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Analytical treatment of self-phase-modulation beyond the slowly varying envelope approximation
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Analytical treatment of the self-phase-modulation of an ultrashort light pulse is extended beyond the slowly
varying envelope approximation. The resulting wave equation is modified to include corrections to self-phase-
modulation due to higher-order spatial and temporal derivatives. Analytical solutions are found in the limiting
regimes of high nonlinearities and very short pulses. Our results reveal features that can significantly impact
both pulse shape and the evolution of the phase.
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I. INTRODUCTION solutions then reveals important features in the dynamics of
the pulse envelope and phase related to non-SVEA effects.
With laser science breaking the femtosecond barrier, it has
become more and more difficult to justify the application of
the slowly varying amplitude approximatiq@@VEA) to ex-
plain new physical phenomena. As light pulses become in-
creasingly shorter, new physical phenomena inaccessible to We begin our analysis by writing the scalar wave equation
the SVEA analysis begin to play an important role, and mayfor the electric fieldE in an isotropic medium with no dis-
sometimes dominate the dynamics of ultrashort pulses an@ersion,
field wave forms. Recent experiments demonstrating the
generation of attosecond puls¢$—-3] and measurements VE-S—5=— (1)
with these pulsefs,5] raise a number of equally challenging ¢
and exciting issues related to the propagation and nonlineajyheren is the refractive index and is the speed of light in
optical interactions of pulses of extremely short durations. Inhe vacuum.
view of these breakthroughs, many classical results obtained Without loss of generality, a short pulse propagating along
in the realm of ultrafast optics may have to be revised bythe z axis, of carrier frequencw such thatk=wn/c, can be
extending the analysis of Maxwell equations beyond theexpressed as follows:
SVEA. This task becomes especially urgent when ultrashort
pulses undergo nonlinear optical transformations while
propagating over large distances as, for example, in converwe write the nonlinear polarization of the medium in the
tional [6] or microstructure[7—10] fibers, or long-distance form of a power-series expansion, keeping the terms up to
pulse propagation in the atmosphétd,12]. the fifth order in the fieldE:
Recent numerical, non-SVEA studies of propagation and _
nonlinear optical interactions of ultrashort light pulses have Po=x?[E’E+ X”EI'E, 3)
revealed new interesting scenarios of spatiotemporal dynanwhere y'® and x® are the third- and fifth-order nonlinear-
ics and spectral evolution of ultrashort pul§é8—16], new optical susceptibilities, respectively. In writing E®), we
phenomena related to the ultrafast nonlinear response of asume that the carrier frequeneycan be defined for our
medium[17,18], and the influence and interplay of propagadight pulse, which is true even for few-cycle pulses. In fact,
tion and phase-matching effedts9], to name a few. In the Eq.(2) is quite general in that it is equivalent to a coordinate
absence of analytical solutions it therefore seems appropriateansformation. Expressio(8) corresponds to the usual re-
and timely to attempt to put some of these results on a firmegime of perturbative nonlinear optics. However, our analysis
theoretical ground with a systematic analytical treatment ofvill go beyond the standard SVEA treatment of self-phase-
non-SVEA effects. Accomplishing this task involves the re-modulation. We will find non-SVEA corrections to the SPM-
vision of the equations of motion for basic nonlinear opticalinduced nonlinear phase shift and show that these corrections
processes, such as self- and cross-phase modulation, haen be described in terms of the effective fifth-order nonlin-
monic generation, four-wave mixing, and others, with theear susceptibility. Since the term with the “true” fifth-order
inclusion arising from the inclusion of second-order longitu-susceptibility is kept in the expression for the nonlinear po-
dinal, spatial, and temporal derivatives. larization[Eq. (3)], we will be able to comparg®-like non-
In this paper, we provide the non-SVEA analysis specifi-SVEA corrections with the contribution of the true fifth-
cally for self-phase-modulatiofSPM)as a part of this plan, order nonlinearity.
and find analytical solutions for the limiting regimes of high  Substituting Eqs(2) and(3) into Eq.(1) for a plane wave,
nonlinearities and very short pulses. Close scrutiny of theseve arrive at

Il. REVISED EQUATION FOR
SELF-PHASE-MODULATION

E(x.y,zt) =e(xy,z ) @ + c.c. (2)
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_AT 5 & ol 2 AT Expression(9) gives a SPM equation revised to include
T 2N s 2 R TEE % + 2 X non-SVEA corrections related to higher-order derivatives in

