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ABSTRACT 
 
We describe fatigue lifetime variability as the separation/overlap of a crack-growth-controlled 

life-limiting mechanism and a mean-lifetime dominating behavior. We implement this 

description through a bimodal probability density representing the superposition of the crack-

growth and the mean-lifetime dominating densities. With the help of an α+β titanium alloy it is 

shown that the effect of microstructure, temperature, and loading variables on lifetime variability 

can be realized in terms of the degree of influence of these variables on the two densities 

affecting their separation and therefore, the total variability. We suggest that this behavior may 

be related to the development of a range of heterogeneity levels in a material at any given 

loading condition, which appears to present some probability of a predominantly crack-growth 

controlled mechanism. A procedure, based on the new description of fatigue variability, for 

predicting the probability of failure from relatively small number of experiments is discussed. 

This description appears to explain the fatigue variability trends with respect to operating 

variables reported in other studies and is shown to be especially relevant in decreasing the 

uncertainty in the useful-lifetime prediction. 

Keywords: Fatigue variability, life prediction, life-limiting mechanism, probability of failure, 

α+β titanium, Ti-6Al-2Sn-4Zr-6Mo, crack initiation, crack growth 
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1. INTRODUCTION 
 

The traditional description of fatigue variability behavior appears to be guided by the mean-

lifetime response [1, 2]. This is schematically illustrated in Fig. 1. The lifetime probability-

density is based on the deterministic understanding of the mean-fatigue relationship to operating 

variables and is commonly derived from probability distribution of variables in these 

relationships with respect their mean values [3, 4]. As illustrated in Fig. 1(a), an implicit 

assumption in this description is that the tails of the fatigue variability behavior result from 

random deviations from the overall mean behavior and have the same response to the operating 

variables as the mean. Sufficient number of experiments may not be always available, however, 

to verify this trend. Figure 1 also illustrates that the uncertainty in lifetime is often observed to 

increase with decreasing stress level, which is attributed to a greater contribution of the crack 

initiation regime in the total lifetime [5].  

The current approach to life-management of fracture-critical components also seems to be 

driven by the above understanding of fatigue variability [1, 2]. As illustrated for a given loading 

in Fig. 1, the lower-tail and therefore the book-life is derived by extrapolation of variability with 

respect to the mean to an acceptable level of risk (typically taken as 1 in 1000 probability of 

development of a pre-defined level of damage) [6]. As such, this approach appears to present a 

significant uncertainty in life-prediction [6]. The underlying fatigue variability description in this 

approach may also produce physically counterintuitive predictions with respect to the operating 

variables. For example, due to increased uncertainty in lifetime with decreasing stress level, 

smaller useful-lifetimes may be predicted at lower stress levels as illustrated for the α+β titanium 

alloy, Ti-6Al-2Sn-4Zr-6Mo (Ti-6-2-4-6), in Fig. 2((a) and (b)) [7, 8]. The experimental points 

are plotted with respect to the lognormal cumulative distribution function (CDF) (shown by 
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broken lines) in Fig. 2(a). As the stress level was decreased the mean lifetime significantly 

increased (Fig. 2(a)) which is attributed to increased contribution from the crack initiation regime 

in α+β titanium alloys [9]. The increase in the mean corresponded to a shift in the upper-tail 

behavior to the right (Fig. 2(a)). On the other hand the life-limiting behavior or the lower-tail in 

Fig. 2(a) was very weakly affected by stress level. This produced an increased separation 

between the crack initiation-dominated mean-response, and the life-limiting behavior as 

illustrated by the bar graph in Fig. 2(b). Since the increased variability is attributed only to the 

deviation from the overall mean-response, the present understanding allows for arbitrarily 

increasing the scale of the lifetime-distribution function, therefore, resulting in a significantly 

lower design lifetime (the 1 in 1000, or the B0.1 lifetime shown in Fig. 2(b)) at lower stress 

levels.  

 

 

 

 

 

 

Mean behavior

Variability described w.r.t. 
the overall mean behavior
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Fig. 1: Illustration of the traditional description fatigue variability behavior the corresponding 
life-prediction approach. 

