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Abstract

An optimal shape of two-dimensional asymmetric diffuser in turbulent flow with maximum pressure
recovery at the exit is numerically obtained using a mathematical theory. The Reynolds number based
on the bulk mean velocity and the channel height at the diffuser entrance is 18,000. The optimality
condition for maximum pressure recovery is obtained to be zero skin friction along the diffuser wall.
The turbulent flow inside the diffuser is predicted using the k —& —v* — f model and optimal shapes

are obtained through iterative procedures to satisfy the optimality condition for six different geometric
constraints. For one of the optimal diffuser shapes obtained, large eddy simulation is carried out to
validate the result of shape design.
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1. Introduction

The diffuser is a device that converts the kinetic energy of the flow into the potential energy by
broadening its height to decelerate the velocity and recover the pressure. However, when the diffuser
height increases too much in the streamwise direction, flow separation occurs inside the diffuser,
resulting in a serious pressure loss. Therefore, flow separation is an important factor that should be
considered to enhance the performance of the diffuser.

Researches on modifying the diffuser wall shape have been conducted to improve the diffuser
performance. In his pioneering work, Stratford [1,2] theoretically obtained a pressure distribution that
maintains zero skin friction throughout the region of pressure rise inside a diffuser, and experimentally
constructed a diffuser having the theoretical pressure distribution by controlling each segment of the
diffuser wall. Maintaining zero skin friction along the diffuser wall suggests that the diffuser should be
widened as much as possible but preventing flow separation. Hence, the diffuser designed in this way
is expected to have maximum pressure recovery.

Traditionally, shape design methods have primarily relied on physical intuition. However, these
methods may need many trial-and-errors and the shape obtained is not necessarily an optimal one.
Pironneau [3,4] formulated a method of optimal shape design for fluid flow using an optimal control
theory for the first time and suggested an algorithm for the optimal shape of a body with minimum
drag in low-Reynolds-number laminar flow. Only recently, with increasing computing power, the
optimal shape design algorithm developed by Pironneau has been applied to some engineering
problems [5-8].

In the present study, using an optimal shape design procedure, we design an optimal shape of a
two-dimensional diffuser in turbulent flow with maximum pressure recovery at the exit. The initial
diffuser shape is set to be a two-dimensional asymmetric diffuser for which many researches have
been performed [9-11]. The Reynolds number based on the bulk mean velocity (u, ) and the channel

height at the diffuser entrance (/,) is 18,000. The turbulent flow inside the diffuser is predicted using

the k—e—v> — f turbulence model proposed by Durbin [12]. From the initial shape, the optimal

shape of a diffuser satisfying the optimality condition for maximum pressure recovery at the exit is
obtained through the iterative solutions of the Navier-Stokes equation and its adjoint equation.
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Fig. 1. Schematic diagram of a diffuser

In this study, we design optimal shapes for six different geometric constraints (cases I-VI) such as
the length (L) and outlet height (4, ) of the diffuser. In cases I, II and III, the diffuser lengths (L/#4,)

are fixed as 20, 60 and 75, respectively, and the diffuser outlet height ( 4, / 4, ) changes freely. In cases
IV, V and VI, the diffuser length varies as L/h =20, 40 and 60, respectively, at a fixed diffuser outlet
height of 4, /h =4.7. For the optimal diffuser shape of the case V, we perform large eddy simulation
to verify the shape design result.

2. Shape design procedure
Fig. 1 shows the schematic diagram of the initial two-dimensional asymmetric diffuser [9-11]. The
heights of the diffuser entrance and exit are /4, and h,, respectively. The diffuser length is L and the

inlet and tail channels, whose respective lengths are L, and L, are connected to the diffuser entrance
and exit, respectively. I', and I', are the diffuser entrance and exit boundaries. I',, represents the
diffuser wall boundary to be designed, and I';. does the fixed diffuser wall boundary. I',, I'),, I,
and I', constitute I' and the inner domain enclosed by I' is €. P, in Fig. 1 is determined by moving
each point P on I'), in outward normal direction by the magnitude of &-{(s), where {(s) is an
arbitrary function of the arc length s along the wall. '), . is a new diffuser wall boundary that
consists of P.'s. Here, ¢ is a very small positive number and o is the opening angle of the diffuser.

