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A Hypersonic Vehicle Model Developed With Piston Theory

Michael W. Oppenheimer *
David B. Doman ¥
Air Force Research Laboratory, WPAFB, OH 45433-7531

I. Abstract

For high Mach number flows, M > 4, piston theory has been used to calculate the pressures on the
surfaces of a vehicle. In a two-dimensional inviscid flow, a perpendicular column of fluid stays intact as it
passes over a solid surface. Thus, the pressure at the surface can be calculated assuming the surface were a
piston moving into a column of fluid. In this work, first-order piston theory is used to calculate the forces,
moments, and stability derivatives for longitudinal motion of a hypersonic vehicle. Piston theory predicts a
relationship between the local pressure on a surface and the normal component of fluid velocity produced
by the surface’s motion. The advantage of piston theory over other techniques, such as Prandtl-Meyer flow,
oblique shock, or Newtonian impact theory, is that unsteady aerodynamic effects can be included in the
model. The unsteady effects, considered in this work, include perturbations in the linear velocities and
angular rates, due to rigid body motion. This provides a more accurate model that agrees more closely with
models derived using computational fluid dynamics or those derived by solving Euler equations. Additionally,
piston theory yields an analytical model for the longitudinal motion of the vehicle, thus allowing design trade
studies to be performed while still providing insight into the physics of the problem.

II. Introduction

In the 1980’s, the National Aerospace Plane (NASP) program commenced, with its goal being a feasibility
study for a single-stage to orbit (SSTO) vehicle, which was reusable and could take off and land horizontally.
The NASP was to be powered by a supersonic combustion ramjet (scramjet) engine. Although this program
was cancelled in the 1990’s, a great deal of knowledge was gained and it spawned future programs, including
the hypersonic systems technology program (HySTP), initiated in late 1994, and the NASA X-43A. The
HySTP program’s goal was to transfer the accomplishments of the NASP program to a technology demon-
stration program. This program was cancelled in early 1995. The NASA X-43A set new world speed records
in 2004, reaching Mach 6.8 and Mach 9.6 on two separate occasions with a scramjet engine. These flights
were the culmination of NASA’s Hyper-X program, with the objective being to explore alternatives to rocket
power for space access vehicles.

With renewed interest in space operations worldwide, there is a renewed interest in hypersonic aerody-
namics research. The scramjet engine will likely play a major role in future hypersonic vehicles. Ulinke a
conventional turbojet engine, a scramjet engine does not use high speed turbomachinery to compress the air
before it reaches the combustor. Instead, it relies upon the rise in pressure across oblique shock waves located
in front of the inlet. Furthermore, the flow through the entire engine is supersonic in contract to a ramjet
where the flow speeds are subsonic through the combustor. On configurations like the NASP and X-43A,
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the underside of the airframe must function as the air inlet mechanism and the exhaust nozzle. Therefore,
integration of the airframe and engine are critical to success of a scramjet powered vehicle.

Scramjets could be used as part of a multi-stage launch vehicle that would include multiple propulsion
systems to perform a mission. The factor driving research towards scramjets and away from rockets is cost;
scramjets would substantially lower costs because it is an airbreathing engine. Airbreathing engines don’t
require oxidizer to be carried by the vehicle, hence increasing the payload and reducing the quantity of fuel
carried.

Unsteady aerodynamics is another key technology in the development and optimization of future hyper-
sonic vehicles. The combined effects of a slender flexible vehicle travelling at high speeds and subjected to
large forces may lead to significant unsteady aerodynamic effects. Hence, understanding the concepts and
consequences of time-dependent aerodynamic flows is critical to the success of this type of vehicle.

Piston theory is a technique which has been used for years to determine the pressure distributions on
an airfoil /vehicle, when the Mach number is sufficiently high. Lighthill' discussed the application of piston
theory on oscillating airfoils some 50 years ago. Ashley and Zartarian? discuss piston theory while providing
a number of examples of the application of piston theory to specific problems. More recently, Tarpley>
discussed the computation of stability derivatives for a caret-wing waverider using piston theory. Estimation
of stability derivatives also requires the analysis of unsteady flow over the vehicle.? Piston theory allows the
inclusion of unsteady aerodynamic effects in the model and a closed form solution can be found for these
unsteady effects.

In this work, piston theory is applied to a hypothetical 2-dimensional hypersonic vehicle powered with
a scramjet. Section IIT describes the vehicle analyzed in this work, while the steady forces on the vehicle’s
surfaces are calculated in Section IV. The afterbody effects are included in Section V, where the pressure
distribution and force due to exhaust plume are evaluated. The control surface, which is a single elevator,
is examined in Section VI, analysis of the flow regions is performed in Section VII, total body forces and
moments are derived in Section VIII, while stability derivatives are calculated in Section IX. The engine
model is developed in Section X and some results from an open-loop simulation are provided in Section XI.

