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1. Summary

For the past three years, we have been developing an Exact Scientific Computational Library (ESCL)
using p-adic arithmetic. New algorithms have been designed and implemented for matrix operations with
rational numbers by representing numerator and denominator with arbitrary length integers, all integers
and fractional numbers are represented by p-adic sequences, and all arithmetic calculations are carried
out in p-adic domain. In this project, we have worked on: 1) investigating the relation of the length M of
p-adic expansion for a rational matrix and the periodicity of a resulted p-adic sequence from arithmetic
operation in p-adic field; and extension of the ESCL to compute: 2) the complex rational matrix; 3) the
exponential of a rational matrix.

2. Progress on Length M and Periodicity of a p-adic Expansion

To determine what is the efficient length M of the p-adic expansion for a rational number in the matrix
operation is not a trivial problem. Let us observe what happens after the arithmetic operations of two p-adic

sequences.

All rational numbers can be uniquely written in the form,

a=Yap'. M

We know that a real number is rational if and only if its decimal expansion is periodic. Similarly, a
p-adic number is rational if and only if its p-adic expansion is periodic. Consequently, since we are
primarily interested in the p-adic expansions of rational numbers, we will be dealing only with p-adic

expansions which are periodic. The expansion eventually repeats to the right. That is, if @ is a rational

number, then it has a repeating pattern of @, p’ in its p-adic expansion, i.e., it is of the form

a=.4,...4,a,...a,, . ¥))

Addition/subtraction

Assume that we have two p-adic sequences, (s<t):

a=.4,...4,4,...a,

b=.B,..Bb,...b,
Considering various carry digits’ effects, we concluded that the maximum length of the p-adic
expansion of (atbd) is:

2x LCM (n,m) + max(s,t)—1. 3)



Multiplication

axb =4, ...4 @:: axB BByl

ks
=A..Aa,..a xB..B+A4..Aa..ax0.0b..b,

e
=.4,...4,a,.. a,...a, x.B,. .-B, +.4,. AxO Ob b+0 .0a,...a, x0..0b,...b,

s —

T 2 3

Considering all the three parts separately and the various carry digits’ effects, we concluded that, in
multiplication, the length of periodic part of the product is:
LCM (m,n)x (pGCD(’"'") -1, 4)

where m and n are the length of periodic part of the two multipliers, p is the prime.

The length of periodicity of the resulting p-adic sequence can be very large from (4). But if we should
represent all the p-adic sequences with a complete period during all the calculations, we can definitely carry
out all the arithmetic operations exactly. Further investigation is needed to find proper length M which is
smaller than the periodicity of a p-adic expansion. The determination of the efficient length M of the p-adic
expansion for a rational number in the matrix operation becomes more important, when the algorithms in

eigensystem computation use iterative arithmetic operations.
3. Progress on the Computation of Complex Rational Matrices

We have implemented the algorithms developed for single and matrix rational number operations
(addition, subtraction, multiplication and division) in the p-adic field, to compute the complex rational

arithmetic operations in the p-adic field as follows:
e

Complex addition
(a+bi)+(c+di)=(a+c)+i(b+d), %)
Complex subtraction
(a+bi)—(c+di)=(a—c)+i(b-d), (6)
Complex multiplication

(a +bi)(c+di)=(ac-bd)+i(ad +bc), @)
and Complex division

a+bi_ac+bd ibc—ad
cvdi S +dd e add

®)

These complex operations are needed in the process of eigenvalue computation.

A



4. Progress on the Computation of Matrix Exponential

4.1 Compute matrix exponential with Jordan canonical form

Matrix decomposition methods, which are to be most efficient for problems involving large matrices

evaluation of e , are those which are based on factorizations or decompositions of the matrix A. The
Jordan canonical form (JCF) decomposition is one of the many stated in [1]. Due to its truncation error by
floating-point arithmetic operations, it has not been widely used, since a single rounding error may cause
multiple eigenvalues to become distinct, which can alter the entire structure of the decomposition. If we can
improve the accumulated floating-point truncation error created during the iteration process of the
computation by p-adic arithmetic wherever possible, we hope that the stability and accuracy can be

improved dramatically.

Definition: The Jordan canonical form decomposition states that there exists an invertible P such that
PgP=J, ©)
where J is a direct sum, J =J, @---@® J,, of Jordan blocks,

(A, 1 0 - 0]

0 4 1 = 0
L=tz S| (m,—by-m,). (10)

1

|0 0 0 - 4]

The A, are eigenvalues of 4, here we assume that 4 is rational. Each Jordan block corresponds to a

linearly independent eigenvector. If any of the m, is greater than /, 4 is said to be defective. This means

that A does not have a full set of n linearly independent eigenvectors. 4 is derogatory if there is more than
one Jordan block associated with a given eigenvalue.

