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1 Introduction

In this paper, we consider the problem of classifying an unknown probability distribution into one of a
finite or countable number of classes based on random samples drawn from the unknown distribution. This
problem arises in a number of applications involving classification and statistical inference. For example,

consider the following problems:

1. Given i.i.d. observations z1,z2,... from some unknown distribution P, we wish to decide whether

the mean of P is in some particular set (e.g., in some interval or whether the mean is rational, etc.).

2. Given i.i.d. observations z,z3,..., we wish to decide whether or not the unknown distribution
belongs to a particular parametric class (e.g., to determine if it is Gaussian) or to determine to
which of a countable hierarchy of classes the unknown distribution belongs (e.g., to determine class

membership based on some smoothness parameter of the density function).

3. We wish to decide whether or not observations z1,2,... are coming from a Markov source, and if

s0 to determine the order of the Markov source.

In these examples, our goal is to decide whether an unknown distribution p belongs to a set of distri-
butions A or its complement A°, or more generally to decide to which of a countable collection of sets of
distributions Ay, Ag, ... the unknown u belongs. After each new observation z, we will make a decision as
to the class membership of the unknown distribution. Our criterion for success is to require that almost
surely only a finite number of mistakes are made. There are two aspects to the “almost sure” criterion.
First, as expected, we require that with probability one (with respect to the observations z1,23,...) our
decision will be correct from some point on. However, depending on the structure of the A; classification
may be difficult for certain distributions pu. Hence, given a measure on the set of distributions we allow

failure (i.e., do not require a finite number of mistakes) on a set of distributions of measure zero.

Our work is motivated by the previous work of Cover (1973), Koplowitz (1977), and Kulkarni and
Zeitouni (1991). In fact, the previous works just mentioned deal with the specific case in which the
unknown distribution is to be classified according to its mean based on i.i.d. observations, as in the
example problem 1 above. In this case, a subset of IR can be identified with the set of distributions A
in the natural way (i.e., all distributions whose mean is in a specified set). Cover (1973) considered the
case of distributions on [0, 1] with A = Qo 1, the set of rationals in [0, 1], and more generally the case of
countable A. He provided a test which, for any measure with mean in A or with mean in A°\ N, will make
(almost surely) only a finite number of mistakes where NV is a set of Lebesgue measure 0. For countable

A, Cover also considered the countable hypothesis testing problem of deciding exactly the true mean in



the case the true mean belongs to A, and provided a decision rule satisfying a similar success criterion.
Koplowitz (1977) showed some properties of sets A which allow for such decision rules and gave some
characterizations of the set N. For example, he showed that if A (the closure of A) is countable then N is
empty, while if A is uncountable then N is uncountable. Kulkarni and Zeitouni (1991) extended the results
of Cover (1973) by allowing the set A to be uncountable, not necessarily of measure 0, but such that it
satisfies a certain structural assumption. Roughly speaking, this structural assumption requires that A be
decomposable into a countable union of increasing sets B,, such that a small dilation of B, increases the
Lebesgue measure by only a sufficiently small amount. In a different direction, Dembo and Peres (1991)
provide necessary and sufficient conditions for the almost sure discernibility between sets. Their results,
when specialized to the set-up discussed above, show that the inclusion of the possibility of some errors on

the set of irrationals is necessary in order to ensure discernibility.

The decision rules of [4, 10, 11, 5] are basically as follows. At time n, the smallest m is selected
such that the observations are suffiently well-explained by a hypothesis in B,,. If m is not too large, we
decide that the unknown distribution belongs to A; otherwise we decide A°. For the case of countable
hypothesis testing, a similar criterion is used. Thus, the B,, can be thougtht of as a decomposition of A
into hypotheses of increasing complexity and so the decision rules are reminiscent of Occam’s razor or the

MDL (Minimum Description Length) principle.

The problem considered in this paper uses a success criterion and decision rules very similar to those
in the previous work of [4, 10, 11], but allows much more general types of classification of the unkown
distribution. Section 2 treats the case of classification in A versus A° for distributions on an arbitrary
compact complete separable metric space (i.e., a compact Polish space) with i.i.d. observations. The case
of classification among a countable number of sets A;, Az,... from i.i.d. observations is considered in
Section 3. Thus, the results of these two sections cover the example problems 1 and 2 mentioned above.
Furthermore, we also consider relaxations of the basic assumption concerning the ii.d. structure of the
observations 1, ...,z,. Namely, results for observations with Markov dependence are presented in Section

4. In particular, we treat example problem 3 on the determination of the order of a Markov chain.

We now give a precise formulation of the problems considered here. Let z4,...,z, be ii.d. samples
drawn from some distribution p (as mentioned, Markov dependence will be considered in Section 4). We
assume that z; takes values in some compact Polish space ¥, which for concreteness should be thought
of as [0,1]¢ ¢ IR?. Let M;(X) denote the space of probability measures on £. We put on M;(Z) the

Prohorov metric, denoted d(-,-), whose topology is equivalent to the weak topology.

We consider here the following problems:



P-1) Based on the sequence of observations (zi,...,2,), decide whether 4 € A or p € A, where A is

some given set satisfying certain structural properties (c.f. A-1 below).