III. HSV Model

Figure 1 shows the hypersonic vehicle considered in this work.* The vehicle consists of 4 surfaces: an
upper surface (surfaces defined by points cf) and three lower surfaces (surfaces defined by points cd, gh, and
ef). All pertinent lengths and dimensions are in units of feet and degrees, respectively. The total length of
the vehicle is L = 100t and the notation for lengths is Ly = length of the forebody, L. = length of the
engine nacelle, L, = length of the aftbody, L. is the length of the elevator, s is the distance from the C.G.
to the front of the vehicle, Z, is the distance from the C.G. to the rear of the vehicle, z.s and z.s are the
distances from the C.G. to the midpoint of the elevator in the x and z directions, respectively, and h; is the
engine height. The vehicle lengths are

L =100 ft
Ly =47 ft
L, =33 ft
L, =20 ft
be=1T st (1)
Ty =055 ft
To =45 ft
Tes = 30 [t
Zes = 3.5 ft
hi = 3.5 ft
2 of 23
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Figure 1. Hypersonic Vehicle.
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The vehicle angles are

T1L,U = 3°
T1,L = 6° (2)
7o = 14.41°

Additionally, the vehicle mass and moment of inertia are

Mass = 300 slug
Jyy = 500,000 slug — ft?

and the mean aerodynamic chord (¢) and planform area (S) are defined as

c=1L

G2 (4)

The goal is to apply piston theory to this vehicle to determine the pressure distribution on the surfaces
of the vehicle, which, in turn, can be used to evaluate the forces and moments. The pressure on the face of
a piston moving into a column of perfect gas is?

P — 1V, )\
__<1+7__) (5)

where the subscript ”0o” refers to the steady flow conditions past the surface, V,, is the velocity of the surface
normal to the steady flow, a., is the freestream speed of sound, and P is the surface pressure. Taking the
binomial expansion of Eq. 5 produces

P 2 -1V,
_1+—'Y'Y—_n:

V,
141
Poo 'Y—l 2 Ao (oo

(6)

Multiplying through by P and using the perfect gas law (P = pRT') and the definition of the speed of
sound (a? = yRT) yields the basic result from first-order linear piston theory

P = Py + poolooVn (7)
The infinitesimal force due to the pressure is
dF = —PdAn (8)
where dA is a surface element and n is the outward pointing normal. Substituting Eq. 7 into Eq. 8 yields
dF = (— P — poctoo Vi) dAn (9)

The normal velocity can be computed by taking the dot product of the flow velocity over a surface and the
outward pointing normal for that surface. Hence, Eq. 9 becomes

dF = (=P — poolico [V - 1)) dAn (10)

Equation 10 is the basic result upon which this work is based. From this equation, it is seen that in order
to compute the forces acting on a surface, one must determine the properties of the flow past the surface
(properties behind a shock, expansion fan, or freestream), the velocity of the surface relative to the airstream,
V, the outward pointing surface normal, n, and the surface element, dA. The work that follows will develop
these necessary quantities for the upper surface and the lower surfaces defined by points (cd) and (gh).
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Figure 2. Hypersonic Vehicle, Oblique Shocks, and Pressure Regions.

IV. Vehicle Surface Pressure Distributions and Forces

To compute the forces, moments, and stability derivatives, consider small perturbations, from a steady
flight condition at M., in the velocities u and w and the rate g. On the upper surface, the surface is
modelled as a piston moving into a column of fluid that has the properties of the flow behind an oblique
shock wave (an oblique shock forms if o < 71 ¢7). Likewise, on the lower surface, the surface is modelled as a
piston moving into a column of fluid that has the properties of the fluid behind the oblique shock. Figure 2
shows the regions of interest.

To begin the development, first consider the upper surface. The velocity of a point on the upper surface
due to the velocity and rate perturbations is

Vo= Vicosmiy+ u)%—l— (Visinm .y + w) kE+wx ey (11)

where 7, k are unit vectors in the x and z body axes, respectively, w is the angular rate vector, « is the angle
of attack, and V; is the velocity of the flow behind the oblique shock wave (see region 1 in Fig. 2). For
longitudinal motion only, w = ¢ where j is a unit vector in the y body axis direction. In Eq. 11, r,, is the
position vector of a point on the upper surface given by

ref = chw% + —H“cfzfc = xi +tanTp (x —Tp)k

(12)
Ty <x < Iy

According to Eq. 8, a normal vector to the upper surface is also needed. The upper surface outward pointing
normal vector is .
n. = sinm yi — cos vk (13)

For the lower surface defined by the points ¢ and d in Figure 1, we use the velocity of the flow after the
oblique shock to obtain

Vcdz(‘/QCOSTLL+u)z+(—‘/QSiDT17L+w)]A€+wchd (14)
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while for the surface defined by points g and h
Von = (Vs +u)i 4wk +w x gy (15)

where r.q4 and ry, are position vectors of a point on the lower surface given by

Ted = Ted,t + Tea, k =2t —tant p (x — Zy) k

(16)
Ty —Ly <z <2y

rgh zrghm%—l—rghsz:mg—l— (Lytanm, —l—hi)l% (17)

(@ —Lj)—Ln<x<z;—Ly

The normal vectors for the lower surfaces are
N,y = sin TLL% + cos TLLIAc (18)
ngp = ]./Af

Performing the cross products required by Egs. 11, 14, and 15 gives
WX Tef = qtanTiy (x — Tf)i — qrk (19)
W X Teg = —qtanTy (x—ff):i—qxlzs (20)
W X Tgp :q(Lftanﬁ,L—f—hi)%—qxlAc (21)

According to Eq. 10, the pressures on the surfaces of interest are

Pcf = Pl + pP1a1 (ch . l'lcf)
Pea = P2 + p2a2 (Ved - Dea) (22)
Py = P34+ p3as (Vgp - ngp)

Substituting the results of Eq. 22 into Eq. 8 gives

dFcp ={—=P1 — prar (Ve - nep)} dAcyncy
dF.q = {_PQ — p20a2 (Vcd : ncd)} dAcaneq (23)
ngh = {_PB — p3as (Vgh : ngh)} dAghngh
Using Egs. 11, 14, and 15 and the appropriate normal vectors (Egs. 13 and 18), the dot products in Eq. 23
become
Ve nep=[u+gtanm gy (x — Zy)]sinm v — [w — gz] cosT,u
Veq neg =[u—gtanmy p (x — Tyf)|sinm, + [w — gz]cos T, (24)
Vgn -ngp =w —qx

