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Implicit Integration Schemes
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Abstract

Implicit integration schemes, such as Runge-Kutta and Runge-Kutta-Nystrom meth-
ods, are widely used in mathematics and engineering to numerically solve ordinary
differential equations. Every integration method requires one to choose a step-size,
h, for the integration. If h is too large or too small the efficiency of an implicit scheme
is relatively low. As every implicit integration scheme has a global error inherent
to the scheme, we choose the total number of computations in order to achieve
a prescribed global error as a measure of efficiency of the integration scheme. In
this paper, we propose the idea of choosing i by minimizing an efficiency function
for general Runge-Kutta and Runge-Kutta-Nystrom integration routines. This effi-
ciency function is the critical component in making these methods variable step-size
methods. We also investigate solving the intermediate stage values of these routines
using both Newton’s method and Picard iteration. We then show the efficacy of this

approach on some standard problems found in the literature.
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step-size, implicit integration schemes

1 Introduction

Recently, there has been interest in the literature concerning the use of geo-
metric integration methods, which are numerical methods that preserve some
geometric quantities. For example, the symplectic area of a Hamiltonian sys-
tem is one such concern in recent literature [1-4]. Tan [5] explores this concept
using implicit Runge-Kutta integrators. Hamiltonian systems are of particular
interest in applied mathematics, and in fact we test our variable step-size selec-
tion method on a well-known Hamiltonian system in Section 4.2. Furthermore,
Hairer and Wanner [6,7] showed that although implicit Runge-Kutta methods
can be difficult to implement, they possess the strongest stability properties.
These properties include A-stability and A-contractivity (algebraic stability).
These are the main reasons we choose to investigate variable integration step-

size selection using Runge-Kutta methods.

First order ordinary differential equations are solved numerically using many
different integration routines. Among the most popular methods are Runge-
Kutta methods, multistep methods and extrapolation methods. Hull, Enright,
Fellen and Sedgwick [8] have written an excellent comparison of these types
of methods. They test a number of Runge-Kutta methods against multistep
methods based on Adams formulas and an extrapolation method due to Bu-

lirsch and Stoer [9]. A goal of that paper was to compare these different types
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of methods as to how they handle routine integration steps under a variety
of accuracy requirements. Implicit or explicit integration methods require one
to choose a step-size, h, for the integration. One of the questions Bulirsch
and Stoer investigate is a strategy for deciding what step-size h to use as the
methods progress from one step to another. Others have investigated this very

same problem in the past [8,10-12].

In this paper, we propose the idea of choosing variable step-sizes by minimiz-
ing an efficiency function for general Runge-Kutta and Runge-Kutta-Nystrom
integration routines. As every implicit integration scheme has a global error
inherent to the scheme, we choose the total number of computations in order
to achieve a prescribed global error as a measure of efficiency of the integra-
tion scheme. For illustration purposes, consider Figure 1.0.1, referring to the
solution of (2). Let Z(tx) be our approximation to x(tx). We determine the
variable step-sizes hq, ho, ..., hg, where h, = t;, —t;_1, so that we minimize an
efficiency function that minimizes the sum of the total number of computa-
tions to compute Z(tx) for k = 1,2,...,8 and the global error that propagates
from the local truncation errors at each step of integration. An alternate and
perhaps simple way of understanding our method is that we choose hL||A||,
where L is a Lipschitz constant for the differential equation and A is a matrix
that describes the integration scheme used to integrate the differential equa-
tion. Of course, in a fixed step-size method one chooses h. To the best of our

knowledge, our proposed method is novel.

In the rest of this section, we briefly describe the approaches found in the
literature. Hull, Enright, Fellen and Sedgwick [8] approach this topic as follows.

First, they determine h,,,,, which is a measure of the “scale” of a problem. This

max )

helps to allow them from not stepping past any interesting fluctuations in the
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Fig. 1.0.1. Ilustration of variable step-sizes and error propagation in numerical
integration

solution. Then, for their Runge-Kutta methods they compute 7, an estimate
on the local truncation error, which must be bounded by the tolerance, ¢.

They then compute
By = M0 { B, 0.9h400 (£/7) 7} (1)
where p is the order of the Runge-Kutta routine being used.

Stoer and Bulirsch [10] arrive at a very similar solution to this problem. To de-
scribe what they do, we first note that throughout this paper, we will consider

solving the following first order ordinary differential equation:

dx

== f(t,z), z(0) =z € R", (2)

where f : IR x IR" — IR" is Lipschitz continuous in the second argument, i.e.
g



for any t € IR and any vectors x € R",y € IR", we have

1t x) = it y)ll < L)z = yll, (3)

where L(-) € L*[0,T]. Stoer and Bulirsch consider two discretization methods,
®; and ®,, of Runge-Kutta type to solve (2), the first with order p and the

second with order p + 1, i.e. we have

ik+1 =X+ holdq)l(tky Tk hold) (4>
Tpy1 =T + holdq)2<tk7 Tg; hold) (5>

Denoting the tolerance by e, and given a current step-size, h,4, they obtain:

c 1/(p+1)

hnew - h/old (6)

Th1 — Tkl

Stoer and Bulirsch go on to recommend after extensive numerical experimen-

tation, that equation (6) be altered to

1
S /P

h,new — O-ghold (7)

Tr+1 — Tk+1

As one can see, formulas (1),(6) and (7) depend on some measure of the local
error at the (k+ 1)st step of integration. Stoer and Bulirsch [10] also point out

that there is another way to determine h,.,, but it requires one to estimate

higher order derivatives of f. For example, a fourth order Runge-Kutta method
would require one to estimate derivatives of f of the fourth order. Not only is

this very costly, but this other method uses the local truncation error at the

kth step of integration.

