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ABSTRACT

Title of Dissertation: GEOMETRIC COOPERATIVE CONTROL OF
FORMATIONS

Fumin Zhang, Doctor of Philosophy, 2004

Dissertation directed by: Professor P.S. Krishnaprasad
Department of Electrical & Computer Engineering

Robots in a team are modeled as particles which obey simple, second
order dynamics. The whole team can be viewed as a deformable body with
changing shape and orientation. Jacobi shape theory is applied to model such
a formation. The configuration space of the whole formation is then viewed
as a fiber bundle on Jacobi shape space. Applications of shape theory to
analyze problems, such as the sequential pursuit, provide insights on body
motion and shape changes.

We derive the controlled system equations using the Lagrange-D’Alembert
principle. In the resulting Lagrangian equations, the motion of the center of
mass of the formation is decoupled from the rotation and shape dynamics.

Furthermore, control forces on each robot are combined and reorganized as



controls for the center, for rotation and for shape changes. From a shape-
theoretic point of view, general feedback control laws are designed to achieve
desired formations. This class of feedback control laws induces interactions
that can be computed in a distributed manner. When communication links
and GPS are available to each robot, we use Jacobi vectors as feedback for
control. We show that formations are set up asymptotically.

The system equations on shape space provide possibilities for achieving
formations without communication links between team members, under the
assumption that each robot uses its sensors to measure shape and rotation
of the formation. We allow each robot freedom to establish a coordinate sys-
tem in which shape dynamics of the whole formation is computed. Without
knowing such coordinate systems of other robots, each robot is able to per-
form cooperative control. This is made possible by a class of gauge covariant
control laws. Using Lyapunov functions, we prove that controlled dynamics
converges to an invariant set where desired shape is achieved. We argue that
this freedom of choosing gauge frame helps to improve controller performance
in a noisy environment.

When all robots are required to have common constant speed, the con-
trol forces have to be of gyroscopic nature. Previous works of Justh and
Krishnaprasad has proposed a shape theory in this context, together with a
class of gyroscopic control laws that are able to produce team behavior. This
has inspired us to study the obstacle avoidance and navigation problem of

a constant speed particle from a point of view of formation shape control.



We achieve gyroscopic control laws to produce suitable interaction between
a moving particle and a piecewise smooth curve. The particular goal is to
achieve boundary following behavior when the particle encounters an obsta-
cle. The “steady state” trajectory of the particle forms a Bertrand pair with
the boundary curve of the obstacle. We discover that this steady state be-
havior correspond to a relative equilibrium for a non-autonomous system on
special Euclidean groups. Our control law achieves asymptotic convergence
of the non-autonomous system dynamics.

The boundary following behavior is a building block for robot navigation
in a cluttered environment. Based on the configuration of the obstacles and
the target, we may construct virtual boundary curves by analyzing sensory
information of the robot. Such virtual boundary curves lead the robot to the
target without collision.

We also study the problem of establishing a formation of satellites near an
elliptic earth orbit. Such formations have periodic shape changes. Therefore,
the shape space is constructed by utilizing conserved quantities of motion
instead of Jacobi shape variables. We propose a control law that would
set up a given formation near a given orbit. This law also allows a satellite
formation to achieve orbit transfer. During the transfer, the formation can be
either maintained or modified to a desired one. Based on the orbit transfer
control law proposed by Chang, Chichka and Marsden for single satellite,
we add coupling terms to the summation of Lyapunov functions for single

satellites. These terms are functions of the difference between the mean



anomalies (or perigee passage times) of formation members. The asymptotic

stability of the desired formation in desired orbits is proved.



GEOMETRIC COOPERATIVE CONTROL OF
FORMATIONS

by
Fumin Zhang

Dissertation submitted to the Faculty of the Graduate School of the
University of Maryland, College Park in partial fulfillment
of the requirements for the degree of
Doctor of Philosophy
2004

Advisory Committee:

Professor P.S. Krishnaprasad, Chairman/Advisor
Professor Eyad Abed

Professor Stuart Antman

Professor John Baras

Professor Steven Marcus



(©Copyright by
Fumin Zhang
2004



DEDICATION

Dedicated to my parents, my sister and my wife.

11



ACKNOWLEDGEMENTS

In 1998, Dr. Krishnaprasad offered me financial aid to come to University
of Maryland as a Ph.D. student. The thoughts and results presented in this
thesis started then. During the six years, Dr. Krishnaprasad has spent
uncountable days with me offering guidance, advice and corrections. He has
contributed significantly to every result documented in this thesis. Other
than the technical results, my skills of scientific communication are also in
great debt to his educating effort.

The research work presented in Chapter 4 has benefited significantly from
my collaboration with Dr. Eric Justh. The first version of the idea of using
a detected point on obstacle boundary as a virtual vehicle was written as an
internal report in the spring of 2003. Since then, Dr. Eric Justh has read
every version of the report, helped to establish the current formulation and
coauthored a conference paper in which convergence results for boundary-
tracking laws (for circular and linear obstacle boundaries) were presented.
He has also helped to extend the two dimensional boundary tracking law to
a simple case in three dimension.

The simulations and experiments in Chapter 3 and Chapter 4 were per-

formed with the help from Mr. Salman Haq, Mr. Micheal Goldgeier and Mr.

111



Alan O’Connor who spent many hours with me when they were undergrad-
uates in or visiting University of Maryland. Although not presented in this
thesis, the curvature estimation research work related to the boundary track-
ing algorithms in Chapter 4 benefits from the help of Mr. Alan O’Connor
and Mr. Derek Luebke. The MDLe system, upon which many experiments
are performed, bears marks from Dr. Dimitrios Hristu, Dr. Sean Andersson,
Mr. Patrick Sodre , Mr. Aaron Greene, Mr. Adrian Cottin and all the people
mentioned before. I really appreciate the Institute of Systems Research and
the Department of Electrical and Computer Engineering for bringing all the
young and talented undergraduate students together to take part in serious
research works.

I would like to thank Dr. Naomi Loenard of Princeton University and
Dr. Vladimir Lumelsky of the University of Wisconsin for advices on possible
extensions of the results in Chapter 4.

I would also like to thank Dr. Dong Eui Chang and Dr. Jerald Marsden
for lending a preprint upon which results in Chapter 5 are built. Mr. Steven
Cooley from NASA has kindly verified those results on FreeFlyer. Dr. Ed
Belbruno successfully organized ASTROCON2003 and helped to publish the
results in Annals of the New York Academy of Sciences.

My research was supported in part by the National Aeronautics and Space
Administration under NASA-GSFC Grant No. NAGbH-10819, by the Air
Force Office of Scientific Research under AFOSR Grant No. F49620-01-0415,
by the Army Research Office under ODDR&E MURI97 Program Grant No.

v



DAAGbH55-97-1-0114 to the Center for Dynamics and Control of Smart Struc-
tures (through Harvard University), and under ODDR&E MURIO1 Program
Grant No. DAAD19-01-1-0465 to the Center for Communicating Networked

Control Systems (through Boston University).



TABLE OF CONTENTS

List of Tables viii
List of Figures ix
1 Introduction and Preliminaries 1
1.1 Contributions of the thesis . . . . . . .. ... ... ... ... 3

1.2 Lie groups and group actions . . . . . . . ... ... ... ... 8

2 Shape Space and Geometry 15
2.1 Jacobi shape space of the many-body problem . . . . . .. .. 17
2.2 Gauge transform . . . . ..o 24
2.2.1 Connections and gauge kinematics . . . ... ... .. 29

2.3 Kendall’s notion of size and shape . . . . . . . ... ... ... 42
2.4 Examples . . .. .. 49
2.4.1 A conserved quantity of sequential pursuit . . . . . . . 49

2.4.2 Line formations: controlling shape and size separately . 57

3 Feedback Control of Small Formations 63
3.1 Lagrangian dynamics of formations . . . . . . . ... ... .. 65
3.2 Feedback law in lab coordinate system . . . . . ... ... .. 73
3.3 Feedback law using shape measurements . . . . . .. ... .. 7
3.3.1 Lyapunov-based control for the general case . . . . . . 7

3.3.2  Various Lyapunov functions and control laws . . . . . . 82

3.4 Cooperative control form . . . . . ... ... ... ... ... . 86
3.5 Gauge covariant control law . . . . . . ... ... 92
3.6 Simulations and results . . . . . .. ..o 94

vi



4 Navigation in Plane

4.1 Frenet-Serret system for planar curves . . . . . . . ... ...
4.2 Bertrand family . . . . . ... .o oo
4.3 Shape space for particles with constant speed . . . . . .. ..
4.4  Controlled motion of the closest point . . . . . . . .. ... ..
4.4.1 Boundary-curve frame convention . . . . . .. .. ...
4.4.2 Shape variables . . . . . ... ...

4.4.3 System equations on SE(2)
4.5 Tracking of boundary curves

4.5.1 The first control law and convergence proof . . . . ..
4.5.2 Stabilized relative equilibrium . . . . ... .. .. ...
4.5.3 Tracking piece-wise smooth curves. . . . . . . . . ...
4.6 Simulation results of boundary tracking . . . . . . .. .. ...
4.7 Navigation using boundary tracking behaviors . . . . . . . ..

4.7.1 Virtual boundary segments

4.7.2 Detection of virtual boundary . . . . . ... ... ...
4.7.3 Navigation through many obstacles . . . . . . .. ...

5 Coordinated Orbit Transfer of Satellite Clusters

5.1 Control osculating elements

5.2 Shape space for satellite formations . . . . . . . ... ... ..

5.3 Orbit transfer of single satellite

5.4 Periodic formation . . . . . .. ...
5.5 Transfer of satellite formations between elliptic orbits . . . . .
5.6 Transfer of satellite formations to circular orbits . . . . . . . .
5.7 Simulation results . . . . . . . ...

6 Summary and Future Directions

vil

103
106
107
112
120
123
125
127
128
128
133
135
141
147
150
154
161

167
170
180
182
186
187
199
211

214



LIST OF TABLES

Viil



2.1

2.2

3.1
3.2

3.3

3.4

3.5

3.6

3.7

3.8

LIST OF FIGURES

qe 18 the center of mass. ¢’ is the center of mass of the cluster
containing the first © particles. The Jacobi vector pg; will be
the vector between ¢ and qiy1 scaled by \/p;. . . . . .. ...
Gauge convention for a triangular formation. The shape vari-
able sq is the distance between particle 1 and 2. Shape variable
s9 measures distance between particle 1 and 3. Shape variable
sz is the angle between q1qs and qigz. . . . . . . . . ... ..

Gauge convention for a triangular formation. . . . . . . . ..
Ezxperiment 1, motion and shape changes of the three robot
formation when all robots agree on the same gauge. . . . . . .
Convergence of shape variables and rotation speed when all
robots agree on the same gauge. . . . . . . . . ... ... ...
The gauge frame and Jacobi vectors for robot 3. . . . . . . ..
Ezxperiment 2, motion and shape changes of the three robot
formation when robot 3 uses different gauge frame from robot
Tand 2. . . . . .
Convergence of shape variables and rotation speed when robot
3 uses a special gauge. . . .. ...
The mean and variance of the rotation speed in the last 1.5
seconds of the simulation. Red solid line represents the case
when all robots use the same gauge. Blue dotted line represents
the case when robot 3 chooses a special gauge. . . . . . . . ..
The mean and variance of s1 in the last 1.5 seconds of simula-
tion. Red solid line represents the case when all robots use the
same gauge. Blue dotted line represents the case when robot 3
chooses a special gauge. . . . . . . . ...

1X



3.9 The mean and variance of sy in the last 1.5 seconds of simula-
tion. Red solid line represents the case when all robots use the
same gauge. Blue dotted line represents the case when robot 3
chooses a special gauge. . . . . . . . ... ...

3.10 The mean and variance of ss in the last 1.5 seconds of simula-
tion. Red solid line represents the case when all robots use the
same gauge. Blue dotted line represents the case when robot 3
chooses a special gauge. . . . . . . . ...

4.1 Positions and frames for the trajectory of the moving vehicle
(ro, X2, and ys) and for the closest point on the boundary
curve (v1, X1, and y1). . . ...

4.2 A crack with a type one vertex. Under the first control law,
the vehicle will crash with the vertex. . . . . . . . . . . .. ..

4.3 A crack with new convention for the direction of the curve.
Under the second control law, the vehicle will track the bound-
ary in gen direction. . . . . . . ..o

4.4 Trajectories of boundary tracking of an elliptic obstacle. . . . .

4.5 Shape variables and curvature measured at the closest point
when tracking an elliptic obstacle. . . . . . . . . .. ... ...

4.6  Trajectories of boundary tracking of a nonconvex polygon. . . .

4.7  Shape variables and curvature measured at the closest point
when tracking a nonconvexr polygon. . . . . . . .. ... .. ..

4.8  Trajectories of boundary tracking of an elliptic obstacle, using
the second control law. . . . . . . . . ... ... ... ...

4.9 Shape variables and curvature measured at the closest point

when tracking an elliptic obstacle, using the second control law.

4.10 Shape variables and curvature measured at the closest point
when tracking a nonconvex polygon, using the second control
law. . . . .
4.11 Trajectories of boundary tracking of a nonconvex polygon, us-
ing the second control law. . . . . . . . . . . . ... ... ...
4.12 The construction of virtual boundary curve segments. . . . . .
4.13 The vehicle lies inside the cone formed by ow; and owy. Both
w1 and Wy are invisible by the moving vehicle. . . . . . . . ..

148



4.14

4.15
4.16
4.17
4.18
4.19

4.20

4.21

5.1

5.2
5.3

5.4

Another case where the vehicle lies inside the cone formed by
ow, and ows, both wi and wy are tnuvisible. However, the
vehicle is able to detect a segment of I'y which is also a segment

of Av. . . 156
When the vehicle lies outside the cone, either w1 or wo can be

detected. . . . . . . . . . 156
The first impossible case. . . . . . . . . . . ... ... .. ... 157
The third tmpossible configuration. . . . . . . . . . .. ... .. 158
An algorithm to detect virtual boundary owy. . . . . . . . . .. 159
The case when Hy N Hy = {0}, two virtual boundary segments

owy; and owsyy form a crack. . . . . . . ... ... ... .. 162

The case when one virtual boundary segment owy, intersects
with a true boundary segment. We choose the direction of the
true boundary so that the boundary of Hy U Hy can be followed. 163
The case when the boundary of the set |, H; does not contain

the target 0. . . . . .. L 164
The illustration of the vectors I, A and orbital elements a, e,

i, Qandw. . . . . 172
The relationship between ly,q1, Ay — Agand B . . . . . .. .. 195
The desired final relative motion of two satellites (length unit=

one tenth of earth radius). . . . ... ... ... 212
The relative motion achieved by our algorithm. . . . . . . .. 212

x1



Chapter 1

Introduction and Preliminaries

In human societies, formations are formed deliberately in numerous situations
to achieve goals beyond individual ability. The shapes of formations are
determined according to target applications. For example, rectangles are
formed to transport heavy burdens. Lines are used for hunting or attacking.
Circles are used for defense...etc. In sports and entertainment, keeping and
changing formations is appreciated as a form of art.

Human ability to achieve and maintain formations is acquired by learn-
ing and training. The algorithms are based on a set of rules. Commands or
drums are used as synchronization mechanisms. However, this type of rule-
based formation control requires very high level intelligence which will not
be reached by any man-made device in the near future. On the other hand,
many examples of formations have been observed in mammals, birds, fish

and insects with much lower level intelligence. The most popular one is the



V-shape formation formed by geese and various kinds of birds. Researchers
have come up with different explanations of why and how this shape is formed
but the problem is still an open one([12]). What has been observed is that
formations will help animals to cooperate effectively to face challenges from
nature. A formation will provide more information sharing, more opportuni-
ties in reproducing, safer environment and less consumption of energy. Many
attempts have been made in both explaining and simulating the behaviors of
animal formations([27],[17]). Although the results are heuristic and approxi-
mate, they can serve as inspirations for designing and controlling multi-robot
formations.

In physics, the world without intelligence, various structures of molecules
and the structure of the solar system all suggest that formations can be
achieved by basic interactions between objects. The problem of determining
motion of a group of particles with mutual interactions is called the many-
body problem. This problem has a history back to Kepler, Newton and Euler
and is still a focus of research in modern physics. What are the interactions
which allow particles to form a meaningful formation is the problem we want
to address in this thesis.

This problem is not only interesting theoretically, but also very much
relevant to applications. Some recent development in distributed sensor net-
works and adaptive sampling raised many interests in formation control that
is able to react to environment changes, c.f. [11].

One must keep in mind that Nature does not know how to determine



the coordinates of the particles. The laws of physics, usually represented in
formulas involving coordinates, are actually coordinate independent. A robot
can be viewed as a physical object with low level intelligence. Without help
from a fixed coordinate frame, only shape variables can be determined using
its on-board sensors. As students of Nature, we can artificially introduce
simulated physical interactions between robots to achieve formations. This
serves as the main theme of this thesis. We justify this claim by suggesting
mathematically justified interaction laws for mobile robots, unmanned aerial

vehicles and man-made satellites.

1.1 Contributions of the thesis

Jacobi proposed a special class of coordinates ([23]) which served as the
starting point to what we call the Jacobi shape space. On this shape space,
global displacements (of translation and rotation) are not present. What
remain are quantities which are coordinate free. In fact, the gravitational
potential function and electric potential function, which induce the two basic
natural forces, are functions on this Jacobi shape space. It suggests that
Nature knows how to measure shapes.

The Jacobi shape space can be parametrized in different ways. Working
independently, a statistician D. G. Kendall developed his notion of size-shape
space ([15], [16]) which turns out to be a specially parametrized Jacobi shape

space. Kendall defined a size variable which we prove to be the virial function



well known in physics. After the size information is removed from the Jacobi
shape space, one gets a compact space of “pure shapes” which is the Kendall
shape space.

The above discussions of shape spaces are elaborated in chapter 2. These
insightful results provides mathematical tools describing formations. To show
that we can take advantage of the knowledge of shape spaces. We give two
examples at the end of chapter 2 . In the first example, we analyze a clas-
sical example of sequential pursuit. We discovered that the gauge covariant
angular velocity is a conserved quantity which contributes to the beauty of
system trajectories. The second example is controlling line formations with
possible applications in automated highway systems. In these examples, our
results benefit from Kendall’s notion of size and shape.

In this spirit, we present some results using Lyapunov-based design meth-
ods. The central idea is to find a candidate function with compact sub-level
sets. Then design a control law which produces semi-negative derivative for
this function. We can then argue by using LaSalle’s invariance principle that
the controlled dynamics converges to the maximal invariant set. If the Lya-
punov candidate function is a function on shape space, then the feedback
control law only depends on shape variables.

In chapter 3, a formation of Newtonian particles is modeled as a controlled
Lagrangian system. When there is symmetry in the Lagrangian function, the
dynamics can be reduced to either the shape space or the pre-shape space.

Then it is possible to design a control law based on a Lyapunov function on



the pre-shape space or shape space. Theorem 3.2.1 claims that a simple con-
trol law using measurements of Jacobi vectors can be utilized to setup a given
formation. However, those measurements require the real time availability of
GPS and high speed communication links. Theorem 3.3.1 and 3.3.2 claims
that a desired formation can be set up by using measurements of shape vari-
ables. Since the measurements can be obtained through sensors of the robot,
no GPS is required. To stop the rotation motion of the formation, in theorem
3.3.1, measurements of the angular velocity are employed as feedback. The-
orem 3.3.2 states that if there exists certain friction in the environment then
the formation will stop rotation without using a controller. The motivation
to study such control laws is to lessen the demands on communication links
posed by formation controllers.

The robots that form a formation usually have reasonably strong com-
puting and sensing ability. An ideal cooperative control law should be able
to allow maximum freedom for each robot in addition to achieving coop-
eration. The geometry of the tangent bundle on the shape space provides
a class of gauge invariant and gauge covariant objects. When measured in
different coordinate systems, these objects will either not change its value
in different gauge coordinate frame or the change is compatible with the
frame transform. Theorem 3.4.1 shows one way to utilize the gauge invari-
ant and gauge covariant objects to allow each robot freedom to establish its
own choice of gauge coordinate frame. Simulation shows that by having this

freedom, noise in the sensor data might have less effect on the performance



of formation controllers.

The construction of Jacobi shape space inspired us to look into the pos-
sibilities of constructing other shape spaces suitable for specific context. In
applications involving unmanned aerial vehicles (UAVs) and mobile robots,
the configuration space of each robot is a Euclidean group SE(2) or SE(3).
Meanwhile, regardless of its shape, the whole formation can be described by
one group element that belongs to the same Euclidean group. Then shape
variables are derived by computing the relative displacement between the
group element of each member and the group element for the formation.

Due to fuel efficiency and dynamical stability, UAVs and high speed mo-
bile robots are preferred to maintain constant speed. With the constant speed
constraint, the interactions between the formation members are of gyroscopic
nature. Several ways of designing gyroscopic interactions to achieve forma-
tions have been proposed by [14]. We discovered that the formation control
technique can be applied to generate a control law for obstacle avoidance and
navigation for constant speed vehicles.

Our navigation algorithms are based on a class of control laws that pro-
duce boundary following behaviors for moving vehicles. The steady state
trajectory achieved by this control law is a Bertrand mate of the boundary
curve of an obstacle. We describe the pair of planar Bertrand curves using
the Frenet-Serret formulation. Theorem 4.2.2 shows that if a Bertrand pair
of curves is traversed by a pair of points, then there is at least one configura-

tion where the shape of the points remains constant. Theorem 4.3.1 claims



that a Bertrand pair can be viewed as a relative equilibrium for the motion
of a pair of particles. We discovered that if one particle is a constant speed
vehicle, then the other particle correspond to the closest point to the vehicle
on the boundary curve. To make the vehicle follow the boundary curve, all
we have to do now is to find control laws to achieve this equilibrium.

We have proposed two such control laws. The first control law assumes
that the boundary curve is smooth. The resulting tracking behavior is in-
dependent of the choice for the direction of boundary curve. The second
control law only assumes piecewise smoothness of the boundary curve. The
vehicle is controlled to track the boundary in a given direction.

When there are multiple static obstacles and a fixed target in the en-
vironment, in order to navigate the robot to the target collision free, we
construct virtual obstacle boundaries based on local measurements of the
vehicle. These virtual boundaries are straight lines which go through the
target. Algorithm 4.7.7 proposed one way to construct the virtual bound-
aries. Theorem 4.7.10 states that using such an algorithm and following the
virtual boundaries, the vehicle is able to reach the target without collision.

In the context of the man-made satellites, a space of Keplerian orbits for
single satellite is defined in [7] and [5]. We point out that if the earth is
considered as a member of this two-body formation, the space of Keplerian
orbits can be seen as part of a shape space. When the energy of each orbit is
the same, although the geometric shape of the formation goes under periodic

changes, the difference in the mean anomalies between members are constant.



Thus we name the space of Keplerian orbits of multiple satellites plus the
differences between the mean anomalies as the shape space for a satellite
formation. [47].

In chapter 5, we derived the Gaussian perturbation equations using shape
variables. We then propose a Lyapunov function based control which is
able to set up a periodic satellite formation on elliptic orbits and proved
its convergence in theorem 5.5.2. In the next step, we address the issue
of setting up satellite formations on circular orbits. The difficulty in this
case lies in the fact that on a circular orbit, the mean anomaly cannot be
measured from the perigee since there is no perigee or apogee. The problem
is solved by measuring the mean anomaly from the ascending node instead
of the perigee. Theorem 5.6.2 provides convergence results for the transfer

algorithm to set up formation on circular orbits[48].

1.2 Lie groups and group actions

This section provides a concise review of knowledge related to Lie groups
which is necessary in understanding the proofs and technical details in the
following chapters. However, most of the results in this thesis are accessible
without such knowledge. We also try to explain the concepts in the context
where it is needed.

An algebraic set G is called a group if the following conditions are true:

1. It is equipped with a binary operation “-” between members of the set.



Furthermore, the operation is closed and associative i.e. if g, h, k € G,

then g-h € Gand (g-h) -k =g-(h-k). One often writes g - h as gh.

2. There exists a special member 4, called the identity such that ¢4 - g =
g-id=g-

3. For any member g, there exists a unique member, denoted by ¢g—' such

that g-g ' =g ' g =1,

Members of a group are often called group elements. We say a group is
Abelian if g - h = h - g for all elements.

If the notion of open set is defined on a group G s.t. (1) ) and G are open
sets, (2) the intersection between two open sets is open, and (3) unions of
countable open sets are open, we say GG has a topology. Furthermore, if the

[k

topology is well defined s.t. the group operation and the inverse mapping
that maps ¢ to ¢g~! are continuous, then G becomes a topological group.

A Lie group is a topological group where the group operation and the
inverse mapping are differentiable. Hence, a Lie group not only has the
algebraic properties of a group, but also is viewed as a manifold with metric
and geometric properties.

The most intensively studied Lie groups are matrixz groups. The group
elements are finite dimensional matrices. The group operation is the matrix
multiplication and the inverse mapping is the matrix inverse. It is known

that all finite dimensional Lie groups can be represented by matrix groups.

Therefore the study of matrix groups is very important both practically and



theoretically.

Throughout the thesis we are going to use only two matrix groups, the
orthogonal group O(n) and the special Euclidean group SE(n) where n is a
positive integer. Furthermore, in most cases we let n = 2 or 3.

The Orthogonal group O(n) is the collection of all n x n matrices g sat-
isfying g7g = I,x, where T denotes the matrix transpose. O(n) has two
disconnected pieces. Ome piece contains all the g s.t. det(g) = —1. The
other piece contains all the g s.t. det(g) = 1. We call the piece where
det(g) = 1 the special orthogonal group SO(n).

The special Fuclidean group SFE(n) is constructed by combining SO(n)
and the Euclidean vector space R" in the following way. Let g € SO(n) and
r € R", then a group element h € SE(n) is a (n+ 1) x (n+ 1) matrix of the

following form

r

h:

. (1.1)
0 ... 0‘1

Given a Lie group G and a manifold M, in many situations we are able
to define an operation ®4 for each g € G on every ¢ € M. If the operation
is smooth in both g and ¢, ®,4[®4[q]] = P4ul¢] and @;,[q] = ¢, we call  a
left action of G on M. For example, if G is SO(n) and M is R", we can
define ®4[q] = gg. When n = 3, this action produces a rotation of vector g.
If instead of ®,[®[q]] = P,nlg] one has @,[Py[q]] = Prylg], then @ is called a
right action. We often denote a left action by L, and a right action by R,. If

G is SE(3), then the left action of h € G on R? is obtained by first enlarging
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x € R3 to a vector of four elements (x?,1)7 and then multiply by the 4 x 4
dimensional matrix h to the left.

For each ¢ in M, the action ® produces an orbit, which is a subset of M
defined as O, = {x € M|z = ®4[q] for some g € G}. An action is free if all
group orbits are diffeomorphic to the group G. Another way of saying this is
that ®,[¢] = ®4q] if and only if g = h. For example, the left action of SO(2)
on R? — {0} is free, but the left action of SO(3) on R? is not free because
there is a subgroup of rotations that fixes a given vector.

Because G is also a manifold, at any point hy, one can draw curves passing
through this point. The linear approximation of a curve near hy is a tangent
vector. The collection of all tangent vectors is called the tangent space,
denoted as Tj,G. A tangent space is well defined at each point ( which
is also a group element ) on this manifold. The dimension of the tangent
space is proved to be the same as the dimension of the Lie group.

The Lie group G acts on itself through the group operation. The action
can be a left action or a right action. The left self action maps curves near
a point, say hg to curves near a new point, say h;. Therefore, it induces
an operation on the tangent vectors by translating one vector in the tangent
space of hy to a new vector in the tangent space of h;. We would like to define
this induced operation as an action. Because the operation involves tangent
spaces at every point on the Lie group, it is necessary for us to consider the

collection of all tangent spaces of the Lie group GG. We define this large space
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as the tangent bundle TG. Formally,

G = TG (1.2)

hea
We define the induced action on the tangent spaces as the lifted action T'®,
on the tangent bundle T'G.

Under the lifted action T'®,, starting from an element { of the tangent
space near the identity, the orbit is a vector field on G viewed as a manifold.
This vector field, denoted by X¢, is called a left invariant vector field, because
(1) the vector at each point can be obtained by transporting the tangent
vector £ near the identity using the lifted left action and (2) if the lifted
action T'®, is applied to this vector field, the resulting vector field is the
same as the original one.