 

The same arguments as above can also be applied to the observed decrease in lifetime 

variability with an increase in the operating temperature [8] or by seeding a material with non-

metallic particles which produces uniformly distributed crack initiation sites [10, 11]. In the 
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traditional description of fatigue variability, if the lifetime uncertainty in these cases is described 

only as deviations with respect to the mean behavior, it is possible to predict significantly lower 

B0.1 design lifetimes at the room temperature than at the elevated temperature. Similarly, a 

lower B0.1 limiting lifetime may be predicted in a relatively defect-free material when compared 

to increased defect content. These conclusions can be reasoned statistically, but from a physical 

standpoint one expects a greater risk of failure at elevated temperature and in the presence of 

defects.      

 

 

 

 

 

 

             (a)                (b) 
Fig. 2: Illustration of the separate response of tails and the mean of the fatigue variability 
behavior of Ti-6-2-4-6; (a) CDF vs. experiment and (b) Illustration of physically counterintuitive 
B0.1 lifetime w.r.t. stress level when based on the traditional description of fatigue variability. 

 

The questions we seek to address in this paper are firstly, whether it is physically accurate to 

describe the tails of fatigue variability as an extrapolation of deviations from the expected mean 

behavior. Secondly, and a follow-up to the first question, can an increase in variability with 

decreasing stress level (or with respect to microstructure and other variables) be accommodated 

simply by broadening the lifetime probability density? Our earlier studies [7, 8, 12, 13] would 

suggest that a continual increase in the scale of the lifetime density is not physically plausible 

without being accompanied by a breakdown or some sort of separation of mechanisms. 
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We have discovered the so called separation of mechanisms as a function of microstructure 

and loading variables in several structural materials including Ti-6-2-4-6 [7, 8], γ-TiAl based 

alloys [12] and nickel-based superalloys [13]. This kind of response was also seen in a separate 

study on a β-titanium alloy [14]. These studies appear to point to an alternate theory of fatigue 

variability wherein the microstructure and external variables may produce different response of 

the mean-lifetime behavior and the life-limiting behavior in certain loading regimes. In this 

paper, we implement this description of fatigue variability by a bimodal probability density 

representing the superposition of these dual mechanisms with reference to the α+β titanium 

alloy, Ti-6-2-4-6. We examine the effect of microstructure and external variables on the life-

limiting and the mean-dominating peaks of the bimodal density. A procedure for calculating the 

fatigue variability density of Ti-6-2-4-6, with respect to microstructure and loading variables, 

from a limited number of experiments is presented. This description is then applied in a fracture 

mechanics based life-prediction methodology for this material. In the end, the possible physics 

behind the separation of mechanisms is discussed. 

 

2. MATERIALS AND EXPERIMENTAL PROCEDURE 

2.1 Materials 

The Ti-6-2-4-6 material considered in this study was in the forged pancake condition. Two 

different microstructures, designated as microstructures A and B, were produced. The 

microstructural details have been provided elsewhere [8]. Both microstructures consisted of a 

mixture of equiaxed (or globular) primary-α phase and lamellar α/transformed-β colonies. 

Besides the smaller length of lath-α and a tendency for clustering of the equiaxed-α grains in 

microstructure B, the two microstructures appeared similar in the electron image. The global 
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textures of the two (measured on a plane normal to the loading axis) were very different [8] with 

a greater tendency of the basal and the prismatic poles to be parallel to the loading axis in 

microstructure B.  

2.2 Experimental Procedure 

The microstructure was characterized using a LEICA field-emission scanning electron 

microscope (SEM). The texture was measured by Orientation Imaging Microscopy (OIM) 

scanning of nominal sections in the two Ti-6-2-4-6 microstructures. The scan was conducted in 

step-wise automated stage control to enable measurement from a relatively large area. A TSLTM 

(a trademark of the EDAX Company) OIM camera and associated software were used for data 

collection and analysis. The size distribution of microstructural phases was measured using the 

ImageProTM image analysis program. 