For a given matrix 4, its Jordan canonical form J is completely determined by the maximal number
of linearly independent eigenvectors of A: the number of the Jordan blocks in J is equal to the maximal
number s of linearly independent eigenvectors of 4, each of which is associated with a Jordan block whose

order is the same as the ‘rank’ of the eigenvector.

Thus the number of Jordan blocks with the same eigenvalue A is equal to the dimension of the
eigen-space E, = N(AI — A), the number of linearly independent eigenvectors of 4 belonging to A.
Moreover, the sum of the orders of all Jordan blocks associated with an eigenvalue A is equal to the
multiplicity m, of 4.

In principle, the problem posed by defective eigensystems can be solved by resorting to the Jordan



canonical form (JCF).
If

A=PlJ, @@ J, P (1)
is the JCF of 4, then
¢ =Ple”' D Des ]P". (12)

Thus, it is enough to compute e’ fora simple Jordan block J. The exponentials of the Jordan blocks

Ji can be given in closed form. For example, if

2, 1 0
el % || -
' e
0 A,
then,
1 & &2 " f(n-1)!]
01 ¢ . " f(n-2)
e =™ 1 - : (14)
t
0 .

It is important to know how sensitive a quantity is before its computation is attempted.
One of the most important issues in the computation of matrix exponential with JCF is the evolution

of performing eigenvalue analysis.

4.2 Power method
Numerical analysis, at its simplest, is an iterative technique. It is a fruitful exercise to study the
Power method to get an in-depth understanding of the numerical solution for eigen-values and

eigenvectors.

4.2.1 Algorithm

The Power method is an iterative technique used to determine the dominant eigenvalue of a
matrix—that is, the eigenvalue with the largest magnitude. By modifying the method slightly, it can also be
used to determine other eigen-values. One useful feature of the Power method is that it produces not only
an eigenvalue, but also an associated eigenvector. In fact, the Power method is often applies to find an

eigenvector for an eigenvalue that is determined by some other means.

To apply the Power method, we assume that the #7Xx 7 matrix 4 has n eigen-values 4,,4,, -, 4,



with an associated collection of linearly independent eigenvectors {V“) 2 v S v } Moreover, we
assume that A has precisely one eigenvalue, /11 , that is largest in magnitude, so that

>[4 2|4 2+ 2|4, | 2 0.

If x is any vector in R", the fact that {v(l) v ... ,V<")} is linearly independent implies that

n
; ; = )
constants f3,, B,, -, 3, existwith X = Zﬂjv 2
J=1
By making a series of calculations, we get

ﬂlVL'.)-. * Z:=2 (4, /’11 ) 'ijg.).,

(m) _

p" =2 - — | (15)
ﬂlVS,)_, +Z,=2(% /’11) l'BJVL{.).x

and

(m)—ﬂ 16

B (16)
k=IyPk

By examining Eq. (15), we see that lim,, u™ = A, . Moreover, the sequence of vectors {xieye

m=0
converges to an eigenvector associated with A, .

The Power method implementation can be stated as follows:

INPUT: dimension n; matrix 4; vector x; tolerance 7OL; maximum number of iterations N.

OUTPUT: approximate eigenvalue £ ; approximate eigenvector x (with "x"w =1) or a message that the

maximum number of iterations was exceeded.

Step 1 Setk=1.
Step 2 Find the smallest integer P with 1< p<n and |xp| = ”x”ﬂo .
Step3 Set x= x/xp 5
Step4 While (kK < N ) do Step 5-11.
Step5 Set y= Ax.
Step6 Set u=y,.
Step 7 Find the smallest integer p with 1< p<n and lypl = "y”“D .
Step8 If y = 0 then OUTPUT (‘Eigenvector’, X);
OUTPUT (‘A has the eigenvalue 0, select a new vector x and restart’);

STOP.



Step9 Set ERR=Hx—(y/y,,)|L;

x=y[y,

Step 10 If ERR <TOL then OUTPUT (4, X);

(The procedure was successful.)
STOP.
Step 11 Set k=k+1.

Step 12 OUTPUT (‘The maximum number of iterations exceeded’);
(The procedure was unsuccessful.)
STOP.

As we can see, such an algorithm is designed to get the approximate eigen-values, round-off and
truncation errors may be introduced by using floating point arithmetic during the computation, but the exact
linear computation can avoid that kind of errors.

4.2.2 Implementation

For example, the matrix
-4 14 0

A=|-5 13 0
-1 0 2

has eigen-values 4, =6, A, =3,and A, =2, so the Power method described in this algorithm will
converge. Let x© =(1,1,1)', then

3 = Ax® =(108,1)',

SO

(M
"y(l)” —] 10, ,u(l) = yl(l) = 10, and x(l) = % = (1308’0 1)' *

Continuing in this manner leads to the approximations to the dominant eigenvalue 1/3.
Comparison of the results of the exact linear computation and results using floating point arithmetic.