P-2) Based on the sequence of observations (z1,...,%5), decide whether u € A; where all 4; C My(3),
i=1,2,...are sets satisfying structural properties (c.f. A-1 below).

Since M;(X) is a Polish space, there exist on M;(X) many finite measures which we may assume to be
normalized to have a total mass 1. Suppose one is given a particular measure, denoted G, on M1(X). In
particular, we allow G to charge all open sets in M;(X). G will play the role of the Lebesgue measure in

the following structural condition, which is reminiscent of the assumption in Kulkarni and Zeitouni (1991):

A-1) There exists a sequence of open sets Cr, C M1(X) and closed sets B, C M;(X), and a sequence of

positive constants e(m) such that:

1) Vu € A Imo(p) < o0 s.t. Ym > mo(p), b € B,

2) d(Bn,,C5,) = v/2¢(m) > 0.
3) G(Ny UZon (CY 2™\ 4)) = 0 where CY*™ = (v € My (D) | d(¥, Cm) < \/2e(m)} is the
Vv2e(m) dilation of Cfp,.

A-1) is an embellishment of the structural assumption in Kulkarni and Zeitouni (1991), which corre-
sponds to the case where By, is a monotone sequence and C, are taken as the V/2¢(m) dilation of By,.
The use of A-1) 1) and A-1) 2) was proposed to us by A. Dembo and Y. Peres, who obtained also various
conditions for full discernibility between hypotheses, c.f. Dembo and Peres (1991). We note that as in
Kulkarni and Zeitouni (1991), the assumption is immediately satisfied for countable sets A by taking as
B,, the union of the first m components of A and noting that, for a finite measure on a metric space,
G(B(z,6)\{z}) —=s—0 0 where B(z,§) denotes the open ball of radius § around z. More generally, A-1) is
satisfied for any closed set by taking B, = A and using for Cp, a sequence of open sets which include A
whose measure converges to the outer measure of A. Since Cp, is open and ¥ is compact, it follows that
d(A,CS) > 0, and A-1) is satisfied. By the same considerations, it also follows that A-1) is satisfied for
any countable union of closed sets. Also, note that whenever both A = U2, A; and A° = U2, D; with
A;, D; closed then, choosing B,, = UR, A; and Cp,, = NI%y Df, one sees that A-1) holds (with actually an
empty intersection in A-1) 3) for appropriate €(m)). In this situation, the results of this paper correspond

to the sufficient part of Dembo and Peres (1991).



2 Classification in A versus A€

The definition of success of the decision rule will be similar to the one used in Kulkarni and Zeitouni (1991).
Namely, a test which makes at each instant n a decision whether u € A or 4 € A° based on z,,...,z, will

be called successful if:
(S1)Vpe A, as w,3T(w) st. Vn>T(w), thedecisionis ‘A’
(8.2) IN C My(Z) s.t.
(S21)G(N)=0
(S.2.2)Yu € A°\N, as. w,IT(w) st. Vn>T(w), the decisionis ¢A°.

Note that the outcome is unspecified on N. Note also that the definition is asymmetric in the roles

played by A, A° in the sense that errors in A are not allowed at all.

n
E 8z;. We recall that u, satisfies a large deviation principle, i.e.

i=1

1
n

Let u, =

lim sup,,_q, % log P(pn € A)
— inf H(8
Anf H(8lp)

1
—inf H(O|p) < liminf,,o — log P(u, € A
ded (Olu) < n—oo g P(u ) 2.1)

<
<

where A (A°) denote the closure (interior) of a set A C M;(X) in the weak topology, respectively, and

de
26l = /Edmog 7 H0<<u (22)
oo otherwise

Our decision rule is very similar to that in Kulkarni and Zeitouni (1991). Specifically, we parse the

input sequence z1,z2,... to form the subsequences

X™2(Z3(m-1)41>"* "1 T3(m)) (2.3)

where the choice of the §(m) will be given below. The length of the sequence X™ will be denoted by a(m),
so that

m

B(m) = a(i), B(0)=0. (2.4)

=1
We will specify the §(m) by appropriately selecting the lengths a(m) of the subsequences.
At the end of each subsequence X™, we form the empirical measure ux= based on the data in the

subsequence X™. Namely,

. ﬁg)
pxm = ——= b (2.5)
om) _simo1y+1




Then we make a decision of whether p € A or u € A° according to whether uxm € C,, or not. Between

parsings, we do not change the decision.

Recall that from the structural assumption A-1), C¢, is \/2¢(m) separated from B™. Our idea is to
choose a(m) sufficiently large such that if the true measure y is in B,,, then we will have enough data in
forming the empirical measure px= to make the probability of an incorrect decision (deciding A° because
pxn € CS) less than 1/m2. If a(m) can be chosen in this manner, then for any u € A, once m > mo(u)
our probability of error at the end parsing interval m is less than 1/m? so that by the Borel-Cantelli lemma,

we make only finitely many errors.

To show that a(m) can be chosen to satisfy the necessary properties, we will need a strengthened

version of the upper bound in Sanov’s theorem (2.1). To do that, we use the notion of covering number:

Definition Let € > 0 be given. The covering number of M;(X), denoted N (e, M(X)), is defined by

N(e, My(2)) & inf {n|3y1,...,ys € My(Z) st. B C U, By, e)} (2.6)

where B(y, €) denotes a ball of radius € (in the Prohorov metric) around y.