Eq. (1), as well as the term related to the fifth-order nonlin-
% (9—2—2i a5 o] (4) earity. With u,=ux.=0, Eq. (9) reduces to the standard,
a2 et @ [EE SVEA equation for self-phase-modulation. The revised SPM
equation(9) is instructive from the physical point of view, as
To represent Eq4) in dimensionless form, we introduce it provides useful insights into the physical origin of the
the nonlinear length 1/, =(4mw?|eg|?/2ke?) x®), the nor- first-order non-SVEA corrections and allows these correc-
malized running timer=(t—-nz/c)/ 7, (where y is the pulse tions to be compared with the contribution of the fifth-order
duration), and the dimensionless propagation coordigate nonlinearity. The term involvingu, gives ax®-like, i.e.,
=z/L,,. We normalize the field with respect to its maximum quintic in the field, correction to the SPM equation. This
amplitude (e — &/&g). With these transformations and scal- finding is fundamental from the viewpoint of the basic prin-
ings and with an assumption that transverse effects are ne§iPles of nonlinear optics, as it reveals the existence of an

ligible, i.e., V2 L =0, Eq.(4) can be rewritten as additional physical channel whereby effects quintic in the
T ' field may contribute to the SPM of ultrashort laser pulses. In
de 1| N e N e the presence of diffraction, for example, y@-like term
i—+—)——-— : ; )
9E am| L, 08 crardt would tend to defocus the beam, leading to increased non

linear thresholds and modified spatiotemporal dynamics for
1V NV2P 0N long distance propagatidi5]. It can be easily seen from the
=15, 92 memdr definition of u, that the role of they®-like term in Eq.(9)
increases with the decrease in the nonlinear lemgthi.e.,
leolPX® with the growth in the nonlinearity. Thug®-like effects
) el (5) may influence nonlinear-optical interactions governed by the
third-order nonlinearity even in the regimes of perturbative
Now we introduce the parametegs,=1/4xw/N/L, and  nonlinear optics. The term involving, gives a small correc-
w.=1/4mI\/cry, representing the length and time scales, retion to the term proportional t¢e[?s, which dominates the
spectively. Under normal circumstances, the nonlinear lengt&PM in the SVEA regime. This correction, as it follows from
is much larger than the wavelength of light. By the samethe definition of the parameter,, becomes significant in the
token, even for a pulse only a few optical cycles in duration,case of very short, few- and single-cycle pulses. As will be
. can be much smaller than unity. Therefore, keeping onlyshown in the following sections, this correction may also

terms up to the first order ip, and «, in Eq. (5), we derive ~ give rise to noticeable changes in the pulse envelope and
phase distribution evolution of self-phase-modulated pulses.

de Pe Pe d(le%e) ) Expression9) involves two terms quintic in the fiel&.
Ia_g == /Uvz(?_gz e PYEr -4 g7 ~ el The physical origin of these two terms is different. While the
first term on the right-hand side originates from the non-
|leo2x® 4 SVEA correction related to the second derivativezjrthe
@ e[ *. (6) second term describes the contribution of the true fifth-order
nonlinearity of the medium. It would be instructive to gain a
We now focus our attention on the higher-order spatialgeneral understanding of the relative significance of these
and spatiotemporal derivatives that appear on the right-hantivo terms in Eg.(9) by using the relation between off-
side of Eq.(6). Differentiating Eq.(6) with respect taz, and  resonance nonlinear susceptibilities of different orders typi-
neglecting the terms of the order pf, 1% wu, andux®, cal of the perturbative regime of nonlinear optif20]:
we find X" ~xV/|E4"Y, whereE,, is the characteristic atomic field
, (typically on the order of 1®-1F V/cm). The first
de Zi ﬁ+ i2|a|e®+i|a|2@ +O() two terms on the right-hand side of Eq9) can be
o8 My Y ge then estimated as |eg(®/x¥~|eo2/|E,> and
i pAaledPIn®) P~ (m/n?) XV (|eo/ [Ead®) ~|eol*/ [Eal®.  The
== le|%s + O(u,) + O(u,). () 1on-SVEA correction in a nonresonant situation is thus of
To estimatel|s|/ d¢, we represent the field as=|s|¢? and ~ the same order of smallness as the term related to the true
substitute this expression into E@), which yieldsd|e|/ 3¢ fifth-order nonlinearity. These two channels of nonlinear-
=0(u,)+0(u,). To find the derivatives®e/9&éd 7, we once optical interactions can, therefore, interfere either construc-
again differentiate Eq(6), this time with respect ta, tively or destructively, giving rise to interesting effects, en-
hancing or suppressing nonlinear phenomena, depending on
e _ 9 10 10 8 the relative sign of the first two terms in E¢(R). In what
GEIT (97['|8| &+ O(u,) + O, ]. (8) follows, we will present an iterative procedure, allowing an
analytical integration of non-SVEA SPM equations for the
Then, substituting Eq47) and(8) into Eq.(6), and keeping amplitude and the phase of ultrashort pulses including only
the terms of the zeroth and first ordersunandu,, we find  the cubic optical nonlinearity.
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ll. ANALYTICAL SOLUTIONS TO THE NON-SVEA phase. Substituting Eq16) into the second equation in the
SPM EQUATION set(10), we derive the following equation for the first-order