For a Lie group G, the tangent space at the identity is called its Lie
algebra, denoted by g. The Lie algebra is equipped with a bracket operation

which is defined as

[5777]1 = [XéaXn]L’id (1'3)

where the bracket between the two left invariant vector field is the Jacobi-Lie

bracket defined as

(X Y]L(f) = X(Y () = Y(X(/)) (1.4)

where f is a smooth function on the Lie group. For G = SO(n), its Lie alge-
bra is denoted as so(n) which contains n x n skew-symmetric matrices. And

the Lie bracket is just the bracket operation between matrices. When n = 3,
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the Lie algebra so(3) is diffeomorphic to R* and the Lie bracket is the cross
product between vectors. Therefore, it is often more convenient to represent
elements of so(3) as three dimensional vectors. In such a context, one often
use ¢ for the vector representation and use E for the matrix representation.

We have, for £,n € so(3),

——

Eali=Ex1. (1.5)

For an element ¢ € g, we define the exponential map exp : g — G s.t.

d
S exp(t€)imo = € (1.6)

and exp((t + $)&) = exp(t&)exp(s). For each £ one obtains a group element
exp(§). The exponential map is a diffeomorphism between the Lie algebra
and an open neighborhood of the Lie group G near the identity element.
An important action is the adjoint action where group G acts on its Lie
algebra. Let L, and R, denote the left and right self action of a Lie group

G. For ¢ € g, the adjoint action of G on g is defined as:

d

Adyle] = =

Ly[Ry  exp(t€)]]] =0 (1.7)

For G = SO(3), the adjoint action is

Adyl€] = 997" or Ad,l¢] = g€ . (1.8)

For an element £ € G, there exists a one parameter subgroup exp(t§) € G.
If we already defined an action ® of G on some manifold M, then @y, () is the

action of the one parameter subgroup on M. We can define the infinitesimal
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generator of the action as

d

Ea(q) = = Pepiigy[4]li=o0 - (1.9)

For G = SO(3), the infinitesimal generator is

Ealg) =Eg=Exq. (1.10)

Given a vector field X (¢) on a manifold M, suppose G acts on M by the
action ®,. A point ¢. € M is a relative equilibrium of X(q) if there exists
£ egs.t.

X(Qe) :éG(Qe) : (111)

Unlike at an equilibrium, the vector field at a relative equilibrium does not
vanish. Instead, it coincides with the tangent vector of a group orbit. We
note that if the vector field X is non-autonomous, then ¢ is allowed to be
time-dependent. If this is the case, we say ¢. is a relative equilibrium for the

non-autonomous vector field X (g, t) if there exists £(t) € g s.t.

X(ges t) = €6(es 1) - (1.12)
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Chapter 2

Shape Space and Geometry

The many body problem has been a focus of classical mechanics and quan-
tum mechanics for more than two centuries. During the last 30 years, modern
geometry started to play an important role toward getting insights on classi-
cal results and explaining new observations. From a geometric point of view,
the shape of a formation is invariant under left action of a Euclidean group,
i.e. rotation and translation. Under appropriate technical assumptions, one
can split the entire configuration space into two parts. One space corresponds
to a group orbit, which has the same structure as the group. The other space
is the collection of points, each point represents one group orbit. We call the
first space a fiber and the second space the base space. Points that belong
to the base space describe the shape of the formation, hence the base space
is also called the shape space. Bearing the similarity with the framework for

studying non-holonomic mechanical system (c.f. [43]), such decomposition is
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called a principal fiber bundle.

Motions in the configuration space can also split, resulting in motions
in the shape space and motions in the fiber. One interesting phenomenon
happens here: one motion in the shape space may cause another motion in
the fiber. To describe the relationship between the two motions, we need
two mathematical tools. First we shall establish a gauge convention, which
assign each point on the fiber a unique group element. We can then slice
the configuration space into sections, each section contains points that corre-
spond to an identical group element. Secondly, we shall define a connection
form, which describes the drift along fibers when one tries to move within a
section. In another words, the connection form tells us how much rotation
of a formation is produced by changing the shape of the formation. This
connection form is represented as gauge potentials in physics [23].

On another track, mathematicians working in the field of statistical pat-
tern recognition started to develop their own notion of size-shape space from
the late 70s and early 80s. Kendall is one of them[15] [16]. If we assume
all the particles in a many body problem have the same mass, then a shape
space in physics sense will be further decomposed into a size variable and a
shape space in Kendall’s notion. Hence the Kendall shape space is a compact
manifold equipped with a Riemannian metric. This will allow us to control
the size and the shape of a formation separately.

Other than the two shape spaces defined above, in the context of satellite

formations, the space of Keplerian orbits is introduced in [7] [5]. Shape space
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is also defined when ensembles of rigid bodies such as G-snakes [39] [40] are
studied. Those shape spaces are utilized later in other chapters to solve
specific problems. In this section we will study the Jacobi and Kendall shape

spaces and the geometric structures associated to them.

2.1 Jacobishape space of the many-body prob-
lem

To describe the motion of a cluster of particles, we set up a fixed coordinate
frame first. We call it the space frame or the fixed lab frame. Let ¢; € R?,
1 = 1,2,..., N, denote the coordinates of N particles with mass m;. The

kinetic energy of this cluster is
| N
tot __ — a2
K™ = 5 ;1 mi |l G ll” - (2.1)

This kinetic energy is invariant under translation, because if the positions of
all particles are subjected to the transform ¢; — ¢; + z. for all ¢ where z,. is

a given vector in R3, then the value of K** is unchanged. Let

M=> m. (2.2)

Let

N
iz Midi (2.3)

Gc = M
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We can see ¢, is the coordinate for the center of mass. Now one can define a

new set of coordinates cg; as
Cti = 4i — {qc - (2‘4)
Then the kinetic energy can be expressed as
1 1 o
tot __ . 2 - ) . 2

Hence K is separated into two parts. The first part is the translational kinetic
energy which only depends on || g, ||. The second part is the internal kinetic

energy which only depends on the internal variables cg;. But since

N
Zmi(:fi = 0, (26)
=1

we can find (N—1) independent vectors (pg;, 2 = 1,2, ..., N—1) from span(cg;, i =

1,2,..., N). We want pg; be chosen such that the kinetic energy has the form
1 =
o .2 .2
K = oM qel®+ 5> ol (2.7)
i=1

Such a set of pg; are called the Jacobi coordinates.

One way of constructing the Jacobi coordinates is to let

P = \/Ml(CfQ—Cﬂ)

mM1Cs + MaCpo
P2 = /H2(cg — ————

)

mi + Mo

i: mgCri
P = \/Mi(cf(i+1) - Zkﬁi)
> k1 Mk
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v

Figure 2.1: q. is the center of mass. ¢ is the center of mass of the cluster

containing the first v particles. The Jacobi vector pe; will be the vector between

q' and g1 scaled by \/1;.

ZN;1 My Cry
PEN-1) = \/,UNfl(CfN - kNl_—l) (2-8)

k=1 "%

where

1 1 1
- + fori=1,2,...,N—1. (2.9)

-
Hi Y my Mg

The proof for this construction satisfying (2.7) will be provided later (see

proposition 2.3.1 and its proof).
By constructing the Jacobi coordinates, we have implemented a linear
transformation ® from ¢; to (q., pg;). If we express ® in a (N x N) matrix,

we have:

[QCapfla"'apf(Nfl)] = [q17q27"'7QN](I) (210)



O, = fi—n (i>1)
m

o, = _\/,U/j—lj_ilz (4 >1 1<)
D ket Mk

Oy = 0 (j>11>7) (2.11)
As one can see from the definitions and figure 2.1, the vectors py; are
constructed by finding the scaled relative displacement between the (i + 1)th
particle and the center of mass of the sub-cluster of first ¢ particles. This
process depends on how the particles are labeled. We can also change the
way we sub-cluster particles as in [2], [22] and [23]. Hence Jacobi coordinates

are not unique. However, between any two sets of Jacobi coordinates there

exists an element h € O(N — 1) s.t.

[p%lap%% "':p%(Nfl)] = [p%bp%% '--:P%(Nq)]h . (2.12)

This representation of the orthogonal group O(N —1) is called the democracy
group [23].

The existence of the democracy group gives us an immediate advantage
in computing the transform from (gc, ps1, pro, - - -, prv—1)) to (¢1, 42, -, qn)
i.e. the inverse of the transform that defines ¢. and pg;. If we can compute
the inverse map for one set of Jacobi variables, say ®; ", then for another set

of Jacobi variables, the inverse map ®;' can be obtained by

o, = b Pt (2.13)
2 — 1 . .
0 h

Therefore it is only necessary to compute one such inverse map, namely ®~1.

We have the following lemma:
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Lemma 2.1.1 Let
1 1

i il
Zj:lmj Zjilmj
fori=(1,2,...,N —1). Suppose py;, (i = 1,2,...,N — 1) are defined by

V; =

(2.14)

equation (2.8). Then

N-1
1 1
@ = G+ ( — - k7> pre—n = D (V7)Pts (2.15)

Mk Zj:l m; =k
where we let py =0 and k =1,2,.... N

Proof By using equation (2.8), we can verify that

1 1 1
Qk+1 — Gk = —F—Ptk — — T =k | Pt-1
vV Hk ( Mk Zj:l mj)

G o= qc—Z(\/V_j)pfj, (2.16)

for k=1,2,..., N —1, by evaluating the right hand side. We can also verify
that g given by equation (2.15) satisfies equation (2.16). But in the non-

degenerate case the solution to equation (2.16) is unique. Therefore (2.15)

gives the transform from (g, pr1, pr2, - - - prv—1)) to (¢1, 2, -, qw)- ™

Let @ = R3M be the total configuration space of the formation. The

space of Jacobi coordinates is R*¥~3. We define
e
K== o ||° 2.17
53 Ll @.17)

This K is invariant under the diagonal left action on R3¥=3 by the special

orthogonal group G = SO(3). The action is:

Dy (pri) = gpri forg € G . (2.18)
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This symmetry group G acts on R*¥ =3 properly and freely except for the
shapes where all pg; are collinear. We let the set Fiy be the set of all the Jacobi
coordinates corresponding to collinear shapes. Let F' = R3V=3 — Fj and call
it the Jacobi pre-shape space. It is an open sub-manifold of the configuration
space. Since G acts properly and freely on F, the base space B = F/G is
a smooth manifold and the canonical projection 7 : ' — B is differentiable.
B is called the Jacobi shape space.

In dropping from F' to B, we get rid of the SO(3) symmetry from the
Jacobi coordinates. After the reduction, the dimension of the shape space B

is (3N — 6). On this shape space we can define shape coordinates s; as
S = Sj(pfl,pfg, ...,pf(N_l)) fOI‘j = 1, 2, (3N - 6) (219)

s.t.

si(gpe, Gpr2; -, Gprv—1)) = 8;(Pr1, P2 s PEN-1)) (2.20)

for all ¢ € SO(3). Candidates for s/ are functions of dot products (pg; - pr;)
and triple products (pr; - (pr; X pge)). Thus, mutual distances, bearing angles,
areas and volumes formed by the line segments connecting the particles all
serve as candidates for shape variables.

One can establish a body coordinate system on a formation with certain
shape. The reference orientation of this formation can be defined as the
orientation when the body coordinate frame and the lab coordinate frame
coincide. Then the orientation of this formation with the same shape can

be described by an element g € SO(3). The Jacobi coordinates in these two
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coordinate systems have the following relationship:

pri = gpi(s) (2.21)

where

S = (81,82,...,S3N_6)T. (222)

p; are Jacobi coordinates in the body coordinate frame which only depend
on shape coordinates.

Taking derivative on both sides of (2.21), we get
pri = Gpi + gpi - (2.23)

On a matrix Lie group G, g € T,G. There exists = g the Lie algebra s.t.
g =g . Inour case, G = SO(3), so g = (R?, x). Thus the derivative of

18

pri=g(QUx pi+ Y asis'j) : (2.24)
J

In the body coordinate frame, the angular momentum of the whole system

J can be calculated as

N-1
J =g Z(sz’ X pr;)
i=1

3N—6

= I(Q+ ) A3, (2.25)

where
N—-1

1(s) = S (Il pi 2 = pip?) (2.26)

=1
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is defined as the locked inertia tensor of the formation in the body coordinate

frame and

- Ipi
J

i=1

are vector potential functions. These quantities are defined on the shape

space because p; only depend on shape coordinates.

2.2 Gauge transform

As discussed in the previous section, for a given shape sy, one can establish a
body coordinate system and obtain a group element in SO(3) which measures
the orientation of the formation and serves as the transform between the lab
coordinate system and the body coordinate system. If the shape of the
formation has changed to s, in order to compare the orientation, one has
to make sure that the body coordinate system is established in a consistent
way. Therefore, the procedure to establish a body coordinate system should
be shape independent. Such a shape independent procedure for establishing
body coordinate system on a deformable body is called a gauge convention.
Formally, a gauge convention is a diffeomorphism between F' and G x B
mapping any point pr € F to (g,s) € G x B s.t. @, [pf] is mapped to
(919,s). Notice that g serves as part of the coordinates for p; independent
of s. For example, let (g1, qo,q3) describe three points in R3. Except for
the singular cases of collinear shapes, one can establish the body coordinate

system of this triangular formation as follows:
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1. Place the origin at center of mass, let the z-axis be aligned with vector
q1Gs-

2. Let the y-axis be in the plane formed by triangle ¢;¢2q3, perpendicular to
the z-axis and points towards point gs.

3. Let the z-axis form a right handed coordinate system with z-axis and
Y-axis.

It is easy to see that this method is truly shape independent.

Gauge conventions are generally not unique. Let g € SO(3) describes the
orientation of the formation for any s € B under one gauge convention. Let
g1 € SO(3) describes the orientation of the formation for the same s € B
under another gauge convention. Then by the property of SO(3), there exists
h(s) such that

9= g1h"(s) (2.28)
where h : B — SO(3) is a SO(3) valued function on B. This right action of
h(s) on SO(3) is called a gauge transform. Because a gauge transform is a
shape dependent group action, an object which obeys certain transformation
rules under rigid group action by SO(3) may violate such rules under a
gauge transform. We say an object is gauge invariant if it is invariant under
any gauge transform. We say an object is gauge covariant if it obeys the
transformation rules for rigid group action by SO(3) when it is subjected
to gauge transforms. An obvious example of a gauge invariant object is the
shape variable s. The tangent vectors to the shape space B are also gauge

invariant. An obvious example of a gauge covariant object is the Jacobi
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vectors p;. Because
9pi = Pti = G1pit (2.29)

this implies that
pi = h(s)pir - (2.30)

Hence p;; is transformed to p; via the left action by SO(3).

In the applications of cooperative control, gauge invariance and gauge
covariance are desired because of the distributed nature of the computing
power. Each agent within a team has its own freedom or limitation on how
to describe the combined system. A gauge invariant or covariant object can
be shared across multiple agents with little or no conversion.

Let F' denote the Jacobi Pre-shape space coordinated by (g,s) where
g € SO(3) and s = (s1,59,...,83nv_¢) € B where B is the Jacobi shape
manifold. A point in the tangent space TF(g,s) can be represented by
(9,5, gﬁ, v) where Qe so(3). However, such representation of T'F is not

gauge covariant. Under a gauge transform
g=aqh"(s), (2.31)
then we can calculate the transform of Q) as
Q=g
(s)g1 (1" (s) + g1 (s))
Q

h(s)
= h(s)UhT(s) + h(s)hT(s)
h(s)(Q1 + AT (s)h(s))hT (s) . (2.32)
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Since hT(s)h(s) = iq where iq is the identity, we know that hT(s)h(s) =

—h*(s)h(s). We then define

h
ri:th— for i=1,2,....3N —6. (2.33)
S

It is easy to see that I'; € so(3). Therefore, we can let 7; denote the vector

representation of I';. Hence equation (2.32) becomes

3N—-6

Q= n(s)(Q — Z Li5)hT (s) . (2.34)

Its vector form is
3N—6

Q= hs)( 0~ Y ) (235)
i=1
It is clearly not gauge-covariant because €2 can not be transformed to €2 by

any lifted action of SO(3) on so(3). We now define

3N—6
T=0Q+ Y As;. (2.36)

j=1

Lemma 2.2.1 T is gauge covariant and
T =h(s)Ty (2.37)

under the gauge transform

g=gh"(s). (2.38)

Proof

Under the gauge transform, a Jacobi vector is transformed as

pi = h(s)pi - (2.39)
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Therefore, according to the definition of the locked inertia tensor in equation

(2.26), one can verify that
I(s) = h(s)I(s)h" (s) (2.40)

i.e. the locked inertia tensor is gauge covariant.

According to equation (2.27),

N—-1
_ Oh(s)pa
A = 17 — (h(s)pir) x Ts]
«— op Oh(s)
= N(s)I7hT(s)h : L :
()17 R (s) (S)izlpzl X (&Sj + h'(s) D5, pi1)
N-1
= h(s)(Ajp+ 17" Z pir X (75 X pir))
N
= h(s)(Ap+ I Z(H pirII> = pi o) v7)
=1
= h(s)(Aj +5) - (2.41)
Therefore,
3N—6
T o= Q+ > A
=1
’ 3N—-6 3N—6
= h(s)(h — Z Vi8i) + Z h(s)(Aj1 +;)$;
=1 =1
3?\[—6 ’
= h(s)(Qu+ Y Ans;)
j=1
= h(s)Y; . (2.42)

]
Thus, a gauge co-variant coordinates for a point in the tangent space

TF(g,s)is (9,5,97,v).
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2.2.1 Connections and gauge kinematics

In the previous sections, objects such as I, J and A arise when we tried
to write the kinetic energy in a split form. We have given formulas for
computing those objects in either the fixed lab coordinate system or the
body coordinate system. Although the results are necessary and preferred
by engineering applications, the mathematical properties of these objects are
not fully shown. Therefore, we would like to redefine the objects including
I, J and A, and concepts such as gauge convention and gauge transform, by
taking a geometrically intrinsic approach. This approach provides a clearer
image for the underlying structure of the problem and may also lead to
generalization of our results to a larger class of systems.

A function with multiple arguments can often be viewed as an operator
acting on the domain of one of its arguments. The other arguments can then
be viewed as parameters for this operator. To distinguish the argument being
operated from the parameters, we use | | to enclose the argument and use ()
to enclose the parameters.

We first point out that (F, B, m, G) forms a principal fiber bundle with
shape space at the base and SO(3) orbits as fibers. Let T),, F' be the tangent
space of F' at point pr € F. Let s = m(p¢) be the base point of p; in B. The

tangent space to B at point sis Ty B. Let TF = | T, F,TB =, T:B.

ptEF
TF, TB are called the tangent bundles of F' and B respectively. Here, a point

of the tangent bundle TF' represents a point pf of F' paired with a tangent
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vector v,, to F', while a point of the tangent bundle T'B represents a point
s of B paired with a tangent vector vs to B. Since the canonical mapping 7
maps pr to s, if the tangent vectors to F' and B are viewed as infinitesimal
approximations for curves in I’ and B passing through p; and s, then 7
induces a tangent map 7T'm which maps a tangent vector v, in T, F' to a
tangent vector v, in TyB. Therefore, the map (m, Tw) defines a projection
map from tangent bundle TF' to tangent bundle T'B. This projection map
(7, T'm) annihilates tangent vectors to the fibers (group orbits). Such tangent
vectors to the fibers are closely related to the tangent vectors to the Lie group
G.

For a Lie group G, the tangent space at the identity is called the Lie
algebra associated with G, denoted by g. Then any curve g(t) € G passing
g(0) when t = 0, can be expressed as VU q)[exp(t§)] where ¥ denotes the
group operator, £ denotes a vector in g and exp(-) is the exponential map
between tangent space and base space. If we take derivative with respect to
t along those curves, we obtain a linear map TV : g — T50)G between the
Lie algebra and the tangent space at ¢g(0). Furthermore, any tangent vector
to the Lie group G at point g(0) can be represented by T}V [£].

Other than TV, we can define another linear operator Adyqy : g — g,

which we call the adjoint operator, as follows:

d
Ady(o)[€] = T 0) Yoo g ()] (2.43)

where £ € g.
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We now compute the tangent vector to the fibers of F'. Let £x(pr) € 1), F

be the infinitesimal generator of the group action ®, on F' induced by £ € g,

which is defined as
d

€F(pf) = %(I)exp(tﬁ) [Pf”t:o . (244)

Then the tangent vector to a fiber of I at point pf = (g, s) is

d d
%é‘llg[exp(tﬁ)] [orlli=0 = 7 (@yPexp(ie)[pt]) |i=0
= TPyr(pr)] - (2.45)

This equation implies that at any given point in F', there is a one to one
correspondence between a tangent vector to the fiber and a vector in the Lie
algebra g of the Lie group G.

The map T'm and the infinitesimal generator indicate that the tangent
bundle T'F' can be viewed as a combination of the tangent bundle T'B and
a Lie algebra g. Therefore, a tangent vector to F' can be represented by a
tangent vector to B and a vector in the Lie algebra. However, this separation
does not mean that T'B and g are decoupled or unrelated. In fact, because of
the existence of a Riemannian metric on F, there exists interesting coupling
between T'B and g. Mathematically, we say there exists a connection between
a tangent vector to F' and a vector in g.

To describe such a connection, we need a mathematical object called a lie
algebra valued one form. It is a linear operator wy : TF — g represented as
w(ps)[ve] for ps € F' and vs € T, F'. Concerning the group action @, and the

induced tangent operator T'®,, we use the notation ®’ws(ps)[ve] to represent
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w(Py[ps]) [TPg[ve]]. Pjwr is called the pull-back of the one form wi. We call
wg a connection form on F' if the following two properties are satisfied:

(1) wepr)[€F] = €

(2) Ppwi(pr)[X] = Adglwe[X]]

for all vector fields X € T'F'. This connection form tells us what is the vector
in g that is associated with a tangent vector to F'. It also puts a restriction
on this association by requiring that the vector in g must satisfy the second
property under group action ®,. Specially, if v = T'®,[{F] is a tangent vector

to a fiber at certain point p; = (g, s). Then
wilv] = wi[T®[Ep]] = Ppuilér] = AdylE] - (2.46)

Once a connection form wy is defined, a given vector field X with X (pf) €

T, F' can be decomposed as

X (pr) = X"(pr) + X" (pr) (2.47)
with

we[ X (pr)] = wi[X (pr)]

wil X" (pr)] = 0. (2.48)

Here, X and X" are called vertical and horizontal components of X. This
suggests that the tangent space T, F' can be decomposed into vertical sub-

space V), and horizontal subspace H,.

T,F=V,&H, (2.49)
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where

V, = {v € T,,Flvy =T®,[¢p], for some £ € g}
H, = {vyeT,Flwve] =0}. (2.50)

Since the vertical vectors are tangent vectors to fibers, we know that T, 7[v] =
0 for v € V,,,. This is to say that the projection of T, F" on to T}, B eliminates
the vertical space V.

On a principal fiber bundle, usually the connection form wy is not uniquely
defined. For a certain class of system called the simple mechanical system
with symmetry, a canonical connection form called the mechanical connection
exists.

A simple mechanical system with symmetryis a quintuple (Q, K,,,, G, V, ®).
(@ is the configuration space. K, is a Riemannian metric on ). V is a smooth
function on Q). G is a Lie group and ® defines the action of G on (). For
q € Q, %Km(q, ) is called the kinetic energy and V(q) is called the poten-
tial energy. The kinetic energy %Km(q, ¢) and potential energy V' should be

invariant under the group action ®, that is,

Kn(@y[a])(TPy[q], TOy[q]) = Kun(a)(d,q)
V(®,lq]) = V(). (2.51)

By this definition, our formation system with V' = 0 is a simple mechan-
ical system with configuration space Q = R® x I, kinetic energy K** and
the group G acting trivially on R?(coordinate of center of mass) but diag-

onally on F' (the Jacobi coordinates). For such a system, we can define a
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locked inertia tensor and a momentum map. These two objects can both be
viewed as linear operators on g. Thus they belong to the dual space of the
Lie algebra g, denoted by g*.

The locked inertia tensor of the system is Iy : F' x g — g* satisfying

Ie(pe, §)nl = Kin(pr)(§rymr) (2.52)

where §,n € g and pr € F.

The momentum map is Js : TF — g* satisfying

Jf(pfavpf)[g] = KM(pf)(vaafF) ) (2'53)

where £ € g, pr € Fand v,, € T, F'.
For the formation system, the mechanical connection is defined as we(pr)

s.t.
we () [Vpe] = Te(pe) " e (pr, vgy)] - (2.54)

It satisfies the first condition for a connection form because

we(pe)[€r] = Ie(pe) ' [Je(pe. €))
= Ie(pe) s (ps, €)]
_— (2.55)

Let us now check for the second condition for a connection form. We want
to know how I, J; and wy are transformed under the group action ®,. We

first compute the transformation rule for an infinitesimal generator g (pf).

d

(@) = = Pespiie gl
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= Ty d_q)fl Desp(te) Pyl pt]

d
= T®Q—1 %éexp(t/ldgfl (€D [pf]

= T, [(Ady1[€))] (2.56)

d
3

Then,

It (pr, §)[n] = 1e(Pylpel, )]
= Kn(Qg[p]) (Er(Pylex]), nr (g pe]))
= Ku(Py[pe]) (TP [(Ady—1[€]) r, TPy [(Ady-1[n]) r])
= Ku(pr)(Adg—1[E]) . (Adg-1[n]) F)
= I(pr, Ady-1[¢])[Ady—[n]]
= (Adg [Le(pr, Adg [E)])); (2.57)

and

O3 Ji(pr, 0) €] = Jr(@gprl, TR [0]) €]
= (P [pr]) (TP [v], E7(Py[px]))
= Ko (P [pe] (TR [v], TR,[(Ady—1[]) ])
= Kn(pr) (v, (Adg-1[¢]) )
= Jilpr, v)[Adg— €]
= (Adg[Je(pr, v)])IE] - (2.58)

Here, Ad; is the conjugate operator of Ad,. If Ad, is represented by a matrix,
then Ad; is represented by the transpose of the matrix. We can rewrite the

above results as
il = (Adl i [If])[Ady]
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OrJp = Adl[J] . (2.59)
Therefore

Orwe = O(I7Ny)

= (®LL) 7' [@] ]

= Ad,[I7[AdL AL [JH])]

= Ad,[I;'[J]]

_ Ady] | (2.60)

that is, wy satisfies the second property of a connection.

With the connection form well defined, we are now ready to define the
relationship between T'B and g. We first notice that the base space B is
embedded in F' by a mapping 7 such that 7 o7 = 14, Where 44, denotes the
identity map. Unlike the mapping 7, 7 is not uniquely determined. Let 7, be
one possible choice and 7, be another. 7i(s) and 7(s) lie on the same fiber
(group orbit) because they are mapped to the same point on the base space

by 7. Then for each s € B, there exists a group element h(s) € G s.t.

71(8) = Pn(s)[T2(5)] (2.61)

We define a gauge convention to be a choice of map 7. The set 7(B) is called
the zero section of the principal fiber bundle. A point in 7(B) is represented
by (ig4, s) where i4 is the identity element of the Lie group G. We define the
action of the group valued function h(s) described in equation (2.61) as a

gauge transform. One can verify that if the group G is SO(3) and the action
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®, is the left action, then these definitions are equivalent to the definitions
for gauge convention and gauge transform in section 2.2.

Furthermore, the map 7(-) induces a tangent map 7'7 which maps a tan-
gent vector to B to a tangent vector to F'. Then, we can define the pull-back

of the connection form w under the map 7, denoted by 7*w as
T wvs] = w[TT]vg]] (2.62)

for v, € Ty, B. This 7*w is a one form on B. It is also called the pull-down
connection form. Such a form defines a relationship between a tangent vector
to B and a vector in the Lie algebra g.

We point out that the notion of gauge invariant and gauge covariant
can be well understood in this framework. The locked inertia tensor I, the
angular momentum J; and the connection form wy are gauge invariant since
they are defined regardless of the choice for 7. Next, we create representations

for It, J; and wy when they are restricted to the zero section 7(B). We define

I(p, &) = I(pr, &)l per)
‘](pv UP) = ‘]f(pf7 Upf) | (£ €T(B),vp; €T, F)
w = I7'[J]. (2.63)

When the group G is SO(3), I and J represent the locked inertia tensor and
angular momentum in the body coordinate system. These representations
are gauge dependent because they depend on the construction of 7. To see

what the dependency is, we introduce a gauge transform ®), which by
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definition, produces pj = @y [pf] where p; € 71(B) and pf € 75(B). The

following calculations show how /,J and w are transformed.