The results using floating point arithmetic as follows:

1 0.55555555555555558 8 0.3340807174887892
2 0.40000000000000002 9 0.33370618941088748
3 0.36111111111111094 10 0.3335195530726256
4 0.34615384615384615 11 0.3334263912153359
5 0.33950617283950624 12 0.33337984928830566
6 0.3363636363636362 13 0.33335658806567126
7 0.33483483483483478 14 0.33334495988838486



15 |

17
18
19
20
21
22
25
24
25
26
27
28
29
30
31
32
33
34
35
36
37

0.33333914640810103
0.33333623982003013
0.33333478656401028
0.3333340599455038

0.33333369663862655
0.33333351498578179
0.33333342415950795
0.33333337874640823
0.33333335603986758
0.33333334468659981
0.33333333900996609
0.33333333617164973
0.33333333475249138
0.33333333404291232
0.33333333368812279
0.33333333351072825
0.33333333342203075
0.33333333337768223
0.33333333335550774
0.33333333334442072
0.33333333333887694
0.33333333333610504
0.33333333333471904

38
39
40
41
42
43
44
45
46
47
48

49

50
51
52
53
54
55
56
57
58
59
60

0.33333333333402604
0.33333333333367965
0.33333333333350645
0.33333333333342008
0.33333333333337667
0.33333333333335502
0.33333333333334414
0.3333333333333387

0.33333333333333592
0.33333333333333437
0.33333333333333359
0.33333333333333326
0.33333333333333326
0.33333333333333326
0.33333333333333326
0.33333333333333326
0.33333333333333326
0.33333333333333326
0.33333333333333326
0.33333333333333326
0.33333333333333326
0.33333333333333326
0.33333333333333326

The results of the exact linear computation using p-adic arithmetic as follows:

)

5/9

23

2/5

3:
13/36
4:

9/26

5
55/162
6:
37/110

)

223/666

8:

149/446

9:

895/2682
10:
597/1790
11:

3583/10746

12:

2389/7166



13;

14335/43002

14:

9557/28670

1i5;

57343/172026

16:

38229/114686

17:

229375/688122

18:

152917/458750

19:

917503/2752506

20:

611669/1835006

211
3670015/11010042
22:

2446677/7340030

23:
14680063/44040186
24:
9786709/29360126
25¢
58720255/176160762
26:
39146837/117440510
27:
234881023/704643066
28:
156587349/469762046
29:

939524095/2818572282

30:

626349397/1879048190

31:

3758096383/11274289146

32:

2505397589/7516192766

33:

15032385535/45097156602

34:

10021590357/30064771070

33:

60129542143/180388626426

36:

40086361429/120259084286

37:

240518168575/721554505722

38:

160345445717/481036337150

39:

962072674303/2886218022906

40:

641381782869/1924145348606

41:
3848290697215/11544872091642
42:

2565527131477/7696581394430

43:
15393162788863/46179488366586
44:
10262108525909/30786325577726
45:
61572651155455/184717953466362
46:
41048434103637/123145302310910
47:
246290604621823/738871813865466
48:
164193736414549/492581209243646
49:
985162418487295/2955487255461882



50:

656774945658197/1970324836974590

51

3940649673949183/11821949021847546

52:

2627099782632789/7881299347898366

53:
15762598695796735/47287796087390202
54:
10508399130531157/31525197391593470
55:
63050394783186943/189151184349560826
56:
42033596522124629/126100789566373886
57:
252201579132747775/756604737398243322
58:
168134386088498517/504403158265495550
59:
1008806316530991103/3026418949592973306
60:
672537544353994069/2017612633061982206



From the above results, we can find that floating-point operation does not function very well in
terms of round-off/truncation errors. The approximation of the dominant eigenvalue remain
0.33333333333333326 from loop 49, while it should be 0.33333333333333333 precisely. The results have
been rounded up or down in every step, finally, the iterative process will dramatically enhance the
uncertainty of the outcome. In the meantime, using p-adic arithmetic will get a decisive advantage since it
can keep the calculation free of round-off/truncation errors.

An obvious advantage of the exact linear computation using p-adic arithmetic is that, we can get
results as accurate as we want with the loop increasing, while floating-point arithmetic can only reach a
certain precision and stay at a value no matter how many loops it runs.

Compare to the program using floating-point arithmetic in which the results remain
0.33333333333333326 from loop 49, the program using p-adic arithmetic can get more and more accurate
after each loop, for example, in loop 59, the approximate eigenvalue is
1008806316530991103/3026418949592973306 ~ 0.33333333333333333366375685,
after running one more loop, the approximate eigenvalue is
672537544353994069/2017612633061982206 ~ 0.33333333333333333349854509
which is closer to 1/3.