Note that the steady terms cancel as a result of taking the dot product. Using Eq. 24 in Eq. 23 yields

dF ;s = (=P — prar {[u + qtanm y (x — Zy)]sin y — [w — qz] cosTi,u}) dAcncy
dF.q = (=P — paas {[u — qtanm 1 (x — Zy)]sin7i 1 + [w — gz] cos 11,1 }) dAcaNeq (25)
ngh = (—P3 — p3as {w — qx}) dAghngh

The next step is to determine the upper and lower surface elements. Note that the vehicle model is 2-
dimensional with unit depth into the page. Hence, the upper surface element, dA, can be written as

dAcs = dLes(1) (26)

where dL.; defines a length of interest on the upper surface and the multiplying factor of 1 is due to the
vehicle’s unit depth. The surface element can be written as

dAc = Vdz? + d22(1) (27)

6 of 23
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From Eq. 12,
z=tant y(x — Tf) = dz = tan ydx (28)
Using Eq. 28 in Eq. 27 yields

dAcy = \/dx2 +tan? 7 pdr2(1) = dzy/1 + tan® 7y (1) = dasec 11,7 (1) = sec ydx (29)

Similarly, the surface elements for the lower surfaces become
dAcq = secT pdx (30)
dAg, = dz (31)

Now, the incremental force on the upper surface (see first entry in Eq. 25) becomes

dF.; = (=P — prar {[u+gtanm y (x — T¢)]sinT,uv — [w — gx] cos T1,u }) nef sec 1y ydx (32)

Using similar analysis, the incremental forces on the lower surfaces become
dFcq = (=P — paag {{u — gtan7 1 (x — Zs)]sin7i 1 + [w — gx] cos 11,1 }) neg sec Ty rdx (33)
dF g, = (—P3 — psag {w — qz}) ngpdx (34)
It will be useful to separate the steady forces from the unsteady forces at this point. In Section IX, we
will model the unsteady effects using a stability derivative approach. To compute the steady forces, the

components of the incremental forces related to the steady flow are integrated over the surface of the vehicle.
For the upper surface, this becomes

zy Ty . N
F.;= / (dFCf)steady = / —-P [sinTLUi — oS TLUk} sec Ty ydx (35)
while, for the lower surfaces, the forces are
Ty Tf “ ~
F. = / (dFCd)steady = / P {sin 71,0 + cos TLLk'] sec Ty, rdx (36)
Zy—Ly zy—Ly
if—Lf if_Lf ~
th :/ (ngh)steady :/ —ngdil,' (37)
(;Ef—Lf)—Ln (ff—Lf)—Ln

For the consideration of aeroelastic effects in future work, it will prove useful to split the upper surface force
into forebody and afterbody components. Thus, Eq. 35 becomes

0 Tf
F.r = / -P [SinTLUi — CoS T17Uk} sec T,ydz +/ -P {sinTLUi —cosT,uk|secT ydr
0

. (38)
= Fcfa + Fcff
Performing the integrations yields
F.;, = —PiZ,sect v SinTLU’Z - COSTLU]} = cha% + Zcfjf )
; 7 z - 39
Fepp = —PiZpsecniy [sinTyyt —cosTiuk| = Xeppi + Zeg, k

where Xt , Z.¢, are the components of the aftbody upper surface force in the x and z directions, respectively,
and Xcy,, Zcy, are the components of the forebody upper surface force in the x and z directions. For the
lower surfaces, integration of Eqs. 36 and 37 produce

F.= —PQLf Sec Ty, L |:Sin7'1’L§ + COS’TLL];):| = Xcd% + ch];)
Fyn = —P3Lnk = Xgni 4 Zgnk

where X, and Z, are the components of the lower surface forces. Equations 39 and 40 give the rigid body
steady forces on this vehicle due to pressure distributions on the upper and lower surfaces (cd and gh). It
must still be determined where these forces act on the surfaces. To do this, note that the steady pressures
on the surfaces are simply the pressure behind the shock wave or expansion fan or the freestream pressure,
depending on the angle of attack of the vehicle.

(40)
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V. Afterbody

The flow on the afterbody of the vehicle is bounded by the vehicle surface (surface ef in Fig. 1) and a
shear layer between the freestream atmosphere and the exhaust gas of the engine. Hence, external nozzle
analysis must be performed to determine the pressures on surface ef. According to Chavez,® the pressure
distribution along the nozzle surface can be approximated by

Pe
1++(£;—1)

COS(Tl,U +T2)

Pey(s) =

(41)

where P.; is the pressure on the afterbody, P. is the pressure at the engine exit, Py is the freestream
pressure, and s is the distance from the lower apex (point e) to the point of interest along the vehicle’s
afterbody surface (see Fig. 1). The force produced by the external nozzle can be calculated by integrating
Eq. 41 over the rear ramp of the vehicle:

Lq

cos( T T P
Fo = / (o+72) ‘ ds (42)
0 14+ —F= (11;6 — 1)
e

Performing the integration and simplifying yields

Lo PP P

COSs (TI,U —+ ’7'2) (Pe — Poo) P

Fep = (43)

Equation 43 provides the magnitude of the force due to the external nozzle. Its direction is perpendicular
to the rear ramp. Hence, the vector force due to the external nozzle is

L.P.P P . ) . )
ae oo In =% [sin (rLu +72) 7 — cos (Tu + 7) k} = Xopi+ Zopk (44)