I(p',¢) = ]f(p%vfﬂpflén(B)

= Ir(Pn(s) 0], €) ’P%GTQ(B)

= P07, )

= Adjya o [Ie(pF, Adp—1()[€])]

= Adj o [L(p°, Adp—()[€])]
J(Plavi) = Jf(ﬂ%av;f”p%en(B)

= Je(®n)[pF], TOus)[v2]) |p2em(B)

= Do Ji(pi,vr)

= Adjya o [Je(0F,02,)]

= Adyi [T (0%, 07)]

w(p') = I(p")""I(p")

= Al 1) AL (AL )]

= Adys[L(p*)"'[T(0*)]]

= Adps)w(p)] - (2.64)

In these transformation rules, h(s) appears as if s is a constant i.e. there is

no term involving 8}5—(85). We say I,J and w are gauge covariant because the

transformation rules are the same as the rigid body transformation rules.
The angular velocity and the pull-down connection form also depend on

specific gauge convention. Because their transformation rules involve 8]5(88),

they are neither gauge invariant nor gauge covariant.

38



We mention that although the intrinsic approach is abstract, it is able to
produce the same set of formulas as seen previously in both the lab coordinate
system and the body coordinate system. We would like to show this process
as a validation to the intrinsic approach.

In our context, since the group G is SO(3), the Lie algebra g is so(3). We
can represent the elements of so(3) by 3-dimensional vectors &, n and also by
(3 x 3) skew symmetric matrices .

In the lab coordinate system,

Er(pr) = (§ X pr1, & X pray & X prv-1)) - (2.65)

By the definition of the locked inertia tensor, we have

Li(pe, §)Inl = K(&p,nr)

N-—1

= D (€ xpu)" (0 % psi)
N

= > & (lpeill* e = praptn (2.66)
=1

where e is the 3 x 3 identity matrix. Hence

N-1
Ii(pr) = > (Il pri > e = priphy) - (2.67)
i=1

By similar calculations we find the expression for the momentum map J to

be:
N-1
Telpe, 1) = D pri X fri - (2.68)
=1

The expressions in body coordinates can be derived by applying equation
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(2.63). The locked inertia tensor in body frame is

N-1

160) = Yl pi P e — pud) (2.69)

i=1
We can see that I = glg7. Next, we notice that if pr € 7(B), then according

to equation (2.23), its coordinates satisfy
pri = X pi+ pi . (2.70)

For the momentum map, we have

N-1

T(p,£) = Je(p6, 56l orer(B)peen, ) = D (pi X (2% pi) +pi X pi) . (2.71)
=1

Obviously, J; = gJ. After simplification we have:

N-1

J(P:p):IQ+ZPin3i- (2.72)

=1

Hence, the mechanical connection in body frame is

wip)lp) = I7'J
N-1
= Q41" pixpi (2.73)
=1

Therefore, one can see the relation between wy and w as,

wi(pe)lpr] = Iy e = g1~ = gw(p)[p] (2.74)

After we choose shape coordinates s; on the shape space B, we already

know that

pi = pi(s1, S2, ...S3n—¢) - (2.75)
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Therefore, let v, € T, B, the lift of v, to TrF is

d .
TST[US] = _(p1(8+tvs)7p2(s+tvs)7‘“7pN—1(S+tvs)7ld)|t:0

dt
3N—6 3N—6 3N—6
op1 Op2 Opn-1
= ( ' a—sj’l)sj, : a—sj/l)sj,..., Z Tsj’l)sj,Q = O) (276)
J=1 J=1 J=1
Then by equation (2.73),
T'w(s)[vs] = w(p)[T7[vs]]lpeer(n)
N—1 3N—6 p;
= I7(Q+ ) (pi X a—l 5i)
i=1 j=1 53
N-1 3N—6
dp;
- ]_1 i X - s
(p ' aS]’U ])
=1 J=1
3N—6 N-1 dp
_ -1 i
- Z (1 Zpi X a—sj)vsj : (2.77)
J=1 =1
Define A; as
N-1 p;
A, =171 ;X —— (2.78)
! =1 asj

Then the representation of 7*w in shape coordinates is Z;’fl_ 6 Ajds; where
A; are lie algebra valued functions. A; are called the gauge potentials on the

shape space B. Because

3N—-6

N-1
I Zﬂz‘ X pi = Z Ajsi s (2.79)
i=1 j=1

we also obtained a simpler form for w as

3N—-6

w(g,s,0,8) =Q+ > A4 (2.80)
=1

This is identical with the definition of T in equation (2.36). The gauge

covariant property of T comes from the fact that w is gauge covariant.
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We found the information in [43] and the references therein very helpful
in understanding gauge theory. The block diagonalization technique can be

found in [25, 35, 36, 20, 42].

2.3 Kendall’s notion of size and shape

For a while, statisticians have been asking the following questions: Given
data points on a line, plane, ... R™, how can one describe the shape of the
data? distinguish between two shapes? determine the distance between two
shapes? Starting from the knowledge that shape information is invariant
under translation and rotation, D.G. Kendall rediscovered Jacobi vectors
but with the assumption that all the particles have unit mass [15]. Given N
points in R™, N > 2, as z],75,...,x, written as columns of matrix X*. Then

Kendall’s coordinates are

o = VNz*
1 * * *

\/—N(x1+x2+---+xN)

—(

J m

where 1 < j < (N —1). In matrix form,

Jjn — (@1 + 25+ -+ 7)) (2.81)

X = [33'0,%1, ...,i'/N,l] = X*QN y (282)
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for example:

U R |
V3 V2 V6
= | 1L 1 =
oF = 5 3 (2.83)
1 2
nV %
In fact, if we let m; = my =, ...,my = 1 in the definition of Jacobi coordi-
nates, then
= T Dk M ] (2.84)
i . , ) )
iy g+l

Hence by letting ¢; = z} for « = 1,2,..., N, we have

S imig 1

e = M - /_Nxo
Zj: mgCrg
pii = V(e — St
D ke Mk
B J Q1+ q+ ... +q;
= g - )
j+ 1t j
1 .
= m(]%ﬂ - (Q1+Q2+---+qj))
_a (2:85)

Thus we have proved that Kendall coordinates are Jacobi coordinates with
the unit mass assumption.

The Kendall size variable is defined as

N N-1
S= 2 lar—azllP= | DIz (2.86)
i=1 i=1

Assuming S # 0, we have removed degeneracy of total collision, correspond-

ing to the case when the formation will shrink to one point so that no shape
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need to be studied. After dropping the first column in matrix X , then divide

the result by S, we get an (m x (N — 1)) matrix
X = [1'1,33'2...,33']\/',1] (287)

where z; = 7;/S. X is a point in a (m(N — 1) — 1) dimensional sphere
which is defined as the Kendall pre-shape sphere SN. A Kendall shape is an
equivalence class [X] on the pre-shape sphere where the equivalence relation
~ s :
X~Y,

if there exists T' € SO(m) s.t. X = TY . The Kendall shape space is the
space of such equivalence classes, denoted by X2, Tt is the shape space of N
data points in R™. Notice that only the case where all particles collide has
been excluded from this shape space.

The similarity between Kendall’s procedure and Jacobi’s procedure is
very clear. After the unit mass assumption is dropped, we can make a small

extension to the definitions of Kendall’s size variable so that

(2.88)

In fact, this size variable S can be viewed as a special choice of Jacobi shape
variable. We extend the Kendall coordinates to be the Jacobi coordinates.
Then this extended Kendall shape space is a compact sub-manifold of Jacobi
shape space. All the future arguments about Kendall shape space is applica-

ble to the extended one if we replace the Kendall coordinates by the Jacobi
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coordinates.

From now on, the terms shape variable(s) or shape coordinate(s) will refer
to variables or coordinates on the Jacobi shape space. The terms pure shape
variable(s) or pure shape coordinate(s)will refer to variables or coordinates on
the extended Kendall shape space where size information has been removed.

We discovered an interesting fact. The size variable S is equivalent to
the virial function which has been used for measuring the size of star clusters

much earlier than Kendall’s work. The virial function is defined as

N

1
Vi=) S I cei |2 (2.89)

=1

where cg; is defined in Equation (2.4).

Proposition 2.3.1 %5'2 =V
Proof

We are going to use the induction method. Starting from N = 2, we have

pr = +/(cr —cn) . (2.90)

But since we already know that

M1Cf1 + MoCrp = 0. (291)
Then
Cry = —@Cﬂ : (2.92)
me

Thus replace cp in equation (2.90) by equation (2.92), we get

mq +m2

P = —V/HMi—————Cn

mo
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my(mg + my)

= —y/—""" . 2.93
e Ci1 (2.93)
Hence
1 1
-§2 — = 2
253 = Sllonl
- mlmetm)y I
9y f1
1 1m
= §m1 | et ||2 + iﬁ || Cf1 ||
1 1
= 3M | cn H2 + 52 | cro H
- V. (2.94)

Now, suppose the proposition holds for N particles i.e.
N N1

induction hypothesis Z —m; || ef) H Z s l? (2.95)
i=1 —
we want to show it holds for (N + 1) particles. Notlce the addition of the

(N + 1)th particle has changed the center of mass from ¢V to ¢¥*!. By

definition of the Jacobi vectors we get

PEN = \/MN+1(C?([]¢L) — (¢ —q2™) (2.96)
where
M
fiNL = NMN+1 (2.97)

My +myi

where My = "N 'm;. We also have

My (g2 = ¢X) +mypicfi,) =0 (2.98)

Thus equation (2.96) can be rewritten as

(My 4+ myi1)myga
piN = \/ MN+ ety - (2.99)
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¢ and cfy*! are also related by:
N = C?ZH Fgvt Y
MN+1
= Nt 4 TN CivL1) - (2.100)
Therefore
N-1
1 2 1 2
S — || pgs —
R = Lgllel g lol
Y1
Zi i|lefl H +35 HPfNH
i=1
N o4 m 2
N+1 N+1 N+1
Zam N+ 4 e Cra41)
i=1
+l (My + myi1)myi1 N4+1 2
9 MN f(N+1)
N m
+1 N+1 N+1 N+1
ZQmZHCﬁ H + Zmlcfz Cf(N+1)
i=1
1o m? 1 2
N+1 || N1 N+1
+§(Zm) M2, Cf(JJ\;+1 +§mN+1 Cf(JJ\;+1) )
zfl
lmNJrl N1 |
2 My f(N+1)
N 2
1 1m 2
S b e - 2 e |
— 2 2 My
1 2 1m? 2
+1 N+1 || N+1
e ety | +3 My [ |
N+ ,
N+1
> gl
Vi (2.101)
Notice that we used the fact ZZ  micp Tt = —mN+1cgf\;}L1). By induction
the proposition is proved. n
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This proof can be easily modified as a proof to equation (2.7). Hence it
must have been known by Jacobi.
The topology of Kendall shape space has been partially classified in [16].

Some interesting special cases are listed as follows:
e Points on a line: ¥ = SV~2(1) a unit sphere.

e Points on a plane: XY = CPY~2(4) a complex projective space where

4 is curvature parameter. Specifically, ¥ = S?(1).

e Higher dimension: Y+t ~ §mm+1)/2-1 where a~ means homeomor-

phism. This is a theorem proved by Casson.

On Kendall pre-shape space, for m > 2, we define a metric
1
d(X,Y) = 2arcsin(§ | X —Y|) = arccos(tr(XYT)) (2.102)

where X, Y € S¥. Tt is not difficult to see that d is the great-circle metric on
the unit sphere SV, topologically equivalent to the chordal metric inherited
from R™N-1_ Then on Kendall shape space 3V, we can define a metric §

which is the quotient metric of d.
S(m(X),7(Y)) = min d(X,TY) = arccos( max tr(TXY")) (2.103)

TeSO(m) TeSO(m)

where 7 is the canonical projection.
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2.4 Examples

2.4.1 A conserved quantity of sequential pursuit

In this section we apply shape theory to analyze the problem of sequential
pursuit. The simplest such problem is of the following form.
Let (q1, ¢2, q3) denote the positions of three particles in R3. Suppose they

satisfy the equations

G = @—q
G2 = q3— @

We want to show that from any initial configuration, (1, ¢o, g3) will converge
to the centroid of the initial shape. This result is known to Brocard in 1877
[4]. Tt was studied later in [3] and more recently in [21].

The proof for convergence is straight forward after we express the system

equations using the Jacobi shape coordinates. It is obvious that

) 1. ) )
4c = g((h +¢+q¢3) =0. (2.105)

Then according to the definition of the Jacobi vectors in equation (2.8)

. 1. . 1
P = %((& —q1) = %(% —2¢2 +q1)

b = g (q'g e ;‘ (h) _ ( g) (¢ —q3) - (2.106)

According to the inverse transform presented in (2.15), we have

V2 1

@1 = {c— 7pf1 - %pm
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VR
q2 qc 5 Pr1 \/gpfz

V2
= Q.+ —pp . 2.107
e Gt 5P ( )

Then, the equations in Jacobi coordinates are

3 V3

P = _%/_Pfl + 7sz
) 3 3
P = TP T 5P (2.108)

One can see that the system is a linear system with eigenvalues equal to
—% + i?. Therefore, as t — 0, pg, prp — 0. Since g, is fixed, the three
particles will converge to ¢.. The eigenvalues are invariant under the action
of the democracy group. Therefore the convergence does not depend on the
choice for Jacobi coordinates.

Next, by using shape theory we are to analysis the geometric property
of the convergence for triangular shapes. We want to understand how the
shape of the “virtual” body formed by the three particles evolves in time and
how fast the whole body is rotating around the centroid. It seems that these
questions have not yet been answered in literature.

As shown in figure 2.2, we establish a gauge convention as discussed in
section 2.2. The origin are chosen to be at the center of mass. The z-axis
is aligned with the line joining particles 1 and 2 pointing towards particle 2.
We choose the y-axis to be perpendicular to the z-axis in the plane formed
by the three particles such that the x —y coordinate system is a right handed

system. We choose the z-axis to form a right handed 3-D coordinate system
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Figure 2.2: Gauge convention for a triangular formation. The shape variable
sy 1s the distance between particle 1 and 2. Shape variable so measures dis-
tance between particle 1 and 3. Shape variable s3 is the angle between ¢,q3

and 1.

with x and y axis.

Three shape variables are chosen. The shape variable s; is the distance
between particles 1 and 2. Shape variable s, measures distance between par-
ticles 1 and 3. Shape variable s3 is the angle shown in figure 2.2. These three
variables are enough to describe a triangle because according to previous dis-
cussions, the dimension of the Jacobi shape space formed by three particles
is 3.

Under the chosen gauge convention, the coordinates of particle 2 are
(51,0,0)T. Particle 3 has the coordinates (sqcos(s3), sesin(sz),0)?. Thus,

the Jacobi vectors in this body frame are
pro= m(s1,0, O)T
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m .
p2 = /(s cos(ss) — 21, s5in(s3),0)7 . (2.109)

mq +m2

The following calculations can be carried out:

| p1 H2 = MlS%
o2l = pal(scos(ss) = ——*—s1)? + s sin(sy))
my + mo 2
st 0 0
ppi = m| 0 00
0 00
P2Pg =
(s2c08(s3) — 7t2ms1)? s sin(ss)(s2 cos(s3) — 72—s1) 0
M2 | sysin(sz)(spcos(s3) — 2 —s1) s2sin?(s3) 0
0 0 0
Thus, we can calculate the locked inertia tensor I. Since
I=|pil*e=ppl +lpl*e—ppi (2.110)
we have
Ill = /,6283 sin2(33)
Ly = I sin(sy) (s cos(s) — ———s1)
= = — 1259 sin(s3) (s cos(sg) — —————s
12 21 K252 352 m3 M1+ ma 1
I _ 2 . 2 2
2 p1ST + pa(s2 cos(ss) - j;,me s1)
T _ 2 i 2 2 2 12
33 p181 + pia((s2 cos(ss) p— m251) + 55 8in°(s3))
I3 = Iyp=1Ls=15=0. (2.111)
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In order to calculate the gauge potential A, the following derivatives are

calculated:
3/)1 T
— = /u/1,0,0
881 Ml[? ) ]
apl T
— = 10,0,0
(982 [ T ]
Op1 T
— = 10,0,0
883 [ T ]
Opa M2 T
— = /ls|———.,0,0
881 :LLQ[ m1+m27 ) ]
0 .
—apQ = /pe[cos(ss),sin(s3), O]T
52
Opa . . . T
95 = VH2[—S2sin(s3), se cos(s3), 0] . (2.112)
S3
Since
Op1 Op2
A =11 - X —= 2.113
J (plxa]+p2 88]) ( )
for y =1,2,3 , the results are:
1 mo . T
A = —10,0, ———
1 M2133[ A +m282 Slfl(33)]
1 meo . T
Ay = —10,0, ——————s; sin(s
s = gl0.0,—— s sin(s)]
1 mo
As = py—10,0,52 — ———s150cos(s3)]” . 2.114
o = (0,055 = =iy cos(s) 2114)

We want to find €2, the rotation speed of the body and s; for i = 1, 2, 3.
There are altogether six unknowns. These unknowns can be solved from the

six equations given by

3

) op; .

P = Q x Pj + E 85] S; (2115)
i=1 ¢
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for j = 1,2. In our context, we assume that m; = my = mg = 1. Therefore,
when j = 1, according to equation (2.108) and equation (2.115), the first

three equations are

] [+
2 2
3 V3
Q% 0 +s1 | 0 = —501 + 702
0 0
%51 So cos(s3) — %31
3 V3 2 _
=3 0 +t5 /3 So sin(s3) : (2.116)
0 0

We let Q = [Q,,Q,,.]". The above equations are simplified to

0 %5‘1 —%\/531 + %(52 cos(s3) — %31)
%stl + 0 = %82 sin(s3) . (2.117)
—%QySl 0 0

We can then get the following solutions

$1 = —2s1 + s9cos(s3)

Q, = 0

Q. = Zsin(sy). (2.118)
S1

On the next step, we can write the remaining three equations as

—% cos(s3) —$9 8in(ss)
: : 2 _ 2
QX py + 51 0 + 52 3 sin(sg) | +53- \/; Sg cos(s3)
0 0 0
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—%\/gsg cos(s3)
V3 3 [2. o
0

One can verify that

_\/E . 52 sin?(s3)
3 S1
QX py = 2. 22 sin(s3)(s2 cos(s3) — Ts1) | - (2.120)

259 sin(s3)8
Then we can observe that

0, =0. (2.121)

The remaining two equations are simplified to

s2sin?(s3)

§9c08(83) — $3898in(s3) = —syc08(83) — 81
S1
2 .
$osin(sz) + S350 cos(s3) = —sgsin(sz) — s $in{ss) cos(ss) . (2.122)
S1
We find the solutions to be
§9 = —S$3 — s1c08(s3)
5 = (2~ 2)sin(sy) (2.123)
S9 S1
We now let
Si = sT+s3+ (s]+ 85— 2s159c08(s3))
1
Sy = 55152 sin(ss) . (2.124)

We see S is the square sum of the length of the three edges. If we denote

the size of the formation as Z in Kendall sense and let V; be the virial of
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the three particles, then /S, = V3 Z = v/6V;. S, measures the area of the

triangle. Then

S, = 2(25181 + 25989 — $159 cos(s3) — $182 cos(s3) + S1525in(S3)S3)

= —6(s] + 85 — 5152 08(s3))

_ 39, (2.125)
and
. 1 . . s :
Sy = 5(8182 sin(ss) + s1828in(s3) + s152 cos(s3)$3)
3 )
_ 35, (2.126)

It is obvious that S; — 0 and Sy, — 0 as t — oo.
We now prove that the gauge covariant angular speed T = 2+ 2?21 A; 8
is a constant. From equations (2.114) and the fact that Q, = Q, = 0, we

conclude that T, =T, = 0. Then

T, = Q.4+ A5+ Agé0 + As.Ss

Sy 2 (1
= S—jsm(s;:,) + 3 [532 sin(s3)(—2s1 + s cos(s3))
1. s 1 51 S .
+—=51sin(s3)(s2 + s1.cos(s3)) + | s53 — =s152 cos(s3))(— — —) sin(s3)
2 2 S2  S1
= 2 sin(s3) + —(ﬁ sin(s3))(s152 cos(s3) + =57 — 53)
S1 3]33 S1 2 ! 2
_ s15ysin(s3)
s Is3
- 622
S s
= 22=22, 2.127
Z2 ‘/I ( )
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This means that the rotational speed is the proportion between the area and

the virial of the formation. We can calculate the derivative of T, as

S1S5 — $25
St
—515; + 555,
St
- 0. (2.128)

T, -

= 3

This proves that T is a constant.

2.4.2 Line formations: controlling shape and size sep-

arately

In this subsection we try to control formations of N mobile robots moving
along a predefined straight line. This line can be either the configuration
space of the robots like a trail for trains or a holonomic constraint main-
tained by steering control in the situation of keeping vehicles in the same
lane on a highway. In either of the two cases, the position of each robot
can be described as a scalar. A formation of such robots is represented by
the relative distance between adjacent robots. The relative distance is often
of great importance and need to be adjusted according to safety standards
and communication requirements. For example, consider the case where one
vehicle is following another on a highway, in the presence of constant com-
munication delays, the distance between these two vehicles is increased when

the traveling speed is increased because if the front one has to perform an
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emergent stop, the back one need a longer braking distance to avoid hitting
the front one. On the other hand, the distance between the two vehicles
should not be too big to maintain the wireless communication link between
them. The safe distance will also depend on whether the back vehicle is a
truck or a compact size car. Thus, there is an optimal distance. All the op-
timal distances hence determine an optimal formation which will satisfy all
the safety and communication requirements. Here, we are not going to com-
pute the optimal formation. In stead, we assume that the optimal formation
is known and we want to achieve it from an arbitrary initial formation and
maintain it after wards.

Suppose the formation contains N vehicles. The position ¢. of the center
of mass can be calculated according to equation (2.3). We can then calculate
the Jacobi vectors pg; by using equation (2.8). Since the configuration space
for each vehicle is R. The Jacobi vectors are now scalars. There are N — 1
Jacobi vectors. Thus the pre-shape space F' is RV ~!. Because the symmetry
group is trivial, the base space B coincide with the pre-shape space F', i.e.
pi = pri- This is to say that we do not have to worry about connections and
gauge potentials.

Let Sy denote the size of the formation calculated according to equation
(2.88). We define s; = p; /Sy, (i = 1,2,...N — 2) as the pure shape variables.
It is obvious that the Kendall shape space B is a (N — 2) sphere embedded

in B=RN"1
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Suppose the vehicles obey the simple equations

Us;
o= 2.129
G= ( )

where u; are speed controls. The system equations for (., p;) can be derived

as follows

LN
e = Mzzluz
. Zi: Uk
pi = Vii(ugy — =) (2.130)
D ket Mk
where (i = 1,2,..., N — 1). Then the system equations for the size and pure

shape variables are

N-1 .
Sy = M (2.131)
SN
N-1 . .
i D ki pk(pz;pz Pibk) (2.132)
SN

where (1 =1,2,..., N — 2).
Now we want to find a control law s.t. s; will be kept constant when we
change the size of the formation to a non zero value S°. For this purpose we

let $; = 0. Hence one solution is

P _ Pi
Pk Pi

(2.133)

for any pair of k and 4. If this is true, the derivative of the size variable is
N 2 . .
Sy = @ﬂ = SN& . (2'134)
Sy m P1
A very simple choice of control is to let

&:_kw

2.135
Pi SN ( )
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for i = 1,2,...N — 1. Then we can drive Sy to S°. The controls u; can be
calculated from (2.130) and (2.133). Notice that we have N controls but only
N —1 equations. We can add another equation to either let u; or ¢. be some
predefined speed.

On the other hand, we can find a control law to keep the size constant

while making shape changes. Then from equation (2.131) we have,

N-—1
Z pipi=0. (2.136)
=1

Then we can represent p(y_1) in terms of other p; as

N-2

. Pi .

povn ==Y pi - (2.137)
i1 P(N-1)

The system equations (2.132) are then simplified as

(2.138)

Suppose we want the controlled pure shape variables to trace geodesics
on the (N — 2) sphere. The reason is that following the geodesics is the
fastest way to change shape with a given control magnitude. Let p° and p
denote two points on the (N — 2) sphere. Suppose p° # p, the shortest path
between p° and p is the intersection of the plane spanned by vectors p® and
p and the sphere SN¥=1. The tangent vector p of this curve at point p should

lie in the tangent space of SV~!, Hence

p-p=0. (2.139)
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On the other hand, this tangent vector p must also lie in the plane spanned
by p° and p i.e.

p=1p"+kp. (2.140)

Combining the above two equations we can solve for k and [ as

po 22 (2.141)

Hence, the controls can be solved from

(p- po))
(p-p)

p=1Up"—p (2.142)

and equation (2.130) where [ > 0 is free to choose. In fact, | determines how

fast we want to go along the geodesic.

Proposition 2.4.1 If we apply the control law such that (2.142) is satisfied,
then p — p° asymptotically if the starting position p # —p°.
Proof Let

Vi = % 1o—0"|" . (2.143)

Then

Vi = (p=p")p

_ 0\ L (0 (p-r")
= Up—10")-(p pgw_p))
A s
el
_ el H"pu;; (-7 (2.144)
P
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According to Cauchy-Schwartz inequality we have

1 PP 1P = (o p")2 - (2.145)

Thus V;, < 0 where the equality is true if and only if p and p° is aligned. In

our case, since || p|| = || p° ||, the only chances are p = py or p = —p,. But
the configuration for p = —p° is unstable because V; achieve its maximum
value there. Hence p — p° is proved. n
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Chapter 3

Feedback Control of Small

Formations

Robots in a formation can be viewed as particles subjected to control forces.
Hence a robot formation can be modeled as a controlled Lagrangian system
of particles. What are the interactions, which allow particles (robots) to form
a stable formation, is the problem we want to investigate.

A formation can be studied as a deformable body. Its shape is invariant
under translation and rotation, and is also independent of the coordinate
system in which we choose to describe it. On the Jacobi shape space, the
global displacements, i.e. translation and rotation for the entire body, are
not present. As mentioned in the previous chapter, shape variables are rigid
motion invariants such as inter-particle distances, areas or angles made by

lines connecting the particles.
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In a fixed inertial frame, if the position of each robot can be determined by
using localization technology such as GPS, then Jacobi vectors are convenient
to describe the shape and orientation of the whole formation. A simple
controller is proposed in section 3.2. Under such controller, we use estimates
of Jacobi vectors as feedback to stabilize shape and orientation of a formation.

When no positioning system is available, without knowing robot coordi-
nates in a fixed coordinate system, only shape variables, which are measured
using on-board sensors of robots, can be used to control the formation. In
this case, a gauge convention will be established which provides a gauge frame
for any given shape of the formation.

In a chosen gauge frame, we compute the controlled dynamics of the
whole formation using the Lagrange-D’Alembert principle. In the resulting
equations, control forces of all robots are combined and are represented as
controls for the shape, the position and the orientation respectively. We are
now able to design formation control by starting from designing the combined
forces. The goal is to compute control force on each robot to implement those
combined forces.

Under the assumption that each robot is able to measure the shape and
rotation for the whole formation, we allow no communication between the
robots. If all the robots agree on a unified way to establish a gauge frame
for the whole formation, a simple control law proposed in section 3.3 can
be employed. In section 3.5, we allow each robot the freedom to attach its

own choice of gauge frame to observe the whole formation. This requirement
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often arises when a certain coordinate system is more convenient than others
for getting more accurate estimates from sensory data. Geometric properties
associated with the Jacobi shape space allow us to utilize gauge invariant
and gauge covariant objects to design a cooperative control law to satisfy

this requirement.

3.1 Lagrangian dynamics of formations

Suppose a manifold M is the configuration space of a mechanical system.
Let T'M be the tangent bundle of the configuration space. If the system is
Lagrangian, then there exists a function L on the tangent bundle T'M, such
that the motion of the mechanical system is described by a set of equations
obtained by applying the Lagrange-D’Alembert principle. We call the func-
tion a Lagrangian function. Let (¢,v) denote a point on T'M where ¢ € M

and v € T, M. Then the Lagrange-D’Alembert principle asserts that

d
—D,L—-D,L =f 1
dt v q (3 )

where f represents external force.

By defining Jacobi vectors and then Jacobi shape variables we have gone
through a sequence of changes of coordinates on the configuration space @)
for the entire formation. In the first step, the transform is a diffeomorphism
between @ and R*N mapping configuration variables ¢; to the position of the

center of mass ¢. and the Jacobi vectors pg; . In the second step, the transform
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is a local diffeomorphism between R3 x F and R?* x G x B mapping (q., ps;)

where i =1,2,..., (N — 1) to (g, g, s;) where j =1,2,...(3N —6) s.t.

pri = gpi(s1, S2, ...S3N—¢) - (3.2)

The Lagrangian on T'Q is given by L(q,q) = K**(q) — V(q). Before the

coordinate transformation, K%' has the form
| N
ot / - . N2
Ktt(Q):Ezmi G [l - (3.3)
i=1

The Lagrange equations for the system are just the Newton’s equations:

miG; = 1f; — g—;/ (3.4)

for i =1,2,..., N where f; are control forces.
Apply the Lagrange-D’Alembert principle to Jacobi pre-shape space. The

Lagrange equations for the Lagrangian L(q., pt, g, pr) are

dor oL _

dtdg. g, — °

d oL 0L

W o 3

where u, is the equivalent force on the center of mass and wu¢ represent the

equivalent control on Jacobi vectors. Now the Lagrangian function becomes

N—-1
1 .2 1 . 2
L=-M||q. — = Vige, pa, -, ). 3.6
5 HqH+QZymw| (Ges Pr1s s PEN-1)) (3.6)

Hence, we can calculate the partial derivatives in equation (3.5) to obtain

the system equations in Jacobi coordinates




pri = — + ug; (3.7)

forv=1,2,...N — 1. We notice that the control forces f; are combined into
controls u. and uyg;.