Turbulent mean flow inside the diffuser satisfies the continuity and Reynolds-averaged Navier-
Stokes (RANS) equations:

U ; = 0,

uu; ; Z_P; +[(V+Vt)(ui,j +“j,i)],j ) M
where p“=p/p+(2/3)k . Here, u,,v,Vv,, p, k and p are the time-averaged mean velocity,
kinematic viscosity, eddy viscosity, time-averaged pressure, turbulent kinetic energy and density,

respectively.
The cost function to be maximized is defined as
1 * *
J(FM)=—(.[p unds + j p u;nds), )
uh S c

which is the velocity-averaged pressure recovery and is commonly used as a performance indication of
the diffuser.
Let 6J be the variation of the cost function (J ) due to the shape change of the diffuser wall from

I'yto I'y, (Fig. 1). If we introduce the adjoint velocity ( z;) and adjoint pressure (r ) that satisfy the

following adjoint equations:

Zi; = 0,
3
(v +v)z;+2,0), +u(z;+2,) =1 =0, ®
then 6J can be expressed as
5J=—"" 9, 0z, s (4)
uyhy 2~ On on
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With the choice of ¢ in (4) as
Ou; 0z

c(s)=a(s) an" / o’ )

the variation of the cost function, ./, is always positive, guaranteeing that the cost function J
always increases with each shape change, where w(s) is a nonnegative weighting function of s

(detailed derivation can be found in [8]). It is clear from (4) and (5) that the optimality condition for
maximum cost function is
ou;/on=0 onT, , (6)

i.e. zero skin friction on the diffuser wall, which coincides with the physical intuition of Stratford [1,2].

Following is the optimal shape design procedure of a diffuser with maximum pressure recovery at
the exit:
(a) assume an initial diffuser shape;
(b) generate a grid inside the diffuser automatically;
(c) solve the flow equations (1) and the adjoint equations (3);
(d) obtain a new diffuser shape by moving each point on I'), in the outward normal direction ( #,) by
the magnitude of ¢-¢'(s) in (5);
(e) iterate (b)-(d) until the cost function converges.

In the present study, the weighting function w(s) is set to be a linear function and a cosine function,

respectively, for the cases of fixing the diffuser length and fixing the diffuser outlet height, such that
the magnitude of shape change is zero at the fixed end points. Also, ¢ is adjusted such that the
magnitude of maximum shape change does not exceed 2% of the diffuser outlet height. The
convergence criterion is selected such that the increase in the cost function during last ten iterations is
less than 0.5% of the total increase.

3. Numerical details
Flow separation is an important factor that affects the performance of a diffuser, and thus it is
important to accurately predict the separated-flow characteristics during the optimal shape design of a

diffuser. Therefore, in this study, we use the k —& —v> — f turbulence model (called V2F hereinafter)

that has been successfully tested for separated flows [12]. The convective terms in all equations are
discretized using the third-order QUICK scheme, and the pressure-velocity coupling in (1) is handled
with the SIMPLER algorithm [13]. Fig. 2 shows the computational domain and grid system for the
initial diffuser shape, for which many researches have been performed [9-11]. The upper boundary is

the flat-plate wall and the lower boundary is the diverging wall of opening angle & of about 10°.
Long inlet and tail channels are connected to the diffuser entrance and exit, respectively.