Similarly, for any given ¢, denote by N*(¢) the covering number of X, i.e.
NZ(e) S inf {n|31,...,0n €T st. T C UL, B(ie)} (2.7)

where B(#;,€) are taken in the metric corresponding to X.
We claim now:

Lemma 1l

NS
N(e, My(%)) < 2 (Z) 2 §(e, My(D)) (2.8)

Proof In order to prove the lemma, we will explicitly construct an e-cover of My(X) with N(e, M1(Z))

elements.
Let §i1,...,finzs() be the centers of a set of € balls in ¥ which create the cover NZ(e) in (2.7). Let
8; 2 dg,, i.e. the distribution concentrated at y;, and let

NE
j é y . __€ . 8; ;= 1 (6)
=17 (NE(€)> iy ] 0, IKRRE] P

k
Define ¥ 2 {y € My(Z) : 3(G1,71) - (kyJr) sty = Z #i2}. Note that Y is a finite set, for

a=1

NI
it includes at most (gﬂ + 1) © members. Also, note that Y is an e-cover of M;(X), i.e. for any




p € M1(X) there exists a y € Y such that for any open set C' C X, u(C) < y(C¢) + €. To see that, choose

as y the following approximation to u:

Let io = @, a = 1,..., N¥(¢), and choose j, = [p (B(;g?o,, e)\ (Ui;ll B(Qk,e)))J —N—i—@, where by | X] we

NE(e)-1
mean the closest approximation to X on the Eéf)- Jj-net from below. Finally, let jyz () 2 N—E—E- - Z Jo-

a=1
NZ(e)

Take now y = Z ,uf: . It follows that y is a probability measure based on a finite number of atoms and,

a=1
furthermore, d(y, 1) < €. We need therefore only to estimate the cardinality of the set Y, denoted |Y'|. Note

N%(e)
that |Y| is just the number of vectors (j1,...,Jnz()) such that Z ji=1and j; € {0,%,%{55, ... 1}
=1

It follows that NE 1
NZ € 3 r2
Yl < (—Jc-e-)--i-l) /0 A A d(l)l...d:EN):(e)

(2.9)
NZ(e NE(E)
= (B4+1)" T v
However, by Stirling’s formula
log (NZ(e)!) > N¥(e)log NE(€) — NE(¢) (2.10)
Substituting (2.10) into (2.9), one has
b NZ(e)
Y] < (ﬂe—) + 1) N ——-—-—}—NE—() (2.11)
¢ (NE(e))
which implies that
¢ NZ(e) .
NeMi(s) < (L (14 5755)) ;21:2; )
z € ¢ € e b € —
= OV (1+mg) <20V = FeM(D)
]

For completeness, we show in the Appendix a complementary lower bound on the covering number

which exhibits a behavior similar to N. Thus, the upper bound N cannot be much improved.

The existence of the bound N permits us to mimic the computation in Kulkarni and Zeitouni (1991)
for the case in hand. Indeed, a crucial step needed is bounding the probability of complements of balls, for

all n, uniformly over all measures, as follows:

Theorem 1

Pl € B(1,8)) < W (5, 0(5)) e ()



Proof The proof follows the standard Chebycheff bound technique,’ without taking n limits as in the

large deviation framework. Indeed,

_ /6 §
P(pn € B(p,8)°) < N (Z’MI(E)) : sup P(pn € B(y, Z))
YEM1(E),d(y,u)>36/4

Therefore, by the Chebycheff bound, denoting by P, the law of the random variable y, and by Cy(Z) the

space of continuous functions on X, it follows that for any 6 € Cy(X),

P(u, € B(p,6)°) < N (é,Mx(E)) . sup / en<Ov> emn<Or> 4 p (1)
4 vEM (E),d(y.1)>35/4/B(y,9)

IA
=
W

Il
2
AN TN TN N

Bl S O

-,M1(E)) sup exp (-—n sup inf (<6,v> —;lz—log EPn(en<6,u>)))

v: d(y,p) >36/4 0eC(T) vEB(w, L)

exp (—n inf sup (< 6,v> —llog Ep, (en<t»> )))
vEB(y,%),d(y,1)>36/4 6€Cy(E) n

S

)
)
)

)

-

M
M

]
=

-

exp (—n inf H(ulu))

vEB(y,%),d(y,1)>38/4

.
.
.

=

1(Z
1(Z
1%

<

S

exp (—n inf H(vlu))

vEB(u,8)e
— 2
< N (E’Ml(g)) e~ (£) (2.12)
where < 6,v >= [60(z)v(dz), the first equality in (2.12) follows from the min-max theorem for convex
compact sets (c.f. Theorem 4.2 of Sion (1958)), the second equality follows by Lemma 3.2.13 of Deuschel

and Stroock (1989), and the last inequality from the fact that (Deuschel and Stroock (1989), Exercise
3.2.24) for any 8 € B(p,6/2)°,

< d(8, 1) <116 = plloar < 2HY(6)1)

NS>

O

Corollary 1 Let By, C M;(X) be a measurable set such that u € B,,. Let BS, denote an open set such
that d(B,,, (B%,)°) > 6. Then

P(pn € (BO)F) < N G—,MI(E)) e($) (2.13)

We return now to the proposed classification algorithm. Motivated by Corollary 1, define

a(m) = ;(8?) [2logm+log2+ NZ® ( f%?—)-) (1 — log ig&—)):l (2.14)



and let B(m) be as defined previously by (2.4).
Note that with this choice of a(m), using Corollary 1 with § = (/2¢(m), and the expression for
N(§/4, M1(Z)) from Lemma 2.8, we have that for all 4 € 4 and m > mo(u),
Pljtagmy € C3) < = (2.15)
as we wanted.
For convenience we summarize the decision rule again here.

