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Abstract. The Taylor–Couette problem for a rarefied gas is studied numerically by the direct simulation Monte Carlo method.
The gas is supposed to be contained in an annular domain, bounded by two coaxial rotating cylinders and top and bottom
(specularly reflecting) boundaries, and the flow is assumed to be steady and axisymmetric. Special attention is focused on the
effect of rotation of the outer cylinder on the type of the induced Taylor-vortex flow. It is shown that different types of flow
can coexist stably in a wide range of speeds of rotation of the inner and outer cylinders unless the outer cylinder is rotating
fast in the opposite direction to the inner.

INTRODUCTION

The Taylor–Couette problem, the instability of the cylindrical Couette flow and the occurrence of the secondary
flow with vortices (Taylor vortex flow) in a fluid between two coaxial rotating cylinders, is a classical problem in
fluid dynamics (e.g., Ref. [1, 2, 3]). However, the study of this problem for a rarefied gas started much later, and
several numerical studies with different emphases [4, 5, 6, 7, 8] have been carried out by using the direct simulation
Monte Carlo (DSMC) method [9]. For instance, the effect of the temperature difference between the two cylinders is
investigated in detail in Ref. [8]. Lately, interest has been expanded to more complicated topics, such as the bifurcation
of flows when evaporation and condensation take place on the cylinders [10] and theghost effectwhen the rotation
speeds of the cylinders as well as the Knudsen number are infinitesimal [11].

In the previous DSMC studies, the case where only the inner cylinder is rotating is mainly discussed. In the
present paper, we investigate the same problem again by the DSMC method, restricting ourselves to the steady and
axisymmetric flows. But our attention is focused on systematic understanding of the effect of rotation of the outer
cylinder on the type of induced Taylor vortex flow and the parameter range in which different types of flow may exist.

PROBLEM AND ASSUMPTIONS

Let us consider a rarefied gas between two rotating coaxial circular cylinders with a finite length. To describe the
problem, we use the cylindrical coordinate system (r, θ , z) with thezaxis taken along the common axis of the cylinders.
The radius of the inner cylinder isLI , that of the outer cylinder isLII , and the bottom and top ends of the cylinders
are covered with plates located atz = 0 and Lz, respectively. Thus, we consider an annular domainLI ≤ r ≤ LII ,
0≤ θ < 2π, and0≤ z≤ Lz. The inner and outer cylinders are rotating around thez-axis at surface velocitiesVI and
VII in theθ direction, respectively, and both cylinders are kept at a common temperatureT0. We investigate the steady
behavior of the gas numerically on the basis of kinetic theory under the following assumptions: (i) the flow field is
axisymmetric; (ii) the gas molecules are hard spheres; (iii) the gas molecules undergo diffuse reflection on the surface
of the cylinders (r = LI andLII ) and specular reflection on the bottom and top boundaries (z= 0 andLz). In the present
study, special attention is focused on the effect of the rotation of the outer cylinder on the flow patterns.

Since the basic equations are essentially the same as those of Ref. [8] and the space is limited in the present
proceedings, we omit them for brevity. We only note that, by introducing appropriate dimensionless variables, one finds
that the present problem is characterized by the following five dimensionless parameters:LII /LI , Lz/LI , VI/(2RT0)1/2,
VII /(2RT0)1/2, and Kn. Here, Kn= `0/LI is the Knudsen number, where`0 is the mean free path of the gas molecules

467



Report Documentation Page Form Approved
OMB No. 0704-0188

Public reporting burden for the collection of information is estimated to average 1 hour per response, including the time for reviewing instructions, searching existing data sources, gathering and
maintaining the data needed, and completing and reviewing the collection of information. Send comments regarding this burden estimate or any other aspect of this collection of information,
including suggestions for reducing this burden, to Washington Headquarters Services, Directorate for Information Operations and Reports, 1215 Jefferson Davis Highway, Suite 1204, Arlington
VA 22202-4302. Respondents should be aware that notwithstanding any other provision of law, no person shall be subject to a penalty for failing to comply with a collection of information if it
does not display a currently valid OMB control number. 