The Ti-6-2-4-6 specimens tested in this study were extracted in the circumferential 

orientation from two forging heats (with different microstructures, A and B) of the material. 

Cylindrical specimen geometry with a uniform gage section of about 12.5 mm length and 4 mm 

diameter was used for room temperature (RT) tests. For the elevated temperature (260°C) tests, 

cylindrical button-head specimen geometry [13] with the same gage section was used. The final 

machining step was low stress grinding (LSG). Each specimen was subsequently electropolished 

to remove approximately 50 μm from the surface in order to eliminate the LSG induced residual 

stress and also to produce a uniform surface.  

The fatigue tests were conducted using an MTS servo-hydraulic test system with a 646 

controller. The Ti-6-2-4-6 experiments were conducted at RT and 260°C. The tests were 

performed in load control at the frequency of 20 Hz and the stress ratio of 0.05. For the elevated 

temperature tests, an electric resistance furnace was mounted on the test frame. A high-
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temperature button-head gripping assembly was used in conjunction with a standard collet-grip 

system. The hydraulic grip units were water-cooled. Temperature-control thermocouples were 

welded outside of the specimen gage section to maintain the test temperature at the specimen. A 

clip-gage was used with a few RT tests to record the stress-strain behavior. A high temperature 

extensometer was used with the elevated temperature tests to obtain the stress-strain loops at 

frequent intervals during the test.    

 The small crack growth experiments were also performed on round-bar specimens. The crack 

growth rate was monitored using the acetate replication technique. The test was interrupted at 

predetermined cycle intervals to obtain the replica. The specimen was held at the load of 60% of 

the maximum load to partially open the crack during replication. The crack lengths were 

measured in an OlympusTM optical microscope.  

The fracture surface analysis and crack initiation mechanisms were studied in a LECIA field 

emission SEM. The crack initiation sizes were measured using the ImageProTM program. 

 

3. RESULTS AND DISCUSSION 

3.1 A new description of fatigue variability behavior 

As discussed in section 1, the traditional description of fatigue variability appears inadequate 

in describing the increased variability with decreasing stress level or the responses of the mean 

and the tails of the behavior. It was also noted, that probabilistic life prediction (for example the 

B0.1 lifetime) with respect to microstructure and loading variables do not appear to show 

physically plausible trends when based on the traditional description. Here we discuss a new, 

perhaps a more physics-based, description of fatigue variability behavior that may account for 

these trends.  
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The alternate description is illustrated with respect to the α+β titanium alloy, Ti-6-2-4-6. 

The stress vs. total lifetime behavior of microstructures A at RT is shown in Fig. 3. The 

deterministic range in crack growth lifetimes is also shown in the plot. The lower-bound crack-

growth lifetime corresponded to upper limits of the crack initiation size and the small crack 

growth rate [8]. Similarly, the upper-bound lifetime was calculated from lower limits on the 

crack initiation size and the small crack growth rate [8]. The small crack growth behavior at 860 

MPa is presented in Fig. 4. As shown, the upper and lower limits on crack growth behavior was 

taken as power-law segments fit to data representing the fastest and the slowest growth rate 

respectively. As indicated in Fig. 4, these limiting crack growth curves were taken to be the ± 3σ 

points in deriving the probability densities of the crack growth parameters which is discussed in 

section 3.2.1.  
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Fig. 3: Stress vs. lifetime behavior of microstructure A at RT showing the separation of crack 
initiation dominated behavior (Type II) from the crack growth controlled mechanism (Type I) 
with decreasing stress level. 
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Figure 3 indicates that the mean-lifetime and the life-limiting response tend to overlap with 

the crack growth range at the higher stress levels. With decreasing stress level, the mean 

behavior separated from the crack-growth-controlled (life-limiting) behavior producing increased 

lifetime variability at lower stress levels. In Ti-6-2-4-6 this separation can be attributed to 

increased dominance of crack initiation lifetime in the mean behavior [9] as the stress level is 

decreased. 