F =
7 cos(mu +72) (P — P) P

where X,y and Z.y are the axial and normal force components of the external nozzle force.
For use in calculating stability derivatives, it is necessary to determine the force on the rear ramp due to
perturbations in the velocities u and w and the rate q. The differential force on the rear ramp is

dFep = (=Pey — pefacy [Ver - neg]) dAcyney (45)

where P,y is the afterbody pressure distribution given by Eq. 41, pc¢, acy are the density and speed of sound
on the rear ramp, V. is the flow velocity on lower surface ef, n.s is the normal vector to lower surface ef,
and dAcy is the surface element for surface ef. The position vector, normal vector, and surface element for
this surface are given by:

ref = X1+ [tan (71,0 + 72) (z + T4) — Ltanm y)k = xi+ Tef, k

g : (46)
Ty <x < Lg— T,

n.s = —sin (71, + 72) 7 4 cos (Tl,U‘FTQ)]Af (47)

dAcy = sec(m,y + T2) dx (48)

Using Eqs. 46- 48 in Eq. 45 yields
dFcs = (=Pef = pegaes {— (u+qrep.)sin(m,u + 72) + (w — q) cos (v + 72)}) nepdAey  (49)

Integration of the steady component of Eq. 49 yields the same result as in Eq. 44. The unsteady components
will be utilized in the computation of stability derivatives.
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VI. Control Surfaces

The control surface is an elevator located near the tail of the vehicle as shown in Fig. 1. The elevator is
modelled as a flat plate hinged at its midpoint so the entire surface deflects. The length of the elevator is
L. = 17ft. Positive d. is defined as trailing edge down. Once again, the velocity of the flow on both sides of
the elevator must be determined. Proceeding in a manner similar to that which has already been done, it is
found that .

Ve, = (Vicosd, +u)i+ (=Visind, +w)k 4+ w x r, (50)

and
Ve, = (Vs cos8e + )i+ (—Vssinde + w) k + w X re (51)

where V;, is the flow velocity on the underside of the elevator, V., is the flow velocity on the upper surface
of the elevator, w = ¢J, re is a position vector from the vehicle c.g. to an arbitrary point on the elevator,
Vi, Vs are fluid velocities (freestream, behind oblique shock, or behind expansion fan).

The position vector is found to be

Te =21 — [2es + tande ( + xcs)] k

—Teg — % Ccosle < < —Xes + % cos ¢

(52)

where x.s and z.s are the x and z positions of the midpoint of the elevator referenced to the c.g. As shown
in Fig. 1, z.s = —30ft and z.; = —3.5ft. For this control surface, outward pointing normal vectors for both
the lower and upper surfaces are needed. These normals are computed as

= —sind.i — cos bk

P = oG : (53)
N., = sindei + cosdek
To evaluate the cross-product in Eq. 51, we use Eq. 52 to obtain
W X Te=—qzes + tand, (x — zes)] i— qxl% (54)
Then, the differential forces on the upper and lower surfaces of the elevator becomes
dF., = [—P5 — psas {Ve, «n¢, Hne, dA, (55)
dFe, =[Py — paas {Ve, +n¢, }nc, dA.
where
Ve, oDy, = — (u— q{zes + tande (x — xcs)}) sinde — (w — g) cos (56)
Ve, 0., = (u—q{zes +tand. (x — z¢5)}) sinde + (w — qx) cos de (57)
and
dA. = secd.dz(l) = secd.dx (58)
Hence, the upper and lower forces on the elevator can be computed as
71’554*% cos de . N
F., = / . [—Ps — psas { Ve, « ey } [— sin de% — cos (5ek} sec 0.dx (59)
—Tes— 5 COS de
7zw+% cos Oe . N
F., = / [—Py — pras {Ve, «ng, }] {sin 0et + COS 56145} sec d.dx (60)
L
—Tes— 5 COSJe

Eq. 56 would be used in Eq. 59, while Eq. 57 would be used in Eq. 60. The steady forces on the elevator
become

7zw+% cos de . R
F., = / —Ps [— sin d¢i — cos 5ek} sec 0cdx (61)

L
—Tes— 5 COSJe
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71’554*% cos de . R
F., = / P, [Sin Oct + cos (5ek} sec dedx (62)

L
—Tes— 5 COS Je

Evaluating these integrals yields

Fw::f%LePﬁm&j—dE@ﬂ==Xwg+Zwk (63)

F., = —P,L. [sinée% + cos 5615} = XeLi + ZeLlAc (64)

VII. Flow Analysis

In the preceding analysis, the properties of the flow on the upper, lower, and control surfaces has been
left general. In this section, the properties of the flow will be determined. Specifically, the angles of attack
at which shock waves or expansion fans are created will be delineated.

By examination of Fig. 1, the following relationships can be determined:

if a=T1y— freestream : Vi =V, p1 = Poo, 01 = Goo
if o> Ty — expansionfan (65)
if a<m,y— shock(compression)

The wedge angles associated with the upper surface, for calculation of flow properties behind the shock or

expansion fan, are as follows:
Zf a>Ty— O

expansion

=-—a+T,U

CaTny (66)
Zf a<71,U—>t9U

shock
The above information is used to determine the flow properties for the upper surface, namely, V1, p1, and
a1. For lower surface cd, the relationships become

if a=—7 — freestream : Vo =V, p2 = poo, G2 = oo
if a> —7 1 — shock(compression) (67)
if a < -7, — expansionfan