In this section, we will develop, following the plan out- non-SVEA correction to the phase:

lined above, an iterative procedure solving the generic non- J ,9 b0
SVEA SPM equatior{9) for a medium with cubic and quin- Py =- gr
tic nonlinearities. Representing the field of a light pulse as
e(&,7)=A(&, nexplip(&, 7], we arrive at the following set of Substituting the first-order non-SVEA solutiqi5) for
equations for the amplitud& and the phase of the field: the amplitude into Eq(18), keeping only the terms of the
zeroth and first orders ip, and u, in the resulting equation,

(18)

(9—A:—9,u,A25—A and assuming that the input pulse has no initial chirp, we
a¢ ot arrive at the following solution for the phase:
— 9 Ag(7)
— 2 4 3
a_d) - AZ_ FZA4_ SMTAZa_(b, ¢(O)(§v T) - (AO_ IU’ZAO - 18MTAOT§)§1
d& aT
where u,= u,~ |eo2x® 1 x'?. _ L 39AT)
We now write the field amplitude as a series expansion in bw(&7)=-6A3 PP

the small parameteg.,
5 Combining the solutions for the phase and the amplitude
A=A+ A+ uA T (11)  given by Egs(15)and(19), we derive the following expres-

whereAq) is the SVEA solution to the SPM equation for the sion for the field:

field amplitude,

e(é7)= Ao{l - 9MTA0(9(9_ATO§} expli(psven—Ad,—Ad,))],

a8 0 (12) 20
9 g ! ( )
and Ay and A, are the non-SVEA corrections of the first where
and second orders ip,, respectively. The equation for the DsvEA= A(Z)g, (21)
first-order non-SVEA correction to the field amplitude is | ) ] )
then written as is the SVEA solution for the SPM-induced phase shift,
J T
&A(l) —_oA ZaA(O) (13) A¢T: 241“’7‘A8M§2 (22)
9 g (0) or ) ot

The solution to Eq.(12) is well known [20]: Ag(£,7) is the non-SVEA correction to the nonlinear phase shift re-

=Ay(7), whereAy(7) is the initial pulse envelope normalized lated to the second derivative in time, and

to the maximum field amplitudgdAy(7)=exp-7?) for a A(bz:ﬁzAéf (23)

Gaussian pulse]ntegration of Eq.(13) yields ) ) o
is the non-SVEA correction originating from the second de-

20 Ay rivative in z.
Ag(én =~ 9AOE§' (14) For a pulse with an initial phase modulation(0,7)
= ¢o(1)=ar® (au,<1), the correction to the nonlinear
The solution to the non-SVEA SPM equati®) in the first-  pphase shift is given by
order approximation inu, is thus written as

A, =24u A
A(g,r>:Ao—9qu3‘2—A°§, Ag=Ay0,7).  (15) $r= 24

T

J
Mé:z—GMTA(Z)a. (24)
ar
_ _ ) Expression(23) suggests that the non-SVEA correction
We can now proceed with the solution of the equation forp 4, to the SPM-induced phase shift is quartic in the field.
the phase in the set of EqdL.0). We represent the phase as Thjs functional dependence is typical of® nonlinear-
_ 2 optical effects. In our case, however, the smallness of the
¢= o+ mbw t 1o (16) phase shiftA¢, is related not only to the fifth-order suscep-
and take the solution to the equation tibility x', but is governed by the paramejey, which is in
turn controlled by both the third- and fifth-order susceptibili-
Ido o, — 4 ties x® and x®. In a practically important situation of a
Y =AT- A (17) " medium with a resonance-enhanced third-order susceptibility
X, the phase shif\¢,, given by Eq.(23) can, therefore,
as the zeroth-order iteration. In view of E.7), the small noticeably exceed the trug®-induced phase shifts, giving
parameteju, also appears in the series expandib) for the  rise, as will be shown below, to detectalgend sometimes
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FIG. 1. The nonlinear phase shifis\ga calculated within the FIG. 2. The envelope of a self-phase-modulated pulse calculated

framework of the slowly varying envelope approximati¢solid within the framework of the slowly varying envelope approxima-

line) and the non-SVEA correctioA ¢, to the nonlinear phase shift tion (solid line)and with the use of Eq20) (dashed line), including

related to the second-order derivative Zzr(dashed line)or ¢é=1 effects related to the second-order derivativerjnfor é=1 with

with u,=10"3. The variabler is normalized to the pulse duration. w,=1072, u,>pu, The variable 7 is normalized to the pulse
duration.