1. REPORT DATE 
13 JUL 2005 

2. REPORT TYPE 
N/A 

3. DATES COVERED 
  -   

4. TITLE AND SUBTITLE 
A Numerical Study of TaylorCouette Problem for a Rarefied Gas: Effect
of Rotation of the Outer Cylinder 

5a. CONTRACT NUMBER 

5b. GRANT NUMBER 

5c. PROGRAM ELEMENT NUMBER 

6. AUTHOR(S) 5d. PROJECT NUMBER 

5e. TASK NUMBER 

5f. WORK UNIT NUMBER 

7. PERFORMING ORGANIZATION NAME(S) AND ADDRESS(ES) 
Department of Aeronautics and Astronautics and Advanced Research
Institute of Fluid Science and Engineering, Graduate School of
Engineering, Kyoto University, Kyoto 606-8501, Japan 

8. PERFORMING ORGANIZATION
REPORT NUMBER 

9. SPONSORING/MONITORING AGENCY NAME(S) AND ADDRESS(ES) 10. SPONSOR/MONITOR’S ACRONYM(S) 

11. SPONSOR/MONITOR’S REPORT 
NUMBER(S) 

12. DISTRIBUTION/AVAILABILITY STATEMENT 
Approved for public release, distribution unlimited 

13. SUPPLEMENTARY NOTES 
See also ADM001792, International Symposium on Rarefied Gas Dynamics (24th) Held in Monopoli (Bari),
Italy on 10-16 July 2004. 

14. ABSTRACT 

15. SUBJECT TERMS 

16. SECURITY CLASSIFICATION OF: 17. LIMITATION OF 
ABSTRACT 

UU 

18. NUMBER
OF PAGES 

6 

19a. NAME OF
RESPONSIBLE PERSON 

a. REPORT 
unclassified 

b. ABSTRACT 
unclassified 

c. THIS PAGE 
unclassified 

Standard Form 298 (Rev. 8-98) 
Prescribed by ANSI Std Z39-18 



VII/(2RT0)
1/2

−0.6 −0.3 0 0.3 0.6
V

I
/(

2R
T

0
)1

/2
0.2

0.5

1

1.5
2

3
4
5

FIGURE 1. Map of the flow patterns in the(VII /(2RT0)1/2, VI /(2RT0)1/2) plane forLII /LI = 2, Lz/LI = 1, andKn = 0.01. The
Maxwellian distribution corresponding to the equilibrium state at rest with temperatureT0 and densityρav is used as the initial
condition. The symbols◦, •, andH indicate that a Couette flow, a single-vortex flow, and a double-vortex flow, respectively, are
obtaind at the corresponding points.

in the equilibrium state at rest with temperatureT0 and densityρav (ρav: average density of the gas over the annular
domain), andR is the gas constant per unit mass.

As the solution method, we use the DSMC method by Bird [9]. As in the usual DSMC computation, we obtain
the steady flow field as the long-time limit, pursuing the long-time behavior of the solution of the time-dependent
boundary-value problem with an appropriately chosen initial condition.

RESULTS AND DISCUSSIONS

Since the DSMC method is explained in many places, we omit its description for short and show some of the results
of computation. More specifically, we restrict ourselves to the case whereLII /LI = 2, Lz/LI = 1, andKn = 0.01 and
investigate the effect of rotation speedsVI/(2RT0)1/2 andVII /(2RT0)1/2 of the cylinders on the flow patterns.

In the actual computation, the square cross section (LI ≤ r ≤ LII , 0≤ z≤ Lz with LII /LI = 2 andLz/LI = 1) is divided
into 120× 120 (System I) or240× 240 (System II) square cells of a uniform size; the total number of simulation
particles is144× 104 (System I) or576× 104 (System II); and the time step∆t is ∆t = 5× 10−4LI (2RT0)−1/2 =
5×10−4(2/

√
π)t0Kn−1, wheret0 is the mean free time corresponding to`0. Except Fig. 7, the results presented in

this paper are based on System I.
First we perform computation, taking the Maxwellian distribution corresponding to the equilibrium state at rest

with temperatureT0 and densityρav as the initial condition at timet = 0. This means that the cylinders start to rotate
impulsively att = 0. The computation for various values ofVI/(2RT0)1/2 andVII /(2RT0)1/2 gives three different types
of steady flow pattern: an axially uniform flow (Couette flow); a Taylor vortex flow with a single vortex (single-vortex
flow); and a Taylor vortex flow with double vortices arranged in the axial direction (double-vortex flow). A map of the
flow patterns in the(VII /(2RT0)1/2, VI/(2RT0)1/2) plane is shown in Fig. 1. A Couette flow is obtained at the points
with ◦, a single-vortex flow at the points with•, and a double-vortex flow at the points withH. The negativeVII means
that the outer cylinder is rotating in the direction opposite to the inner.