Houwen [11] took a similar approach to adjusting step-sizes. Again let € be
the tolerance. Houwen then forms a discrepance function d(tg, xx; hog) at the

point (tg, ;). Then the new step-size is determined to be the solution of the



equation

1d(tr, ks haa) || = €. (8)

Houwen considers three types of discrepance functions:

(1) an approximation to the local discretization error
(2) the residual term left when the local difference solution is submitted into
the differential equation

(3) the discrepance of linearity of the differential equation

The first two clearly are functions that are some measure of local error of the
difference scheme being used. The discrepance of linearity method is merely
a way to choose h,,, such that the Jacobian matrix for non-linear systems
does not change very much,(i.e. within some tolerance ¢), over the interval
[tk, tk + Poew]. This method also deals with some measure of local stability of

the differential equation.

Cano and Duran [12] investigate variable step-size selection using linear mul-

tistep methods. Again consider equation (2). Given a tolerance ¢, they let

hy, = es(x(t,), ) + O(eP), 9)

where p is the order of the method and s is function satisfying the following;:

(1) Smin S S(l’,{f) S Smax Wlth Sminy Smax > 07

(2) s is C* in both arguments and all the derivatives of s are bounded.



2 Implicit Integration Methods

Numerical methods for solving initial value problems such as (2) may be either
explicit or implicit. The focus of this paper is concentrated on using implicit
methods. In this section, we describe two classes of implicit numerical inte-
gration schemes and how one might use the methods to solve (2). We assume

the solution exists for ¢ € [0, 7], with 7" > 0.

2.1 Runge-Kutta Methods

A detailed description of a general s-stage Runge-Kutta method for the so-
lution of (2) can be found in many publications [1,3,13]. The general method

for a fixed step-size, h, is described below:

i, =Tk + Y agf(t+cih,y;), i=1,..s, (10)
j=1
Try1 =T+ h Y bif(te + cih,ys,), @0 = 2(0). (11)

=1

In the above equations, the y;, are stage-values that must be computed at
every step of the integration, and zj approximates the exact solution x(t;) at
the point t;, = kh, where h is the fixed step-size of integration. The a;; and b;

are unique to any particular Runge-Kutta scheme and the ¢; satisfy

ci:Zaij, izl,...,s (12)
j=1



For notational purposes, define the following:

a1 Q12 - - A1s Y1, &1 s
Q21 Q22 - - Agg Yo, Co T

A= ,Yk— , C= ,Xk: ,A:A®[
Qg1 As2 * -+ Qgg Ysy, Cs Lk

(13)
where [ is the n x n identity matrix and ® is the Kronecker product. In

other words, A is the ns x ns matrix direct product of A and I. Furthermore,

consider the function f: R x R™ — R™ defined by

f(te +cih,y1,)

. f(te + c2h, ya2,)
[t Vi) = : (14)

f(te + csh,ys,)

Now we can write the system of ns equations given in equation (10) as
Vi = Xi + hAf (. Y). (15)

For each k this is an implicit equation involving the vectors {y;, };_,. Equation
(15) can be solved using Newton’s method or fixed point iteration (Picard
iteration). Let’s consider Picard iteration. We solve (15) for each k using the

following iterative scheme:
Vi = X+ hAF (4, Y7) = F (86, Y7) - (16)

For any fixed k, the iterative scheme given in (16) will converge to the solution



of (15) provided that F satisfies a favorable condition. The following theorem

addresses this convergence.

Theorem 2.1 Consider the iterative scheme given by (16). Let L(t) be the
function from (8), and let A be the s x s matriz from (13). If hL(t;)||A| < 1
then there exists a unique vector Y € R™ such that F(ty,Y) =Y for any
point t, € [0,T)] that is fired. Furthermore, the sequence Y™ = F(ty,Y{)

converges linearly to'Y .

Proof. First, let us refer to a very useful result concerning the norms of

Kronecker products. According to Van Loan [14], we get
4] = nae 11 = 41 1z = A a7

Next, we show that F' is Lipschitz continuous in the second argument with
Lipschitz constant AL(ty)||A||. We will begin by finding the Lipschitz constant
of the function f. Choose any t;, € [0, 7] and any vectors u and v in IR"® where
w=[(u)” (ug)” -+ (us)?]" and u; € R™ for i = 1,...,s. Similarly form

the vector v.

<L) | (0 = o) (s —v))7]" (18)
=1t |[)” - @)"] = [ @)
= L(t) [u o] (20)

Now we may compute the Lipschitz constant of F. Again, choose any t; €

[0, 7] and any vectors u, v € R™.



1 (b, w) = F(ty, v) |:ka+mf<tk, >—Xk—hAf<tk,v>H (21)
= A (7t ) = Fite )| @
ShuAuumu— wu @)
<hL(ty) | Al lu - ] (24)
= hL(tx) 1A Jlu = o]l (25)

This shows that F'is Lipschitz continuous in the second argument with Lip-
schitz constant hL(tg)||Al|. Since hL(tx)||Al| < 1, we may apply the Contrac-
tive Mapping Theorem to F', [15]. Hence, there exists a unique point Y € IR™
such that F(t;,Y) =Y for any point ¢, € IR that is fixed. The theorem also
ensures that Y must be the limit of every sequence obtained from (16) with a

starting point Y;? € R™. O

Theorem 2.1 suggests how one might implement equations (11) and (16) to
solve (2) on [0,T]. The starting vector zy € R" is known. In general, assume

x is known. Use the following procedure to compute xj. 1.

(1) Choose a tolerance ¢ > 0 as small as you wish.

(2) Choose a starting guess for the s stage-values, and denote this guess as
Y0,

(3) For j =0,1,2,..., compute the following:
(a) VI = F (8, Y7)
(b) 6=y =7

(4) If 6 < e, let Vj, = Y7 H

(5) Use the s n x 1 stage-value vectors determined in step four to explicitly

compute Tgq.