 

 

 

 

 

 

 
 
 
 
 
 
 
Fig. 4: Small-crack growth variability in microstructure A at 860 MPa and the crack growth 
limits used in the deterministic calculations.  
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The experimental points are plotted in the CDF space in Fig. 5 using the lognormal 

probability density. Only two stress levels are shown for clarity (other stress levels are given in 

Fig. 2(a)). The calculated crack growth ranges at both stress levels are also shown. At the higher 

stress level, a very good agreement of data with the CDF is seen which relates to the overlap of 

higher stress level behavior with the crack growth range. This agreement broke down as the 

stress level was decreased as illustrated by the 860 MPa points in the figure. A step-like shape of 
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data with respect to the CDF at the lower stress level can be shown to result from superposition 

of at least two mechanisms [7] at the same stress level. These mechanisms are designated as 

Type I and Type II in the figure. From Fig. 5, the Type I or the life-limiting behavior is 

controlled by crack growth. The Type II mechanism, which can be suggested to be controlled by 

crack initiation in Ti-6-2-4-6, dominates the mean behavior as evident from Fig. 3.  
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Fig. 5: Experimental points plotted in the CDF space showing the breakdown in agreement with 
the CDF at lower stress levels. 
 

Based on the preceding discussion, we propose that fatigue variability behavior can be described 

as separation (or overlap) of a life-limiting response and a mean-lifetime dominating behavior. 

This is schematically illustrated in Fig. 6. Although, only the effect of stress level is illustrated in 

this figure, the influence of microstructure, temperature, and loading variables can also be 

described in terms of separate effects of these variables on the life-limiting and the mean-

dominating densities, consequently affecting the total variability. 
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Fig. 6: Schematic illustration of the proposed description of fatigue variability behavior with 
respect to stress level. 
 
3.2 Implementing the description 

The proposed description of fatigue variability can be implemented by a bimodal probability 

density representing the superposition of a crack growth related peak and a mean lifetime 

dominating peak. The total density, ft(x), can be expressed as [7, 12]: 

   )()()( xfpxfpxf mmllt +=                     (1) 

where, fl(x) and fm(x) are the life-limiting density and the mean-lifetime dominating density 

respectively. These probability densities are weighted by the probability of occurrences, pl and 

pm, of individual responses such that pl + pm = 1. Here fl(x) and fm(x) are taken as the lognormal 

density function which is given by [15]: 

                                                                                                                                                    (2)                         

 

where, M and S are the mean and the standard deviation respectively of the natural logarithm of 

the random variable. 
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3.2.1 On deriving the total probability density, ft(x) 

Life-limiting peak 

 Following the earlier discussion, the life-limiting density (fl(x)) can be obtained by simulating 

the crack growth lifetime provided the variability in the small + long crack growth rates and the 

size distribution in the critical microstructural unit are known. We ran multiple small crack 

growth experiments using an acetate replication technique to obtain the variability in the small 

crack growth regime. This was illustrated in Fig. 4. In this material most of the variability in 

growth rates was found to occur in the early stages of crack growth, typically less than the crack 

length of about 30 μm [8, 16]. The variability in the small crack regime was described by the 

probability densities of the crack growth parameters c and m when the crack growth rate is given 

by [17]: 

                   mc Ke
dN
da

Δ=             (3) 

where, a is the crack size, N is cycles, and ΔK is the stress intensity factor range. The parameters 

c and m were assumed to be normally distributed [17] and their densities are shown in Fig. 7. In 

order to obtain these densities, power-law segments were fit to the small crack growth data and 

the ±3σ limits (where σ is one standard deviation) on the parameters c and m was taken to 

correspond to the small crack curves showing the maximum and the minimum average growth 

rates respectively (Fig. 4). The variables c and m are correlated [8] and were therefore, sampled 

from their joint probability density in the subsequent lifetime simulation. 

Crack initiation in the life-limiting mechanism in Ti-6-2-4-6 occurred within a (or few) 

globular α grain(s) [18] in the specimen surface. The mean-dominating behavior comprised of a 

mix of surface and subsurface initiated failures [8]. These mean-behavior-contributing 
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mechanisms had overlapping lifetimes and acted as a group in terms of their response to 

operating variables [8].  
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Fig. 7: Probability densities of the crack growth variables, (a) c and (b) m. 