Precision is critical to the computation of the exponential of a rational matrix since the method /
requires a tremendous amount of operations, the truncation errors for every step will cumulate and finally
make a great difference from the exact value. As a matter of fact, a little error will alter the entire structure
of J and P and lead to an utterly wrong outcome, this will put the matter beyond a doubt that our “Exactly
Computing” system would prove highly valuable on the computation of the exponential of a rational
matrix.

4.3 Eigenvalues of a Real General Matrix

The solution of eigensystems is a fairly complicated business, almost all routines in use nowadays
trace their ancestry back to routines published in Wilkinson and Reinsch’s Handbook for Automatic
Computation, Vol. II, Linear Algebra [2]. A public-domain implementation of the Handbook routines in

FORTRAN is the EISPACK set of programs [3]. It includes the ability to solve for eigenvalues and



eigenvectors of various kinds of matrices, has been implemented. The routines we used are translations of
either the Handbook or EISPACK routines.

The matrix is first balanced. Orthogonal similarity transformations are used to reduce the balanced
matrix to a real upper Hessenberg matrix. The implicit double-shifted OR algorithm is used to compute the
eigenvalues and eigenvectors of this Hessenberg matrix.

4.3.1 Balancing

The idea of balancing is to use similarity transformations to make corresponding rows and columns
of the matrix have comparable norms, thus reducing the overall norm of the matrix while leaving the
eigenvalues unchanged. It is recommended to always balance non symmetric matrices. It never hurts, and it

can substantially improve the accuracy of the eigenvalues computed for a badly balanced matrix.

Balancing is a procedure with of order N . operations. The actual algorithm used is due to Osborne,

as discussed in [2]. It consists of a sequence of similarity transformations by diagonal matrices. The output
is a matrix that is balanced in the norm given by summing the absolute magnitudes of the matrix elements.
Note that if the off-diagonal elements of any row or column of a matrix are all zero, then the diagonal

element is an eigenvalue. If the eigenvalue happens to be ill-conditioned (sensitive to small changes in the
matrix elements), it will have relatively large errors when determined by the routine hgr. We could have
determined the isolated eigenvalue exactly and then deleted the corresponding row and column from the
matrix.
4.3.2 Reduction to Hessenberg Form

First we reduce the matrix to a simpler form, and then we perform an iterative procedure on the
simplified matrix. The simpler structure we use here is called Hessenberg form. An upper Hessenberg
matrix has zeros everywhere below the diagonal except for the first sub-diagonal row. For example, in the

6x6 case, the nonzero elements are:



X X

Here we use a procedure analogous to Gaussian elimination with pivoting. Before the
rth stage, the original matrix A4 = A4, has become A, , which is upper Hessenberg in its first 7~/ rows

and columns. The rth stage then consists of the following sequence of operations:
Find the element of maximum magnitude in the rth column below the diagonal. If it is zero, skip
the next two “bullets” and the stage is done. Otherwise, suppose the maximum element was in row 7 A
Interchange rows #' and r+]. This is the pivoting procedure. To make the permutation a
similarity transformation, also interchange columns r' andr+l.

Fori=r+ 2, r+ 3,...,N, compute the multiplier

r+l,r

Subtract 7, ,,, times row r+/ from row i. To make the elimination a similarity transformation, also add

n, ., timescolumn ito column r+/.

A total of N—2 such stages are required.

4.3.3 The OR Algorithm for Real Hessenberg Matrices

The basic idea behind the OR algorithm is that any real matrix can be decomposed in the form

A=0-R, 17)

where Q) is orthogonal and R is upper triangular. Now consider the matrix formed by writing the in the

opposite order:

A'=R-Q . (18)

Since Q is orthogonal, equation (17) gives R = QT - A . Thus equation (18) becomes



A'=0"-4-0. (19

We see that 4" isan orthogonal transformation of 4 .

The QR algorithm consists of a sequence of orthogonal transformations:

A.\' = Q\' . Rx ’ (20)

A, =R-Q, (=0/-4-0). @D
The QR transformation preserves the upper Hessenberg form of the original matrix 4 = 4, , and the

workload on such a matrix is O(n®) per iteration as opposed to O(1°) on a general matrix. As
S=ha0 A, converges to a form where the eigenvalues are either isolated on the diagonal or are

eigenvalues ofa 2Xx2 sub-matrix on the diagonal.

In order to accelerate convergence, we deployed the technique of shifting: If k is any constant, then

A — kI has eigen-values 4, — k . If we decompose

A-kI=0 R, (22)
so that

As+| = Rs & Qs # ksI
’ (23)
=QZ . A.\' i QS

then we verified that the convergence is determined by the ratio
A’ = kS
A —k,

here A, <A ;- A good choice for the shift k., would maximize the rate of convergence.

Any real matrix can be triangularized by pre-multiplying it by a sequence of Householder matrices n
(acting on the first column), P, (acting on the second column),..., B, ;. Thus Q=P _,--P,-PA,and

the first row of Q is the first row of P, since F isan (i —1)x (i —1) identity matrix in the top left-hand

corner.