The method described above is known as Picard iteration; Newton’s method

might also be used to solve for the stage-values. A theorem on the convergence

10



of Newton’s method is more complicated than Theorem 2.1; it is not sufficient
to assume hL(tx)||A|l < 1 in order to guarantee that Newton’s method con-
verges. The Newton-Kantorovich Theorem [10,16,17] provides sufficient condi-
tions for existence of a solution to the iteration and the uniqueness of that so-
lution. To solve for the stage-values using Newton’s method, step three should

be replaced by the following:

(3) Define G(tg, Yi) = F(tg, Yi) — Yk, and for j = 0,1,2,..., compute the
following:
(@) ¢ =¥{ - (DG (1,37) ) G (117
v) 0 =& (6,77

where DG represents the Jacobian matrix of G.

2.2  Runge-Kutta-Nystrom Methods

Runge-Kutta-Nystrom (RKN) methods are similar to Runge-Kutta methods,

but are designed to solve second-order systems. Consider the following system:
— = f(t,x), x(0) =29 R", (0)=vy € R", (26)

which can be written as

dv dx

o= f(t,x); e v, x(0) =z9, v(0) = vp. (27)

We assume a solution exists on [0, 7] for T > 0. A general s-stage RKN method

may be used to solve (27) on [0, 7], and is described by J.M. Sanz-Serna and
M.P. Calvo [3] as follows:

11



Yi, = T + hyv, + h? Zaijf(tk +7ih,y;,.), i=1,..,s (28)

j=1

Vg1 =k + h > bif (tk + il viy) (29)
i=1

Tpy1 =T + hvg, + h? Z ﬁz’f(tk + i, yzk) (3())

i=1
Exactly as with the Runge-Kutta methods, the y;, are the stage-values and

must be solved for implicitly. In addition to the definitions in (13), define

7 0 - 0 o
0 7 Uk
I'= Ve = I =I®I, (31)
.0
0 -+ 0 7 vy

where [ is the n x n identity matrix. Now, the ns equations in (28) may be

written as
Vi, = Xy, + hTVi + h2Af(tg, V). (32)
Again, we have an implicit equation for the s stage-value vectors {y; };_; C

R".

Just as in Section 2.1, we may solve (32) using Newton’s method or by using
Picard iteration. If we use Picard iteration, we have the following iterative

scheme:
VT = Xy + WDV, + B2Af (1, Y]) = H(ty,, V7). (33)

Similar to the proof of Theorem 2.1, one can easily prove the following theorem.

Theorem 2.2 Consider the iterative scheme given by (33). Let L(t) be the

function from (3), and let A be the s x s matriz from (13). If h2L(t;)|| Al < 1

12



then there exists a unique vector Y € R™ such that H(ty,Y) =Y for any
point t, € [0,T] that is fized. Furthermore, the sequence Y7 ™' = H(ty,Y{)

converges linearly to Y .

Proof. See the proof of Theorem 2.1. a

If we choose to use Newton’s method to solve (32) for the stage-values, it
is not sufficient to assume h?L(#;)||A]] < 1. Once again, we may refer to
Stoer and Bulirsch [10] for conditions that guarantee convergence of Newton’s

method.

3 Step-Size Selection

When implementing a Runge-Kutta (or Runge-Kutta-Nystrom) numerical in-
tegration routine, we have shown it is sufficient to assume that hL(tz)|| Al < 1
(or h2L(t1)]|Al] < 1) to guarantee convergence of the implicit scheme when
using a Picard iteration. One might wonder though, is there an optimal choice,

in the sense of computational efficiency, for A? If so, how might it be found?

3.1  Optimization Using Picard Iteration

Consider solving (2) numerically on the interval [0, 7] which is partitioned by
the following sequence of points: {k‘h}kK:O. In the k-th sub-interval the conver-
gence of the Picard iteration is linear, so the number of computations required
for convergence, to within ¢, to the fixed point of (16) can be written as a func-
tion of the Lipschitz constant of the function F': Ny = ¢ (hL(tx)||A||) . Then

the total number of computations over the interval [0,7] can be written as

13



N(h) = K | Ni. In the following, we find an explicit expression for ¢(-) for

Runge-Kutta methods. Consider the following inequalities:

=g = [t Y7) = Flte, 7| (34)
<hL()||A] Y7 - Y| (35)
< (L) AN ¥ = v (36)
< (LAl [y - 2| (37)
=i (ML(t)I|A])’, (38)

where Cy, = ||Y}} — Y}?|| is fixed for each k and depends on the guess Y}?. Since
RL(ty)||A|l < 1, we must have HijH — Y,g” — 0 as j — o0o. Suppose we want
§ = HijH — YkJH < ¢; then, it is sufficient to have Cj, (hL(t)||A]|)! < e. As a
stopping criterion in the k-th step of integration, we choose to stop the fixed

point iteration at the smallest natural number N, greater than or equal to M

where M satisfies C, (hL(t)||A|)" = &. Then we have

. In (€/Ck)
M= L AT (39)
Ne=[M] (40)

Now let C' = max Cpand L = ts[%%] L(t). In (39), ¢ and Cy, depend on the user.
Once these are chosen, the choice of h depends on the differential equation
being solved, through the Lipschitz constant L(tj), and on the integration
method being implemented, through ||Al. We will try to minimize M by
adjusting the choice of h to the problem parameters L(t;) and ||Al|. Notice
that C(hL||A||)™ = e implies that Cy(hL(t;)||A])™ < ¢ for each k. Thus, we

minimize the cost function

14



In(e/C)

Ji(h)=K—F——""_ (41)
In (RZ|A|l)
__Tn(/C) (42)
hin (WI|AJ)
This is the same as maximizing the cost function
hiln (hL||A
~ hin(hL]A]) )

R = ey

By computing arg min Jy(h), one finds the step-size h that minimizes the num-
ber of computations for the iterative scheme to converge. If this were the only
measure of optimality of concern, it is easily shown, through a calculus argu-

ment, that the cost function J;(h) is maximized when

1
h=—.
eL||All

(44)