The surface replica of a small-crack growth specimen with microstructure A, recorded at N 

= 20,000 cycles, is shown in Fig. 8(a). The stress level was 860 MPa. The crack initiating 

equiaxed-α grain (about 4 μm) is indicated at the center of the crack. A (or few) crack- initiation 

facet(s) is typically created in the fracture surface as shown in Fig. 8(b). The sample is shown at 

a tilt of 45° in this figure. The distribution in the crack-initiation facet size is compared to the 

nominal equiaxed α size distribution in Fig. 9. The lognormal probability density function 

provided a good fit to the distributions as shown. Although the crack initiation sizes appear to be 

slightly displaced with respect to the nominal equiaxed α size distribution it is to be noted that 

the facet size measured in the fracture surface usually represents the largest plane across a grain 

[19]. The nominal distribution obtained from a metallographic section may therefore 

underestimate the true 3-D particle size [19]. The crack initiation size distribution along with the 

small-crack growth variability was employed to simulate the crack growth lifetime density (fl(x)) 

using the Monte Carlo sampling technique. 
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Fig. 8: Crack initiation microstructural unit in Ti-6-2-4-6; (a) surface replica at N = 20,000 of a 
sample cycled at σmax = 860 MPa with Nf =39,864 and (b) the corresponding crack initiation 
facet in the fracture surface. 
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Fig. 9: Nominal equiaxed α size distribution compared to the crack initiation facet size 
distribution in microstructure A. 
 

Mean-dominating peak 

It may be possible to derive the mean-lifetime dominating peak, fm(x), from only a few total 

lifetime tests at a given stress level. This is shown for the Ti-6-2-4-6 alloy in Fig. 10. Four failure 
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points were randomly selected at each stress level as shown in the figure. The mean of Log(Nf) 

based on 10 – 19 tests at these stress levels is also plotted. The randomly selected points tend to 

approximately fall near the mean behavior (Fig. 10). For illustration purposes we consider the 

stress level of 860 MPa. In order to screen for points that may belong to the life-limiting 

mechanism we superimpose the simulated crack growth density at 860 MPa on the plot (Fig. 10). 

The points falling under the crack growth peak, within ±3σ of the mean crack growth lifetime, 

were classified as due to the life-limiting mechanism. The maximum likelihood estimate method 

[15] was then used with the remaining points to obtain the parameters of the mean-dominating 

(or Type II) density.  
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Fig. 10: Illustration of a method to derive the mean-dominating probability density, fm(x). 
 

The crack growth (life-limiting) and the mean-dominating density at 860 MPa are shown in 

Fig. 11. These can be weighted by the respective probabilities, pl and pm, to obtain the total 

density, ft(x). This is shown in Fig. 12(a) for a range of values for pl. Clearly, the heights of the 
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individual peaks in the total density are very sensitive to pl and pm (Fig. 12(a)). However, in the 

proposed description, the lower-tail of the density or the limiting lifetime (for example, B0.1) 

does not vary significantly with the probability of occurrence of mechanisms but is dependent on 

the parameters of the crack growth density. This is discussed further in section 3.4. The CDFs 

corresponding to ft(x) are shown in Fig. 12(b). Note that the ordinate is linear in this figure. 

Expectedly, the probability, pl, has significant influence on the height of the step in the CDF but 

has a weak effect on the lower-tail behavior (Fig. 12(b)). The experimental points at 860 MPa, 

plotted in Fig. 12(b), are in reasonable agreement with the calculated bimodal density for pl = 

0.533 (which was the experimentally observed probability of occurrence).      
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Fig. 11: Calculated life-limiting and mean-dominating densities, fl(x) and fm(x). 
 