We now go one step further. Let F' denote the Jacobi Pre-shape space
coordinated by (g, s) where g € SO(3) and s = (s, Sa, . . ., S3ny—_6) € B where
B is the Jacobi shape manifold. A point in the tangent bundle T'F' can be
represented by (g, s, g@, v) where Qe s0(3) and v represents $.

Let

A= [Al,AQ,...,AgN_G] (38)

Then we can rewrite the kinetic energy in block diagonalized form as

1 1 1
K = Mg, 12 + §(Q+A$)TI(Q+AS) + §STG$ (3.9)
where
N-1 Op; Op;
ik i 1Ak T ZZI Js;j Osy, ( )

According to the arguments in chapter 2 regarding the decomposition of
a tangent vector into horizontal and vertical components, given a tangent
vector (€2, $), (Q+ As) is its vertical component. Equation (3.9) tells us that
the Riemannian metric which gives rise to K*" induces a Riemannian metric
GG on the horizontal subspace and a Riemannian metric I on the Lie algebra.
Suppose V' is translation invariant. Omitting the center of mass, we are

given a Lagrangian function
1 AT N
L= §(Q+As) I(Q+As)—|—§s Gs—V(g,s) (3.11)
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In order to apply the Lagrange-D’Alembert principle we shall calculate the
derivatives

dL = (D,L, D,L, D gL, D,L). (3.12)

Here dL represents a one form on the tangent bundle TF. This one form
will be evaluated at a tangent vector to T'F'. Let Y be such a tangent vector,
then Y € TTF. We shall first compute Y.

The tangent vector Y contains four components. The first two compo-
nents come from taking Frechet derivatives of the configuration variables
(g,5). We use (gQy,v;) to represent these two components. The last two
components come from taking Frechet derivatives of the velocity variables

(9, v) as follows

d

- exp(e)(Q + €@)|e—o = g(1hQ + @) (3.13)
and
Lot el = (3.14)
e V+ €2)|emg = % . .
Therefore
Y = (¢Q1,v1, g(UQ + @), 2) . (3.15)

Next, we want to solve for dL from the equation

d
dL[Y] = Ll - (3.16)

We compute the left hand side of this equation as

AL[Y] = (DyL,g0)ar + (DL, vy)
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DL, g(UQ +@))ar + (DoL,2) . (3.17)

Here the operation (, ) is the inner product between matrices defined as
! T

(A, B = tr(A” B) . (3.18)

We then compute the right hand side of equation (3.16) as

d d 1
&Lkzo = a|e:o(§(9 +ew + A(s + evy) (8 + €2)) I (s + ev)(Q + ew

1
+A(s+evy) (s + €2)) + 5(5 +e2) G (s + evy) (5 + €z)
—V (g exp(efdy), s + evy))
r G (04 0) .
= w I[(Q+ As) + &[vl,s] I(Q+ A$)
Lo
20s
T 5 419G
+(A2) I(Q2+ As) + 5 s

ov ~
"‘%Ul + <Dg‘/, 991>M . (319)

[v1, Q2+ A3, Q + As]

[v1, 3, 8] + 27 G

Comparing equation (3.17) and (3.19), we first noticed that there is only one

term involving w. Therefore,
(DL, gy = w I(Q + A3) (3.20)

which implies

~

DL = g(I(2+ A3)) . (3.21)

Here we use the notationz /)\to denote the skew symmetric matrix represen-

tation of a three dimensional vector inside the bracket.
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Next, there is only one term involving € in (3.19), hence
(DgL, gQ)ar + (Dyg L, g(Q))ar = (DyV, g ) s (3.22)
which implies that
D,L = g(I(Q+ A3)) Q+ D,V . (3.23)
Observing the terms involving z in (3.19), we obtain
(D,L,z) = (A2)TTI(Q+ A$) + 27 Gs . (3.24)
Here, the inner product is the inner product between vectors. Therefore,

D,L=A"I(Q+ A$) + G5 . (3.25)

Finally, we gather the terms in (3.19) that contain v; and obtain

A, \" 1ol . .
(D,L,v) = (%[Ul, s]) I(Q2+ As) + ag[vl, QO+ As,Q + Ag
10G )%
220059+ (3.26)
In this equation %, g—i and %—f are rank three tensors. We have
A 4) 10449 = Pius s+ ag)
5 VL5 8) = Hglué, 5
0A
= (%)*[S,I(QjLAS),vl] (3.27)
where (%)* is the cyclic transpose of %. Similarly,
oI oI
g[vl,Q—FAé,Q-f-AS] = (%)*[QJFAS,QJFAs,vl] (3.28)
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and

oG . oG.,.. .
g[vl,s, s = (g) 8,8, v1] , (3.29)

c.f. [41] and [1]. Therefore, we can solve for DsL as

DL — (?‘) 5, 1(Q + A38)] + ;(gi)*[Q+As,Q+As]
2 Sy g+ 2 (3.30)

The Lagrange-D’Alembert principle tells us

d | DgsL D,L qu
7 W T = T (3.31)
tl p,L D,L "
Because
d d ~
—D 5L = —(g(I(Q2+ As
EDAL = S (glI(Q+ A3)])
o~ -~ d/\ -~
= gQ(I(Q+ As)) + g%([(ﬂ + As)) , (3.32)
we obtain the equation for rotation as
d~ o~ o~ ~ —~
QE(I(Q + A$)) + gQ (I(Q+ A$)) — ( (Q+ As)) = gu, (3.33)
which implies
d~ o~ o~ ~
@(I(QJFA'é)) +[Q,(I(Q+ A3) 1 =g ' D,V +uy, (3.34)
where we use [, ]; to denote the Lie bracket operation between two matrices.
In vector form, this equation is
d
%I(Q + As) = —Q x I[(Q+ A$) + glaa—v + g . (3.35)
g
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Next, we have

d

d, r . .

0A . : rd : d, ..
- %[s, I(Q+ As)]|+ A E([(Q + As)) + E(GS) . (3.36)

Therefore, the equation for shape changes are

ATS(IO@ +49) + £(69) = () = S0 10+ A9)
3G R+ 45,04 A5
%(%—f)*[s, 8] + %—Z +us . (3.37)

After adding in the equation for the center of mass, the set of Lagrange

equations takes the form

Mi, = u, (3.38)
d o Y%
%(I(Q +A8)=-QxI(Q+As) —g 99 + u, (3.39)
d, .. rd . O0A L, 0A . ,
£(Gs) + A a([(ﬂ—l—As)) = ((g) as)[s,I(Q+As)]
1,01, . .
+§[£] S (24 As, Q4+ As)
1o0G.,, . .. OV
+§[%] (8,8) — 55 T s (3.40)

The relationship between the control forces f;, the control on Jacobi pre-
shape space (u., ug;) and the control on Jacobi shape space (uc, ug4, us) comes
from a well known fact for controlled Lagrangian system: if the coordinate

transformation r = r(q) is a local diffeomorphism, which implies that

or
= — 41
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then

ort
Uy = (a—q) 1Uq (342)

so that (u,, ) = (ug, ¢). Therefore, from equation (2.8), we can calculate the

relations between (fi,fs, ..., fi, ..., fx) and (uc, s, ..., Ug..., ugv—1)) as:
N-1
m; VHUj
fl' = —U.+ i—1UFGi—1) — Ty . 3.43
e T Ve Zm1+m2+-~-+mj (3.43)

Jj=t
for e = 1,2,..., N with the assumption that py = 0 and uy = 0. In the next
step, equation (2.24) plays the role of equation (3.41). Then u, and u, can

be solved from

N—-1
Ug = ijxuj
j=1
N—-1
(‘9 .
Uy = (a—?)Tuj. (3.44)
j=1 Ok

where k =1,2,...,(3N — 6) and u; = g~ uy;.

3.2 Feedback law in lab coordinate system

If the coordinates of the robots in fixed lab frame are available using GPS or
other navigation technique, due to the structures in the definition of Jacobi
vectors, we find that the Jacobi vectors can be easily calculated.

Suppose each robot has GPS receiver on board with its coordinate g;

measured. Then we can rewrite the definitions for Jacobi vectors in (2.8) as

P = \/Ml((h—fh)

73



Pz = ia2((g3 — @) + L(CD —q))

my + 77_1'_2
my +mg my
P13 \/M3((Q4 Q3) m1+m2+m3(Q3 Q2) 1My + g + 13 (Q2 Q1))
(3.45)

The formula for pg; has similar form with ¢; replaced by ¢;.
Hence, the Jacobi vector pg; and its derivative pg; will be calculated on the
(¢ + 1)th robot. A one directional communication link should be established
between robot (i — 1) and ¢ so that robot (i — 1) will report (g;—1, ¢;—1) and
(qr — qr—1, G — Gx—1) where (1 < k <i—1) to robot i. The coordinate of the
center of mass ¢. and its derivative ¢. are computable on the last robot.
The system can be described using system equation (3.7). Suppose the

potential function V' is translation invariant. Then we must have

oV B
oq.

0. (3.46)

Thus % do not depend on ¢g.. The two equations in (3.7) are decoupled.
This means the dynamics described by the second equation is the reduced
dynamics on the tangent bundle of Jacobi pre-shape space. On this tangent

bundle, consider a function defined as

N—-1
L.
Vi = 3 (heilor) + 5 11 e 1) (3.47)
=1

Let p? be constant vectors specifying the desired shape and orientation. The

functions hg;(z) satisfies the following conditions

1. % exists for all z € R3.
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dh
2. &

=0 if and only if z :P?-

3. Every hyg; is bounded below.

The derivative of this function V, along the trajectory of the reduced

dynamics is

We can see by letting

the derivative of V7, is

=

-1

dhg; L
— (% Pti + Pri sz)
N-1
. dhgo
il5— 1 Pri
; Pt (dpfi Pt )
N-1
. dhg oV
i1 a (dpfi Apri ) ( )
ov dhg;
—pgi + — , 3.49
. Ops; dpr; ( )
_ N-1
Vi==> llaml*<0. (3.50)
i=1

We can apply LaSalle’s invariance principle to argue that the controlled dy-

namics converges to the maximal invariant set C'; within the set M; where

VL = 0. Hence

and

My = {(ps, pr) € TF|ps = 0} (3.51)

Cr = {(pr, pr) € Milpr = 0, jpr = 0} . (3.52)
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Hence, on the set €'}, we must have

ov
P — =0 3.53
e Opsi ( )
1.e.
dhg;
=0. 3.54
dpg; ( )

Thus, we have proved the following theorem

Theorem 3.2.1 Suppose the Lagrangian L is translation invariant. By us-
ing the feedback control law (3.49), the system can be controlled to the for-
mation specified by the set of Jacobi coordinates {p)} asymptotically.

Notice that the control law w; is calculated on the (i + 1)th robot where
pri and pg; are available due to the communication scheme mentioned before.
Now according to equation (3.43), the actual force f;11 on robot (i + 1) can
only be computed if (u;, w41, ...,un—1) are known. Therefore, in addition
to the communication link from robot i to (i 4+ 1) reporting (g1, g2, ..., ;) to
robot (i+ 1), we need a communication link from robot (i + 1) to i reporting
(ui, Uisa...,uny—1). Hence, if the messages are delivered in this manner, the
smallest time interval between two consecutive control actions on robot 1
would be greater than twice the delay between node 1 and node N of the
communication network. In addition, the form of % will determine whether

more communication links are necessary.
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3.3 Feedback law using shape measurements

The previous result assumes ¢; are available in real time. This assumption
is strong and not very realistic in many applications. In some situations, a
GPS signal is not available. Even when GPS is available, the measurements
have significant error in them or the time required to obtain an estimation
is significant. It will be dangerous for robots staying near each other. On
the other hand, the robots are usually equipped with on-board sensors such
as laser range finders which are capable of measuring the mutual distances
between robots and angles between lines of sight. These measurements are
often reasonably accurate. They tell us the values of the Jacobi shape vari-
ables. We show that formation can be achieved by using only these shape

measurements.

3.3.1 Lyapunov-based control for the general case

Suppose the potential function V is translation and rotation invariant i.e. V'

is only a function of the shape variables s. Then in the system equations

(3.38), (3.39) and (3.40), the equation for ¢. is decoupled from the other two.
oV

Also we may have 3 = 0 Then we can define a function on the tangent

bundle of the pre-shape space as
1 AT ) L.r .
%) :hs(s)+§(Q+As) I(Q+As)+§s Gs . (3.55)

Let s € R3V=C gpecify the desired formation. The function h,(z) satisfies

the following:
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1. %= exists for all z € R¥ 6 except for singular shapes.

2. % = 0 if and only if z = s°.

3. hg is bounded below.

The derivative of this function along the reduced dynamics (3.39) and

(3.40) is
. dh ov
= (s 40 g —
VL <dS’S>;_‘/§ 7L;Q}>L+<S7u8 88>
= ($,us— 25 T ds )+ (2, u) (3.56)

where we use ( , ) to denote the inner product. Hence by letting the control

law to be

Ug = —le
ov  dhy .
Ug g - ds — S (357)
where k; > 0, we have
Vi=— 3P =k lQ|* <0. (3.58)

We can apply LaSalle’s invariance principle to argue that the controlled dy-
namics converge to the maximal invariant set Cy within the set My where
VL = 0. Hence

My ={(g,s,9,8) € TFIQ2=0,5=0} (3.59)

and

Cy={(g,5,9Q,8) € My|Q=0,5=0}. (3.60)
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In the system equations (3.39) and (3.40), let = 0 and $ = 0, we have

) oV
§4+I0 = uy—— =0. 61
Gs + Us = 5 0 (3.61)

Thus on the set Cy, in order for = 0 and § = 0, we must have

dh,
ds

=0. (3.62)
Thus we have proved the following theorem

Theorem 3.3.1 Suppose the Lagrangian L is both translation and rotation
invariant. By using the feedback control law (3.57), the system can be con-
trolled to the formation specified by the Jacobi shape variable s asymptoti-
cally.

However, by letting u, = —k;§2 we already made the assumption that
can be measured. In fact, {2 need not to be measured accurately. All we need
is an estimation of the direction of € which will ensure || € || be decreasing.
This estimation can not be obtained by only measuring s and $. Some extra
sensors has to be employed which will observe the relative movements of fixed
landmarks to the formation.

Given the difficulty of measuring €2, we proceed to explore the situations
when no estimation of €2 is necessary. Notice that in most applications there
exists dissipative forces such as the frictions of ground, air or water. Suppose

those dissipative forces can be modeled by a Rayleigh dissipative function
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R(q,q). This dissipation must satisfy

OR
i >0 3.63
954 (3.63)

for e = 1,2,...N. The following assumptions are made:
1. This dissipation is translation invariant.
2. After the coordinate change from ¢ to (g, g, s), this dissipation function

can be separated into two parts as

R(nga(jcaQa'é) = RC(QC) +Rs(g,S,Q,$) . (364)
3. R, satisfies
OR, OR
Sy Q) > )
BE S+ 502 0 (3 65)

where zero is obtained only if § = 0 and € = 0.

4. If s =0 and €2 = 0, then we have

OR,

05 0

OR,

a0 0. (3.66)

Among these assumptions, the strongest one is assumption 2. So far we

only know
Y
. 2
R(q) = 52?7% I | (3.67)
i=1
with k& > 0 satisfies all these assumptions.

When such a dissipative function is presented, the system equations

should be modified to
OR,.

Me, — u, —
1 9q.

(3.68)
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d LV OR,

a([(Q—l—As)):—QxI(Q—I—As)—g_ a—g—i—ug— 50 (3.69)
d, .. rd o DA DA
S(GH) + ATZ(IQ+ A9) = (o) = )5, (9 + A9)
1o, | L 10G
+ 5[%] (Q+A879+AS)+2[88] (575)
ov OR,
SLATL Y (3.70)

Then by using the same Lyapunov function as (3.55) on the tangent bun-
dle of the pre-shape space, the derivative of this function along the reduced

dynamics (3.69) and (3.70) is now

dhs aRs a_v o aRS

Vo = (8 + Q= 500) + (o — 5o — S0)
= (5,u, — aa_‘s/ + CZ?) +(Q, u,) — %s — aa};;Q (3.71)
Hence the control law can be designed as
u, = 0
u, = %—‘S/ — Oil}:’ (3.72)
such that
V= —aa%s — %ZSQ <0. (3.73)

We can apply LaSalle’s invariance principle. By similar arguments as before

we can prove the following theorem

Theorem 3.3.2 Suppose the Lagrangian L is both translation and rotation

imvariant. Suppose there exists a Rayleigh dissipation satisfying assumptions
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1-4. Then by using the feedback control law (3.72), the system can be con-
trolled to the formation specified by the Jacobi shape variable s° asymptoti-

cally.

3.3.2 Various Lyapunov functions and control laws

The Lyapunov function based control laws in the last section can be special-
ized to fit in different contexts. Furthermore, we can use different forms of h,
to avoid shapes that corresponding to collision between particles or collinear
shapes.
Suboptimal distance function on shape space

In [45], we let

1 2

hs(s) = 5 |s— s (3.74)

The resulting control law is applicable to formations that contain an arbi-
trary number of robots. However, one drawback of this method is that by
using || s — so ||, we are using the “chordal distance”. Hence the controlled
dynamics is not following the true geodesics on the shape space. The algo-
rithm is not the most efficient. In fact, the geodesic distance between two

points s and s” on the shape space B is

8%5(s,5°) = min Z | pi(s) = gpi(s )H2 : (3.75)

geSO(3) <

Generally, the minimizer g, is hard to calculate and §%(s, s") is hard to

compute.
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Thus, we use a sub-optimal but easier to calculate distance

Z I s) = =) (3.76)

Let hy(s) = 305(s, s”). The Lyapunov function is now
-2 Y lloits) = (s | + (Q+ ASTI(Q+ A8) + 257G5 . (3.77)
2 i=1 2

The derivative of this function along the reduced dynamics (3.39) and (3.40)

18

N—
. dpi ov
_ 0 i . 0 . vV
VL ; as >+< 7ug>+<s7u5 as>
oV = 3/)1
= S ,Ug — a— + — as pz( ))) + <Q,Ug> . (378)
Hence by letting the control law to be
Ug = —klg
OV <~ iy o
w= Gy Ll ) = p) = (379
where k; > 0, we have
Ve=—lI3I° -k 2)* <0. (3.80)

We know that on the tangent bundle T'F' of Jacobi pre-shape space F', V7, is
radially unbounded. So we can apply LaSalle’s invariance principle to argue
that the controlled dynamics converge to the maximal invariant set C'3 within

the set M5 where VL = 0. Hence

Mz ={(g,5,9,8) € TF|Q=0,5 =0} (3.81)
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and

Cs={(g,5,9Q,8) € Ms|Q=0,5=0}. (3.82)

In the system equations (3.39) and (3.40), let Q@ = 0 and § = 0. We have

IQ = u,=0
L OV = dp;
G510 = u === (T (o) = pi(s) . (3.89)

Thus on the set Cs, in order for Q = 0 and § = 0, we must have

=

=1

P puls) ~ (D) =0 (3.5

The question is now whether this implies that p;(s) = p;(s°) fori =1,2,..., N—
1.
We now going to show that if N = 3, the answer is positive. In fact, from

the calculations before, we have

Vvir 00
apl T
0 00
(£>T = Vi cos(s3) sin(sg) 0 | - (3.86)
—sgsin(sz) sycos(s3) 0
Hence, let
p2(s) = pa(s”) = {0z, 6,, 0} . (3.87)
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We can calculate (%)T(pl(s) — p1(s9) + (%)T(pg(s) — p2(sY)) to be:

(Vs — %) + mﬁ@, VT2 (0 cos(s3) + 6, sin(s3)),
V(=082 8in(s3) + 8,89 cos(s3))} . (3.88)

Thus on the invariant set the following equations has to be satisfied:

0 ms
(51 — 80 + S 2§ =

(1= 91) mi4my 0

0y cos(ss) + 0, sin(s;) = 0

dpS28in(s3) + dyse cos(ss) = 0. (3.89)

Notice that if s, # 0, the last two equations will give ¢, = 0 and 6, = 0. Then
the first equation will give s; = s?. Thus we proved that p;(s) = p1(s°) and
p2(8) = pa(s®). However, if so = 0, then the second and third particle collide.
Thus proper initial conditions should be chosen so that this case is avoided.
In other words, we should choose the initial configuration sufficiently close
to the desired configuration.
Collision Avoidance

For a three particle formation, shapes that corresponding to s; = 0 or
ss = 0 have to be avoided because inter particle collision happens in these
two cases. Shapes that corresponding to s3 = 0 shall also be avoided since
this is the collinear shape. To achieve these goals, in addition to the three

conditions listed in section 3.3.1, hy(z) should satisfy one more condition
4. hg(s) = oo when s; =0 fori=1 or 2 or 3.

Then under control law (3.79), the desired shape s can be established as-

ymptotically without inter-particle collision.
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3.4 Cooperative control form

Next, we point out that although controllers can be designed by computing
(ug, us) first and then find out f;, which is the actual force on each particle,
this procedure is gauge dependent. This posts a constraint that each robot
has to agree on the same gauge convention. Therefore, they have to agree
on the measurement of gauge dependent quantities such as €2. Of courses,
because we assume that each particle is able to detect the other particles,
such agreements can be enforced. However, this implies that some particles
have to estimate the gauge dependent quantities indirectly from their obser-
vations. Such indirect estimates may introduce more severe noise than direct

observations.

Figure 3.1: Gauge convention for a triangular formation.

For example, in the case of a three particle formation, suppose each par-
ticle is able to measure the relative positions between itself and the other two

particles. If all three particles agree on the gauge convention established in
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section 2.4.1, as shown in figure 3.1, then particle 3 has to use the relative
position between particle 1 and particle 2 as the estimate for x-axis of the
body coordinate system. This estimate incorporates noise from observations
of both particle 1 and particle 2.

We now proceed to argue that by transforming (ug,us) into a proper
gauge covariant form, we could have a controller design procedure which
allows each robot to establish its own gauge convention. In our example
above, for particle 3, we may establish the z-axis of the body coordinate
system as being aligned with the vector gs¢;, which is observed directly by
sensors of gs.

We define the cooperative control form to be

(0% = Ug

Qg — Ugk — (ug, Ak> (390)

for kK =1,2,...,3N — 6. (o, ) defines a one-form on T'F coordinated by

(g9,5,97,$) in the following sense
<Oégv T) + <Oz5, S> = <Ug, Q) + <Usa 3> . (391)

Then the transform between u; and (o, a) is

N-1
Qg = ij X Uj
j=1
N-1 ap] .
j=1



In order to show that this transform is gauge covariant, we first show that

(ngZ — Ay x p;) is gauge covariant. In fact, under a gauge transform such
that

pi = his)p;

g' = gh(s), (3.93)

we already know that Ay = h(s)(A; + k). Then

Ip; Oh(s) 3p} 1 1
Py - o ) A :
sy, kX P sy, Pi (h()s)(?sh +Als)(( ;TVIC) X p]>
Oh(s 0
= (g 3.94
= B - AL %)) (3.94)

This shows that (ngi — Ay X pj) is gauge covariant. On the other hand, u;

are gauge covariant because

;=9 "ugy = h(s)(g") ug; = h(s)u; . (3.95)

Then

N-1
a, = h(s) Z p} X u]l = h(s)ozgl7
j=1
- Op; 1 INTT 1 1
g, = ((9—8k — Ay x ;) b (s)h(s)uj = ag, (3.96)

j=1
Therefore the transform given by equation (3.92) is a gauge covariant trans-
form.

The cooperative control form allows us to design (o, as) as gauge co-

variant quantities. Then the actual forces f; where i = (1,2,...,N) can be
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computed by each member of the formation in its own coordinate system

with its own choice of Jacobi vectors.

Theorem 3.4.1 Let robot 1 and robot 2 be two members of a formation
governed by the controlled Lagrange equations (3.38),(3.39) and (3.40). Let
p}j and pfcj» where j =1,2,...,(N — 1) denote the two different sets of Jacobi
vectors chosen by the two robots. Suppose the two robots have established
two gauge conventions for the formation that are connected by the gauge
transform g* = g*h™(s) for each orientation of the formation. Suppose the

1 1

cooperative control form (a,, o) computed by robot 1 and (043, a?) computed

by robot 2 are gauge covariant, i.e.
(g, org) = (h(s)ag, a7) | (3.97)

and the two robots agree on the same set of shape variables s, for k =
1,2,...,(3N — 6) and also agree on the control forces for the center of the
formation, which is u.. Then the forces for each robot computed by robot 1

are identical to the forces for each robot computed by robot 2 i.e.

£l = f? (3.98)

1 1

fori=1,2,...N.
Proof

From the definition of (o, a5), we have the following equations

=2

-1

N-1

1y 1 _ 2., 2
pj X uj = h(s) E Py X uj
1 j=1

<.
Il
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1= (— — A7 x pQ-)Tu? )

(3.99)

According to democracy property of Jacobi vectors, there exists h € O(N—1)

s.t.

[p%h p%27 ) p%(Nfl)] =

which implies that

9' [P, Py s P 1))

Furthermore, we can write

= ¢*[p}, P53, .-,

[P%lapgza "'7p%(N71)]h g

P%N—n]h :

N-1
s) Z hz’jl)? :
=1

According to the definition of the locked inertia tensor I, we have

N—-1
= > (le I e=pje}")
7j=1
N—1N-1
- Z Z thhl] 2T 2 pfp?T))hT(S)
J=1 4,l=1
N-1
= h(s) Yy 6i(pi"pie—pipi")h" (s)
il=1
N—1
= h(s) Y (i ple—pipI")h"(s)
=1
= h(s)I*n"(s),
furthermore,
N—-1
op}
1 1\—1 1 i
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, Osk
7,l=1
N-1
_ op;
= B (4 X (a— - ng)>
7j=1
= h(s)(A7 + ) - (3.104)
Therefore,
N-1 N-1 N-1
doppxup = Y (h(s) Y hyp?) x uj
Jj=1 Jj=1 =1
N—1 N—-1
= h(s) Y (D Pl x W (s) (b))
=1 j=1
—1 N-1
— (s) ( 2 x (Y hith<s>u}>> o (3105)
i=1 j=1
and
N-1
Op; 1, VT, 1
JZ(a—S; - Ak X p]) u]
NANT 50
= Z(Z(hwa =+ X hupz (AF + ) X hijp?)ThT(S)ugl')
j=1 =1
Nl g2 N-1
= D_((GE =A< )T by (s)hu) (3.106)
i=1 j=1
Equations (3.105) and (3.106) implies that
N-1
()Y hyu) (3.107)
i=1
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which can be written in vector form as
[ui Ug, ceey U%Nfl)] = hT(S>[u%7 u%a sy U%Nfl)]hT (3108)

Therefore, the controls u}j and u?j that corresponding to the Jacobi vectors
satisfies
[u%lv u%Q? '-'7uf1(N—1)] = [u%p u%Q? iy u?(N—l)]h . (3.109)

Then given u! = u?, this implies that

£l =2, (3.110)

fori =1,2,...N. n
In the next session, we will show one such control law which stablize a

non-singular formation.

3.5 (Gauge covariant control law

Suppose the potential function V' is invariant under translation and rotation
i.e. V is only a function of the shape variables. Then in the system equations
(3.38), (3.39) and (3.40), the equation for ¢. is decoupled from the other two.
Then we can define a function on the tangent bundle of the pre-shape space
as
1 T ) L.y,

%) :h3(8)+§(Q+A5) I(Q+A8)+§s Gs (3.111)

where s° specifies a desired shape. The derivative of this function along the

reduced dynamics (3.39) and (3.40) is

dhs ov

VL = <E7S>+<Qaug>+<éaus_%>
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oV dn.
0s ds

= <<§,U5 -

)+ (€, u,) (3.112)

where we use (, ) to denote the inner product.

In [45], we showed that by letting the control law be

Ug = —klg

us = %g—@—gh—s (3.113)
where k; > 0, we have

Vi=—|sIP =k Q" <0 (3.114)

and the control law will stabilize the shape s = s° and = 0. However, as
we can see here this control law is not gauge covariant.