Lower surface cd wedge angles are as follows:

if a>—-71, — 0L =a+ T,

= -0 —=T1,L

shock

. (68)
if a<—1,L — 0L

expansion

Physically, for the scramjet engine to work properly, an oblique shock must form on the underside of the
vehicle to increase the pressure at the inlet. This effectively places a lower limit on the angle of attack and
requires that the angle of attack be such that an oblique shock forms on the underside of the vehicle. Hence,
from Eq. 67, the angle of attack must satisfy

o> —T1 L (69)

In other words, —7; 1, is an absolute lower limit for angle of attack, with the engine on; however, the engine
will cease to function before this lower limit is reached. With this limit in place, a bow shock will form on
the underside of the vehicle. For lower surface gh, it is necessary to calculate the angle at which the shock
exactly impinges on the point g of the engine nacelle. This angle, denoted by Tyowshock, 1S

LftanTLL +h1>

I (70)

Thowshock = Q¢+ tan71 (
Let the bow shock angle be denoted by 5. If 8 > Tpowshock, then the shock misses the point g and the flow
properties on lower surface gh are computed using the flow properties behind the oblique shock (Va, pa, a2)
as the initial conditions. Then, an expansion fan forms at point g. If 5 < Tpowshock, then either the shock is
on the lip (point g) or the shock is inside the engine inlet. In either case, freestream properties are used to
compute V3, p3, as. The following steps are used to determine the flow conditions over surface gh.
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1. Calculate shock angle, §, from surface cd.

2. If B> Tpowshock, an expansion fan forms at point g and the flow properties behind the oblique shock
wave are used as input to the expansion fan flow equations with a wedge angle of 71 1.

3. If B < Thowshock, an expansion fan forms at point g and the freestream flow properties are used as input
to the expansion fan flow equations. The wedge angle in this case is only a function of angle of attack.
If @ = 0, then the flow properties in region 3 are freestream, that is, V3 = Vi, p3 = poo, and a3z = Geo-
If @ > 0, a shock forms at point g with the shock angle computed using a wedge angle of a. If o < 0,
an expansion fan forms on the underside of the engine and flow properties in region 3 are calculated
using a wedge angle of —a.

For the control surface, the flow behind the leading edge of the elevator is determined by the elevator
deflection angle and the angle of attack. More specifically, if o = —a then both the top and bottom of
the elevator experience the freestream. Therefore, Vy = V5 = Vi, p4s = p5 = poo, and a4 = a5 = Goo. If
de > —a, then an expansion fan forms on the top of the elevator, while the bottom of the elevator experiences
compression and a shock forms. In either case, the wedge angle is « + 6. If 6. < —a the a shock forms on
top of elevator and an expansion fan is on the bottom of the elevator. In this case, the wedge angle for the
shock and expansion fan is —a — J.

VIII. Total Forces and Moments

Having determined the forces on each of the surfaces, the moments about the c.g. that each force produces
must be determined. To do this, the location of each force on the vehicle must be computed. Figure 3 shows
the forces acting on the vehicle. Consider first the upper surface with the forebody and aftbody forces given

Fy

a

Figure 3. Forces Acting on the Hypersonic Vehicle.
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in Eq. 39. The forebody force acts at the point

T T
Fey, (Tf’ —7f tanTLU) (71)

while the upper surface afterbody force acts at

cfa (—%, (icf + 7“) tanTLU) (72)
For the lower surfaces,
_ Ly Ly
chi :cf—7,7tanT17L (73)
_ Ly
Fgp, : :cf—Lf—7,LftanT1,L+hi (74)

The force due to the external nozzle acts at a point given by
Fef : (iff — Lf — L, — ifpef coS (7’1’(] + 7'2) , Lf tanty  — erf sin (TI,U + 7'2)) (75)

where Tg,, is the x point of the center of mass of the pressure distribution on the rear ramp assuming an
axis system centered at point e with x axis pointing along line ef and the z axis pointing up. In other words,
the center of mass of the pressure distribution was computed in a local coordinate frame (local to surface
ef). Then, this distance was referenced to the c.g. of the vehicle. In Eq. 75, Zr, is given by

La Peo

T = 1— In 76
Fes cos (T1,y + 72) In 11;; P.— P, Py (76)

The elevator force acts at
F.: (_xcs; _ch) (77)

Equations 39, 40, 44, 63, and 64 give the axial and normal force components of the forces acting on the
vehicle. Now, the moments due to these forces can be calculated. Positive moment is defined as clockwise or
the direction that tends to increase angle of attack, while negative moment is defined as counter-clockwise.
The moment arms are given by Eqs. 71 - 75, 77.

P72
Mg, = —— L (1-tan’ 7 p) (78)
9 Za z2

M.y, = — Py, tan® m.p (zf + 7) + P (79)

Lt L
Moy = —PyLytantp (%) + PLy <:zf - 7f> (80)

_ L,

Mgh:P;),Ln :Ef—Lf—? (81)
Mef = :|:Xef [Lf tanTy p — TF,; sin (7’1’(] + 7’2)} — Zef [{ff — Lf — L, — ZF,; COS (TI,U + 7'2)] (82)

where Tr,, is given in Eq. 76 and Xy, Zcy are expressed in Eq. 44. The sign on the first component of My
will depend on the vehicle’s geometry. The rule used to determine the sign is as follows:

+ if LytanTy — Tp,, sin(r,u +72) >0

. _ . (83)
— if Lytanty  — Zp,, sin(11,p +72) <0
The moments produced by the elevator are
M, = —P5Lesin0¢zcs + PsLe COS 0 (84)
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M., = PyLesindezes — PyLe coSdees (85)

The total aerodynamic forces and moments on the vehicle are

Xtotal :chf +cha +Xcd+Xgh+Xef +X€L +XeU (86)
Ztotal = ZCff + Zcfa, + ch + Zgh + Zef + ZeL + ZeU (87)
Mtotal = Mcff +Mcfa +Mcd+Mgh+Mef+MeL +Meu (88)