Decision Rule For any input sequence 21, 2s,..., form the subsequences

Xmé(mﬂ(m—l)+1’ ) ﬂ”ﬁ(m))-

Let puxm denote the empirical measure of the sequence X™. At the end of each parsing, decide u € A if

xm € Cp, and decide y € A® otherwise. Between parsings, don’t change the decision.
K H g g

We now claim:
Theorem 2 The decision rule defined by the parsing 3(m) as above is successful.

Proof The proof is essentially identical to the proof of Theorem 1 in Kulkarni and Zeitouni (1991).

a) If u € A, then by assumption A-1)1) there exists mo(p) such that u € By, for all m > mo(u). Note
that the event of making an error infinitely often is equivalent to the event of making an error at

the parsing intervals infinitely often. However, by our choice of a(m)

o0 o0
1
E Prob{error after m—th parsing} < mo(u) + 2 — <00
m=1 m=mo (u)+1

Therefore, using the Borel-Cantelli lemma, we have that our decision rule satisfies part (S.1) of the

definition of a successful decision rule.

b) Let
=0 U e ™4 (2.16)
n=1m=n
By assumption A-1)3), G(N) = 0. Now, if u € A°\ N, we may repeat the arguments of part a) in the
following way: For an mq(u) large enough, u € (C’,(n” Ze(m)) )¢ for all m > mo(p). Therefore, we have
d(p, Cr) > \/2€(m) for all m > mo(p). Then using Corollary 1 with 6 = \/2¢(m), the expression for
N(6/4, M1(Z) from Lemma 2.8, and the choice of a(m) we have that for m > mo(u)

Prob{error after m~th parsing} = P(pxm € Cp) < m_lz' (2.17)

Hence, as in part a), the result follows by a smiple application of the Borel-Cantelli lemma.



3 Classification Among a Countable Number of Sets

In this section, we refine the decision rule to allow for classification among a countable number of sets.
Specifically, if A;, Az,... are a countable number of subsets of M!(Z) we are interested in deciding to
which of the A; the unknown measure p belongs. The only assumption we make on the A; is that each A;
satisfies the structural assumption (A-1). The A; are not required to be either disjoint or nested, although
these special cases are most commonly of interest in applications. In general, after a finite number of
observations one cannot expect to determine the membership status of u in all of the A;. However, we will
show that for all u except in a set of G-measure zero in M(X) there is a decision procedure that a.s. will
eventually determine the membership of x in any finite subset of the A;. In the special cases of disjoint or
nested A;, the membership status of p in any of the countable A; is completely determined by membership
in some finite subset. Hence, in these cases, except for p in a set of G-measure zero the membership of u
in all the A; will a.s. be eventually determined.

We modify our previous decision rule as follows. The observations z1,22,... will still be parsed into
increasingly larger blocks in a manner to be defined below. However, now, at the end of the m-th block,
we will make a decision as to the membership of 4 in the first m of the A;. The decisions of whether u
belongs to Ay,...,A,, are made separately for each A; using a procedure similar to that of the previous

section.

Specifically, for each A; let B;,, be a sequence of closed sets, C;,, a sequence of open sets and
€i(m) > m—o 0 a positive sequence satisfying the requirements of the structural assumption (A-1). From

the same considerations that led to (2.15), for

ai(m) = ?{(—857) [210gm +1log2 + N (\/m) (1 ~log W)] (3.18)
we have, for p € A;,
Pultiaym) € Cim) < ;%5 (3.19)

As before, the observation sequence z1,23,... will be parsed into non-overlapping blocks

X" = (wﬁ(m-l)+17 ceey xﬁ(m)) (3.20)

where the §(m) are defined below. At the end of the m-th block, a decision will be made about the
membership of y in Ay,...,A,,. This decision will be made separately for each ¢ = 1,..., m using the
observation sequence X™ exactly as before. That is, at the end of the parsing sequence X™,fori =1,...,m
decide that p € A; according to whether or not pxm € C;r,, and don’t change the decision except at the
end of a parsing sequence. We define the parsing sequence f(m) by 8(0) = 0 and B(m) — f(m — 1) =

10




maxj<i<m a;(m) or equivalently

B(m) = i max a;(k), B(0)=0 (3.21)
k=1

1<i<k
For this decision rule we have the following theorem.

Theorem 3 Let A; C MY(X) for ¢ = 1,2,... satisfy the structural assumption (A-1). There is a set
N C M;(Z) of G-measure zero such that for every up € M*(Z)\ N and every k < oo the decision rule will
make (a.s.) only a finite number of mistakes in deciding the membership of 4 in Ay,..., Ax. That is, given
any u € MY(Z)\ N, for a.e. w there exists m(w) = m(w, y, k) such that for all m > m(w) the algorithm

makes a correct decision as to whether p € A; or p € Af fori=1,...,k.