We now design a new cooperative control law to be

ay = —kT
oV dh, )

which is obviously gauge covariant. The resulting (u,, us) is

u, = —k(Q+ As)
ov  dh
= — — 2 ks —KkAT(Q+ As) . A1
Us 5 " ds ks — kA" (2 + As) (3.116)

Then, under such a control law, we have
Vi=—[|$]°~ K[|+ A5 <0 (3.117)

with V, = 0 if and only if Q = 0 and § = 0

93



Now we can apply LaSalle’s invariance principle to argue that the con-
trolled dynamics converge to the maximal invariant set C; within the set M,

where VL = 0. Hence let
My ={(g,s,9Q,$) € TF|Q2=0,5=0} (3.118)

and
Cy ={(g,5,9,5) € Mp|2 = 0,5 =0} . (3.119)

In the system equations (3.39) and (3.40), letting 2 = 0 and $ = 0, we have

IQ = u,=0
. oV
Gs+1Q = us——=0. (3.120)
0s
Thus on the set Cy, in order for Q@ = 0 and § = 0, we must have % = 0.

Therefore, we have proved the following theorem

Theorem 3.5.1 Suppose the potential V' is rigid motion invariant. By using
the cooperative feedback control law (3.115), the Jacobi shape s° is locally
asymptotically stabilized.

Again, by letting o, = —k(Q2 + As), we already made the assumption
that 2 can be measured. In fact, all we need is an estimate of the direction

of T which will ensure || T || be decreasing.

3.6 Simulations and results

We design simulations to verify the gauge covariant control law and theorem

3.4.1. In MATLAB, we model each robot as a Newtonian particle with unit
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mass subject to a control force. We show here the simplest example of a
formation of three particles. Since the formation is always triangular, the
experiment can be carried out in a plane if we choose the initial velocity for
each particle to stay in a plane. The following table shows the initial position

and velocity of the three particles.

Particle | Position Velocity

1 (0,0) (2,1)

2 | (=2,-35) | (-1,1)

3 (0.1,-0.5) | (—1,1)
We choose a set of three shape variables as in section 2.4.1. Let s; be

the distance between particle 1 and 2. Shape variable s, measures distance
between particle 1 and 3. Shape variable s3 measures the angle as shown
in Figure 3.1. The desired shape of the formation is an equilateral triangle
described by

S1 = S92 = 2 , 83 = (3121)

T
3"

In experiment 1, all particles establish the same gauge frame as in section
2.4.1. They also choose the same set of Jacobi vectors as shown in Figure 3.1.
We assume no noise in the measurements of the shape variables. Under the
gauge covariant control law (3.115), the formation converges to the desired
shape as shown in Figure 3.2. The convergence of the three shape variables
are shown in Figure 3.3(a), 3.3(b) and 3.3(c). The rotation speed of the for-

mation are shown in Figure 3.3(d). We see that the formation stops rotating.

On the other hand, the center of mass is moving constantly at velocity (0, 1).
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Figure 3.2: Experiment 1, motion and shape changes of the three robot for-

mation when all robots agree on the same gauge.

In experiment 2, particle 1 and 2 still use the same gauge frame as in the
first experiment. For particle 3 we establish a different gauge frame as shown

in Figure 3.4. We also choose a new set of Jacobi vectors, with

1
P = ﬁ(%—(h)

3 Q2+Q3>

pe = (g (@ - (3.122)

We use the same gauge covariant control law as in experiment 1. The for-
mation also converges as shown in Figure 3.5. We see there is no difference
between Figure 3.5 and 3.2. This is also true when we compare the con-
vergence plots for the shape variables. This validates the claims in theorem

3.4.1.
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Figure 3.3: Convergence of shape variables and rotation speed when all robots

agree on the same gauge.
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Figure 3.4: The gauge frame and Jacobi vectors for robot 3.
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Figure 3.5: Ezperiment 2, motion and shape changes of the three robot for-

mation when robot 3 uses different gauge frame from robot 1 and 2.

98



45 ‘ ‘ 24 ; ;
22 1
| |
18} 1
16} 1
1 14t 1
12} 1
| A |
08 1
0.6 |
15 ‘ : 04 ‘ ‘
0 10 15 20 0 10 15 20
(a) changes in $1 (b) changes in s9
11 0.16
1051 /\ﬁ 0.14] ]
/ 0.12f 1
1 /
/ L ]
/ 01
0.95- /
/ 0.08f 1
09F /™ 0.06]" f
[\
0.85*/ 0.041 1
| 0.02 1
oaf|
| ot ,
i
I}
075 002l |
|
07 : ; ; -0.04 : : :
0 5 10 15 20 0 5 10 15 20

(c) changes in s3 (d) Rotation speed

Figure 3.6: Convergence of shape variables and rotation speed when robot 3

uses a special gauge.
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Next, we compare the performance of the gauge covariant control law
when there are simulated noise in the shape measurements. In our simulation,
each particle is able to determine the relative positions of the other two
particles. We add independent Gaussian noise N'(0,0.1) in the estimates
for both the x and y coordinates for the relative positions. Hence noise is
introduced in the estimates for the shape variables and the rotational speed.
If particle 3 uses the same gauge as particle 1 and 2, it has to estimate vector
¢1G2 in order to estimate the rotational speed. If particle 3 uses the special
gauge as shown in Figure 3.4, it needs to estimate ¢2¢3. The estimate for
¢1(Q2 is more noisy than the estimate for ¢gs.

To compare the results for the two cases, namely the case of same gauge
frames and the case of different gauge frames. We run 100 experiments in
each case. We then compare the mean and variance of the values for the shape
variables and the rotational speed in the last 1.5 seconds of the simulation
when “steady state” is reached. As shown in Figure 3.8, 3.9 and 3.10, using
different gauge frames slightly outperforms using same gauge frames. But
when its comes to the rotational speed, using different gauge frames has
a clear advantage. The variance of the rotational speed when same gauge
frames are used is much larger than the variance of the final rotational speed

when different gauge frames are used as shown in Figure 3.7.
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Figure 3.8: The mean and variance of sy in the last 1.5 seconds of simulation.
Red solid line represents the case when all robots use the same gauge. Blue

dotted line represents the case when robot 3 chooses a special gauge.
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tion. Red solid line represents the case when all robots use the same gauge.

Blue dotted line represents the case when robot 3 chooses a special gauge.
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Chapter 4

Navigation in Plane

In an unknown environment, a moving robot has to be able to avoid collision
in order to survive. Because the environment might be changing, we install
various sensors on the robot so that it is able to observe its surroundings.
The behavior of the robot should be designed to react to the observations.
An algorithm of such kind, if it enables the robot to arrive at a destination
without collision, is called a navigation algorithm. Currently, when a map is
unavailable, there are two major categories of navigation algorithms.

The first category is potential function (or navigation function) based al-
gorithms as introduced in [18], [28], [33] and various other papers. A robot
follows the gradient vector field generated by some artificial potential func-
tion assigned to the workspace. The potential function assumes its minimum
at the destination, and detection of new obstacles will cause a recalculation

of the function. This approach is computationally efficient and easy to imple-
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ment. Furthermore, incorporating dynamic model, the algorithm produces
an explicit control law for the robot. But it has two drawbacks. First, the
potential function will almost certainly have critical points other than the
goal. Instead of always moving toward the goal, the robot might be trapped
near such a critical point. Second, the path may be hard to compute and
predict. This is due to the complexity of the potential functions, and the
difficulty to integrate a gradient vector field.

The second category of navigation algorithms use local path planning,
that is, the technique to prescribe a path according to current sensor read-
ings. A typical case is the “bug” family originated from the work of Lumelsky
and Stepanov(24], where a robot is instructed to follow boundary curves of
obstacles. It is proved that by following the boundary curves until certain
conditions are satisfied, and then departing for the goal, a robot is guaran-
teed to reach the goal without collision. Of course, in addition to navigation,
we want the path traveled by the robot to be the shortest. Some interesting
results on the optimality of local path planning is addressed in [34]. Com-
paring to algorithms based on navigation functions, the local path-planning
algorithms always predict coherent paths. However, they do not tell the ro-
bot how to follow such a path. One has to solve an inverse dynamics problem
to find an applicable control law. This process is difficult and a solution is
not guaranteed.

Because it is very difficult to avoid the unwanted critical points of the

navigation functions, a recent development is to keep the robot at a constant
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speed. Control will only be applied to steering. With the constant speed
assumption, such a control law has a gyroscopic nature [42]. The authors
of [37], [38] and [44] give empirical ways to design steering control laws for
obstacle avoidance, but the methods are still in their preliminary stages and
are only applied to a limited number of special cases. In [32], the authors
proposed a navigation steering law with obstacles treated via potential func-
tions on the space of steering angles. This paper has inspired the group led
by Warren to investigate the steering behavior of human beings in a non-
static environment, see [9] and see [10] for the latest results. This approach
is promising when the obstacles are relatively small compared to the aperture
of the range sensors.

We believe boundary curves of the obstacles provide cues for designing
steering vector fields. In a plane, an oriented boundary curve is determined
by its curvature function in the canonical Frenet-Serret frame [26] together
with the location of one point on the curve. The curvature function can be
estimated from the range data obtained by sensors such as sonar or laser
range finder (ladar). By using such curvature measurements, we have given
a systematic way to produce gyroscopic steering vector fields which guar-
antee avoiding obstacles and reaching the goal. We take advantage of new
developments in shape theory [45] and formation control [14]. The essence is
that we not only produce a justifiable control law, but also predict paths for

the robot.
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4.1 Frenet-Serret system for planar curves

With a fixed coordinate system being given in a plane, any point in the plane
can be denoted by using a vector r. If a point is chosen as the starting point
of a planar curve, then any point on the curve can be represented by r(s)
where s is the length of the curve measured between the starting point and
the current point. The derivative %, if well-defined, is called the tangent
vector at s. A reqular curve is a curve with well-defined tangent vectors for
all values of s.

We can then attach a moving coordinate frame to a regular curve. For
any point on the curve, we put the origin of the moving frame at the point,
the z-axis will be aligned with the tangent vector to the curve and the y-axis
will be perpendicular to z-axis but form a right handed coordinate system
with it.

To avoid confusion, we denote the axes of the fixed coordinate system
as X and Y. We now define vector x as the unit tangent vector along the
x-axis and define vector y as the unit vector along the y-axis. We can then
study the motion of three vectors r, x and y in the fixed coordinate frame.

Frenet and Serret discovered a slightly different but equivalent version of the

following set of equations:

ds
dx
ds
dy
ds



Here, k(s) is called the algebraic curvature of the curve.

Because the vectors x and y are orthogonal, if we construct a matrix by

X y r
g= : (4.2)
0 01

then g € SE(2). Equation (4.1) now has a simpler representation as

dg _

7, = 95 (4.3)
where
0 —r(s) 1
§=1k(s) 0 0 (4.4)
0 0 0

and £ € se(2), the Lie algebra associated with SE(2). Thus, a regular curve
in the plane can be studied as a curve on Lie group SFE(2) determined by

equation (4.3).

4.2 Bertrand family

There exists a family of straight lines that are parallel to any given straight
line in the plane. Choosing one in this family as reference, on each side of the
reference, we can determine any family member by knowing its distance to

the reference line. As generalization to this well-known setting, for a regular
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curve determined by (go(so0), ko(S0)), where

Xo(So) YO(SO) I'0(30)
go(so) = , (4.5)

0 0 1

we may construct a family of curves that are “parallel” to it.
We first find the starting point for each family member. Let s = 0. For

each value of A, there exists a unique group element gyo € SFE(2), satisfying

100
9 0)(g) =0 1 A - (4.6)

0 01

We can solve gy as

o — x0(0) y0(0) ro(0) + Ayo(0) ' (47)
0 0 1

On the next step, we construct one “parallel” curve starting from the
initial point given by ¢,o. Notice that curves starting from those g,y where
A > 0 are on one side of curve go(sg) while curves starting from those gyo

where A\ < 0 are on the other side. When A < 0 and kg < 0, we require that

A>—— . (4.8)



This is to ensure 1 —xg\ > 0 so that the tangent vector is always well-defined.

For each A, there exists a well defined smooth function sy(sg) s.t.

S)\(O) = 0
dS)\
— = 1—KoA. 4.10
dSo o ( )

Then since 1—rgA > 0, the inverse function exists so that sq is also a function
of s). Such function s, is called a reparametrization of the curve. We then

let

/io(So)
1— K,O}\ '

Ka(sy) = (4.11)

A curve on SE(2) can be constructed by the following differential equation

0 — R\ 1
dgn
—= = 4.12
Js, ~ A m 000 (4.12)
0 0 0

Definition 4.2.1 Given a planar curve described by (go(so), Ko(s0)), for each
value of A > 0, suppose we can construct a curve (ga(sa), ka(sx)) starting
from gxo and satisfies equation (4.12), with s\ given by equation (4.10) and
Ky given by equation (4.11). We define curve (ga(sy), ka(sx)) as a Bertrand
mate to curve (go(so), ko(S0)). The two curves form a Bertrand pair. And
the family of all Bertrand mates, indexed by A, is defined as a Bertrand
family for curve (go(so), ko(s0)). We say (go(so), ko(s0)) is the reference
curve of its Bertrand family.

We can re-parametrize all members of a Bertrand family by sqg. By using
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the chain rule, from equation (4.12) and equation (4.10), we obtain

dp _ doy doy
dsy dsy dsy
0 —ko(s0) 1 — KoA
= 9x | Ko(so0) 0 0 - (4.13)
0 0 0
Let
0 —ko(S0) 1 — KoA
(50, A) = | Ko(s0) 0 0 : (4.14)
0 0 0

Then, any given value of sy determines a unique group element g, (so) located
on the Bertrand mate indexed by A. The relative displacement between g, (o)
and go(so) is

ha(so) = g5 ' (50)gx(s0) - (4.15)

Theorem 4.2.2 (Bertrand) h,(sg) is a constant group element of SE(2)

for all sy > 0 i.e.
1 00

ha(so) =10 1 X[ - (4.16)

Proof
According to the definition of Bertrand mate, we know that when sy = 0,

h(0) satisfies (4.16) . We now compute the derivative of hy(so) with respect
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to sgp.

dhy(s)  dg! _1dgx
dS() N dS() 9 + Jo dS()
_1dgo _
= —Y ld—szgo lgA + 9 lgAfA
= —&ha+ & (4.17)

If hy(so) takes the form in equation (4.16) , then by direct calculation we

can show
dh)\(So)
dSO

0. (4.18)

Because this is true for all values of sy we conclude that hy(sg) = h(0) for
all values of sg. n
The following corollary is obtained by studying the components of the

matrix representation of h.

Corollary 4.2.3 The following properties hold for all values of sqy:
1. Xg-ya=0andxg-x,=1.
2. 1T\ —T19= A\Yyo.
3. |lro—rr] = A
The purpose for us to study these properties is to apply them to formation

control and navigation for particles with constant speed.
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4.3 Shape space for particles with constant
speed

In many applications, formation members are required to move at constant
speed. For example, for unmanned aerial vehicles (UAVs) and high speed
ground vehicles, keeping constant speed improves fuel efficiency and dynamic
stability. We call a particle with constant speed a wvehicle.

From now on, we assume that all our particles have unit mass. In a plane,
the motion of a Newtonian particle r € R? can be described as ¥ = f. If the

particle has speed v and wants to keep the constant speed, we require
T = v
fpre +1f,7, = 0. (4.19)

By introducing a new variable 6 and defining u = 6, we can write down the

solution as

ry = U cosl

7y = vV sinf

0 = u. (4.20)
And we must let f be

f, = —ryu

f, = Fyu. (4.21)
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Notice that f is always perpendicular to the velocity vector . Therefore,
it will not change the kinetic energy of the particle. We say the force is
gyroscopic. Under such a force, the particle lives on a submanifold of its
phase space where kinetic energy is constant. This submanifold is SE(2). On
this submanifold, The states of the particle can be represented by (r,,r,,0)
and the force can be simplified to a steering control which is represented by
u.

Jacobi shape theory is difficult to be applied to vehicles without modifi-
cation and extension. We establish a shape theoretic approach for formation
control, which is based on [14]. This theory will then be applied to create
boundary following behaviors for vehicles.

Given (N + 1) vehicles, for i =0, 1,2, ..., N, define

cos 0; — sin 6;
Xi = » Yi =
sin 6; cos b;
Ty
Yi
Then define
Xi Yi T
0 0 1

x; and y; define a frame carried by particle . The motion of particle can

now be expressed as

I;i = UV; Xi
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Xi = VYiy

Vi = ViXiu;. (4.24)

Comparing equation (4.24) with equation (4.1), we notice that the motion
description of a unit speed particle is the same as a planar curve, with the
curvature x replaced by the steering control u;. Similarly, the vehicle motion

can also be described by

9i = 9i& (4.25)
where
0 —-vu vy
&= | viuy 0 0| - (4.26)
0 0 0

We select the vehicle gy as the reference vehicle, then define the shape
variables to be h; = gy 'g; for i = 1,2,..., N. The space of each h; is SE(2).
The shape space of N + 1 vehicles is the product of N copies of SE(2).

In this section, we extend these ideas so that they are able to be applied
to controller design for boundary following. We only require the reference
vehicle to travel at constant speed. For other particles, their speed v; are
not constant. Later we will see that in the boundary following problem, v;
depend on ug, the steering control of the reference vehicle.

The shape dynamics is described by the system equations for the shape

variables h;. We compute the shape dynamics as
hi = 90'9i+95 %
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= —g5 "G95 "9 + 95 9i&i
— —Cohi+ ki (4.27)

We would then like to characterize the equilibria of the shape dynamics.
The following theorem tells us that a relative equilibrium of the shape dy-
namics of a pair of particles, one traveling at constant speed and the other

one not, produces trajectories that form a Bertrand pair.

Theorem 4.3.1 Let ¢,(t) and go(t) describe the motion of two particles in

the plane parametrized by t satisfying

g = g&
go = goo - (4.28)

Suppose vehicle described by gy travels at unit speed. Let hi(t) = g5 ' (t)gi(t).

Then hy(t) satisfies the differential equation
hy = —&hy + &) . (4.29)

Furthermore, if this shape dynamics has equilibria, then we have the following

conclusions:

1. hy(t) = he(t) = hy are equilibria of the shape dynamics, where hy are

constant group elements given in equation (4.16).

2. If the steering control of go(t) is not a constant, then hi(t) = h.(t) = hy

are the only possible equilibria of the shape dynamics.
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3. For a given value of X\, g1(t) = ge(t) = go(t)hy is a relative equilibrium

for the system (4.28) under the left action of group SE(2).

4. Let g\(t) be the Bertrand mate of curve go(t) indexed by X. Then g1(t) =
9e(t) = ga(?)-
Proof

We have shown that the shape dynamics satisfies equation (4.29). We

know that & and &; can be written in the following form

0 —up 1
o = up 0 0
0O 0 0
| 0 —1ur 1
&1 = ViU 0 0 , (4.30)
0 0 0

where ug and u; are steering controls, v, is the speed for vehicle 1. If there

exists h, s.t.
—&ohe + he&i(t) =0 . (4.31)
We may write he(t) as
cosf —sinf x
he(t) = | sinf cosf y (4.32)
0 0 1
and then solve for #, x and y. Notice that because h. is an equilibrium, then

0, x and y assumes constant values.
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We then compute

—ugsinf) —ugcosf 1 — ugy
Sohe = | wgcos® —ugsind  ugx ; (4.33)

0 0 0

and

—viugsinfd  —vjuqcos@ vy cost
he€i = | 1ujcosl —vqupsind vysind | - (4.34)
0 0 0

Therefore, the following set of equations are used to solve for h,:

(ugp — rquq)sinf = 0

(UO — Vlul) cosf = 0 (435)

vicost +upgy—1 = 0
visinf —upr = 0. (4.36)

Obviously, if sin@ = 0, then the solutions are x = 0, y = X and v; = 1 — ugA.
This solution is hy. We have proved the first claim that h, = h, are equilibria.

To prove there are no other equilibria if 1y is not constant, we assume

that sinf # 0. Then
upr 1 —ugy

(4.37)

= — =
sin 6 cos O

which implies

up(rcosf +ysinf) =1 (4.38)
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which further implies that ug has to be a constant. Therefore, there is no
solution other than letting sinf = 0.
Let g, € SE(2) denote an arbitrary group element of SE(2). Then the

left action of g, on (g1,90) € SE(2) x SE(2) is defined as:

Dy, [91, 0] = (9ag15 alo) - (4.39)

The lifted action on (g1, go) which belongs to the tangent space of SE(2) x
SE(2) is

Ty, [91: o] = (9091615 gagobo)- (4.40)

The action ®,, leaves h invariant because

Dy, [h] = (Pg,[90]) Py, [01]) = 9092 " 9ag1 = 95 91 = hu - (4.41)

The lifted action T'®,, leaves hy invariant because

1o, i) = D0 g o) ¢ (@, o)

_ dgo 1 — 1 _
= —g 1Ego Y9 9001 + 95197 9a01 &

= —&h +hi&
= Iy (4.42)

—1 déga [gl]
dt

Therefore, equation (4.29) is the reduced dynamics for equation (4.28) under
the left action of symmetry group SE(2).

If he(t) = hy is an equilibrium for equation (4.29), then from
—ﬁohe + hefl =0 (443)
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we obtain the solution for &, as

0 —’LLO(t> 1—’LLO)\
§e= | uot) 0 0 (4.44)

0 0 0

Corresponding to he(t) = hy, we have g.(t) = gohx. Such g.(t) satisfies

e = gebe
0 —’LLO(t) 1—’LLO)\

= e Uo(t) O O . (445)

0 0 0

We notice that & = £,. From the definition of Bertrand family, we see
ge(t) = gx(t), which is a Bertrand mate for go(t).

To show that g.(t) and go(t) form a relative equilibria, we shall find out
n € se(2) s.t. the infinitesimal generator of such 7 is equal to the vector field

at (ge,go). The infinitesimal generator is

n6(ge» 90) = (1 ges 1 9o)- (4.46)

Then we shall see whether we can solve ) from the equation

(1 9e, M90) = (9ebe: Go&o) (4.47)

when g. = g, and & = £,. Because we already know

50 - hefehe_l ) (448)
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we have
gO£0961 = gOhefe(QOhe)il = gefeggl . (449)

Thus equation (4.47) does have a unique solution

n = gokodo ' = gebeds - (4.50)

This proves that (ge, go) is a relative equilibrium for the system given by
equation (4.28). We then conclude that in the relative equilibrium state, the
trajectory curves traveled by the two particles form a Bertrand pair. n

We noticed that the vector field of (g1, go) is non-autonomous because &
and &; depend explicitly on time. Therefore, a Bertrand pair is an example

of a relative equilibrium for non-autonomous systems.

4.4 Controlled motion of the closest point

In the planar setting, consider a vehicle moving at unit speed in the presence
of a single obstacle, that is, the region enclosed by a simple closed regular
curve. Suppose that at each instant of time, the point on the obstacle bound-
ary which is closest to the moving vehicle is unique. This point, which we
will call the “closest point” (or “shadow point”), moves along the boundary
curve. We assume uniqueness of the closest point in order to streamline the
discussion and bring out the key ideas. Of course, in dealing with real-world
obstacles, non-uniqueness of the closest point is an important issue.

In terms of the arc-length parametrization, the boundary curve can be
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described by

drl

_ = X

ds 1

Xm

- = K

d

_dil — Xk, (4.51)

where k; is the plane curvature function for the boundary curve. Using the

chain rule, we can express the time-evolution of the closest point as
Iy = VX,

X1 = YiViRk,

y1 = —XiViK1, (4.52)
where
ds
. 4.53
11 dt ) ( )

with s denoting the arc-length parameter. Because the closest point depends
on the motion of the moving vehicle, 11 depends on both the boundary curve
and on the trajectory of the moving vehicle.

Letting ro denote the position of the moving vehicle, x, the unit tangent
vector, yo the unit normal vector, and uy the steering control, we have the
following system of equations for the “formation” consisting of the moving

vehicle and the closest point:

ry = Xy, rs = X,
X1 = Y11k, Xo = Yyoug,
Y1 = —X1V1K1, Y2 = —XauUs, (4.54)
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Y,
Y.

Figure 4.1: Positions and frames for the trajectory of the moving vehicle (ra,

X, andys) and for the closest point on the boundary curve (r1, X1, and y ).

where 1 may be considered given (in practice, ; is derived from sensor data,
e.g., from a laser range finder); v; is a deterministic function of (ry,xy,y1),
(re,X9,¥2), and k1; and ug is the control input we apply to avoid collid-
ing with the obstacle and to achieve boundary following. Our objective is
to determine wug, as a feedback function of (ry,x1,y1), (r2,X2,y2), and K1,
such that we can prove analytically that collision avoidance and boundary
following are achieved.

Figure 4.1 illustrates the frames for the trajectories of the moving vehicle

and the closest point on the boundary curve.
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4.4.1 Boundary-curve frame convention

We define
r=ry—ry, (4.55)

to be the vector from the closest point on the boundary curve to the moving

vehicle. We assume that initially
lr| > 0, (4.56)

and we will prove that under this assumption as well as other appropriate hy-
potheses, our boundary-following control law guarantees (4.56) for all future

time. Then

:(ﬁ”&)_m(ﬁﬂm)' (4.57)

The first-order necessary conditions for the closest point to be an extremum

of the Euclidean distance from the moving vehicle to the curve are

r-X; = O, (458)
and
+ 7 (4.59)
Yi=T7—, .
r|

where the correct choice of sign depends on whether the boundary curve is
to the right or left of the moving vehicle, and on what convention is chosen

for the positive direction along the boundary curve.
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Using (4.57) with (4.58) and (4.59), we obtain
d r
%|r| = (m 'Xg) =sgn(r-y1)yy - X2 = —sgn(r - y1)X; - ya2 , (4.60)
where the function sgn(z) is

sgn(z) =1 for 2z>0

sgn(z) =0 for z=0

sgn(z) =—1 for 2<0. (4.61)

We can derive an expression for 14 by differentiating (4.58) with respect

to time, to obtain

—(I"Xl) = f"X1+r'X1

r
- (XQ - V1X1) - X1+ m Y1 |I‘|l/1/€1
=X X9 — V] + Sgn(r . y1)|r|1/1/£1

— 0, (4.62)
where we have used equations (4.58) and (4.59). We then have
(1 —sgn(r-y1)|r|r1) v1 = X1 - Xo, (4.63)

and for simplicity we replace —sgn(r - y;)r; with £|k;|, leading, finally, to

X1 X9

=——>0. 4.64
1+ |kq]|r] ( )

%1

In (4.64), the plus sign is used when the boundary curves away from the

moving vehicle, and the minus sign is used when the boundary curves inward
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toward the moving vehicle. For example, if the boundary curve is a circle,
then we use the plus sign when the vehicle is outside the circle and use the
minus sign when the vehicle is inside the circle. In the latter case, we note
that there is a singularity in the expression for vy when |r| = 1/|x| and
the boundary curves inward toward the moving vehicle. Later we will see
that this convention for determine the sign for curvature agrees with the

convention we use in section 4.2 for a Bertrand family.

4.4.2 Shape variables

We would like to treat the moving vehicle and the closest point on the bound-
ary as two interacting “vehicles” - one moving at unit speed, and the other
not necessarily moving at unit speed - and then demonstrate analytically
that the motion of the two “vehicles” converges to a steady-state “forma-
tion.” This approach is easiest to describe if appropriate “shape variables,”
which depend only on the relative positions and orientations of the vehicles,
can be identified. The formation is then an equilibrium for the shape dynam-
ics, and is therefore a relative equilibrium for the dynamics in configuration
space. However, in order to reduce the dynamics from configuration space
to shape space, the control law must possess the symmetry group SFE(2).
In the proof for theorem 4.3.1, we showed that h) is invariant under the
left action of symmetry group SE(2). Hence as components for hy, the shape

variables |r| and x; -y, are invariant under the left action of symmetry group
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SE(2). Note that we can define the angle variable ¢ according to
X1 - Yo = sin ¢, (4.65)

let p = |r|, and instead use (p, ¢) as shape variables.

We can express the shape dynamics as follows. From (4.60) we have

p = —sgn(r - y;)sin ¢, (4.66)

where sgn(r - y;) is constant on a segment of smooth curve.