IX. Stability Derivatives

The stability derivatives of interest for this vehicle configuration are Cz,, Cza, Cyma, Czq, and Chyq.
These computations are complex and, in an attempt to simplify them, the following notation will be used
when necessary:

|
M)

(Lo—%a)® _

Lef2 = " 2. o ?;
Lep =" 13 (89)
L. _ (Lot _ 3
efs = A T4
Lo—%4)° z°
Ley, = ( 5 ) + 5
Al = Pele + (pefpoo)(aezgoo)(l/a*i’a)z - % (pe - poo) (La - fza) - [p/_e (ae - aoo) (La - ja)
Ay = z_i (pe - Poo) + f_z (ae - Cloo) - L_Qg (Pe - pOO) (ae - GOO) (La - ja) (90)
A3 — (pe_pool)/%de_aac)
f1 = tan (TI,U —+ 7'2)
f2 = LtanTLU (91)

f3 = sin (TI,U —+ 7'2)
fa = cos (Ti,u + 72)
Additionally, the pressure on the rear ramp of the vehicle (surface ef) is given by Eq. 41, which is a function of
the distance moved along the rear ramp. Thus, this pressure distribution is not constant along the surface.
At point e, the pressure is given by the engine exit properties (P.), while at point f the pressure is the

freestream pressure (Ps). An obvious choice for the temperature distribution on the rear ramp, Ty, is a
form like the corresponding pressure, so that

T

COS(TI’U+T2) TOC

Tep(s) = (92)

Then, the speed of sound and density can be calculated from the definition of speed of sound and the perfect

gas law:

Qef = \/’YPRTef (93)
Pef = Riff
Both acy and pey factor into the stability derivative calculations. Unfortunately, the expressions in Eq. 93,
when used in the stability derivative calculations do not allow determination of a closed-form solution. In
order to facilitate a closed-form solution, the following approximations for the speed of sound and density

on the rear ramp will be used in the stability derivative calculations:

per = L272) (5 — (Lo — Ta}) + pe
aef = (aajzje) (m — {La - ja}) + Qe

where
T <2< Lo — @ (95)

These are first-order approximations, which capture the boundary conditions.
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A. « Derivative of Z-Force Coefficient

To compute the change in Z-force component due to a change in angle of attack, the infinitesimal force
expression that contains the vertical velocity perturbation, w, must be integrated. Thus,

= faw =L [ [ [T <chd>zw]

1 Zy—Ly Lo—%, (96)
+—= l/ (ngh)z_w +/ (dFef)z_w]

docS f—Ly—Ln —Zq

where [ (dF,,) ,_q 1s the differential force, on the upper surface, in the z direction due to w motion. Using
the appropriate differential force elements from Eq. 25 in Eq. 96 produces

1

Zg Zy
(C2)p=—3 / —pirajw cos T, ydx —/ p2a2w cos Ty, ,dx
qOOS —Zq ff—Lf

N 1
GooS

if*Lf Lo—Tq
/ —pgagwdx—i—/ —Pefepw cos (T, + o) dx
i’ffoan Tq

Performing the integrations yields

1
(Cy), = wq—S [—pra1 cos T,y (Tf + Za) — paag cos i, Ly — psazLy,)
o0
(98)
cos(muy+ T
v % [Ay Lo + AsLeg, + AsLey,]

If 7~ < 1 then ¢~ ~ a. Thus, w = Vca. Therefore,

0Cy V.
o = q;“ig [—p1a1 cosT,uyL — paazcosTi, Ly — p3asLy]
oo
_ Vo cos (TI,U —+ 7'2)

GooS

(99)

[A1La + AzLeg, + AsLey,]

B. o Derivative of X-Force Coefficient

The change in X-force due to a change in angle of attack can be calculated using

1 1 zy z5
()= — [ @), = —5 V_ @)t [ (chm_w]
if*Lf Lo—Tq4
/ (dFQh)sz + / (dFef)zw]

f*Lf*Ln —Zq

(100)
1

+—

GooS

Substituting in the differential forces yields

1 Ty Ty
Cx)p=—3 / praqwsin Ty ydx —/ paaswsinTy rdx
qOOS —Tq ff—Lf
(101)
L1
¢o0S

—Zq

if*Lf Lo—Tq
/ —psazw0dz + / Pefeswsin (T1,y + T2) dx
i’ffoan

Performing the integrations, simplifying, and assuming that % < 1 so that % ~ « gives

oC 1 Vo si
8—5 = @VOO [praisinm gL — paagsinm L] + qu(:;gU + 1)

[AlLa + A2Lef2 + A3L6f3] (102)
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C. «a Derivative of Pitching Moment Coefficient

For Chsq, first find the contribution to the pitching moment due to a velocity w:

1
= F — F
=gz | [+ @) [eiam).]
1 Zf Ty i’ffo Lo—Tq4
=——2 / (chf)rwﬂL/ (chd)x_er/ (ngh)mfwﬂL/ (dFef),_y
¢ooSC z Zy—Ly Zp—Ly—Ly, —Zq

—Tq

if*Lf Lo—Tq4

1 Zf Zf
- —z [/ (dFCf)z—w + / (dFCd)sz + / (ngh)z—'w + / (dFef)z—w]
oo ST —Z, Z;—Ly Zp—Lj—Lny —E,
(103)

Substituting the appropriate expressions, performing the integrations, simplifying, and assuming that % <
1 so that 7~ ~ « yields

ocC 1 1
a—(iw = qOOSéEV‘” [—pras tanT sinty yL? + paas tan Ty 1, sinTLLLﬂ
Vo sin (71,U+7—2) _
+ q S [fl (A1L6f2 + A2Lef3 + A3Lef4) + (flxa - f2) (AlLa + A2Lef2 + A3Lef3)]
[e.¢]
(104)