However, one might also want the global error of the numerical solution to be
as small as possible. Global error in any numerical integration scheme depends
on the scheme being used. In this paper, we are concentrating on Runge-Kutta
schemes. The global error for Runge-Kutta schemes also varies depending on
the scheme one chooses to implement. For the purpose of explanation, let us
consider the implicit midpoint rule. The implicit midpoint rule is a one-stage
Runge-Kutta method where a;; = 1 and b; = 1 in (10) and (11). The implicit
midpoint method has global error O(T'h?). Then to find h, we alter the cost

function J, and maximize the following cost function:

Js(h) = }W — kTh?, (45)

where k is a number to be chosen. First we compute

dJs  I(hI|A[)+1
dh T Th(zjo)  Th (46)

15



and
& s 1
- — kT, 4
dh? ~ Thln(s/C) (47)

In order to find max J3(h), we must find the h > 0 that solves

In(hL||A]|) + 1
— 2kTh = 4
Ti(zjc)y ~ 2h=0 (48)
such that
1

We must have T and h positive, and for a numerical solution to be meaning-
ful, certainly € must be very small and in general much less than C'. Thus,
In(e/C') < 0. We then require £ > 0 to ensure that the second derivative of J3

is negative, which guarantees that the solution to (48) is indeed a maximum.

Now let
2 L4]
272 1n(e/C)

where \ is a free parameter that weights the optimization toward efficiency

K= (50)
in time or toward global error. A better understanding of how A affects the
variable step-size selection process can best be explained by studying Table
4.1.2 and Table 4.2.2. By substituting this « into (48), we find that we must
solve

In(hL||All) + 1+ X*RL||A|| =0 (51)
for h given an arbitrary value for A. In practice, we actually make the substi-

tution z = hL||A|| and solve

Inz+14+ Xz =0 (52)
for x. We then compute h = L||xA|| The solution to this equation exists and is

unique. This is because the h that solves (51) is the unique global maximum

of the function .J3, which exists because of the concavity of J3. Furthermore,

16



(51) must be solved numerically for A # 0; for example, Newton’s method or
1

Picard iteration may be used. For A = 0, notice that the solution is h = m
e

which was discussed earlier.

If one is interested in finding an equation similar to (51) for a Runge-Kutta
method other than the implicit midpoint method, two things change in (45).
First, || A|| will certainly change when the method changes. It will be necessary

to change the second term as well. Suppose the method chosen has global error

O(Th"). Then, (45) becomes

=« hin(hL|A|)

J3(h) = W — KTh". (53)
Now we define
e (LA
F N (e (54)

and discover that we must now solve

Inz 414+ X221 =0 (55)

for z after again making the substitution x = hL|| Al.

3.2 Local Optimization Using Picard Iteration

If one considers the analysis presented in the previous section, an obvious
question might arise. Is it possible to repeat the process while minimizing local
error and local computations instead of global error and total computations?

It turns out that the answer is no.
Instead of minimizing (41), i.e. maximizing (43), if we want to minimize the
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total number of computations locally we minimize the cost function

5 In(e/C
Ji(h) = #. (56)
In (AZ||Al)
Equivalently, we can maximize
A In (AZ||Al)
h)=———F—~
2 In(z/C) (57)

We also want to consider the local truncation error. Just as in the previous
section, we choose the implicit midpoint method for explanation purposes.
The local truncation error for this method is O(h?). Thus, similar to (45), we

want to maximize the cost function

. In (RI||All)
Js(h) = ————~ — kh3. 58
3 n(e/C) " (58)
First, we compute
. )
dJs — 3kh? (59)

dh ~ hin(e/C)

and set it equal to zero. After doing so and rearranging, we get

1

= In(e/C)’

(60)

Since € < C' in general, (e.g. in our implementations we choose ¢ = 10719), it
will certainly be the case that In(¢/C) < 0. Thus, (60) would imply that it is

necessary to have x < 0, since it must be that A > 0.

Next, we compute

d2.J —1
- — 6xh. 1
a2 = Whn(ej0) " (61)

A

2

Since we are trying to maximize (58), we need < 0. However, if we

dh?
consider each term in (61), we can easily see that this is impossible. Since
In(e/C) < 0, it must be that m > 0. Since we have determined
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that we must have k < 0, it must also be that —6xh > 0. Hence, the second
derivative would imply that the function we are optimizing is actually concave

up and has no local (or absolute) maximum for A > 0.

The analysis above shows that this method of choosing variable step-sizes
(minimization of a particular efficiency function) fails if one considers local
truncation error and local computations for the efficiency function. Although,
there certainly are ways of choosing h based on local truncation errors as we
described in the Introduction, we simply cannot use local error and computa-

tions when using the methods presented in this paper.

3.8 Lipschitz Constant Unknown

For most initial value problems the Lipschitz constant of f is not easily acces-
sible. In this case, an approach that is slightly different than that of Section
3.1 is taken to optimize h. The idea in this case is to linearize the function f
at each step of integration by computing the Jacobian of f. We essentially find
an optimal h at each step of the integration using the analysis from Section

3.1. The method is described in detail below:

(1) Choose a value for the parameter A. (A method for choosing A will be
given in Section 4.1.)
(2) Solve equation (52) for = once.
(3) At t = 0, let L = ||Df||, where Df is the Jacobian matrix of f, and
teh=—="
compute h = =———.
LI Al

(4) Perform one step of integration using the implicit midpoint rule.

(5) Recompute L using the new values of the state variables, and use this L
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to find a new optimal h.

(6) Repeat steps four and five until the integration reaches t = T

3.4 Optimization Using Newton’s Method

We mentioned in Section 2.1 that one might also use Newton’s method to solve
for the stage values Yj. Because of this, the analysis for finding an optimal
value of h can be repeated for Newton’s method. Convergence properties, and
hence convergence theorems, are more complicated for Newton’s method than
for fixed point iteration. Because of this, one might expect the analysis to be

a bit more involved than that of equations (34)-(51).

Before we begin looking at the optimization process for Newton’s method, let

us first consider the following Lemma.