Differentiating x; - yo with respect to time gives

d . )
a(xl'}b) =X1-y2+X1-Y2

= 1/1/11(}’1 ‘}’2) - U2(X1 'X2)

— [(ﬂ) K1 — ’LLQ:| (Xl . XQ)
1 [k [[r]
(N
— l(l m |/<¢1|p) cos ¢ U2:| oS ¢, (4.67)

where we have used (4.64). Since we also have

d d -
- (1 y2) = —(sin ¢) = (cos 9)9, (4.68)
we obtain
. K1
o= (rip) oo e

Thus, provided us = us(p, @), we see that the shape dynamics are self-

contained.
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4.4.3 System equations on SE(2)

The motion of both the vehicle and the closest point can be described on

SE(2). Let i
X1 Y1
g1 =
0 0
and _
X2 Yo
g2 =
0 0

ry

ry

1

Then the dynamics on SE(2) can be written as

dg
dt
dgs
dt

where

£1 = V1K1

and

= &

9262

—k1

0

(4.70)

(4.71)

(4.72)

(4.73)

(4.74)

We note that this system is a time-varying system because v, and k; depend

on time.
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Next, we use h = g; 'gs to represent the shape of the formation formed

by the vehicle and the closest point. Then

X]Xp X1-y2 Xp-(rp—r1)
h=|yi1-x y1-y2 y1-(ra—11) | > (4.75)
0 0 1
and the controlled system equation for the shape is

dh
— = -5 h+ R . 4.76
i §1h + hés (4.76)

If uy is designed as a feedback law for the shape variables, then system (4.76)

can be viewed as the shape dynamic equations for system (4.72).

4.5 Tracking of boundary curves

We want to understand what is a boundary tracking behavior for the vehicle.
We say a vehicle tracks a boundary curve with separation r. if the trajectory
of the vehicle is a Bertrand mate of the boundary curve with A = r.. To pro-
duce such behavior, we propose two control laws. Under these control laws,
the trajectory of the vehicle converges to a Bertrand mate of the boundary

curve asymptotically.

4.5.1 The first control law and convergence proof

Let f(p) be a smooth monotone increasing function on (0, +00) such that

f(p) = 0 when p=r,
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kq
< f(p) < 0 when 0<p<r,

(1 + kky) )
and
k
f(p) 2(1 —i—lk ) as p — +oo, (4.78)
| / f(p)dp| < o0, (4.79)

where k > 0 and k; > 0. An example of such a function is

flp) = arctan(p — r.) . (4.80)

1
7T(]_ + k kl)
We define
l'=sgn(r-yi)sin(¢) — kf(p) . (4.81)

where £ > 0. Then by using the shape dynamics (4.66) and (4.69), and

notice that sgn(r - y1) is constant, we have the following

[ = sgn(r-y;)cos(¢)o — k‘?;p
2
= —sgn(r-y;)cos(¢)us + sgn(r - yl)%il(‘? + sgn(r - yl)kg—]; sin(¢)
p = —kflp)—1. (4.82)

Proposition 4.5.1 Given the control law

Uy =

1 K1 cos?(¢) ﬁsm . -
cos() ( 1=+ |r1|p Hfdp (¢) —sen(r-y1)(f(p) kll)) (4.83)

where the choice of + or — sign is determined by the shape of the curve and

the position of the robot. Suppose all the curve segments which result in the
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choice of — sign have curvature bounded by a constant k. i.e. |ki1| < K.
Furthermore, let
P 1
Vip, ¢) = / fle)dz + 51 (4.84)
0

If the initial condition for the robot is such that |cos(¢(to))| # 0 and

V(p(to), d(to)) < minf0, /0 “ f(2)dz) (4.85)

then uy produces converging shape dynamics s.t. sin(¢(t)) — 0 and p(t) — r.
as t — oo. In addition, the robot will not collide with the boundary curve
segment where the closest point belongs.
Proof

We first prove that if the initial condition is such that 2nm < ¢(ty) <
2nm 4+ w/2 where n is an integer, then ¢(t) < 2nm + 7/2 for all t > to. In

fact, under the proposed control law, one has

. Kl cos(9)
© = Tl
1 df )
= cos(d) (—(kd—p + k1) sin(o) + sgn(r - yi)(1+ & kl)f(p))
1 d k
< cos(¢) (_(kd_i + k1) sin(¢) + 51) . (4.86)
Because df /dp > 0, if ¢(t) € (2nm,2nm + 7/2), then
(k5 4 k) sin(9) > 0. (157)

Furthermore, for a given p, there exists €(p,d) > 0 such that if ¢(¢) € (2nm +

/2 —€,2nm + 7/2), then

d ki
(kd—i + ky) sin(¢p) > 51 : (4.88)

130



Therefore, it is clear that ¢(t) < 0 if ¢(t) € (2nm +7/2 — €, 2nw + 7/2). We
deduce that ¢(t) < 2nm + 7/2 for all t > ¢y given 2nw < ¢(ty) < 2nm + 7/2.

Next, we prove that if the initial condition is such that 2nm — 7/2 <
¢(to) < 2nm, then ¢(t) > 2nm — w/2 for all t > t.

In fact, under the proposed control law, one has

y _ fcos(d)
= 1 il |K1]p de
- cos(9) <(kf§ + k1) sin(9) + s;n(r (L +k k1>f<p>)
> co5(9) (—(kd—p + k) sin(¢) — 5) : (4.89)

Because df /dp > 0, if ¢(t) € (2nm — 7/2, 2n7), then

df :
(kd—p + ky)sin(¢) < 0. (4.90)

Furthermore, for a given p, there exists €'(p,d) > 0 such that if ¢(t) €
(2nm —7/2,2nm — w/2 + €'), then

d k
_(kd_J; + k) sin(¢) > 51 . (4.91)

Therefore, it is clear that ¢(¢) > 0 if ¢(t) € (2nm — 7/2,2nm — /2 + €). We
deduce that ¢(t) > 2nm — /2 for all t > ¢y given 2nm — 7/2 < @(ty) < 2nmw.

By similar argument, we can show that ¢(t) € (2nm + 7/2,2n7 + 37/2)
for all ¢ > ¢y given 2nm + 7/2 < ¢(ty) < 2nm + 37w /2. Therefore, our control
law is well defined for all ¢ > ¢, if initially cos(¢(to)) # 0. This statement

also confirms that sgn(r - y) is a constant under the controlled dynamics.
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Let a candidate Lyapunov function be V' = [ f(z)dz+ 3I1*.This function

is bounded below by [ f(z)dz. Then

Vo= f(p)(=kf(p) =)

+ l(—sgn(r - y1)cos(¢)uz + sgu(r - y1)
Fp)(=kf(p) = 1) +1(f(p) — kal)
—k f2(p) — k12 <0 (4.92)

K cos®(¢)

d
Rl st yl)kd—{) sin(6))

with V = 0 iff p = r, and | = 0. Therefore, by Lyapunov stability theory,
[l — 0and p — r. as t — oo. This further implies that sin(¢) — 0.

If during the convergent process p = 0, then the robot collides with the
obstacle. Notice that when p = 0, the minimum value for the Lyapunov

function V' is 0. Therefore, if the initial condition for the robot satisfies

V(p(to), d(t0)) <0, (4.93)

then because along the controlled robot dynamics V' is decreasing, the robot
will not assumes the state where p = 0. Thus the whole path is collision free.

On the other hand, the condition V' (p(ty), ¢(to)) < fo”% f(2)dz guarantees
that on the trajectory of the robot, if the — sign is chosen in wus, then the
control u, does not go to infinity. n

The limiting case sin(¢) = 0 has two possible solutions: ¢ = 2nm or
¢ = 2nm + m. Which solution is achieved depends on the initial value ¢(t),
which is determined by the choice of positive direction of the boundary curve.

If the positive direction of the curve is chosen so that x; (o) - x2(ty) > 0, then
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o(to) € (2nm — w/2,2nm + 7/2) so that ¢ — 2nmw. The vehicle moves to the

same direction as the positive direction of the curve. If x;(tg) - x2(t9) < 0,

then ¢(ty) € (2nm + 7/2,2nm + 37/2) so that ¢ — 2nm + w. The vehicle

moves against the positive direction of the curve. Comparing the two cases,

we conclude that the direction of the limiting vehicle motion is independent

of the choice of the positive direction of the boundary curve. Therefore, for

simplicity, we may assign positive direction to a boundary curve by always

requiring x;(tp) - x2(tp) > 0. Therefore the limiting motion of the vehicle

always achieves ¢ — 2nm.

4.5.2 Stabilized relative equilibrium

As t — 00, because ¢(t) — 2nm, we have

and

Then

R1

t - - @
ualt) = 1+ |kq]re

1

t .
m(t) — 1+ |ka]re

1

0 _1i\7€1|rc 1+|k1]re
&i(t) — 1iﬁ11‘rc 0 0
0 0 0
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and

0 - 1¢\I;?1|rc 1
fg(t) — 1:|:|I;11|7’c 0 0 . (498)
0 0 0

The limiting vehicle trajectory is a Bertrand mate to the boundary curve.
To see this, we denote the limiting trajectory as (goo(t), ko(t)) and its cor-
responding Lie algebra as & i.e. &(t) — &oo(t). This curve satisfies the

following differential equation on SE(2)

9o = gooleo
0 —Keo 1
0 0 0

We use this limiting trajectory as the reference curve. Comparing equation

(4.98) with equation (4.99), it is clear that

R1

1 4.100
1+ |ky]re " ( )

hence
/{/OO

1 + sgn(r - y1)Kkoore

(4.101)

R1

Then if we use t as parameter, the boundary curve (g;(t), k1(t)) satisfies

0 —FKoo LlA4sgn(r-yi)kere
91 =091 | Keo 0 0 . (4.102)
0 0 0
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We can rewrite

14sgn(r-y1)koore =1 — Koo A (4.103)

if we let A = —sgn(r - y;)r.. Comparing to the definition for Bertrand mate
in section 4.2, we immediately see that in the steady state, g1(f) and g (t)
form a Bertrand pair with g.,(t) serving as the reference curve.

Proposition 4.5.1 tells us that the relative equilibrium h(t) = hg is as-
ymptotically stable for initial values h(0) € SE(2) except for the ones with
cos(¢(0)) = 0. Starting with h(0), the trajectory of the vehicle converges
to a Bertrand mate of the boundary curve. On the other hand, the initial
condition cos(¢(0)) = 0 is unstable. Therefore, due to existence of noise, the

vehicle will not adhere to this condition.

4.5.3 Tracking piece-wise smooth curves

In reality, instead of being regular, almost all boundary curves are only piece-
wise regular. For example, obstacles with polygonal shape appear every-
where. We say a point on the boundary is a vertex if the tangent vector at
this point is not well-defined. Suppose a vertex appears when s = sg. Then if
a tangent vector on each side of the vertex is well defined, i.e. 1ims_>S;Jr dr/ds
and limSHsa dr/ds exists, we say the vertex is of type one. At a type one
vertex, there is a sudden change in the direction of the curve.

There are possibilities that the closest point may be a vertex. If this
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vehicle o

Figure 4.2: A crack with a type one vertex. Under the first control law, the

vehicle will crash with the vertex.

happens, we assign a unit tangent vector x; to the vertex such that
r-x; =0 (4.104)

is still enforced. We may also let k; = 0 at the vertex. As long as there
are only finitely many vertices, and the curve segments between vertices
are sufficient long, then the vehicle may use our first control law to track
the regular boundary curve segments. Near the vertices, the vehicle will
be disturbed by the discontinuity in the direction of tangent vector and in
curvature. It will deviate from the Bertrand mate of the regular boundary
curve segments. However, since the discontinuity only happens at the vertex,
the vehicle will come back to follow the Bertrand mate under the first control
law.

A more severe problem caused by vertices is the possible existence of a
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vehicle o

Figure 4.3: A crack with new convention for the direction of the curve. Under

the second control law, the vehicle will track the boundary in given direction.

crack, that is, two segments of boundary near a type one vertex shown in
Figure 4.2. When the direction of the boundary curve is chosen as shown,
the angle 6 is less than or equal to m/2. If a vehicle moves in the crack i.e.
the space between the two curve segments near the vertex, then under our
first control law, the vehicle will be guided toward the vertex and eventually
collide with the obstacle, as shown in Figure 4.2.

To solve this problem, a new convention is needed. When the vehicle
detects a crack, we assign the clock-wise or counter clock-wise direction as
the positive direction for all the detected curve segments that form the crack.
Therefore, the closest point detected by the vehicle in the crack may result in
¢ € (—m,+m), instead of (—m/2,7/2) restricted by the previous convention.
This new convention is shown in Figure 4.3.

We also need a new boundary tracking control law, which enables the
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vehicle to track boundary curves in an assigned positive direction. Such
a control law would complement the first control law which perform the
tracking in a direction that is independent of the direction of a boundary
curve. We follow the similar process in deriving the first control law by

starting from the shape dynamics

p = —sgn(r-yp)sin(g)
o (5 Y eose
¢ = (u:!m!p) s e

Let f(p) be a smooth monotone increasing function on (0, 4+00), with f(p) =

0 if and only if p = r. . Define

I = sgn(r - y1)2sin(¢/2) — kf(p) . (4.106)
Then
b= —cos(2k o) —cos( )1
[
| = —sgn(r-yy) cos(%)m + sgn(r-y;) i Cfsi(d)]ij(\);(ﬂ
+sgn(r - yl)k% sin(¢). (4.107)

The control law us is designed as

s = T@fg ; Qk% sin(6/2) — sen(r 1) (F(p) = lal)  (4.108)
so that
i = cos(2) (7o) — k) (1.109)
where k1 > 0.
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We now prove the convergence of the controlled dynamics. The Lyapunov
candidate function is

1
V =Hh(p) + 5l2 : (4.110)

where A(+) is continuously differentiable and satisfies the following hypothe-

Ses.

(A1) dh/dp = f(p), where f(p) is a smooth monotone increasing function
on (0, 00), so that h(p) is continuously differentiable on (0, 00);

(A2) f(re) =0and f(p) # 0 if p # re;

(A3) > HRE [ f(p)] = B

(A4) lim, o h(p) = 00, lim,_.« A(p) = oo, and Jp such that A(p) = 0.

With control uy given, we now compute its derivative as

Vo= flp)p+li

= F(o)(cos(2 Fp) — cos(2) 1) + Ueos()F(p) — cos( Skl
¢

= —COS(§) ka(p) — Cos(g) kI2<0. (4.111)

If ¢(t) € (—m,+7), then V = 0 if and only if f(p) = 0 and [ = 0. While
F(p) = 0 implies that p = r., | = 0 is used to conclude sin(%) = 0, which
gives one unique answer ¢ = (. Therefore, by Lyapunov stability theorem,
the system dynamics under control law uy converges asymptotically to the

equilibrium p = r. and ¢ = 0.
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When p — 0, the function V' — oo. Then if the robot start with a state
p # 0, the value of V' is finite. Along the controlled dynamics V' will decrease.
Therefore, the robot will not collide with any obstacle.

We notice that the configuration when ¢ = 4+ is unstable. Because of
condition (A3), by similar analysis for the first control law, we know that
slight perturbation of the angle ¢ will cause the vehicle converging to ¢ = 0.
In reality, since ¢ is measured by noisy sensors, we almost never can get
¢ = +m exactly. Therefore, we consider this as a problem that can be

omitted. In summary, we have proved the following proposition.

Proposition 4.5.2 Given control law uy as in equation (4.108). Suppose all
the curve segments which result in the choice of — sign in us have curvature
bounded by a constant k. i.e. |k1| < k.. If the initial condition ¢(tg) €
(—m, ) and

V(plto), é(to)) < h(=) . (4.112)

then the control law given by (4.108) produces converging shape dynamics s.t.
o(t) — 0 and p(t) — r. as t — oo. Furthermore, the robot will not collide
with the boundary curve where the closest point belongs.

We point out that there exists functions f(p) and fi(p) which satisfy the
conditions (A1)-(A4). We let

f(p) il

(-

= . 4.11
1+ ki k p) ( 3)

This function is clearly monotone increasing with f(p) = 0 if and only if

p = 1. We then need to verify condition (A3). First, we noticed that if
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p > r., then because

~ ky
< _ 4.114
it is true that
df 1+ kik ~ ky
—>0> - —. 4.115
i S = (4.115)
Next, when p < r., we want to show
ki re ky Te ky
—-—>——1-=)—-—= 4.116
14 ki k p? k ( p ) k-’ ( )
which is equivalent to show
20° — 7. >0 4.117
pT—rep+ 1+ klkr ( )
Suppose we select the value of k and k; so that
8k
. ) 4.118
Te < 1+ki k ( )

Then the inequality (4.117) is satisfied. Therefore, the condition (A3) is

satisfied. Then an h(p) that satisfies condition (A4) is

k1
1+ ki k

hp) = (p —relog(p) — re + relog(re)) (4.119)

4.6 Simulation results of boundary tracking

In this section we present simulation results verifying the two boundary track-

ing control laws. Our simulated robot is equipped with 32 range sensors
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evenly distributed across the 360 degree perimeter of the robot. Since the
angle between two sensor rays are not arbitrarily small, the movement of the
closest point could be discontinuous. We will see this effect in the results.
To test the first control law, we use an elliptic obstacle with smooth
boundary curve. The trajectories are shown in figure 4.6, the initial condition

of the robot determines the direction of the trajectory circling the obstacle.

-12 -10 -8 -6 -4 -2 -12 -10 -8

Figure 4.4: Trajectories of boundary tracking of an elliptic obstacle.

The shape variables ¢ and p are plotted in figure 4.5(a) and 4.5(b). One
can see the averaged value for the angle ¢ converges to 0. The averaged value
for p converges to 0.95 which is very close to 1, the designated separation. The
curvature value at the closest point is plotted in 4.5(c). We see oscillations
in all these data. This is because there are limited number of sensor rays,

therefore the detected closest point could be jumping from one ray to another,
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causing discontinuities.

We then use a nonconvex polygon as the obstacle to test the first tracking
control law. The trajectories are shown in figure 4.6. Again, the direction of
the trajectories are determined by the initial orientation of the robot.

The shape variables ¢ and p corresponding to figure 4.6(a) are plotted in
figure 4.7(a) and 4.7(b). We see clearly that vertices cause large disturbances
in ¢ and p. Here the designated value for p is 0.6. One can see that after each
vertex the control law tries to control ¢ and p back to the desired value. But
from the data of ¢ and p it is difficult to recognize when a vertex is detected.

The curvature value at the closest point is plotted in figure 4.7(c). We
discovered that the upward and downward spikes in this curvature plot has
clearly indicated where the vertices are. The eight spikes in the curvature
plot correspond to the eight vertices of the obstacle.

Under the second control law, the robot always circling the obstacle in the
same direction. For the elliptic obstacle, the trajectory is plotted in figure
4.6.

The shape variables ¢ and p for figure 4.8(a) are plotted in figure 4.9(a)
and 4.9(b). The curvature value at the closest point is plotted in figure 4.9(c).
The plots are quite similar to those of the first tracking control law.

We then used a polygon with a crack to test the boundary tracking ability
of the second control law. The trajectory is shown in figure 4.6. We see that
the tracking is successful.

The shape variables ¢ and p are plotted in 4.10(a) and 4.10(b). Again
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Figure 4.5: Shape variables and curvature measured at the closest point when

tracking an elliptic obstacle.
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Figure 4.6: Trajectories of boundary tracking of a nonconvex polygon.

we see big disturbances caused by the vertices. The curvature value at the
closest point is plotted in 4.10(c). The spikes in the curvature measurements
correspond to the vertices with one exception. The vertex that serves as the
peak of the crack is never a closest point to the robot. Therefore, there is no

corresponding spike in the curvature plot.
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(c) ma(t)

Figure 4.7: Shape variables and curvature measured at the closest point when

tracking a nonconvex polygon.
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Figure 4.8: Trajectories of boundary tracking of an elliptic obstacle, using

the second control law.

4.7 Navigation using boundary tracking be-
haviors

We consider a plane with finitely many static obstacles, each one is mod-
eled as a simply connected compact set with a smooth boundary curve with
bounded curvature. A moving vehicle on this plane has the ability to detect
a fixed point target located at the origin of a right handed coordinate system
with the direction of the X-axis arbitrarily chosen. Furthermore, we assume
that for each obstacle, there exists a cone with its apex located at the ori-
gin such that the obstacle is contained in the cone. Notice that the cones

mentioned here all have open angles less than .
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Figure 4.9: Shape variables and curvature measured at the closest point when

tracking an elliptic obstacle, using the second control law.
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Figure 4.10: Shape variables and curvature measured at the closest point when

tracking a nonconvex polygon, using the second control law.
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Figure 4.11: Trajectories of boundary tracking of a nonconvex polygon, using

the second control law.

The vehicle is able to detect segments of the boundary curves of obstacles
by using sensor rays and is able to estimate the tangent vector and curvature
of the boundary curve at any detected point. As an idealization, we suppose
that each sensor ray has infinite range of detection. Furthermore, the vehicle
has enough sensor rays that are able to scan a full 360 degree view. Our
goal is to design a control law which enables the vehicle to get within a small

neighborhood of the target without colliding with any of the obstacles.

4.7.1 Virtual boundary segments

For each obstacle denoted by Ob; where (j = 1,2,3,...,N), we define a set
Hj; to be the set of all line segments connecting points of the set Ob; and the

target o.

H; ={q(z,y)lg=to+ (1 —t)b,t € [0,1],b € Ob;} (4.120)
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For convenience of discussion, we denote the boundary curve of Ob; by I';,
denote the boundary curve of H; by A;, as shown in Figure 4.12. We want
to know the structure of A;.

From figure 4.12, it is intuitive that A; contains two straight line segments

ow; and ow, and part of I';. We shall rigorously prove this.

Figure 4.12: The construction of virtual boundary curve segments.

Claim 4.7.1 H; can be constructed as the collection of all line segments that

connect points of I'; and o
Proof
Let
H]l = {ql(x,y)\ql = t10 + (1 - tl)bl,tl € [0, 1],b1 € Pj} (4121)
For any q; € Hjl, because b; € I'; C Ob;, we know q; € H;. Hence H]1 C Hj.

On the other hand, for any q € Hj, if b € int(Ob,), one can extend the ray ob
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so that this ray intersects with I'; at point b;. One can do this because Ob;
is compact. Then a reparametrization shows q € H;. Therefore H; C H;.

Claim 4.7.2 The boundary curve of H; passes through o i.e. o € A;.
Proof

Use proof by contradiction. We assume that o is in the interior of Hj i.e.
o € int(H;). Then consider a ray emit from o. The ray intersects I'; at some
point b;. When the ray sweeps 360 degree the intersection point traces a
closed curve that encircles o. This contradicts with the assumption that Ob;

is contained in a cone with its peak point at o. n

Claim 4.7.3 The boundary curve of H; contains two segments of straight
lines ow; and owy where wi,wy € I';. The extensions of the straight line
segments beyond wy and Wy have no more intersection with Ob;.

Proof

Because Ob; is compact, each straight line segment that connects o with a
point on I'; must has a intersection b; with I'; such that the distance between
o and b; is the maximum among all the intersections between Ob; and the
straight line. If the line segment ob; has another intersection b, with I'; such
that the line segment byby € Ob;, then the boundary curve I'; is partitioned
into two parts with each part lying on one side of the line b;b,, as shown in
Figure 4.12. Hence at the point by, we can find a small boundary segment

with its points on both sides of b;by. Connecting the two end points of such
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segments, v; and v, with o, we can see that ov; € H; and ovy, € H;. We
observe that there exists a small enough neighborhood of by, with radius less
than || bavy || and || bovy || that is entirely contained in H;. Therefore, by is
not on the boundary of H;. This implies that ob, is not part of the boundary
of H;. Thus for ob; to be part of the boundary curve of H;, b; and all the
intersections between ob; and Ob; must be tangent points. Therefore, ob;
must be a tangent line of the boundary of Ob;.

Because Ob; can be contained in a cone with its apex at o, there exists
tangent lines like ob;. We can only have two such tangent lines because if
there is a third one, one line must lie between the other two, hence fails to
be a segment of the boundary curve. Therefore, we can find points w; and
wy on I'; where ow; and ow, are tangent to the boundary curve I'; so that
ow; and ow, are boundary segments of H;. We name the tangent points

with maximum distance to o along the lines as w; and ws. m

Definition 4.7.4 We define the two straight line segments ow; and owsy as

virtual boundary segments of the set H;.

Claim 4.7.5 For any point w € I';, Ob; lies entirely on one side of a line
obtained by extending the segment ow, if and only if ow C ow; U ows.
Proof

If ow C ow; U ow,, without loss of generality, suppose ow is aligned with
ow;. Then by definition, all points in this line that belongs to Ob; are tangent

points. Now, suppose there are points belong to Ob; on both sides of the
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extended line ow;. Because Ob; is simply connected, there exists a path that
connect these two points and lies entirely within int(Ob;). Such path must
intersect ow; and the intersection point can not be a tangent point because
it is not a boundary point of Ob;. Therefore, by contradiction, we proved
that Ob; is located on one side of the extended line.

If we know Ob; is located on one side of the extended line ow, w must
be a tangent point and all possible intersections between the extended line
and Ob; must be tangent points, because otherwise there will be boundary
points of Ob; on both sides of the line. Therefore, ow is a virtual segment
that passes through o. As mentioned before, the only two possible lines are

ow; and ow,y. Hence ow C ow; U ows. n

4.7.2 Detection of virtual boundary

We already developed a boundary following control law. Is it possible to use
such a control law to allow the vehicle to move towards the target? One
answer may be to enable the robot to follow the virtual boundary segments
instead of the true boundary curve in certain context, taking advantage of
the two virtual segments which pass through the target. Since the virtual
boundary segments do not exist physically, we must provide an algorithm
for the moving vehicle to construct the virtual segments based on its sensor
readings. A simple algorithm exists: to construct one virtual boundary seg-

ment, the vehicle only need to detect the tangent point w; or wy on the true
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boundary curve I';. Because the vehicle knows where the target is, knowing
a tangent point is enough to determine a virtual segment.

We assume that the sensor rays of the moving vehicle have infinite de-
tection range. Then, if there is only one obstacle Ob;, one possibility for
the vehicle to fail to detect w; is when w; is invisible to r, that is, the line
connecting the vehicle r and w; intersect I'; at some point other than wy.
We can apply the same argument to wy. The two cases when both w; and

wy are invisible are shown in Figure 4.13 and 4.14.

Figure 4.13: The vehicle lies inside the cone formed by ow; and ow,y. Both

w1 and Wy are invisible by the moving vehicle.

Claim 4.7.6 Fither wi or wy is visible to r, if v lies outside the cone formed
by rays owy and owy that contains Ob.

Proof
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Figure 4.14: Another case where the vehicle lies inside the cone formed by
ow, and owsy, both wi and wy are invisible. However, the vehicle is able to

detect a segment of I'y which is also a segment of A;.

W,

Figure 4.15: When the vehicle lies outside the cone, either wi or wy can be

detected.
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The obstacle Ob; lies between the rays ow; and ow,. If r lies outside this
cone, then r ¢ H;.

We now prove by contradiction. Suppose neither w; nor wy are visible
by the vehicle at r. Then the line segments rw; and rw, must intersect the
boundary curve of Ob; at points vi and vo. We know vy € H; and vy € H;.

Because r is outside the cone that contains the obstacle, we know that
both line segments rv; and rv, must intersect with the cone boundary which
consists of two extended rays, ow; and ows. There are three possible con-
figurations.

First, suppose both rv; and rvy intersect with ow, or its extension, as
shown in Figure 4.16. Denote the intersection points as vs and v4. Then
we observe that there are two distinct intersections, v, and ws, between two

straight lines owy and rwy. Therefore, this is impossible.

W

Figure 4.16: The first impossible case.
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Second, suppose both rv; and rvy intersect with ow; or its extension.
By the similar argument as the previous case, we claim that this can not
happen.

Third, suppose rv; intersect with owsy at v3 and rvy intersect with ow;
at v4. Then as shown in Figure 4.17, w;v3 and wyv, are diagonal lines for a
quadrangle, which implies that their intersection lies within the quadrangle.
However, since we assume that they have another intersection r outside the

cone, we obtain a contradiction.

!

Figure 4.17: The third impossible configuration.

As a summary, when r lies outside the cone, either w; or wy, must be
visible to r. n
When either w; or wsy is visible, the vehicle has to distinguish them
from all detected points. A candidate w for w; or wy satisfies the following

necessary conditions: (1) the tangent vector to I'y at w is aligned with ow;
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(2) all detected points are located on one side of the line ow, with r lying on
the other side. The first condition can be easily verified because the tangent
vector at w and the line ow are known. As declared by Claim 4.7.5, the
second condition is a sufficient condition for w € ow; or w € owy when
there is only one obstacle with the assumption that it is contained in a cone.

Therefore, an algorithm to construct ow; and ows, is:

Algorithm 4.7.7 Let w be a detected point. For any other detected point
z, let z1 be the intersection between the extended ray ow and the extended
ray vz, as shown in Figure 4.18. Then if ||rz || > || vz, || for all z, then w is
either on the line segment owy or on the line segment owsy. ow is the virtual

line segment we want to construct.

