can be tuned.

Image eigenmodes as TRS is destroyed
Statistical properties of the cavity vs. TRSB

Weak Localization (Increase in |S21| with B)
Variable coupling capability

New Analysis
Calculate |J|2 from |Ψ|2
Statistical measure of scars

New Imaging Methods
Image the complex Ez (or Ψ) directly, instead of |Ez|2

Numerical Results
Dielectric resonator modes of “pc-board” in cavity



Electromagnetic Simulations of 2D Cavities in HFSS

Frequency = 4.80605 GHz Frequency = 4.89581 GHz

Quarter bow-tie resonator with a dielectric slab inside
Eigenmode Solver

Dielectric slab 10” x 5.5” x 0.2”, attached to lid
εr = 4.0, tanδ = 0



Dielectric Slab Mode (8 x 8) in Bow Tie Resonator
HFSS Calculation

Dielectric slab 10” x 5.5” x 0.2”, attached to lid
εr = 4.0, tanδ = 0

4.89581 GHz
logarithmic

scale



Conclusions

The statistical Properties of non-trivial electromagnetic resonators can be
Understood from the perspective of wave chaos

Time-Reversal Symmetry (TRS) has important consequences for
eigenmode properties:

Stronger “Hot Spots” and more “Dead Spots” in TRS eigenmodes
More “smoothed out” character of TRSB eigenmodes
Weaker spatial correlations in TRSB modes

➨  Breaking TRS reduces the number of “Hot Spots” in
chaotic eigenmodes

New Capabilities and Directions:
Variable Magnetic field -> Variable degree of Time-Reversal 

Symmetry Breaking
Variable coupling -> move from resonator with discrete resonances to

a continuum transfer function
Funding provided by Air Force MURI