Proof Let - o
M=) U ey ™ a (3.22)
n=1m=n
and let -
N = U N; (3.23)
=1

Then from the assumption (A-1) it follows that the G-measure of each N; is zero, and so the G-measure

of N is also zero.

Now, let u € MY(Z)\ N, and let k¥ < oo. For each ¢ = 1,...,k, there exists m;(u) < oo such that if

Ci(:m/ 2e(m)

g ¢ N;). Recall that at the end of the parsing sequence X™, the algorithm decides p € A; iff pxm € C; m,

p € A; then pu € B;,, for all m > m;(u), while if p € A then p € ( ))c for all m > m;(u) (since
so that if u € A; then an error is made about membership in A; iff uxm ¢ C;,, while if 4 ¢ A; an error
is made iff pxm € Cim. If p € A; then using Corollary 1 and the fact that d(B;m,Cf,,) > v26i(m), we
have that the probability of making an incorrect decision is less than 1/m? for m > m;(u). On the other
hand, if 4 € A{ then since d(C;m, (C’f}{w))c) > /2¢;(m) we also have probability of error less than
1/m? for m > m;(u) (again using Corollary 1 and the expression for a(m)). Hence, for m > mo(p) =
max(m(p), . . ., mx(p)) the probability of making an error about the membership of 4 in any of A;,. .., Ak

is less than k/m?. Then
o0 o0 1
Z Prob{error in any A; on m—th parsing} < mg+ k Z — < oo
m=1 m=mg+1

so that the theorem follows by the Borel-Cantelli Lemma.

Note that if one also wants to make a correct decision after some finite time whether or not x is in any

of the A; for 7 = 1,2,... then the decision procedure can be easily modified to handle this. Specifically,
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it is easy to show that sets satisfying the structural assumption are closed under countable union. Hence,
one could include in the hypothesis testing the set Ag = U2, A;, so that after some finite time a correct

decision would be made about the membership of u € Ay.

Also, it is worthwhile to note that if the A; have more structure then some improvements can be made.
For example, if the membership status of p in A; for ¢ = 1,2,...1is determined by its membership status in
some finite number of the A; then a correct decision regarding the membership of x in all of the A; can be
guaranteed (a.s.) after some finite time (depending on p). This is the case for disjoint or nested A;, which
may be of particular interest in some applications. For these cases, by letting Ag = U2, A; and running

the decision rule on Ay, A1, Az, ... as mentioned above, we have the following corollary of Theorem 3.

Corollary 2 Let A; C MY(Z) for i = 1,2,... satisfy the structural assumption (A-1) and suppose the A;
are either disjoint or nested. Thereis aset N C M;(Z) of G-measure zero such that for every p € M} (Z)\N
the decision rule will make (a.s.) only a finite number of mistakes in deciding the membership of 4 in all
of the A;. That is, given any u € M*(Z)\ N, for a.e. w there exists m(w) = m(w, u) such that for all

m > m(w) the algorithm makes a correct decision as to whether p € A; forall : = 1,2,...

It is worthwhile to note that the results of this section may be used also in the case that ¥ is locally
compact but not compact. In that case, one may first intersect the A; with compact sets K, which

sequentially approximate ¥ and then use m(n) — co. We do not consider this issue here.

We conclude this section with an example taken from the problem of density estimation. Let ¥ = [0, 1]
and assume that zy,...,z, are i.i.d. and drawn from a distribution with law pg, 8 € @. When some
structure is given on the set F = [Jgcpo 9, there exists a large body of literature which enables one to
obtain estimates of the error after n observations (e.g., see Ibragimov and Has’minskii (1981)). All these
results assume an a-priori structure, e.g. a bound on the L% norm of the density fp = %ﬂ. If such
information is not given a-priori, it may be helpful to design a test to check for this information and thus
to be able to estimate eventually whether the distribution belongs to a nice set and if so to apply the error
estimates alluded to above. The application of such an idea to density estimation was suggested by Cover
(1972).

As a specific example, let

Ldu(z), _
A= fwe () [ (B <,
Note that the sets A; are closed w.r.t. the Prohorov metric and therefore they satisfy the structural

assumption A-1). Moreover, they are nested and thus Corollary 2 may be applied to yield a decision rule

which will asymptotically decide correctly on the appropriate class of densities.

A somewhat different application to density estimation arises when the A; consist of single points (i.e.,

each A; contains a single probability measure). The special case in which A; consists of the i-th computable
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density is related to a model considered by Barron (1985) and Barron and Cover (1991). For an estimation
procedure based on the Minimum Description Length (MDL) principle, they showed strong consistency
results when the true density is a computable one. Since, there are a countable number of computable
densities and the structural assumption A-1) is satisfied for any singleton, a strong consistency result for

computable densities follows immediately from our results.

4 Applications to Order Determination of Markov Processes

In this section, we extend the model of the observations to allow for a Markov dependence in the observation.
The problem we wish to consider is the order selection problem: given observations from an (unknown)
Markov chain, one wishes to estimate the order of the chain in order to best fit a Markov model to the
data.