The Householder matrix P, is determined by the first column of (4, — k,,,1)- (A4, —k.I), which

has the form [p,,ql,r],O,...,O]T,where

@, —a,)a, ., —a,)—a,,,a,,,

p=ayl +ay,]

ay
q, =ayla, -a,—(a,, -a,)—(a,,,,—a,)] )
h =ay4y

Since it has only first 3 elements nonzero, the matrix £, - A, -P,T is upper Hessenberg with 3 extra

elements:

M e X X
< X

X X X )(1
X X X X
X X X X
X X X X
X X X X
X X X

X Xd

This produces a matrix with the 3 extra elements appearing one column over:

X

X

X

X

X
X
X

X
X

X

X
X

X

X

X

X

X

X

X

X

-

Proceeding in this way up to P,_,, we see that at each stage the Householder matrix P, has a vector that is

nonzero only in elements r, r+1/, and r+2. These elements are determined by the elements r, r+1, and r+2

in the (r—1)st column of the current matrix.

P

re

In summary, to carry out a double QR step we construct the Householder matrices,

r=1,...,n—1.For PI weuse P, ¢,,and # given by (24). For the remaining matrices, p,,



q,,and r, aredetermined by the (r, r—1), (r+1, r—1), and (r + 2, r — 1) elements of the current matrix.

Algorithm description:

There are two possible ways of terminating the iteration for an eigenvalue. First, if a, , | becomes
“negligible,” then a, , is an eigenvalue. We can then delete the nth row and column of the matrix and

look for the next eigenvalue. Alternatively, a,_,, , may become negligible. In this case the eigenvalues

ofthe 2X2 matrix in the lower right-hand corner may be taken to be eigenvalues. We delete the nth and
(n—1)st rows and columns of the matrix and continue.
The test for convergence to an eigenvalue is combined with a test for negligible sub-diagonal

elements that allows splitting of the matrix into sub-matrices. We find the

largest i such that @, , is negligible. I i = n, we have found a single eigenvalue. If

i = n—1I,we have found two eigenvalues. Otherwise we continue the iteration on the

sub-matrix in rows i to ».

After determining /, the sub-matrix in rows i to » is examined to see if the product of any two
consecutive sub-diagonal elements is small enough that we can work with an even smaller sub-matrix,
starting say in row m. We start with m = n—2 and decrement it down to i+/, computing p, g, and r
according to equations (24) with 1 replaced by m and 2 by m+ /. If these were indeed the elements of the
special “first” Householder matrix in a double QR step, then applying the Householder matrix would lead

to nonzero elements in positions (m+1,m—1), (m+2,m—1), and (m+2,m). We require that the first two of

these elements be small compared with the local diagonal elementsa,,_, ,,_,, @,,, and @, .., .A

satisfactory approximate criterion is

+ |am_m| + |am—l,m—1 ‘) . (25)

’a’".'"“ \ (|q| * |r|) 0 |pl (\am+l,m+l

If ten iterations occur without determining an eigenvalue, the usual shifts are replaced for the next iteration

by shifts defined by
kx + k.v+| = 15 x ( an,n——l ’ L3 an—l.n—Z ‘)

" (26)
kxk.\'H = ( an,n—l | i+ an—l.n—2|)

16



This strategy is repeated after 20 unsuccessful iterations. After 30 unsuccessful iterations, the routine
reports failure.

Because our system carries out exact arithmetic operations, we are able to set the tolerance for the

condition as “negligible”, which means using a,,,_, < Tolerance and

|am.m—l ‘ (|‘1| + |r|) =0

|p| (‘am+l.m+l +|am,m| +|am—1_m—l‘)

1

: Q. ..
< Tolerance, instead of ™" and

+|am,m’+’am—l,m—l I)

+ |am,m| +, am-l,m-l ‘)) = |p| (\am+l,m+]

(foat)(d 1| gl +[r) +1P| (@1
when deploying floating point arithmetic. The results would be more precise with a smaller tolerance.
4.3.4 The Modules

Our program calculates the eigenvalues of an NX N real general Matrix 4. The algorithm is a translated
version of the EISPACK subprogram RG.F.

List of Routines:

RG.F calls subroutines BALANC, ELMHES and HQR.

Program Overview Flowchart:

BALANC balances a
real matrix before
eigenvalue calculations.

l

ELMHES transforms a
real general matrix to
upper Hessenberg form.

l

HQR computes all
eigenvalues of a real
upper Hessenberg
matrix.




BALANC

void balanc(vec_ZZ & vecTnum, vec_ZZ & vecTden,mat_ZZ & matPadicsl,int & nm, int & n,int &
low,int & igh,vec_ZZ & scaleNum, vec_ZZ & scaleDen);

Function Description: It balances a real matrix and isolates eigenvalues whenever possible.