1 1
+—q SE§VOO [plal COS Ty, U (E? — Ei) + paagcosti Ly (2T — Ly) — psasLy, (Ln — 2T¢ + 2Lf)}
oo
Voo cOs (T1.u + T2)

(oo ST

[A1Les, + AsLeg, + AsLey, ]

D. ¢ Derivative of Z-Force Coefficient

The Z-force coefficient due to a pitching motion is

C 1 dF L " dF " dF
o= g5 | =5 | [ et [
1 i’ffo L,—Z (105)
Ty—Ly—Ln —Za
Performing the integrations and simplifying yields
9Cz _ Lp a1— [cos 71,y — tanTy y sinTy y L]
9 48713 1,U 1,U 1,U
1 Ly _ .
+q G202 [cosTi (28 — Ly) —tan7y sin7y Ly
1 Ly
 ppas = [~ L, + 27 — 2L
1 |r2 213 —3L2%x
+q S 7(1 (f1fsA1) — LafafsAr + Ley, faAr + —( - 6 - a)'flfsAz — Ley, f2f3A2
oo
1 (Lo — o) 2a @4
+q—S Lep, faAos + | Leyp, + — s + 3 J1f3A3 — Ley, fof3A3 + Ley, fa
(oo}
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E. ¢ Derivative of Pitching Moment Coefficient

The pitching moment due to a pitch rate can be calculated using
1
(CM)(I = %TSE z (dF)x—q - z (dF)z—q

1 Ty Tf :Ef—Lf Lo—7T,
T guSe / (chf)x_qﬁL/ (chd)HﬂL/ (ngh)x_qu/ (dFer), | (107)

—Zq Ty—Ly Ty—Ly—Ln —Ta
1 s s zy—Lg Lo—%a
- -z dFcs),_ +/ dF.q),_ -|-/ dF _ +/ dF.s).
¢ooSC /—x,,, (AFes). ! zTg—Ly (AFea). ? Tp—Li—Ln (7). ! ~Za (@Fer). !

Substituting the appropriate expressions yields, performing the integrations, and simplifying produces

dC 1 o . . L3 L CosTLY
—_— = — —p1a1tan” 71y |(tanTy y SN T U ——
dq (oo SC ’ ’ 3 6
L3 L
p2as tan? T1L [tan 71,1 sin T17L?f — cos TLLTf (2z; — Ly)

(—z} + 22 + 3Ei:ﬁf)}

o SC

- fiS’E [(A1Ley, + AsLey, + AsLey,) (F2 5+ f1fs)]

4 f;,é [(A1Ley, + AsLeg, + AsLey,) (211 f3Ta — 2f1f2f3 — fof1)]
o0
_q fi% [(A1Lq + ALes, + AsLey,) (f12f3fa = 2f1f2f3%a + f1fa%a + f22f3)] (108)
o0
1 t i . o |
L [w (2% + 3222, +283) + U (73 4 72)
1 tany psinTi g o _ Ly o N
— —paag | ————L3 (2Ly —3%y) + cos Ty, —= (3xf—3fof—|—Lf)
goSC 6 3 |
1 (zp = Lp)® (@ —Ly—Ln)"|
PN T 3 3 |
1
T ((A1Les, + A2Ley, + AsLey,) (frfs + fa) + (ArLes, + AoLep, + AsLey,) (f1fsZa — f2fs)]

X. Engine

For hypersonic flight, the propulsion system necessary to produce the required thrust is either a rocket or
a supersonic combustion ramjet (scramjet). The advantage of a scramjet over a rocket is that the scramjet
is an airbreathing propulsion system, thus eliminating the need to carry the oxidizer onboard the vehicle.
This, in turn, allows for increased payload. The scramjet model used in this work is identical to that used by
Chavez and Schmidt.® Engine inlet conditions are primarily determined by the flow behind the oblique shock.
The scramjet consists of 3 sections; a diffuser, a combustor, and an internal nozzle. The flow through the
diffuser and nozzle is assumed to be isentropic, quasi-one-dimensional, while the flow through the combustor
is assumed to be quasi-one-dimensional in a constant area duct with heat addition. The working fluid in the
engine is assumed to be a perfect gas with constant specific heats. There are two control variables which
affect the engine: diffuser area ratio, Ap, and temperature addition in the combustor, ATj. Figure 4 shows
the engine model.

Inlet conditions to the diffuser, which are inlet conditions to the engine module, are determined from the
flow analysis of the vehicle’s lower forebody and vehicle geometry. The lower forebody flow is turned parallel
to surface cd. To determine the engine inlet conditions, the flow must be turned parallel to the engine,
with the turning angle given by 7 ;. Oblique shock relations are used to determine the engine inlet flow
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Figure 4. Scramjet Engine.
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properties, with the flow properties in region 2 being the input, and M., , P, , and T, being the outputs
of the flow calculations. The engine inlet Mach number, pressure, and temperature are M., , P., ,and T, ,
respectively. By turning the flow to be parallel to the engine, a force and hence moment is imparted on the
vehicle. The force is given by

Ae

woner = YMEP> (1= cos (11,1 + ) i (109)
F

_ 2D o
simier = VM3 Posin (11,1 + @) b

F,

This force acts at point d in Figure 1. Hence, the force acts at
Tinlet = | Tp — Lf Lf tanTy (110)
Thus, the moment produced is given by