Specifically, let X be a compact Polish space as before, but assume that the observations z,,...,z, are

the outcome of a Markov chain of order j, i.e.
Prob(z € A|zg—1,Tk-2,...,21) = 7rj(£l:k € AlTg_1,Th—2,-..,Tk—j)

where A is a Borel measurable subset of ¥ and k£ > j. In order to avoid technicalities, we assume that all
Markov chains involved are ergodic, and therefore there exists a unique stationary measure P,; € M;(%)
such that for any measurable set A in X7,
P,,,-(A):/ dri (22|21, -y 25) AT (2jan |25 o, 21)APs (B4, 1) (4.24)
{$2j)x2j—-11'--’$j+1}€A

We assume that j is unknown, and our task is to decide (correctly) on the order j.

This problem has already been considered in the literature. Hannan and Quinn (1979) and later Hannan
(1980) considered the case of autoregressive and ARMA models, and proved, under some assumptions, the
consistency of an estimator based on the Akaike criterion. For a related work, see Shibata (1980). In all
the above, an effort is made also to prove asymptotic optimality of the proposed estimators. In the discrete
alphabet (finite ¥) set-up, Merhav et al. (1989) proposed an estimator based on relative entropy, related
it to the Lempel-Ziv compression algorithm, and proved its asymptotic optimality in the sense of large
deviations. However, their approach does not guarantee in general a zero probability of error and may

result in biased estimates.

In this section, we depart from the above by, on the one hand, relaxing the requirement for “asymptotic
optimality” and, on the other hand, considering the general setup of Markov chains. We show how a
strongly consistent decision rule may be constructed based on the general paradigm of this paper. Towards

this end, we need to extend the basic estimates of Section 2 to the Markov case, as follows.
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Let @ = X2, define z; to be the coordinate map z;(w) = w;, and let the shift operator be defined by
2;(Tw) = z;41(w). Define the k-th order empirical measure on M;(Z*) by

18
ll,,'l,cb = uﬁ(&.’) = :l-'I,— 26:1;1 (T'w)z2(Tiw), .z (Tiw)
t=1

As before, we endow M;(Z*) with the Prohorov topology, and recall that a large deviations upper bound
holds for the empirical measure pit!, viz. for any set A C M;(271) a large deviations statement of the

form (2.1) holds, with the relative entropy H(v|u) being replaced by

dO(yis1lys,- - 01) .
d8(y1,...,v;41)lo I if 6(-|ysy--esm1) << m(|Yjis-- oy
/zj (1 Yj+1)log Gt o) (“ly; Y1) << p(-|y; v1)

o0 otherwise

H;(0|u) = { (4.25)

For any measure u(z1,...,zx) € M1(Z¥), denote by y; the marginal defined by

A s
/J'i({mla'--’xi} € A) = M({xh-",xi} € A,{xi+17“',xk} € Ek 1)

and by p;ji—1,...,i—¢ the regular conditional probability w(zilziz1, ..., Ti—t). With a slight abuse of notations,
we continue to use p; for the marginal of a measure y € M;(Z%). Define the measure i = pi—j ®

Bim(k=1)|i=ky.1 © = ® Hgliz1,...1 € M;(Z?) as the measure which, for any measurable set A C ¥,

B(A) = /A Api k(215 -« o5 Timk )R- (k1) ik, 1 (Tim (h=1) [Tims -« o5 1) - dpgiy 2 (@il@iot,s . oo T1)
(4.26)
Let 7/ be a given j-th order Markov kernel, P,; its corresponding stationary measuré, and denote by
Pr™ the stationary measure on 0 generated by this kernel. Assume that the empirical measures pi**,
k =2,3,... are formed from a Markov sequence generated by this kernel. In order to compute explicitly

the sequence of decision rules as in the i.i.d. case, we need to derive the analog of Theorem 1 given below.

Theorem 4

Pre [uit* ¢ B ()0 @0 70,6))] <
N (%,Ml(EHk)) e—(3%)? 4.+ N (22—;3_*—2,/‘/11(2"“)) e—n(a‘zﬁ‘.{)z

<K (g M) D (4.27)

Proof We prove the Theorem first for the case £ = 2. The general case follows by induction. For any
ve M1(Ej+2), let
A(v,8) = {n € My(Z*?) : d(u,v; @ 7 @ 77) < 6}

C(v,6) = {n € My(Z7*?) 1 d(pjp1,v; @ 77) < §/4}.
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It follows that

v [t ¢ B (W) @77 ©70,8))] < Pre(ui? €AY, 6), wi? € C(uit?,6))
FPr™ (ui¥? g C(uit?, 6))
P+ P (4.28)

e

By repeating the argument in (2.12),

P, [ +2 2 +2 i+2
sup P |w*? e B(y,- ) w2 e C(uit?,8),y ¢ A(uit?,36 4] 4.29
) e isaja)] 429

Therefore, by the Chebycheff bound, denoting by P, the law of the random variable ui*?, it follows that
for any 6 € Cy(T91?),
Py
N (§, My(zi+2))

en<9,u> e-n<9,u> 1

IN

su dP,(v
’.‘IGMI(I):)U"'Z) L(y,f) W ec(uit? ) we At 38/ 4) HFn (V)

IN

. 1

sup exp |—n sup inf (< 6,v > ——log EP"(en<9,V> )>

YEM, (2742) EC,(Ti+2) veB(v, §)[) c(v8) n
yEA(»,38/4)