Lemma 3.1 If R is an invertible n X n matriz, then

IR|""
|det R|

Ik @)

Proof. Let \; (RTR> denote the i-th eigenvalue of RTR. Since RTR > 0, we
-1
have \; (RTR) >0fori=1,...,nand (RTR) > 0. Now using a well-known

property of matrices and the Rayleigh-Ritz inequality, we get the following:

20



771 = e ((RTR) ) (63)

S Wi (64)
N Amin?z;g)i ( dRet?%TR) )
< [Ama}( d(jR]?} (66)
_H(f;’”t(m’ (67)

(IR
_< det R ) ' (68)

Taking square roots on both sides of the above inequality yields the desired

result. O

Again, we consider solving (2) numerically on the interval [0, 7] which is par-
titioned by the following sequence of points: {kh}r_,. Stoer and Bulirsch [10]
prove a theorem showing that Newton’s method is quadratically convergent.
We will find an optimal choice of h using the results of that theorem. We begin

by defining

By

Pk = (69)
where ay, 8, and v are described below. First we let C' be a convex subset of
IR™ and mention that the theorem from [10] and the analysis below is valid
only in a neighborhood, S, (Y}?), of the initial guess Y0 such that S, (Y?) c C.

We then let
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o=V =y, k=1, K (70)
IDG (tx—1, V)"

=su , k=1,... K 71
h YG% |det DG (tg—1,Y)] (7)
v=nhL||A], (72)

where L is a constant that satisfies
|Df(t,u) = DF(tv)|| < Llu— v, (73)

for any vectors v and v in IR"™. Note that this analysis holds whether the
Lipschitz constant of D f, L, is given from the beginning or if it is approximated
similarly to what was done in the previous section; we shall only require that

L be a known constant at the k-th step of integration.

It should also be noted that in practice, i.e. in the example we show later, ay
and (3, will not depend on k. For implementation purposes, we elect to choose
Y2 to be the same vector for all k. Hence, ay, will be the same for each k. In
general, this is not necessary; that is why we define o below for convenience of
analysis. Actually, 5, must satisfy HDG (tk,l,Y)_lH < B forallY € C. We
then apply Lemma 3.1 to arrive at the definition given by equation (71). Now,
0. depends on the step-size through the Jacobian matrix of G, i.e. through
DG@G. Since this is a variable step-size method, this implies that (&, should
be computed at each step of the integration using the current step-size. We
quickly found that computing [, at each step of the integration makes the
process computationally inefficient. Instead, we approximate g = max Ok
before solving a particular example by first solving the system on a much
smaller time interval. As we solve the problem, we keep track of the current
values of §; and keep the largest value to use as a global constant to solve the

entire example. Putting all this together and using the theorem from Stoer
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and Bulirsch, we know that for k fixed, the iterations of Newton’s method

must satisfy
V27— ] < aug? < g (71

where o = max ay.

Furthermore, we must assume (as do Stoer and Bulirsch) that p; < 1. Then
for each k, it is sufficient to stop iterating Newton’s method at the smallest
natural number N greater than or equal to M, where M satisfies ozpiM_l =c.
Solving for M, we get

M = log, (W) . (75)

Again, we choose Ny = [M]. Also, we are showing the analysis for the im-
plicit midpoint method which has global error O(Th?). Thus, we minimize the

following cost function:

TafBL|A| <1n(pk6a1)> AKT p?
Ju(p) = —2PHA o, (ke ) BRI PR 76
0=, e\ T, )t eazaly (76)
We now define
o (apL|Al)?
e TITCI (77)

Then, after using a little calculus similar to equations (45)-(49), we find the

optimal h by first finding the p, that solves

In(prea?)
In py,

(ln(pksofl))_l — (Inp)~" — (In2)log, ( ) +Npp =0, (T8)

and then computing

2pk

_— 79
A (79)

hk+1 =

Because of the complexity of (78), we must solve for p; numerically.
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4 Examples

In this section we explore this variable step-size selection method for two

problems, the Lotka-Volterra model and the Kepler problem.

4.1 The Lotka-Volterra Model

For this example we consider the Lotka-Volterra model of a simple predator-
prey system from mathematical biology. This particular example is taken from

Hairer, Lubich, and Wanner [1]. Consider the following system:

U u(v — 2)
— = f(u,v); t€]0,50]. (80)

0 v(l —u)

In (80), u(t) denotes the number of predators present at time ¢, v(t) represents
the number of prey present at time ¢, and the constants one and two have been
chosen arbitrarily. This system was integrated numerically using the implicit
midpoint rule. Since the system is non-linear and the Lipschitz constant of the

system as a whole is unknown, we will use the method described in Section

3.3.

This procedure was compared to a fixed step-size integration method with
random step-sizes chosen. Two measures were chosen for comparison. The
first measure, 7', was total cpu time (in seconds) for 1000 runs with random
initial data uniformly distributed on [0.1, 10]. The second measure, E, was the

maximum absolute variation of the numerical method from

I(u,v) =lnu—u+2Inv — v, (81)
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an invariant quantity for this system. The initial data for the system in this

case was chosen to be [u(0) v(0)]7 =[2 6]T.

We found that for simple systems such as (80), the numerical computational
overhead in computing the step-size in the optimal h method renders the
method less useful than a simple fixed step-size method. After trying various
fixed step-sizes, it was determined that for 1000 runs with random initial
data, h = 0.125 was the largest fixed step-size attempted that permitted
convergence. For h = 0.125, T = 118.258 and F = 0.064. For the optimal h
method, various values for A\ were tried until a comparable value for £ was
found. For instance, for A = 2 we get £ = 0.143; for A = 3 we get E = 0.068;
and for A = 4 we get E = 0.037. Since A = 3 yielded a comparable value of
E; A\ = 3 was chosen for 1000 runs with random initial data and it was found

that T' = 195.570.

Different results arise when we try more challenging problems. Consider this

variation to the Lotka-Volterra problem:

i u?v(v — 2)
— = f(u,v); t€]0,50]. (82)

0 viu(l — u)

This system has has the same invariant as (80), but is very sensitive to random
initial data. For this reason the initial data is fixed at [u(0) v(0)]T =[2 3]T

for the computation of both 7" and FE.