. e (5)_ . . .
significant) y'*-like corrections to the phase in the purely show that non-SVEA phase shifts may play an important

perturbative regime of nonlinear-optical interactions. role, for example, in nonlinear-optical experiments in micro-
Non-SVEA effects related to the second-order time de-_ ™ P, P P

- o structure fibers[10], where light intensities exceeding
rivative, as can be seen from E@22) and(24), give rise to 3 . X
distortions in the envelope of a light pulse, which becomes 102 W/cnt are often achieved by coupling femtosecond

. L ._pulses in a few-micron fiber core.
dependent even in the absence of group-velocity dlsperS|oH. In the regime of very short pulses, wifla,> u., non-

Expressiong22)—(24)are also instructive in demonstrating VEA pulse-envelone and phase-profile distortions accumu-
that both pulse-envelope and phase-profile distortions relatq%t pth | P ? th P h di Fi 5
to the non-SVEA effects accumulate withas the pulse ate as the pulse propagales through a medium. Figure

propagates through the nonlinear medium. This dependen(;s(!;?t(.)\’\llS dI'Stoét'ont‘c.’ n tPeben\t/%Igp;e of a I'O?Et pl#set Wlt|’|1 ?nd
on the longitudinal coordinate can lead to noticeable devia. " 'r? pulse duradlon 0 adou_ 1S _cat;]se y elects re aT?\
tions from the SVEA results for pulse envelopes and nonIin-tot e second-order time derivative in the wave equation. The

. o ; : changes in the pulse envelope are already quite noticeable
ear phase shifts for sufficiently large propagation dlstance%r 521 The inf[I)uence of noFrjl—SVEA phas)é ghifts is illus-
as, for example, in the case of standf¢lor microstructure '

. : : B . : trated in Fig. 3, which compares the nonlinear phase shift of
optical fibers[7—10] or nonlinear-optical interactions in the . . o
atmospherd11,12]. a pulse with a duration of about 30 fs calculated within the

framework of the SVEA approach with the nonlinear phase
shift calculated with the use of Eq&0) and(22), including

IV. RESULTS AND DISCUSSION

1.0+ -0.10

To assess the role of non-SVEA effects in self-phase- ]
modulation, we use the solutions to the revised SPM equa- g
tion derived above to calculate the non-SVEA phase shifts
and distortions in pulse envelopes for different values of pa- 0.6

-0.05

— . ) . < >
rametersu, and u,. Figure 1 displays the nonlinear phase 4 : -0.00 &
shift ¢syea calculated within the framework of the standard <° 0.4-

SVEA approach(solid line) and the non-SVEA correction 1 | -0.05
A ¢, to the nonlinear phase shift related to the second-order 021
derivative inz (dashed linefor ¢é=1. The non-SVEA phase 00 010

shift was calculated using E¢23) with u,~ 1073 (which
corresponds t, =100 um in a medium withy®=0). Such 2 1 0 1 2
values ofu, can easily be achieved, for example, by propa-
gating light pulses with a wavelength ofdm and the inten-
sity on the order of 1& W/cn through fused silicin the FIG. 3. The nonlinear phase shifisyga calculated within the
absence of true fifth-order nonlineanitffhe non-SVEA cor-  framework of the slowly varying envelope approximatigsolid
rection to the phase shiffy¢,, as can be seen from Fig. 1, |ine) and the correction to the phase shifi. calculated with the
can reach a maximum of about 0.1 % under these conditiongise of Eq.(22) (dashed line), including effects related to the
This part of the phase shift, however, increases proportionsecond-order derivative in for £&=1 with x,=1072. The variabler
ally to u,, reaching 0.1 % foru,=0.01. These estimates is normalized to the pulse duration.
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0,00 &

¢SVEA

--0,05
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T T T -0.15

FIG. 4. The nonlinear phase shift of a short pulse with an initial
linear chirp calculated within the framework of the slowly varying 2.0-
envelope approximatio(solid line)and the correction to the phase
shift A¢, calculated with the use of Eg24) (dashed line), includ-
ing effects related to the second-order derivative,ifor £&=1 with
@=-0.5 andu,=1072