1
= exp|—n inf sup (< 8,v > ——log Ep, (e"<0"> )) (4.30)
veB(y,§)[ ) C(»8) 6EC,(EI+2) n
yE‘A(U,35/4)

However,

1
sup (< 8,v > ——log Ep, (e"<?*> )) (4.31)
BEC,(Z712) n

= sup << 0,v> —llog Epn(e"(l‘ly---,zj+2)+-"+9($n—j—2:---:h)))
0€C,(2712) n

= sup << 6,v > —llog EP,,(60(”1""’x"””"'”(“""z’""x"))>
6eB(Ti+2) n

where B(X7%2?) denotes the space of bounded measurable functions on $9*2 and the last equality follows

from dominated convergence. We assume now that v is absolutely continuous w.r.t vj4; ® 7/ and that the

resulting Radon-Nikodym derivative is uniformly bounded from above and below (these assumptions may

be relaxed exactly as in Deuschel and Stroock (1989), pg. 69). In this case, we may take 8 in (4.32) as this

Radon-Nikodym derivative, i.e. 8(z1,...,2j42) = log m to obtain:

sup (< 0’ v > ._l log E(eo(zl:-~~:$j+2)+"'+8($n—j—1 7--~’$n))) 2 H(V!Vj+1 ® 7‘-.7) (4‘32)
feB(Ti+2) n
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Substituting (4.32) in (4.30) and recalling the inequality
2H*(v|p) > d(v, p)

one obtains

(

P ' '
. < exp|—-n inf Hv|vjp @
$M1(Z942) \ veB(y,$) [ o) (vl )

ygA(v,36/4)

N

INA

exp | —n inf d(v,vj4 ® )2 /4
veB(y, §)[)c(v8)
\  vgA(3s/4)

IA

exp | —% inf (d(u, ;T @nl) —d(vj @ ;@1 @ 7rj))
veB(y, §)[ ) C(.6)
\ A3/

exp (—n (6/16)?)

2
+

IN

(4.33)

Similarly, P
2

N (&, Ma(2i+1)
Substituting (4.33), and (4.34) in (4.28) yields the Theorem for ¥ = 2. The general case is similar and

] < exp (-n (6/64)%) (4.34)

follows by induction.

O

We are now ready to return to the order determination problem described in the beginning of this
section. Since the set up here differs slightly from the one described in the previous section, we repeat here

the main definitions.

Let A; C My1(R),7=0,1,... be the set of stationary measures generated by Markov chains of order ¢
(with ¢ = 0 denoting the i.i.d. case),ie. fori=0,1,2,...,

pe A< (Wizk=W)i®r®- - @n' for some Markov kernel 7¢ and for all k = 1,2,....

Note that the sets A; are closed, so that we may take B;,, = A; in assumption A-1).

Natural candidates for the covering sets C; ., are /2¢(m) dilations of the 4;. That is, let §,,, = 1/2¢(m)

and define

Cim={v e My(EF™): d(v,(¥);® 7' ® -+ @ 7') < &, for some Markov kernel 7'}
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and let
Cim={v e M1(Q): Viym € Cim}.

It is clear that C;,, is open, and also that

oS o0

V2

N U @¥F™\4) =0.

n=1m=n
Therefore, by using Theorem 4 and the procedure described in Theorem 3, the sets C; ,, are candidates for
building a decision rule which, a.s., decides correctly in finite time whether the given observation sequence
was generated by a Markov chain of order ¢. In order to be able to do so, we need only to check that
the complements of the sets C; ,,, which are closed, have the property that they may be covered by small

enough spheres (say, d,,/4 spheres), such that the union of those spheres belongs to the complement of

some C; n,s. This can be seen by using the following lemma.

Lemma 2 Let v,v/ € My(Z*). Assume that for some 7¢, i < k — 2,
dr,¥);@T' ® - @ 1) > bpm.
Further assume that d(v,v’) < 6,,/4. Then
AV, (V)i @1 @ - @) > 6 /2.

Proof Note that d(v,v') < 6, /4 implies that d((v)i, (v');) < &m /4 and that d((¥)i+1,(¥")it+1) < 6 /4. On
the other hand, since 7* is a Markov kernel, it also follows that d((v); ® 7%, (+'); ® 7*) < é,,/4 and therefore
also that d(#); ® ' ® - @7, (V); ® 7' ® - - - ® 7*) < §,,/4. Hence,
d,(V)i@ 7' @---@r') > dun@);er e @' -dw)
~d(@)i@T @@, ()@ @ @)
> /2

o

We have now completed all the preparatory steps required for the definition of the proposed decision

rule. Indeed, let ¢;(m) be a sequence of positive numbers, define

ai(m) = % [3logm ;N (\/ei(m)/24m+3> (1 -—log\/eg(m)/24m+3>] : (4.35)

We have, by Lemma 2 and Theorem 4, that for any Markov measure u € A;,

i+m c 1
Pulbigiimy € Cim) € — (4.36)

ai(m
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where we have used (4.27). The construction of the decision rule is then identical to the one described
in Theorem 3, i.e. one forms the parsing of the observation sequence into the nonoverlapping blocks X™
described in equation (3.20) with B(m) chosen as in (3.21). At each step, one forms, based on the block
X™, the empirical measures of order m,m + 1,...,2m. The order estimate at the m-th step is now the
+m

a;i(m)

number of errors, regardless of the true order.