W,

Figure 4.18: An algorithm to detect virtual boundary ow;.
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Claim 4.7.8 A vehicle can always detect a segment of Ay, the boundary
curve of Hy, if its position r satisfies v ¢ Hj.

Proof

When r is outside the cone formed by ow; and ows, we know that it can
detect either the virtual boundary ow; or owy. When r is inside the cone
but does not belong to Hj, it can detect a boundary segment of Ob; which

is also a boundary segment of H;. The statement is proved. ]

Theorem 4.7.9 Suppose a vehicle satisfies the following conditions:
1. The initial position of the vehicle does not belong to H;.

2. The vehicle is able to detect virtual boundary segments using for exam-

ple, algorithm 4.7.7.

3. The vehicle is under a control law which enable it to follow a detected
boundary with a given distance in unit speed. One such control law may

be the second control law in the boundary following section.

Then the vehicle is able to follow the boundary of Hy at a given distance.
Furthermore, for any 6 > 0, there exists € > 0 s.t. by following the boundary
of Hy at distance €, the vehicle is able to get within the & neighborhood of o
n finite time.

Proof

Starting outside the set H;, the vehicle is always able to detect the boundary

curve of H;. Because the vehicle is able to follow a detected boundary, it
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is able to follow the virtual boundary segments too. Since the boundary
curve of H;y has finite length and the vehicle has unit speed, by following the
boundary of H; at distance small enough, the vehicle will be able to reach
the 0 neighborhood of any point on the boundary curve A; in finite time.

Since o € Ay, the statement is proved. m

4.7.3 Navigation through many obstacles

Adding a second obstacle to the environment causes several difficulties. The
biggest challenge of all is how to segment the detected points, that is, to
determine whether two detected points belong to the same obstacle or two
obstacles. Because of the complexity of the shape of each obstacle and the
many possibilities for the relative position between the vehicle and the ob-
stacles, we have not found one general algorithm which is successful for all
cases. However, in many cases, this task can be performed by combining
several methods. Therefore, it is reasonable to assume that segmentation
can be successfully achieved.

Denote the obstacles by Ob; and Ob,. Under the assumption that we
know to which obstacle a detected point belongs, we may use Algorithm
4.7.7 to determine the tangent points wy;,wis for Ob; and way,woy for Ob,
depending on whether one or more of them are visible . Then we may con-
struct one or more of the virtual boundary segments ow;; for ¢,j = 1,2,

therefore partly construct H; and Hs.
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Suppose the position of the vehicle r lies outside the set H; and H,. Then
by Claim 4.7.8, the vehicle is always able to detect a boundary segment. We
may answer two questions. Is the vehicle still able to follow the boundary of
H, U Hy? And, will the vehicle be able to enter a small neighborhood of the

target by following the boundary?

Figure 4.19: The case when Hy N Hy = {0}, two virtual boundary segments

owy; and owsyy form a crack.

In order to understand the behavior of the vehicle, we need to study the
following cases:

1. Hy C H,, this case is no different than the single obstacle case.

2. HiN Hy = {o}. In this case, the virtual boundaries intersect at target
o and may form a crack, as shown in Figure 4.19. The vehicle is able to

follow the combined boundary of H; U H,. By following the boundary, the
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vehicle will visit a neighborhood of the target and then departure from it to

come back again later.

Wiz

Figure 4.20: The case when one virtual boundary segment owy; intersects
with a true boundary segment. We choose the direction of the true boundary

so that the boundary of Hy U Hy can be followed.

3. HiN Hy, # () with case 1 and 2 excluded. In this case, at least one
virtual boundary segments of one obstacle intersects a true boundary segment
of the other obstacle. In order to follow the combined boundary for H; U H,,
at the intersection point, the vehicle determines the direction of the true
boundary curve so that there is no conflict at the intersection point. Then
the combination of the virtual boundary and the true boundary becomes one
segment of the boundary curve for H; U Hs, as shown in Figure 4.20. The
vehicle will be able to follow the combined boundary. Furthermore, since o
belongs to the boundary of the set H; U Hy, then by following this boundary,
the vehicle will arrive in a small neighborhood of the target in finite time.

When there are more than two obstacles, depends on the shape of the
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Figure 4.21: The case when the boundary of the set |, H; does not contain

the target o.

obstacles, there does exist possibility that o becomes a interior point of the
combined set, as shown in Figure 4.21. In this case the vehicle will not get
close to the target by following the combined boundary. This difficulty is
under investigation and might be solved by different ways of constructing
virtual boundary segments.

Based on the discussions for two obstacles, the following theorem states

some facts about the case when there are more than two obstacles.

Theorem 4.7.10 Suppose the following conditions are satisfied:

1. There exist finitely many obstacles Ob;, 1 = 1,2,..., N satisfying the

assumptions given in the beginning paragraph of this section.

2. For each Ob;, the vehicle is able to detect boundary segments of H; by

using algorithm 4.7.7.
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3. The vehicle is able to track boundary curve of H; for each i with any

gien distance using , for example, the second boundary following law.

Then starting from a position r(ty) ¢ Ufil H;, the vehicle is able to follow
the boundary curve of the set Uf\; H;. Furthermore, if the target o lies on
the boundary of Ufil H;, then given 6 > 0, there exists ¢ > 0 s.t. the ¢
neighborhood of the target can be reached by the vehicle in finite time if the
tracking distance between the vehicle and the boundary cure is less than €.
Proof

We have shown the case for two obstacles. We shall use the method of
proof by induction to prove the general case. We suppose the statements are
true when there are N — 1 obstacles and use this as the induction hypothesis.

When there are N obstacles, we view this case as adding one more obstacle
to the case of N — 1 obstacles. We may construct the set Hy. Very similar
to the case when there are only two obstacles, we can find three possibilities:

1. Hy C UZ\SI H; or Uf\:ll H, C Hy. Then there is no difference from
the case of N — 1 obstacles or the case of just one obstacles. The statements
hold by the induction hypothesis.

2. Hy NUY," H; = {o}. This case is similar to the case of two obsta-
cles. The boundary of Hy will be appended to the boundaries of Ufi}l H;.
Because the vehicle will visit the § neighborhood of the target in finite time
by following the boundary of Hy with distance less than ey, we know that

by following the boundaries of the set Hy UJY," H; = {o} with distance
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less than

e = min{ey, €, ... EN}, (4.122)

the vehicle will visit the d-neighborhood of the target in finite time.

3. Hi N UZ]\SI H; # 0, but case 1 and 2 is excluded. In this case, in-
tersections of virtual boundary segment and real boundary segment exist.
By similar argument of the case of two obstacles, we are able to determine
the direction of the true boundary so that the combination of the virtual
boundary and the true boundary becomes one part of the boundary curve
for Hy U Uf\;l H;. If o lies on the boundary of Uf\; H; , by following this
boundary, the vehicle will arrive in a neighborhood of the target in finite

time.
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Chapter 5

Coordinated Orbit Transfer of

Satellite Clusters

There is increasing interest in the behaviors of a cluster of relatively small
satellites in space. Such satellites are usually inter-connected by wireless ra-
dio or laser links for communication. By keeping a cluster of such satellites
in a certain geometrical form, one can acquire benefits for scientific observa-
tions. The information sharing across the cluster will allow the satellites to
work cooperatively to perform tasks impossible or difficult for a single satel-
lite. Compared to a single satellite providing the functionality of a cluster, a
member of a cluster can be smaller/lighter. Building and launching costs will
then be reduced. In addition, A cluster can also be reconfigured according
to different mission goals or in the case that a member of the cluster fails.

The size and shape of a cluster or formation are usually determined by
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the required functionality of the formation. With J; and higher order terms
of the earth’s gravitational field ignored, the solution of the Kepler problem
tells us that a satellite will track an elliptical or circular orbit. To determine
the orbit of each satellite in a cluster such that the size and shape of the clus-
ter is kept unchanged over sufficiently long period is not a trivial problem.
Because the amount of fuel on board is limited for each satellite, one needs
to find a set of orbits that demand the minimum control effort. This problem
becomes more challenging when the effect of J; and other disturbances are
considered. In [13] the authors proposed a ring of evenly distributed satellites
on the same circular orbit for communication purpose. The stability of such
ring is proved in [19]. In [6] and [29] the investigations of Clohessy-Wiltshire
equations revealed possible formations with constant apparent distributions.
The effects of perturbations are calculated and possible station keeping strat-
egy are proposed. In [31], the authors proposed that in the presence of Js,
a set of constraints on the orbital elements shall be satisfied to prevent the
orbits from drifting apart. However, extra station keeping is still necessary
due to the complicated nature of the disturbances. The adjustment can be
performed periodically when the drifting error exceeds certain threshold.
The initialization of a formation is another important problem. The whole
cluster can be launched together by a space shuttle or rocket. Satellites will
be first placed in a parking orbit before transferring to the final orbits where
desired formation will be achieved. The orbital transfer can be performed

individually using a control law based on a Lyapunov function which achieves
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its minimum when correct orbit is reached. In [30], the Lyapunov function
is expressed as a quadratic function of the differences of orbital elements
between current orbit and the destination orbit. In [5], the authors proved
that an elliptic orbit can be represented uniquely as a point on the linear space
formed by the angular momentum vectors and Laplace vectors. A Lyapunov
function was built naturally from the Euclidean metric on this space. It
has been suggested that compared to Hohmann transfer, this approach will
consume less fuel.

The problem we are interested in is a cooperative orbit transfer alogorithm
to achieve a satellite formation. What we want to consider here is the case
when members of the formation have been placed relatively far apart. They
have to use their on-board thrusters to get to the desired orbits to form
the desired formation. A similar case is when the whole formation has to
be restructured for mission-related reasons. We want the formation to be
maintained to some extent during the transfer and be re-established after
the transfer.

In section 5.1, we develop formulas used in the proofs of our theorems. In
section 5.3, a brief summary of results in [5] and [47] are given.We introduce
the definition of periodic satellite formations in section 5.4. Our main results
and proofs about orbit transfer of periodic formations are presented in section

5.5. Simulation results are shown in section 5.7.
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5.1 Control osculating elements

If the mass of a satellite is small compared to the mass of the earth, the

Kepler two body problem can be approximated by a one-center problem as:
mj=-VVag+u (5.1)

where g € R? is the position vector of the satellite relative to the center of
the earth, m is the mass of the satellite, Vi is the gravitational potential of
the earth, u is the control force plus other disturbances. Without considering

higher order terms, Vi takes the form
Vo =-m—: (5.2)

where p is the gravitational constant. Let p = mgq be the momentum vec-
tor of the satellite. For simplicity we assume that all the satellites
considered in this chapter have unit mass.

Let us make the following definitions:

I(t) = q(t) x p(t)
Ay = ply x1(t) — pr L0

Fa(t) |

A |
e(t) = .
h(t)?
0= =
1 r(t)
cos(E(t)) = @(1—@)
M) = E(t) - e(t) sin(E(1)) (5.3)



where h(t) = ||I(t)|| and r(t) = || ¢(t)]]. These formulas can be found in
textbooks on celestial mechanics [8]. [ is the angular momentum vector. A
is called the Laplace vector. They are conserved if u(t) = 0. a is the length
of the semi-major axis and e is the eccentricity. F is the eccentric anomaly
and M is the mean anomaly. The last equation is Kepler’s equation. When
e(t) = 0, the eccentric anomaly E(t) is defined to be M (t) which is measured
from the line of ascending node. For now, we will assume that e(t) # 0.
Notice that these formulas are valid for all £ and all the elements are
differentiable on R* x R* — {0}. So we can take derivative on both sides of
equations (5.3). By using the property that [, A, a and e are conserved when

u(t) = 0, we have

. or. ol
ity = 8_qq+8_pp

ol . 0l
= a—qq+ a—p(—VVG +u)

= —ult). (5.4)

Similarly, we have

A(t) = =—u(t) . (5.5)

We derive the perturbation equations for the orbital elements used in
our control algorithm. The control forces are continuous functions of time.
Hence the derivatives are taken along the controlled dynamics of a satellite.

Part of the orbital elements are shown in figure 5.1.
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Perigee

first point in
Aries
Line of Ascending node

Figure 5.1: The illustration of the vectors I, A and orbital elements a, e, i,

Q and w.

Starting with the eccentricity, we have

. AA A oA
e = sTAT = AT 2 Q
1 T

where A is the unit vector along the direction of A. We also have

by = L1

. 1 - .
a(t) = m(zhh + 2,&&66)
N u(1—€2)(8_p) Lult)
2ae 0A Ti.
by () A (). (5.8)

We now derive the formulas for M. Since r2 = ¢ - ¢, we have 77 = ¢ - p.
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Hence

W= 1-1=(gxp)-(gxp)

= (¢-9)(p-p)—(g-p)(q-p)

2 1
= 7’2/1(; — g) — 22,
On the other hand
h? = pa(l —¢e?) .
Thus
o pel=c) 2 1)
r rooa

Apply 7 = a(1 — e cos(F)). After simplification, we have

e sin(F)
pa

i = i
Taking derivatives on both sides of r = a(1 — e cos(E)), we have
i = a(1 — e cos(E)) + a(é cos(E) — e sin(E)E) .
Thus,
7 T a cos(E)

ae sin(F) a?e sin(E)a * ae sin(E)6

pwl — cos(E) . r .
——+ — e— - a .
ar esin(FE)  a?esin(F)

(5.9)

(5.10)

(5.11)

(5.12)

(5.13)

(5.14)

On the other hand, taking derivative on both sides of M = E — e sin(E), we

get

M = E—¢ésin(E)—ecos(BE)E
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= (1—ecos(E))E —ésin(E) . (5.15)

Combining this equation with equation (5.14),(5.8)and (5.6), we have

M = (1—e COS(E))\/El + (COS(E)(1 — e cos(E))

ar e sin(E)
Gin(ENe — r(1—e cos(F)) .
(E)) a’e sin(F)

— \/E+ cos(E) — €, _ (1—e cos(E))QC_L
a3 e sin(E) ae sin(E)

= n—i—n(%)TZ-u(t) +§(g—;)Tl-u(t) : (5.16)

where n = \/a% and

~ 2(1—ecos(B))?

pae(l — e?) sin(E)
cos(E) —e  2(1 —e cos(E))?
pe sin(E)  u(l—e?)sin(E)

E(LLAE)

n(l, A E)

(5.17)

Notice that £ and n will be oo if sin(£) = 0. Physically it means that when
the satellite is passing perigee or apogee, the control can cause a sudden
jump of the mean and eccentric anomalies. In order to prevent this from
happening in our control laws, we will turn off the control when sin(£) = 0.

The inclination [ is defined as the angle between the z-axis and the an-

gular momentum vector [. It can be determined by

cos(l) = (5.18)

S

Taking derivatives on both sides we get

Lloly + LI, — (2 + B)I,
_ 2

—sin(1)[ =
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= 0D feos(1) sin(62), — cos(1) cos(€2),  sin1)] 1, (5.19)

h
because
cos(Q) = bl (5.20)
VE+12Z hsin(I) '
Thus
.1 . : ol
I = E[COS(I) sin(Q2), — cos(I) cos(Q?), — sm([)](a—p)u : (5.21)

The argument of the ascending node 2 is defined as the angle between

the z- axis and the ascending node. It can be determined by
tan(Q2) = —— . (5.22)

By taking derivatives on both sides of equation (5.22), we have

1 lyle — 1,1
O = _u= xby
cos?(2) 1 12 o
=l 1,0 L 2
l;[yv 2 0] apu (5.23)
Let n = l§+lg [—ly, 1, 0", we have
: h sin(I) cos?(2) , Ol
O = Sy
I (6p> ne
1 ol
_ Oy 5.24
hsin(])(ap) e (5:24)

Notice that this n is the unit vector pointing to the ascending node.
The argument of the perigee w is defined as the angle between the vector

7 and A. It can be determined by

cos(w)=n-A. (5.25)
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By taking derivatives on both sides, we get

D= — oA+ A7) 2
w sm(w)(n +A-n) (5.26)
Because
i 1 ~ .
A=—(I;— AATA 2
(1 - AAT) (527
and
R (I~ AT (5.28)
n_hsin(I) d T R )

where I4 represents the identity matrix, one can verify that

n-A=Qcos(I)sin(w) (5.29)
and
Aoii= L = cos(@)A) - A = ——sin(@)A, - 4 (5.30)
n—ue n COS(Ww _Mes w 1 .

where A, is the unit vector perpendicular to Aand ! forming an acute angle

with . The derivative of w is

cos(I) Ol Tw ou— — (A,
_hsin(f)(a_p> n ue(@p> Al (5.31)

w =

The longitude parameter 6 is used in stead of the true anomaly when the

orbit is circular. To determine 6, we have the following

q-n =gy cos(2) + ¢, sin(2) = r cos(h) . (5.32)
Hence
cos(f) = f cos(2) + g sin(92) . (5.33)
T T
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On the other hand,

—q x 71 = 1 sin(f) % . (5.34)
This gives the following set of equations:
sin(#) ke S sin(€2)
h r
sin(#) %y = —; cos(€2)
sin(é’)% = —% sin(£2) + % cos(2) . (5.35)

Thus, 6 can be uniquely determined by using equation (5.33) and any one of
equation (5.35).

We now calculate the derivative of # which contains two parts. The first
part is due to the orbital motion of the satellite and the second part is due

to the perturbation of the line of ascending node i.e.

_h cos(I) Ol 1.

2 h sin(])(a_p) ned

(5.36)

We will now derive equation (5.120) for My. We start from the cosine

relationship between the true anomaly f and the eccentric anomaly E

_e+cos(f)
Taking derivatives on both sides yields
, . (e —1)sin(f) ; sin?(f) '
—sin(E) E = (I+e COS(f))Qf + (+ec COS(f))Qe . (5.38)
Because
sin(B) = VL= ¢ sinlf) (5.39)

1+ e cos(f)
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we have

vi—e? . sin(E)é

E= l+e cos(f)f 1—¢
e onle);_snce, »
We know
f=0—-w. (5.41)

The true anomaly of the ascending node is (—w). Let E, be the eccentric

anomaly of the ascending node. Its derivative is

p _loecos(By) Ly sin(B),
B = — (—v) T (5.42)

Let My be the mean anomaly measured from the line of ascending node. By

using the Kepler’s equation, it is easy to see that
My =FE —esin(E) — (E, — e sin(F,)) . (5.43)
Thus the derivative

My = (1—ecos(E))E —(1—ecos(E,))E, —¢é(sin(E) — sin(E,))
~ (—ecos(E))?. . . o
= Vi 0 — é(sin(F) —sin(E,))
_é(sin(E)(l —ecos(E))  sin(E,)(1—e cos(Ew)))
1 —e? 1 —e?
(1 —ecos(E))?— (1 —e cos(E,))?

— Vi w . (5.44)
We know that
(1 —ecos(E)) = . (5.45)

a

178



Therefore,

(1—-ecos(E))*— (1 —e cos(E,))? r? —r?

N Savice 00
Because of equation (5.31), we have
r2—r2 r? —r2 OA . ~
b = () AL )

——r 0
a’y/1 —e? waey/1—e?
r?—r2 cos(I) Ol ;.
— < — T A4
aQ\/l—QQhSiD(I)(ap) ned (5 7)

Since we already know that

0 = E—QCOS(I)

r2

T 94
M(ap) A-u(t) (5.48)

substitute the derivatives in equation (5.44) by equations (5.47) and (5.48),

we obtain

[ r? cos(I) ,0l ~
My = n= A =ah s o
rsm(E) r, sin(E,) 1,04

_(sm(QE) —;m(Ej: ) )M( 8]9) A.
Ma2 m(( ) AJ— ’LL)
r?—r? COS()(al)n-u (5.49)
a2y/1 —e2h sin(l) 0 ’ '

which simplifies to

o r? cos(I) Ol o
My = n-— mhsm()( )Y'n-u
rsm(E) re sin(E,), 1 ,0A

_(sm(E) - sm(Ewa): ) )M( (9p> A
,ua2 \/7(( (9p> Al -u). (5.50)
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5.2 Shape space for satellite formations

The Jacobi and Kendall shape space can be certainly applied to study the
problems of satellite formations. However, for a satellite formation near
an elliptic orbit, we find that it is more convenient to use another way of
describing the shape of satellite formations.

For a system of two small satellites, one can make the following assump-
tions: (a) The gravitational attraction between the satellites can be omitted.
(b) The total mass of the satellites satisfies m; + my < M where M is the
mass of the Earth. Under these assumptions, the three body system can be
approximated by two uncoupled two body problems. Each of the two body
problems can be further simplified to a one center problem with the center
of Earth being the center of mass.

Let p = mqg be the momentum of the satellite. The angular momentum
1 = ¢ x p and the energy W = %mH(jH2 + V are integrals of motion (i.e. they
are conserved). The Laplace vector A = p x [ — mQ'HH%;H is also conserved
given ¢(t) # 0 for all t > 0.

Knowing [ , W and A, we have seven integrals for the two-body problem.
They are not all independent because there are two relations connecting

them. They are:

Al =0
AP = m*u®+2mW ||| . (5.51)
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The space of ordered pairs (I, A) is R* x R on which we define the metric:
d((h, Ay), (2, A2)) = (|l — L |* + || Ay — Az %)= . (5.52)

Let P denote the phase space of the satellite, define a mapping 7 : P —
R3 x R3, (q,p) — (I, A). Let the set X, be defined as

Ye = {(a;p) € P|W(g,p) <0,1# 0} (5.53)
and let the set D be defined as
D={l,A) e R*xR*|A-1=0,1#0,|| Al <m?u} . (5.54)
In [5], the authors proved the following results:

Theorem 5.2.1 (Chang-Chichka-Marsden)The following hold:

1. X, s the union of all elliptic Keplerian orbits.

2. m1(%.) =D and X, = 7 1(D).

3. The fiber m=1(1, A) is a unique (oriented) elliptic Keplerian orbit for
each (I, A) € D.

The mapping 7 is a continuous mapping because [ and A are continuous with

respect to (g, p). Furthermore, the following corollary hold.
Corollary 5.2.2 7 1(K) is compact for any compact set K C D.
In the case of two satellites, let (I;, A;, P;, Xes, D;, m;, d;) denote the cor-

responding objects defined for the ith satellite. Let P = P, x P , q(t) =

181



(q1(t), g2(1)), D(t)) = (pr(t), p2(t)). Let X = Xop X Bea. Let D = Dy x Dy
and l_: (ll,lg), /_1 = (Al,AQ). Let

d((h, Ay), (o, Ay)) = £/ di + d3 (5.55)

and T = m; X my. We define the space of elliptic Keplerian orbits to be the

set D with the distance function d.

Proposition 5.2.3 The following hold:

1. ¥, is the union of all pairs of elliptic Keplerian orbits.

2. #(%.) =D and &, = 7~ Y(D).

3. The fiber (I, A) is a unique pair of (oriented) elliptic Keplerian
orbit for each (I, A) € D.

4. 7 YK) is compact for any compact set K C D.

5.3 Orbit transfer of single satellite

For a single satellite on an elliptic orbit, the set D of ordered pairs (I, A) is

a subset of R3 x R3 with Euclidean norm,
D={l,A)eR*xR*|A-1=0,1#0,]| Al <m?u} . (5.56)

To control the orbit transfer of a single satellite, one considers a Lyapunov

function from [5]

1
Vig.p) =511 =lal” +11 A= Aa ) (5.57)
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where (14, Ag) is the pair of the angular momentum vector and Laplace vector
of the target elliptic(circular) orbit. The derivative of V' along the integral

curve of the system is

Vo= (I—1lg)-i+(A—Ay)-A

ol 0A
— _ L2 A— A, . =
= [(I =1lg)xq+
IX(A—Ag) + (A— Ay xpxq|-u. (5.58)
If we let the control to be
u=—[(l =lg)xq+Ix(A—A4) + ((A— Ag)xp)xq|, (5.59)

then V < 0 along the trajectory of the closed loop system. The following

lemma is proved in [47].

Lemma 5.3.1 Suppose a single satellite has external control u(t) = 0. Let x,
y be time invariant unknown vectors. Suppose (q(t),p(t)) € 3., the solution
of equation
rxq+Ixy+ (yxp)xqg=0 (5.60)
18
r=0A y=al (5.61)

For some o € R

We will give a proof of the following theorem by Chang, Chichka and Marsden
[5]:
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Theorem 5.3.2 (Chang-Chichka-Marsden) There exists ¢ > 0 such that if
V(qo,po) < ¢, by applying the control law as in equation (5.59), the trajectory
of the closed loop system starting at (qo, po) will asymptotically converge to

the target orbit w1 ((lg, Aq))

Proof Let
Q={1A) R xR|l-A=0}. (5.62)

Recall that the set of (I, A) pairs for elliptic orbits is
D={A)eR’xR*|l-A=0,1#0,||A| <m’u} . (5.63)

It is easy to see that Q is a closed subset of R? x R® and D is a subset of Q

with nonempty interior. The set
B={(,A) € R* xR*|V <} (5.64)

is a closed ball in R? x R3. This tells us that the set BN Q is a compact
subset of R? x R?. If ¢ small enough, we have BNQ C D, then by corollary
5.2.2, the set 771(B N Q) will be a compact subset of X..

The condition V(qo,po) < c tells us that (qo,py) € 7 1(B N Q). By
applying LaSalle’s invariance principle,we conclude that the trajectory of
the closed loop system will converge to the maximal invariant set within the
subset of BNQ where V = 0. In [47], we showed that the maximal invariant
set is the set where u(t) = 0 for all ¢.

According to lemma 5.3.1, the solution to
(I =1lg)xXqg+1Ix(A—Ay) + (A= Ay)xpxq) =0 (5.65)
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is

A—A; = al. (5.66)
Since Iy - Ay =0 and [ - A =0, we have
a(|lLII* + Al =0. (5.67)
If we further assumed that
e < Sl + 1 Aal) (5.6

The closed loop system will not reach the set where [ = 0 and A = 0. Thus
the only possibility for equation (5.67) to be true is to have a = 0. So the

solution is

A = Ay. (5.69)

]
The authors of [5] do not give an explicit upper bound for the value of c.
This upper bound can be calculated by solving a constrained maximization

problem as below:
L= 2 A= AP
sup{5 (11 —lalI” + 1A = Aq )} (5.70)
under constraints

(1,AY€Q, 1#0 and || A| <m’u (5.71)
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First, we need to calculate the supremum of the unconstrained maxi-
mization problem. It is easy to see that this value is oco. Then, we need
to calculate the minimum value subject to [ = 0. The result is 0.5 || 14
achieved when A = A,;. We should also calculate the minimum value subject
to || A|| = m?u, by applying the Lagrange multiplier method we found this
value to be 0.5(m?u— || Ag||)*. Hence, for theorem 5.3.2 to be valid, we must
have

¢ <min{0.5 || Iy ||, 0.5(m?u — || Aq ||)?} (5.72)

which guarantees (5.68).

5.4 Periodic formation

Suppose we have a formation consisting of m satellites. Let O; denote the
orbit of the jth satellite. The orbit O; and the position of the satellite on
O; can be described either by the six orbital elements (aj, e;, I, Q;, wj, 7;)
or by (l;,A;,7;) where a denotes the length of semi-major axis, e is the
eccentricity, [ is the inclination, € is the longitude of the ascending node, w is
the argument of the perigee and 7 is the perigee passage time. If O; is elliptic
or circular, except for some singular cases when some of the orbital elements
are not well defined, theorem 5.2.1 tells us that the two expressions are
equivalent. Among all possible formations, we are interested in formations

with periodic shape changes. We can make the following definition:
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Definition 5.4.1 A formation is periodic when a;, the length of semi-major
azis of orbit O;, satisfies a; =a >0 for all j =1,2,..m.
This definition is valid since all the satellites in a periodic formation will

have the same orbital period

o 2 (5.73)

VI

Thus although the shape of the formation is varying, it is varying periodically.

On the other hand, given a set of orbits with the identical length of semi-
major axis, there are infinitely many possible periodic formations. We need to
specify their relative positions on the orbits to determine a specific formation.
The difficulty is that the relative positions are complicated functions of time.
However, the differences between the perigee passage times, (r; — 7;), are

constants. Because the mean anomaly is

where n; = 2r/T , then (M; — M;) are constants. By specifying the values
of (1, — ;) or (M; — M;) for all  and j, a periodic formation can be uniquely

determined.

5.5 Transfer of satellite formations between
elliptic orbits

With all the tools we need developed, we are now ready to determine our

control laws. To illustrate our ideas, we will show the calculations for two
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satellites. A control law for more than two satellites can be developed based
on the two-satellite case in a natural way.

To set up a periodic formation of two satellites, one can control each
satellite separately to transfer to its target orbit. However, this will not
assure the correct values of (7; —7;) or (M; — M;). In order to do that, extra
terms involving (7; — 7;) or (M; — M;) should be added in the summation of
the Lyapunov functions for single satellites. This extension will result in a
cooperative orbit transfer of multiple satellites.