Minier = Lf tan T17LF$i7Llet - (i‘f - Lf) F:

Zinlet

(111)

Now, the flow must be propagated through each section of the scramjet to determine the engine out-
put properties. For the diffuser, continuity is applied to determine the Mach number at the diffuser
exit/combustor inlet:

4L 4L
LR O L L R TORE R o)
M?2 P M2

where M, is the Mach number at the combustor inlet and M., is the Mach number at the engine inlet. The
pressures and temperatures at the combustor inlet are given by

1+%(v—1)Mén}ﬁ

P.=P.. 113

S Ee=ren )
1+3(v—1)M2

T. = Tem |: i 21(7 ) em] (114)
R ETICENYE

where P, and T, are the pressure and temperature at the combustor inlet, and P,., and T, are the pressure
and temperature at the engine inlet. For the combustor, the exit Mach number, temperature, and pressure
are calculated using

ML+ 50 -DM]  ME[L+5( =DM M2 T, (115)
(M2 + 1) GME+DT M)
YM?2+1
b pAMEH1 116
n ‘yM2+ 1 o
2
oo (121 11
<7M2+1Mc Y

where M,,, P,,, and T, are the Mach number, pressure, and temperature at the inlet to the nozzle, respectively
and Ty is the increase in total temperature across the combustor due to the combustion of fuel. For the
nozzle, the exit properties are

o+l o+l
[1+%(7_1)M82](w—1) _AQ [1_‘_%(7_1)]\4721](7—1)
M?2 oo M?2

€

(118)

where M, is the Mach number at the combustor inlet and My is the Mach number in region 2 (engine inlet).
The pressures and temperatures at the combustor inlet are given by

L+ -1 M)

P, =P,
B IOV RVE

(119)
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L+ (y—1)M2
L+ (y—1)M2
where M., P,., and T, are the Mach number, pressure, and temperature at the engine exit, respectively, and

Ap is the internal nozzle ratio defined as the ratio of the nozzle exit area to the nozzle inlet area.
The thrust per unit width of the engine module is given by*

T. =1,

(120)

Ae

. Ae
T =1, (Ve = Vo) + (Pe — Poo) D (P2 — Poo) ADbAN (121)

where T is the engine thrust, 71, is the mass flow through the engine, V,, p. are the flow velocity and pressure
at the engine exit, V5, po are the flow velocity and pressure at the engine inlet, p, is the freestream pressure,
A./b is the exit area per unit width, Ap is the diffuser area ratio, and Ay is the nozzle area ratio. The
moment produced by the thrust force is

hi
Mengine = (Lf tanTy, g + 3) T (122)

The mass flow through the engine is a function of the shock angle. Essentially, in order to calculate
T, it is necessary to calculate how much mass flow the engine captures. Figure 5 sets up the geometry for
this calculation. It is assumed that the vehicle is operating such that the lower forebody surface see either

Figure 5. Geometry for Mass Flow Capture Area.

the freestream (o = —74,1) or a shock forms off the forebody surface. Let the engine inlet capture area be
denoted by Ag and the spill area be denoted by As. Then, if freestream conditions occur, Ag = h;. When a
shock forms, use Figure 5 to compute the capture area, which becomes

o = LMLy St Gzl g s
I LTS
where ;.4 is the shock angle for lower surface cd and 6; is defined as
Lt h;
0, = tan (M) (124)
Ly
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The mass flow through the engine becomes

Mo :pooMoo“ R%AO (125)

With the inclusion of the stability derivatives, the engine inlet turning force and moment, and the thrust
and resulting moment, the total aerodynamic forces and moments on the vehicle are

oC
Xiotat = Xegy + Xeg, + Xea+ Xgn+ Xeg + Xep + Xeg +quoS—5 =0t Foppyo + T (126)
0Cz oCz qc
Liotal = Zcff + Zcfa + Zeqa + Zgh —+ Zef + ZeL + ZeU + qooSWOé + +QOoSa—q Woe + Zinlet (127)
oC oC C
Mtotal = Mcff +Mcf(,, +Mcd +Mgh +Mef +MeL +M5U +QOoSéa—(i\/IOC+QOoSé 8;4 23/6 +Minlet +Mengine (128)

XI. Results

At this point, only initial simulation results are available. Currently, the model has been simulated open-
loop, with a fixed control surface deflection, to ensure that the model is operating correctly. One point of
interest that can be obtained from this simple simulation is the contribution to the forces and moments due
to the inclusion of unsteady effects. Figure 6 shows the steady and unsteady X force, Figure 7 shows the
steady and unsteady Z force, and Figure 8 shows the steady and unsteady pitching moment. Obviously, the
unsteady components will have an impact on the total forces and moments, as these terms are not negligible
compared to the steady terms.

Steady and Unsteady X Force vs. Time
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Figure 6. Steady and Unsteady X Forces.
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Steady and Unsteady Z Force vs. Time
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Figure 7. Steady and Unsteady Z Forces.
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Steady and Unsteady Pitching Moment vs. Time
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Figure 8. Steady and Unsteady Pitching Moments.
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XII. Conclusions

In this work, piston theory is used to develop a model for the longitudinal dynamics of a hypersonic
vehicle. In particular, velocities of flow normal to the surface of the vehicle are used in a first order piston
theory framework to determine the pressures on the surfaces of the vehicle. The pressures are then integrated
over the body to determine the forces acting on the vehicle. Piston theory is useful here because it allows
the inclusion of the unsteady aerodynamic effects, which are not captured using other techniques.
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