smallest ¢ such that p € C;m. By the results of section 3, this decision rule achieves a.s. only a finite

Appendix

For completeness, here we prove a lower bound for the covering number of M;(X) with respect to
the Prohorov metric. This lower bound exhibits a behavior similar to the upper bound of (2.8), so that
these bounds cannot be much improved. In the proof below, M(¢,Y,n) denotes the e-capacity (or packing
number) of the space Y with respect to the metric 7. That is, M (¢, Y, n) represents the maximum number
of non-overlapping balls of diameter ¢ with respect to the metric 7 that can be packed in Y. The well
known relationship

N(2¢,Y,n) < M(26,Y,n) < N(¢,Y,n)
between covering numbers and packing numbers is easy to show and is used in the proof below. Note
that for a Polish space ¥ with metric 7, we use the notations N(¢,X,n) = NZ(¢) and N(e, M(Z),d) =
N(e, MY(T)).
Lemma: Let ¥ be compact Polish space with metric 7, and let M1(Z) denote the set of probability

measures on £ with the Prohorov metric d. Then

N(e, M}(E)) 2 8¢/ NE(2¢) (é) eI

Proof: First, we can find N = NZ(¢) points z1,...,zy which are pairwise greater than or equal to €
apart. Each measure supported on these N points corresponds to a point in IRY in the natural way. Then,

the set of all probability measures supported on zi,...,zN corresponds to the simplex §V in RN,

Now, let p, g be points on the simplex S and suppose that dp(p,q) > 2¢ where dp = SN i — gl
Then on some subset G C {1,..., N} of coordinates either }";cqpi < Y e @i +€0r Y e @ < Y i Pite
Then, considered as probability measures on X, d(p,q) > € since there is a closed set FF C ¥, namely
F = {z; |i € G}, for which either p(F) > ¢(F*) + € or ¢(F) > p(F*) + €. Hence,

N(e/2, M} (Z),d) > M (e, M}(Z),d) > M(2¢,5V,dpn) > N(2¢,5V,dpn)

Finally, to get a lower bound on N(2¢,S",dy), we note that the N — 1 dimensional surface measure

of the simplex SV is /N /(N — 1)! (simply, differentiate the N-dimensional volume of the interior of an
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z-scaled simplex with respect to z, taking the angles into account). On the other hand, note that the
N — 1 dimensional volume of the intersection of §V with an N dimensional ¢! ball of radius 2¢ is not
larger than the volume of an N — 1 dimensional ¢! ball of radius 2¢, which equals (4¢)V~-!/(N — 1)..
Thus, N(2¢,5V,dn) > (1/46)N-'W/N. Thus, N(e/2, M(2)) > (1/4€)N2(‘)4e\/NE(e), or equivalently
N(e, MY()) > 8¢,/ NE(26)(1/8¢)N”(9),

References

[1] Barron, A.R. (1985). Logically Smooth Density Estimation. Ph.D. thesis, Dept. of Electrical Engineer-
ing, Stanford University, Sept.

[2] Barron, A.R. and Cover, T.M. (1991). Minimum complexity density estimation. IEEE Trans. Info.
Theory, Vol. 37, pp. 1034-1054.

[3] Cover, T.M. (1972). A hierarchy of probability density function estimates. In Frontiers of Pattern

Recognition, Academic Press Inc.

[4] Cover, T.M. (1973). On determining the irrationality of the mean of a random variable. The Annals of
Statistics, Vol 1, pp. 862-871.

[5] Dembo, A. and Peres, Y. (1991). A topological criterion for hypothesis testing. To appear, The Annals
of Statistics.

[6] Deuschel, J.D. and Stroock, D.W. (1989). Large Deviations. Academic Press, Boston.

[7] Hannan, E.J. and Quinn, B.G. (1979). The determination of the order of an autoregression. J. Roy.
Stat. Soc., Ser. B., 41, pp. 190-195.

[8] Hannan, E.J. (1980). The estimation of the order of an ARMA process. The Annals of Statistics, Vol.
8, pp. 1071-1081.

9] Ibragimov, I.A. and Has’minskii, R.Z. (1981). Statistical Estimation, Springer.
g

[10] Koplowitz, J., (1977). Abstracts of papers, Int. Symp. on Info. Theory, Cornell Univ., Ithaca, NY,
Oct. 10-14, p. 64.

[11] Kulkarni, S.R. and Zeitouni, O. (1991). Can one decide the type of the mean from the empirical
measure? Stat. & Prob. Letters, Vol. 12, pp. 323-327, 1991.

19




[12] Merhav, N., Gutman, M. and Ziv, J. (1989). On the determination of the order of a Markov chain
and universal data compression. IFEE Trans. Info. Theory, Vol. IT-35, pp. 1014-1019.

[13] Shibata, R.. (1980) Asymptotically efficient selection of the order of the model for estimating param-
eters of a linear process. The Annals of Statistics, Vol 8, pp. 147-164.

[14] Sion, M. (1958). On general minimax theorems. Pacific J. Math., Vol. 8, pp. 171-175.

20