In practical applications, the diffuser has geometrical constraints such as the diffuser length,
expansion ratio, diffuser outlet height, etc., depending on where it is used. In the present study, two
different constraints are imposed: fixing the diffuser length (L) and fixing the diffuser outlet height
(/). In cases I, II and 111, the diffuser lengths ( L/ 4, ) are fixed as 20, 60 and 75, respectively, and the

diffuser outlet height (4, /A, ) changes freely. A tail channel is connected to the end of the diffuser. In
cases IV, V and VI, the diffuser outlet height (4, /A, ) is fixed as 4.7 with varying the diffuser length
(L/h) as 20, 40 and 60, respectively. The diffuser length, diffuser outlet height, number of grid points
and size of the computational domain for the six cases are given in Table 1.

x/h

Fig. 2. Computational domain for the initial diffuser. Every fifth grids in the wall-normal
direction are shown in this figure.
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Diffuser shape | Number of Computational
(L/h :hy/h) | grid points | domain size (x/h,)
Case I 20 : free 220%x 70 -25~100
Fixed L | Casell 60 : free 22070 -25~100
Case III 75 : free 220x70 -25~100
Case IV 20:4.7 190x70 -25~75
Fixed h, | Case V 40:4.7 190x 70 -25~75
Case VI 60 :4.7 190x 70 -25~75

Table 1. Shape design cases.

4. Results of the shape design
In the below, we show the results from optimal shape design for six cases described in Table 1. First,
the results from cases I, II and III are given, and then those from cases IV, V and VI are described.

Fig. 3 shows the optimal shapes of cases I, II and III as compared with the initial shape. In all three
cases, the upstream parts of the optimal diffusers are nearly identical irrespective of different
geometric constraints and they seem to be little affected by the downstream geometry. The shape of
the optimal diffuser is concave up to about x//4 =10 with abrupt expansion around the diffuser throat
and is nearly linear down to the diffuser exit (x = L) where a tail channel is connected. The angle of

the linear shape with respect to the streamwise (x ) direction is about 6.2° whereas the opening angle
of the initial diffuser is about 10°.

Fig. 4 (a) shows the distribution of the skin friction coefficient along the lower wall. In the optimal
shapes, the skin frictions are zero in most of the shape design region. Due to the abrupt change in the
geometry, the skin frictions near the diffuser throat are not zero even in the optimal shapes. There is a
wide flow-separation region with negative skin friction in the initial shape, but flow separation is

15 20 40 80 80 100
x/h
Fig. 3. Optimal shapes for different constraints: — - —, initial shape; - - - - - , optimal
shape for case I5 « - - - , case II; , case I1I.
0.003 -
0.002 F
Cs _
0.001 & C
N N —
by 25 50 75 100 " , , , , ,
(a) x/hl (b) ) 20 40 60 80 100
x/h
Fig. 4. Skin friction and pressure coefficients along the lower wall: (a) C,; (b) C,. —-—,
initial shape; - - - - - , optimal shape for case I +----- , case II; , case III.
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completely removed in the optimal shape. Fig. 4 (b) shows the pressure distributions along the lower
wall of the initial and optimal diffusers. As a result of removing flow separation, a higher pressure at
the diffuser exit is obtained in the optimal shape. When the diffuser length is limited to L =20/, (case

I), the pressure rises up to x/#4 ~20 and remains nearly constant in the downstream where flow
enters the tail channel connected to the end of the diffuser. In spite of the smaller diffuser height
(hy/ h =3.4 for the optimal diffuser of case I, but 4,/ h =4.7 for the initial diffuser; see fig. 3), the
pressure at x/h =20 in the optimal diffuser is much higher than that of the initial diffuser. The values

of pressure at the exit of the tail channel are nearly the same for both the initial and optimal diffusers,
but the pressure reaches this value with a shorter diffuser length in the optimal shape. In cases II and
III, the pressure rapidly increases up to x/h =20~30 and then increases very slowly in the
downstream. The pressure recovery in the optimal diffuser for case Il is nearly the same as that for
case III, indicating that a further increase in the diffuser length than that of case II is not necessarily in
terms of the pressure recovery.

Fig. 5 shows the optimal shapes for cases IV, V and VI (the cases of fixed 4, ), together with that

for case III. Note that, in cases IV, V and VI, the diffuser outlet height is fixed to be &, /h =4.7, but
the diffuser length changes as L/h = 20, 40 and 60, respectively. The upstream parts of the optimal

diffusers, where C, is zero, are nearly identical regardless of the geometric constraint. However, the

downstream parts (C, # 0 ) are very different among themselves due to fixed 4, .