For a fixedVII /(2RT0)1/2, a Couette flow is obtained forVI/(2RT0)1/2 smaller than a critical value. The critical value
is smallest at aroundVII /(2RT0)1/2 =−0.1 and0 and increases rapidly with the increase ofVII /(2RT0)1/2. When the
rotation speed of the outer cylinder is slow, a single-vortex flow is obtained in a rather wide range ofVI/(2RT0)1/2.
However, this range shrinks and a double-vortex solution becomes dominant as the rotation speed of the outer cylinder
increases, in particular, in the opposite direction.

Figure 1 also shows an isolated double-vortex flow atVI/(2RT0)1/2 = 0.9 in the middle of the range of a single-
vortex flow forVII /(2RT0)1/2 = −0.1. This fact suggests the possibility of the coexistence of a single- and a double-
vortex flow around this parameter range. Our next interest is to investigate whether there is a parameter range in which
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FIGURE 2. Existence range of the steady solutions in the(VII /(2RT0)1/2, VI /(2RT0)1/2) plane forLII /LI = 2, Lz/LI = 1, and
Kn = 0.01. The symbols◦, •, andH indicate that a Couette flow, a single-vortex flow, and a double-vortex flow, respectively, are
obtained at the corresponding points. Here, the symbols stand for the data precisely atVII /(2RT0)1/2 = −0.6, −0.3, −0.1, 0, 0.1,
0.3, and0.6, but•’s (H’s) are shifted leftward (rightward) slightly for legibility.

different types of solution coexist stably.
For this purpose, we carry out computation with initial conditions different from the Maxwellian used to obtain the

data in Fig. 1. For example, forVII /(2RT0)1/2 =−0.1, we take the isolated double-vortex solution atVI/(2RT0)1/2 =
0.9 as the initial condition for a (slightly) smaller value ofVI/(2RT0)1/2, sayVI/(2RT0)1/2 = 0.8. If this computation
leads to a double-vortex flow, then we use it as the initial condition for a smaller value ofVI/(2RT0)1/2, say
VI/(2RT0)1/2 = 0.7. We continue this process until the computation leads to a solution of a different type (i.e., a
single-vortex flow or a Couette flow) or a fluctuating state that cannot be regarded as a steady solution. We take a
similar procedure forVI/(2RT0)1/2 larger than0.9. In this way one can try to extend the range of a stable double-
vortex flow forVII /(2RT0)1/2 = −0.1 as wide as possible. We carry out the same procedure to extend the range of a
stable single-vortex solution, starting from that at the edge of the range in Fig. 1 [i.e.,VI/(2RT0)1/2 = 0.45and1.1], as
well as the range of a stable Couette flow to larger values ofVI/(2RT0)1/2. Essentially the same procedure is carried out
for other values ofVII /(2RT0)1/2. The result obtained by the above procedure is shown in Fig. 2. The symbols, which
have the same meaning as in Fig. 1, indicate the results atVII /(2RT0)1/2 = −0.6, −0.3, −0.1, 0, 0.1, 0.3, and0.6 as
in Fig. 1, but•’s (H’s) are shifted leftward (rightward) slightly for legibility. In the process of extending the Couette-
flow region, we obtained a fluctuating state that cannot be regarded as a steady solution at some points at the edge of
the region, but they are not shown in the figure. There is a significant overlap between the region of a single-vortex
flow and that of a double-vortex flow whenVII /(2RT0)1/2 ≥−0.1. ForVII /(2RT0)1/2 =−0.3, a single-vortex flow is
limited to a rather narrow range of intermediateVI/(2RT0)1/2, and its overlap with the range of a double-vortex flow is
small. There is no region of a single-vortex flow forVII /(2RT0)1/2 =−0.6 [in this case, we carried out computations
for VI/(2RT0)1/2 = 0.75, 8, 9, and1, using the single-vortex flow atVI/(2RT0)1/2 = 0.75 andVII /(2RT0)1/2 = −0.3
as the initial condition and obtained only steady double-vortex flows].