INPUT:

nm must be set to the row dimension of two-dimensional array parameters as declared in the calling
program dimension statement.

n is the order of the matrix.

vecTnum vecTden and matPadics1 contain the input matrix to be balanced.

OUTPUT:

vecTnum vecTden and matPadics! contain the balanced matrix.

low and igh are two integers such that A/i,j] is equal to zero if (1) i is greater than j and (2) j=1....,low-1 or
i=igh+1,...,n.

scale contains information determining the permutations and scaling factors used.

ELMHES

void elmhes(vec_ZZ & vecTnum, vec_ZZ & vecTden,mat ZZ & matPadics1,int & nm, int & n,int &
low,int & igh ,int & inte );

Function Description: Given a real general matrix, it reduces a sub-matrix situated in rows and columns
low through igh to upper Hessenberg form by stabilized elementary similarity transformations.
INPUT:

nm must be set to the row dimension of two-dimensional array parameters as declared in the calling
program dimension statement.

n is the order of the matrix.

low and igh are integers determined by Balanc. If Balanc has not been used, set low=1, igh=n.
vecTnum vecTden and matPadics1 contain the input matrix.

OUTPUT:

vecTnum vecTden and matPadics| contain the Hessenberg matrix. The multipliers, which were used in the
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reduction, are stored in the remaining triangle under the Hessenberg matrix.

inte contains information on the rows and columns interchanged in the reduction. Only elements /ow
through igh are used.

HQR

void hgr(int & nm, int & n, int & low,int & igh,vec_ZZ & vecTnum, vec_ZZ & vecTden,mat ZZ &

matPadics1,vec_ZZ & wrNum,vec_ZZ & wrDen,vec_ZZ & wiNum,vec_ZZ & wiDen,int & ierr);

Function Description: It finds the eigenvalues of a real upper Hessenberg matrix by the QR method.
INPUT:
nm must be set to the row dimension of two-dimensional array parameters as declared in the calling
program dimension statement.
n is the order of the matrix.
low and igh are integers determined by Balanc. If Balanc has not been used, set low=1, igh=n.
vecTnum vecTden and matPadics] contain the upper Hessenberg matrix. Information about the
transformations used in the reduction to Hessenberg form by Elmhes, if performed, is stored in the
remaining triangle under the Hessenberg matrix.
OUTPUT:
vecTnum vecTden and matPadics1 have been destroyed. Therefore, it must be saved before calling hgr, if
subsequent calculation and back transformation of eigenvectors is to be performed.
wrNum wrDen and wiNum wrDen contain the real and imaginary parts, respectively, of the eigenvalues.
The eigenvalues are unordered except that complex conjugate pairs of values appear consecutively with the
eigenvalue having the positive imaginary part first. If an error exit is made, the eigenvalues should be
correct for indices ierr+1,...,n.

ierr is set to zero for normal return, or set to j if the limit of 30*n iterations is exhausted while the j-th
eigenvalue is being sought.

The matrix and related parameters are stored as p-adic sequences in mat_ZZ and fractional number.

For the rational data structure, the numerator and denominator of the rational are stored separately in array
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vecTnum and vecTden as arbitrary length integers. This maintains the precision of the numbers during the
calculation. During computational process all rational numbers will keep their fractional data type. The

floating-point data type was never used, to keep the calculation free of round-off/truncation errors.

Note the Error Code output: if normal return, ierr = -1; if Error Code > 0, it indicates that more than 30
iterations of a subroutine were required to determine an eigenvalue. In this case, the subroutine terminated
after 30 iterations.

The eigenvectors are outputted as a square NX N matrix whose entries correspond to the eigenvalues as
follows: If the i-th eigenvalue is real, the i-th COLUMN of the eigenvector matrix contains the
corresponding eigenvector; If the i-th eigenvalue is complex with positive imaginary part, COLUMNS i
and (i+1) of the eigenvector matrix contain the real and imaginary parts of the corresponding eigenvector.
4.3.5 Result Analyses

We use the following example to show the advantages of our programs in terms of exactness.

_4 11

111 111

25 By,

111 111

1 2 2 6 3

T P e By R e
The input matrix - - has eigenvalues 111, 111 ,and LAE,
Result:
THE BALANCED MATRIX is:

2/1110/1 -1/111
0/1 13/111 -5/111
0/1 14/111 -4/111
THE UPPER HESSENBERG MATRIX is:
2/1110/1-1/111
0/1 13/111 -5/111
0/1 14/111 -4/111

Eigenvalue 1:



2/111+j0/1

Eigenvalue 2:
44032022843120654290378435526868383433715773553170377747095358400281485847264778
38853083241173929305733492217313050558132589976712796782174639787119558918188959
22170272007433966278435458954982246587849564662126277527673707724488387314845240
73166119448678611740344306722445319604100446455711872024503408794989428024999557
72367374331500429977063062653905440955495027034700110517834687322583943548114289
20487384484543724036357178869514787915773160244610311077901974476456747955678844
30047767278803391025832434833570222839488557098550613078318596870081849669675244
73135639084829788496287548762380218651169899910814485161617327888699986994382161
08831024771732166579722709412952864676956358714369091585502277049791467244315516
33288391380146088376156008608299607038932907728199605690521018011735767815276798
59094332359330079481467459662823318370479626325472496352345432847465969088296104
28373211047627295025895114939200921720177457521662696667452584613428566709527512
l8032601247038636424675563928l71582647205470537422467§ﬂ$488808855048852276404241
15665511824695446031097211301380086764455157186467712955273234825991280793288313
38731004861252085123399344975183826445596327774227596479231001879467647971989059
85705324337204429410057744644133151184503184321613724648787673213506174227469332
53386680227576456134520568147816008384575029455486717470583889955442089675305851
35956178819028560493142657814827072103071061003638462512403630315276086657439555
78853367947057069029770166333602879891190733134152298150652563067540320404704145
78228990148057665095210817347368915696729714546326862223739233814284452302608771
597372837203512122042877885779800702662081436654217410158999037672800980683 19985
16001292304632065514737462643825821745396790130776227656372388476629287961434674
14325788357161342537827867288662463808357178263932301596598063554548227661025957
24439199876100321325798196126737664124616401696776542557373577409745580597249478

97087349658537048770470310392011659863661909521784470714573456328028934513404199
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30608111728960423077720099236589348239679428609695690342515610380878344966858032
04140223657424510114298383581170479103307987222089797995959058963603843466968175
732226750671036838008333496440823855132850977951726738381886443521/8145920243782
43286698659646628692192984982513568068667732824273057509259544569876376010302129
66467041038894305621459903039222541390787332954482100506309809838393635973213081
66079968918484828514581685649477801312200555078303900637798083185219291906305311
23684901809920954542967715335547269399378597158706324515889726366716183278863345
25617984099218717269159098033106919806346215646563968489653731895013754521469132
99324138603198176950531003791820971646699862123473123343263389197453818707126769
74538664850848559048855444059874821982236317455864428113775876713388646225147111
22443460956038709017149353546276946114981866591214549752747253351428145542453341
04112587479588894604427105664523299000439612604318505747345365619730693766391724
30457710640595101071561042006094598319606565938417611133067664188736335746269603
47217018237629144647769407331047628729657501120721717001979827504744651812511147
77306329148716635243562438340770545006545492735143929314507702854422264288277652
90208206058948196325108270367107261265258746413352755732272437359618325737476761
29821217405840016473707328622006677499431976340893306600785871480643767951494167
23211208919633500477361312883327899264268485979531471532109205898377631543296859
69124808475984597591306538288848265812090545658906591396610597676687826263821894
53452156149574076292816566841706836609683407052442220432221453441998099696529593
39804726317722842121189777843593316564989925883254903846988982682944839850835487
59283215274590886048818399409490826010145312968402164085993658489747629840189356
20821965365031638465684413461095636229167671162136793103060198187229402927869201
31841212474183197221663613049932306707498879717831089609725368687288333816007879
72966516514974389859745387783051481788526044206996095620191371090402633048892058
02607758563696118773104861830078618683441931659217660545115892316829635871775756

3963839232495403650640979175115354636195741513772374535190926748959222623342543 1
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63178856539022137534603232844447919243141752873454388349413852459138316119468484
42681807604340724694107445125247221100439652494582522383618778441773705174597789
53720275676747852558030812556415798698659036732822570624891802079542434148013549
687799011165595854768751548809514622895473538432573440+ j0/1

Eigenvalue 3:
22015992048720330609729365354972807366323650698259513817893848302144612882181271
81963681686863932079703089863077985934192115376193352022246848619771402315365203
02874463584991249811438067031286189122540419001159271718637028991857294710541184
64586069381502139974761138330432070587754523717307653392222573546440136938850449
58971704197187560775968790984142809736084680874110534797951633588352405735278906
60881096596559234262470257012153840396037365030506255562131703496498864982608338
41152981813304431957146256537012125453375057557324836535467711413334957336942985
87943596433095662932017976972783881967542399454674394242376425228021490203761529
36635093918371657764258571910772583015438973863933465833439299269552202876817456
04113777245519262592217409291326881775659565835124895340512921219631085354849813
68265897557041616602894846741907591163516146381478930742900132241840735707641248
56686560229776086081330269968736885700821270693524428951584459643081711528760291
34613226797874339342856966503147183019135671057200674172916477402853920991796339
02345491103014623700840318507276415921015764477291265562685668446681363752108057
31486821540637051901344460396436178891036874031354250145463360238719908286085918
75276729547138347821254112203851181465899264835637260491354823467692500554304646
39421746501969855759193643912152706641313638820667405718055481747465812741126189
0934578185959970143807731257990209390472072338151264153197340892326590534158713 1
75787656885711407787753940590745006776467952245982817538748248391777244502585410
49069788645753082057528025951572385936017032347556079483695977993950692277787221
44011222091757820906999844832456593366584036537941398133734419465014920385202738