We introduce a variable T; which is defined as

3
T, = %Z\/[i if E;€(—e,m+e¢)
a
3
3
d

T, = &—Z(QW — M;),if E; € (T —€,2m + ¢€) (5.75)
\ @

for ¢ = 1,2, where a4 is the common length of the semi-major axes for the
destination orbits.

Here, the trouble of using different expressions for the cases E; € (—¢, 7+
€) and E; € (T —¢,2m+¢) is caused by the fact that E; € S'. Two coordinate

charts are required on S*. Here we pick the charts to be

U (—e,m+e) = (—e,m+e€) st By — E;
Py i (m—e€2m+¢€) — (—e,m+€)st.E— 21 — E;) . (5.76)

Here, the value of € is chosen so that the two satellites will always be in the
same chart. Because in a satellite formation the angular separations between

satellites are usually small, the value of € is small.
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For E; € (—e, 7+ €), we have

Ti:\/7M+\/&71azz
Bl

- + p(li, Ai, B,
a; P )( (9pi

+C (i, Aiy E3)(

where

3 [a; 2
lzaAlaE _ZiMz
afé A B 3y =

3 [a;  2a;e;
(s, A Br) + = |2 20y (5.78)
2 ag p(1 — €7)

o~
I
mgw|~ ) m

For E; € (m —€,2m +¢),
. a3
Ti = —ZM + —CLZ(Q Mz)
ag
el
ag

—f)Tzi i (t) (5.79)

where

a3 3 a; 2
:—“ —&(1;, Ay B ‘/—172 — M;
[a3 3 [a; 2ae;
= —/=n(l;, A;, E; —‘/—Z#Q — M) . )

Notice that we have terms that explicitly contain M;. If not handled
well, these terms will cause discontinuity in our control algorithm when the

satellites enter a new chart. The reason for us to pick the particular charts
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(11,19) is to reduce the discontinuities in the derivatives of Y, caused by

changing charts.

We will design a Lyapunov function on the phase space of the two satel-

lites. This one function will have different expressions in different charts.

The Lyapunov function is

T, — Ty —
V = V1+V2+4sin(—1 42 ¢)2
if B, € (—e,m+e¢)
T, -7
V = VI—I—VQ—|—4sin(—1 42+¢)2

if B, €(m—e¢2m+¢€)
where

1
Vi = §(|| L=l |?+ | Al = A |IP)

1
Vo = 5(\152—ld2H2+HA2—Ad2H2)-

(5.81)

(5.82)

Here, (lg1, Aq1) and (lg2, Ag2) specify the orbits in a two-satellite periodic

formation and ¢ specifies the desired (M; — Ms) on these orbits.

We can calculate the derivative of V' as

Ti—TeF o

V = Vi + Vi +sin( 5

(5.83)

The choice of — or + depends on the value of E; as in the definition of V.

By the calculations performed in the single satellite case,
Vi = [(li = la)xq; + Lix (A — Ag;)
+((Ai = Agi) xpi) Xqi] - ;i
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for : = 1,2. Thus

: =7
Vo= [(h—la+G Sln(lfms)ll)X%ﬂL
T, -7 ~
Lix (A — Ag +p; Sin(lfmb)fll)"‘
T =7 ~
(A= Aa+ s 2O B p) )
T =7
H(l — s — Gosin(F D) g
=7 ~
lox(Ay — Ago — po sm(lfmb)/lg)%—
=7 ~
(As = A= posin( 22T ) D)) ] s
In order to get V < 0, we let
up = —sin*(E)[(ly — la + G sin(%)ll)qu—i—

l1><(A1 — Adl + P1 sm(%)gﬁ—l—

(A1 = Ag +p sin(“’gﬂ‘f’)fh)xm)xczl]
Uy = — SiHQ(E2>[(l2 — ld2 — CQ Sin(%)lg)XQQ—i—
ZQX(AQ — Ad2 — P2 sm(%);{;)—i—

(A2 — Ago — posin(T=L2F2) 4y) o) x ] -

(5.85)

(5.86)

Notice that the factors sin?(E;) cancel the term sin(F;) in the denomina-

tors of (; and p;. This will result in a continuous control law which will be 0

when F; =0, 7.

Another issue is that when e; = 0, E; is not well defined. So we should not

allow Ag = 0. Furthermore, we should choose our initial value of function V'
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s.t. the subset of the space ¥, X Yo where A; = 0 will not be reached by
the controlled dynamics.

Let z = (q1,p1,¢2,p2). We now proceed to find the initial condition

20 = (¢1(0), p1(0), ¢2(2), p2(0)) for z s.t. the set
Su = {2|V(2) < V(z0)} (5.87)

is a compact subset of X.1 X Yo — {z]A; = 0 or Ay = 0}. This is a necessary
step because we want to apply LaSalle’s invariance principle to prove our

main result.

Lemma 5.5.1 Let

¢ < min{ey, c2} (5.88)
where
o1 5 1 5 1 9
ci = min{g | Aa [ 5 e lI™, 5 (0 = [ Aai )7} (5.89)
fori=1,2. Then the set
Su =A{z[V(z) < ¢} (5.90)

is a compact subset of Yeg X Yoo — {z]A; =0 or Ay = 0}.

Proof The first observation is that the set

Sy = {(qi,p)|V(q1,p1) < ¢, ¢" < e} (5.91)

is a subset of >, i.e. S1 N> = 5.
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In fact, ¢; is the supremum of V; (¢, p1) on the set X1 —{(q1, p1)|41 = 0}.

To see this, we solve a constrained maximization problem as below:
sup{5 (11 = 7 + 1 A~ Aa ) (5.92)
under the constraints
A li=01051#0 A #0 and [[A]| <p. (5.93)

First, we need to calculate the supremum of the unconstrained maxi-
mization problem. It is easy to see that this value is co. Then, we need to
calculate the minimum value subject to l; = 0. The result is 3 || 4 ||* achieved
when A = A;. Similarly, the minimum value subject to A; = 0 is 1 || A4 ||,
We should also calculate the minimum value subject to || A || = pu. By apply-
ing the Lagrange multiplier method we found this value to be 3 (u — || A4 ).
Thus

e = min{ || Aa 2,5 I I, 5= T Aa D (5.99)
is the supremum of V; on the set ¥ — {(q1,p1)|A1 = 0}. We proved that
S1 C Xer — {(q1,p1)[Ar = 0}

Another observation is that 7(S7) is a compact subset of D;. Thus by
corollary 5.2.2, S is a compact subset of >.;.

We can make the same arguments for the case when ¢ = 2 to prove that
Sy is a compact subset of ¥.o — {(ga, p2)|A2 = 0}.

Hence by letting ¢ < min{cy, ¢o}, it is true that

SMC»Sl XSQCZel Xzeg—{Z‘Alz()OI' AQZO} (595)
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Thus, Sy is a compact subset of Y X Yoo — {2|A; =0 or Ay = 0} n
We can now apply LaSalle’s invariance principle to show that the trajec-
tory of the closed loop system, starting within Sy, converges to the maximal

invariant subset of Sy, where u(t) = 0 is satisfied for all ¢.

Proposition 5.5.2 With V¢ and u; given as in (5.81) ,(5.88) and (5.86),

the trajectory starting from point (qio, P10, G20, P20) Which satisfies

V(q10: P10s 20, P20) < ¢ (5.96)

will converge to the set where

li = la
Ai = A
(M — M) = ¢ (5.97)

are satisfied fori=1,2.
Proof In order to calculate the invariant set,let u; = 0. When sin(E;) # 0,
we get

T, -7
1—2$¢)11)qu

2
T, -7 ~
+i X (A — Agt + ;m Sin(%ﬁd))Al)

T, -7 ~
%M)Al)xpl)XQI

~0. (5.98)

(I3 — lg1 + (1 sin(
+((A; — Ag1 + p1sin(

Take inner products on both sides with ¢ (¢) to get

T —ToF o
2

(I1 x (Ay — Ag1 + p1 sin( JA)) -1 =0 (5.99)

194



This is equivalent to

(l1 x q1(t)) - (Ay — Aqr + psin(

W)le) ~0. (5.100)

Let

Ti—ToF o ~

B = Al — Adl + P1 sin( 9 )A1 . (5101)

Equation (5.100) means B is perpendicular to the vector l; x ¢1(t). We
can see that vector B should stay in the plane spanned by [; and ¢(t) as

shown in Figure 5.2.

Orbital Plane PR L

Figure 5.2: The relationship between ly,q1, Ay — Aq and B

However, from the assumption that u,(t) = 0, we know that A; and [y
are constant vectors. The time varying vector B will sweep a line segment
passing the fixed point (A4; — Ay ). The direction of this line segment is
aligned with A;. So vector B will be the intersection of the (I1,q1) plane
and this line segment. Because ¢;(t) is sweeping the orbital plane, the (I, q)
plane is identical at t and t 4+ KT} where k is an integer and 7T is the period

of the first satellite. Since the line segment is not changed, the intersection
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points in these cases must be identical. Thus we must have
B(t) = B(t + kT) . (5.102)
Without lost of generality, suppose at time ¢, E(t), E5(t) € (—e, m+¢). Then
equation (5.102) requires that
pr(E; (1)) sin(FH0=320-2)

= (B (t+ kT)) sin (DT T R T) 20y (5.103)

Let k = 1 in equation (5.103), because pi (F1(t)) = p1(E1(t+11)), the first
observation we make is that the two satellites must have the same period. In
fact, suppose at time ¢, equation (5.103) is satisfied. Then at time to + 77,
since E(tg) = E1(to+T1),Y1(to) = Y1(to+T1) and all the angles(anomalies)

are in the range of [0, 27), we must have Ty(to) = To(to + 71). But

Tolte) — Talto + T1) = — |2 (Ma(to + T) — Ma(to)) . (5.104)

m\

a
a
Then Yo(tg) = Yo(to + 11) will be satisfied only if Ms(tg + T1) = Ma(to).
Thus we shall have T} = k15 where k; is a positive integer. Remember we
can apply the same argument to the second satellite to get T = k;T7. Thus
we must have 77 = T,. Hence on the invariant set, we proved that a; = as.
On the other hand, for a specific time ¢, we know that there exists t* €
[0,77) such that
T+ fi(t) = fi(t + 1) (5.105)

where f; is the true anomaly of the first satellite. The value of ¢t* depends on

t. The plane spanned by (I, ¢;) at time ¢ will also be identical to the plane
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spanned by (l1,¢;) at time ¢ + ¢*. Thus we must have
B(t) = B(t +t") (5.106)
which requires that

pr(E: (1)) sin( T2 -0y

= pi(By(t + 1)) sin( U T0H)50) (5.107)

Further, a; = a implies that M;(t) — Ms(t) = My(t + t*) — Ms(t + t*),
one can verify that

Ti(t) — To(t) — ¢ Ti(t+t*) — Yot +t*)+ ¢

sin( 5 ) = —sin( 5 ). (5.108)
For (5.107) to be satisfied, one possibility is that
sm(Tl(t) — gQ(t) — d)) =0. (5.109)
Another possibility is that
pL(EA(t)) = —pr (B (t+17)) - (5.110)

By the definition of p;, one can verify that (5.110) can only be satisfied when
t takes value from a set of measure 0. Thus, for (5.107) to be satisfied, (5.109)
must be true.

Because of (5.109), the time varying parts in equation (5.98) vanish. We
can make the same argument as in the proof of the single satellite case [5] to

show that

L = la
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Al - Adl . (5111)

We can apply similar arguments for the second satellite.

Thus we have

L= L
A = Ay
(T1—7Ts) = +¢ (5.112)

for 1 = 1,2. By the definition of T; and T in equation(5.75), we have

at oo a5
L, My =6 (5.113)
g g

But we already know a; = as = a4, so we conclude that

]
This proposition can be easily extended to m satellites where m > 2. Let

the mth satellite be the leader of the formation. Let

- L =T F diy
Vi=> (Vit+dsin(————— 5.115
;( + 4 sin( 1 )?) ( )
where 1 =1,2,3,....m , ¢,, =0 and
1 9 9
Vi= sl —lall” + 1A — Aa ™ (5.116)

T2
It is easy to see that the control for the ith satellite with ¢ < m — 1 is the

same as the control for the (i,m) pair of satellites. The initial value of V'
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should be less than the minimum value of ¢; for i = 1,2,...,(m — 1). Then

the solution will converge to the set where

i = lai
Ai = Ay

are satisfied for 1 = 1,2,...,m.

5.6 Transfer of satellite formations to circu-
lar orbits

Formations on circular orbits are of great importance as addressed in [19].
If the destination of at least one of the satellites in a formation is circular,
we will have difficulty to determine the mean anomaly. Since the Laplace
vector A vanishes, the perigee point can not be determined. In such a case,
the position of a satellite on the circular orbit is usually described by using
the argument of latitude defined as the angle 6 between the line of ascending
node and the position vector ¢. It is easy to see that on an elliptic orbit, this
angle

0=w+f (5.118)

where w is the argument of perigee and f is the true anomaly. On a circular
orbit,we have

0 =n(t—7) (5.119)
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where 7 is the time when the satellite passing the ascending node for the first
time. As we can see, # serves as the mean anomaly for circular orbit.
Although 6 and 6 can be easily determined as discussed in the appendix,
they are not suitable for our Lyapunov function based control laws because
6 is not affine in time on elliptic orbit. Thus, we will use the angle My which
is the mean anomaly measured from the line of node. My can be determined
from 6. But if the orbit is close to circular, we can use ¢ as an approximation
for My. Further analysis in the appendix shows that the derivative of My is

- r2 cos([I)
M — _ w
o " a? \/1—e2hsin(l)(8p
, , rsin(E) —r, sin(E,) . 1,0A ,~
—(sin(F) — sin(E,,) + &)(1 — 7 ( >) T Ay
r? —r2 0A

U\~
iTn~u

ﬁ(ﬁp

Here, w is the argument of perigee, £ and FE,, are the eccentric anomalies

corresponding to # —w and w, 7, denote the distance between the ascending

node and the gravitational center. We let n = \/l%Tl%,[_ly’ l.,0]%, this 7 is
the unit vector pointing to the ascending node. We let A\ be the unit vector
perpendicular to Aandl forming an acute angle with n.

We will now study the case when we want to setup a formation of which
all the members are on circular orbits with the same radius. According to
the discussions made in section 5.4, this formation is a periodic formation.
Let 7; be the time when the ith satellite passes the line of ascending node

for the first time. Similar to the perigee passage time in our elliptic orbit

case, 7; is a constant of the free motion for satellite 7. Hence by specifying
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the differences 7; — 7; or 6; — 0; between satellites, a periodic formation on
circular orbits can be uniquely determined.

Similar to the elliptic orbit case, we introduce a variable W; which is

defined as
al
U, = —My,, if 0; € (—e,m+¢)
ay
a? :
U, = a—g(zﬂ—M9i>’lf9i € (mr—e¢2m+e) (5.121)

for i = 1,2, where a4 is the common length of the semi-major axes (or radius)
for the destination orbits. Here, the reasons for using two charts are the same
as in the case of elliptic orbits.

Calculations in the appendix show that the derivative of ¥ is

. Ol OA . ~ =
U=t G sl ut (G (At 0AL) (5.122)

where for § € (—e, m + €),

\ = _\/E r? cos([I)
ada2+/1—e2h sin(l)

adra cos(I)

ad a? h sin(1)

3

Q

YT -t
B Je 1 e Sin(E) — sin rsin(E) — ry, sin(E,)
A o . az( (E) (E,) + =) )
1 Ja Sin(E) — sin r sin(E) — r, sin(E,)
~ L ag( (E) (Ew) + (l(]_ IR 62) )
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2 2

N
=
agpatey/1 —e?

_\/EQ(COS(E) —cos(E,))

lL[/ )
and for 0 € (7 —€,2m +¢€),

Q

(5.123)

r sin(F) — ry, sin(FE,)
a(l —e?)

)

Y = at r? cos([)
N (Lza?\/l—e?hSiH(I)
a® 12 cos(I)
ad a? h sin(I)
3
K = v
pa(l — e?)
Je 1 /a3
o = U+ — | —=(sin(E) —sin(E,) +
p(l—e?) — p\ a
1 3 in(£) —r, sin( £,
— a—3(51n(E) —sin(E,,) + rsin(E) — v 2sm( )
p\ aj a(l —e?)
at  rr—r?
Q =

B a_zucﬁe\/l —e?
a? 2(cos(E) — cos(E,))

3
ay W

Q

)

(5.124)

Here we use the “~” when the eccentricity of the orbits are very small. When

the orbit is circular, F and FE,, is not well defined, but we have My = 0 and

: cos(I) Ol .
0=n-— 7.
"Th sin(I) (ap)
Thus when e = 0
a3 cos(I)
A il
* \ @ h sin(1)
o 3
— pa(l —e?)
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0o = 0. (5.126)

This result agree with the limits of (5.123) and (5.124) as e — 0.
Mimic what has been done in the elliptic orbit case, we design a Lyapunov

function on the phase space of two satellites as

Vo= V1+V2+4sin(W)2
if 0; € (—e,m+¢)
Vo= V1+V2+4sin(—\pl_f”¢)2
if 0, € (m—e€2m+¢) (5.127)

where

1
i = S(lh=la I+ 1AL [P)

1
Vs = §(le—ld2HQ+HAzH2)- (5.128)

The derivative of this function has similar form as equation (5.85). And the

control law u s.t. V < 0 can be chosen as

up = —[(l — ot + sin(B=2EF) (N7 + milh)) X+
Lix (Ar + sin(B=22%9) (gy Ay + 01411 )+
((A; + sin(%%w)(alza + ngu)XPI)XQI]
Uy = —[(ly — lar — sin(=32EL) Aotz + Kalz)) X g+
lyx (Ag — sin(1=Y259) (5, Ay + 0, Ay )+
((Ay — sin(B=22%0) (g Ay + 09 Ay )) X p2) X o) - (5.129)
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Based on Lemma 5.5.1, the following lemma is obvious.

Lemma 5.6.1 Let

¢ < min{ey, c2} (5.130)
where
o1 o 1,
¢; = min{3 || la |, 507} (5.131)
2 2
fori=1,2. Then the set
Sy ={z|V(z) < ¢} (5.132)

18 a compact subset of Yo1 X Yea.
Hence we will prove that starting within the set Sy, the controlled dy-
namics will converge to the maximal invariant set where formation relation-

ships are obtained.

Proposition 5.6.2 With V ,c and u; given as in (5.127) ,(5.130) and (5.129),

the trajectory starting from point (qio, P10, G20, P20) Which satisfies

V{(qi0, P10, 420, P20) < € (5.133)

will converge to the set where

li = lg

(01 —62) = ¢ (5.134)

are satisfied fori=1,2.
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Proof Let u; = 0, and take the inner product with ¢; on both sides of the

equation, we get

(ll X Bl) 1 = 0 (5135)
where
U, — 0 ~ ~
By = A + sin(%m)(m/h +01A1) . (5.136)

At the time ¢y when FE,(ty) = E,1, since My; = 0 and r; = 7,1, we have

01(tp) =0 and o1(tp) =0, (5.137)
hence
By (tg) = Ay . (5.138)
On the other hand,
(n x 1) By =0 (5.139)

tells us that Bj lies in the plane spanned by [ and ¢;. Thus, when ¢(tg) is

not aligned with Ay, Bi(tp) must vanish. This implies that
A1 =0. (5.140)
But it is also possible that ¢, (to) is aligned with A;. In this case we have
E,, =0 and w; =0. (5.141)
Therefore, for all time ¢,

3 2 _ .2

ay T T Tu
at) = + a3 2 —

apaier\/1—ef
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361 1 &:f . ™
oi(t) = ——U;y — —4/—=sin(E{)(1 4+ ———) . (5.142
= ama T @B gy - (5142)

U, —Uy, Fo

Thus,

Bl(t> = Al + sin( )(O’lgl + QlAVlJ_) s (5143)

and Bj(t) has to be aligned with ¢;(¢) for all time ¢t. If we let T} to be the
orbital period of the first satellite and T be the orbital period of the second
satellite, then after one period T; the first satellite will return to the same

position, which implies that

Ui(t+T) —Ua(t+Th) F ¢

Bi(t) - Balt) 7 6
2

Al +SiIl( )(01(t+T1)A/1 +Q1(t+T1)Z1L)

— A, +sin( Yo (t) Ay + 01(t) A1) . (5.144)

Because My, (t) = My, (t+11) and E;(t) = Ey(t+11), we know o1(t +17) =

o1(t) and p1(t + T1) = p1(t). Then the above equation results in

a3 a3
a_éM91 (t> - éM% (t> — ¢

. d _
sin( 5 ) =
(13 (13
a_éM91 (t> - a_§M92 (t + Tl) - ¢
sin(—+—2 2d ) (5.145)
Therefore we must have
Moy, (t) = Ma,(t +T7) . (5.146)

So T1/T, is a positive integer. On the other hand, the above arguments can
be applied to the second satellite. If Ay # 0, T,/T) must be a positive integer.

Hence T5 = T which implies that a; = as.

206



Still assuming ¢ (to) is aligned with A;, we know that by the property of
elliptic orbit, after half period, ¢;(to + T1/2) is aligned with A; again, which

means that

ln(\pl(to +T1/2) — \Ijg(to +T1/2) :F¢
2

)oi(to +T1/2) = 0. (5.147)

According to the definition of ¥, one can verify that

Wy (t+T1/2) = Wa(t +T1/2) F ¢ Wy(t) — Wy(t) F ¢

sin( 5 ) = —sin( 5 ).
(5.148)
Therefore, the first possibility is that

This further implies that ri(to + 71/2) = r1(to). Because at time ¢, the
satellite is at perigee and at time ¢, + T7/2 the satellite is at apogee, we
conclude that the orbit is circular i.e. A; = 0.

The second possibility for equation (5.147) to hold is that

Uy (tg) — Walty) F ¢

sin( 5 )=0. (5.150)
But because T7 = 15, we must have
Uy (t) — Wy(t) = Wq(tg) — Wa(to) (5.151)

which implies that

)=0. (5.152)



One can then make the same argument as in the proof of the single satellite

case [5] to show that

L = la

A =0 (5.153)

Up to this point, we have proved that our algorithm will cause either A;
or As to vanish. Without loss of generality, we proceed by assuming A; = 0.

Then from u; = 0, we get

U, —¥yF ¢

(ll — ldl + sin( 5 )()\1%1 + /illl))qu =0. (5154)
Let
v, — v -
Dy =1 — gy + sin(%m)()\ml + kaly) . (5.155)

Such D; must be aligned with ¢; and also lies in the plane passing (I; — l4)
spanned by [; and n;. Because the plane is fixed and ¢ is periodic in time,
at time ¢ and time (¢ 4+ 77), the intersection of ¢; and the plane must be
the same. This tells us that 77 /75 is a positive integer. Now if Ay = 0, the
above arguments can be repeated so that we conclude T5/Tj is also a positive
integer. If A; # 0, we can repeat the arguments after equation (5.141) to
conclude that T5/T} is also a positive integer. Therefore, we conclude that
T, =T, and a1 = a-

According to the property for circular orbit, at time ¢ and (¢ +77/2), the
intersection of ¢; and the plane spanned by [; and ¢; passing [y — [; should

be the same, i.e.

Di(t) = Dy(t +T1/2) . (5.156)
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Thus

Wy (t) — Wy(t) F

sin( 5 YA () + k(D)) =
Sm(\pl(t +11/2) — ;Ifz(t+T1/2) = ¢)(A1(t+T1/2)ﬁ1
+/€1(t + T1/2)l1) .

Because of equation (5.148), equation (5.157) are satisfied only if

Wy (t) —Wy(t) F ¢
2

) =0

sin(

or

/\1(15)%1 + l€1(t)l1 = —)\1(t + Tl/Q)ﬁl — /il(t + T1/2)l1 .

Equation (5.159) implies that for all time ¢,
k(t) = —k(t +T1/2)

which further implies that
T

Moy (t) = 5

This is impossible. Thus, the only possibility is to have

Wy (t) — Wy(t) F ¢
2

)=0.

sin(

(5.157)

(5.158)

(5.159)

(5.160)

(5.161)

(5.162)

Because of (5.162), the time varying parts in equation u; = 0 vanish. We

can make the same argument as in the proof of the single satellite case [5] to

show that
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A = 0. (5.163)

Now let uy(t) = 0 and substitute equation (5.162) into it. We conclude that

the second satellite will achieve

b = la

Ay = 0. (5.164)
Thus we have

li = la
(\Ifl — \Ifg) = 4¢ (5.165)

for i = 1,2. By the definition of ¥; and ¥, in equation(5.121), we have

ap a3
Moy — |2 M, = (5.166)
d d

But we already know a; = as = a4 and the orbits are circular, we conclude
that

0 —0,) = . (5.167)

]
We would like to mention that this algorithm is not limited to set up
formations on circular orbits. With slight modification to the proof one can

show the convergence result hold for elliptic orbits.
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5.7 Simulation results

To verify our algorithms, a series of simulations have been carried out in
Matlab. First we show a controlled transfer of two satellites from orbit
la,e,i,w, Q] = [20,0.1,7/4,7/2,0] with initial separation of mean anomaly
being 7/90 to the orbit [a,e, i, w, Q] = [25,0.05,7/3,7/2,0] with final sepa-
ration of mean anomaly being 7/18 ~ 0.175. Only relative motion between
the satellites is plotted in an inertial frame centered at one of the satellites.
Figure 5.3 displays the desired relative motion between the satellites. Fig-
ure 5.4 displays the relative motion between the satellites using the control

algorithm proposed. The final orbits for the two satellites are:

[ay,e1, I, wi, ] = [25.10, 0.0495, 1.0472, 1.6231, 0]
[CLQ,@Q,IQ,WQ,QQ] = [2512, 00507, 10472, 16231, 0]

and the final separation of mean anomaly is 0.168. As we can see, the desired
orbit and separation are achieved with small error. We noticed that by
adjusting the weight of the terms in our Lyapunov functions, we can control
the distribution of errors among the orbital elements of final orbits.

Similar experiments are performed to set up a two satellite formation
in circular orbits. Initially, the two satellites are on an elliptic orbit with
la,e,i,w, Q] =1[20,0.1,7/4,7/2,0] and the separation of argument of latitude
is 7/90. Their destination orbit is circular with [a, e, 4, Q] = [25,0,7/3, 7 /4]

and the separation 7/18. Using our algorithm, the final orbits are
lai, e, [, = [25.082, 0.0023, 1.0472, 0.7854]
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Figure 5.3: The desired final relative motion of two satellites (length unit=

one tenth of earth radius).

Figure 5.4: The relative motion achieved by our algorithm.
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lag, ea, I, Q5] = [25.078, 0.0022, 1.0472, 0.7854]

and the final separation is 0.174. Again, the formation is achieved with small

error.
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Chapter 6

Summary and Future

Directions

We have answered several questions related to how to control the formation
of a team of robots. We model the robots as particles and use various shape
theory to describe small formations in different contexts. Jacobi shape theory
is the first such theory, which inspired the creation of shape theory on Lie
groups in chapter 4 and shape theory on momentum maps in chapter 5. Of
course, in order to understand complex teaming behaviors, especially when
large number of objects are involved, such theories need to be significantly
extended if still applicable.

Shape theory tells us what the system equations are for a formation. The
equations often describe the dynamics of the shape only, which gives us an

advantage of designing control laws using quantities that are independent of
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choice of coordinate frame. In chapter 3, we tried to justify that this is an
advantage that should not be neglected. By using gauge covariant controllers,
one can improve the robustness of the formation and, at the same time,
reduce the burden on communication links. These results might shed some
light on how to cooperate more effectively. We admit that communication
theory shall also play an important role here.

Chapter 2 fully illustrated the strength of shape theory. The fact that
navigation problem can be considered as a formation control problem brings
a new perspective. This is supported by experimental data in [50]. We have
obtained a series of results that improve the known navigation algorithms.
Although only the 2D case has been fully developed in this dissertation, we
have obtained 3D results in very similar ways [46]. Besides, some preliminary
results toward navigation for formations have also been developed[49]. The
potential of this approach for navigation is yet to be fully explored. Mean-
while, this approach also inspired us to investigate related problems such as
curvature estimation, boundary segmentation, and sensor fusion.

In chapter 5 we have proposed control algorithms that can be used to
set up periodic formations of satellites on elliptic and circular orbits. The
shape space formed by the angular momentum vectors and Laplace vectors
is appropriate to describe satellite formations. The control laws we propose
are based on a Lyapunov function on this shape space and proved to be
convergent. We have not considered the effect of perturbations such as J,

effect. This is currently being investigated.
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