Fig. 6 (a) shows the distributions of the skin friction coefficient along the lower walls of the initial
and optimal diffusers for cases IV, V and VI In case IV, L/h =20 and h,/h =4.7. Due to this

severe constraint, flow separation is not removed in the optimal shape. In cases V and VI, the skin
frictions are nearly zero in the shape design regions except near the diffuser throat and end. Fig. 6 (b)
shows the pressure distributions along the lower walls of the initial and optimal diffusers. In all three
cases, the optimal shapes have higher pressures at the exits of the tail channels than that of the initial

»»»»»

10 ¢
1555 20 20 80
x/h1
Fig. 5. Optimal shapes for different constraints: — - — , initial shape; — - - — , optimal
shape for case IIL; -+ ---- , case IV; ,case V,-----
0.003
0.002
i Cﬁ
S oot} i
0 st - ‘_-‘-—_
( )‘0-001 0 10 20 30 20 50 80 0
a
x/h ®) x/hy
Fig. 6. Skin friction and pressure coefficients along the lower wall: (a) C,; (b) C,. —-—,
initial shape; -« ---- , optimal shape for case IV; ,case V; ---- case VI.
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Fig. 7. Skin friction and pressure coefficients along the upper and lower wall: (a) C,; (b)
C,. , LES; - ---- , V2F

shape. The pressure at the exit of the tail channel in case IV is lower than those in cases V and VI,
because separation is not removed. Although the shape design region is extended to L/h =60 for

case VI, the exit pressures for cases V and VI are nearly the same, indicating that, given h,/h =4.7, a

further increase in the diffuser length than that of case V is not necessary in terms of the pressure
recovery.

5. Large eddy simulation of flow inside the optimal diffuser

In the previous section, we obtained the optimal diffuser shapes for six different geometric constraints
using the optimal shape design method and V2F model. In this section, we perform a large eddy
simulation (LES) of turbulent flow inside the optimal diffuser of case V, which produced a maximum
pressure recovery in a relatively short diffuser length (L/#h =40) with a given diffuser outlet height

(h,/h =4.7), in order to confirm the shape design result from the V2F model.

5.1 Numerical details
In our LES, we use the dynamic subgrid-scale model using the least square method [14, 15]. In
calculating the model constant, the test filter is applied in the streamwise and spanwise directions
using the trapezoidal rule. For time integration, the Crank-Nicolson method is used for the viscous
terms in the wall-normal direction and a third-order Runge-Kutta method for the other terms. For the
spatial discretization, the second-order central difference scheme is used for the streamwise and wall-
normal directions and a spectral method for the spanwise direction. All the numerical schemes are the
same as that used by Kaltenbach ef a/ [11].

The geometry of the optimal diffuser of case V is such that the diffuser exit height (4,) is 4.7 5

and the diffuser length ( L ) is about 404 (see Fig. 5). The computational domain used is
x/h =-2.5~50 in the streamwise direction with the inlet channel of length 2.54 and the tail
channel of length 10/, . The spanwise width is z =4/, . The numbers of grid points are 376 x 64 x128
in the streamwise, wall-normal and spanwise directions, respectively. The computational domain size
and grid resolution are determined based on Kaltenbach et al. [11] who successfully conducted LES
for the initial diffuser shape. A convective boundary condition is imposed at the exit of the tail channel
and the periodic boundary condition is used in the spanwise direction. At the inlet of the
computational domain ( x=-2.54 ), an unsteady fully developed turbulent channel flow at
Re=u,h /v=18,000 (Re, =u, 6 /v=500) is provided from a separate LES, where u_ is the wall
shear velocity and (= A, /2) is the channel half height. The computational time step is fixed to be
At =0.02h, /u, . After the flow inside the diffuser reaches statistically steady state, the turbulence

statistics are obtained by averaging over 24,000 time steps, during which the flow goes through the
diffuser approximately four times.
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70 |-
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x/h

Fig. 8. Distribution of the reverse flow factor along the walls: , lower wall; - - - - - ,

upper wall.