Two methods were chosen to solve for the stage value y; which is defined
implicitly by (10). The first method is the algorithm of Section 2, which is
simply a Picard iteration. Secondly, we used Newton’s method to compute

the stage value y;. The results from this example are given in Tables 4.1.1
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through 4.1.4 and Figures 4.1.2 and 4.1.3.

To compare the fixed step-size method to the variable step-size method, we
must locate times that are comparable from the tables and then compare
the equivalent error. For example, we first notice that for the fixed step-size
h = 0.1 in Table 4.1.1, the method took 160.701 seconds to solve the problem
using a Picard iteration to solve for y;. The error involved for this step-size
was 0.094. Now we look in Table 4.1.2 and find that when A\ = 2, the problem
was solved in 168.412 seconds, which is about eight seconds longer than for
h = 0.1. However, we notice that the error has been reduced to 0.004, which is
about 4% of the error from when A = 0.1. We can locate other instances similar
to this from the two tables. For the fixed step-size h = 0.08, the problem is
solved in 234.427 seconds using Newton’s method to find ¥, yielding an error
of 0.069. We compare this to A = 2 which was solved in 229.851 seconds with
an error of 0.004. In addition, for the fixed step-size h = 0.125 using Newton’s
method to solve for y;, the problem is solved in 155.564 seconds with an error
of 0.084. We compare this to A = 1 in which the problem is solved in 151.649

seconds with an error of 0.025.

In Table 4.1.2, when we computed the stage value y; using Newton’s method,
we actually used the variable step-sizes determined by the solution of (52) not
(78). For comparison, we recreated these table on another machine; this time
we use (78) to compute the variable step-sizes when we are solving for the
stage value y; using Newton’s method. The results are given in Table 4.1.3
and Table 4.1.4. There are a couple of interesting things to point out. First, we
notice that for fixed step-sizes, Newton’s method works faster than the fixed-
point iteration. We must note that the MATLAB® code that generated the

data for Tables 4.1.1 through 4.1.4 was exactly the same; the only difference is
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that Tables 4.1.3 and 4.1.4 contain data from a different version of MATLAB®
and ran on a different machine. The main goal of this paper is not to compare
Newton’s method versus Picard iteration as much as it is to compare fixed
step-sizes to variable step-sizes. In this regard, the results shown in Tables
4.1.3 and 4.1.4 agree with those given in Tables 4.1.1 and 4.1.2. For example,
when we use the fixed step-size h = 0.05, the problem is solved in 67.701
seconds with an error of 0.031 when solving for the stage value using a Picard
iteration. Using the variable step-size method with A\p = 3.6, we see that the
problem is solved in 67.413 seconds with an error of 0.003, which is about 90%
smaller than the fixed-step size error of 0.031. A similar comparison can be

made with h = 0.125 and \p = 2.

The second interesting thing we notice is evidenced by Table 4.1.4 when we
use (78) to compute the variable step-sizes and solve for the stage value y;
using Newton’s method. We notice that the problem takes longer to solve,
but at the same time the error is much smaller. We cannot compare the fixed
step-size data with the variable step-size data as above because of the large
difference in times. However we can note that when the problem is solved with
Ap = 0.4 the problem is solved in 27.097 seconds with an error of 0.087; when
the problem is solved with Ay = 10, it takes 115.689 seconds to get the error
down to 0.001130. We can quickly compute that the problem is solved 77%

faster using A\p, but the error is 98% lower using Ay.

The reason it takes so long to solve the problem using this method is because
of the variable step-sizes determined by solving (78). Consider the plot shown
in Figure 4.1.4. This graph shows how far the integration of the problem has
progressed at each iteration for various values of Ap and Ay. Essentially, the

graph also shows how large (or how small) of a step-size each method chooses
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as the integration proceeds from one step to the next. In addition, we can
see from the plot that when we use (78) to find the step-size update, the
step-sizes determined are much smaller then when (52) is used; hence, many
more iterations are required to integrate the system from ¢ = 0 to ¢ = 50.
We would also like to mention something about the existence of a solution to
(78). Although, we have not proven that a solution does exist, we can plot the
function for reasonable values of the parameters. For example, consider Figure
4.1.5. Here we plot the function g(p) where g is the function given by the left
hand side of (78). This plot uses the following values for the parameters given
in (78): A =10, =107 and o = H[Q 3]TH . The function appears to be quite
smooth in this region and clearly we see that for these parameters, a solution

to (78) exists.

As one can see from the example above, inherent with this variable step-size
selection method is the choice of the parameter A. We will use the system given
by equation (82) to explain how one should choose an appropriate value of A
when integrating a system that evolves over a long period of time. Suppose
we are interested in integrating the system described by (82) over the interval
[0,500] or [0,1000]. First, we choose a much smaller value for the final time
of integration; in this example that value is T" = 50. We then integrate the
system over the interval [0,50] with a fixed step-size and at the same time
with various values of A. Essentially, we analyze how A affects this system
in particular, just as we did in the above example. After we have integrated
the system over the much smaller time interval, we choose the value of A\ that
works best for this system to integrate the system over the entire time interval.
This process should be done for any system where the length of the interval

over which the integration must be performed is quite large when compared
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to the evolution of the dynamics of the system.

All computations, except those that generated Tables 4.1.3 and 4.1.4, were
done in MATLAB® version 6.1.0.450 Release 12.1 running in Microsoft Win-
dows XP Professional version 5.1.2600 with an AuthenticAMD processor run-

ning at 1544 Mhz.