88196425819183696489503040723597983239625324290046788582844898473459537368614312



09241273861742076335285465328151003361827240627227895455333385167072092951972598
00344777337023421445523557151080921853535927872193478202651863704794563347086188
574007903 14360686490238098541778100536133074198168310502148244979572992273947143
22267606776718447721714333637916947012269456799310393900142140943332189413289089
68801516688438755319043299165764361209017387501371042592592567782859133025205788
5282300139042727793431557385193078566708557473685312466031691694076/814592263309
93657730266449299971593330823809186741866008588818746612819672246699066309636062
21720211005732133442344515648743775806835921532029447722962791583280481528947805
78345767820098833170876979938995887012656077920947730207621842805625983820178092
78206427854577300096023469164917456616153091085132015418900696804177720609009613
46501993903968294525805824520804285309376523422365486807763487682661567590826543
75506645900596472239435826659880710383313290956130593800720766371415326278501865
50745585268036607624901569594693372270469969631877102915404168408057197654599726
059629693 17420674602728676940439978848677804058882538447095453898255933846073099
86869406991391004161856875648139104909709244411700265498422455815012357251799988
59376405958793359255426254895771362234346579115866697472024981524795889376939972
70276905158385391519794167525627126423657251148259329367304881108865541015143074
57389731909526247922765606930608670845855120581774678078289355689715410733404948
24494759632233888123461069212756586989549450779111939333516924303092416916680324
57137943214138145190844601690104744079138659406926389114353115409253610632213726
58742935330058262473141807127256945363202831385593345070373617143791546590832017
35681637503135938891450076330088527623717981980673530647717816398026625642703401
88004395563813607127481969551950969054643728630215539358008397727174933101446074
9529433644105908814289762552262144670129298580335984611033574906522471886641763 1
83717951655868265741149415198093411949456759743081091533195395561191723535398217
68841134298608521118123799908426971871983775197035005579864463823225649200964063

95119195258412649446744540013036760886432482837606425265297870582675060966984896

24



60511382019182510241051952901759104433153740341631052883317292036104404338206446
8119452733148053516625902 174967l0l7712192449490219251970337339431485726709989654
96942207328995862139063569994252025276440535290179874631670833646505346718918227
02651289483605420634326577978497485950488163291474699646093863977026762394818930
83776888573483781601940843849175645606233866292110823670307664350086514163466508
99355037898275689201553037174122448467622136983868352425261920417856760137613786
83840214969680488350522925941696611133249854543 l2552459i+j0/l.

As far as exactness is concerned, as we can see from the above example, our system can obtain much more
accurate results, since floating-point arithmetic operations can only provide the precision limited by the
precision of the data type. Our system performs much more accurate results and can be trusted in the

process of exact computation.

5. Conclusions and Discussion
v
Despite the advantages of finite segment p-adic arithmetic, there is a problem need to be solved—the
estimation of an efficient length M of the p-adic expansion in arithmetic operations. Currently, it cannot

give the sufficient number of digits for p-adic sequence for exact computation in some situation. As we

concluded that the maximum length of the p-adic expansion’s periodical part of (a+b) is LCM (n,m);
in multiplication, the maximum length of periodic part of the product of (axb) is

LCM (m,n)x (p®P"™m -1). :

In order to compute matrix exponential with JCF, we performed eigenvalue analysis. The routines we
used are translations of EISPACK: The matrix is first balanced; Orthogonal similarity transformations are
used to reduce the balanced matrix to a real upper Hessenberg matrix; The implicit double-shifted OR
algorithm is used to compute the eigenvalues and eigenvectors of this Hessenberg matrix.

Thus, to determine the efficient length M of the p-adic expansion for a rational number in the matrix
operation becomes an important problem‘. In particular, the algorithm in eigensystems may use iterative

arithmetic operations. This made the situation even more complicated. From our experience of
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implementing the eigensystem in p-adic field, the mechanism for setting the length M is our biggest
concern, because running time is related to it, a large M will increase the runtime tremendously. When
dealing with iterative arithmetic operations, the required length of the p-adic sequence will keep on
increasing during the computation.

One possible solution is to create a gradual increasing “M”. As we know, the corresponding fraction
numbers will be completely different for the same p-adic sequence with different lengths. If we can predict
the range of the approximate eigenvalue based on previous results, we would be able to adjust the “M”
when an abnormal result occurs. To be precise, we can set a judgmental mechanism after the operation, if
an abnormal result occurs, redo the operation with an larger “M”, at the same time, reduce the p-adic

expansion of the products to its minimum size.
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