In Figs. 3–5, typical flow patterns of a single- and a double-vortex flow are shown for three points in Fig. 3 where the
two types of flow coexist, i.e.,(VII /(2RT0)1/2, VI/(2RT0)1/2)= (0, 1.5) in Fig. 3,(0.6, 3) in Fig. 4, and(−0.3, 0.75)
in Fig. 5. The panels (a) correspond to the single-vortex flow, and the panels (b) to the double-vortex flow. The arrow
indicates the flow velocity vector(vr , vz) in the(r, z) plane at its starting point, wherevr andvz are, respectively, the
r andz components of the flow velocity, and the scale of(v2

r +v2
z)

1/2/(2RT0)1/2 = 0.2 or 0.1 is shown in each figure.
The contour linevθ /(2RT0)1/2 = const, wherevθ is theθ component of the flow velocity, is also shown in the figures.
The obtained double-vortex flows are all symmetric with respect to the planez= Lz/2 and have a clockwise vortex in
the upper half (Lz/2 < z< Lz) and a counterclockwise vortex in the lower half (0 < z< Lz/2). In Fig. 5(a), the center
of the vortex is as low as that of the lower vortex in Fig. 5(b), and there is almost no flow in the upper part.

A convenient physical quantity that describes the difference of the three types of solution quantitatively would
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FIGURE 3. Flow field of single- and double-vortex flows forVI /(2RT0)1/2 = 1.5 andVII /(2RT0)1/2 = 0 (LII /LI = 2, Lz/LI = 1,
Kn = 0.01). (a) single-vortex flow, (b) double-vortex flow. The arrow indicates the flow velocity (vr , vz) in the (r, z) plane at its
starting point, and the scale of(v2
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1/2/(2RT0)1/2 = 0.2 is shown in each figure. The contour linesvθ /(2RT0)1/2 = constare
also shown in the figure.
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FIGURE 4. Flow field of single- and double-vortex flows forVI /(2RT0)1/2 = 3 andVII /(2RT0)1/2 = 0.6 (LII /LI = 2, Lz/LI = 1,
Kn = 0.01). (a) single-vortex flow, (b) double-vortex flow. See the caption of Fig. 3.
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FIGURE 5. Flow field of single- and double-vortex flows forVI /(2RT0)1/2 = 0.75 andVII /(2RT0)1/2 = −0.3 (LII /LI = 2,
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FIGURE 6. Γ2 versusVI /(2RT0)1/2 for typical values ofVII /(2RT0)1/2 for LII /LI = 2, Lz/LI = 1, and Kn = 0.01. (a)
VII /(2RT0)1/2 = 0, (b) −0.1, (c) −0.3, and (d)−0.6. The symbols◦, •, andH indicate a Couette flow, a single-vortex flow,
and a double-vortex flow, respectively.

be the circulation of the flow velocity vector(vr , vz) in the (r, z) plane [8, 10]. We introduce the dimensionless
circulation Γ1 and Γ2 defined byΓm = am(2RT0)−1/2∫ 2π

0 [vz(r̂m, ẑm)cosφ − vr(r̂m, ẑm)sinφ ]dφ (m = 1, 2), where
r̂m = LI (1.5+ amcosφ) and ẑm = LI (αm + amsinφ) with a1 = 0.3, α1 = 0.5 anda2 = 0.23, α2 = 0.25; that is,Γ1
(Γ2) is the circulation along the circle of radius0.3LI (0.23LI ) centered at(r, z) = (1.5, 0.5)LI [(r, z) = (1.5, 0.25)LI ].
Note thatΓ1 = Γ2 = 0 for a Couette flow, andΓ1 = 0 for a double-vortex flow that is symmetric with respect to the
middle planez= Lz/2. Therefore, to distinguish the three types of flow at the same time, it is more convenient to use
Γ2. Figure 6 showsΓ2 versusVI/(2RT0)1/2 for VII /(2RT0)1/2 = 0, −0.1, −0.3, and−0.6. Here, the values ofΓ2 are
calculated using the averages of the solution over5×105 time steps after the steady state is established. From Fig. 6,
it is likely that both branches, the branch of a single-vortex flow and that of a double-vortex flow, bifurcate from the
Couette flow. However, the double-vortex flow may be unstable for the values ofVI/(2RT0)1/2 near the bifurcation
point except the case of high-speed opposite rotation,VII /(2RT0)1/2 = −0.6. In contrast, the single-vortex flow may
lose stability rapidly from the large values ofVI/(2RT0)1/2 when the rotation speed of the outer cylinder increases in
the opposite direction, and it may become unstable for allVI/(2RT0)1/2 atVII /(2RT0)1/2 =−0.6.