3.3 Understanding the effect of microstructure and loading variables on fatigue variability 

The proposed description of fatigue variability behavior may be particularly useful in 

evaluating the effect of microstructure, temperature, and other loading variables on lifetime 
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variability. In case of Ti-6-2-4-6, the crack initiation and the crack growth regime will have 

different sensitivities to these variables. Therefore, the variables will affect the life-limiting 

(crack growth) and the mean-dominating (crack initiation) densities to different degrees causing 

their increased separation / overlap. Other variables in this study, besides the stress level, were 

microstructure and temperature.  
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Fig. 12: The proposed description of fatigue variability behavior; (a) predicted bimodal densities 
with respect to pl and (b) Effect of probability, pl on the CDFs.  

 

The crack growth behavior of Ti-6-2-4-6 remained almost similar in both microstructural 

conditions [20]. Also, an increase in the test temperature to 260°C had almost no effect on crack 

growth rates [20]. This is consistent with reports [21] on other α+β titanium alloys. Secondly, 

the surface crack initiation facets corresponded to globular α grains in both microstructures. 

Although we did not run small crack experiments at 260°C, the variability in small crack regime 

was assumed to be the same as that at room temperature. Therefore, at a given stress level, the 

crack growth density was similar for the two microstructures and temperatures. We randomly 

selected 4 samples in each microstructure and temperature condition to derive the respective 

mean-dominating densities using the procedure described in section 3.2.1.  
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The proposed description was applied to study the effect of stress level, microstructure, and 

temperature on lifetime variability of Ti-6-2-4-6. The effect of stress level is illustrated in Fig. 13 

(a and b). The calculated probability densities are plotted for different stress levels in Fig. 13(a). 

The probability, pl, used in the calculation are indicated in each case. In this figure, pl is based on 

the experimental observation. Besides the probabilities, pl and pm, the peak heights are also very 

sensitive to their location and width due to the requirement of the probability density function to 

integrate to unity. The change in peak heights with respect to stress level can therefore, be 

attributed to pl and the shift in their locations. Figure 13 (a) clearly illustrates an increase in the 

overlap between the mean-dominating (crack-initiation) peak and the life-limiting (crack growth) 

peak of the total density as the stress level is increased. At the highest stress level, 1040 MPa, it 

can be suggested that the two individual densities of the bimodal description are 

indistinguishable and the total fatigue variability can be described by the crack growth density. 

The corresponding calculated CDFs are compared to experiment in Fig. 13(b). The experimental 

points show reasonable agreement with the calculated CDFs at these stress levels although some 

discrepancy can be seen at higher stresses and for longer lifetimes in some cases. Note that the 

same small crack behavior and variability in growth rates measured at 860 MPa was used at all 

stress levels. A part of the discrepancy can be attributed to this assumption. Incorporation of 

more small-crack data in lifetime simulation is expected to further improve the agreement. 

Nevertheless, the predicted densities capture the effect of stress level on the tails and the total 

fatigue variability behavior. This indicates that the increased variability with decreasing stress 

level can be understood in terms of stronger response of the mean-dominating peak to stress 

level and therefore, increased separation from the life-limiting peak. 
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Fig. 13: Predicted fatigue variability behavior with respect to stress level; (a) calculated bimodal 
PDFs and (b) the corresponding CDFs compared to experiment. 

 
Figure 14 shows that the effect of microstructure and temperature on fatigue variability can 

also be readily understood in terms of the sensitivity of crack growth and crack initiation regimes 

to these variables. The predicted total probability density at 860 MPa with respect to 

microstructure and temperature is presented in Fig. 14(a). The figure illustrates that the mean-

dominating and the life-limiting peak shift according to the sensitivity of crack initiation and 

crack growth to these variables, affecting the total lifetime variability. For example an increase in 

temperature to 260°C has a strong influence on the crack initiation lifetime affecting the crack 

initiation density significantly. Since the crack growth behavior was almost unaffected by 

temperature, the crack growth controlled peak did not exhibit much change. The overall effect of 

this dual response was a decrease in the total variability with increase in temperature (Fig. 14(a)). 