4.2 The Kepler Problem

This example, taken from Hairer, Lubich, and Wanner [1], is the well known
example describing planetary motion discovered by J. Kepler. We shall con-

sider the following two-body problem:

. q1
(@ + )™
Gy = —— 22 (84)

(@ +¢3)**

with the following initial conditions:

@(0)=1-¢, @0)=0, ¢@(0)=0, ¢(0)= (85)

where 0 < e < 1. To describe the motion of two bodies, one of the bodies
is taken to be the center of the coordinate system and the position of the
second at any time t is given by the two coordinates ¢;(t) and go(t). Equations

(83)-(84) are equivalent to the following Hamiltonian system:

¢i=pi =12 (86)
i +p3) 1

H(p1,p2,q1,q2) =
2 2 2
\/ 41 + @5

where H(p1,p2, q1,¢e) is the Hamiltonian of the system.
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Before (83)-(84) can be integrated using the implicit midpoint rule, we convert
the equations to a system of four first-order ordinary differential equations.

Let 21 = q1, 20 = {1, 23 = @2 and 24 = ¢o. Define z = [2; 29 23 2z4]7. Then

(83)-(84) are equivalent to the following system:

2"1 Z2
Z9 -
5= (st+53) (88)
2"3 Z4
. B 24
_Z4_ i (z%—‘,—zg):’)/? ]

The above system of equations was solved using the implicit midpoint rule
for ¢ € [0,50]. Just as in the previous example, both a Picard iteration and
Newton’s method were used to compute the stage value y;. The two measures
we chose for this example are very similar to the those of the previous example.
The first measure is 7', the total cpu time required to solve the system 1000
times with eccentricity, e, that is uniformly distributed in the interval [0.4,0.8].
The second measure was F, the maximum absolute error that the integration
deviates from the exact solution with eccentricity e = 0.6. For this measure,

we considered the absolute error at every step of the integration.

The computations were performed on the same machine as the previous ex-
ample, and the results are summarized in Tables 4.2.1 and 4.2.2 and also in
Figures 4.2.1 and 4.2.2. We compare the performance of the variable step-size
method to the fixed-step size method exactly as we did in the previous exam-
ple. In Table 4.2.1 we begin with the fixed step-size h = 0.01. The problem is
solved in 84.842 seconds using Picard iteration to find y;, giving an error of

0.113. We compare this to A = 8 in Table 4.2.2 where the problem is solved
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in 81.388 seconds with an error of 0.067. Also, when the fixed step-size is
h = 0.05, the problem is solved in 21.190 seconds using Picard iteration to
find y; and is solved in 29.602 using Newton’s method to find ;. The error in
both cases is 1.581. We compare these to when A = 2 in Table 4.2.2. Respec-
tively, the times are 21.572 seconds and 29.943 seconds. The error for these

two times is 0.643.

4.3 The Kepler Problem Using Runge-Kutta-Nystrom

Once again, we consider the Kepler problem described by equations (83)-(85).
We now solve the problem using a Runge-Kutta-Nystrom (RKN) method.
The method we use is the two-stage Gauss method from [3] which is the RKN
method that is induced from the fourth order Gauss method (a Runge-Kutta
routine) found in [1]. For notation, we will refer to this integration routine as

Gauss4. The constants from equations (28)-(30) are

1 V3 1 V3 1 V3 L_ V3 !
e R TR BT A M
1 1 1 3 1 V3 1
by = o M= 5 012 = 3 12 (g1 = §+T’ 22 = o1 (90)

The analysis leading to equation (51) used the Lipschitz constant from the
Runge-Kutta methods, hL||A||. Since we are actually implementing a RKN
method to solve this system now, we have to repeat that analysis process with
the Lipschitz constant from the RKN methods, h?L||A||. Following exactly the

same process given in equations (34)-(52) and using the substitution

v = h*L||A], (91)
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we find that to find the optimal A we must solve
2+ Inz+ N2 =0 (92)
for x and then solve for h using (91).

Tan [5] solves the Kepler problem using Gauss4 as a Runge-Kutta routine (not
in its induced RKN form) with a fixed step-size of g; for 500,000 iterations.

Just for comparison we did the following:

(1) We solve the problem using the fixed step-size g5 on the interval [0,50]
and determine the maximum absolute variance from the exact solution.

(2) We compute the total cpu time taken to solve the system using this step-
size for 500,000 iterations as Tan does.

(3) We solve the system on the interval [0,50] using the optimal step-size
selection method to determine the value of A that gives us a comparable
error as determined in step one.

(4) We solve the system on the entire interval using this value of A and our

variable step-size selection method.

When we used h = £ to solve the system on the interval [0,50], we found
the maximum absolute variance from the exact solution to be 0.0045. Then
using this fixed step-size, we found that it took 101.577 cpu seconds to solve
the problem taking 500,000 iterations. We then determined that a comparable
error on the interval [0,50] was achieved for A = 55; that error was 0.0046.
When we solve the problem using our variable step-size selection method and
choose A = 55 to a final time of T' = %, we find that the system is solved

in 61.461 cpu seconds, which is 39.5% faster than using the fixed step-size of

™

64"
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In addition to the above comparison, we also compared the fixed step-size
method to the variable step-size method for various values of A and A for this
example. The results of this comparison are given in Tables 4.3.1 and 4.3.2.
We only used Picard iteration to solve for the stage values. We used exactly
the same two measures as we did in the previous section, when we solved the
Kepler problem using the implicit midpoint rule. When we solve the system
with the fixed step-size h = 0.05, the solution is found in 198.247 seconds with
an error of 0.0050. Comparatively, we found that for A = 100, the system is
solved in 193.291 seconds with an error of 0.0036, which is about 28% lower
error. We also found that when the system is solved with the fixed step-size
of h = 0.06, it took 179.498 seconds with an error of 0.0071. We compare this
to the variable step-size with A = 90, which took only 182.738 seconds to once
again get an error of 0.0036, which is about 49% lower error. In addition to
these positive results, we did not notice a large decrease in the error using
the variable step-size method as we increased \. When we used the implicit
midpoint rule in the previous two examples, we noticed a steady decline in the
error as A increased. In this case, we actually noticed that the error only goes
from 0.0036 when A = 90 to 0.0032 when A = 1000. We point out that when
A = 1000, the system is solved in 625.772 seconds which is about 33% faster
than the 927.805 seconds it took with the fixed step-size h = 0.01, where the

error was only 0.0029.