Figures 2 and 6(b) show that both of a Couette flow and a single-vortex flow exist stably atVI/(2RT0)1/2 = 0.4 in
the case ofVII /(2RT0)1/2 = −0.1. Such an overlap between the range of a Couette flow and a single-vortex flow is
not observed for otherVII /(2RT0)1/2. Therefore, we have to verify whether there is such a small overlap or not more
carefully. As pointed out with a concrete example in [10], it is generally very difficult to obtain reliable results for
sensitive problems, such as the bifurcation of flows and the onset of instability, by the DSMC method unless one uses
very fine cells and an extremely large number of simulation particles. Thus, we investigate more closely the behavior of
the solution in the vicinity of the point where a Couette flow and a single-vortex flow coexist, i.e.,VI/(2RT0)1/2 = 0.4
andVII /(2RT0)1/2 =−0.1, using a larger computational system (System II). The result of the computation is shown in
Fig. 7(a), whereΓ1 rather thanΓ2 is shown because the difference between a Couette flow and a single-vortex flow is
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FIGURE 7. Results obtained with System II forVII /(2RT0)1/2 = −0.1 (LII /LI = 2, Lz/LI = 1, Kn = 0.01). (a) Γ1 vs
VI /(2RT0)1/2. The symbols◦ and • indicate a Couette flow and a single-vortex flow, respectively. (b) Time evolution ofΓ1

for VI /(2RT0)1/2 = 0.39. The symbol¥ indicates the data with the initial condition of the single-vortex solution obtained for
VI /(2RT0)1/2 = 0.40, and¤ those with the initial condition of the artificial Couette flow.

clearer forΓ1. The single-vortex solution atVI/(2RT0)1/2 = 0.43 was obtained by the impulsive rotation as in Fig. 1.
Then we extended the branch of a single-vortex flow down toVI/(2RT0)1/2 = 0.40by the same way as the construction
of Fig. 2. However, the computation forVI/(2RT0)1/2 = 0.39using the single-vortex solution atVI/(2RT0)1/2 = 0.40as
the initial condition did not converge to any clear steady solution. The time evolution of the circulationΓ1 in this case
is shown by the symbol¥ in Fig. 7(b). On the other hand, the Couette flows atVI/(2RT0)1/2 = 0.3, 0.35, and0.38were
obtained from special initial conditions explained in the following. One can always obtain the axially uniform Couette
flow by imposing the uniformity in thez direction. By using such a solution in each layer of the cells piling up in
thezdirection, we can generate an artificial Couette flow without constraint of axial uniformity. Such flows generated
for VI/(2RT0)1/2 = 0.3, 0.35, and0.38 were used as the initial conditions for corresponding cases. It is likely that
one can obtain a stable Couette flow more easily from this type of initial condition. However, such a computation at
VI/(2RT0)1/2 = 0.39did not lead to any clear steady flow. The time evolution ofΓ1 in this case is shown by the symbol
¤ in Fig. 7(b). In Fig. 7(b), theΓ1 at t/∆t = n is calculated withvr andvz averaged overt/∆t = (n−5×104 +1)∼ n.
By the way, in all the flows that we judged as Couette flows,Γ1 andΓ2 at large time exhibit rather high-frequency
oscillations around zero as time goes on . From Fig. 7, we may conclude that there is no overlap between the range of
a Couette flow and that of a single-vortex flow and that the overlap observed in Fig. 6(b) is a false behavior caused by
the insufficiency of the computational system (System I).
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