The proposed description therefore allows for predicting the effect of these variables on lifetime 

distribution. The calculated CDFs with respect to microstructure and temperature are plotted in 

Fig. 14(b). As shown, these demonstrate reasonable agreement with the experimental points 

considering the assumptions made in using the small crack growth data and a relatively limited 

number of experimental observations.    
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Besides providing an understanding and prediction of the effect of microstructure and other 

operating variables on fatigue variability, perhaps more importantly, the proposed description 

may also supply a more physics-based framework for life-prediction and reliability estimates. It 

follows from this description that the tails of the fatigue variability behavior are not, simply a 

deviation from the mean behavior. In particular, the response of the lower-tail to operating 

variables differs from the response of the mean. From a life-prediction perspective, this would 

indicate that an observed decrease in total lifetime variability cannot be automatically construed 

as increased limiting (or B0.1) lifetime and vice versa.    
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Fig. 14: Applying the bimodal density in understanding the effect of microstructure and 
temperature on fatigue variability; (a) calculated PDFs and (b) the corresponding CDFs 
compared to experiment.  
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can occur by either one of the mechanisms, life-prediction can be based on the worst-case 

mechanism, i.e., the crack growth density in the bimodal description.  

The response of the proposed lifetime density with respect to probabilities, pl and pm, of the 

superimposing behaviors was presented in Fig. 12(a). The B0.1 lifetimes derived from this 

bimodal probability density are plotted with respect to pl in Fig. 15 and, as shown, appears to 

have a power-law relationship to pl. The predicted B0.1 lifetime was not very sensitive to the 

probability of occurrence of the respective mechanisms within a range of values for pl (pl ≥ 0.2) 

and asymptotically approached the B0.1 lifetime predicted from the crack growth density (Fig. 

15). The prediction based on the crack growth density can therefore be considered as the 

conservative limiting lifetime. The proposed description of fatigue variability therefore, leads to 

life-prediction based on the crack growth density.  
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The life prediction methodology is graphically illustrated in Fig. 16 for microstructure A at 

the stress level of 860 MPa. The predicted bimodal description is compared to the traditional 

description of fatigue variability in the bottom plot of Fig. 16. The traditional description was 

derived from the four random points at 860 MPa shown in Fig. 10 using the MLE estimates of 

the parameters. As discussed previously, the underlying assumption in this description is that 

tails of the fatigue variability behavior can be described as an extrapolation of variability with 

respect to the overall mean response. As such, the lower-tail behavior in this case exhibits 

extreme conservatism with respect to the proposed description (Fig. 16, bottom plot). The
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Fig. 16: Illustration of the life-prediction methodology based on the proposed fatigue variability 
description. 
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corresponding CDFs are plotted in the top plot of Fig. 16. The experimental points belonging to 

the Type I mechanism are plotted as separate distribution in the figure and show reasonable 

agreement with the calculated crack growth CDF. As expected, the B0.1 lifetime derived from 

the bimodal description is similar to the B0.1 life (vertical lines in the bottom plot) based solely 

on the crack growth density. When compared to the traditional description of fatigue variability 

we find a significant reduction in uncertainty with life-prediction as evident from the figure.  

Although in the present instance the traditional description provided significantly 

conservative B0.1 lifetime, it also follows from the above discussion that a case may arise when 

the mean-based description produces a non-conservative prediction relative to the bimodal 

density. For example, this can occur when the traditional description is deduced from limited 

number of points that are biased towards the Type II mechanism. In either case, the proposed 

description of fatigue variability may produce a more accurate design lifetime.   

3.4.1 Resolving the Observed Fatigue Variability Trends  

The fatigue variability description developed here appears to resolve the observed trends in 

total variability, as a function of loading variables and microstructural constituents [10, 11], for 

the purpose of life-prediction. In particular, a life-prediction methodology based on the bimodal 

density seems to mitigate the physically counterintuitive scenarios that we alluded to previously. 