All computations were done in MATLAB® version 6.5.0.180913a Release 13
running in Microsoft Windows XP Professional version 5.1.2600 with an x86

Family 15 Model 2 Stepping 7 Genuinelntel processor running at 2392 Mhz.
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5 Conclusion

The collection of implicit numerical integration routines is vast to say the least.
Often times one routine is chosen over another to improve either efficiency or
accuracy. In this paper, we have shown that it is possible to wisely choose a

variable step-size for these integration schemes.

For linear ordinary differential equations or equations in which the Lipschitz
constant for the function f is known, the task becomes quite simple as the
optimal value of the step-size will not change from one step of the integration
to the next. But, if we are dealing with more complicated non-linear differential
equations, we can still choose an optimal time step at each step of integration of
the system. As we have shown, this process often involves solving a non-linear
equation numerically. Because of this, the computational overhead in using
this optimal step-size routine seems to be too much for solving differential
equations in which the function f is quite simple. However, our results have
shown that this is consistently not the case when f is a complicated function

as we describe below.

Tables 4.1.1, 4.1.2, 4.1.3, 4.1.4, 4.2.1 and 4.2.2 clearly show that, for compa-
rable integration times, the variable step-size selection method presented in
this paper drastically reduces the global error in the solution of the problem.
For the Kepler problem, we found that for comparable execution times, the
error was reduced 41% to 59% when the variable step-size method is used. In
the Lotka-Volterra example, we found that for comparable execution times,
the problem is solved with the error reduced 70% to 96% when we use the

variable step-size method. From studying the tables we may choose A so that
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execution times are comparable, in which case the variable step-size method
noticeably reduces error as evidenced from the above discussion. However, A
may also be adjusted to find comparable errors between the fixed step-size
and variable step-size methods. When you do this, one notices that the time

required to achieve a comparable error for the fixed step-size is much larger.

We must point out that this optimal step-size selection process is dependent
upon the scheme being used and we have concentrated on Runge-Kutta and
Runge-Kutta-Nystrom methods. It should not be too difficult of a task to
adapt this process to the ever growing collection of implicit integration rou-

tines.
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Table 4.1.1

Fixed step-size (Lotka-Volterra model)

h — 0.05 0.08 0.1 0.125 0.2 0.25

T (Picard) || 239.995 | 181.081 | 160.701 | 159.590 | DNC DNC

E (Picard) 0.031 0.069 0.094 0.084 DNC DNC

T (Newton) | 354.380 | 234.427 | 187.720 | 155.564 | 104.811 | 93.294

E (Newton) 0.031 0.069 0.094 0.084 0.228 0.228

Table 4.1.2

Variable step-size (Lotka-Volterra model)

A — 0.25 0.4 0.5 0.75 1 2

T (Picard) || 113.834 | 119.692 | 118.531 | 124.759 | 127.323 | 168.412

E (Picard) 0.115 0.087 0.078 0.048 0.025 0.004

T (Newton) || 117.586 | 124.294 | 127.428 | 140.652 | 151.649 | 229.851

E (Newton) 0.115 0.087 0.078 0.048 0.025 0.004
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Table 4.1.3

Fixed step-size (Lotka-Volterra model)

h — 0.05 0.065 0.08 0.1 0.125
T (Picard) || 67.701 | 57.018 | 50.742 | 46.178 | 45.596
E (Picard) | 0.031 | 0.050 | 0.069 | 0.094 | 0.084
T (Newton) || 67.801 | 53.260 | 43.990 | 35.574 | 29.636
E (Newton) || 0.031 | 0.050 | 0.069 | 0.094 | 0.084
Table 4.1.4
Variable step-size (Lotka-Volterra model)
Ap — 0.4 0.6 0.8 1 2 3.6
T (Picard) 27.097 28.377 28.761 33.902 43.595 67.413
E (Picard) 0.087 0.066 0.044 0.025 0.004 0.003
AN — 8 10 12 14 16 20
T (Newton) || 192.345 | 115.689 | 138.058 | 134.097 | 140.481 | 149.867
E (Newton) || 0.000459 | 0.001130 | 0.000841 | 0.000891 | 0.000819 | 0.000734
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Fig. 4.1.4. Comparison of the variable step-sizes determined by solving (52) versus

(78)

Table 4.2.1

Fixed step-size (Kepler problem)

h — 0.01 0.05 0.1 0.125 0.2 0.25

T (Picard) 84.842 | 21.190 | 13.299 | 11.858 | DNC | DNC

E (Picard) | 0.113 | 1.581 | 2.038 | 2.483 | DNC | DNC

T (Newton) || 137.506 | 29.602 | 16.503 | 14.391 | DNC | DNC

E (Newton) 0.113 1.581 | 2.038 | 2.483 | DNC | DNC
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Fig. 4.1.5. Plot of p versus g(p), where g is given by the left hand side of (78)

Table 4.2.2

Variable step-size (Kepler problem)

A = 1 2 4 6 8 10

T (Picard) || 20.199 | 21.572 | 37.234 | 58.505 | 81.388 | 111.440

E (Picard) 1.250 | 0.643 | 0.295 | 0.133 0.067 0.037

T (Newton) | 22.062 | 29.943 | 50.602 | 79.263 | 114.673 | 157.194

E (Newton) || 1.250 | 0.643 | 0.295 | 0.133 0.067 0.037
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Table 4.3.1

Fixed step-size (Kepler problem using RKN)

h — 0.01 0.025 0.05 0.06 0.1
T (Picard) || 927.805 | 341.167 | 198.247 | 179.498 | DNC
E (Picard) | 0.0029 | 0.0030 | 0.0050 | 0.0071 | 0.0508
Table 4.3.2
Variable step-size (Kepler problem using RKN)
A = 90 100 250 500 1000
T (Picard) || 182.738 | 193.291 | 248.634 | 352.381 | 625.772
E (Picard) || 0.0036 | 0.0036 | 0.0032 | 0.0032 | 0.0032
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