5.2 Results

Fig. 7 shows the distributions of the skin friction and pressure coefficients along the upper and lower
walls of the optimal diffuser by LES and V2F. As shown, the pressure coefficients from LES and V2F
are in an excellent agreement, while the skin friction coefficients are in a reasonable agreement. With
LES, the skin friction in the shape design region is slightly higher than zero, but it is still very small as
compared to that of the flat plate boundary layer flow. It is also notable from the LES result that there
exists a small separation region (x/# =0~ 1) around the diffuser throat, which is not observed from

the V2F result. This is similar to the finding by Kaltenbach et al. [11] that the result from LES shows a
small separation bubble near the diffuser throat for the initial diffuser shape, whereas a separation
bubble does not exist from the V2F result. Fig. 8 shows the reverse flow factor (7 ) along the optimal

diffuser walls. The reverse flow factor is obtained as the fraction of time of flow reversal to the total
time. From Fig. 8, the reverse flow factor on the lower wall increases up to 70% in the small mean
separation region around x =0, and this factor suddenly falls off down to 40%. The reverse flow
factor is 30 ~ 40% in most of the shape design region and gradually decreases to zero. Since the mean
skin friction from LES is not exactly zero but slightly positive along the lower wall, the reverse flow
factor in this region is below than 50%. On the upper wall, where the mean skin friction is relatively
high, y <10% .

Fig. 9 shows the contours of the instantaneous skin friction on the upper and lower walls, where the
white regions represent the negative skin friction and darker regions represent higher skin friction. In
the inlet channel region of —2.5<x/h, <0, streaky structures are clearly observed on both the upper
and lower walls. On the upper wall, these streaks are much attenuated after the diffuser throat (x=0)

but are still observed at a downstream region. On the lower wall, these streaks suddenly disappear at
the diffuser throat (x =0 ), where separation bubbles appear. These separation bubbles are broken by

high-momentum fluids penetrating into the wall (dark spots are observed at 0 <x/h <5). Large

separation bubbles are formed at a downstream region and disappear further downstream where the
skin friction becomes larger.

. B o S T y o ¥ T e  J
(b) 0 5 15 20 25 30 35 40 45

SU/hj

Fig. 9. Contours of the instantaneous skin friction (white region represent reverse flow):
(a) upper wall; (b) lower wall.
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6. Summary

In this study, we designed the optimal shape of a two-dimensional asymmetric diffuser with maximum
pressure recovery at the exit in turbulent flow, using a mathematical theory. The optimality condition
for maximum pressure recovery was obtained to be zero skin friction along the diffuser wall, and
optimal shapes were obtained through iterative procedures to satisfy the optimality condition. We used

k—&—v* — f model for flow simulation. The initial diffuser shape was set to be a two-dimensional

asymmetric diffuser for which many experimental and numerical data are available [9-11], and from
this initial shape, we designed the optimal shapes for six different geometric constraints (cases [-VI).

In the optimal shape obtained, the skin friction was indeed nearly zero in the shape design region,
and flow separation that appeared in the initial shape was completely removed or significantly reduced.
In all the six cases, the upstream parts of the optimal diffusers were nearly identical irrespective of
different geometric constraints. In the optimal diffuser, about 5~10% increase in the pressure
recovery was achieved.

Large eddy simulation was performed for the optimal diffuser shape of case V in order to confirm
the shape design result. The skin friction on the shape design area from large eddy simulation was
slightly higher than zero, but was still very small as compared to that of the flat plate boundary layer
flow. The skin friction and wall pressure from large eddy simulation were in reasonably good

agreement with those from the k —& —v* — f turbulence model, suggesting that a turbulence model

predicting flow separation accurately is a key element in the optimal shape design of flow systems
containing separation.
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