For example, although lower defect content increases the mean lifetime, it often produces 

increased lifetime variability due to non-uniform spatial distribution of initiation sites and 

increased scale of crack initiation size distribution [10, 11]. Similarly, in the present study we 

find an increase in variability with decrease in temperature from 260°C to RT (Fig. 14). If the 

tails of the fatigue variability behavior are considered to be an extrapolation of variability from 

the mean lifetime, the material with lower defect content  or at the lower temperature may be 
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predicted to have lower limiting lifetime for given probability of failure. This is illustrated for the 

present Ti-6-2-4-6 alloy in Fig. 17. In the proposed description however, the lower-tail has a 

different behavior than the mean of the fatigue variability response, and increased variability 

with decreased defect content or temperature is attributed to separate response of mean-

dominating mechanism from the life-limiting behavior, as shown in Fig. 17. Therefore, the 

limiting probabilistic lifetime at the lower temperature (or under lower defect content) is 

dependent on the crack growth density and is expected to be at least the same, if not higher, at 

RT (or in an unseeded material) than at 260°C (or a seeded condition) as shown in the figure.    

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 17: Illustration of the effect of temperature on the B0.1 lifetime in the traditional and 
proposed description of fatigue variability. 
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3.5 Possible Theory of Separation of Mechanisms  

We suggest that the separation of mean-dominating and life-limiting behaviors may be 

related to development of different heterogeneity levels in a material at the same loading 

condition. Analogies can be drawn from disorder – order related second order transitions that is 

seen in several physical systems including ferromagnetism [22] and earthquake dynamics [23, 

24], and it may be possible to apply the statistical physics based theories from these fields to 

fatigue variability behavior.   

At the highest stress level (1040 MPa), Ti-6-2-4-6 may be considered to produce a relatively 

homogeneous deformation response to applied stress. As such, the life-limiting and the mean-

dominating behaviors seem to completely overlap and single mode is observed. At the lower 

stress level, heterogeneity levels are generated in the material due to local plasticity. The 

localized deformation can be attributed to several factors, from favorable crystallographic 

orientation of a grain [25] or collection of grains [26] to clustering of microstructural phases [14] 

and grain boundary disorientation [27]. These factors are, of course, material and loading 

dependent. If the underlying physics of fatigue variability is similar to the statistical-physics 

systems mentioned above, several of these factors can be suggested to be operational at a given 

applied stress causing a ranking of heterogeneity levels. It is also known that some of the initial 

stress concentration may decay with cycles due to, for example, slip transfer to less favorably 

oriented regions [29] causing relatively more uniform distribution in deformation with time. It 

can be speculated that, this evolution of heterogeneity levels presents a finite probability of crack 

initiation in randomly-occurring critical microstructural neighborhoods within the initial cycles 

causing a crack growth controlled mechanism. The mean-dominating behavior, on the other 

hand, is suggested to be realized by damage accumulation at a much smaller and therefore, more 

25



frequently distributed heterogeneity scale than the life-limiting mechanism. As shown 

previously, this is dominated by crack initiation lifetime in Ti-6-2-4-6. These mechanisms can be 

suggested to operate in sequence and the mean-behavior is realized only after the life-limiting 

mechanism is not encountered. Clearly, the probability of occurrence of the crack growth 

controlled mechanism will vary depending on the material and external variables but, we suggest 

it is important to probabilistically account for this theoretical possibility and incorporate it in life-

prediction.  

 
4. CONCLUSIONS 

 The following main conclusions can be drawn from this study: 

(i) The fatigue variability is realized by separate response of crack-growth-controlled, 

life-limiting mechanism, and mean-dominating behavior (controlled by crack 

initiation in Ti-6-2-4-6) to microstructure and loading variables.  

(ii) This description can be implemented by a bimodal probability density representing 

superposition of crack growth and mean-dominating densities. The bimodal density 

can be calculated from simulated crack growth density and few total lifetime tests. 

(iii) The proposed description can prove very useful in understanding the effect of 

microstructure, temperature, and other variables on fatigue variability. 

(iv) In the limiting case, the B0.1 lifetime obtained from the bimodal density approaches 

the B0.1 lifetime derived solely from the crack growth density providing a fracture 

mechanics basis for life-prediction methodology. 

(v) The seemingly counterintuitive effects of defect content, temperature, and loading 

variables on probabilistic life-prediction could be resolved in the proposed description 

of fatigue variability.  
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