0,4

1,54 -0,2

(I) SVEA
v

1,04 0,0

non-SVEA corrections related to the second-order time de- 0,51 --0,2
rivative. Similar to pulse-envelope distortions, the deviation
of the non-SVEA nonlinear phase shift from the SVEA result 0,0
becomes quite noticeable already 1, increasing in the : : . : :
process of pulse propagation in accordance with E2@) 2 -1 0 1 2
and(22). (b) T

Putting an initial chirp on the pulse adds phase-control
aspects to the analysis of nonlinear interactions of ultrashort
pulses. Figures 4 and 5 show that such an analysis shouli
include non-SVEA effects, which may have a noticeable in-
fluence on phase-controlled nonlinear-processes. Figure « <«
compares the SVEA nonlinear phase shift of a short pulse S
having an initial linear chirp with a chirp parametes= .ew
-0.5 andu,=10"2 with the results of calculations performed 2
with the use of Eq.(24), including effects related to the
second-order time derivative. The evolution of the nonlinear
phase shifts for transform-limited and initially chirped pulses 0
illustrated in Figs. 5(a)-5(cshows how the non-SVEA part
of the nonlinear shift is accumulated and the distribution of ' ' 0 J
the nonlinear shift within the pulse becomes more and more
asymmetric as the pulse propagates through the nonlineas
med'um' Non'SV_EA phase_ corrections should be, the_refore’ FIG. 5. The nonlinear phase shift for an initially transform-
taken into conSIde_ratlon in coherent-control experimentgteq pulse calculated within the framework of the slowly varying
[21-26], where chirped ultrashort laser pulses are used {g,yelope approximatiofsolid lines)and the correction to the phase
steer molecular excitations, wave-packet motions, chemicalhitt A¢_ calculated with the use of Eq24) for an initially
reactions, or nonlinear-optical interactions. Non-SVEA ef-transform-limited pulse witlr=0 (dashed linesand a pulse having
fects, as can be seen from Fig. 5, also noticeably influencg linear initial chirp witha=0.5 (dotted linesfor £=1 (a), £=2 (b),
the SPM-phase-shift precompensation function of the initiabnd ¢=5 (c); u,=102
chirp, as the result of such a precompensation may deviate
from expectations based on the SVEA analysis. Positive initength[Fig. 5(a)]. Non-SVEA phase-profile distortions accu-
tial chirp, as can be seen from the comparison of the evolumulate as the pulse propagates through the medkigs.
tions of the correctiond\ ¢, for transform-limited and ini- 5(b) and 5(c)], the first term in Eq24) starts to dominate,
tially chirped pulses shown by the dashed and dotted lines iand the expression for the non-SVEA phase-shift correction
Figs. 5(a)-5(c), respectively, allows phase-profile distortions\ ¢, is reduced to Eq(22). This analysis shows that a prop-
related to non-SVEA effects to be reduced or precompenerly chosen initial chirp of short pulses may serve as an
sated. This precompensation is effective, however, onlymportant knob in phase-controlled molecular motions and
within propagation lengths on the order of the nonlinearnonlinear interactions.

L-0,4
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V. CONCLUSION in the laser pulse for large propagation lengths, e.g., in opti-
cal fibers or in nonlinear-optical interactions in the atmo-
Thus, analysis performed in this paper shows that the sc&phere. Non-SVEA phase corrections and pulse-envelope
narios of nonlinear-optical interactions of ultrashort pulsesgistortions should be taken into consideration in coherent-
may sometimes noticeably differ from predictions of the control experiments, where chirped ultrashort laser pulses are
slowly varying envelope approximation. We have derived aysed to steer molecular excitations, wave-packet motions,
revised equation for self-phase modulation, including correcchemical reactions, or nonlinear-optical interactions.
tions related to higher-order derivatives in the wave equa-
tion. We have also developed an iterative procedure allowing ACKNOWLEDGMENTS
the analytical solution of this equation for the limiting re-
gimes of high nonlinearities and very short pulses. Analysis This study was supported in part by the President of Rus-
of these solutions reveals interesting features in the pulsesian Federation Grant No. MD-42.2003.02, the Russian
envelope and phase-profile evolution related to non-SVEA-oundation for Basic ReseargProject Nos. 03-02-16929
effects in self-phase-modulation. It was shown, in particularand 02-02-17098), the U.S. Civilian Research and Develop-
that y'®-like effects, i.e., effects of the fifth order in the laser ment Foundation for the Independent States of the Former
field, may influence nonlinear-optical interactions governedSoviet Union(Award No. RP2-2558), and the Volkswagen
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